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When observing a quantum field via detectors with access to only the mixed states of
spatially separated, local regions—a ubiquitous experimental design—the capacity to access
the full extent of distributed entanglement can be limited, shrouded by classical correlations.
By performing projective measurements of the field external to two detection patches and
classically communicating the results, underlying pure states may be identified for which
entanglement quantification is clear. In the Gaussian continuous-variable states of the free
scalar field vacuum, this protocol uncovers a disparity between the spacelike entanglement
established within the field and that which is locally detectable. This discrepancy is found
to grow exponentially with the separation between observation regions. The protocol devel-
oped herein offers insight and practical guidance for clarifying the unavoidable distortion of
quantum field correlations when viewed from the vantage of a pair of local observers.

I. INTRODUCTION

Modern understanding of quantum correlations
recognizes their unique capacity to improve the ef-
ficiency of natural information processing. Beyond
being a valuable resource in quantum-based simula-
tion [1–4], communications security [5, 6], and sens-
ing [7] protocols, quantum entanglement throughout
nature is increasingly recognized as a key element in
guiding symmetries, structure, and time evolution [8–
24]. Both separately and together, the rapid experi-
mental progress in the development of quantum tech-
nologies [25] and the goals of basic sciences in quan-
tum many-body physics motivate continued research
to clarify the fundamental interconnectivity of quan-
tum systems—in particular, for quantum fields de-
scribing the Standard Model of particle physics or
governing large-scale quantum computational frame-
works.

The observation that spacelike entanglement is dis-
tributed throughout the vacuum state of quantum
fields has grown from abstract algebraic origins [26–
31] toward operational protocols [32–36]. Comple-
menting progress in quantifying entanglement en-
tropies for bipartitions of global pure states [37–43],
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quantifications of the mixed-state entanglement be-
tween disjoint patches of the field are emerging [36,
44–48]. Though currently analytically out-of-reach
due to sign problems or challenging analytic contin-
uations, even for free scalar fields, such calculations
have addressed an important physical property: the
amount of entanglement that is experimentally acces-
sible (organized into two-mode entangled pairs [36])
when provided access to two spacelike-separated local
detection patches of the field [44, 47, 48]. To refine
understanding of such results, the present manuscript
focuses upon a different, but closely related, phys-
ical property: the amount of entanglement that
can be theoretically identified between two spacelike-
separated detection patches leveraging the additional
resource of local operations and classical communica-
tions (LOCC) informed by measurement of the ex-
ternal field volume. Because LOCC cannot increase
the entanglement between the field patches [49, 50],
this added resource will aid in clarifying the entangle-
ment structure present throughout the field vacuum,
relevant both fundamentally and for application in
quantum simulation design.

The distinction and interplay between two experi-
mentally relevant measures of quantum correlations—
that distributed by the field at spacelike separations
and that accessible by local observations—is here ex-
plored through calculation of the thought experiments
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depicted in Fig. 1. By propagating classical commu-
nications regarding the configuration of the entirety
of the external field volume, local unitaries can be
designed that align all quantum states in the convex
decomposition of the patch-patch mixed state in or-
der to reveal an underlying entangled pure state (for
which entanglement quantification is direct) between
the two regions of the field. Using this technique,
some important properties of the locally accessible en-
tanglement between regions of the field vacuum—e.g.,
its decay exponentially more rapid than the two-point
correlators and abrupt termination at long distances
in the presence of a UV truncation—become more rig-
orously understood as a response of the field to the
action of local observation.

Leveraging the well-developed language of Gaus-
sian quantum information [51–60], this manuscript
explores the entanglement in the vacuum of the sim-
plest quantum field theory—the non-interacting lat-
tice scalar field vacuum in one spatial dimension—as a
leading-order approximation of more complicated the-
ories of interest. While the formalisms developed in
this work for analyzing the protocols of Fig. 1 are not
mathematically complex, the physical interpretation
of resulting entanglement calculations is important.
By contrasting the features of locally-observed entan-
glement with that fundamentally present in the field,
aspects of observable quantum information resources
are identified that specifically arise as a result of clas-
sical correlations generated by the loss of entangled
portions of the vacuum. Similar phenomena of frag-
mented quantum correlations producing a noisy lens
through which experimental observations must be in-
terpreted may be responsible for apparent thermal-
ization of local observables in, for example, extended
quantum simulations [61] and heavy ion collisions [62].

After discussing the Gaussian representation of the
free lattice scalar field vacuum and establishing the
covariance matrix (CM) of regions within the infinite
volume, section II develops the analysis techniques to
perform the thought experiment of Fig. 1 and to sys-
tematically identify entangled pure states between the
disjoint field regions. In section III, this protocol is di-
rectly applied to the scalar field vacuum to reveal sev-
eral consequences of local entanglement observation—
from parametric deviations in the scaling of the acces-
sible entanglement, both in the functional form and
range, to the short-distance scale dependence at long-

FIG. 1. Schematic representation of the thought-
experiment guiding the present calculations for a non-
interacting scalar field vacuum in the infinite volume of
one spatial dimension, |ψ〉. When latticized, the free scalar
field vacuum is a Gaussian continuous-variable (CV) sys-
tem with one CV quantum degree of freedom per lattice
site, each represented by a horizontal line in the quan-
tum circuit. For local observation, two patches of the field
vacuum, each with d lattice sites, are extracted and com-
pose the Hilbert space of φp, while the remaining external
volume is represented by φv. The locally-observed mixed
state of the patch pair results from tracing the external vol-
ume. However, a measurement of the external volume can
be classically communicated to inform local unitary dis-
placement operators capable of unifying the mixed convex
decomposition into a single measurement-basis-dependent
underlying pure state, |σ(m,U)〉. In particular, measure-
ment of the infinite volume in the field and conjugate
momentum bases, producing |σ(m,φ)〉 and |σ(m,π)〉 respec-
tively, are at the center of this work.

distance separations and the delocalization of struc-
tured entanglement. From entanglement-inspired op-
timizations of quantum simulations for quantum field
theories to the basic quantum information properties
of fields, the protocols of Fig. 1 offer insight for the
contextualized decoding of observations from the dis-
joint local detection regions that commonly constitute
our experimental measurements of the quantum fields
of nature.

II. LATTICE SCALAR FIELD VACUUM

When spatially latticized with local continuous
fields, the Hamiltonian of the lattice scalar field is
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Ĥ =
1

2

∑
x

(
π̂(x)2 +m2φ̂(x)2 +

(
∇aφ̂(x)

)2 )
, (1)

where field redefinitions have been performed to pro-
duce dimensionless quantities for both the field, φ̂, its
conjugate momentum, π̂, and the mass, m.

A. Gaussian Formalism

Governed by a quadratic Hamiltonian, the vac-
uum of the free scalar field is a Gaussian continuous-
variable (CV) quantum state. The vacuum wave-
function of this systematic quantum many-body dis-
cretization of the continuum field may be analytically
determined to be

|ψ〉 =
det K

1
4

π
N
4

∫
dφ e−

1
2
φTKφ |φ〉 , (2)

where φ is a vector containing the field values dis-
tributed across the lattice sites, N is the total num-
ber of sites composing the lattice, and K is the
inter-site correlation matrix. For a one-dimensional
field with periodic boundary conditions, the correla-
tion matrix elements are known to be calculated as

Kij = 1
N

N−1∑
k=0

cos
(

2πk
N (i− j)

)√
m2 + k̂2, with lattice

momentum k̂ = 2 sin
(
πk
N

)
in a finite-difference repre-

sentation of the gradient operator. Matrix elements of
this correlation matrix can be calculated analytically
in the thermodynamic limit of infinite volume where
momentum modes become continuous within their
2π-Brillouin zones. In one spatial dimension, this

is achieved through the replacement 1
N

N−1∑
k=0

→
π∫
−π

dp
2π

with p = 2πk
N . In this regime, the matrix elements

become

K∞r̂ =
√

4 +m2
3F̄2

(
−1

2 ,
1
2 , 1

1− r̂, 1 + r̂
;

4

4 +m2

)
, (3)

where r̂ is the lattice separation between the two sites

defining the matrix element and 3F̄2

(
a, b, c
d, e

; z

)
=

3F2

(
a, b, c
d, e

; z

)
/Γ(d)Γ(e) is the regularized hyperge-

ometric function. In one dimension, the mass serves

as an important IR regulator of the theory and cannot
be analytically set to zero. However, the asymptotic
decays of the correlation matrix elements are found,
as expected, to be polynomial, ∼ 4

π−4πr̂2 , and expo-

nential, ∼ −
√

m
2πr3 e

−mr, in the massless and massive
regimes, respectively. With explicit scale, m, the mas-
sive regime has been expressed in the continuum, with
r the continuous separation.

The inverse of this correlation matrix, connected
to the two-point field-space correlation functions,
is similarly known to be calculated as

(
K−1

)
ij

=

1
N

N−1∑
k=0

cos
(

2πk
N (i− j)

) (
m2 + k̂2

)− 1
2
. In the infinite

volume limit, matrix elements of this inverse become

(
K−1

)∞
r̂

=
3F̄2

(
1
2 ,

1
2 , 1

1− r̂, 1 + r̂
; 4

4+m2

)
√

4 +m2
. (4)

From the correlation matrix and its inverse, the two-
point correlation functions in the pure vacuum state
may be directly expressed as

Gij = 〈ψ|(φ̂i − φ̄i)(φ̂j − φ̄j)|ψ〉 =
1

2

(
K−1

)
ij

(5)

Hij = 〈ψ|(π̂i − π̄i)(π̂j − π̄j)|ψ〉 =
1

2
Kij . (6)

Note trivially that
(
K−1

)
x,y
6= (Kx,y)

−1, where x, y
may be individual indices or lists indexing the ma-
trix of correlators among portions of the latticized
field vacuum. The asymptotic decays of the inverse
correlation matrix elements, connected to the two-
point field correlators, are found to be logarithmic, ∼
− (ln(mr) + γ − ln[2]) /π, and exponential, ∼ e−mr√

2πmr
,

in the massless and massive regimes, respectively. For
the massless regime, the remaining mass factor regu-
lates an IR divergence and γ is the Euler-Mascheroni
constant.

Together, these collections of quadrature expecta-
tion values completely define the covariance matrix
(CM) of a Gaussian CV state, commonly structured
modewise in the form

σij = 〈ψ| {q̂i − q̄i, q̂j − q̄j}+ |ψ〉 , (7)

with q =
{
φ̂1, π̂1, φ̂2, π̂2, · · · , φ̂N , π̂N

}
. The pure vac-

uum state has vanishing first-moment displacements
〈π̂〉 = π̄ = 0 = φ̄ = 〈φ̂〉. The CM is thus a riffled
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form of G and H with an additional factor of 2. In
this formalism, the uncertainty relations may be ex-
pressed as the matrix inequality σ − iΩ ≥ 0, where
the symplectic matrix encoding the commutation re-
lations is

[
q,qT

]
= iΩN with ΩN =

⊕N
j=1 iτ y and

τ y the second Pauli matrix. The purity, 1/
√

detσ, of
full lattice CMs indicates that they represent closed
quantum systems with no further volume beyond. By
choreographing an increase in the volume and a de-
crease in the lattice spacing, a series of lattices provide
a pure-state trajectory to the continuum limit 1.

In the Gaussian language, the experimentally ac-
cessible entanglement between field patches can be
directly quantified [36] by the logarithmic negativ-
ity [49, 51, 65, 66]

NA|B = −
N∑
j=1

log2 min
(
νΓ
i , 1
)

, (8)

where Γ indicates the partial transpose (PT), a posi-
tive transformation π̂ → −π̂ acting locally in the A or
B spaces [51], and the PT symplectic spectrum may
be calculated as

νΓ = 2spec
√

GHΓ . (9)

Note that only PT symplectic eigenvalues between 0
and 1 contribute to the logarithmic negativity. It is
using this language that Refs. [36, 44, 47, 48] have
addressed the negativity between disjoint patches of
the free scalar field vacuum.

Physical interpretation of the negativity entan-
glement measure is generically limited to an upper
bound of the distillable entanglement between the
A,B Hilbert spaces [66]. However, the additional
structure of the free scalar vacuum allows this entan-
glement measure to directly quantify the two-mode
accessible entanglement between field patches in a sin-
gle instance of the quantum vacuum. More specifi-
cally, the entirety of the negativity may be consoli-
dated via local unitaries into (1A × 1B) mode pairs,

1 Note that this differs from an alternate perspective of the
lattice producing a discretized sampling of the continuous
vacuum, in which case the lattice state would be mixed. The
distinction is similar to that discussed in the context of vac-
uum state preparation in Refs. [63, 64], where preparing the
vacuum state of a particular lattice is distinct from preparing
a state that samples the continuum vacuum state. These two
perspectives differ in UV completions, but importantly share
the same continuum limit.

generically in the pure states identified by volume
measurement [55, 67, 68], σ(m), as well as for the
mixed states, σ(t), representing an isolated pair of
disjoint field patches [36].

B. Extraction of Disjoint Field Patches

When quantifying the entanglement between two
patches of the field, modes associated with field sites
external to the patches may be traced or measured.
The act of measurement is commonly acknowledged
to rely upon interactions that modify the observed
quantum systems, incorporating the observer as an
active part of the resulting quantum state. Simi-
larly, the absence of measurement is an action that
leads to physical consequences. Omission of entan-
gled quantum degrees of freedom generates classical
correlations throughout the remaining Hilbert space.
In a Bayesian sense, the pure/mixed final state den-
sity matrix after partial measurement/omission char-
acterizes an operationally relevant state of knowledge
specific to an observer’s retention/loss of information.

Tracing the volume external to a set of field
patches represents the typical information processing
that occurs in standard experimental design, where
interaction with quantum fields is mediated through
spatially localized detectors. In the covariance ma-
trix formalism, this external volume tracing may be
performed by extracting intra- and inter-patch ma-
trix elements, as these observables are unchanged by
volume integration. Explicitly, for indices i, j ∈ {p}
within the two patches, the matrix of two-point field
correlators upon tracing of the external volume is

G
(t)
ij = Trp

[
φ̂iφ̂jρp

]
= Tr

[
φ̂iφ̂jρ

]
, (10)

where Tr[·] = Trp[Trv[·]], ρp = Trv[ρ], and the v, p
subscripts indicate that operators reside in the exter-
nal volume 2 or in the patches of interest. As a result,

G(t) = Gpp =
1

2

(
K−1

)
pp

(11)

H(t) = Hpp =
1

2
Kpp , (12)

2 Note: though it is common terminology to utilize “volume”
to indicate the entirety of a latticized field, it will be used
presently to indicate the entirety of the latticized field exter-
nal to the detection patches of interest.
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with superscript, (t), indicating tracing of the exter-
nal volume. This convenient feature of the Gaussian
formalism has allowed numerical calculations of con-
tinuum limit extrapolations of the infinite-volume en-
tanglement structure in 1-, 2-, and 3-dimensions [44,
47, 48], despite strong cancellations in determination
of the PT symplectic spectrum.

C. External Volume Measurement

Beyond a description of local detector observa-
tions, retaining information of measured volume con-
figurations allows for exploration of underlying en-
tanglement distributed in the field. This measure-
ment produces an index that distinguishes distinct
pure state ensembles, allowing recovery of a pure state
in the Hilbert space of the patches, as expressed dia-
grammatically in Fig. 1 (see Appendix A for a simple
discrete-variable example). In this way, the patches
can be analyzed in terms of a physical decomposition
of pure states arising from the infinite-volume vac-
uum rather than as a mixed state of unknown origin
or composition 3.

When a globally pure vacuum state, |ψ〉, is par-
tially projected onto a particular configuration |φv〉 in
the basis of field eigenstates exterior to the patches,
the remaining pure state in the patch Hilbert space is

|ψp〉φv ∝ 〈φv|ψ〉 =
det K

1
4

π
N
4

e−
1
2
φTv Kvvφv∫

dφp e
− 1

2
φTp Kppφp−uTφp |φp〉 , (13)

with u = Kpvφv. In this application, the union of φp
and φv captures CV modes throughout the entirety of
the field volume in which the vacuum is a pure state,
i.e., [p] + [v] = N . Such partial projections are com-
posed of the pure state after measurement and the
associated amplitude, 〈φv|ψ〉 ≡ Aφv |ψp〉φv . Identi-
fying the normalized pure state in the patch Hilbert
space after this projection leads to

|ψp〉φv =
det K

1
4
pp

π
[p]
4

e−
1
2
uT (Kpp)−1u

3 Note: in general, mixed states are known to not have unique
pure-state convex decompositions.

∫
dφp exp

[
−1

2
φTp Kppφp − uTφp

]
|φp〉 , (14)

employing the standard Gaussian integral∫
dnx e−xTAx−2BTx =

√
πn

det A
eB

TA−1B . (15)

The associated φv-configuration-dependent ampli-
tude is thus determined to be

Aφv =
1

π
[v]
4

det K
1
4

det K
1
4
pp

e−
1
2
φTv Kvvφv

e−
1
2
uT (Kpp)−1u

. (16)

If the volume external to the patches were to be traced
(i.e., loss of measurement information), this weighted
set of pure-states would form an explicit convex de-
composition of the patch density matrix as

ρp =

∫
dφv 〈φv|ψ〉〈ψ|φv〉 (17)

=

∫
dφv |Aφv |

2 ρ
(
|ψp〉φv

)
, (18)

with ρ(|χ〉) = |χ〉〈χ| a pure state density matrix.
Note from equation (14) that the pure-state en-

sembles distinguished by φv-configuration index are
simply displacements of the same Gaussian state, i.e.,
the φv-content of the state appears only in the vector
of first moment displacements, uT . Therefore, each
pure state shares the same CM, and thus the same
entanglement. In the following, this feature will allow
a description in terms of a single CM per measurement
basis, rather than per measurement configuration.

As usual for pure Gaussian states, the volume-
projected patch CMs, those of Eq. (14), are indepen-
dent of the specific φv-configuration measured. As
such, the mixed state CM representing ρp upon trac-
ing of the volume may be described by a convex de-
composition of displaced Gaussian states each with
the same pure CM characterized by components,

G(m,φ) =
1

2
(Kpp)

−1 , H(m,φ) =
1

2
Kpp , (19)

with the superscript, (m, φ), indicating measurement
of the external volume in the φ-basis and classical
communication of the result as shown in Fig. 1. Note
that, upon projecting the volume into the field eigen-
basis, no displacements have been generated in con-
jugate momentum space and H(m,φ) = H(t). The
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field correlators are found to differ by an order of
operations, with volume coordinate removal occur-
ring before(after) inversion for sites that are mea-
sured(traced), see respectively Eqs. (19) and (11).
This is consistent with the relation G(pure) =
1
4

(
H(pure)

)−1
, producing a pure-state CM with unit

determinant.

Expressing the fact that volume measurement nat-
urally leads to a particular pure-state convex decom-
position of the patch-patch density matrix, the traced
CM can be written as

σ(t) = σ(m) + Y , (20)

where Y ≥ 0 is a matrix that may be interpreted
physically as governing a classical distribution of first-
moment displacements. Upon tracing of the field vol-
ume external to the patches, the measurement infor-
mation distinguishing displaced versions of the σ(m)

pure state is lost, generating a mixed-state ensemble
with CM σ(t) (see Appendix B for further discussion).
As noted above, no displacements are generated in
conjugate momentum space and thus the associated

matrix elements of Y vanish, Y
(m,φ)
π = 0. The field

operator elements of Y may be expressed as(
Y

(m,φ)
φ

)
ij

= 2

∫
dφv

∣∣Aφv ∣∣2 〈φ̂p,i〉φv〈φ̂p,j〉φv , (21)

where G(t) = G(m,φ) + 1
2Y

(m,φ)
φ . The displacements

in field space are calculated (e.g., by standard source-
variation techniques of partial differentiation with re-
spect to u incorporated into the Eq. (14) integrand)
to be

〈φ̂p〉φv = φv〈ψp|φ̂p|ψp〉φv = − (Kpp)
−1 u , (22)

as a function of the projected volume configuration.

The integration of Eq. (21) can be performed
with the external-volume-configuration-dependent
displacements of Eq. (22). However, it may be con-

venient to express the classical noise, Y
(m,φ)
φ , directly

in terms of the matrix elements of K, the site-wise
correlation matrix. To do so, the standard partial
Gaussian integration,

∫
· · ·
∫

dx̄ e−
1
2
xTAx =

(2π)
[x̄]
2

√
det Ā

e−
1
2
xT0 Fx0 (23)

with

Ax =

(
A0 B
BT Ā

)(
x0

x̄

)
, F = A0−BĀ−1BT , (24)

is applied to the scalar field vacuum density matrix.

Identifying A0 = Kpp ⊕Kpp, B =

(
Kpv

Kpv

)
, and Ā =

2Kvv for the traced integration of x̄ = φv yields the
reduced density matrix of the patches as

ρp =
det K

1
2

π
[p]
2
√

det Kvv

∫
dφpdφ

′
p

exp

[
−1

2

(
φp φ

′
p

)T
F

(
φp
φ′p

)]
|φp〉〈φ′p| . (25)

To determine the two-point field correlation func-

tions, Trp

[
φ̂iφ̂jρp

]
, the relevant exponent becomes

the sum over patch-dimension blocks, FΣ = 2Kpp −
4Kpv (2Kvv)

−1 KT
pv. By inspection and connection to

the weighted integrations leading to Eq. (5), the field
correlators may thus be read directly as

G(t) = F−1
Σ =

1

2

(
Kpp −Kpv (Kvv)

−1 KT
pv

)−1
. (26)

Expressing these traced expectation values as a de-
formation of those of the underlying pure state upon
φ-basis projective measurement of the external vol-
ume, Eq. (19), may be achieved through application
of the following inverse relation [69]

(C + D)−1 = C−1 −
(
I + C−1D

)−1
C−1DC−1 , (27)

with C = Kpp. As a result, the Gaussian noise corre-
sponding to the first moment displacements may be
written as

Y
(m,φ)
φ =

(
I− K̄

)−1
K̄ (Kpp)

−1 , (28)

with K̄ = (Kpp)
−1 Kpv (Kvv)

−1 KT
pv.

A decomposition of the form in Eq. (20) exists for
each external-volume measurement basis (i.e., associ-
ated with U in Fig. 1) and provides a physically mean-
ingful pure-state convex decomposition of the quan-
tum state in the field patches, leading to an infinite
family of pure states σ(m) ≤ σ(t). As one alternative
to the φ-basis, when writing the vacuum state in the
conjugate momentum basis,

|ψ〉 =
det K−

1
4

π
N
4

∫
dπ e−

1
2
πTK−1π|π〉 , (29)
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measurements may be considered that project onto
conjugate-momentum-space eigenstates of the field
external to the patches. This representation may be
derived from the field-space representation of Eq. (2)
through insertion of the conjugate-momentum-basis
identity operator,

∫
dπ |π〉〈π|, along with the

plane-wave inner-product, 〈π|φ〉 = 1√
(2π)N

e−iπ
Tφ.

Through direct application of the previous analysis,
measurement of the volume in this basis yields the
following patch-CM elements

G(m,π) =
1

2

(
K−1

)
pp

(30)

H(m,π) =
1

2

((
K−1

)
pp

)−1
. (31)

In this case, G(m,π) = G(t) and thus all displacement

noise is relegated to the π-coordinates, Y
(m,π)
φ = 0.

The fact that measured volume configurations in-
dex pure states distinguished only by first-moment
displacements, Eq. (22), allows the LOCC-creation of
a single pure state per measurement basis, as shown
in Fig. 1. In the following, we analyze the entangle-
ment of such pure states to quantify the underlying
quantum correlations distributed in the field vacuum,
significant portions of which are only visible when the
classical noise generated by traced isolation of field
patches is effectively removed through volume mea-
surement.

III. DETECTOR-OBSERVED
ENTANGLEMENT

Utilizing perspective gained by examining the pure
quantum states of scalar field vacuum regions identi-
fied upon measurement of the external field volume,
this section discusses entanglement properties that
may be specifically attributed to the classical correla-
tions arising from local observation of a disjoint pair of
detection patches. In the following, four principle im-
pacts are considered: A) truncation of the spatial ex-
tent of quantum correlations, B) parametric suppres-
sion of their decay with region separation, C) mixing
of information from disparate frequency regimes, and
D) delocalization of entanglement information, chal-
lenging the understanding of many-body correlations
in mixed quantum states.

A. Truncated Range of Entanglement

It has been long realized that the accessible entan-
glement between patches of UV-truncated fields van-
ishes at large spatial separations relative to the patch
size [41, 42, 44–48, 63, 68, 71–76]. Thus, in order to
calculate the entanglement known to be present at all
space-like separations in the continuum field [26–29],
a framework must be utilized that systematically con-
trols the effects of the computationally-necessary UV
truncation. The present calculations utilize the sys-
tematic framework of lattice field theory, in which ex-
trapolations may be performed with a series of lattices
that pixelate the physical field patches with increasing
resolution [44, 47, 48], i.e., with larger lattice diam-
eter, d, of each field patch. The separation at which
the logarithmic negativity vanishes (and equivalently
where patches of the field become separable [48]), r̃N/,
extends as the continuum limit is approached and has
been found to scale as r̃N//d ∼ (γ/a)d, with γ now a
parameter scaling inversely with the spatial dimen-
sion [48].

To further understand latticized quantum field cor-
relation structure, it is interesting to consider whether
entanglement is truly present outside r̃N/, but has
been buried by classical noise [36, 77–80] as a result
of the local entanglement detection schemes consid-
ered. In particular, the reduced density matrix of
field patches may become compatible with a separa-
ble convex decomposition despite the presence of en-
tanglement in the contributing pure state ensembles.
By definition, such entanglement within a separable
mixed state cannot be detected, neither theoretically
nor experimentally, from the patch reduced density
matrix alone. However, it may be informed by the
physical convex decompositions identified from the
larger quantum state of the field. To gain theoretical
access to such quantities, Fig. 1 indicates the present
strategy utilizing external volume measurement. Such
physical decompositions of the local mixed state iso-
late the classical noise added upon their local obser-
vation, conclusively establishing the underlying pres-
ence of entanglement distributed at all distances in
the free lattice scalar field.

To illustrate this long-distance entanglement un-
derlying the free lattice scalar vacuum, consider the
simplest case φp =

(
φ0 φr̃+1

)
, consisting of one site

in each patch (d = 1) separated by distance r̃ in lat-
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FIG. 2. Underlying and locally accessible entanglement, quantified by the logarithmic negativities NA|B(σ(m)) and

NA|B(σ(t)) respectively, between patches (d = 16 sites each) of the one-dimensional free lattice scalar field vacuum in
the massless limit (m = 10−10) as a function of dimensionless lattice separation, r̃/d, in the thermodynamic limit of
infinite volume. The classical noise generated upon tracing of the patch-external field volume produces a parametric
suppression of the entanglement from poly/log to exponentially decaying, culminating in compatibility with a separable
decomposition at finite dimensionless separation, r̃N/ = 264. The vertical dashed lines are labeled in correspondence
with the wavefunctions in the upper row of Fig. 3. Inset: Sum of two-body, (1A × 1B), contributions to the log-
arithmic negativity between volume-measured (black) and volume-traced (gray) field patches calculated in the local
Williamson [60, 70] and negativity-inspired [36] bases, as discussed in Sec. III D. Local transformations to these bases
(by SW and SN , respectively) are designed to maintain the parity symmetry of the pair of field patches, leading to the
diagrammatically indicated two-body structure.

tice units. If the volume external to these two sites
is traced, the quantum state of the two sites becomes
separable at separation r̃ = 1 and beyond. To charac-
terize the pure states in the ensemble upon measure-
ment of the volume in the local φ-basis, the matrices
of two-point correlation functions (Eq. (19)) are

G(m,φ) =
1

2

(
K0,0 K0,r̃+1

K0,r̃+1 K0,0

)−1

(32)(
H(m,φ)

)Γ
=

1

2

(
K0,0 −K0,r̃+1

−K0,r̃+1 K0,0

)
. (33)

Calculating the PT symplectic eigenvalues of σ(m,φ)

from the eigenvalues of 2
√

GHΓ produces, ν± =
K0,0∓K0,r̃+1√
K2

0,0−K2
0,r̃+1

. As off-diagonal elements of K are neg-

ative (favoring positively correlated displacements of
field lattice sites), the symplectic eigenvalue ν− is
the one that contributes to the patch-patch negativ-
ity. The underlying negativity between two single-site

patches is therefore

N (m,φ)
0|r̃+1 = − log2

K0,0 +K0,r̃+1√
K2

0,0 −K2
0,r̃+1

(34)

for measurements in the field eigenbasis. Analysis for
the case of π-basis measurement of the external vol-
ume results in underlying logarithmic negativity of
the form

N (m,π)
0|r̃+1 = − log2

(
K−1

)
0,0
−
(
K−1

)
0,r̃+1√

(K−1)2
0,0 − (K−1)2

0,r̃+1

(35)

Notably, these values are non-zero for all separations
of the two single-site patches on the lattice.

For a system with larger d, and thus a lattice fur-
ther along the trajectory to the continuum, the main
panel of Fig. 2 shows, in the massless regime, the
decay of accessible entanglement quantified by the
logarithmic negativity of the σ(t) mixed state and
underlying entanglements quantified by the logarith-
mic negativity of the σ(m,φ) and σ(m,π) pure states.
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When measurements external to the patches are per-
formed, either in the φ- or π-basis, and communicated
to identify a common pure-state ensemble in the patch
Hilbert space, entanglement between the patches is
found to be present at all distances, as indicated by
the arrows at right of the Fig. 2 main panel. There-
fore, entanglement can be accessed from the Hilbert
space of the patches at separations beyond r̃N//d ∼ 16
if classical communications are provided from addi-
tional observations of the volume.

B. Decay of Accessible Entanglement

Though well-established, the phenomenon that ac-
cessible entanglement in the massless regime decays
exponentially with the patch spatial separation (in

units of the patch size), N ∼ e−β
r̃
d , remains be-

yond current analytic control. For massless scalar
fields, numerical approaches have shown that β scales
approximately linearly up to three spatial dimen-
sions [44, 46–48], indicating a more rapid decay as the
geometric phase space increases. The feature limiting
both analytic and numerical determinations of this
entanglement structure is a sign problem, as poly/log
correlation functions combine to produce the expo-
nential decay of accessible entanglement. The present
analysis of underlying entanglement in physical con-
vex decompositions of the patch-patch Hilbert space
reveals that this decay is not an internal feature in
the field, e.g., as would be the case for generation of
an effectively massive quasi-particle propagation, but
rather a response pattern of the field to characteriza-
tion by spatially local detectors alone.

Concretely, an asymptotic analysis of Eq. (34) at
large r̃ reveals the underlying entanglement to fol-
low the envelope of the off-diagonal correlation ma-

trix element, N (m,φ)
0|r̃+1 → − K0,r̃+1

ln[2]K0,0
, when the vol-

ume is measured in the φ-basis. In order to ex-
press the correlation structure of the massless field,
the IR regulation required for scalar fields in one
spatial dimension may be rendered by inclusion of
a mass chosen to have Compton wavelength signifi-
cantly larger than the patch-pair spatial dimensions.
In this regime, K0,r̃ ∼ 1

r̃2 and the underlying entan-
glement distributed in the field thus decays polyno-
mially. An analogous asymptotic analysis of Eq. (35)
for external volume measurement in the π-basis leads

to logarithmic negativity that follows the envelope
of off-diagonal inverse correlation matrix elements,

N (m,π)
0|r̃+1 →

(K−1)
0,r̃+1

ln[2](K−1)0,0
. In the long-distance and mass-

less regime,
(
K−1

)
0,r̃
∼ log(mr̃) and the underlying

entanglement distributed in the field thus decays loga-
rithmically. As illustrated in Fig. 2 for a higher resolu-
tion representation of the two field patches (larger d),
when π-basis measurement results are provided from
the volume, a pure state (CM σ(m,π)) with paramet-
rically greater underlying entanglement can be pro-
duced.

As is the case for the finite range of entanglement
discussed in Sec. III A, the distinction clarified by the
above examples is that the physically distillable en-
tanglement is not falling exponentially in a massless
theory because of a natural correlation structure in
the field. Rather, the underlying entanglement decays
with the poly/log correlations and the act of obser-
vation via spatially local detectors produces classical
noise to which the measurement of quantum corre-
lations is sensitive. This sensitivity translates into
parametric suppression leading the accessible entan-
glement to fall exponentially. The protocols of Fig. 1
therefore allow conclusive determination that local de-
tectors are capable of accessing only a small portion
of the entanglement naturally distributed within the
scalar field vacuum.

C. Mixing of Separated Scales

As indicated in Eq. (9) for CV quantum states
with vanishing 〈φπ〉 correlators, the symplectic eigen-
values are calculable through the spectrum of GHΓ.
The smallest eigenvalue, the ground state “energy”
of GHΓ, provides the dominant contribution to the
logarithmic negativity. Therefore, the ground state
wavefunction of GHΓ, shown in Fig. 3 in a massive
and massless regime for a range of patch separations,
shows the leading-order in an entanglement hierarchy
for the spatial structure of collective modes across
the field patches 4. In both the massless and mas-
sive regimes, contributions to the logarithmic negativ-

4 Locally consolidating these collective modes into (1A × 1B)
pairs of CV degrees of freedom [36] may then be physically re-
garded as a clear methodology for transferring entanglement
to a quantum detection system.
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FIG. 3. Spatial dependence of GHΓ ground state wavefunctions associated with the dominant contribution to the
logarithmic negativity between field patches in the massless(top) regime with d = 16,m = 10−10 (r̃N/ = 264) and in
the massive(bottom) regime with d = 16,m = 0.3 (r̃N/ = 59). In all cases, the wavefunction upon volume measurement

(associated with σ(m,φ), black) remains predominantly in the IR, while the wavefunction upon volume tracing (associated
with σ(t), gray) is driven into the UV with increasing separation, r̃ shown in lattice units.

ity organized by the symplectic spectrum exhibit an
exponential hierarchy [36, 48], and thus the leading-
order reliably approximates the entanglement.

It has previously been shown that the collective
modes allowing extraction of the dominant entangle-
ment contribution between patches of the scalar vac-
uum contain frequencies that increase at larger spatial
separation, potentially impacting the form of future
effective theories aiming to capture non-local quan-
tum properties of the field [48]. This relation can be
seen in the ground-state wavefunctions of GHΓ when
the volume external to the field patches is traced,
depicted (gray) in Fig. 3. In this case, the spatial
wavefunctions associated with the (1A × 1B) mode
pair of dominant logarithmic negativity contribution
exhibit higher frequency spectra for longer distance
patch separations.

The protocols of Fig. 1 allow this UV/IR connec-
tion to be understood as a property of the field specific
to the vantage of local observation by the pair of field
patches. As depicted (black) in Fig. 3, when the vol-
ume external to the patches is measured and the result
classically communicated to prevent classical mixing
of ensembles indexed by volume configuration, the
wavefunctions characterizing the dominant accessible
entanglement do not exhibit UV/IR mixing. Even
at long distances, this leading-order wavefunction is
a ground-state that retains an IR spectrum. Calcu-
lated directly through the patch-pair PT symplectic

eigenvectors, it is clear that the procedure of exter-
nal volume tracing (gray) embeds both UV and IR
information from the field volume, through classical
correlations, into the reduced density matrix of the
patches. Extending this observation, connections be-
tween UV and IR energy scales may be expected to
be a common feature of entanglement observables in
quantum fields when probed by local detectors.

D. Delocalization of Entanglement Information

Though classical correlations cannot generate ad-
ditional entanglement, their effects on entanglement
structure are far from neutral. Beyond suppression,
as discussed in Sections III A and III B, a closely re-
lated consequence of classical correlations (e.g., ac-
companying local measurements) is to reorganize or
delocalize information important to the observation
of entanglement. In the following, this consequence
will be demonstrated by the observation that classi-
cal noise may shift the basis in which a quantum sys-
tem has (1A × 1B)⊗n entanglement structure. This
observable, the noise-sensitivity of the (1× 1) entan-
glement basis, is not only valuable from the perspec-
tive of local entanglement detection, but is also rel-
evant in a variety of other contexts, e.g., initializing
non-trivial quantum states, guiding quantifications of
multipartite entanglement, and informing the imple-
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mentation of ubiquitous computational and commu-
nications strategies centered around the pair-wise dis-
tribution of entanglement through noisy channels.

Though the phenomenon of classical correlations
delocalizing entanglement information is well known,
its importance motivates the discussion below in
the specific context of entanglement between disjoint
patches of the scalar field vacuum. To further aid
intuition, Appendix C provides a brief example in a
finite-dimensional system with correlated coherent er-
rors.

There exist local unitary operators that transform
the entanglement structure of scalar field patches into
a set of (1A × 1B) mode pairs with a natural ex-
ponential entanglement hierarchy. Consider first a
common symplectic operator (unitary in the Hilbert

space) acting locally and symmetrically, SW = S
(A)
W ⊕

S
(B)
W , transforming the volume-measured CM to local

Williamson normal form [70] (see Appendix D for a
constructive description) in each patch,

SWσ
(m)STW = σ

(m)
W . (36)

Due to the complementarity of Schmidt decomposi-
tions in pure states, defining this transformation re-
quires only access to the patch-local blocks of the
CM, independent of any patch-patch correlation func-
tions. For bipartite states with globally pure CMs,
this transformation produces a set of (1A×1B)pure en-
tangled pairs connecting modes with matching local
symplectic eigenvalues [68]. Modulo degeneracies in
the symplectic spectrum, the transformed pure CM,

σ
(m)
W , becomes block diagonalized to form a tensor

product set of d entangled pairs spanning the patches.
As shown by the black open-circle points in the Fig. 2
inset, the additivity of the logarithmic negativity sub-
sequently allows independent two-mode entanglement
calculations to fully account for the underlying patch-
patch entanglement for the pure CM σ(m) in the local
Williamson basis.

To describe this same field, now from the perspec-
tive of local detectors, the classical correlations from
volume tracing, Y in Eq. (20), must also be included
to generate the observed σ(t) mixed state. Interest-
ingly, the bases that block diagonalize σ(m) and Y
are not mutually compatible, and thus the ensemble
of displacements remains classically correlated after
local Williamson transformation. While it is expected

that classical correlations may reduce access to quan-
tum correlations (separable mixed states generated
with entangled ensembles being an extreme example),
the structure of displacements in the local Williamson
basis, YW = SWYSTW , also eliminates the entangle-

ment additivity originally present in σ
(m)
W described

above. Though the addition of these classical corre-
lations leaves the separability among the (1A × 1B)
mode pairs unchanged, the complete entanglement
structure can no longer be ascertained by indepen-
dent two-mode analyses—rather, the entirety of the
(d × d) quantum state must be considered. Loss of

additivity in the local Williamson basis, σ
(t)
W (gray

open-circle points in the Fig. 2 inset), shows that the
classical noise of volume tracing can cause information
relevant for entanglement extraction to be dispersed
beyond the entangled mode pair structure shared by
every ensemble of the mixture.

Interestingly, it is possible to design a consol-
idating transformation for the isolated scalar field
patches that does not disperse the entanglement in-
formation, but allows additivity of (1A × 1B) neg-
ativity in the presence of classically correlated Y-
displacements [36]. Consider a second transformation,

SN = S
(A)
N ⊕S

(B)
N , derived from the partial transpose

of the traced CM

SNσ
(t)STN = σ

(t)
N . (37)

The transformed CM, σ
(t)
N (gray solid points in the

Fig. 2 inset), is not block diagonal but has the form

σ
(t)
N = σ1⊕σ2⊕· · ·⊕σn−⊕σh+Y′, where σi is a two-

mode CM of one site from each field patch and n− is
the number of PT symplectic eigenvalues contributing
to the logarithmic negativity. As discussed in detail in
Ref. [36], calculation of such a transformation may be
achieved for the free scalar field through manipulation
of the PT symplectic eigenvectors of σ(t), incorporat-
ing information from both intra- and inter-patch cor-
relators. With this transformation, the entanglement
in σ(t) is entirely accessible through two-mode struc-
ture, with the logarithmic negativity of each σi equal
to that of the corresponding PT symplectic eigen-
value.

This section has emphasized how classical corre-
lations can delocalize information necessary to access
quantum entanglement—requiring the use of larger
many-body interactions than warranted by the entan-
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glement structure of any particular ensemble of the
underlying convex decomposition. Though it is pos-
sible to control the dispersion of this information, as
evidenced by the existence of alternate local transfor-
mation SN , such localized procedures rely upon the
PT eigenvectors of the full patch-pair CM, σ(t), be-
yond those local to each region. Classical correlations
are capable not only of simplifying quantum correla-
tions via entanglement reduction, but are also capable
of increasing the complexity of their structure via in-
formation delocalization from the perspective of local
observers.

IV. DISCUSSION

With the methodology depicted in Fig. 1, the cal-
culations above have explicitly shown that the free
scalar field vacuum in fact distributes entanglement
in a form compatible with the two-point correlation
functions. For the locally accessible entanglement,
the parametrically suppressed exponential decay with
spatial separation (Sec. III B) is thus an indirect prop-
erty of the field—a response to the classical corre-
lations generated upon tracing of the patch-external
volume. Furthermore, that the latticized field dis-
tributes entanglement at all spacelike separations, yet
experiences a separability transition at finite separa-
tion when observed locally (Sec. III A), indicates a
subtle role of the lattice’s finite bandwidth—resulting
in long-distance entanglement that is systematically
more vulnerable to uncertainty in the external field
configuration. This work contributes toward deriva-
tion of the deformation parameters, β and γ, by ana-
lyzing the field response to local observation, clarify-
ing the physical mechanisms key to their origins.

For the scalar field Hamiltonian, Eq. (1), the
spacelike entanglement in the vacuum is entirely pro-
duced by the field-space gradient operator. As a
result, the 〈φ̂φ̂〉 correlation functions, decaying log-
arthmically with separation in the massless regime,
are larger than their 〈π̂π̂〉 counterparts that decay
polynomially. This intuition can be extended to fur-
ther understand the hierarchy in distributed loga-
rithmic negativity, shown in Fig. 2, upon measure-
ment of the volume in these two bases. By transfer-
ring quantum correlations to classical ones that may
be removed by classically-controlled unitaries, as de-

scribed by Fig. 1, the process of volume measurement
in the φ(π)-basis yields remaining quantum correla-
tions between field patches that scale as the π(φ)-
correlators. That the φ-basis measurement requires
entanglement to be identified within a stronger set of
classical correlations further motivates the hierarchy,
NA|B(σ(m,φ)) < NA|B(σ(m,π)). Though no proof has
been achieved, the combination of this intuition and
additional explorations of mixed-basis volume mea-
surements suggest that these two bases, φ and π, may
provide the bounds minimizing and maximizing, re-
spectively, the distributed entanglement in the un-
derlying pure states available from the full scalar field
vacuum.

Though the suppression of accessible entanglement
for local detectors may appear unfortunate from per-
spectives of utilizing quantum fields as entanglement
resources naturally distributed at spacelike separa-
tions, the observed impact of classical correlations
yields a potential for advantage in a reverse direc-
tion for computation and simulation. In particular,
field observables relevant to experiments with spa-
tially localized detectors might be calculated with sig-
nificantly less entanglement than they could be fully
simulated. In other words, calculating the results of
local measurements could be performed by evolving
the mixed-state detection regions directly (with non-
unitary quantum channels arising from globally uni-
tary dynamics) rather than simulating the entirety
of a field to be locally projected at the end. By
leveraging the non-uniqueness of convex decomposi-
tions leading to locally indistinguishable reduced den-
sity matrices, abstracted deviations from the original
vision of quantum computation—directly emulating
physical quantum systems with precisely controlled
quantum devices—may allow significant reductions in
the amount of entanglement that must be established
throughout physical arrays of quantum hardware.

At the core of this challenge in pursuing computa-
tional advantage is the fundamental question of the
bound entanglement naturally present between re-
gions of the scalar field, i.e., the difference between the
accessible entanglement and that required to prepare
the mixed state density matrix. Unfortunately, this
somewhat unphysical but potentially computation-
ally impactful quantity is, in general, computationally
challenging to optimize [81]. For example, the present
work does not rule out the possibility of mixed state
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preparation protocols independent of the scalar field
vacuum, which may require less distributed entangle-
ment to create the reduced density matrix of the field
patches. Though the calculations presented may pro-
vide guidance for determining the entanglement of for-
mation for the isolated mixed quantum states of local
field patches, the main role of this work has been in es-
tablishing, via direct analysis of a thought-experiment
measurement protocol, an exponential separation be-
tween the entanglement distributed between patches
of the scalar field vacuum and the amount of entan-
glement that can be extracted from those patches by
local detectors.

Consideration of the infinite-volume whole of sim-
ple quantum fields has revealed fundamental features
of vacuum entanglement structure that naturally re-
sult from the perspective of spatially local observation
regions. In addition to illuminating physical origins
for basic properties of field entanglement, the estab-

lished protocol highlights the essential impact of mea-
surement locality on the perceived structure of quan-
tum correlations and offers additional guidance on the
path toward beneficial synthesis of quantum field sim-
ulation and experimental design.
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Appendix A: Examples: Underlying Entanglement

In this section, we provide two simple examples of how partial measurement (with classical communication
of the result) can attenuate classical correlations to allow extraction of entanglement that would otherwise
be obscured from the remaining quantum system. We begin with systems of three qubits and end with a
four-site example in the latticized free scalar field. These examples are intended to clarify the mechanism of
volume measurement discussed in the main text.

The entanglement of three-qubit quantum states can be organized into two categories, GHZ and W, such
that every state within a particular category is connected by local operations and classical communication [83].
The GHZ state is a three-qubit state described to have genuine three-party entanglement. This statement
is quantified through a maximal three-tangle, τ3(GHZ) = 1, and is qualitatively understood as the tracing
of any one party leaving a maximally mixed, separable state in the remaining two Hilbert spaces. However,
these observations do not indicate the absence of underlying two-party entanglement. In particular, it is
well known that a local transformation of one qubit in the GHZ state provides an opportunity to extract a
maximally entangled pair,

(I4 ⊗H)|GHZ〉 =
1√
2

(
|00〉+ |11〉√

2
|0〉+

|00〉 − |11〉√
2

|1〉
)

, (A1)

where H is the single-qubit Hadamard operator. This simple observation indicates that a local operation
and measurement on the third qubit, followed by classical communication to inform a local unitary, allows
deterministic extraction of an entangled pair from a GHZ state. Though the entanglement of the W state is
optimally robust to the tracing of any one qubit, such that the two-qubit reduced density matrices exhibit the
maximal entanglement that can be expected in a two-qubit subset of a three-qubit state [83], if the third party
can be trusted collaboratively then the GHZ state is a theoretically more efficient two-party entanglement
distribution resource.

The second example of obscured entanglement made visible by modification of classical correlations
through partial measurement and LOCC will be in a six-site periodic lattice of the free scalar vacuum.
The vacuum state, Eq. (2), is

|ψ〉 =
det K1/4

π
3
2

∫
dφ e−

1
2
φTKφ|φ〉 , (A2)

with |φ〉 = |φ1, φ2, φ3, φ4, φ5, φ6〉. In this system with a mass of m = 0.3, for example, the (1 × 1)mixed

negativity between two sites with the external volume traced vanishes at distance r̃ = 2,

N1|2 = N1|6 = 0.422 N1|3 = N1,5 = 0.039 N1|4 = 0 . (A3)

Calculating the reduced CM σ
(t)
1,4 determines that the two sites in isolation are in fact separable at distance

r̃ = 2, i.e., characterized by a mixed state compatible with a tensor product decomposition. However, by
examining a particular convex decomposition of pure states in the ρ1,4 mixture (rather than the combined
information of the reduced density matrix alone), the presence of underlying entanglement can be determined.
As discussed for Eq. (14), the ensemble of pure states composing the mixture tagged by volume measurement
in the field basis is described by a single CM (along with a classical distribution of first moment displacements
dependent on the measured φ2,3,5,6 configuration) of the form,

σ
(m,φ)
1,4 =


0.758 0. 0.028 0.

0. 1.321 0. −0.049
0.028 0. 0.758 0.

0. −0.049 0. 1.321

 . (A4)
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This CM is calculated to have N (σ
(m,φ)
1,4 ) = 0.054. Every pure-state ensemble present in this two-site mixture

upon volume measurement carries the same non-zero entanglement. However, this entanglement becomes
entirely obscured by classical correlations when those measurement results are lost (volume trace). As a
general feature of long distance entanglement in the presence of finite bandwidth representations of the
field, obscured entanglement is a physical mechanism behind recently quantified negativity and entanglement
spheres [47, 48]. This example and the distillability of two-mode Gaussian negativity [53, 84] further under-
lines how distillable entanglement can be recovered from a separable subsystem (beyond the entanglement
sphere) upon externally-controlled displacements corresponding to the classical correlations.

Appendix B: CM Formalism for Gaussian Mixed States

Generically, a mixed quantum state may be expressed as a weighted (convex) combination of pure state
density matrices,

ρ =
∑
k

λkρk , (B1)

with the probabilistic normalization condition that
∑

k λk = 1. For Gaussian states, whose covariance matrix
formalism allows a polynomial framework, it is convenient to understand how an ensemble of quantum states
described by pure CMs, {σ} and associated first moment displacements, {q̄}, are combined to form those of
the mixed Gaussian state directly. A result essential to the main text is provided below, while more thorough
discussions may be found in e.g., Ref. [60].

Consider a mixture of M pure ensembles. If the CM were simply a matrix of expectation values of a single
operator, then its value calculated in a mixture would be simply the weighted average of its values in each
of the pure state ensembles composing the mixture. Of course, the matrix elements of the CM are instead
related to a difference of two-point and a product of one-point expectation values,

σij = 2〈(q̂i − q̄i)(q̂j − q̄j)〉 = 2
[
〈q̂iq̂j〉 − 〈q̂i〉〈q̂j〉

]
, (B2)

with q =
{
φ̂1, π̂1, · · · , φ̂N , π̂N

}
for the present scalar field application. The pure states present in the mixed

state are characterized by CM elements of the form

σk,ij = 2
(

Tr [ρkq̂iq̂j ]− Tr [ρkq̂i] Tr [ρkq̂j ]
)

k ∈ {1, · · · ,M} . (B3)

For the composite mixed state, the CM matrix elements may be expanded as

σij = 2
(

Tr [ρq̂iq̂j ]− Tr [ρq̂i] Tr [ρq̂j ]
)

(B4)

= 2
∑
k

λkTr [ρkq̂iq̂j ]− 2

(∑
k

λkTr [ρkq̂i]

)(∑
k

λkTr [ρkq̂j ]

)
(B5)

=
∑
k

λkσk,ij + 2
∑
k

λkTr [ρkq̂i] Tr [ρkq̂j ]− 2

(∑
k

λkTr [ρkq̂i]

)(∑
k

λkTr [ρkq̂j ]

)
, (B6)

where the last step has been chosen in order to introduce the direct ensemble average of pure state CMs.
Clearly, if no displacements are present, the ensemble CM is simply the weighted average of the ensemble
CMs.

For the scalar field application producing mixtures upon tracing of the lattice volume external to the
patches, the φ→ −φ symmetry assures that the last term vanishes. Furthermore, as shown in Eq. (14), the
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volume measurement in the field basis causes ensembles to differ only in their displacements, allowing the
first sum to simplify to a single universal CM of the underlying pure states. The second term is positive
semi-definite and will be identified as the classical noise Y in Eq. (20), leading to Eq. (21). Importantly, the
presence of the non-vanishing second term emphasizes how a mixture of pure states all with the same CM
can become described by a different CM modified by a classical distribution of first moment displacements.

Appendix C: Examples: Delocalization by Classical Correlations

In this section, examples are provided in a simple discrete-variable quantum system to accompany the
discussion in Sec. III D of the main text. When classical correlations are introduced in the form of coherent
quantum noise, the (1A×1B)pure two-body entanglement structure of an underlying pure state is shown to be
delocalized. In particular, the introduction of correlated classical noise is shown to transform a system with
(1A × 1B)pure structured entanglement into a form that exhibits features näıvely regarded to be associated
with many-body entanglement structure. In the CV applications of the main text, analogous correlated
classical noise arises from tracing field degrees of freedom outside a pair of detection patches in the free scalar
field. As such, the inset of Fig. 2 indicates that transforming to a basis that produces (1A × 1B)pure pairs in
an underlying pure state is not a sufficient criteria for achieving the (1A×1B)mixed core-halo structure [36] of
two-body entanglement in the mixed state upon tracing of the volume. Though the following demonstrations
are straightforward, it is intended that their explicit incorporation adds in the clarity of the manuscript.

Consider a four-qubit system of two Bell states stretched across a bipartitioning boundary between two
spaces, A and B,

|ψ〉 =

(
|00〉+ |11〉√

2

)⊗2

AB

= |Φ+〉AB ⊗ |Φ+〉AB . (C1)

The logarithmic negativity, NA|B = 2, simply reflects the number of Bell pairs shared between the two
Hilbert spaces. Because the logarithmic negativity is additive among tensor products, NA|B (ρ1,AB ⊗ ρ2,AB) =
NA|B(ρ1) +NA|B(ρ2) for arbitrary density matrices ρ1,2, the entirety of the A|B logarithmic negativity of |ψ〉
(with ρ1 = ρ2) is trivially captured with a two-body structure, NA|B(|ψ〉) =

∑
j N(1A×1B)j (|ψ〉), summing

over contributions from each of the two pairs.
Imagine next that a Gaussian-distributed set of single-qubit (non-entangling) unitary rotations is applied

to the state, yielding a mixed-state density matrix of the form

ρ(Σ) =

√
det Σ

(2π)4

∫
dθ Rx (θ) |ψ〉〈ψ|Rx(−θ) e−

1
2
θTΣθ , (C2)

where Rx(θ) = Rx(θ1) ⊗ Rx(θ2) ⊗ Rx(θ3) ⊗ Rx(θ4) and the single qubit rotation is parameterized as
Rx(θ) = e−iθσx . Physically, this type of quantum channel could arise from, for example, spatial or tem-
poral inhomogeneities in environmental electromagnetic fields or fluctuations in the control pulses used to
manipulate the qubits. If the sampled distributions of rotation angles are independent, the accessible en-
tanglement may be reduced, but the two-body structure will naturally remain. For example, taking the
distribution defined by Σ1 = I4/σ2 with σ = 0.1, i.e., equivalent for each qubit, yields a total and two-body
negativity that remains equal NA|B (ρ(Σ1)) =

∑
j N(1A×1B)j (ρ(Σ1)) = 1.94.

Finally, if the sampled distributions of rotation angles are correlated, the reduced accessible entanglement
may additionally be delocalized beyond the (1×1) structure. For example, utilizing (for convenience) the co-
variance matrix of four neighboring sites in a free scalar field vacuum in the thermodynamic limit, Σ2 = K∞m=1

from Eq. (3), the total accessible entanglement NA|B (ρ (Σ2)) = 0.183 6=
∑

j N(1A×1B)j (ρ (Σ2)) = 0.179.
While it would require entangling operations in the context of pure state transformations, the correlations of
a classical channel are sufficient to create a delocalization of accessible entanglement.
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Appendix D: Williamson Normal Form (Constructive)

For any bonafide CM, the associated system may be transformed to the basis of normal modes through
symplectic operations,

D = SσST D =
n⊕
j=1

djI2 , (D1)

where the dj ’s are the (positive) symplectic eigenvalues of the CM. As detailed in the following, Ref. [60]
indicates a process for determining the diagonalizing symplectic operation through the Jordan decomposition
(L.J.L−1) of the matrix product iΩσ. In particular, the goal is for the CM to be decomposed as

σ = S−1DS−T → iΩσ = iΩS−1DS−T . (D2)

If S is symplectic, STΩ = ΩS−1, then the decomposition becomes

iΩσ = iSTΩDS−T . (D3)

The matrix of commutators, ΩN =
⊕N

j=1 iτ y, is diagonalized in the Fock basis, achieved through left and
right transformation by a unitary,

uΩ1u
† = −iσz u =

1√
2

(
1 i
1 −i

)
, (D4)

such that

iΩσ = STU†

(
n⊕
σz

)
UDS−T = STU†

 n⊕
j=1

djσz

US−T U =
n⊕
u , (D5)

where the commutation [U,D] has been utilized. Note that the left and right factors are relative inverses,(
STU†

)
.
(
US−T

)
= I. Thus, the symplectic transforming to the normal form of the CM can be identified

from the Jordan decomposition of iΩσ. In particular, if L is chosen in the Jordan decomposition such that
the diagonal is ordered as above, then the normal form symplectic may be identified,

iΩσ = L

 n⊕
j=1

diσz

L−1 → S = (LU)T = UTLT . (D6)

This structure may require fixing an ambiguity in the individual phases of the vectors comprising L. A
further normalization condition on the vectors of L must be set in order for S to be symplectic, STΩS = Ω,

LUΩUTLT = Ω . (D7)

In the transformation of the symplectic matrix, uΩ1u
T = σy. Furthermore, the pair of vectors associated with

each mode in L are related by a complex conjugate, LTj,x =
(
LTj,p

)∗
, thus allowing the relation (

⊕
σx) LT = L†.

The resulting constraint becomes,

Ω = L
(⊕

σy

)
LT = −iL

(⊕
σzσx

)
LT = −iL

(⊕
σz

)
L† (D8)

and thus,

iL−1ΩL−† =
⊕

σZ . (D9)
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In order to enforce this condition, the vectors of L may be normalized in the inverse space as

L−1
j,x =

1
√
αj
L−1
j,x , L−1

j,p =
1
√
αj
L−1
j,p , iL−1ΩL−† =

n⊕
j=1

αjσz . (D10)

After this normalization, the transformation constructed as S = (LU)T will be symplectic and perform the
CM symplectic diagonalization.

Appendix E: Tables of Numerical Values

In this section, tables of are provided of all numerical values presented in the figures of the main text.

r̃/d NA|B(σ(m,φ)) NA|B(σ(m,π)) NA|B(σ(t))

0.00 1.419 3.280 1.383

0.25 2.175× 10−1 2.609 1.297× 10−1

0.50 1.194× 10−1 2.411 4.999× 10−2

0.75 7.872× 10−2 2.298 2.519× 10−2

1.00 5.668× 10−2 2.219 1.342× 10−2

1.25 4.307× 10−2 2.160 6.793× 10−3

1.50 3.397× 10−2 2.114 3.047× 10−3

1.75 2.755× 10−2 2.075 1.262× 10−3

2.00 2.282× 10−2 2.042 5.828× 10−4

2.25 1.924× 10−2 2.013 3.099× 10−4

2.50 1.645× 10−2 1.988 1.752× 10−4

2.75 1.423× 10−2 1.966 9.788× 10−5

3.00 1.244× 10−2 1.946 5.036× 10−5

3.25 1.097× 10−2 1.927 2.229× 10−5

3.50 9.750× 10−3 1.911 8.616× 10−6

3.75 8.724× 10−3 1.895 3.582× 10−6

4.00 7.852× 10−3 1.881 1.806× 10−6

4.25 7.106× 10−3 1.868 1.025× 10−6

4.50 6.462× 10−3 1.855 6.053× 10−7

4.75 5.902× 10−3 1.844 3.495× 10−7

5.00 5.412× 10−3 1.833 1.844× 10−7

5.25 4.981× 10−3 1.822 8.202× 10−8

5.50 4.600× 10−3 1.812 3.004× 10−8

5.75 4.261× 10−3 1.803 1.072× 10−8

6.00 3.959× 10−3 1.794 4.790× 10−9

6.25 3.687× 10−3 1.786 2.607× 10−9

6.50 3.443× 10−3 1.778 1.557× 10−9

6.75 3.222× 10−3 1.770 9.533× 10−10

7.00 3.022× 10−3 1.763 5.675× 10−10

7.25 2.840× 10−3 1.756 3.075× 10−10

7.50 2.674× 10−3 1.749 1.378× 10−10

7.75 2.522× 10−3 1.742 4.839× 10−11

8.00 2.383× 10−3 1.736 1.487× 10−11

8.25 2.255× 10−3 1.730 5.474× 10−12

8.50 2.137× 10−3 1.724 2.724× 10−12

8.75 2.028× 10−3 1.718 1.590× 10−12

9.00 1.928× 10−3 1.713 9.918× 10−13

9.25 1.834× 10−3 1.707 6.261× 10−13

9.50 1.747× 10−3 1.702 3.817× 10−13

9.75 1.667× 10−3 1.697 2.104× 10−13

10.00 1.591× 10−3 1.692 9.334× 10−14

10.25 1.521× 10−3 1.688 3.035× 10−14

10.50 1.455× 10−3 1.683 8.195× 10−15

10.75 1.394× 10−3 1.679 2.303× 10−15

11.00 1.336× 10−3 1.674 9.918× 10−16

11.25 1.282× 10−3 1.670 5.528× 10−16

11.50 1.231× 10−3 1.666 3.435× 10−16

11.75 1.183× 10−3 1.662 2.223× 10−16

12.00 1.138× 10−3 1.658 1.437× 10−16

12.25 1.095× 10−3 1.654 8.882× 10−17

12.50 1.055× 10−3 1.650 4.890× 10−17

12.75 1.017× 10−3 1.647 2.044× 10−17

13.00 9.806× 10−4 1.643 5.500× 10−18

13.25 9.464× 10−4 1.640 1.271× 10−18

13.50 9.139× 10−4 1.636 2.366× 10−19

13.75 8.831× 10−4 1.633 8.067× 10−20

14.00 8.538× 10−4 1.630 4.235× 10−20

14.25 8.260× 10−4 1.626 2.599× 10−20

14.50 7.995× 10−4 1.623 1.700× 10−20

14.75 7.743× 10−4 1.620 1.133× 10−20

15.00 7.502× 10−4 1.617 7.430× 10−21

15.25 7.273× 10−4 1.614 4.587× 10−21

15.50 7.053× 10−4 1.611 2.437× 10−21

15.75 6.844× 10−4 1.608 8.272× 10−22

16.00 6.644× 10−4 1.605 1.175× 10−22

16.25 6.452× 10−4 1.603 2.131× 10−23

16.50 6.269× 10−4 1.600 0

16.75 6.093× 10−4 1.597 0

17.00 5.925× 10−4 1.595 0

17.25 5.763× 10−4 1.592 0

17.50 5.608× 10−4 1.590 0

17.75 5.459× 10−4 1.587 0

18.00 5.316× 10−4 1.585 0

18.25 5.179× 10−4 1.582 0

18.50 5.047× 10−4 1.580 0

18.75 4.920× 10−4 1.578 0

19.00 4.797× 10−4 1.575 0

19.25 4.679× 10−4 1.573 0

19.50 4.566× 10−4 1.571 0

19.75 4.456× 10−4 1.568 0

20.00 4.351× 10−4 1.566 0

TABLE I. Numerical values for calculations presented by the main panel of Fig. 2.
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r̃/d NA|B(σ(m,φ)) N 2−body
A|B (σ

(m,φ)
W ) NA|B(σ(t,φ)) N 2−body

A|B (σ
(t,φ)
W ) N 2−body

A|B (σ
(t,φ)
N )

0 1.419 1.419 1.383 1.295 1.383

1
16 5.287× 10−1 5.287× 10−1 4.933× 10−1 4.100× 10−1 4.933× 10−1

1
8 3.541× 10−1 3.541× 10−1 2.752× 10−1 2.171× 10−1 2.752× 10−1

3
16 2.695× 10−1 2.695× 10−1 1.820× 10−1 1.075× 10−1 1.820× 10−1

1
4 2.175× 10−1 2.175× 10−1 1.297× 10−1 3.137× 10−2 1.297× 10−1

5
16 1.818× 10−1 1.818× 10−1 9.736× 10−2 0 9.736× 10−2

3
8 1.556× 10−1 1.556× 10−1 7.598× 10−2 0 7.598× 10−2

7
16 1.354× 10−1 1.354× 10−1 6.101× 10−2 0 6.101× 10−2

1
2 1.194× 10−1 1.194× 10−1 4.999× 10−2 0 4.999× 10−2

9
16 1.064× 10−1 1.064× 10−1 4.157× 10−2 0 4.157× 10−2

5
8 9.556× 10−2 9.556× 10−2 3.493× 10−2 0 3.493× 10−2

TABLE II. Numerical values for calculations presented by the inset of Fig. 2.

m ≈ 0
r̃ GHΓ ground state wavefunction (left patch)

0 0.034 0.052 0.067 0.081 0.093 0.106 0.119 0.133 0.147 0.162 0.179 0.199 0.222 0.250 0.287 0.346

5 0.059 0.089 0.112 0.131 0.149 0.164 0.178 0.191 0.202 0.212 0.219 0.224 0.223 0.216 0.197 0.150

σ(m,φ) 50 0.081 0.119 0.146 0.166 0.182 0.194 0.204 0.210 0.213 0.213 0.210 0.203 0.191 0.173 0.146 0.102

150 0.087 0.127 0.154 0.174 0.189 0.200 0.207 0.212 0.213 0.211 0.206 0.197 0.183 0.164 0.137 0.095

300 0.089 0.129 0.156 0.176 0.191 0.201 0.208 0.212 0.213 0.210 0.204 0.195 0.181 0.162 0.134 0.093

0 0.028 0.047 0.062 0.077 0.090 0.103 0.117 0.131 0.146 0.161 0.179 0.199 0.222 0.251 0.290 0.350

5 −0.028 0.021 0.061 0.096 0.127 0.155 0.180 0.203 0.222 0.237 0.248 0.251 0.245 0.223 0.172 0.056

σ(t,φ) 50 0.021 −0.022 −0.159 −0.179 −0.109 0.007 0.131 0.237 0.302 0.313 0.261 0.149 −0.008 −0.165 −0.219 0.039

150 −0.000 0.020 −0.135 0.259 0.002 −0.268 −0.134 0.188 0.278 0.008 −0.287 −0.130 0.311 −0.126 0.015 −0.000

300 2.278× 10−7 −0.000 0.000 −0.007 0.037 −0.123 0.266 −0.392 0.399 −0.282 0.135 −0.043 0.008 −0.000 0.000 −3.040× 10−7

TABLE III. Numerical values for calculations presented by Fig. 3 in the massless regime.

m 6= 0

r̃ GHΓ ground state wavefunction (left patch)

0 0.001 0.002 0.004 0.005 0.008 0.011 0.015 0.022 0.031 0.044 0.063 0.092 0.137 0.208 0.327 0.561

5 0.004 0.007 0.011 0.015 0.021 0.029 0.039 0.054 0.073 0.099 0.134 0.179 0.236 0.304 0.369 0.380

σ(m,φ) 20 0.007 0.011 0.017 0.023 0.031 0.042 0.056 0.074 0.097 0.126 0.163 0.207 0.258 0.311 0.349 0.328

40 0.008 0.013 0.019 0.026 0.035 0.047 0.062 0.081 0.105 0.134 0.171 0.214 0.262 0.310 0.342 0.315

70 0.009 0.014 0.021 0.028 0.038 0.050 0.065 0.085 0.109 0.139 0.175 0.217 0.264 0.309 0.338 0.308

0 0.001 0.002 0.004 0.005 0.008 0.011 0.015 0.022 0.031 0.044 0.063 0.092 0.137 0.208 0.327 0.561

5 −0.005 0.002 0.011 0.022 0.034 0.049 0.068 0.093 0.124 0.164 0.212 0.268 0.323 0.355 0.297 −0.066

σ(t,φ) 20 −0.002 0.053 −0.095 −0.114 −0.049 0.051 0.159 0.256 0.324 0.343 0.292 0.152 −0.058 −0.211 0.029 0.002

40 −0.000 0.008 −0.074 0.200 −0.057 −0.248 −0.095 0.205 0.312 0.073 −0.279 −0.228 0.311 −0.097 0.009 −0.000

70 1.054× 10−7 −0.000 0.000 −0.006 0.033 −0.119 0.269 −0.402 0.403 −0.270 0.119 −0.034 0.006 −0.000 0.000 −1.070× 10−7

TABLE IV. Numerical values for calculations presented by Fig. 3 in the massive regime.
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