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Abstract11

Estimation of riverbed profiles, also known as bathymetry, plays a vital role in many ap-12

plications, such as safe and efficient inland navigation, prediction of bank erosion, land subsi-13

dence, and flood risk management. The high cost and complex logistics of direct bathymetry14

surveys, i.e., depth imaging, have encouraged the use of indirect measurements such as surface15

flow velocities. However, estimating high-resolution bathymetry from indirect measurements16

is an inverse problem that can be computationally challenging. Here, we propose a reduced-17

order model (ROM) based approach that utilizes a variational autoencoder (VAE), a type18

of deep neural network with a narrow layer in the middle, to compress bathymetry and flow19

velocity information and accelerate bathymetry inverse problems from flow velocity measure-20

ments. In our application, the shallow-water equations (SWE) with appropriate boundary21

conditions (BCs), e.g., the discharge and/or the free surface elevation, constitute the forward22

problem, to predict flow velocity. Then, ROMs of the SWEs are constructed on a nonlinear23

manifold of low dimensionality through a variational encoder and the bathymetry inversion24

problem is derived on the low-dimensional latent space in a Hierarchical Bayesian setting.25

The reformulation allows variational inference with a small number (e.g., O(100) of ROM26

runs and efficient uncertainty quantification. We have tested our inversion approach on a27

one-mile reach of the Savannah River, GA, USA. Once the neural network is trained (of-28

fline stage), the proposed technique can perform the inversion operation orders of magnitude29

faster than traditional inversion methods that are commonly based on linear projections,30

such as principal component analysis (PCA), or the principal component geostatistical ap-31

proach (PCGA). Furthermore, tests show that the algorithm can estimate the bathymetry32

with good accuracy even with sparse flow velocity measurements.33

keywords: deep learning, inverse modeling, reduced-order models, riverine bathymetry, varia-34

tional encoder, Bayesian estimation35

1 Introduction36

High-resolution riverine bathymetry plays an essential role in many practical applications such as37

the study of riverine morphodynamics, safe and efficient maritime transportation, aquatic habi-38

tat management, and flood risk management [1–5]. However, direct high-resolution bathymetric39

surveys, commonly performed via wading or watercraft-mounted multi-beam sonar equipment [3,40

6], are time consuming and costly for long river reaches [7]. Therefore, several remote sensing41
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techniques have been used in the literature to obtain informative flow properties from which the42

bathymetry can be estimated [8, 9]. These include airborne bathymetric LiDAR systems [6, 10–43

12], multi-spectral imagery [13, 14], satellite-derived bathymetry (SDB) using Google Earth en-44

gine [15], measurement of water surface elevation [9, 16], measurement of surface velocity through45

GPS drifters [8] or particle image velocimetry with digital video cameras [17], and thermal im-46

agery [18, 19]. In this work, we estimate the bathymetry using surface flow velocity measurements,47

since they are relatively easy to acquire at a low cost in all river conditions (e.g., not sensitive48

to high turbidity, high or low flows). Surface velocities are sensitive to river depth (see [20,49

21]), which can be captured through empirical relationships or standard hydrodynamic models50

like the two-dimensional shallow water equations (SWEs; [22, 23])—the partial differential equa-51

tions (PDEs) that calculate depth and depth-averaged flow velocities from bathymetries and the52

boundary conditions (BCs).53

Our focus in this paper is on real-time bathymetry estimation using a SWE model, since it54

can produce high-resolution estimation of the river depth using riverine hydrodynamics instead55

of the mean cross-sectional depth estimates obtained from empirical relationships [20]. We will56

assume that the underlying river bed topography is invariant and the river flow is assumed to be at57

quasi-steady state during the flow velocity measurement campaign (collected in a short time, e.g.,58

over a day), which are typical conditions in bathymetry estimation problems [20, 22, 23]. These59

flow velocity observations can then be inverted through the SWEs model in order to estimate the60

bathymetry, which we treat as an “inverse problem.”61

In principle, the riverine bathymetry identification problem is underdetermined, meaning that62

usually there exist multiple possible configurations of bathymetry that are consistent with the63

observations (i.e., flow velocity measurements)—the ill-posedness of inverse problems [20]. Be-64

yond that, the inversion process must also account for the uncertainty introduced not only by65

the measurement error but also by the imperfect representation of riverine hydrodynamics in the66

numerical SWEs model. In addition to information contained in the data, inversion techniques67

typically utilize prior knowledge that reflects understanding of the bathymetry in order to weigh68

possible solutions among those consistent with data. These solutions can be evaluated in a prob-69

abilistic way, which is commonly treated in a Bayesian framework [24] by finding the probability70

density of feasible solutions that satisfy both model fitting and prior information [25]. For ex-71

ample, prior information is described through the statistical model in which unknown properties72

are distributed randomly with prescribed mean and spatial covariance functions, which form a73

probability density function (PDF).74

As the volume of available data [26] for high-resolution bathymetry imaging becomes larger,75

high-resolution SWEs computational models should be implemented in order to capture small-76

scale spatial variability of the river bottom topography. Two main computational bottlenecks arise77

when gradient-based optimization approaches like variational data assimilation [27] are applied to78

high-dimensional and/or data-intensive problems: the high cost of construction of the Jacobian79

(sensitivity) matrix and the computational and storage costs for the dense prior covariance matrix.80

In particular, the computational costs associated with the Jacobian matrix construction amount to81

a number of simulation model runs proportional to the number of observations (with the adjoint-82

state method [28]) or the number of unknowns [29], which would be the most expensive part in83

the bathymetry estimation problem considered here.84

To address these issues, ensemble-based methods [22, 30] have been widely used for the riverine85

bathymetry estimation problem because of their Jacobian-free implementation. For example, [23]86

presents an ensemble-based bathymetry estimation approach with the Regional Ocean Modeling87

System (ROMS) in which the river depth is estimated using synthetic flow velocity observations.88
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Using the same approach, [22] assimilates velocity measurements obtained from drifters, in order89

to estimate riverine bathymetry. However, the success of the ensemble-based method for the90

riverine bathymetry problem strongly depends on the choice of the initial “guess,” i.e., prior mean91

and covariance. Furthermore, the ensemble-based method typically suffers from spurious model92

correlation and ensemble spread reduction that require the so-called covariance localization [20,93

31], especially when insufficient ensemble sizes are being used [20]. It has been shown that the94

ensemble-based method requires ensembles with many realizations when assimilating a larger95

number of observations [20, 32].96

The principal component geostatistical approach (PCGA) [20, 33, 34] is another technique97

that, similar to ensemble-based methods, employs low-rank approximations of the prior covari-98

ance to avoid direct Jacobian matrix computation. However, unlike ensemble-based methods that99

use samples from the prior distribution, PCGA uses the eigendecomposition of the covariance100

matrix, and thus does not require any postprocessing (i.e., localization). Additionally, PCGA101

implements successive iterations to achieve a better linearization unlike standard ensemble-based102

methods that perform one-step analysis leading to a solution dependent on the prior guess of the103

bathymetry. However, both PCGA and ensemble-based methods inherently require multiple for-104

ward model executions, which can be computationally too time-consuming to perform in real time105

with expensive high-resolution numerical solvers [35]. Furthermore, due to the high-dimensionality106

of the bathymetry problem, these approaches usually require some assumptions about the spa-107

tial structure of the solution [20] such as a spatial correlation modelled by multivariate Gaussian108

kernels, which limits the capability and generalizability of the inversion problem.109

A number of recent works have used deep learning (DL)-based approaches in order to address110

some of the inverse modeling issues mentioned above. That is, they are capable of fast predictions111

by bypassing expensive numerical solvers, and they are more accurate and admit more general112

and complex forms of the solution (e.g., universal approximation theory [24]). This has led to113

significant interest in leveraging the strength of DL for hydrology applications [36, 37], such as114

flood prediction [38], water level estimation [39], land cover classification [40], water quality moni-115

toring [41], and water resources management [42]. There has also been a significant interest in the116

inverse modeling community in leveraging the strength of DL-based algorithms for bathymetry117

estimation [36]. For example, [7] proposed the PCA-DNN algorithm that works by combining118

a deep neural network (DNN) with a reduced order model (ROM) based on the principal com-119

ponent analysis (PCA). PCA-DNN takes flow velocities with given BCs as inputs and outputs120

bathymetries. In [43], the training dataset was generated using synthetic bathymetry profiles and121

the corresponding flow velocities were computed via a numerical solver of the SWEs (the forward122

problem). An important issue in deterministic approaches such as PCA-DNN is that using a de-123

terministic map from velocity to bathymetry instead of solving the inverse modeling problem with124

a statistical framework limits the capability of these techniques to a specific set of measurements.125

Furthermore, the ill-posedness of the inverse problem leads to higher sensitivity of the inverse map126

to measurement noise.127

In this paper, we propose a technique, referred to as variational encoder geostatistical analysis128

(VEGAS), that incorporates both a statistical (Bayesian) approach to the inversion and129

a DNN-based ROM. Our Bayesian approach attempts to find the solution of the inverse problem130

through an optimization process, whose iterations are performed via a computationally cheap ROM131

surrogate of the forward problem [44, 45]. In particular, we use a supervised variational encoder132

(SVE) [46] as a ROM of the SWEs. Then, we find the maximum a posteriori (MAP) estimate133

of the bathymetry (the optimization process) via the optimal reduced-dimension variables (latent134

space) of the trained SVE (see Section 2 for more details). Performing the Bayesian steps in the135
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low-dimensional space (latent space) of the ROM instead of the original high-dimensional space136

of the bathymetry/velocity reduces the computational cost of the inversion significantly. Such137

variational encoder-type structures have been used previously as a part of a Bayesian framework138

to infer the prior distribution, for example, when modeling unsteady fluid flows [47]. Since in139

our approach the ROM is combined with a Bayesian framework, it is capable of providing a140

posteriori PDF of the bathymetry. This is unlike deterministic methods such as PCA-DNN [7],141

whose prediction is deterministic and based on an inverse map. Furthermore, since our Bayesian142

approach models the observation uncertainty explicitly as part of its framework, it is robust to the143

measurement noise. Our Bayesian view to the inversion problem is similar to that of PCGA [33,144

34]. However, PCGA uses a linear dimension reduction technique (similar to [7] and other linear145

ROM-based methods), while our ROM is based on a data-driven nonlinear dimension reduction,146

which has the potential to be more efficient and generalizable. Furthermore, PCGA uses numerical147

solvers to solve the forward problem (SWE) during its iterations, while here we use a DNN-based148

fast surrogate solver, which is orders of magnitude faster than traditional numerical solvers. This149

makes the inversion process possible without access to fast graphics processing units (GPUs)150

and special purpose solvers [48]. VEGAS can make online predictions possible both due to the151

computational advantages of the DNNs and the use of a ROM, which acts as a low-dimensional152

surrogate of the numerical solver of the forward model. The main contributions of this paper are153

summarized as follows:154

1. To our knowledge, this is the first paper that uses a latent space obtained from nonlinear155

dimension reduction for fast and accurate inversion of the shallow water equations in surface156

hydrology.157

2. The latent space in our construction contains information about both the input (bathymetry)158

and output (velocity) unlike other approaches. This provides additional benefits beyond a159

standard supervised autoencoder approach for simultaneous construction of a ROM for both160

forward prediction and inversion.161

3. We perform inversion in the latent space rather than simply exploiting a learned input-output162

relationship from the deep neural network. That is, we formulate the inverse problem in a163

Hierarchical Bayesian Framework and use the theoretical framework for variational inference.164

Previously proposed methods in other areas such as hydrogeology [e.g., 49] have commonly165

used ensemble-based, statistical approximation. Compared to variational inversion, ensemble166

approaches usually require more forward model evaluations with covariance localization or167

inflation [34].168

The remainder of the paper is as follows. In Section 2, we provide a brief overview of the169

methodology used in our work, that is, the SVE (forward solver) and the Bayesian inversion170

process (inverse solver). In Section 3, we discuss the process being used to generate the data,171

such as bathymetries, BCs, and flow velocities that will be provided to the DNN. In Section 4,172

we provide the results of applying our inversion algorithm on different datasets and discuss the173

results. Finally, in Section 5 we discuss the major findings from the work and consider potential174

future directions.175
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2 Methodology176

In this work, first we generate a set of synthetic data that consists of data points in the form177

of BCs and bathymetries as inputs and flow velocities as outputs (labeled data). Specifically, as178

input BCs we provide the discharge at the upstream boundary and the free-surface elevation at the179

downstream boundary. We then use the two-dimensional (2D) shallow-water module of the U.S.180

Army Corps of Engineers’ adaptive hydraulics (AdH) model [50] to solve the SWEs numerically181

and thus generate high-fidelity training set data for the offline stage. AdH provides a stabilized182

finite element (FE) approximation of depths and flow velocities on unstructured 2D meshes and183

uses as inputs bathymetry and BCs. Note that, in agreement with our assumptions about the184

data collection, the lateral geometry and bathymetry of the river have also been assumed to be185

fixed during the simulation [22, 23]. Once the dataset is generated, we train the SVE [46] in an186

offline stage (see Section 2.2). The online stage then identifies the optimal latent space variables187

of the SVE and provides the MAP estimate and uncertainty of the bathymetry, given the flow188

velocity measurements and the BCs (see Section 2.1). In this work, we evaluate the performance189

of the VEGAS both in cases that the measurement locations are dense and sparse.190

In Section 2.1, we discuss the Bayesian approach (inverse problem solver; online stage) used191

in our work and its relation to the DNN-based ROM (SVE), and then in Section 2.2 we present192

the SVE architecture briefly. More details of the DNN used in our work are provided in the193

Supplementary Information file.194

2.1 Inversion algorithm195

We have used a Bayesian approach in this work as the inverse problem solver, in order to recon-196

struct the bathymetry from flow velocity observations. The forward problem can be defined in the197

form of the relationship198

y = h(s) + ε, (1)

where s is the input (e.g., bathymetry), y is the observation (e.g., flow velocities), ε is the obser-199

vation and model uncertainty noise such as a Gaussian distribution with mean zero ε ∼ N (0,R),200

where R is the model/observation error matrix, and h is the forward map. Here, we have assumed201

a noise level of ri = 0.05 m/s for the velocity observation, where r2i are diagonal terms of the202

matrix R. The inverse problem equivalent of (1) can be defined as a problem with unknown203

m-dimensional variable s (bathymetry) and n (noisy) observation y (flow velocities in the two204

directions). The Bayes’ rule allows us to evaluate a posterior distribution of s via205

p(s|y) ∝ p(y|s)p′(s) =
∫
θ

p(y|s)p′(s|θ)p′(θ)dθ, (2)

where p′ (·) represents the prior probability and θ is a set of hyperparameters that models s in a206

hierarchical Bayesian framework.207

Assume that we can parameterize s = D(z,θ), where z is a k (≪ m)-dimensional random208

variable. The variable z in the context of the inversion problem represents the low-dimensional209

representation of s, which is equivalent to the latent space variable of the ROM (see Section 2.2210

for more details). In particular, we can constrain variable z to follow a Gaussian distribution to211

ensure the regularity of the latent space:212

z ∼ N (0,Σ). (3)
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We also assume that D is a deterministic map from z to s and p′(θ) follows a delta distribution:213

θ = δ(θ − θ̂). (4)

This allows us to rewrite (2) in the form

p(z|y) ∝ p(y|z)p′(z)
∝ exp

(
−(y − h(G(z)))⊤R−1(y − h(G(z)))

)
exp

(
−z⊤Σ−1z

)
, (5)

where s = G(z) is the map from the low-dimensional latent space z to the unknown variable space214

(e.g., bathymetry). Finally, the MAP estimate of (5) becomes215

zmap = argmin
z

(
(y − h(G(z)))⊤R−1(y − h(G(z))) + z⊤Σ−1z

)
. (6)

The MAP estimate can be determined by the Gauss-Newton method with iterative lineariza-
tions [33]. For iteration count l and step size α, we have

zl+1 = zl + α
(
Σ−1 + (Jl)⊤R−1Jl

)−1 (
Σ−1zl + (Jl)⊤R−1

(
y − h(G(zl))

))
= (1− α)zl + αΣJl

(
JlΣ(Jl)⊤ +R

)−1
(y − h(G(zl)) + Jlzl), (7)

where zl is the value of the latent space variable z at the l-th iteration and Jl is the Jacobian216

of the forward map (from the latent space to flow velocities) at the lth iteration (see below).217

The maximum of the total number of iterations (running time limit) as well as the minimum218

magnitude of the gradient (convergence of z) can be considered as the stopping criteria during the219

Gauss-Newton iterations.220

The Jacobian Jl at the lth iteration is also given by221

Jl =
∂h(G(z))

∂z

∣∣∣∣
z=zl

=
∂h

∂s

∣∣∣∣
s=G(zl)

∂s

∂z

∣∣∣∣
z=zl

= Jh|s=G(zl) JG

∣∣∣
z=zl

. (8)

Note that ∂s
∂z

can be evaluated analytically using automatic differentiation (AD). This information
can be provided at no additional computational cost in common libraries such as TensorFlow [51]
and PyTorch [52]. Since the dimension of z, k ≤ 100, is assumed to be significantly smaller than
the dimension of s, we can also use a finite difference formulation to calculate the Jacobian matrix
as an alternative to AD:

JlΣ(Jl)⊤ = JlΣ1/2
(
JlΣ1/2

)⊤
(9)

JlΣ1/2 =
[
Jlσ1e1,J

lσ2e2,J
lσ3e3, . . . ,J

lσnen
]

Jlσiei ≈ σi
h(G(z+ δi))− h(G(z))

δi
,

where ei is a unit vector with ith element equal to 1 and δi is the finite difference discretization222

value. The number of forward model runs will be k + 1 at each iteration. Since the optimization223

problem in (6) becomes nonlinear because of the operator G(z), a line-search method has also been224

implemented. Also, for our numerical validation purposes, we assume throughout the remainder225

of the paper that Σ is the identity matrix.226

Once the iterations are converged, for the uncertainty quantification (UQ) purposes, the pos-
terior covariance of z can be calculated via

Qpost =
(
Σ−1 + J⊤R−1J

)−1

= Σ−ΣJ⊤ (
JΣJ⊤ +R

)
JΣ, (10)

where J is the Jacobian, calculated either through AD or (9) at the converged z.227
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2.2 ROM228

In this section, we introduce the SVE architecture, the DNN-based ROM that we used in VEGAS.229

The purpose of this DNN is to find the map s = G(z) from the low-dimensional latent space to the230

bathymetry and the map h(G(z)) from the latent space to the flow velocities (see (6)). Due to the231

close connection between the SVEs and variational autoencoders (VAEs), we first provide a brief232

overview of the VAE structure and its purpose in deep learning problems. VAEs are a class of233

DNNs that are primarily used for nonlinear dimension reduction in unsupervised learning [53, 54].234

In VAE architectures, a high-dimensional input is fed as the input to the network; in the middle of235

the network (bottleneck), the dimension is reduced and two parallel layers provide the mean and236

variance of a multi-variate Gaussian distribution, from which the latent space variable is sampled;237

finally, the sampled latent space variable returns to the space of the output (which is the same as238

the input due to the unsupervised setup of VAE). This probabilistic structure imposes a strong239

regularization effect on the VAE architecture, which potentially leads to better generalization of240

the network [55]. The network, in its unsupervised fashion, learns a map from a dataset to itself,241

the so-called auto-associative neural networks (NNs). However, the strength of the VAE is in its242

ability to simultaneously learn a map from the input to the bottleneck layer, referred to as the243

encoder, as well as a map from the bottleneck layer to the output, the decoder.244

While VAE has been primarily introduced as a nonlinear dimension reduction technique in un-245

supervised learning (input and output being the same data), its input and output can be replaced246

with a set of labeled datasets (such as bathymetry and flow velocity), representing a supervised247

DNN architecture. Such architectures are very useful for problems in which the dimension of248

the input and output are very large, since in general, it is very difficult to build a DNN without249

reducing the dimension of the layers for such problems; otherwise, the number of trainable param-250

eters becomes very large, which leads to a DNN that is computationally very expensive to train.251

Furthermore, such dense networks can lead to severe overfitting without a suitably large dataset.252

In this work, we use convolutional layers in the SVE structure [24] followed by a few fully253

connected (FC) layers that connect them to the bottleneck layer; this architecture is referred254

to as the convolutional SVE. Since in a convolutional network, filters are being applied to the255

whole input image (such as the 2D image of a riverbed profile), it reduces the size of the network256

significantly by taking advantage of the 2D nature of the input and homogeneity of the extracted257

features throughout the image. Fig. 1a shows the sketch of the SVE used in our work. The input258

in this figure is the bathymetry (the variable s), while the output has three components, the259

flow velocity in two directions (function h(G(z))) and the bathymetry (function s = G(z)). Note260

that the reason behind these outputs is that VEGAS requires the joint input/output distribution261

(s = h(G(z)),y) (see (6)). More details on h(G(z)) and G(z) and their relation to the inverse262

problem have been provided in Section 2.1. µ in this figure is the generated mean vector, Σ is the263

generated variance, and N (µ,Σ) is the Gaussian distribution from which the latent variable z is264

generated (z ∼ N (µ,Σ)). We have also used a linear dimension reduction-based forward solver265

for comparison purposes in our work, in which case the dimension reduction and expansion are266

performed linearly via a PCA instead of nonlinearly using encoder and decoders; this is shown in267

Fig. 1b.268
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(a) SVE
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Figure 1: (a) The schematic of the SVE architecture. In this approach, first, the dimension of
the input (bathymetry) is reduced via an encoder, and then the low-dimensional data (the latent
space) in the bottleneck layer is expanded to the output dimension. In SVE, the bottleneck layer
generates a Gaussian distribution. The output of the decoder consists of both velocities and
bathymetries. (b) The PCA-based solver replaces encoder/decoders with PCA, thus performing
a linear dimension reduction/expansion.
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3 Study site and data269

In this section, we discuss the process used to obtain the training data for our DNN (the archi-270

tectures in Fig. 1). Here, we are assuming that a sparse flow velocity measurement of the river of271

interest is available, and thus, we generate a training dataset that is relevant to this observation.272

Note that the VEGAS does not require the existence of such measurements at the time of the273

training process (offline stage). However, the purpose of this section is to propose an efficient way274

of generating a training dataset that takes such information (if available) into account, in order275

to generate a dataset that is relevant to our historical observation.276

Fig. 2a shows the steps being used for generation of the dataset (training/validation/test)277

necessary for learning the ROM (the SVE network). At the first stage, an estimation of the278

bathymetry of the river is obtained from the sparse flow velocity measurement via PCGA [33, 34].279

In this case, the river flow velocity measurement is performed during a short-term data collection280

campaign with a fixed bathymetry assumption. In order to allow our DNN to include a larger281

class of bathymetries into its prediction capability, we generate a bathymetry distribution from the282

estimated bathymetry of the PCGA (the “generate bathymetry distribution” step in Fig. 2a) via283

an additional sampling process based on typical river topography, before feeding them as inputs284

to the DNN (the SVE architecture in Fig. 1a). This allows the solver to be accurate for flow285

velocity prediction when future bathymetries, different from the posterior estimate, are provided286

as new inputs. The generated distribution along with the BCs are fed to the high-fidelity solver287

(the “AdH” block), which generates the data necessary for training the SVE (the “DNN” block).288

More detail of this process can be found in [46].289

(a) (b)

Figure 2: (a) Schematic of the development of the DNN-based ROM. First, we estimate the
posterior distribution of the bathymetry via the PCGA, then augment this distribution to a more
general distribution in order to allow the solver to include a larger class of bathymetries into its
prediction capability, and then use AdH to generate velocities. Finally, the bathymetries, BCs,
and velocities are fed to the SVE which will be used as the ROM. (b) Reference (true) bathymetry
of the Savannah river. The black line shows location of the thalweg, the deepest point along the
river, at a given cross section. The dots are the 408 measurement locations used as inputs to the
PCGA.

In this work, the VEGAS has been validated on a roughly one mile reach of the Savannah290

river near Augusta, GA (see Fig. 2b). First, we use AdH to generate (sparse) noisy flow velocity291

measurements synthetically, and then apply PCGA to these measurements. The PCGA-estimated292
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bathymetries are then augmented via a Gaussian kernel before providing them as inputs to the293

AdH. The augmentation ensures that a larger class of bathymetries (larger standard deviation than294

the posterior estimate of the PCGA) are included in the training set (see [46] and Supplementary295

Information for more details). One may use other deep learning-based priors such as Generative296

Adversarial Networks (GANs) in order to construct more localized topological structures, but this297

would require a larger, more exhaustive dataset of high-resolution riverine bathymetry profiles.298

These bathymetries consist of 41× 501 = 20, 541 mesh nodes (501 nodes in the along-channel299

and 41 nodes in across-channel direction with a nominal 2.4 [m] resolution in either direction).300

Finally, these bathymetries along with the generated BCs—here assumed to be discharge and301

free-surface elevation (extracted from the United States Geological Survey (USGS) website [56])302

are provided as inputs to AdH in order to obtain the flow velocities. These bathymetry/BC/flow303

velocity datasets are the training dataset that will be fed to the DNN in order to obtain the ROM304

(the SVE of Fig. 1a) (see [46] and Supplementary Information for more details).305

4 Results and discussion306

In this section, we provide the result of applying our inversion approach to the dataset generated307

in Section 3. In Section 4.1, we provide the result of inversion (bathymetry reconstruction) on308

the dataset of Section 3 when dense flow velocity measurements are available. We also compare309

the performance of VEGAS with a similar inversion approach whose DNN-based ROM uses linear310

dimension reduction technique [46] (see Fig. 1b). In Section 4.2, we provide similar results in the311

presence of sparse flow velocity measurement. And finally in Section 4.3, we present the inversion312

result on a test dataset that is sampled from a distribution different from the one that the SVE is313

trained on.314

4.1 Performance of VEGAS in the presence of full measurement315

In this section, we show the result of applying the inversion algorithm to the Savannah river316

domain. Here, we are assuming that the dense flow velocity measurement is available to the317

solver, therefore, dim(y)= 20, 541 (= 41× 501) for flow velocity in each direction. We will discuss318

the results in the presence of the sparse flow velocity measurement in Section 4.2. In Section 4.1.1,319

we study the influence of the dimension of the latent space on the inversion process and its ability320

to find a low-dimensional representation of the SWE dynamics.321

Table 1 summarizes the root mean square errors (RMSEs) when estimating the bathymetries322

from the flow velocity measurements (inverse problem) using different methods (SVE and the323

PCA-based ROMs) in the presence of dense measurements. Here, we used 10% of our data for324

validation and a different set of unused 450 input-output pairs for testing. In order to have a fair325

comparison between different methods, we used the same latent space dimension in both methods,326

equal to 50 (see Section 4.1.1 for further detail regarding this choice). The errors for VEGAS are327

significantly lower than the PCA-based solver, due to the linear dimension reduction technique328

being used in the PCA-based approach. The inversion iterations with a preset maximum number329

of iterations of 10 takes about 1–3 min on an Intel(R) Xeon(R) CPU E5-2699 v3 @ 2.30 GHz330

machine with 8 cores. Fig. 3 compares performance of VEGAS with the PCA-based solver for331

three data points from the test set. We observe that in all cases VEGAS performs significantly332

better than the PCA-based approach, consistent with the result of table 1. Fig. 4 shows an333

example of the reference (true) and reconstructed latent space distribution for a test data point.334
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The figure compares the initial and final distribution of z with its true distribution. We observe335

that the algorithm has been successful in capturing the true distribution, starting from an initial336

random distribution.337

Inversion method
Error (RMSE)

training set [m] validation set [m] test set [m]

VEGAS 0.397 0.413 0.461
PCA-based method 0.818 0.794 0.834

Table 1: Comparison between the reconstruction error of different inversion methods.

Figure 3: Comparison between the performance of VEGAS and the PCA-based solver for the
bathymetry for three different test cases. Superior performance of VEGAS is noticeable in all
cases. In both approaches, we chose a latent space dimension of dim(z) = 50.

We have also evaluated the performance of the inversion algorithm on the original reference338

profile for the Savannah river reach obtained from the U.S. Army Corps of Engineers survey. The339

result is shown in Fig. 5. We observe that the algorithm has been able to reconstruct the true340

profile with good accuracy. Here, we have assumed that the full flow velocity measurements are341

available to the inversion algorithm.342
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Figure 4: Initial versus final distribution of the latent space variable for a test set data point
during the inversion process of VEGAS. The final estimated latent space variable matches the
true distribution.

Figure 5: Reconstruction of the Savannah river profile.

4.1.1 Latent space dimension343

In this section, we study the effect of dimension of the latent space on the quality of the re-344

construction and whether the dimension used in previous sections (dim(z) = 50) is sufficiently345

large to capture the dynamics of the forward/inversion problem. Fig. 6 shows examples of the346

bathymetry reconstruction for two different test set data points for different latent space dimen-347

sions (dim(z) = 25, 50, 75, 100). We observe that in general the quality of the reconstruction348

improves as we increase the latent space dimension. However, the improvement observed in the349

case of dim(z)= 50 compared to dim(z)= 25 is more significant. This trend is noticeable in the350

other test data points as well.351

In order to better quantify the effect of latent space dimension on the reconstruction quality352

and, more importantly, determine the correct number of latent space dimensions to capture the353

dynamics of inverse and forward solvers, we also plot the RMSE of the training, validation, and354

test datasets for the ROM (the SVE), as well as the RMSE of the test dataset for the inversion al-355

gorithm (the VEGAS), as a function of the latent space dimension. Fig. 7 shows these results. We356

can observe that for the SVE, the flow velocities RMSE has stopped improving at dimensions in the357

range 50–70 (subfigures (a) and (b)). This dimension is found to be higher for the bathymetry (sub-358

figure (c)), implying that a larger latent space dimension is required to represent the bathymetry359

accurately. However, almost no improvement is observed in the quality of the inversion problem360

(bathymetry reconstruction) after dimensions in the range 50–60 (subfigure (d)). This could likely361

be due to the fact that the VEGAS is based on, first, finding the low-dimensional representation362

of the velocity measurements (related to subfigures (a) and (b)), and then, expanding this rep-363

resentation to the bathymetry space (subfigure (c)). Therefore, although the bathymetry ROM364
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(a)

(b)

Figure 6: Examples of the bathymetry reconstruction on two test set data points for different
latent space dimensions.
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improves past dim(z) = 50, its influence on the reconstruction quality is not very significant,365

since the accuracy of the estimated z does not improve at larger latent space dimensions. These366

observations imply that the chosen latent space dimension (dim(z) = 50) is sufficiently large to367

capture the dynamics of the forward/inverse problem for the training/validation/test sets that we368

have considered in this work. This is also consistent with the result of Fig. 6 (improvement after369

dim(z) = 50 is negligible).370

Figure 7: RMSE of the SVE prediction for different latent space dimensions for the flow velocity
in the easting direction (a), northing direction (b), and the bathymetry (c). And RMSE of the
inversion (VEGAS) on the test dataset (d). Although the errors decrease past dim(z)= 50 in
the case of bathymetry (subfigure (c)), no significant improvement in the VEGAS performance is
observed after this point.

We have also plotted the eigendecomposition of the Hessian of the loss function with respect to371

the latent space components to better understand the effect of the latent space dimension. When372

the Hessian matrix eigenvalues reach small values, it implies the existence of directions that are373

not influential in the dynamics. The results are shown in Fig. 8 for the ROM (SVE) for different374

latent space dimensions. The plots show the eigendecompositions of the Hessian, obtained via375

applying singular value decomposition (SVD) to the Hessian of the different terms of the loss376

function, that is, velocity in easting direction, velocity in northing direction, and bathymetry,377

calculated with respect to the components of the latent space variable z. Note that the loss378

function of the DNN (the SVE) has three terms (Fig. 1a), corresponding to its three outputs (the379

two flow velocities and the bathymetry). The Hessian matrices are calculated numerically using a380

finite difference method (see also Supplementary Information file for more detail on the loss term381

and Hessian calculations used in this work). We observe that for the flow velocities, the Hessian382

reaches zero at smaller latent space dimensions, in particular, 35 for the easting velocity and 30383

for northing velocity, while for the bathymetry it happens at larger latent space dimensions, 75.384
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This is also consistent with our observation in Fig. 6 and Fig. 7. Reaching zero values at smaller385

latent space dimensions for the flow velocities implies that they require smaller number of latent386

space dimension compared to the bathymetry.387

Figure 8: Eigendecomposition of the Hessian matrix for different terms of the loss function of
the SVE with respect to the latent space variable. Each (colored) curve represents a SVE with
a particular latent space dimension in the range dim(z)= 20–100. Decomposition of the easting
velocity loss term (a), northing velocity loss term (b), and bathymetry loss term (c) for different
latent space dimensions. Reaching zero values at smaller latent space dimensions for the flow
velocities implies that they require fewer number of latent space dimension compared to the
bathymetry.

4.2 Performance in the presence of sparse measurements388

The reconstruction results that we have shown so far assumed that full flow velocity measurements389

are available to the inversion algorithm, that is, the assumption is that 41×501×2 measurements390

are provided to the VEGAS, where 41 and 501 are the number of grid points in the northing and391

easting directions and 2 accounts for flow velocities in the easting and northing directions. Fig. 9392

shows an example of a data point from the test dataset with its VEGAS prediction when full393

bathymetry measurement (20,541 for flow velocity in each direction), 2,000 measurement points,394

500 measurement points, 200 measurement points, and 100 measurement points are available to395

the algorithm. The measurement points are equally distanced along and across the river (see396

Fig. 2b for an example of data points location). We observe that, as expected, the error in-397

creases as we use a smaller number of measurements. However, the error even with significantly398

sparse measurement is reasonable. Fig. 10 shows a similar comparison for the RMSE of the test399

dataset. Although the error increases as we use less number of measurements, we observe that400

even using very sparse measurements, such as the leftmost point which uses only 0.5% of the mea-401

surements (100 measurement points versus 20,541 measurement points), the reconstruction error402

is reasonable. This is an important property of VEGAS, since in many practical applications, flow403

velocity measurements only at a limited number of locations are available and therefore, accurate404

reconstruction of the bathymetry using such sparse measurements is an important feature of any405

inversion algorithm.406

4.3 Performance on unseen test set distribution407

The test and training datasets that we have used so far were sampled from the same distribution,408

the distribution explained in Section 3. However, as it was shown in Fig. 2a, our distribution was409

15



Figure 9: The effect of sparsity in flow velocity measurement on the reconstruction quality for a
data point in the test dataset. The error increases as we use fewer velocity measurements y (see
Section 2.1 for details). However, in all cases, the algorithm was mostly successful in capturing
important features of the bathymetry, such as the locations with the largest and smallest depth.

Figure 10: The effect of sparsity in the flow velocity measurements on the reconstruction quality
for the test dataset.
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obtained via augmenting the PCGA estimated bathymetry of the Savannah river. In this section,410

we are interested in evaluating the performance of VEGAS on datasets that are coming from a411

distribution that is different from the distribution that the DNN was trained on.412

In this section, we generate our training dataset by adding a Gaussian kernel to a parabolic413

mean bathymetry and test the performance of VEGAS trained with this distribution, on the414

Savannah river as well as our previously used dataset (PCGA posterior with added Gaussian415

kernel). Note that the advantage of this approach is that the training set does not require any416

initial flow velocity measurement.417

The results for different test set data points are shown in Fig. 11. The top figure shows the418

reconstruction on a test data point that was sampled from the same distribution that the training419

set was based on, parabolic with added Gaussian kernel. As expected, the error in this case is420

very low, since the test data point is sampled from the same distribution that the training set421

was based on. In the middle figure (Fig. 11b), the error is higher, since this data point is sampled422

from the previously mentioned dataset (PCGA posterior with added Gaussian kernel) which is423

different from the training set distribution. Finally, we show the reconstruction performance on424

the Savannah river. We observe that even in cases where the test data points are sampled from425

a distribution different from the training set distribution, the algorithm is capable of providing426

reasonably accurate reconstructions. The RMSE of the test set for the “parabolic + Gaussian427

kernel” distribution is 0.48 m and for the “PCGA posterior + Gaussian kernel” is 1.2 m. The428

larger RMSE of the latter is due to the fact that this test set is sampled from a distribution that429

is different from the training set distribution. Fig. 12 also shows an example of the reconstruction430

on a test data point from “PCGA posterior + Gaussian kernel” distribution (similar to Fig. 11b)431

with sparse flow velocity measurements (2,000 measurement points). The quality has deteriorated,432

as expected. However, the reconstruction was able to extract the most important features of the433

profile.434

Although the errors in the cases that the test set distribution is different from the training435

set is higher than the cases that these two distributions are the same, as seen in Fig. 11, this436

larger error is expected as the two distributions become farther from each other. Here, we are437

quantifying the effect of the distance between the training and test set distributions on the test438

set error. We are using the normalized Mahalanobis distance for this purpose, defined as439

d =

√
(x− µtrain)

⊤Σ−1
train(x− µtrain)

m
, (11)

where x is the sample test data point, µtrain is the mean of the training set distribution, Σtrain is440

its covariance matrix, and m is the dimension of the dataset. For the analyses considered here,441

µtrain and Σtrain are the distribution properties of the “parabolic + Gaussian kernel” training set,442

while x can belong to either “parabolic + Gaussian kernel” (e.g., Fig. 11a) or “PCGA posterior443

+ Gaussian kernel” (e.g., Fig. 11b) distribution. We have plotted the RMSE of the bathymetry444

reconstruction for these two test sets as a function of the distances for different input variables445

in Fig. 13. The vertical axis in all figures is the RMSE of the bathymetry reconstruction using446

VEGAS. The horizontal axes are Mahalanobis distance between data points from either of these447

two test sets and the training set for easting velocity (left), northing velocity (middle), and the448

latent space (right). As the distance of test set data points become larger (orange cluster compared449

to blue cluster), the RMSE also increases, as expected. By comparing the difference between RMSE450

and Mahalanobis distance of the mean of the two clusters, we observe that doubling distance has451

approximately led to RMSEs twice as large.452
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Figure 11: Performance of VEGAS trained on “parabolic + Gaussian kernel” and tested on (a) a
data point from the same distribution, (b) a data point from “PCGA estimated posterior mean
+ Gaussian kernel” distribution, (c) Savannah river.

Figure 12: Performance of VEGAS trained on “parabolic + Gaussian kernel” and tested on a data
point from “PCGA estimated posterior mean + Gaussian kernel” distribution with sparse flow
velocity measurements (10% of measurements).
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Figure 13: Comparison between the RMSE of the reconstructed bathymetries using VEGAS with
the test set “parabolic + Gaussian kernel” (“Parabolic dataset” label in the figure) and “PCGA
posterior + Gaussian kernel” distribution (“PCGA dataset” label in the figure) as a function of
the Mahalanobis distances for easting velocity (left), northing velocity (middle), and latent space
(c). “Parabolic + Gaussian kernel” is the training set for this figure.

We have plotted similar RMSE-Mahalanobis distance comparisons for test sets with the same453

distribution as the training set with variable standard deviations in Fig. 14. In particular, we454

have generated test sets with distributions similar to training set distribution, “parabolic +455

Gaussian kernel” distribution, with different standard deviation values, and have plotted RMSE-456

Mahalanobis distance plots for them, similar to the plots of Fig. 13. The standard deviation of457

the bathymetries in the training set is 1.2 m (the blue points), while the other test sets have the458

standard deviations of 2.13, 3.05, and 4.57 m. As expected, the larger the standard deviation is,459

the larger the RMSE in the bathymetry reconstruction. We also observe that in general, similar460

to the plots in Fig. 13, the ratio between RMSEs and Mahalanobis distance of flow velocities is461

approximately maintained (mean points in the left and middle figures).462

Figure 14: Comparison between the RMSE of the reconstructed bathymetries with the test set
“Parabolic + Gaussian kernel” with different standard deviations as a function of the Mahalanobis
distances of easting velocity (left), northing velocity (middle), and latent space (c). The training
set here has a standard deviation of 1.2 m (similar to the test dataset shown in blue), and the
distances are calculated with respect to this distribution.

19



5 Conclusion463

In this work, we have presented a framework for fast estimation of riverine bathymetry from flow464

velocity measurements with variable boundary conditions, by combining a DNN as a ROM with465

a Bayesian approach for inversion. Once the neural network is trained after the offline stage,466

the predictions (inversion) can be done in less than a few minutes, making online bathymetry467

reconstruction possible. Our results demonstrate a computational efficiency about three orders468

of magnitude faster than common inversion algorithms such as the PCGA. Furthermore, our469

algorithm, VEGAS, has greater flexibility in terms of new velocity observations, due to both its470

nonlinear dimension reduction technique and its Bayesian viewpoint to the inversion problem.471

The use of a DNN-based forward solver instead of numerical solvers like AdH has led to472

significant speed-ups in the inversion iteration process. Our forward solver (the SVE) is about three473

orders of magnitude faster than the AdH based on our previous observations [46]. Furthermore,474

using SVE in our DNN architecture introduces a powerful tool that captures nonlinearities present475

in the forward dynamics. Comparisons of VEGAS with the PCA-based solver show its significantly476

higher accuracy thanks to its nonlinear dimension reduction capability.477

Adding a Gaussian kernel to the PCGA posterior estimate of the bathymetry (Section 3) leads478

to generating a training set distribution that is relevant to the river under study. However, as it was479

discussed and shown in Section 4.3, even when no such information is available and the training set480

is generated from a simple parabolic mean bathymetry profile, the inversion can produce relatively481

accurate bathymetries when applied to data points sampled from different unknown distributions.482

This is very important for construction of VEGAS models where no flow velocity/bathymetry483

measurements are available.484

We have also shown that the inversion algorithm is capable of reasonably accurate reconstruc-485

tion of the bathymetries even with sparse flow velocity measurements. This is a very important486

feature of the algorithm for practical applications, since in many cases, no high-resolution mea-487

surement of the flow velocity of the river is available, and instead the algorithm has to use the488

available (sparse) measurements to estimate the bathymetry. We have observed (Section 4.2) that489

even with 0.5% of the measurements, the algorithm is capable of capturing important features of490

the bathymetry.491

The bathymetries provided to our DNNs were obtained by augmenting the posterior distribu-492

tion of the PCGA inversion (the Gaussian kernel and the scaling factor). In the future, we will493

study incorporation of more complex and general distributions of bathymetries into our training494

sets, thus generalizing the forward (and consequently, inverse) solver to a larger class of bathyme-495

tries. Another assumption in this work is that the geometry of the reach was fixed. Important496

extensions include updating the methodology to allow for significant changes in the lateral ge-497

ometry (due for example to bank overflow) and extending the approach to allow application to498

multiple classes of rivers.499

Finally, for the cases with sparse flow velocity measurements, here we have studied situations500

where the measurements are available at equally-distance grid points. However, depending on the501

uncertainty observed in the bathymetry reconstruction, one should be able to find specific cross502

sections or measurement locations that are more influential in reducing the error in predictions503

in order to guide the collection of new flow velocity data. This would fit naturally into design of504

experiments approaches [57] and is an area of future interest.505
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Code sources506

The PCGA codes can be found in the https://github.com/jonghyunharrylee/pyPCGA github507

repository, and the VEGAS codes can be found in the https://github.com/moji1369/VEGAS508

github repository.509
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