RESEARCH ARTICLE | AUGUST 23 2023

Converging high-level coupled-cluster energetics via
adaptive selection of excitation manifolds driven by moment
expansions @3

Karthik Gururangan © ; Piotr Piecuch &

’ '.) Check for updates ‘

J. Chem. Phys. 159, 084108 (2023)
https://doi.org/10.1063/5.0162873

Chemical Physics

T
o
4]
c
-
=)
O

ﬁ
Q

L

-

G1:92:€L ¥20z ¥snbny 9z

B cHorus
E ‘
View Export
Online  Citation
oty v /f% ITAAN
— H / \ \ / \ S,

=~ Nanotechnology & "M Optics & \—‘4,‘ Impedance /\’T’( Scanning Probe —_— E £ Failure Analysis &
L' Materials Science Photonics Z.  Analysis il Microscopy = Sensors T Semiconductors

Unlock the Full Spectrum.
From DC to 8.5 GHz.

Your Application. Measured.
/ AIP i Polebet skt ‘ B e >< ‘Zur\'ch
Z=. Publishing IR - . nstruments

Il
Il



https://pubs.aip.org/aip/jcp/article/159/8/084108/2907794/Converging-high-level-coupled-cluster-energetics
https://pubs.aip.org/aip/jcp/article/159/8/084108/2907794/Converging-high-level-coupled-cluster-energetics?pdfCoverIconEvent=cite
javascript:;
https://orcid.org/0000-0003-0983-2279
javascript:;
https://orcid.org/0000-0002-7207-1815
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0162873&domain=pdf&date_stamp=2023-08-23
https://doi.org/10.1063/5.0162873
https://pubs.aip.org/aip/jcp/article-pdf/doi/10.1063/5.0162873/18098614/084108_1_5.0162873.am.pdf
https://servedbyadbutler.com/redirect.spark?MID=176720&plid=2510973&setID=592934&channelID=0&CID=908659&banID=522064382&PID=0&textadID=0&tc=1&rnd=2807397526&scheduleID=2429170&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&matches=%5B%22inurl%3A%5C%2Fjcp%22%5D&mt=1724678775563024&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Fjcp%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0162873%2F18098613%2F084108_1_5.0162873.pdf&hc=355e52208e6192e95e8071f98f9c785be7110bfd&location=

The Journal
of Chemical Physics

ARTICLE pubs.aip.org/aipl/jcp

Converging high-level coupled-cluster energetics
via adaptive selection of excitation manifolds
driven by moment expansions

Cite as: J. Chem. Phys. 159, 084108 (2023); doi: 10.1063/5.0162873

Submitted: 16 June 2023 « Accepted: 3 August 2023 -«
Published Online: 23 August 2023

© & @

Karthik Gururangan' and Piotr Piecuch'*?

AFFILIATIONS

I Department of Chemistry, Michigan State University, East Lansing, Michigan 48824, USA
2Department of Physics and Astronomy, Michigan State University, East Lansing, Michigan 48824, USA

2 Author to whom correspondence should be addressed: pieccuch@chemistry.msu.edu

ABSTRACT

A novel approach to rapidly converging high-level coupled-cluster (CC) energetics in an automated fashion is proposed. The key idea is an
adaptive selection of excitation manifolds defining higher-than-two-body components of the cluster operator inspired by CC(P;Q) moment
expansions. The usefulness of the resulting methodology is illustrated by molecular examples where the goal is to recover the electronic
energies obtained using the CC method with a full treatment of singly, doubly, and triply excited clusters (CCSDT) when the noniterative

triples corrections to CCSD fail.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0162873

. INTRODUCTION

It is well established that size extensive approaches that rely
on the exponential wave function ansatz"” of coupled-cluster (CC)
theory,”*

[¥o) = e’ @), 1)

where |®) is the reference determinant defining the Fermi
vacuum and

N
T= Z Tn (2)
n=1

is the cluster operator, with T, designating its n-body (n-particle-n-
hole or np-nh) component and N being the number of correlated
fermions, and their extensions to excited, open-shell, and multicon-
figurational states are among the best ways of tackling many-body
correlations in atoms, molecules, and nuclei.” * This is especially
true in studies of structural and spectroscopic properties of molec-
ular systems, chemical reaction pathways, noncovalent interactions,
and photochemistry. In all these and similar cases, the CC hierarchy,

including the CC method with singles and doubles (CCSD), where
T is truncated at T»,'”'° the CC method with singles, doubles, and
triples (CCSDT), where T is truncated at T, the CC method
with singles, doubles, triples, and quadruples (CCSDTQ), where T
is truncated at T4,'” etc., and its equation-of-motion (EOM)JH"
and linear-response’” ** extensions rapidly converge to the exact,
full configuration interaction (FCI) limit'' [as usual, letters S, D,
T, and Q stand for single (1p-1h), double (2p-2h), triple (3p-3h),
and quadruple (4p-4h) excitations relative to |®), respectively]. The
problem is that the .#® computational steps of CCSDT or the .4
operational count of CCSDTQ, where ./ is a measure of the sys-
tem size, make such high-level CC approaches, needed to achieve a
quantitative description, prohibitively expensive in the majority of
applications of interest. Thus, one of the biggest challenges in the
CC theory has been to design numerically efficient ways of incorpo-
rating higher-than-two-body components of the cluster operator T
and, in the case of excited states, excitation operator

N
RM = m,ol + Z R[A.,n (3)

n=1
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entering the EOMCC wave function ansatz
W,) = Rue' @), 4

where Ry, is the np-nh component of R, and 1 is the unit oper-
ator, capable of reducing the enormous costs of CCSDT, CCS-
DTQ, EOMCCSDT,”* and similar computations, while eliminat-
ing failures of the popular perturbative approximations, such as
CCSD(T),** CCSDT-1,”7** CC3,* or CCSD(TQy),"° which are more
practical, but produce large and often uncontrollable errors in chem-
ical bond stretching and other multireference situations.” """ *
Solid-state applications of the periodic CC framework' " and
nuclear structure CC computations' > ***~* face similar challenges.

In this article, we propose a novel approach to converg-
ing high-level CC energetics of the CCSDT, CCSDTQ, and sim-
ilar types, even in cases of stronger correlations, such as those
characterizing stretched chemical bonds and biradical species,
where higher-than-two-body components of the cluster operator T
become large, in a fully automated, “black-box,” manner and at small
fractions of the computational costs. The key idea is an adaptive
selection of the leading determinants or excitation amplitude types
needed to define the T), (in the case of excited states, also R,,) com-
ponents with n > 2, which takes advantage of the intrinsic structure
of the moment expansions abbreviated as CC(P;Q), and the associ-
ated a posteriori energy corrections to capture the remaining cor-
relations, without any reference to the user- and system-dependent
or non-CC concepts adopted in our previous CC(P;Q) work.” '
Using molecular examples characterized by substantial electronic
quasidegeneracies and large and highly nonperturbative T3 compo-
nents, we show that the proposed adaptive, self-improving, CC(P;Q)
methodology using excitation spaces truncated at triples recovers
the parent CCSDT energetics with a relatively small computational
effort, which is not very far removed from the noniterative triples
corrections to CCSD defining CCSD(T) and its completely renor-
malized CR-CC(2,3) extension,”” *® even when these corrections
fail or struggle (for other attempts to develop adaptive CC ideas,
see Ref. 67).

Il. THEORY AND ALGORITHMIC DETAILS
A. Key elements of the CC(P;Q) formalism

We begin with a summary of the CC(P;Q) formalism, as applied
to many-electron systems, which was originally formulated in Refs.
51 and 52. Each CC(P;Q) calculation begins by identifying two
disjoint subspaces of the N-electron Hilbert space, referred to as
the P and Q spaces. The former space, designated as 7 ®, s
spanned by the excited determinants |®g) = Ex|®), where Ex is
the elementary particle-hole excitation operator generating |®x)
from |®), which, together with |®), dominate the ground state |¥o)
or the ground (¢ =0) and excited (u > 0) states |¥,) of the N-
electron system of interest. The latter space, designated as {9
(A ¢ (AD @ # D), where #V is a one-dimensional sub-
space spanned by the reference determinant |®)], is used to con-
struct the noniterative corrections 8,(P;Q) to the energies E,SP)
obtained in the CC/EOMCC calculations in the P space, abbrevi-
ated as CC(P) for the ground state and EOMCC(P) for excited
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states, due to the higher-order correlation effects not captured by
CC(P)/EOMCC(P).

Once the P and Q spaces are defined, we proceed as follows.
First, we solve the CC(P) equations,

EUEO,K(P) = 0, ‘(DK) € :7f(P), (5)

to determine the truncated form of the cluster operator T corre-
sponding to the content of the P space,

™™= S gEx, (6)
|ox)est ™

where tgs are the relevant cluster amplitudes, and the CC(P)
ground-state energy

ES) = (0P |0). 7)

Here,
Mok (P) = (Ox[HP |0), (8)

with
H® = o™ e, 9)

are the generalized moments of the CC(P) equations.”” "’ We also
determine the hole-particle de-excitation operator

(P) _
Ly’ =1+ >
‘CDK)E%(P)

lO,K(EK)T> (10)

which defines the bra ground state (‘i’ép)| = (CD\LSP)e_T(P) asso-
ciated with the CC(P) ket state |‘I’((,P)) = eT<P)|<D) satisfying the

normalization condition (‘i’ép)\‘l’ép)) =1, by solving the linear
system

(CD|L(()P)H(P)|CDK> = E(()P)ZO,K) k) e 2P, (11)

where E(()P) is the CC(P) ground-state energy obtained with Eq. (7).
If there is interest in the ground-state as well as excited-state ener-
getics, we follow the CC(P) calculations by the diagonalization
of the similarity-transformed Hamiltonian "T® ), Eq. (9), in the
P space .# ") to obtain the EOMCC(P) energies Eﬁp) and the
corresponding EOM excitation and de-excitation operators,

Rﬁp) =1u0l + Z rukEx (12)
o )est )
and
IV =801+ Y Lx(Ex) (13)

|k eI D

respectively, where the amplitudes r,x, along with 7,0, define

the EOMCC(P) ket states |‘I’,§P)) :RISP)eT(P)|<D) and their left-
eigenstate [,x counterparts define the EOMCC(P) bra states

(‘i’,sp)| = ((D|L,(4P)e_T<P) satisfying the biorthonormality condition
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(‘i’ﬁp) \‘I’gp)) = (®|L§P)R§P)|®) = 8. Once T, LéP), and E(()P) and,
in the case of excited states, Rﬁp), L,(,P), and E,(,P) are known, we pro-

ceed to the final step, which is the determination of the CC(P;Q)
energies

E O = B+ 6,(P;Q), (14)
where corrections 8, (P;Q) are given by

8u(PsQ) = > Luk(P) Mk (P). (15)
| eI QD

The ground-state moments Mok (P), Eq. (8), and their excited-state
counterparts’' "

Mk (P) = (Ox[HPRP |0) (16)

entering Eq. (15) correspond to projections of the CC(P) and
EOMCC(P) equations on the Q-space determinants |®k) € 7#(?.
The coefficients £, x (P) that multiply these moments are obtained
using the Epstein—Nesbet-like formula
tuk (P) = (@[ H P |ok) /DL, 17)
where
DR = B — (@x[H " |0x). (18)
One can replace the denominators Dﬁ?, Eq. (18), by their
Moller-Plesset-like analogs, but, as shown in Refs. 53, 54, 57, 59,
62, 63, 65, and 74, the Epstein—Nesbet-like form of D[(j() results in
a more accurate description.
The CC(P;Q) formalism can be viewed as a generalization of
the biorthogonal moment expansions of Refs. 62-64, 66, and 74
and, as such, includes the aforementioned CR-CC(2,3) approach
and its higher-order”>"" " and excited-state”"’*"" extensions, but
its key advantage, which the previous moment expansions did not
have, is the possibility of making unconventional choices of the P
and Q spaces and relaxing the lower-order T, and R,, compo-
nents with #n <2 in the presence of their higher-than-two-body
counterparts, such as T3 and R, 3, which CCSD(T), CR-CC(2,3),
and other triples or higher-order corrections to CCSD or EOM-
CCSD cannot do. There are important problems, including the
molecular examples considered in this work and many others,
where the decoupling of the higher-than-two-body components of
T and R, from their lower-order T, and R, counterparts with
n < 2, characterizing CCSD(T), CR-CC(2,3), and similar methods,
results in large errors in the calculated potential surfaces and acti-
28375960 singlet-triplet gaps,”' and electronic

61

vation barriers,” >
excitation spectra.”® As shown in Refs. 51-61, the CC(P;Q) for-
malism addresses this issue and is capable of recovering the high-
level CC/EOMCC energetics of the CCSDT,”'*' CCSDTQ,”" ™"
and EOMCCSDT"* types at small fractions of the computational
costs, even when electronic quasidegeneracies become substantial,
by incorporating the dominant triply or triply and quadruply excited
determinants in the P space, while using corrections 8,(P;Q) to
account for the remaining correlations of the parent CC/EOMCC
approach of interest, but in order to do this, one has to come up with
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a method of identifying the leading higher-than-doubly excited
determinants for inclusion in the P space. So far, this has been
accomplished with the help of user-specified active orbitals, resulting
in the CC(t;3), CC(t,q;3), CC(t,q;3,4), etc. hierarchy,‘” % Quantum
Monte Carlo (QMC) wave function propagations in the many-
electron Hilbert space employing the CIQMC™” " and CCMC*" "/
approaches, resulting in the semi-stochastic CC(P;Q) theories™ ™'
(cf. also Ref. 88), and sequences of Hamiltonian diagonalizations in
systematically grown subspaces of the many-electron Hilbert space
originating from one of the selected CI schemes,”’ '’ abbreviated as
CIPSL,”"'">!% resulting in the CIPSI-driven CC(P;Q) algorithm.®
All of these attempts to design the appropriate P and Q spaces
for accurate CC(P;Q) computations have had their successes, but
the adaptive, self-improving, CC(P;Q) framework, which we discuss
next, takes us to an entirely new level by freeing us from the user-
defined active orbitals and non-CC (CIQMC, CIPSI) or stochastic
(CIQMC, CCMC) concepts adopted in our previous CC(P;Q) work.

B. Adaptive CC(P;Q): General considerations

In developing the adaptive CC(P;Q) methodology, we have
been inspired by the modern CIPSI algorithm described in Refs.
102 and 103, available in the open-source Quantum Package 2.0,'"
which we exploited in Refs. 60 and 104. As already alluded to
above, the main idea of CIPSI is a series of Hamiltonian diagonal-
izations in increasingly large, iteratively defined, subspaces of the
many-electron Hilbert space, which are followed by correcting the
resulting energies using expressions originating from the second-
order many-body perturbation theory to estimate the remaining

correlations.”'"*'%* If Vi(:t), where k=0,1,2,... enumerates the

consecutive CIPSI iterations, designates the current diagonaliza-

tion subspace, the Vi(rﬁﬂ) space for the subsequent Hamiltonian

diagonalization is constructed by arranging the candidate determi-
nants |®,) from outside Vi(rﬁ) for a potential inclusion in Vi(f:l) in

descending order according to the absolute values of the perturba-
(2)
ak

characterized by the largest |e§2k)| contributions, moving toward

tive corrections e’ associated with them, starting from the |®q)s

those that have smaller |e§2k) | values, and continuing until the num-

. . k+1 . . . .
ber of determinants in Vi(m ) reaches a desired dimension (in

the CIPSI algorithm of Refs. 102 and 103, until the dimension of
Vi(::l) exceeds that of Vi(nkt) by the user-defined factor f > 1). We
can adopt a similar strategy in designing P spaces for the CC(P;Q)
computations.

Indeed, we can interpret Eq. (15) as a sum of contributions
0,k (P;Q) due to the individual determinants from the Q space,
|Ok) € #Q  evaluated as

Ouk (P;Q) = £ux (P) Mk (P), (19)
which, in analogy to the perturbative eizk) corrections that measure

the significance of the candidate determinants |®a) in CIPSI, deter-
mine the importance of the Q-space determinants |®x). One can,
therefore, propose an adaptive, self-improving, CC(P;Q) scheme, in
which we construct an approximation to the high-level CC/EOMCC
approach of interest (in the numerical examples in Sec. ITI, CCSDT)

J. Chem. Phys. 159, 084108 (2023); doi: 10.1063/5.0162873
Published under an exclusive license by AIP Publishing

159, 084108-3

G1:92:€) ¥20z snbny 9z


https://pubs.aip.org/aip/jcp

The Journal
of Chemical Physics

by a series of CC(P;Q) calculations using increasingly large, itera-
tively defined, P spaces 2" (k), where k = 0,1,2,. .. enumerates
the consecutive CC(P;Q) computations, with the corresponding
Q subspaces %KQ)(k) being defined as complementary excitation
spaces, such that ) (k) @ 79 (k) is always equivalent to the
entire excitation manifold appropriate for the CC/EOMCC method
we are targeting, independent of k (when targeting CCSDT, all
singly, doubly, and triply excited determinants, when targeting CCS-
DTQ, all singly, doubly, triply, and quadruply excited determinants,
etc.). The initial P space AP )(O) can be a conveniently chosen
zeroth-order excitation manifold, such as the space of singly and
doubly excited determinants, |®f) and |<Df]h ), respectively, where
i,j,... (a,b,...) designate the spin-orbitals occupied (unoccupied)
in |®), and the remaining subspaces are constructed via a recur-
sive process analogous to that used in CIPSI, where the P space
AP (k+1) is obtained by augmenting its ") (k) predecessor
with a subset of the leading Q-space determinants | ) € 74D (k)
[when targeting CCSDT, the leading triply excited determinants
| ch> outside ") (k), when targeting CCSDTQ, the leading triply
and quadruply excited determinants outside AP (k), etc.] identi-
fied with the help of corrections 6,k (P;Q), Eq. (19). Inspired by the
CIPSI algorithm, one can enlarge the current subspace ) (k) to
construct the ) (k + 1) space for the subsequent CC(P;Q) com-
putation by arranging the candidate determinants [dx) € #49Q (k)
in descending order according to the 6,4,K(P;Q) corrections asso-
ciated with them, starting from the |®k)s characterized by the
largest |8,k (P;Q)| contributions, moving toward those that have
smaller |8, x(P;Q)| values, and continuing until the total number
of the Q-space determinants in A (k + 1) reaches a certain frac-
tion of all higher-rank determinants relevant to the CC/EOMCC
approach of interest (e.g., triples when targeting CCSDT or triples
and quadruples when targeting CCSDTQ). Clearly, the adaptive
CC(P;Q) procedure, as described above, guarantees convergence
toward the high-level CC/EOMCC approach it targets, but, follow-
ing the computational cost analysis of the CC(P;Q) methods™ ™’ (cf.
also Refs. 51-56, 60, and 61), in order to be an attractive approach, it
has to be capable of recovering the target CC/EOMCC energetics to a
very good accuracy with small fractions of higher-rank determinants
relevant to the CC/EOMCC method of interest in the underlying P
spaces.

C. Adaptive CC(P;Q) and CC(P;Q)r) approaches
aimed at CCSDT and their computational
implementation

To illustrate the benefits offered by the approach proposed in
Sec. II B, we wrote an adaptive CC(P;Q) code aimed at recovering
the ground-state CCSDT energetics, which we incorporated in our
open-source CCpy package available on GitHub,'”” implemented
in Python and using Numpy and Fortran in the computation-
ally critical parts. In this case, we apply Eq. (15) to a situation
where the kth P space ") (k) is spanned by all singly and dou-
bly excited determinants and a subset of triply excited determinants
identified by the adaptive CC(P;Q) algorithm and the associated Q

ARTICLE pubs.aip.org/aipl/jcp

space 9D (k) consists of the remaining triples not included in

AP (k) ie.,
80(P(k); Q(k)) _ Z

|@keye D (k)

8ijk,abc(k)) (20)

where
Siae (k) = €5 (PO s (PM)) (1)

is the contribution to 8o(P%; Q") that corresponds to a given
triply excited determinant |(I>‘fjif) e A9 (k). The KgiC(P(k)) and
i))'iZZC(P(k)) quantities in Eq. (21) are the coefficients £ox(P) and
moments Mok (P) entering the ground-state CC(P;Q) correction
80(P;Q), Eq. (15) in which p is set at 0, adapted to the above def-
initions of the ") (k) and /¥ (k) spaces. For clarity of this
description, the P and Q symbols seen in Egs. (20) and (21), which
represent the ) (k) and 749 (k) spaces used in the kth iteration
of the adaptive CC(P;Q) procedure, are labeled with the additional
superscript (k).

In our current implementation of the adaptive CC(P;Q)
approach aimed at recovering the CCSDT-level energetics, we
invoked the so-called two-body approximation that was success-
fully used in some of our earlier CC(P;Q)-related work.”! 74104
This means that we replaced moments ‘.IRZI;C(P(")) and coef-

ficients Eg-ic(P(k)) entering Eq. (21) by (@;ﬁc\ﬁ(P)(Zﬂ(D) and
(@f(1 + Lox + Loz) HO (2|05} /(B — (5 [H D ()] i)),
respectively, where "HC® )(2) =e gt with Ty and T
designating the one- and two-body components of the cluster
operator T¥) obtained in the CC(P) calculations in ") (k), is
an approximation to the true similarity-transformed Hamiltonian
H® = ¢ ol T here T3(P) is a three-body com-
ponent of T%"). The one- and two-body de-excitation operators Lo,
and Lop, which enter the formula for the E?i”(P(k)) coefficients
used in our adaptive CC(P;Q) code, are obtained by solving the left
eigenvalue problem involving H ‘" (2) in the space spanned by
singly and doubly excited determinants. Thus, in analogy to T,
the three-body component Lég) of the de-excitation operator Lép)
corresponding to the P space AP (k) is neglected. In this way,
we preserve the philosophy of the CC(P;Q) algorithm and account
for the relaxation of T, T, Lo, and Loy in the presence of the
three-body components of T") obtained in the CC(P) calculations
in " (k), while avoiding the more complex computational steps
associated with the use of the complete form of H " in determining
the 8y apc (k) corrections.

In the adaptive CC(P;Q) code that we incorporated in the CCpy
package available on GitHub,'”* the k = 0 P space " (0), used to
initiate the calculations, is defined as all singly and doubly excited
determinants and the corresponding Q space # 9 (0) consists of
all triples. This means that the k=0 CC(P) and CC(P;Q) ener-
gies are identical to those obtained with CCSD and CR-CC(2,3),
respectively. We then follow the recursive procedure described in
Sec. II B by moving more and more triply excited determinants

J. Chem. Phys. 159, 084108 (2023); doi: 10.1063/5.0162873
Published under an exclusive license by AIP Publishing

159, 084108-4

G1:92:€) ¥20z snbny 9z


https://pubs.aip.org/aip/jcp

The Journal
of Chemical Physics

from the Q to P spaces. We enlarge the kth subspace .#F) (k),
which consists of all singles and doubles and, when k >0, the
subset of triples identified in the previous iteration, to construct

the /7P (k+1) space for the subsequent CC(P;Q) computation
by arranging the candidate triply excited determinants |¢'ch)

9 (k) in descending order according to the 8ijk, abc (k) correc-
tions associated with them, starting from the triples characterized by
the largest [0, apc (k)| contributions, moving toward those that have

smaller |8k, apc (k)| values, and continuing until the total number of
triply excited determinants in D (k + 1) represents an increase of
the number of triples in AP (k) by 1%. We could have chosen any
other incremental fraction of triples when enlarging the " ) (k),
k=0,1,2,..., spaces, but, given our desire to use as small fractions
of triples in the consecutive CC(P) runs as possible, so that the iter-
ative CC(P) steps preceding the determination of the &, (P®; Q%)
corrections are much less expensive than those of the CCSDT tar-
get, we felt that 1% is a good incremental fraction to start with
in our preliminary numerical tests reported in this initial study
(we will explore other incremental fractions of triples in future
work). The algorithm that takes full advantage of the speedups
offered by the adaptive CC(P;Q) procedure relative to its CCSDT
parent, when the underlying P space contains a small fraction of
triply excited determinants, along with other information about the
CCpy package in which our adaptive CC(P;Q) approach target-
ing CCSDT has been implemented, will be discussed in a separate
publication.

In the adaptive CC(P;Q) computations reported in this work,
we distinguish between the relaxed and unrelaxed schemes. In the
relaxed variant of the adaptive CC(P;Q), we solve the CC(P) equa-
tions for the singly, doubly, and triply excited cluster amplitudes
corresponding to the content of each ") (k) space and recom-
pute the corresponding triples corrections &y apc(k) accordingly,
increasing the number of triples, when going from " (k) to
2P (k+1), by 1%. In the unrelaxed CC(P;Q) approach, we sim-
ply pick a particular fraction of triples for inclusion in the P space
(say, 3% or 5%) that have the largest initial |8y apc(0)| values
determined using the T, and T> amplitudes obtained with CCSD
[i.e., the largest absolute values of the & quc(0) contributions to
the triples correction of CR-CC(2,3)] and solve the CC(P) equa-
tions for the singly, doubly, and triply excited cluster amplitudes
with this particular fraction of triples, adding the correction due
to the missing T3 correlations using Eq. (20). The relaxed variant
of the adaptive CC(P;Q) approach has an advantage of approach-
ing the target CCSDT energetics as k — oo, but the unrelaxed
scheme, which does not require an iterative construction of mul-
tiple P )(k) spaces, is less expensive. One of the goals of this
initial study of the adaptive CC(P;Q) approach is to compare the two
schemes.

Given the straightforward relationship between the triples
corrections of CR-CC(2,3) and CCSD(T), discussed in Refs. 51,
62, 63, 65, and 75, and the fact that the k=0 CC(P;Q) ener-
gies are identical to those obtained with CR-CC(2,3), we also
implemented the CCSD(T)-like variants of the relaxed and unre-
laxed adaptive CC(P;Q) algorithms, abbreviated as CC(P;Q)(r).
One obtains the adaptive CC(P;Q)(r) approach by replacing

moments ‘JJEZ’;{(P(")) and coefficients K;ZC(P(")) in Eq. (21)

ARTICLE pubs.aip.org/aipl/jcp

by (G)ZZC|VNT2|G>) and ((D|(T;r + T;’)VN\(DZ-ZC)/(Q +ejt+eEr—€—€p
— €), respectively, where Vy is the two-body part of the normal-
ordered Hamiltonian, T, and T are the singly and doubly excited
components of the cluster operator T resulting from the CC(P)
calculations in s (k), and €y is the single-particle energy asso-
ciated with the spin-orbital |p) (the diagonal element of the Fock
matrix associated with [p)). Since the initial P space . (0) is
spanned by all singly and doubly excited determinants and the asso-
ciated Q space {9 (0) contains all triples, the k = 0 CC(P;Q)r
energies are identical to those of CCSD(T). One of the objec-
tives of this study is to determine if we could replace the adaptive
CC(P;Q) approach by its CCSD(T)-like CC(P;Q)(r) analog, which
uses the somewhat less expensive triples correction & (P*®; Q")
and does not require solving the left eigenvalue problem involv-
ing H™ (2), without losing the accuracy of its CR-CC(2,3)-like
parent.

lll. NUMERICAL EXAMPLES
A. Molecular systems and the reasons for their choice

To test the performance of the relaxed and unrelaxed vari-
ants of the adaptive CC(P;Q) and CC(P;Q)(r) approaches based
on Egs. (20) and (21), especially their ability to recover or accu-
rately approximate the parent CCSDT energetics when the non-
iterative triples corrections to CCSD, represented in this work
by CCSD(T) and CR-CC(2,3), struggle, we applied them to the
significantly stretched F, and F3 molecules and the reactant (R)
and transition-state (TS) species involved in the automerization of
cyclobutadiene, along with the corresponding barrier height, for
which full CCSDT, as shown, for example, in Refs. 51, 52, 57,
59, 60, 62, 63, and 106-108, works well. In the case of the fluo-
rine molecule and its cation (Tables I and IT), for which we used
the cc-pVTZ basis set,'”” the respective F-F bond lengths r were
stretched to 2r., where r. represents the equilibrium geometry
(2.668 16 bohr for F, and 2.498 22 bohr for F;). The geometries of
the D,,-symmetric R and Dy,-symmetric TS structures adopted in
our calculations for cyclobutadiene (Tables ITI and V), in which we
employed the cc-pVDZ basis,'”” were taken from Ref. 110, where
they were optimized using the multireference average-quadratic CC
(MR-AQCC) approach.""'"* With the exception of CCSDT, all
CC calculations reported in this work, including CCSD, CCSD(T),
and CR-CC(2,3) and the adaptive CC(P;Q) and CC(P;Q)(r) runs,
were performed using the aforementioned CCpy package.'”” In
the case of CCSDT, we used our highly efficient in-house code,
written in Fortran, developed in the context of our previous active-
orbital-based CC(P;Q) studies in Refs. 51, 52, and 54. The com-
putations preceding the CC steps, including the generation of
one- and two-electron integrals, the restricted Hartree-Fock (RHF;
F, and cyclobutadiene) and restricted open-shell Hartree-Fock
(ROHF; F3) self-consistent-field (SCF) calculations, and the rele-
vant integral transformations were carried out with the GAMESS
package." """ In all post-SCF calculations, the core orbitals cor-
relating with the 1s shells of the F and C atoms were kept
frozen.

We chose the significantly stretched fluorine molecule and
its cation with r = 2r. since they are characterized by the enor-
mous and highly nonperturbative Tj effects, which are estimated, by
forming the differences of the CCSDT and CCSD energies, at about
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TABLE 1. Convergence of the energies resulting from the relaxed (Rel.) and unrelaxed (Unrel.) variants of the adaptive CC(P;Q) approach and the underlying CC(P) computations
toward CCSDT for the F, and F3 molecules described by the cc-pVTZ basis set, in which the F-F bond lengths r were fixed at 2re, with re representing the relevant equilibrium
geometries (2.668 16 bohr for F, and 2.498 22 bohr for F3). The %T values are the percentages of the S, = 0 triply excited determinants of the A¢g (D), for Fp, and Byg (Dap),
for F5, symmetries identified by the adaptive CC(P;Q) algorithm and included, alongside all singles and doubles, in the respective P spaces. The Q spaces used in computing
the CC(P;Q) corrections were defined as the remaining triples not included in the associated P spaces. In increasing the numbers of triply excited determinants in the P spaces
employed in the relaxed calculations, a 1% growth rate was assumed throughout. In all post-RHF (F) and post-ROHF (F3 ) calculations, the two lowest core orbitals were kept

frozen.
F, F,

CC(P) CC(P;Q) CC(P) CC(P;,Q) CC(P) CC(P;,Q) CC(P) CC(P;Q)
%T Unrel." Unrel.” Rel* Rel.” Unrel.” Unrel.” Rel.” Rel.”
0 62.819" 4.254° 62.819" 4.254° 76.291° 10.971° 76.291" 10.971°
1¢ 3.076 0.063 3.076 0.063 6.071 2.173 6.071 2.173
2 2.103 0.089 2.052 0.057 4.061 1.560 2.599 0.191
3 1.586 0.104 1.539 0.070 2.970 1.146 1.707 -0.026
4 1.243 0.098 1.212 0.071 2.100 0.684 1.330 ~0.007
5 1.009 0.105 0.985 0.080 1.680 0.549 1.077 0.010
100 ~199.238 344° ~198.606 409°

*The CC(P) and CC(P;Q) energies are reported as errors relative to CCSDT in millihartree.

YEquivalent to CCSD.

“Equivalent to CR-CC(2,3).

4For %T = 1, the CC(P) and CC(P;Q) energies obtained in the relaxed and unrelaxed calculations are identical.
“Total CCSDT energy in hartree.

TABLE II. Same as Table | except that the CC(P;Q) corrections to the CC(P) energies are replaced by their CCSD(T)-like CC(P;Q)ry counterparts. As in Table |, the F-F bond
lengths r in F, and F; were fixed at 2re, where re designates the corresponding equilibrium geometries (2.668 16 bohr for F, and 2.498 22 bohr for F;).

F, E}

CC(P) CC(P;Q)(1) CC(P) CC(P;Q)(my CC(P) CC(P;Q)(1 CC(P) CC(P;Q)(1)
%T Unrel." Unrel." Rel. Rel. Unrel." Unrel.” Rel.’ Rel.”
0 62.819" ~26.354° 62.819" ~26.354° 76.291" ~8.985° 76.291° -8.985°
1¢ 3.274 -0.789 3.274 —0.789 7.758 1.802 7.758 1.802
2 2.205 -0.471 2.316 -0.514 5.861 1.991 3.513 0.010
3 1.669 -0.309 1.593 —0.349 4.740 1.892 1.971 —0.445
4 1.314 -0.205 1.253 -0.233 3.930 1.697 1.478 -0.367
5 1.061 —0.145 1.009 -0.166 3.285 1.466 1.200 -0.264
100 —199.238 344° —198.606 409°
*The CC(P) and CC(P;Q)(r) energies are reported as errors relative to CCSDT in millihartree.
PEquivalent to CCSD.
“Equivalent to CCSD(T).

dFor %T = 1, the CC(P) and CC(P;Q)(r) energies obtained in the relaxed and unrelaxed calculations are identical.
“Total CCSDT energy in hartree.

—63 and —76 millihartree, respectively, when the cc-pVTZ basis set
is employed (see Tables I and II). As shown, for example, in Ref.
51 and as further discussed in Refs. 59 and 60, the T3 effects in the
stretched F, and F; molecules at r = 2r, are so large that they exceed
(Fy) or are not much smaller than (F;) the depths of the correspond-
ing CCSDT potential wells (estimated in the case of the cc-pVTZ
basis at about 57 and 116 millihartree, respectively’"*”*"). The non-
perturbative character of T3 correlations in the stretched F, and F;
systems considered in this study is best illustrated by examining the
large errors relative to CCSDT obtained in the CCSD(T) calcula-

tions, which in the cc-pVTZ basis used in this work are —26.354
and —8.985 millihartree, respectively’ "’ (cf. Table I1). The CR-
CC(2,3) triples correction to CCSD, equivalent to the initial, k =
0, CC(P;Q) calculation, improves the CCSD(T) [k = 0 CC(P;Q)(n)]
result for the stretched F, molecule in a substantial manner, but,
as shown in Table I and Refs. 51, 59, and 60, the 4.254 milli-
hartree error relative to CCSDT remains. The same table (see also
Ref. 51) demonstrates that the r = 2r, F; system presents an even
greater challenge since in this case, the CR-CC(2,3) approach, while
placing the energy above its CCSDT parent, does not reduce the
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TABLE lIl. Convergence of the energies resulting from the relaxed (Rel.) and unrelaxed (Unrel.) variants of the adaptive CC(P;Q) approach and the underlying CC(P) computa-
tions toward CCSDT for the reactant (R) and transition-state (TS) structures involved in the automerization of cyclobutadiene, as described by the cc-pVDZ basis set, optimized
in the MR-AQCC calculations reported in Ref. 110, along with the corresponding barrier heights. The %T values are the percentages of the S; = 0 triply excited determinants of
the A1g(Dyn) symmetry identified by the adaptive CC(P;Q) algorithm and included, alongside all singles and doubles, in the respective P spaces. In analogy to F, and F3, the
Q spaces adopted in computing the CC(P;Q) corrections consisted of the triply excited determinants not included in the associated P spaces, and in increasing the numbers of
triples in the P spaces used in the relaxed calculations, a 1% growth rate was assumed throughout. In all post-RHF calculations, the four lowest core orbitals were kept frozen.

R TS Barrier height

CC(P) CC(P;Q) CC(P) CC(P;Q) CC(P) CC(P;,Q) CC(P) CC(P;,Q) CC(P;Q) CC(P;Q)
%T Unrel.” Unrel.” Rel.” Rel.” Unrel.” Unrel.” Rel.” Rel.” Unrel. Rel.”
0 26.827° 0.848° 26.827° 0.848° 47.979° 14.636" 47.979° 14.636" 8.653¢ 8.653¢
1 12.622 ~0.055 12.622 ~0.055 12.622 0.601 12.622 0.601 0.412 0.412
2 10.143 -0.013 10.121 ~0.030 10.180 0.598 9.250 ~0.169 0.384 —0.087
3 8.610 0.016 8.588 ~0.002 8.643 0.561 7.821 —0.111 0.343 —0.068
4 7.501 0.037 7.482 0.022 7.571 0.568 6.827 ~0.040 0.334 -0.038
5 6.637 0.050 6.620 0.035 6.722 0.559 6.052 0.010 0.320 -0.016
100 —154.244 157" ~154.232 002 7.627¢

*The CC(P) and CC(P;Q) energies of the R and TS species are reported as errors relative to CCSDT in millihartree.
*The CC(P;Q) values of the barrier height are reported as errors relative to CCSDT in kcal/mol.

“Equivalent to CCSD.

quuivalent to CR-CC(2,3).

“For %T = 1, the CC(P) and CC(P;Q) energies obtained in the relaxed and unrelaxed calculations are identical.
fTotal CCSDT energy in hartree.

8The CCSDT barrier height in kcal/mol.

TABLE IV. Same as Table Il except that the CC(P;Q) corrections to the CC(P) energies are replaced by their CCSD(T)-like CC(P;Q)r) counterparts. As in Table 1], the reactant
(R) and transition-state (TS) structures of cyclobutadiene adopted in the calculations, optimized using the MR-AQCC approach, were taken from Ref. 110.

R TS Barrier height

CC(P) CC(PQ)r  CC(P) CCPQ)rm CCP) CCPQ)m  CCP)  CCPQ)r CCPQ)m  CCP:Q)m
%T Unrel.” Unrel." Rel.” Rel.” Unrel.” Unrel.” Rel.” Rel.” Unrel." Rel.”
0 26.827° 1.123¢ 26.827¢ 1.123¢  47.979° 14.198¢ 47.979° 14.198° 8.205° 8.205°
1 12.650 ~0.347 12.650 —0.347 12.829 ~1.618 12.829 -1.618 ~0.798 ~0.798
2 10.171 ~0.254 10.131 -0.263 10.394 ~1.009 9.138 ~1.417 -0.473 -0.723
3 8.638 -0.193 8.603 -0.202 8.894 —0.685 7.729 -1.126 -0.309 —0.579
4 7.530 -0.147 7.498 ~0.156 7.802 -0.491 6.746 -0.905 -0.216 -0.470
5 6.666 —0.113 6.637 —0.121 6.964 ~0.347 5.991 ~0.735 ~0.146 ~0.385
100 —154.244 157" —154.232 002" 7.627¢

*The CC(P) and CC(P;Q)(r) energies of the R and TS species are reported as errors relative to CCSDT in millihartree.
"The CC(P;Q)(ty values of the barrier height are reported as errors relative to CCSDT in kcal/mol.

“Equivalent to CCSD.

4Equivalent to CCSD(T).

“For %T = 1, the CC(P) and CC(P;Q)1) energies obtained in the relaxed and unrelaxed calculations are identical.
fTotal CCSDT energy in hartree.

8The CCSDT barrier height in kcal/mol.

GL:9Z:EL $202 1SnBny 9z

large unsigned error relative to CCSDT characterizing CCSD(T).
In fact, the CR-CC(2,3) calculation makes it somewhat larger
[10.971 millihartree, as opposed to 8.985 millihartree obtained with
CCSD(T)]. This is indicative of a substantial increase in the cou-
pling between the lower-rank T, and T, clusters and the higher-
rank T3 component compared to the similarly stretched F, species,
which none of the noniterative triples corrections to CCSD can
capture.

In the case of cyclobutadiene, the T3 effects, again estimated
by forming the differences between the CCSDT and CCSD energies,
which are —26.827 millihartree for the R and —47.979 millihartree
for the TS structures when the cc-pVDZ basis set is employed
(see Tables III and IV), are not only very large but also difficult
to balance, resulting in a massive, 13.274 kcal/mol, error relative
to CCSDT in the CCSD value of the barrier height characterizing
the automerization process, which exceeds the CCSDT activation
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57,59,60

energy of 7.627 kcal/mol by more than 170%.’” Further-
more, the more challenging TS structure is characterized by a large
coupling of the lower-rank T and T> components with their higher-
rank T3 counterpart, so large that none of the noniterative triples
corrections to CCSD provide a reasonable description of the bar-
rier height.sl‘m"”‘; This, in particular, applies to the CR-CC(2,3)
approach, which places the activation barrier at 16.280 kcal/mol
when the cc-pVDZ basis set is employed, instead of less than 8
kcal/mol obtained with CCSDT**”*”%" (see Table I1T). Once again,
CR-CC(2,3) does not improve the results of the CCSD(T) calcula-
tions, which give a similarly poor barrier height (15.832 kcal/mol;
see Table IV). The failure of the CR-CC(2,3) and CCSD(T) meth-
ods to provide accurate activation energies for the automerization
of cyclobutadiene is a consequence of the poor performance of both
approaches in the calculations for the TS species. As shown in Refs.
52,57, 59, and 60 and Tables I11 and 1V, the difference between the
CR-CC(2,3) and CCSDT energies at the TS geometry obtained with
the cc-pVDZ basis, of 14.636 millihartree, and the analogous 14.198
millihartree difference between the CCSD(T) and CCSDT energy
values are much larger than the ~1 millihartree errors relative to
CCSDT characterizing the CR-CC(2,3) and CCSD(T) calculations
for the R species.

B. Performance of the adaptive CC(P;Q)
and CC(P;Q)r) approaches: Energetics

52,57,59,60

In our previous studies,”"” we demonstrated that the
active-orbital-based CC(P;Q) scheme abbreviated as CC(t;3) and
the semi-stochastic, CIQMC- and CCMC-based, and CIPSI-driven
CC(P;Q) approaches are capable of greatly improving the CCSD(T)
and CR-CC(2,3) results for the significantly stretched F, molecule
and the automerization of cyclobutadiene, generating the CCSDT-
quality data at small fractions of the computational effort associated
with the conventional CCSDT calculations. In our initial CC(P;Q)
work reported in Ref. 51, we showed that the CC(t;3) method can
do the same for the stretched F;. We now show that the fully
automated, “black-box,” adaptive CC(P;Q) methodology, as imple-
mented in our CCpy package,'”” performs equally well or can even
be more efficient.

Indeed, as shown in Tables I and III, the convergence of the
adaptive CC(P;Q) calculations toward the parent CCSDT energet-
ics is very fast. This includes the more challenging multireference
situations created by the stretched F, and F; molecules and the TS
structure of cyclobutadiene, where, as explained above, T3 correla-
tions are large, nonperturbative, and difficult to capture, resulting in
failures of CCSD(T) and, in the case of the latter two systems, of CR-
CC(2,3), as well as the weakly correlated cyclobutadiene R species,
which the CCSD(T) and CR-CC(2,3) methods can handle, although
not perfectly. The relaxed variant of the adaptive CC(P;Q) algorithm
is generally most accurate. For the most demanding cases of the
stretched F; and TS species of cyclobutadiene, where the coupling of
the lower-rank T} and T clusters with their higher-rank T3 counter-
part s the largest, it reduces the 10.971 and 14.636 millihartree errors
relative to CCSDT obtained with CR-CC(2,3) and the similarly large
errors obtained with CCSD(T) to a 0.1 millihartree level using as
little as 2-3% of all triply excited determinants in the underlying
P spaces. With only 2% of all triples in the P space, the difference
between the activation energies characterizing the automerization
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of cyclobutadiene obtained with the relaxed variant of the adap-
tive CC(P;Q) approach and full CCSDT is less than 0.1 kcal/mol, as
opposed to the orders of magnitude larger, 8-9 kcal/mol, errors rel-
ative to CCSDT resulting from the CR-CC(2,3) and CCSD(T) calcu-
lations. The rate with which the energies resulting from the adaptive
CC(P;Q) calculations based on the relaxed algorithm approach the
parent CCSDT energetics, observed in Tables I and 111, is certainly
most encouraging.

As one might anticipate and as confirmed in Tables I and
111, the unrelaxed variant of the adaptive CC(P;Q) methodology,
in which one picks a particular fraction of triples for inclusion in
the P space based on their contributions to the CR-CC(2,3) correc-
tion to CCSD, is less accurate for the stretched F; molecule, the
TS structure of cyclobutadiene, and the associated barrier height
than its relaxed counterpart, which reaches a desired fraction of
triply excited determinants in the P space through a sequence of
recursively generated subspaces, but the results of the unrelaxed
CC(P;Q) calculations, especially given their simplicity and lower
computational costs, are excellent too. As shown in Tables I and 111,
with only 2-3% of all triply excited determinants in the underlying
P spaces, the adaptive CC(P;Q) computations based on the unre-
laxed algorithm reduce the 9-11 millihartree, 14-15 millihartree,
and 8-9 kcal/mol unsigned errors relative to CCSDT characterizing
the CCSD(T) and CR-CC(2,3) calculations for the r = 2r, F; system,
the TS species involved in the automerization of cyclobutadiene,
and the corresponding barrier height, respectively, to a chemical
accuracy (1 millihartree or 1 kcal/mol) level. Compared to the adap-
tive CC(P;Q) calculations using the relaxed scheme, the convergence
rate toward the parent CCSDT energetics characterizing the unre-
laxed approach is slower, but the fact that one can obtain such high
accuracies with just a few percent of all triples in the underlying P
spaces, when the CCSD(T) and CR-CC(2,3) corrections to CCSD
fail or struggle, is encouraging. It is worth noting that with only 1%
of all triply excited determinants in the relevant P spaces, which is
the smallest fraction of triples considered in this work, the adaptive
CC(P;Q) computations reduce the 10.971 millihartree, 14.636 mil-
lihartree, and 8.653 kcal/mol errors obtained with CR-CC(2,3) for
the challenging r = 2r. F; system, the TS structure of cyclobutadi-
ene, and the activation energy characterizing the automerization of
cyclobutadiene relative to CCSDT to 2.173 millihartree, 0.601 mil-
lihartree, and 0.412 kcal/mol, respectively. Given the fact that 1% is
also the incremental fraction of triples used to enlarge the D) (k)
spaces in the relaxed CC(P;Q) calculations reported in this study, the
relaxed and unrelaxed CC(P;Q) computations using the leading 1%
of all triply excited determinants identified by the adaptive CC(P;Q)
algorithm are equivalent.

While the P spaces containing only 1% of all triply excited
determinants may not be rich enough to bring the errors charac-
terizing the adaptive CC(P;Q) calculations for the stretched F3 ion
and the TS structure of cyclobutadiene relative to CCSDT to a 0.1
millihartree level, they are sufficient for achieving high accuracies
of this type in the adaptive CC(P;Q) computations for the stretched
fluorine molecule and the cyclobutadiene R species. As shown in
Tables I and 111, the adaptive CC(P;Q) calculations for the r = 2r. F,
system and the R structure of cyclobutadiene using only 1% of all
triply excited determinants in the underlying P spaces reduce the
4.254 and 0.848 millihartree differences between the CR-CC(2,3)
and CCSDT energies and the 26.354 and 1.123 millihartree unsigned
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errors relative to CCSDT obtained with CCSD(T) to about 60 micro-
hartree. Clearly, these are dramatic improvements, especially given
the small computational effort involved. Furthermore, unlike in the
r =2r, F3 and cyclobutadiene TS systems, the results of the adap-
tive CC(P;Q) computations for the stretched fluorine molecule and
the R species of cyclobutadiene using larger fractions of triples in
the corresponding P spaces do not change much when the relaxed
algorithm is replaced by its simpler unrelaxed counterpart. We can
rationalize these observations as follows. In the case of the stretched
F, molecule, T3 correlations are large and nonperturbative, so that
one is much better off by using the CR-CC(2,3) triples correction
to CCSD instead of CCSD(T), but the coupling of T} and T, clus-
ters with T3 is not as well pronounced as in the stretched F; and TS
species of cyclobutadiene and can, therefore, be captured by inject-
ing a tiny fraction of the leading triply excited determinants into the
CC(P) calculations preceding the determination of the noniterative
80(P;Q) correction. As a result, the incorporation of a larger fraction
of triples in the underlying P space and the iterative construction of
the P space via the relaxed algorithm are not necessary to obtain high
accuracies in the adaptive CC(P;Q) computations for the stretched
F,. In the case of the R species of cyclobutadiene, T3 correlations are
relatively small, perturbative, and largely decoupled from those cap-
tured by T and T clusters and their powers entering the CC wave
function ansatz, making the need for the use of larger fractions of
triples in the P space and the iteratively constructed D (k) spaces
even smaller.

It is interesting to observe that many of the above comments
also apply to the CCSD(T)-like variant of the adaptive CC(P;Q)
methodology, abbreviated as CC(P;Q)r), which is obtained by
approximating moments *JJIZ’;C(P(k)) and coefficients KZ-QC(P(I‘)) in
Eq. (21) such that the initial, k = 0, CC(P;Q)(r) energies are iden-
tical to those obtained with CCSD(T). As shown in Tables IT and
IV, the adaptive CC(P;Q)() computations using as little as 1-3% of
all triply excited determinants in the underlying P spaces, identified
with the help of the relaxed or unrelaxed variants of the CC(P;Q)(t)
algorithm, offer major error reductions relative to CCSDT com-
pared to the CCSD(T) and CR-CC(2,3) calculations. As one might
anticipate, the results of the CC(P;Q)r) calculations are not as
accurate as those obtained with the more complete form of the
adaptive CC(P;Q) formalism used in Tables I and 111, in which the

approximations in moments EUEZ:C(P(]‘)) and coefficients ZZZC(P(k))
entering Eq. (21) that we invoked when implementing these quanti-
ties in our CCpy code are much less drastic than in the CC(P;Q)(r)
case. Nevertheless, it is encouraging to observe that the replace-
ment of Eq. (21) by its CCSD(T)-like counterpart does not result in
an erratic behavior characterizing the CCSD(T) calculations for the
stretched F, and Fj molecules and the cyclobutadiene TS species,
where electronic quasidegeneracies are substantial and T3 correla-
tions become large and nonperturbative. The reduction of the large
unsigned errors relative to CCSDT obtained with CCSD(T) for the
r=2r. F, and Fj systems, the TS structure of cyclobutadiene, and
the corresponding barrier height, of about 26, 9, and 14 millihartree
and more than 8 kcal/mol, respectively, to 1-2 millihartree and <1
kcal/mol levels by the adaptive CC(P;Q)(ry approach using only 1%
of all triples in the underlying P spaces is certainly promising. Simi-
larly encouraging are the major improvements in the energies of the
r = 2r, F3 system and the TS species of cyclobutadiene, where one
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has to relax the lower-rank T and T, amplitudes in the presence
of their higher-rank T3 counterparts to obtain a reliable description,
resulting from the replacement of the CR-CC(2,3) triples correction
to CCSD by the adaptive CC(P;Q)(t) scheme using tiny fractions of
triples in the underlying P spaces.

The fact that the adaptive CC(P;Q)(r) approach works as well
as it does is a consequence of including the largest triply excited
cluster amplitudes in the iterative CC(P) steps preceding the deter-
mination of the noniterative 8o (P;Q) corrections [which take care
of the remaining T3 correlations not included in the CC(P) calcu-
lations]. The largest triply excited cluster amplitudes engage valence
shells that become quasidegenerate in multireference situations and
cannot, as such, be accurately estimated using the arguments orig-
inating from the many-body perturbation theory exploited in the
design of the (T) correction of CCSD(T) because of the smallness
of the Moller-Plesset-type denominators. They are the ones caus-
ing failures of the triples corrections of CCSD(T). After solving
for the largest triply excited cluster amplitudes using the iterative
CC(P) approach, one is left with the remaining, generally much
smaller and largely perturbative, T3 contributions that can be rea-
sonably well described by the CCSD(T)-like expressions (cf. Refs.
116 and 117 for similar considerations). One might argue that the
adaptive CC(P;Q)(r) approach using a simplified form of the triples
correction 8y (P;Q), reminiscent of that adopted by CCSD(T), which
does not, for example, require solving the left eigenvalue problem
involving H®(2) to construct the coefficients £22(P®)) enter-
ing Eq. (21), is a good substitute for its more complete CC(P;Q)
parent used in Tables I and 111, but we prefer the latter approach
for the following two reasons. First, a direct comparison of the
results of the adaptive CC(P;Q)(r) calculations reported in Tables IT
and IV with their CC(P;Q) counterparts shown in Tables I and
I11 demonstrates that the more complete treatment of moments
‘JJEZ:C(PU‘)) and coefficients é,.“jZC(P(k>) in Eq. (21), adopted in the
latter scheme, results in generally higher accuracies. Second, all the
computational timings that we have analyzed to date, including
those presented in Table V, which we discuss next, show that savings
in the computational effort offered by the CCSD(T)-like CC(P;Q)r)
scheme, compared to its CR-CC(2,3)-like CC(P;Q) counterpart,
are not large enough to favor the adaptive CC(P;Q)(t) treatment
over its slightly more expensive, but also more robust, CC(P;Q)
parent.

C. Performance of the adaptive CC(P;Q) and
CC(P;Q)r) approaches: Computational effort

To illustrate the computational benefits of employing the adap-
tive CC(P;Q) methodology as a substitute for full CCSDT, which
the adaptive CC(P;Q) computations using tiny fractions of triples
in the underlying P spaces approximate so well, in Table V, we show
the timings characterizing the various CC calculations carried out
in this study for the challenging TS structure of cyclobutadiene, as
described by the cc-pVDZ basis. As in the case of Tables I-1V, the
information about the adaptive CC(P;Q) and CC(P;Q)(r) calcula-
tions and the associated CCSD, CCSD(T), and CR-CC(2,3) runs
included in Table V was obtained with our standalone CCpy pack-
age implemented in Python and available on GitHub,'” which uses
the Numpy library and Fortran routines in the numerically intensive
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TABLE V. Computational timings characterizing the various CC calculations for the cyclobutadiene/cc-pVDZ system in the transition-state (TS) geometry optimized with
MR-AQCC in Ref. 110, including CCSD, CCSD(T), CR-CC(2,3), and CCSDT, and the unrelaxed variants of the adaptive CC(P;Q) and CC(P;Q)r) approaches, abbreviated
as CC(P;Q)[%T = x] and CC(P;Q)m)[%T = x], respectively, where x = 1,3, and 5, which used the leading x percent of triply excited determinants, identified on the basis of
the largest djx, anc(0) contributions to the CR-CC(2,3) and CCSD(T) triples corrections, in addition to all singles and doubles, in constructing the respective P spaces. The Q
spaces used to determine the CC(P;Q)[%T = x] and CC(P;Q)m)[%T = x] corrections to the CC(P)[%T = x] energies consisted of the remaining (100 — x) percent of triples
not included in the corresponding P spaces. In all post-RHF calculations, the four lowest core orbitals were kept frozen.

CPU time"

Method P space determination” Iterative steps® Noniterative stepsd Total
CCSD e 0.5 ce 0.5
CCSD(T) e 0.5 0.1 0.6
CR-CC(2,3) e 0.8 0.3 1.1
CC(P;Q)[%T = 1] 1.9° (2.4)' 34 0.3 5.6° (6.1)"
CC(P;Q)[%T = 3] 1.9°(9.3)' 4.0 0.3 6.2 (13.6)"
CC(P;Q)[%T = 5] 2.0° (21.3)" 45 0.3 6.8° (26.1)"
CC(P,Q)(n)[%T = 1] 1.5° (2.0)' 3.1 0.2 4.8°(5.3)"
CC(P;Q) (1) [%T = 3] 1.5° (8.9) 3.7 0.2 5.4% (12.8)"
CC(P;Q)(1)[%T = 5] 1.6° (20.9)° 4.1 0.2 5.9 (25.2)"
CCSDT s 455.8 s 455.8

*All reported timings, in CPU minutes, correspond to single-core runs on the Precision 7920 workstation from Dell equipped with Intel Xeon Silver 4114 2.2 GHz processor boards.
No advantage of the Dy, symmetry of the TS structure of cyclobutadiene or its D,; Abelian subgroup was taken in the post-RHF steps. The computational times associated with the
execution of the integral, RHF, and integral transformation and sorting routines preceding the CC steps are ignored.

“The timings associated with determining the P spaces for the unrelaxed CC(P;Q)[%T = x] and CC(P;Q)(r) [%T = x] computations, where x = 1,3, and 5, include the times required
to execute the corresponding initial CR-CC(2,3) and CCSD(T) runs plus the times spent on analyzing the djj, 4, (0) contributions to the resulting triples corrections to CCSD needed
to identify the top x percent of triply excited determinants. The timings associated with constructing the P spaces for the iterative steps of the CCSD, CCSD(T), CR-CC(2,3), and
CCSDT calculations are not reported since in these four cases, these spaces are a priori known [consisting of all singly and doubly excited determinants in the case of the CCSD,
CCSD(T), and CR-CC(2,3) methods and of all singly, doubly, and triply excited determinants in the CCSDT case].

“In executing the iterative steps of each CC calculation, a convergence threshold of 1077 hartree was assumed. The timings corresponding to the iterative steps include the times
required to construct and solve the relevant CC amplitude equations and, in the case of CR-CC(2,3) and CC(P;Q), the times needed to construct and solve the companion left
eigenstate problems involving the respective similarity-transformed Hamiltonians [using, in the case of CC(P;Q), the two-body approximation discussed in the text].

In the language of Q spaces adopted by the CC(P;Q) formalism, the computational times required to determine the noniterative triples corrections of CCSD(T), CR-CC(2,3),
CC(P;Q), and CC(P;Q)(r) correspond to all triples in the case of CCSD(T) and CR-CC(2,3) and the remaining (100 — x) percent of triples not included in the relevant P spaces in the
case of CC(P;Q)[%T = x] and CC(P;Q)(1y[%T = x] (x = 1,3,and 5).

“Timing obtained with the faster, but also more memory intensive, determinant selection algorithm that, in the case of the unrelaxed CC(P;Q) and CC(P;Q)(ty computations, first
constructs and stores an array of all i, 4 (0) contributions to the CR-CC(2,3) or CCSD(T) triples correction, calculated prior to the final CC(P;Q)[%T = x] or CC(P;Q)()[%T = x]
run, in memory. The resulting array of all 8, 4, (0) contributions is subsequently sorted to identify the leading x percent of triply excited determinants, for inclusion in the P space
needed to set up and solve the CC(P) equations of the target unrelaxed CC(P;Q)[%T = x] or CC(P;Q)(r)[%T = x] calculation, which are characterized by the largest |3y ap (0)|
values.

fTiming obtained with the low-memory determinant selection algorithm that captures the leading x percent of triply excited determinants, for inclusion in the P space needed to
carry out the desired unrelaxed CC(P;Q)[%T = x] or CC(P;Q)(m)[%T = x] calculation, on the fly. In this algorithm, when applied to the unrelaxed computations, an array that has
a dimension equal to the number of triples used in the iterative CC(P) steps of the target CC(P;Q)[%T = x] or CC(P;Q)1y[%T = x] run is populated and continually repopulated
with the small subsets of djji, 4, (0) contributions to the CR-CC(2,3) or CCSD(T) triples correction as they are being successively computed, analyzed, and filtered out to identify
those with the largest |3, bc (0)] values. In this procedure, the 8 6. (0) contribution associated with the candidate triply excited determinant for potential inclusion in the P space is
compared with the & q(0) contribution in the array that has the smallest absolute value. If the absolute value of 8, s (0) characterizing the candidate triply excited determinant
is larger than the smallest absolute value of dj, 4. (0) in the array, the triply excited determinant associated with the smallest |8y, o (0) | is removed from the P space and replaced by
the candidate determinant. At the same time, the &y, a5 (0) contribution in the array characterized by the smallest absolute value is replaced by the 8, abc(0) corresponding to the
candidate determinant and the process is repeated by examining the next triply excited determinant for potential inclusion in the P space, and so on.

8Total CPU time resulting from the utilization of the faster, but also more memory intensive, P-space determination algorithm described in footnote (e).

"Total CPU time resulting from the utilization of the low-memory P-space determination algorithm described in footnote (f).

GL:9Z:EL $202 1SnBny 9z

parts, whereas the computational (CPU) time needed to converge
the reference CCSDT energy was determined using the highly effi-
cient Fortran code developed in the context of our CC(t;3) and
other active-orbital-based CC(P;Q) studies in Refs. 51, 52, and 54.
All the CPU timings shown in Table V correspond to single-core
runs without taking advantage of the Dy, spatial symmetry of the TS
structure of cyclobutadiene or its D,;, Abelian subgroup in the post-
RHF steps. The computational times associated with the execution
of the integral, SCF, and integral transformation routines used to

generate the one- and two-electron molecular integrals in the RHF
basis, which was carried out using GAMESS, and the integral sort-
ing operations preceding the CC steps performed using CCpy are
ignored in Table V.

To facilitate our discussion, in reporting the computational
timings that characterize our adaptive CC(P;Q) and CC(P;Q)(r) runs
for the cyclobutadiene/cc-pVDZ system in its TS geometry, we focus
on the calculations using 1%, 3%, and 5% of the S, = 0 triply excited
determinants of the Ajg(Dy,) symmetry in the corresponding
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P spaces identified by the unrelaxed variants of the adaptive CC(P;Q)
and CC(P;Q)(r) algorithms, which, as shown in Tables III and IV,
reduce the 14.198 and 14.636 millihartree errors relative to CCSDT
obtained with CCSD(T) and CR-CC(2,3) to as little as 0.601, 0.561,
and 0.559 millihartree, respectively, in the case of CC(P;Q) and
-1.618, -0.685, and —0.347 millihartree, respectively, when the
unrelaxed CC(P;Q)r) approach is employed. To get useful insights,
in addition to the total CPU times, we report the timings associated
with the three key stages of the adaptive CC(P;Q) and CC(P;Q)(r)
calculations. In the case of the unrelaxed CC(P;Q) and CC(P;Q)(r)
algorithms considered in Table V, these three key stages include (i)
the P space determination, which consists of the initial CR-CC(2,3)
or CCSD(T) run followed by the analysis of the §j, 4,(0) con-
tributions to the resulting triples correction to CCSD, needed to
identify a desired fraction of triply excited determinants for inclu-
sion in the subsequent CC(P) computation; (ii) the iterative CC(P)
calculation using the P space #<") (1) consisting of all singly and
doubly excited determinants and a subset of triply excited deter-
minants identified in stage (i); and (iii) the determination of the
noniterative 8(P;Q) correction to the CC(P) energy obtained in
stage (ii) to capture the remaining T3 correlations with the help
of the complementary Q space .9 (1) using Eq. (20) in which
we set kat 1.

At this point, we can handle the preparatory stage (i), needed
to filter out a particular fraction of the triply excited determinants
characterized by the largest |8, s (k)| [in the unrelaxed calculations
considered in Table V, |8, apc(0)|] values, in two different ways. In a
faster, but also more memory intensive, scheme, further elaborated
on in footnote (e) of Table V, we identify a desired fraction of the
triply excited determinants for inclusion in the P space AP (k) [in
the unrelaxed case, #4" (1)] after storing all ik, abe (k) [in Table V,
3ijk, abc (0)] contributions in memory. As shown in Table V, the CPU
timings associated with this scheme are small, considerably smaller
than the computational times required by the CC(P) iterations,
and barely dependent on the fraction of triples one is interested
in identifying. In the second determinant selection scheme, which
is characterized by the minimum memory requirements that are
as low as the fraction of triples one would like to include in the
iterative CC(P) steps, described in further detail in footnote (f) of
Table V, an array that has a dimension equal to the number of
triples included in the P space of a given CC(P;Q) or CC(P;Q)(r) run
is populated and continually repopulated with the small subsets of
ik, abc (k) [in the unrelaxed case, djj apc(0)] contributions as they
are being computed, analyzed, and filtered out to identify those with
the largest |, apc (k)| values. The main advantage of this scheme,
when applied to small fractions of triples included in the relevant
P spaces, is the fact that its memory requirements are consistent
with the small numbers of triples included in the CC(P) iterations.
The problem with this scheme is a steep increase of the computa-
tional time with the fraction of triples included in the P space, which
may, as shown in Table V, substantially exceed the time spent on
the remaining steps of the adaptive CC(P;Q) and CC(P;Q)(r) runs.
This is not an issue when the fraction of triples included in the P
space is 1-2%, but it may become a problem when larger fractions
must be considered. This does not appear to be a major obstacle
since the convergence of the adaptive CC(P;Q) calculations toward
CCSDT is fast and the results obtained with 1-2% of triples in the
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P space are already in excellent agreement with the parent CCSDT
data, greatly improving the CCSD(T) and CR-CC(2,3) energetics at
very small fractions of the costs of CCSDT computations. Never-
theless, we will continue working on our low-memory determinant
selection algorithm to reduce the CPU timings associated with it.
One of the ideas that we plan to experiment with is the use of some-
what larger arrays that are populated and repopulated with subsets of
ik, abe(k) contributions in our low-memory determinant selection
scheme, which could, for example, store as many &, ac (k) values
as a desired fraction of triples to be included in the P space multi-
plied by a small prefactor to reduce the operation count compared
to the current minimalistic implementation. We will also investigate
if one can reduce the number of the candidate Q-space determinants
screened by our low-memory selection algorithm, which might sub-
stantially improve its efficiency too. In particular, we will examine if
it is possible to adopt the determinant selection procedures analo-
gous to those discussed in Sec. IIL.D.2 of Ref. 103, used in CIPSI, or
exclude the unimportant triply excited determinants characterized
by tiny |8jjk, apc (k)| values from the set of the Q-space triples screened
by the low-memory selection algorithm described in footnote (f) of
Table V. Although the faster, but also much more memory inten-
sive, determinant selection algorithm summarized in footnote (e) of
Table V is quite efficient as is, as far as the operation count is con-
cerned, excluding the unimportant triply excited determinants from
the set of the Q-space triples prior to filtering out those that are char-
acterized by the largest [0, apc (k)| values will benefit this algorithm
too, speeding it up and reducing its memory requirements.

The illustrative CPU timings included in Table V, combined
with the previously discussed energetics compared to CCSDT in
Tables I-1V, clearly demonstrate the enormous benefits of using
the adaptive CC(P;Q) methodology proposed in this study. If we
focus on the faster determinant selection algorithm, as summa-
rized above, the adaptive CC(P;Q) runs using 1-5% of triples in
the underlying P spaces accelerate the parent CCSDT computa-
tions for the cyclobutadiene/cc-pVDZ system in its TS geometry
with only minimal loss of accuracy by factors on the order of
67-81, reducing the >14 millihartree errors relative to CCSDT
obtained with the CCSD(T) and CR-CC(2,3) triples corrections to
CCSD to small fractions of a millihartree. The speedups offered by
the adaptive CC(P;Q) runs using the slower, minimum-memory,
P space determination algorithm are not as good when the frac-
tions of triples in the P space are larger, but they are still quite
impressive, reducing the CPU time required by the CCSDT calcu-
lation for the cyclobutadiene/cc-pVDZ TS species by factors of 34
and 17 when 3% and 5% of all triples, respectively, are included
in the underlying P spaces. We believe that we will be able to
considerably improve these speedups, while keeping the memory
requirements associated with the P space determination algorithm
at low levels. In the case of having 1% of all triples in the P
space, the performance of our low-memory P space determination
algorithm is excellent. The resulting adaptive CC(P;Q) calculations
for the cyclobutadiene/cc-pVDZ system in its TS geometry are
75 times faster than the parent CCSDT run, while reducing the >14
millihartree errors relative to CCSDT obtained in the CCSD(T) and
CR-CC(2,3) computations to about 0.6 millihartree.

The computational timings collected in Table V allow us to
draw a few other conclusions. While we will continue working
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on improving our codes, the results in Table V already show a
reasonably high efficiency of our current implementation of the
adaptive CC(P;Q) and CC(P;Q)(r) approaches incorporated in the
CCpy package available on GitHub.'%® This is particularly true in the
case of the most challenging CC(P) routines, which, in analogy to
the previously formulated semi-stochastic’” "' and CIPSI-driven®’

CC(P;Q) approaches, are used to solve the CC equations in the
P spaces containing spotty subsets of triply excited determinants
that do not form continuous manifolds labeled by occupied and
unoccupied orbitals from the respective ranges of indices assumed
in conventional CC programming. We did discuss some of the
key algorithmic ingredients that must be considered when coding
the CC(P;Q) approaches, if we are to benefit from the potentially
enormous speedups offered by methods in this category when the
excitation manifolds used in the iterative CC(P) steps [and their
excited-state EOMCC(P) counterparts] are small and spotty, in
Refs. 57-59 (cf. also Ref. 88), but we will return to this topic in a sepa-
rate publication, where the coding strategies adopted in our current
implementation of the adaptive CC(P;Q) and CC(P;Q)r) methods
in the CCpy package will be discussed in detail. One of the most
useful consequences of our current implementation of the adaptive
CC(P;Q) and CC(P;Q)(1) approaches aimed at accurately approxi-
mating the full CCSDT energetics, in addition to the major savings
in the computational effort compared to CCSDT, is the observa-
tion that the CPU timings characterizing the CC(P) calculations
preceding the determination of the noniterative 8o(P;Q) correc-
tions grow slowly with the fraction of triply excited determinants
included in the underlying P spaces (see Table V). This is consistent
with the computational cost analysis of the CC(P;Q) methods using
small fractions of higher—than-doubly excited cluster and excitation
amplitudes in the iterative CC(P) and EOMCC(P) steps in Refs.
57-59 and 88.

Among other observations worth mentioning here, which
are clearly reflected in the CPU timings shown in Table V and
the results of the adaptive CC(P;Q) and CC(P;Q)(r) calculations
reported in Tables I-IV and which are also consistent with our
earlier active-orbital-based,”’ *° semi-stochastic,” "' and CIPSI-
driven® CC(P;Q) studies, is the fact that one is much better off
by adding the 80(P;Q) corrections to the CC(P) energies. The
uncorrected CC(P) energies approach their CCSDT parents as the
number of triply excited determinants in the P space increases,
improving the associated initial CCSD energetics and the CCSD(T)
and CR-CC(2,3) results, but the 8y(P;Q)-corrected CC(P;Q) and
CC(P;Q)(r) energy values are much more accurate, converging to
CCSDT much faster, while the computational costs of determining
the 8o (P;Q) corrections are only small fractions of those associated
with the underlying CC(P) steps. We must also realize that we have
to determine the 8(P; Q) [in general, 6,(P;Q)] corrections in the
adaptive CC(P;Q) and CC(P;Q)(r) schemes anyway since we need
them to construct the underlying P spaces, so using the uncorrected
CC(P) [in the case of excited states, EOMCC(P)] energies does
not make much sense and is not recommended. This is in a way
similar to the selected CI calculations, such as the CIPSI approach
used as an inspiration in the development of the adaptive CC(P;Q)
framework in this study, which rely on the perturbative correc-
tions to the variational CI energies in the process of constructing
the underlying Hamiltonian diagonalization spaces. It is also clear
from the timings reported in Table V and comparisons with the

ARTICLE pubs.aip.org/aipl/jcp

CCSDT energetics in Tables -1V that there are no major benefits of
using the CCSD(T)-like CC(P;Q)(ry approximation to the adaptive
CC(P;Q) methodology, which relies on a much more complete and

robust treatment of moments ‘Jﬁlﬂg (P and coefficients E”; (PR
in Eq. (21) compared to that employed in CC(P;Q)(r). The adaptive
CC(P;Q)(r) energies are generally less accurate, while the savings in
the computational effort offered by the CC(P;Q)r) approach com-
pared to its more complete, CR-CC(2,3)-like, CC(P;Q) counterpart
are small.

Last, but not least, it is interesting to observe in Table V that
the CPU timings characterizing the adaptive CC(P;Q) computations
capable of providing the near-CCSDT energetics, while larger than
those required by their CCSD(T) and CR-CC(2,3) counterparts, are
not very far removed from the costs of the CCSD(T) and CR-CC(2,3)
calculations, which are generally less robust and much less accurate,
especially when T3 correlations are larger and nonperturbative and
the coupling between the lower-rank T and T and higher-rank T3
clusters becomes significant. This is mainly because the CPU times
needed to complete the iterative CC(P) steps, when the fraction
of triples incorporated in the P space is as tiny as 1-3%, which is,
as shown in Tables I-1V, enough to recover the CCSDT energetics
to within fractions of a millihartree, even when CCSD(T) and CR-
CC(2,3) fail or struggle, are only a few times longer than those char-
acterizing CCSD. This is not too surprising. When the fraction of
triples in the P space is tiny, the noniterative triples corrections of the
adaptive CC(P;Q) and CR-CC(2,3) calculations have virtually iden-
tical costs since the corresponding Q spaces, which are spanned by
either all [CR-CC(2,3)] or nearly all [CC(P;Q)] triply excited deter-
minants, are very similar. One can, therefore, anticipate that much
of the difference between the CPU timings characterizing the CR-
CC(2,3) and adaptive CC(P;Q) runs, especially if we put aside the P
space determination steps, is driven by the time spent on the CC(P)
iterations, and this is exactly what we see in Table V. Similar remarks
apply to the relative costs of the CCSD(T) vs adaptive CC(P;Q)r)
computations. The storage requirements characterizing the adap-
tive CC(P;Q) and CC(P;Q)r) calculations are not far removed from
those required by their CCSD(T) and CR-CC(2,3) counterparts
either, if the fractions of triples in the underlying P spaces are tiny,
since the vectors representing the T = Ty + T, + T3(P) operators
are not much longer than those used to store T1 + T>. In sum-
mary, it is encouraging that with the introduction of the adaptive
CC(P;Q) methodology, which is only a few times more expensive
than the CCSD(T) and CR-CC(2,3) approaches, we can accelerate
the full CCSDT computations by orders of magnitude with only
minimal loss of accuracy, even when T effects are highly nonper-
turbative, causing CCSD(T) to fail, and even when the coupling
among T, T, and T3 components of the cluster operator becomes
so large that the CR-CC(2,3) correction to CCSD is no longer
reliable.

IV. SUMMARY, CONCLUDING REMARKS,
AND FUTURE OUTLOOK

One of the most important topics in the CC theory and its
EOM and linear-response extensions to excited electronic states has
been the development of accurate and robust ways of incorporat-
ing higher-than-two-body components of the cluster and excitation
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operators that would avoid large, usually prohibitive, computational
costs of methods such as CCSDT, CCSDTQ, EOMCCSDT, etc.,
which treat these operators fully, while eliminating failures of the
more practical perturbative approximations of the CCSD(T) type in
typical multireference situations, such as chemical bond stretching
or breaking, biradicals, and excited states dominated by two-electron
transitions. Among the most promising ideas in this area has been
the CC(P;Q) formalism,”’ ®' in which one solves the CC/EOMCC
equations in a subspace of the many-electron Hilbert space, called
the P space, spanned by the excited determinants that, together with
the reference determinant, dominate the ground or the ground and
excited states of interest, and then improves the resulting CC(P)
or CC(P) and EOMCC(P) energies using the a posteriori nonit-
erative 0,(P;Q) corrections due to higher-order correlation effects
not captured by the CC(P)/EOMCC(P) computations, determined
with the help of another subspace of the Hilbert space, called the Q
space. The CC(P;Q) methodology is a generalization of the biorthog-
onal moment expansions of Refs. 62-64, 66, and 74, which have
resulted in methods such as CR-CC(2,3), but unlike its predeces-
sors, it permits unconventional choices of the P and Q spaces that
relax the lower-rank T, and R,,, components in the presence of their
higher-rank counterparts, which CR-CC(2,3), CCSD(T), and their
higher-order and excited-state extensions cannot do.

In this work, we have introduced a novel category of the
CC(P;Q) formalism, called adaptive CC(P;Q), which applies to
ground and excited states and which results in methods that
are expected to converge or accurately approximate high-level
CC/EOMCC energetics of the CCSDT, CCSDTQ, EOMCCSDT,
etc. types at small fractions of the computational costs. The adap-
tive CC(P;Q) approaches should work equally well in cases of
weaker as well as stronger correlations, from nondegenerate ground
states and excited states dominated by one-electron transitions to
bond stretching or breaking, biradicals, and excited states having
substantial double excitation character, where higher-than-two-
body components of the cluster and EOM excitation operators
become large and can be strongly coupled to their lower-rank
counterparts. The adaptive CC(P;Q) methodology discussed in this
paper is a “black-box” and self-improving framework. The key idea
behind its design is an adaptive selection of the leading determi-
nants or excitation amplitude types needed to define the T, (in
the case of excited states, also R,,) components with n>2 that
enter the CC(P) and EOMCC(P) calculations, which relies on
the intrinsic mathematical structure of the moment expansions
defining the noniterative §,(P;Q) corrections to the CC(P) and
EOMCC(P) energies. This makes the process of identifying the lead-
ing higher-than-doubly excited determinants for inclusion in the P
space fully automated. Prior to this work, in our quest to find an
efficient and robust procedure for selecting the appropriate subset
of higher-than-doubly excited determinants for inclusion in the P
space, we have relied on active orbitals,”'~° CIQMC and CCMC
wave function propagations,”” **°"** and sequences of Hamiltonian
diagonalizations employed in the modern formulation of CIPSL’
and all of these efforts have been successful, allowing us to recover
or accurately approximate the CCSDT,” ! CCSDTQ,;':‘“‘;‘) and
EOMCCSDT, etc.” energetics at small fractions of the computa-
tional costs, but the adaptive CC(P;Q) formalism, introduced and
tested in this study, by eliminating the need for reliance on user-
defined active orbitals, non-CC (CIQMC, CIPSI) wave functions,
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and stochastic (CIQMC, CCMC) concepts, moves us to an entirely
new level.

In defining the adaptive CC(P;Q) methodology, especially its
relaxed variant, we have been inspired by the modern implemen-
tation of the CIPSI approach in Quantum Package 2.0, where one
grows the relevant, recursively generated, Hamiltonian diagonaliza-
tion spaces by arranging the candidate determinants from outside
the current space according to the magnitude of their contribu-
tions to perturbative corrections to the Hamiltonian eigenvalues,
using those characterized by the largest contributions to enlarge
the variational space. Thus, we define our adaptive CC(P;Q) algo-
rithm by interpreting the CC(P;Q) correction 6,4(P;Q), Eq. (15), as
a sum of contributions due to the individual determinants from
the Q space. We then use the Q-space determinants character-
ized by the largest (in absolute value) contributions to 8,(P;Q)
to enlarge the current P space, repeating the process, if need
be, to generate the CIPSI-style sequence of the slowly growing
P spaces and slowly shrinking Q spaces adding up to the exci-
tation manifold of the parent high-level CC/EOMCC theory of
interest.

To illustrate the benefits of the adaptive CC(P;Q) framework,
we have developed the adaptive CC(P;Q) code targeting the ground-
state CCSDT energetics, which we incorporated in our open-source
CCpy package available on GitHub.'” The initial P space in this
code is spanned by singly and doubly excited determinants and
the initial Q space consists of all triples, so that our sequence of
CC(P;Q) calculations starts from CR-CC(2,3), and then, we fol-
low the above recursive procedure by transferring more and more
triply excited determinants from the Q to P spaces. In the adaptive
CC(P;Q) computations reported in this article, we have distin-
guished between the relaxed algorithm, in which one reaches a
desired fraction of triply excited determinants in the P space through
a sequence of systematically grown smaller subspaces, relaxing the
one-, two-, and three-body components of the underlying clus-
ter operator accordingly, and a one-shot unrelaxed approach, in
which one picks a target fraction of triples for inclusion in the P
space based on their contributions to the CR-CC(2,3) correction to
CCSD. We have also considered the relaxed and unrelaxed variants
of the adaptive CC(P;Q)(t) approach, in which the CC(P;Q) cor-
rection to the CC(P) energy is calculated using the CCSD(T)-like
formulas.

The relaxed and unrelaxed variants of the adaptive CC(P;Q)
and CC(P;Q)(r) methods aimed at converging the ground-state
CCSDT energetics have been tested using the significantly stretched
F, and F; molecules, in which T3 correlations are large and
highly nonperturbative, causing CCSD(T) to fail, and the reac-
tant and transition-state structures involved in the automeriza-
tion of cyclobutadiene. In analogy to the stretched F system, the
transition-state structure of cyclobutadiene is characterized by large
and nonperturbative T effects, which are also strongly coupled to
those captured by T and T and their powers, so that both CCSD(T)
and CR-CC(2,3) fail in these two cases. The CCSD(T) and CR-
CC(2,3) methods work well for the cyclobutadiene molecule in its
reactant, i.e., equilibrium, geometry, but some nonnegligible errors
relative to CCSDT, which has been treated in our numerical work as
a reference, remain. Our calculations show that independent of the
system considered in the calculations, the adaptive CC(P;Q) scheme
using the relaxed algorithm, in which the numbers of triples in the
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relevant P spaces are increased using tiny 1% increments, recov-
ers the target CCSDT energetics to within 0.1 millihartree or so
using only 2-3% of all triples in the final P spaces, i.e., after 3-4
cycles of the algorithm. This applies to all four systems included
in our tests, including the most challenging stretched F; species
and the transition state of cyclobutadiene and the activation bar-
rier associated with it, where both CCSD(T) and CR-CC(2,3) fail.
The simpler unrelaxed variant of the adaptive CC(P;Q) approach
is less accurate and displays slower convergence toward CCSDT,
but with similar fractions of triples in the underlying P spaces,
it has no problem with reaching chemical accuracy levels relative
to CCSDT. Even with a tiny 1% of all triply excited determinants
in the P spaces, the adaptive CC(P;Q) algorithm proposed in this
study works excellent, recovering the CCSDT energetics to within
1-2 millihartree, even when the errors in the CCSD(T) and CR-
CC(2,3) data relative to CCSDT reach ~10-30 millihartree and the
CR-CC(2,3) method struggles. Our current implementation of the
relaxed and unrelaxed adaptive CC(P;Q) schemes aimed at CCSDT
is efficient enough to allow us to recover the CCSDT energetics with
the above accuracy levels using computational times that are orders
of magnitude smaller than those characterizing CCSDT and that
are not very far removed from those characterizing the correspond-
ing CCSD(T) and CR-CC(2,3) calculations. While the CC(P;Q)(r)
approximation to the adaptive CC(P;Q) works well too, one is better
off using its more complete CC(P;Q) counterpart since the adaptive
CC(P;Q)(1) energies are generally less accurate, while the savings in
the computational effort offered by CC(P;Q)(t) are comparatively
small.

The results obtained in this study are most encouraging,
but, given the novelty of the adaptive CC(P;Q) methodology pro-
posed in this work and the limited numerical evidence to date,
we have to examine greater numbers of molecular examples and
a wider range of situations, especially those where T3 and other
higher-than-two-body clusters become large and difficult to con-
verge, and extend our current adaptive CC(P;Q) codes to higher
levels of the CC theory, such as CCSDTQ. In analogy to our
semi-stochastic CC(P;Q) efforts,”® we will also implement and test
excited-state extensions of the adaptive CC(P;Q) approaches, start-
ing with those aimed at the EOMCCSDT energetics. The present
article has already demonstrated that the adaptive CC(P;Q) formal-
ism applies to ground as well as excited states and that extending
the adaptive CC(P;Q) codes to excited states within the EOMCC
framework is feasible. Ultimately, we will examine if it is practical
to extend the adaptive CC(P;Q) algorithm discussed in this article
to converge the full CC/EOMCC, meaning full CI, data, using the
Q spaces which are orthogonal complements to the P spaces used
in the CC(P)/EOMCC(P) and CC(P;Q) considerations. In all of
the relaxed CC(P;Q) calculations reported in this article, we have
assumed a 1% growth rate in the fractions of triples added to the
underlying P spaces, but we are planning to explore other (smaller
as well as larger) incremental fractions of triples used to grow P
spaces in the relaxed variant of the adaptive CC(P;Q) algorithm as
well, to see if they can substantially affect any of the conclusions
of this study. All the above plans will be accompanied by improve-
ments in the adaptive CC(P;Q) code incorporated in the CCpy
software package available on GitHub,'” especially the low-memory
variant of the determinant selection algorithm needed to filter out
the leading triply (in the future also quadruply) excited determi-
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nants for inclusion in the P spaces used in the adaptive CC(P;Q)
computations.
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