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ABSTRACT: We generalize the idea of the quantized Hall current to count gapless
edge states in topological materials, applying equally well to theories in different di-
mensions, with or without continuous symmetries in the bulk or chiral anomalies on
the boundaries. This current is related to the index of the Euclidean fermion operator
and can be calculated via one-loop Feynman diagrams. Quantization of the current is
shown to be governed by topology in phase space, and the procedure can be applied to
topological classes governed by either Z or Zs invariants. We analyze several explicit
examples of free fermions in relativistic field theories. We speculate that it may be
possible to extend the technique to interacting theories as well, such as the interesting
cases where interactions gap the edge states.
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1 Introduction

Topological insulators and superconductors, often well described by free fermion theo-
ries [1-5], generally have gapless fermion excitations confined to the boundary between
two different topological phases. For d 4+ 1 dimensional defects, where d is odd, these
massless fermions can be Weyl fermions. In that case the boundary theory has a chiral
anomaly, and the currents for classical axial symmetries can have nonzero divergence
in the presence of background gauge fields. These currents are conserved in the higher
dimensional bulk theory, and the violation of axial charge in the boundary theory can
be understood as the result of a fermion number current flowing in from the bulk, as in
the Integer Quantum Hall Effect [6]. The argument can be turned around: the inflow
of current from the bulk indicates a boundary theory with a chiral anomaly, which in
turn requires massless particles to exist at the boundary.

It is appealing that one can deduce the existence of gapless edge states from the
inflow of current from infinity, but it is not general. For example, gapless edge states
exist for superconducting systems for which there is no conserved fermion number
current, as well as for boundaries with even spatial dimension d where there are no chiral
anomalies. The anomaly inflow observed by Callan and Harvey has been shown to be
an example of a more general phenomenon operative with all topological insulators and
superconductors (see Ref. [7] and references therein). In general, the fermion operators
in the bulk for such systems are not self-adjoint when a boundary is present, and the
partition function for the bulk has a phase canceled by the anomaly of the edge states.
This phenomenon still goes by the title “anomaly inflow" even though for discrete and
global anomalies there is no actual current flowing onto or off of the boundary.

In a recent paper we showed, however, that in the cases controlled by perturbative
anomalies, one can generalize the idea of Hall currents and detect the existence gapless
edge states by this current’s divergence 8|, even when the anomaly is for a discrete
symmetry. That theory makes use of the index of the fermion operator in the Euclidian
action in the presence of external “diagnostic fields”. A very simple procedure for
calculating the current flow in terms of a one-loop Feynman diagram allows one to detect
the existence of gapless edge states. One benefit of this complementary construction is
that it makes the topological protection of the gapless modes manifest, arising from a
winding number in momentum space in direct analogy to the TKKN explanation for
current quantization in the integer quantum Hall effect [9]. This feature is obscured in



the anomaly inflow analysis in |7]. Also, by presenting the calculation in the familiar
language of Feynman diagrams, we hope to lay develop a framework for computing the
effects of interactions.

In the present paper we work through the examples given in Ref. [8] in greater
detail, including the construction of the generalized Hall current, the topological origins
of its nonzero divergence, and the role of regularization. We also extend the previous
work with a discussion of the effect of interactions. Our discussion throughout is in the
context of relativistic quantum field theory.

2 General framework

Our starting point is a relativistic quantum field theory of free fermions in infinite
d + 1 dimensional Minkowski spacetime. The action is Sy = [ d*'z ¢Dytp, where
the fermion operator Dy can include a position dependent mass term, e.g. one that
exhibits defects like a domain wall or a vortex singularity, which will serve as proxies for
a boundary. If the fermion operator Dy, hosts massless fermion states trapped in these
defects, and the defects are space and time translation invariant in the co-dimensions,
then the spectrum will include a state with zero momentum that is constant in the
space-time coordinates of the defect, and is localized on the defect in the transverse
direction(s). We wish to have a simple way to detect the existence of such states which
makes manifest the underlying topology. The approach we use is to note that when
Dy is analytically continued to Euclidian time, the Euclidian fermion operator D is
an elliptic operator and the propagator 1/D will have poles corresponding to gapless
Minkowski edge states with zero momentum. We detect these states by computing
the index of D — the number of zeromodes of D minus that of Df. One obstacle to
this program is that the index only counts normalizable zeromodes, while the states we
are discussing are constant in the noncompact boundary dimensions; another is that
D' also exhibits poles corresponding to these states. Both can be circumvented by
adding “diagnostic” background fields that localize these states within the boundary.
These diagnostic fields are instantons, where we use that term loosely to describe
background field configurations in Euclidian spacetime which have nontrivial topology
which localize to a spacetime point massless fermions that they couple to and give the
edge state fermion operator a nonzero index. An interesting feature of this approach
is that the diagnostic fields are typically not fields that could have been introduced
into the original Minkowski theory, as we will explain below. In the presence of these
diagnostic fields, solutions to Dy = 0 can be localized, while those to Dy = 0 are
delocalized, resulting in a nonzero index for D. This effect is seen with the toy operator
D = 0, + e(x) (where ¢(z) = z/|x| plays the role of the diagnostic field) which has a



localized solution to D = 0 while the conjugate operator Dt = —0, + €(x) does not.
The index then indicates the presence of a massless edge state in the original Minkowski
theory, provided that it persists in the limit that the energy density in the diagnostic
fields tends to zero so that it cannot significantly affect the bulk gap and change its
topological phase. The index being the difference between the number of zeromodes
of D and of DI it follows that a nonzero index necessarily implies the presence of a
boundary zeromode. The converse does not hold: an index of zero does not rule out
the existence of an equal number of zeromodes, but such an occurrence would not be
topologically protected and would presumably require a fine-tuning of parameters.

Computing the index then simply requires computing the divergence of an in-
flowing current by means of a 1-loop diagram, which generalizes the in-flow picture from
the quantum Hall system in any dimensions and whether the system has a conserved
current or not. Furthermore, the index is shown to be the product of the winding
number of the diagnostic fields in coordinate space times the winding number of the
fermion dispersion relation in momentum space, making manifest the topological nature
of the gapless modes. We will see that the Euclidian momentum space topology is
simpler than the topological invariants of the Minkowski systems would suggest: in
each case we examine it is governed by the homotopy group ,(S™), where n is the
number of spacetime dimensions. The index we compute reflects the correct invariant
of the Minkowski system, Zs for example, due to the interplay of momentum space and
coordinate space topology in its definition.

Our procedure is (i) start with a Minkowski theory of interest; (ii) analytically
continue to Euclidian space time; (iii) introduce diagnostic fields to localize edge states;
(iv) compute the index of the Euclidian fermion operator in the limit of vanishing
diagnostic fields, which involves computing the inflow of a generalized Hall current.
In the cases where fermion number is not conserved, relativistic systems analogous
to topological superconductors, the Fuclidian action takes the form Sg = % [ YTCDy,
where C' is the charge conjugation matrix. In these cases at step (ii) we consider instead
the Dirac action Sg = [ YDy and proceed from there, since solutions to D1 = 0 are
also solutions to C'Dy = 0. The Dirac theory allows for the addition of diagnostic
fields not possible in the original theory, such as a U(1) gauge field coupled to fermion
number, or fields in D which appear symmetrically in CD, and hence would not couple
to the fermions in 7 CD1.

The procedure for computing the index of an elliptic operator D is to first define

M? M? )

DD+ M2 DD + M? (2.1)

I(M) =Tr (



with

ind(D) = Z(0) = lim Z(M) . (2.2)

M—0

Note that Z(M) can generally take non-integer values for arbitrary M. However, it
must be an integer when M — 0. The function Z(M) can be computed by means of
Feynman diagrams by first defining

(BT ().

in terms of which Z(M) is expressed as

M
I(M)="Tr (T : 24
o =1 (Fy ) 2.40)
The matrix K and I' have twice the dimension of D. The operator 1/(K + M) looks
like a fermion propagator in a theory whose action is

Sk = /dd“x@(K + M)V, (2.5)

where U has twice the number of components as the original 1 field off our Minkowski
theory, but the integration is still over d + 1 spacetime coordinates. In this extended
theory, the quantity Z(M) in eq. (2.41) can be expressed as the matrix element of the
pseudoscalar density,

(M) =—-M / d™ 'z (U, V) (2.6)

where (T, W) is computed using a path integral with weight e=%. We can also define
an axial current

JX =T, (2.7)

where I'), = 0K (p)/Op*, where we use the tilde to indicate the operator has been
Fourier transformed to momentum space. Assuming that D = @+. . ., where the ellipsis
denotes nonderivative terms, then I', = 01 ® 7, in the notation where I'y, = o3 ® 1.
Applying the axial transformation ¥ — @ we can derive the Ward-Takahashi
identity for this axial current as

OTX = 2MUT W — A, (2.8)



where the first term on the right is the classical divergence due to the mass M, and the
second term is the anomaly, which can be computed using the method of Ref. [10],

A==2 lim Tx (rXeKz/“) = —97(o0) . (2.9)

As we show below the anomaly vanishes in the cases we consider. With A = 0, eq.
(2.8) can then be used to express the index ind(D) as

ind(D) = —1 lim /dd+1 (T (2.10)
M—0

The current jf is what we refer to as the generalized Hall current. With the
anomaly A vanishing, the nonzero divergence of this current in the M — 0 limit arises
from infrared divergences in the theory, and its inflow counts gapless edge states in the
original Minkowski theory. The diagnostic fields we will add to the d + 1 dimensional
bulk theory are chosen to contribute a term to J,, proportional to a (d+1)-index epsilon
tensor, where one index is saturated by the derivative acting on the domain wall mass,
while the remaining (d — 2) indices are saturated by derivatives or gauge fields. With
the limited variety of marginal interactions for the fermions, these requirements seem
to uniquely specify the choice of fields.

The generalized Hall current in eq. (2.10) in the M — 0 limit can be computed
from a one-loop Feynman diagram TrI',I', K !, which may need to regulated. The UV
regulator will in general contribute to the current in odd spacetime dimensions, but
not to its divergence, which arises from infrared physics. However, in these cases the
topological meaning of the current is obscured if regulator contributions are neglected,
as the Feynman diagram can be interpreted as being proportional to the winding num-
ber of a map from momentum space to an n-sphere — but only if the momentum space
of the fermion is compact. This makes the winding number sensitive to the ultravio-

let behavior of the fermion propagator. Here we use Pauli-Villars regularization when
D(m)
D(A) ?
to infinity. The regulated current then is given by TrI', I, K.}, where K, is given by

reg’

eq. (2.3) with D replaced by D,ee. We do this in any spacetime dimension d + 1, but

required, computing the index of D¢y = and then sending the regulator mass A

find that for even d + 1, the regulator does not contribute to the index.

In the next sections we work out in detail the examples of Ref. [8], starting with the
continuum example of a single Majorana fermion chain in 1+ 1 dimensions with 0+ 1
dimensional defect hosting a Majorana zero mode. This is followed by the example of
multiple flavors of Majorana fermions in 1 + 1 dimension with time reversal symmetry
violation. In both cases, the generalized Hall current correctly produces the index
of the fermion operator and counts the number of massless fermions in Minkowski



space. We then discuss Dirac fermion in 2 + 1 dimensions, which exhibits the Integer
Quantum Hall Effect, with the in-flow anomaly current described in Ref. [6]. We
then add a fermion number violating Majorana mass term this theory, modeling a
topological superconductor in 2 + 1 dimensions. Again we show how the divergence
of the generalized Hall current correctly detects edge states, even though there is no
conventional Hall current in such a system, and we discuss the topological origins of
the index. After discussing the 2+1 dimensional case, we work through an analogous
example in 3 + 1 dimensions: that of Dirac fermion with a domain wall in its mass
which describes three dimensional topological insulator and its edge states. We again
compute the generalized Hall current, show how it reproduces the index and display it
topological origins. The final section provides a qualitative argument in the context of
1 + 1 dimensional interacting Majorana chains that the divergence of the generalized
Hall current detects zeromodes even in the presence of interactions, even though the
index of the free fermion propagator is no longer relevant.

3 Majorana fermion 1 + 1 dimensions

3.1 One flavor of Majorana fermion

For our first example we consider a single Majorana fermion in 1 + 1 dimension with
domain wall profile for the Majorana mass, with the 0+ 1 dimensional defect hosting a
1-component real massless fermion. Majorana edge states were first discussed in Refs.
[11] and [12]. In this theory there is no continuous symmetry, and hence no conserved
current in the bulk, and no chirality or chiral anomaly on the 0 + 1 dimensional defect.
Therefore this system cannot exhibit the conventional Hall response. As we will show,
however, we can compute generalized Hall currents which converge on the defect when
it hosts gapless states.
The Minkowski Lagrangian in this case is

Ly = 37C (id —m) ¢, (3.1)

which is the continuum version of the 1-flavor theory considered in Ref. [13]. Here 1) is
a real, two-component Grassmann spinor. The v matrices we take are

")/U:C:O'Q y ’}/1 :—ial s "}/X:O'g s (32)

where o; are the Pauli matrices. This model of Majorana fermions has a rich phase
structure when interactions are included [13], but in this section we restrict ourselves
to analyzing the free theory. To construct the generalized Hall current for this model



we first define the Euclidian theory’
Lp=3i"CDy, (3.3)
where in Euclidean spacetime
D=J+m, Yo=C=0y, M=-01, Y=0;3. (3.4)

We now wish to study the index of D, somewhat modified (there being a one-to-one
correspondence between zeromodes of D and C'D). The modifications involve replacing
the step function mass with a general scalar field ¢;(x), and adding a pseudoscalar field
¢2(x) as our diagnostic field, so that the more general operator we consider is

1 + iy —10) — 81>
i0g— 01 ¢1—ipy )

$1 — iy 10y + 81)
—i0y + 01 ¢ + i)

D=9+ ¢1 +idary :<
(3.5)
Df = —@ + ¢1 — iy :<

To understand the logic of this construction, first consider the operator we are
ultimately interested in, where ¢y = 0 and ¢, () = mge(x1) with mg > 0. In this case
we find two solutions each to the equations D1y = 0 and Dy = 0, namely

Y_(r) = G) emolel Wy (z) = (_D e~molel
o= (e = ()em,

where the 4 subscript refers to the eigenvalue of 7. None are normalizable since they

(3.6)

are constant in xg, whether or not they are localized in z; about x; = 0, and therefore
the index calculation will give us ind(D) = 0. However, if we now add ¢y = poe(zo)
with o > 0, a domain wall in Euclidian time, we find the four solutions to Dy = 0
and Dy = 0 are

1

w_(l.> _ (1) 6m0\x1|+ﬂ0|$0| ’ @/J.,_(ZL‘) — (_1) 6—m0|$1|—u0|w0| 7

1 1 (3.7)
Y (z) = (1) ¢—moloa+uoleo| o (z) = ( 1) emolal=polool (g _y g3

"We use the mostly minus convention for the Minkowski metric, and in d + 1 dimensions we denote
both Minkowski and Euclidean time by 2°. The relation between Euclidian and Minkowski y-matrices
is 79, =19, 74, = iv4 and 7 is the same in both Minkowski and Euclidean spacetime.



D now has a single normalizable zeromode v, localized at zo = z; = 0 while Df
has none. Therefore the index is given by ind(D) = 1 in this background scalar field.
By considering the other signs for mg and py one sees that more generally we get
ind(D) = —vy, where v, is the winding number of ¢ = ¢1 + i¢y in the xg — z; plane.”
As we shall see, this expectation is born out by the explicit calculation we give below.
Furthermore, our results persist even no matter how small we take |uo|. We also see how
the zeromodes we are counting would not have existed if there hadn’t been a solution
to Dy = 0 for the case of interest, ¢o = 0 and ¢; = mge(x;) (for either sign of my),
and so the nonzero value for ind(D) informs us that the original Minkowski theory has
massless edge states.

The reason this procedure works is that the background ¢, field breaks symmetries
of the original theory (in this case, time reversal symmetry), and a constant field would
gap the spectrum entirely. However, by giving a domain wall structure to ¢o, which by
itself would lead to gapless edge states, it can not gap fermions along the domain wall
surface at £y = 0. Thus theory with both ¢, » domain walls will be left with a massless,
normalizable fermion at the origin where the two domain walls cross.

Following the procedure laid out in the previous section, we compute the index of
D by constructing the fermion operator K which serves as the fermion operator in a
theory with twice the number of fermion degrees of freedom,

—_Dt
K= (’Z(; é) ) =10, + (2 + 113) (3.8)

where we have defined the five 4 x 4 matrices

I's=01®7 , Iy =01 ®7y,

(3.9)
F3:—02®1, FX:0'3®1.

with ¢ = 0, 1.

Our task is to compute the part of the chiral current 7, = WI',I', ¥ that contributes
to the index, where i = 0,1 and V is a fermion with action S = WKW. To do this we
first write the scalars as

¢ = d1 +igs = (v+ p(x))e?™ (3.10)

assuming constant v with p and 6 slowly varying about p = 6 = 0, their gradients
falling off at infinity. To compute the part of the current that contributes to the index

2This is easier to see if one replaces the singular step functions with something smoother, such as a
tanh function. In fact, it has to be smoothed out to justify the derivative expansion we perform next.
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Figure 1. The loop diagram for computing the generalized Hall current for the 14+1-dimension
Dirac fermion. The black dot is an insertion of the chiral current I',I'\ with incoming mo-
mentum p,. The outgoing field « is the spatially varying part of the phase of the complex field
@1 + ipa, and the fermion propagator is given by Ko_l.

we need the leading term in a 1/v expansion, since higher order terms will drop off too
fast at infinity to contribute to the integral [ 9,J,. Thus we can write

K = Ko+ 6K (3.11)
with
KO = GMFM + Fg N 0K =iv Q(QT)FQ + Zp({lf)rg . (312)

Then Ky ! will be our free fermion propagator, while we perturb in 6K

When expanding J, in d K, note that because of the insertion of I'y in the fermion
loop we require that the rest of the graph supplies one each of the other four I" matrices
in order to get a nonzero contribution from the trace. The matrices I'g;3 can be
supplied by the fermion propagators 1/Kj, while Iy must arise from an insertion of 6.
Thus the leading contribution is given by the graph in Fig. 1 expanded to linear order
in the momentum carried by 6.

Using Kj to denote the Fourier transform of K, in momentum space, the diagram

I (%KT) Ty Ky ]

=¢,,0,0

6” / (¢* +v )

= 6W6 0 . (3.13)
T

can be computed as

00 d*q
Jp=v B, / (27r)2 Tr

In this expression, the derivative 0, acting on 6(x) is with respect to x,, while the
derivative 8, acting on Ky is with respect to ¢,. The positive sign in the first line
above arises from (—1) from the fermion loop, a (—i) from Fourier transforming p, —
—10/(0x,), and another (—i) from the 6 vertex factor —ivI's.



From eq. (2.10) it follows that the index of D is given by
ind(D) = —%/d%a“ju = —% g—id@ =—vy, (3.14)
where v4 is the winding number of ¢. This result agrees with what was predicted from
our earlier heuristic argument with a configuration of crossed domain walls.

Before turning to the question of topology we address two issues about the way we
handled the Ward-Takahashi identity for the generalized Hall current, given in eq. (2.8).
First of all, we set M = 0 from the outset, rather than performing the computation
at nonzero M and then taking the limit M — 0 at the end. This is discussed further
in § 6, but in brief: the role of M was to serve as an IR regulator for the calculation,
but instead we used our background field ¢ to serve as the IR regulator. Note that the
generalized Hall current we found in eq. (3.13) is proportional to 9,0 = i¢* 9, ¢/2|d|?,
and that the inverse dependence on |¢| indicates its role as an IR regulator. Secondly,
we ignored the anomaly term, A. This quantity can be computed using the methods
of Fujikawa [10], where

A= lim TrI,eX/A (3.15)

A—oo

(Note that K, defined in eq. (3.12), is antihermitean.) The two-derivative term in K?
gives rise to the Gaussian integral

d2k k2 2
—— e o A2 1
/ L e x (3.16)
On the other hand, since the I'-matrices obey the Clifford algebra for SO(4), the I'-
K2 /A2

matrix trace with I'y requires that the expansion of e supplies at least four different
I',, to the trace before one obtains a nonzero value. As K/A is linear in the I' matrices,
these four T matrices will be accompanied by a factor of 1/A* which overwhelms the
factor of A? from the momentum integral and causes the anomaly term A to vanish as
A — oo. This will occur in all of our examples, since the doubled theory always has
the same d + 1 spacetime dimension as the original theory, while the I'-matrices belong
to the Clifford algebra for SO(d + 3).

The calculation we have performed does not make explicit the topological quan-
tization of the index, since it seems like an accident of the momentum integral that
the integral the divergence of the generalized Hall current came out to be an integer
times vg. To dlsplay the topology underpinning of the calculation explicitly we define
Do to equal D with ¢ — v and ¢ — 0 and use the identities I', = —i0 K() and
{7, Do} = 207y, to rewrite eq. (3.13) as

Iy (8,55") rgf(glauf(ol

. d*q
T, = —21}8,,6/<27T> Tr

— 10 —



. d?q
== —Z’Ua,,e /WTI'

Vx <l~30_18ul~)08,,l~70_1 + DO — Dg)]

. d2 ~ ~ 5 B ~ 5 " ~ ~ ~
= Lend e, / 29 gy [%( (Do‘lagDoDo‘laTDo + Dy, Dy Dod, D5 + Dy — Dg)]

4 (2m)?
(3.17)
We can then define the special unitary matrix
ﬁo (% AN q
é: — = —|—’lq ’}/ y— (318)
VdetDy, V@ +or @+

in terms of which eq. (3.17) can be rewritten as

i d*q
T = 5ewDib ear / T T [(€10:€) (€10:8) + (€0:T) (€0:8)] . (3.09)
unaffected by the normalizing determinant factor (which can’t vanish for nonzero v).
As a final manipulation, we can define the “axial current”,

Aj =5 (o, —€o;et) (3.20)

N | =

and using the identity v,&v, = &' we can write the generalized Hall current as

. d*q
‘-7H = —26,“,(9,,9 EJT/WTY [’}/XAUAT] . (321)

In Appendix A we show that the above integral is proportional to the winding number
of the map provided by the Dirac propagator from momentum space compactified to S2,
to “Dirac space” (the analog of the Bloch sphere), also S? in two spacetime dimensions.
That winding number v, is an element of m(S?) = Z, and for this particular map we
have v, = 1. Making use of the normalization given in eq. (A.11) we arrive at

€,,0,0 .

Ty = 0. V=1, (3.22)

™

The topological quantization in momentum space is analogous to the topological
origin of the quantization of the Integer Quantum Hall Effect discovered in the cele-
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brated TKNN paper and related work [9, 14, 15]. *
Our final result for the index is then given by

ind(D) = —vyy, , (3.23)

where v, is the winding number of our diagnostic field in coordinate space, obtained by
integrating €,,0,0 and determined by the homotopy group m1[U(1)] = Z. We see that
the index, which counts edge states, is manifestly quantized by simultaneous nontrivial
topology in both momentum and coordinate space. This result confirms our heuristic
argument about localizing the zeromode with crossed domain walls, and agrees with
eq. (3.14).

Relativistic quantum field theories can be assigned to the same ten topological
classes as used for condensed matter systems; for example see Ref. [5]. The translation
is simple, with what are called time reversal symmetry, particle hole symmetry, and
sublattice symmetry replaced by the conventional T', C' and C'T" symmetries respectively
in the relativistic theory. The ten categories are constructed from (i) time reversal
symmetry with 77 = T, or T symmetry with T7 = —T, or T violation; (ii) charge
conjugation symmetry with C* = C, or C' symmetry with C? = —C, or C violation;
(iii) both C' and T violation, but good CT symmetry. The only caveat in comparing in
using the tables from condensed matter papers is that the symmetry of C' is opposite
that of the conventional particle-hole symmetry “P", since in the relativistic case charge
conjugation is the transformation v — C¢” for a Dirac fermion, while particle hole
symmetry is ¢ — P*, without the extra +° matrix. In the present example we have
both 7" and C' with symmetric 7" and antisymmetric C, which puts the system in the
BDI class, with topological invariant Z. If we had considered a Ny -flavor version of the
theory considered in this section without special global flavor symmetries, we would
have trivially found ind(D) = —Nyv,v,, which can take on any value in Z as one would
expect for a BDI topological class in one spatial dimension.

3In contrast with the physics in 2 4+ 1 dimensions for which the topology is dependent on the
UV regulator (as we demonstrate in the next section), the calculation here and in 3 + 1 dimensions
is insensitive to UV physics. That is because the current in eq. (3.21) is proportional to 9,0 =
igi)*g;qﬁ/ 2|¢|? which cannot be obtained by the variation of a local relevant or marginal operator, and
hence cannot be sensitive to the UV. In contrast, the current we will find in 2 4+ 1 dimensions (eq.
(4.9)) is the variation of the Chern-Simons operator which is a local marginal operator and receives
contributions from the UV regulator.

- 12 —



3.2 Multiple flavors of d = 1 + 1 Majorana fermions with time reversal
symmetry violation

With Ny flavors of free fermions in our 1+ 1 dimensional model, it is possible to include
both scalar and pseudoscalar mass terms:

Las = 597 C (id6i; — may — iy piag) ¥, (3.24)

where m must be a real and symmetric matrix, while p is imaginary and antisymmetric.
Without loss of generality it is possible to take m;; to be diagonal.

The theory with p;; = 0 is invariant under the antiunitary time-reversal symmetry,
Yi(z,t) = o1;(z, —t). When the masses have domain wall profiles, such as m; =
mo€e(z) with mg > 0, there will be Ny massless Majorana modes localized at the mass

mi(t) (_D (3.25)

in the 0 + 1 dimension theory at the defect. In order to gap these modes in the free

defect with wave function

theory, one might add a term p;;1m;01n; with p imaginary and antisymmetric, and it is
easy to see that this term lifts into the bulk theory as the p term in eq. (3.24). However,
the pseudoscalar p term is odd under the time-reversal symmetry we identified (since
i is imaginary), and therefore time reversal symmetry requires g = 0 and ensures that
the edge states remain gapless. Such a system is in the BDI topological class, whose
gapless states are characterized by the group Z [16].

For Ny > 3 it is possible to show that one can choose m and p such that time
reversal symmetry is broken, and generically the edge states will be gapped pairwise,
so that there will be one massless edge state for Ny odd, and none for Ny even. Such
a system is in the D class, with topology characterized by the group Zs [16].

For N; = 2, time reversal is not actually broken when p # 0, since the theory is
invariant under the simultaneous antiunitary transformations ¢ (z,t) — +o19;(z, —t)
and y(x,t) — —oy1e(x, —t). In this case edge states can still be gapped because the
fermions transform with opposite signs under time reversal and the system is topolog-
ically trivial. So the system is indistinguishable from the D class as far as edge states
are concerned.

We focus on this simplest Ny = 2 case to show how the index calculation procedure
we have developed here gets the correct answer, that there are no gapless edge states.
The Minkowski theory we consider is

Lar = 31 C (id — moe(z) — i pum) ¥ (3.26)
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where we have suppressed the two flavor indices. The (i@ —mge(z)) operator is diagonal
in flavor, while 7, is the y-Pauli matrix acting in flavor space, and p is real and constant
in spacetime.

Our Euclidean operator D with a diagnostic field ¢(x) in this case is given by

D=9+ ¢1(x) +i(po() + p72) Yy - (3.27)
This can be diagonalized in flavor to give two 1-flavor Dirac operators
Dy =+ ¢1(x) +i(da(x) £ ) vy - (3.28)
Now we expect the sum of two contributions to J, proportional to €,,0, (04 +6_-)
where
x) £
0+ = arctan % : (3.29)

Now we see that even if ¢(x) = ¢1(x) + iga(x) has winding number, as we take the
limit ¢ — 0, that winding number vanishes. For example, if we take ¢; = me(z) and
¢2(x) = m/e(T), the two contributions to the index will both equal one for |m/| > |ul,
but will jump to zero for |m/| < |u| as we remove our diagnostic field — this is possible
because the bulk goes gapless at the critical value |m/| = |u|. So the index in this case
would give the correct answer of zero, as it will for any even number of flavors.

If we have an odd number of flavors with a constant p matrix for Ny = 2n + 1, we
will find n pairs of fermions coupling to ¢o(x) with £y, shifts, each contributing zero
to the index; however there would be one flavor with no shift, and we would find an
index of one then. Thus we find that ind(D) takes values in Z. That is the correct
answer since having no 7' symmetry while having C' symmetry with antisymmetric C'
puts the model in the D topological class, whose topological invariant in one spatial
dimension is Zs.

We emphasize though that in our calculation the reduction of the topological in-
variant from 7Z in the time reversal symmetric case to Zs in the case with broken time
reversal symmetry manifests itself in the change in the spacetime coordinate topology
that the fermion sees, and not due to a change in momentum space. The index we
compute sees the topology in phase space, and is sensitive to both.

4 Dirac fermion and Majorana fermions in 241 dimensions

4.1 A d=2+1 Dirac fermion with U(1) fermion number symmetry

Our next example is a massive Dirac fermion in 2+1 (Minkowski) dimensions, which
is directly analogous to the Integer Quantum Hall Effect and is quite familiar. The
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coordinates are {z°, ', 22} = {t, z,y} and the fermion mass m(y) which has a “domain
wall” structure — a monotonically increasing function of y with m(0) = 0 [17]. For
convenience we choose the particular basis for the v matrices

Y=oy, A'=—ioy, =ios, (4.1)
in which case the Dirac equation [1(3 — m(y)] 1 = 0 has the two special solutions,
wi _ efzw (t+x) e$f dsm(s) Yi (42)

where y+ are constant 2-component spinors satisfying o3x+ = £x+. The solution ¢
is localized on the 141 dimensional domain wall and corresponds to a massless Weyl
fermion that travels at the speed of light in the —z direction. However, since et Jo' dsm(s)
is not normalizable, the 1 _ solution does not correspond to a state in the Hilbert space.
Therefore the spectrum on the domain wall is chiral, and if fermion number is gauged,
this 1 4+ 1 dimensional theory on the domain wall is anomalous.

We must next determine how to localize the massless edge state with diagnostic
fields and produce a nonzero index. This is readily accomplished with help from the
Atiyah-Singer index theorem, which states that in d = 2 that the index of the massless
Dirac operator in the presence of gauge fields is given by % [ dPxeiFi; = % $ A- dZ,
where the loop integral is computed at infinity. Therefore we can add a 3d gauge field
and be assured that for some background field configurations a nonzero index will result
whenever a gapless edge state existed in the absence of those gauge fields.

All other eigenstates of the Dirac operator are gapped and are not localized. One
might therefore expect that these heavy states could be integrated out, leaving an
effective 1 4+ 1 dimensional theory of a Weyl fermion at y = 0, along with irrelevant
operators. However, when fermion number symmetry is gauged the heavy fermions
do not decouple entirely, giving rise to a marginal Chern-Simons operator after being
integrated out of the theory, as pointed out by a number of authors |6, 18, 19]. For a
constant mass m, this contribution is *

m

1
Log = ——€"PA,0,A, 4.3
s = e (4.3

The coefficient of this operator depends on the sign of m but not its magnitude; the de-
pendence on the sign is required because m changes sign under 1" or P transformations
(time reversal and space reflection), as does the Chern-Simons operator. Variation of
Lcs with respect to the gauge field gives rise to a current

1 m

Jhy = — P, A, (4.4)

21 [ml

4Our notation is that the covariant derivative is D, = (8, — iA,), where A4, has mass dimension
1, setting the electric charge to e = 1.
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Callan and Harvey [6] discussed the effects of this operator in the presence of a
domain wall profile, substituting the step function €(y) for m/|m/| in the above expres-
sion, so that J{g corresponds to a current flowing on or off of the domain wall from
both sides, with a divergence proportional to d(y) that exactly cancels the anomalous
divergence of the chiral current on the domain wall. There are a few problems with
their analysis. For one, the substitution of spatially varying mass for a constant mass
in the coefficient of the Chern Simons term is not correct where the fermion mass is
varying appreciably, i.e. near the domain wall; however to demonstrate overall charge
conservation, one need only look at the spatial integral of the divergence of the cur-
rent, which involves the Chern Simons coefficient at infinity, where the substitution is
valid if the mass is not rapidly changing there. A second problem is that while the
1-loop integral for deriving Log is finite, the full theory requires a regulator which
contributes to the Chern-Simons operator as well. For example, with a Pauli-Villars
regulator of mass A, the coefficient in eq. (4.3) and eq. (4.4) becomes proportional to
(m/|m|—A/|A]). With the Pauli-Villars mass A being independent of y, the effect is to
double the inflowing current on one side of the domain wall, and cancel it on the other.
This has no effect on the divergence of the current, but corrects the coefficient of the
Chern-Simons term and makes a topological interpretation possible by compactifying
momentum space. Other regularization schemes, such as the lattice, can have richer
topological phase structure.

Even with the correct expression for the current, the connection with the Integer
Quantum Hall Effect is obscure, beyond the fact that an electric field in the x direction
gives rise to a current in the y direction; missing is an analog of the famous plot
of the resistivity p,, versus magnetic field in the condensed matter system, with its
characteristic steps. In the Dirac fermion case, the domain wall plays the role of one
of the boundaries of the Quantum Hall system, and the Dirac mass — which is time
reversal violating in 2 + 1 dimensions — plays the role of the magnetic field, while
the resistivity is the ratio of the applied electric field to the Chern Simons current.
However, one does not see a stepwise increase in the current as a function of the Dirac
mass. Once again, that is a result of how the short-distance physics of the theory is
being regulated. For example, when one uses a lattice and Wilson terms to regulate
the UV, one does see quantized jumps in the Chern-Simons current as a function of
the fermion mass [20-22].

The Euclidean fermion operator for this fermion is

D:[w—km(y)}, Yo=02, Y1 =—01, 72=03, (4.5)
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Figure 2. Loop diagram for computing the generalized Hall current for the 2 + 1-dimension
Dirac fermion. The black dot is an insertion of the chiral current I',I'y with incoming mo-
mentum p, and the propagators are given by K.

with D, = 0, +iA,. From eq. (2.3) we have

0 —Df .
K = (D 0 ) =D, —im(y)l's , (4.6)

where we define the matrices (satisfying the SO(5) Clifford algebra)
FM:0-1®’7M’ F3:O'2®1, FX:O'3®1 (47)

for =0, 1,2. Our task now is to compute the generalized Hall current 7, in eq. (2.7).
Since the bulk mass |m/| serves to regulate the IR divergences of the theory, we can take
the limit M — 0 in eq. (2.10) from the start. Another simplification is that since we
only need the current in-flow from infinity in the limit that the gauge field strength is
weak, we can compute J, to leading order in a 1/m expansion which is given by the
Feynman diagram in Fig. 2 expanded to first order in the incoming momentum®.
We first perform the calculation naively, without a Pauli-Villars regulator, with the
result
To—onay [ LU, r 0,k ()T 48
2= 045 [ S TR 0,Ks @) o) (4.8

where as before, the tilde indicates a Fourier transform to momentum space, and Ky =
K | A,=0- The factor of T',T'y in the trace comes from the insertion of the generalized
Hall current, while the photon vertex gives I'g; the two factors of f(o_ I are the two
fermion propagators, and the derivative d, = 0/0q, arises from expanding the graph

to first order in the external momentum p. With I', = —i0, K, we can rewrite this as
d’q T—1la 1o 19
Tolp) = 043 | 5T [FX (KO 8VK0> (KO aﬁK()) <KO aaK0>]

5The term we keep will give a finite contribution to the index, while higher order operators fall off
too fast at infinity to contribute to the integral [ 9,,.7,.

— 17 —



d3q 4m

= _Eab’vavAﬁ/ (27)3 (m? + ¢2)?
1 m

- ——— Ag .
27T|m|60t,3767 B

(4.9)

With a domain wall profile for m(y), the above expression exhibits generalized Hall
current flow converging on (or diverging from) the wall similar to the electromagnetic
current found by Callan and Harvey [6].

To better understand the topology behind the loop integral, it is convenient to
rewrite eq. (4.9) in terms of the fermion operator D, of the undoubled theory,

1 d? ~ ~ ~ ~ ~ ~
\704 = _€a,8787Aﬁ <§Eijk / #TI‘ [(DglﬁzD()) (Dglaﬂ)o) <ID01(9kD0)i|>
(4.10)
As in the example in the previous section, for constant m we can define the SU(2)
matrix
D 0 0
U(q):L?)Ecosi—i-iG-'ysinﬁ (4.11)
det Dy(q)
where 0 is a real 3-vector with § = |@| and
0 m 0 q R
CoS— = ———— , sin— = —— | 6=q. 4.12
2 /m2 + q2 2 /m2 + q2 ( )

The coordinates ; parametrize SU(2) = S? as a three-dimensional ball of radius 2,
where we can identify U = 1 and || = 0 as the “north pole” of S*, while U = —1
and |@| = 27 corresponds to the “south pole”. However, as the magnitude of the
momentum ¢ ranges from g = 0 to ¢ = 0o, we see that U(q) only visits half of S®. In
particular, for m > 0 we see that ¢ = 0 corresponds to |@| = 0, the north pole, while
q — oo corresponds to |@] = 7, the equator, so the mapping only covers the northern
hemisphere of S3. On the other hand, when m < 0 one can see that the mapping just
covers the southern hemisphere. We can rewrite our expression eq. (4.10) in terms of
the 6; variables as

R g OUN (U [, 0U
Jo = ~3camthdy / 2rp KU aqi) (U a_qj) (U %) ]

B 1 ; DU ([, OUN (. 0U
= —;Ga/gva»yAlg (m@jk /‘/I/Qd 0Tr |:<U 891) (U 8_6] U 8—6]6 (413)
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where as discussed above, the volume of integration V; /5 only covers half of the ball,
corresponding to the northern hemisphere of S® for m > 0, or the southern hemisphere
for m < 0. As such, the integral cannot be considered to be the winding number of
a map from momentum space to S3. The situation is remedied when a regulator is
included. Here we consider a Pauli-Villars regulator, which corresponds to replacing
D — Dyeg = D/Dpy = D(m)/D(A) everywhere, where in Dpy we have simply replaced
m by the Pauli-Villars mass A, which we will take to +o00 after the calculation. This has
the effect of compactifying momentum space, since lim,_,, f)reg(q) = 1, independent
of the orientation of the momentum vector q. The calculation proceeds as before, but

now the SU(2) matrix in eq. (4.11) gets replaced by

bre Qre o . gre
Ureg(a) = +(q) = cos Tg + 10, - v Sin 2g (4.14)
det Dyeg(q)
where éreg = q as before, and
coS Ores = Am + ¢ sin erﬁ = a(A —m) :
2 V@) (N4 2 V@) (A +¢?)

(4.15)

We note that at ¢ — oo we have U,eg(q) — 1, corresponding to compactifying mo-
mentum space to S® and mapping the point at ¢ = oo to the north pole of the S3
parametrized by €. (This is in contrast to U in eq. (4.11) which maps the 2-sphere at
q — oo onto the equator of S?). At ¢ = 0, however, we find that U,e,(0) = 1 depend-
ing on the relative sign of m and A. When A and m have the same sign, cos %= > 0 for

2
all values of ¢, with 0, = 0 for both ¢ = 0 and ¢ = oco. In this case U,ey(q) describes

a topologically trivial map from our compact momentum space to the northern hemi-
sphere of S? (0 < 6,y < 7/2). However, when m and A have opposite signs Uyeg(q) is
a nontrivial map from momentum space to S® with winding number equal to one. It
is no surprise then that we find that for the regulated theory

1 1 3 i OUeg " OULeg i OUeg
Jo = _ﬂ_eaﬁfyavAﬂ (p) (247_(2 €ijk /V d ereg Tr |:<Ureg 891 Ureg aej Ureg aek
- %eamaﬁA7 : (4.16)
where
A m
S R 4.1
=4 ) )

is the winding number of the map from compact momentum space to S®, where v, = 0
when A and m have the same signs, and v, = £1 when A and m have the opposite
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signs. This relation between the topology in momentum space of the fermion dispersion
relation and the quantization of the Hall current in 24-1 dimensions has been remarked
on previously in connection with the Ward-Takahashi identity in Refs. [22, 23].

We arrive at the index of D as the surface integral at infinity in Euclidian 3-space

vV

ind(D) = 1 / JadS = 22 / e Os A, dS, (4.18)
s T Js

and it remains for us to show that what is multiplying v, is an integer winding number
in coordinate space. For our diagnostic gauge field, we choose Ay ; to be independent
of y, while Ay = 0, and for our integration region we take the volume to be a cylinder
with its axis perpendicular to the domain wall, which we then take to infinite size in
every direction. The surface integral only gets contributions from the end caps of the
cylinder, v, being different at the two ends when we assume that A (with A > 0) and
m have the same sign for y > 0 and the opposite signs for y < 0. The expression for
the index then becomes

ind(D) = — (fff dF) ve(y)

where v, is the winding number of our Abelian gauge field integrated over the circle at

Yy=0oo

= —vavy(y)

y=—00

=V4a,

= m el

Yy=—00 Yy=—00

(4.19)

infinity in the 7—x plane (where 7 = x¢ and = 1), evaluated at y = xo = +00. We see
that a diagnostic gauge field with winding number v4 = 1 yields ind(D) = 1, revealing
the existence of the gapless edge state in the corresponding Minkowski spacetime theory
through a combined topological configuration in both coordinate and momentum space.
Again, with more flavors we could get any integer value for the index, consistent with
the fact that this model is in the D class (antisymmetric C' and broken T' symmetry)
for which the topological invariant is known to be Z in two spatial dimensions.

4.2 A d=2+1 Majorana fermion with only 7Z, fermion number symmetry

The model becomes more interesting when we explicitly break fermion number sym-
metry down to Zs by adding a Majorana mass (with the domain wall profile still in
the Dirac mass). This system is analogous to a topological superconductor with the
Majorana mass playing the role of the condensation of Cooper pairs. As it has no con-
serve fermion number, there is no conventional Hall current in this model, even though,
as we shall see, for some parameters there exist gapless edge states. The Minkowski
theory is

L= (i - m)y + LyTey + Liogt, (1.20)
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where m is real, we can take u to be real and positive, and C' is the charge conjugation
matrix satisfying

ct=ct=c, cCcyCc*t=—-(T". (4.21)

Once again we will assume a domain wall profile m(y), while keeping the Majorana
mass p constant. Because of the lack of continuous symmetry in this model, there
are no conserved currents and hence no anomaly current in-flow picture at nonzero pu.
Nevertheless, we will show that one can still detect massless edge states in this model
by computing the generalized Hall current, which does have in-flow onto the defect
when massless edge states exist, and we show that we can use this inflow to count such
states.

Since Dirac notation is cumbersome when fermion number is violated, our first step
is to rewrite Ly in terms of two real spinor fields x; o, where ¥ = (y; +ix2)/v/2. The
Lagrangian can then be expressed in terms of a 4-component spinor

Y = <§;) (4.22)

ot (1 ortam () o]

as

(4.23)

where the subscript “.A” means “antisymmetric part”, derivatives being antisymmetric.
We can now Wick rotate to Euclidean space and write the Euclidean Lagrangian as

e[ onemen(i)oc]
(4.24)

In the particular y-matrix basis of eq. (4.5)

Yo = C =02, Y1 = —01, Y2 = 03 , (425)

we can write Lg in terms of the fermion fields
I [x1+x2 Cr
C(=—F%x ( ) = ( 4.26
V2 \ X1 — x2 - ( )

Lp=1[CD¢+CD¢] ., Di=d+mEp). (4.27)

as
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As in the 1 + 1 dimensional case we can drop the C' matrix and use [ind(D,) +
ind(D_)] to detect edge states in this case, with m(y) having a domain wall form and p
being constant. We can immediately adapt the result eq. (4.19) in the previous section
and to evaluate this index as

y=00
ind(D) = [ind(D4) +ind(D-)] = — (?{A : dﬁ) (v () + vy ()
y=—00
y=00
= —va (g (y) + v, () :
y=—00
(4.28)
where
A m=Ep
() L[ = _ . 4.29
=4 () 429
Assuming positive A, we have
2 m<—ul,
WP+ =1 —|ul <m < |y, (4.30)
0 |ul<m.
The analog of eq. (4.19) then follows for the index in this theory,
ind(D) = —va [10 () + 1 w)] 172 (431)

where v4 is the winding number in the diagnostic gauge field. For v, = 1 it follows
that the index takes on one of the values 0, +1,£2 depending on which the cases in
eq. (4.30) pertains for the asymptotic values of m at the two sides of the domain wall.
If we denote the asymptotic values m(£o0) = m, then our result for the index for
various cases is given in Table 1.

We now show that the above results agree with what one finds when constructing
explicit domain wall solutions for this model. We return the Minkowski Lagrangian

Ly =1 (za — m) P+ ig@/}TC'zb + ig@/;C’@/;T ,sign of u (4.32)
and consider the equation of motion in our basis
V=05, V' =—io,, Y =io3, C=o0,. (4.33)

To obtain the solutions to the equations of motion we redefine the fermion field ¢ = €' ¢
in which case we can write the solutions as
arel"mTIY B elmmERY

QD(:E) o ( a26(m+u)y+i62e(m—u)y ) (434)
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my < —lp| | —lpl <my <|p| | |p] <my
m_ < —|pl 0 1 2
—|pl <m- <yl —1 0 1
| < m- -2 -1 0

Table 1. The index ind(D) for spatial topology v4 = 1 as a function of m, the asymptotic
values of the fermion mass on the two sides of the domain wall, relative to the constant
Majorana mass .

We take p to be spatially constant, and without a loss of generality we assume p > 0,
while the mass m depends on the coordinate y and takes the asymptotic values m — m4.
as y — doo. For y > 0, a localized solution requires that the coefficient of y in
the exponent in eq. (4.34) be negative when m is replaced by m . Out of the four
exponentials in eq. (41.34), there are always two that meet this criterion. Labeling them
by their coefficients, they are

my > |pl a, B,
—lul <my <|pl: o, P2, (4.35)
m+ < _|[1/| . Ao, 52 .

We can do the same thing for solutions at y < 0 and m — m_; in this case the
coefficient of y must be positive, and again there are always two solutions, the same as
the above but with subscripts 1, 2 reversed:

m_ > ’/’l’| : Qo, ﬂQ )
Sl <mo <l an By, (136)
m_ < —|pl : ag, By .

When we match solutions at y = 0 there must localized solutions of the same
chirality on both sides, and they must be both real or both imaginary. That means
that the must be the same «; or ; solution for positive and negative y. It is evident then
that depending on the two values m4 relative to || there can be 2, 1, or 0 solutions.
For example, if m, > || while —|u| < m_ < |u|, then there is one localized positive
chirality f; solution that can be matched across y = 0. The number and chirality of
edge state solutions are given in Table 2, where the R, L entry tells us whether we have
upper or lower component solutions respectively.

Note that the index in Table 1 is giving us the number of positive chirality massless
edge states minus the number of negative chirality ones. The reason for that is that

— 923 —



my < —lp| | —lpl <my <|p| | |p] <my
m_ < —|pl 0 R 2R
—|pl <m- <yl L 0 R
| < m- 2L L 0

Table 2. The number and chirality of edge state solutions to Dy = 0 before introducing a
gauge field, where the R,L indicates chirality. The table for solutions to Dy = 0 would be
the same with substitution L < R.

the equation D'y = 0 has the same solutions as D) = 0 except for a parity flip,
exchanging R <> L. When the gauge field is turned on with v4 = 1, then it localizes
the R solutions of D while delocalizing the L solutions. Therefore what the index is
counting is the number of R solutions for D) = 0, minus the number of R solutions for
D) = 0, which is equivalent to the number of positive chirality massless edge states
minus the number of negative chirality ones for the operator D.

The index we computed still takes values in Z, which is appropriate since the Ma-
jorana mass i does not break 7' symmetry and the system remains in the D topological
class.

5 Dirac fermion in 3 + 1 dimensions

Our last example of a Dirac fermion 341 dimensions shares many features with the 141
dimension example. When the mass m has a domain wall profile, the Dirac equation in
Minkowski spacetime has exact solutions corresponding to 2-component massless edge
states localized on the 241 dimensional wall. Such a domain wall describes the physics
of a topological insulator, where the region with m < 0 is considered the interior of the
topological insulator and the region with m > 0 is considered to be the exterior. There
is no analog of chirality in 2+ 1 dimensions, and hence no charge violation on the wall
in the presence of background gauge fields and no inflowing current from the bulk to
the wall maintaining current conservation. This makes the theory of three dimensional
topological insulator another interesting example to which one could imagine applying
our construction for which to compute the generalized Hall current and index.

The Euclidean Dirac operator is simply @ + m(z3) which has a static and unnor-
malizable solution localized at x5 = 0 and constant in all the other coordinates. The
edge state has two nonzero spinor components and is an eigenstate of v3. To fully
localize this state we add as diagnostic fields a four dimensional gauge field and a pseu-
doscalar, and again we consider the mass to be an arbitrary scalar field for now. Thus
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the operator we consider is

D = D,uf)/u + ¢1 + Z'(Z)Q"}/X s (51)

where D, = (0, +iA,) is the d = 4 gauge covariant derivative and v, v, are our 4d
Dirac matrices.
To compute the index of D we once again construct the K operator,

0 —Df . _
K = Do )" DU, +igaly +ipiTs (5.2)

where 1 = 0,...3 and the I';, are the 8-dimensional matrices

I'y=01®v% , w=0,...,3,

['y=01®7,

['5=—-0o®1,

I'y = o3 ®1 . index starts at 0 (5.3)

Our task is to compute the part of the chiral current J, = \TJFQFX\I/ that contributes
to the index, where U is a fermion with action S = WK W. As in the 1+ 1 dimensional
example in eq. (3.10), we first write the scalars as

¢ = ¢1 +ids = (v+ p(x))e”™ (5.4)

assuming constant v and slowly varying p and € where p = 6 = 0. We compute the
leading contribution to the chiral current in a 1/v expansion, since higher order terms
will drop off too fast at infinity to contribute to the integral [9,7,. To this end we
write

K = Ko+ 0K | (5.5)
with
K() = 8MFM —I— ’i’UP5 s 5K = iAMFM + inF4 —|— Zp(ZL‘)F5 . (56)

Then K, ' will be the free fermion propagator, while we perturb in § K. To compute
the part of the current that contributes to the index we need the leading term in a 1/v
expansion, since higher order terms will drop off too fast at infinity to contribute to
the integral fauju'

When expanding J,, in 0K, the I insertion in the fermion loop requires that the
rest of the graph supplies one each of the other six I', matrices in order to get a nonzero
contribution from the trace. First consider the source of I'y 5 in the graph. We see the

— 925 —



Figure 3. Loop diagrams for computing the generalized Hall current for the 3 + 1-dimension
Dirac fermion. The black dot is an insertion of the chiral current I',I'y with incoming mo-
mentum p + k. The outgoing fields are the gauge field and the phase 0 of the complex field
@1 + ipa, and the fermion propagator is given by Ko_l.
I's can come from one of the fermion propagators K, ', but to obtain I'y we require
an insertion of 6 in the graph, while to lowest order the p contribution will vanish.
To obtain the other four I', we note that the result for 7, will be proportional to an
epsilon tensor €,,3, and that we can only contract the o, 3, indices with a gauge field
and two derivatives — one acting on the gauge field, the other on #. Thus we must
expand the graphs in Fig. 3 to linear order in the momenta carried by the gauge field
and by 6.
It is straightforward to evaluate this loop integral, with the result
4
T, = 00,00, A4 / (%4
+ (0, Ky Ty Ky ' Ty (aaf(o—lﬂ )
d* 1602
= €0y 0500a A / (Qﬂqy; T

1
= €papyOy00aAg (5.7)

g2

Tr (Furx [(Oa o TsKg T (67K51>

where the derivatives inside the integral are with respect to g. The prefactor in the first
line includes a (—1) for the fermion loop, (—1) from the Fourier transform p* — —92,
(—1) from the two derivatives with respect to momentum with opposite signs due to
momentum flow, and factors (—iv) and —il's for § and Az vertices respectively.

To highlight the momentum space topology underlying the above calculation, we
follow similar steps as in the 1 + 1 dimensional example of § 3 to rewrite the result as
the analog of eq. (3.19)

1
T = EeuaﬁwaveaaAﬂ
4
XepgTw/(;iTq)A‘me [(€70,€) (€705€) (£10:€) (€0.€) + (€0,€7) (€05€T) (£0:€7) (£0ET)]
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where

Do _ v L G (5.9)

C (detDo)i @+ 02 P+ 0P

Making use of the currents A, and V), defined as

1
A=5(E0-08) . V=3 (0 +eaE) (5.10)

the integrand in eq. (5.8) can be related to the volume form derived for four spacetime

D.
dimensions in eq. (A.11) using the relation that one can derive

g [(5*@5) (£10,€) (€10,) (£10.6) + (€0,€T) (€0,€T) (€0:€T) (€0.67)]

= oo |~ ez ArArAr A +a< AAV)]. (5.11)

On taking the trace of the above equation multiplied by ~,, the first term on the right
is recognized from eq. (A.11) as the volume measure for S*, while the second term is
the divergence of a current which is well defined without singularities on S*, and hence
integrates to zero. Therefore the generalized Hall current in eq. (5.8) can be written
as

v,
T = _2_7;_125#045787980#4[? ) (5.12)

where v, is the element of m4(S%):

1
Vg = ~Tom 2eabed/d4qTrfyXAaAbACAd =1. (5.13)
The index is given by
ind(D) = —3 /d4x8 T, = 12 /Euaﬂva 00, Az dS, (5.14)

To evaluate the spatial integral we first must choose a topologically nontrivial set of
diagnostic fields to localize the solutions to Dy = 0. That can be done by making
use of the BPS monopole field configuration discussed in Ref. [24] which considers a
massless Dirac fermion in three Fuclidean dimensions interacting with a scalar field
and a gauge field,

g 1 g(1+cosb)
g A A= _JLTCT) 1
27 (& 2r> ’ Anrsing ¥ (5.15)
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and discuss how when the couplings obey the minimal Dirac quantization relation,
eg = 2w, the d = 3 conjugate Dirac operator Dg has a zeromode proportional to
exp(—ar) while D3 has none. This configuration can be lifted into our four-dimensional
Euclidean theory by taking A to be the first three components of our four-component
gauge field, independent of the fourth coordinate, while

gry

¢ = m(:v4) + Z(I)(X) s A4 =0 R Fij = Eijk4m s (516)

where for notational convenience we have relabeled our coordinates so that the domain
wall mass is a function of x4 and coordinates on the mass defect are labeled by x; 2 3.
Since we have set the electric charge e = 1 in our covariant derivative, we take g = 27 for
the magnetic charge. With these background fields we then expect that the existence of
a massless edge state in the original d = 3 + 1 Minkowski theory implies one zeromode
for DT only if @ > 0 and no zeromode for D, so that ind(D) = —0(a).

This is indeed what we find. Plugging in these fields into eq. (5.12), we get the
generalized Hall current

g £, (2ar — 1)9542) g m(zs)
P 2w (2ar — 12+ 4r2m(xs)? T 70 20202 ((2ar — 1)2 + 4r2m(ws)?)
(5.17)

for : = 0,1,2. We then compute the integral of its divergence,

R z3=L3 L3 L
/d%@ujuz lim / d’r Jy +/ dxg/dQR2R~J
L3,R—>OO —L3

r4=—1L3
Specializing to the mass profile m(+o0) = +my, and using the expression for current

(5.18)

given in eq. (5.17) we find

) La 9. P 2tan~! (@)
lim dm/dQRr-Jz—“,
L3,R4)OO —Ly4 i
R w3=L3 2tan~! &
lim d*r Js =14+ —" (5.19)
L3,R—)OO pae—L i
3 3
Summing these two terms gives us
/ d*z 9,7, = 20(a) (5.20)
and yields the anticipated result for the index,
ind(D) = 1 / '3 9,7, = —8(a) . (5.21)
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So we see again that with diagnostic fields to localize massless edge states, the index
of the Euclidean fermion operator counts these edge states and is quantized because
of both the spacetime topology of the background fields, and the momentum space
topology of the fermion dispersion relation. As in the d = 1 + 1 case and unlike the
d = 2+ 1 example, we find that the d = 3 + 1 result is not affected by regulator fields,
which decouple.

This model is in the DIII class, symmetric under both C' and T with both C" and
T matrices antisymmetric [5]. The topological invariant in this case for three spatial
dimensions is Z, consistent with what we would find if we generalized this theory to
more flavors without any flavor symmetry.

6 Interactions

Our interest in understanding edge states via the index of the Euclidean fermion oper-
ator led us to computing the incoming flux at infinity of the generalized Hall current.
This has all been for free fermions, but interacting systems are more interesting [25—
28, 28-33], and we know that interactions can change the topological classification [13].
The ramifications go beyond condensed matter systems and have been applied to lat-
tice models for chiral gauge theories, where vector-like fermions appear as chiral edge
states until interactions are turned on, gapping some of them and leaving behind a
chiral representation [34-37]. For an analogous discussion in continuum chiral gauge
theories, see [38, 39]. Clearly the index of the free fermion operator cannot capture
this physics. The generalized Hall current, on the other hand, is well-defined even in
the presence of interactions, and so it is reasonable to ask whether its divergence still
tells us about massless edge states in an interacting theory. In this section we speculate
that that is plausible, in the context of the same 1 4 1 model described in Ref. [13].

First we examine more closely how the calculations for free fermions were done.
Our method followed the work of Callan and Harvey [6], which in turn used the methods
developed by Goldstone and Wilczek [40]. We computed the generalized Hall current
in a derivative expansion, integrating out the fermions in a background field. In the
d = 141 example, this background field was a complex scalar field, and we obtained a
contribution to the current proportional to 9,0 = i¢* 9, ¢/|¢|*. Recall that the index
was defined in eq. (2.10) as the integral of the divergence of the generalized Hall current
in the limit that the doubled fermion’s mass M tended to zero. As seen in eq. (2.1),
the mass M was introduced as an infrared cutoff, and in the Ward-Takahashi identity
for the current in eq. (2.8),

MITX =2MIT, W — A, (6.1)
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where A = 0. The nonzero divergence indicating the existence of the massless edge
state comes from the 2M \T/FX\IJ term on the right hand side, in the limit that M — 0,
where M serves as an IR regulator. In our calculation, the inverse dependence on |¢|?
is the sign of an infrared divergence regulated by (¢) — it was because the background
field served as an IR regulator that we could set the parameter M in eq. (2.10) to
zero before computing the Feynman diagrams. We replaced M by a spatially varying
¢ field as the IR regulator so that a nonzero index of the fermion operator D would
indicate there was a massless edge state when ¢ was removed. The calculation was
performed as if the fermions were fully gapped by ¢. This is clearly false, since we
were studying systems with an exact zeromode. The current we computed cannot be
valid in the region where the zeromode wave function is appreciable since the fermion
is not gapped there and the derivative expansion in the background field breaks down.
However, since the index is proportional to f 0uJ,, it only depends on the current
asymptotically far away from the localized zeromode, For that reason we were able to
treat the fermion as gapped, and justify the derivative expansion. This is the same
justification as for the Callan-Harvey calculation [6].

We will argue that in theories where interactions fully gap the fermions, this spa-
tially constant gap will serve as the dominant infrared regulator in calculating the
generalized Hall current, and since it cannot localize the fermions, it will lead to a van-
ishing divergence of the current. We envision a mechanism similar to what we saw in
§ 3 where we discussed the example of 2N flavors of free, d = 1+ 1 Majorana fermions
in the presence of time reversal violation. There we found that if we explicitly broke
time reversal invariance via a spatially constant iu)” Cv,1 term, the index vanished.
The reason was that in this case, as we removed the diagnostic field ¢o(x) — 0, the
spatial topology experienced by the fermion abruptly became trivial at the point where
1 dominated over ¢y as the infrared regulator. The question then is whether the same
phenomenon can occur when interactions gap the fermions as we remove the diagnostic
fields. This seems plausible, making the procedure described here for detecting mass-
less edge states relevant when interactions are introduced, even though the original
motivation of looking at zeromodes of the free fermion operator is no longer applicable.
To understand this better, we look at the model of Ref. [13] in greater detail.

Consider 2N copies of the 1 + 1 dimension Majorana fermion model discussed in
§ 3. As shown in eq. (3.6) the Minkowski domain wall solutions in the free theory with
a step function mass take the form

sl =nem (1) (62)

— 30 —



and when quantized, the hermitian 7); operators obey the Clifford algebra
From these we can construct the ladder operators

@a:%, égzw, a=1,...N, (6.4)

which obey the usual fermion anticommutation relations
{¢e,en} ={cl, &} =0, {0, &} =0m . (6.5)

The 2V-fold degenerate edge states can then be constructed by acting with ¢! operators
on a state |0), which is defined to be the state annihilated by all of the ¢, operators.

Since the 7); operators obey a Clifford algebra, they define an s0(2N) Lie algebra,
under which the degenerate ground states transform as the 2V dimensional reducible
spinor representation. When considering interactions between the edge states, it is
convenient to represent the 7; operators as 2" x 2% hermitian Dirac gamma matrices
which act on these states. Interactions between these states can then be represented
as a matrix consisting of sums of totally antisymmetrized products of even numbers of
gamma matrices, which we will call Hjy.

One constraint we will impose on the interactions is that they preserve time reversal
symmetry, since the gapless edge states in the free theory owe their existence to that
symmetry in the first place, as discussed in § 3.2. The action of time reversal on the bulk
states is 1 — 019 which takes 7; — —7);. This sign is not interesting since we will only
be considering products of an even number of the 7); operators; however, in order for
an interaction represented an antisymmetrized product of 2k antisymmetrized gamma
matrices to be hermitian it must be proportional to ¥, which means that operators
with odd k flip sign under the antiunitary time reversal transformation. So we restrict
the interaction to operators involving products of multiples of four fermion fields.

One of the results of Ref. [13] is that this time reversal invariant Hj,, can gap all of
the edge states in this model if and only if the number of flavors is a multiple of eight.
Completely gapping the edge states means that there is a unique, nondegenerate ground
state — so to prove this result we need to show that a sum of totally antisymmetrized
products of 4k SO(2N) gamma matrices can only have a unique lowest eigenvalue when
2N =0 mod 8. This is easy to show and the argument is given in Appendix B.

Consider the case with eight flavors of fermions and consider the interaction defined
in eq. (B.10) and eq. (B.11). On the domain wall,

Hint = w (61626364 + h.c + 1) (66)
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which for w > 0 has the unique groundstate |Q) = (]0000) — [1111))/+/2 with energy
E = 0, fourteen degenerate states with £ = w, and an isolated state with energy
E = 2w. In the effective Euclidean 0 4+ 1 dimension theory one can compute the
1-particle propagator and find

<Q|77i6_ﬁi"tT7’]j|Q> = e_‘”éij . (67)

How do these interaction affect the actual calculation of the divergence of the gen-
eralized Hall current in the doubled Euclidean version of the 1+ 1 dimension Minkowski
theory? We do not have a quantitative answer but believe that the gapping of the sin-
gle particle propagator in the fully interacting theory will render the generalized Hall
current divergenceless®.

In the 1+ 1 dimension bulk theory we expect the interactions act like the 't Hooft
operator induced by instantons in Ref. [45], saturating the zeromodes and serving as
topologically trivial infrared cutoff. In the absence of interactions and diagnostic fields,
the fermion propagator we use to compute the generalized Hall current in the Ny = 8
model defined as

/ H§:1 dW; e W (y1) W (ys)
f Hf:l dW; e~ 7

is divergent since the denominator vanishes due to the integration over zeromodes of

S = / d2IDV | (6.8)

D which do not appear in the action.
Suppose we now add a fully gapping interaction, such as the one given in eq. (B.11),

Lint = w [(% +it5)" Coyy (W2 + WG)} [(% +ir) " Cyy (Vs + Ws)] +h.c.. (6.9)

The natural extension to add in the doubled Euclidian theory is then
‘Cint = w [(\Ijl + Z\I/g,) Fg (\112 + Z\IJG)] |:<\I’3 + Z@7> Fg (\114 + ’Llpg)} + h.c. s (610)

where I's = 0y X 7, is the doubled version of 7, given in eq. (3.9). When this term is
added to the action in eq. (6.8) the fermion propagator is no longer IR divergent since
the zeromodes of D now appear in the action. As a result, one should still find a well
defined index as the diagnostic fields are removed — but as the infrared cutoff arising
from the interaction presumably has trivial spatial topology, we expect a topological
phase transition to a trivial phase with vanishing divergence for the generalized Hall
current, similar to that seen in § 3.2. It would be interesting to develop a quantitative
method to perform the calculation in the presence of interactions, but is beyond the
scope of this paper.

6For work on the Greens function for theories with gapped edge states, see Refs. [41-44].
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7 Discussion

We have shown that the presence of the massless edge states in topological matter
manifests itself by the inflow of a current — which we call a generalized Hall current
— in a related system in Euclidian spacetime. The divergence of this current indicates
the existence of massless edge states just as the Hall current inflow does for the Integer
Quantum Hall Effect. But this current appears in all topological classes in Minkowski
spacetime, including those that do not have conserved currents because of a lack of
continuous symmetries (such as a topological superconductor), or whose edges do not
suffer from chiral anomalies because they lack chiral symmetry (such as topological
insulators in 1+ 1 and 3 4+ 1 dimensions). In this sense one arrives at a unified picture
for disparate manifestations of topological matter.

Furthermore, while the original motivation was to study the index of the free
Euclidean Dirac operator, the generalized Hall currents can be computed for interacting
systems as well, and we gave qualitative arguments for why we expect the utility of
such currents to persist. Whether this idea can be put on a firmer foundation is an
open question. It is an attractive proposition to able to compute analytically how
interactions affect topological properties in different systems in various dimensions. If
a general theory for gapping massless chiral edge states in 3 + 1 dimensions can be
derived, that might shed light on what restrictions there are on the matter content of
chiral gauge theories regulated on a lattice; this is of obvious interest given that the
Standard Model is a chiral gauge theory.
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A Topology in momentum space for Dirac operators

We have seen repeatedly in this paper that the Feynman diagram for the generalized
Hall current can be expressed as a trace involving a unitary matrix & and its derivatives,
contracted with an epsilon tensor, where £ is the unitarized Euclidiean fermion operator
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in d+1 dimensions, ¢ = D/(det D)2™" where d+1 = 2k for even dimensions and d = 2k
for odd dimensions. £ in general takes the form

E=alp)+ibp),  alp)®+bu(p)bu(p) =1. (A1)

For an ordinary Dirac fermion, we have

m Dy
a—\/m, bu—\/m. (A.2)
We see that the d + 2-component unit vector {a,b,} represents a map from (d + 1)-
dimensional momentum space to the sphere S%!'. Note, however, that ¢ maps all of
momentum space onto half of the sphere; as p — oo. At p = 0 we have £ = 1, while
for infinite momentum, § — ip,y, which can be thought of the equator of the sphere,
where the poles are represented by the matrices £1. A map onto all of S9*! is described
by U = £2, where for infinite momentum, U — —1. Evidently the topology for a Dirac
fermion in (d+ 1)-dimensional momentum space is described by the O(d+ 1) nonlinear
sigma model in (d + 1) dimensions.
A convenient way to describe this nonlinear sigma model is as an SO(d+2)/SO(d+
1) sigma model, which is what we do here. By computing /g, where g, is the metric
of the sigma model and g is its determinant, we can simply express the volume form in

terms of the matrix £, in a form easy to relate to the Feynman diagram calculations.
We define

) 0 ~
£ = Pum/t — cosz —i—z’isinz , ;
U =¢%=¢m/?2 = COS§ +i$sin§ ,
7
Aa = 5 (fTaaf - €6a€T) = Aau/yu . (A?))

For even d + 1, it is easy to show that U parametrizes an SO(d + 2)/SO(d + 1) sigma
model. We can write U as

U=e%uaz  p=1,...,d+1, (A.4)
where
i .
O =7 n) = Ve = e (A.5)

since 0, 4,5 = 7,,/2. In this form we see that U(z) would describe the Goldstone bosons
of the spontaneous symmetry breaking pattern SO(d +2) — SO(d + 1), where the o,
generate SO(d + 2), and the subset o}, ;. , are the “broken generators” which are not
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also generators of the SO(d + 1) subalgebra. A similar construction can be made for
odd d + 1.
The metric for this sigma model is given by

G < T 8NUT8,,U x Tr A A, = Ay AugTr 475 o (AAT)W , (A.6)
where the proportionalities are all constant. Thus we have
Vg=NdetA. (A.7)
With the convention for both SO(2k) and SO(2k + 1)

Tr [72/€+17M1 .- "yuzk] - (2i)k€u1...u2k ) (A8)

we can rewrite this as

A= e e TN
With the normalization condition
/dd+10 V=1 (A.10)
we have
d+1=2: = — ey Tepdid; = ——eTe [y, (U)(UTO,0)

47
1 (sinf/2
~ 8 0 ’

1 1

1 (sing/2\”
4q? 0 ’

1
d +1=4: \/§ = 16 2€ijgTI' ’)/514 A AkAg

3 sinf/2\°
1672 0 ’

GngmTI' A A AkAgA

167

1
~gegaCik T [vs(:U)(UT0,U) (UT0,U) (UT0,U)

d+1=5: g = 153

480 S . [(UTa U U, U) (U0, U ) (U 0,U) (U18,,U)

(A.11)
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The integral in eq. (A.10) has an interpretation other than as the normalized
volume integral: with the definitions in eq. (A.1) and eq. (A.3) it is the winding
number of a map U(p) from momentum space to SO(d + 2)/SO(d + 1) = S¥*1. Since
U(p) — —1 as |p| — oo in any direction, momentum space is effectively compactified
to S and so the winding number is an element of the homotopy group ,(S™) with
n=d+ 1.

B Gapping the Majorana edge states with interactions in 1+ 1

dimensions

Here we give a simple argument for a result of [13], that one can fully gap the edge
states in the 1+ 1 dimensional Majorana model when the number of flavors is 2N = 0
mod 8, and not for other numbers of flavors. For a pedagogical review, see [46].

We have seen in § 6 that for 2N flavors, the most general time reversal invari-
ant interactions can be written as sums of totally antisymmetrized products of 4k
SO(2N) gamma matrices acting on the 2¥-dimensional Hilbert space of degenerate
ground states. Call this interaction matrix H;,, and consider the effect on Hj, of two
special matrices: yon11, which anti-commutes with all the other gamma matrices, and
C which has the following properties’:

C=Ct=c",
-~ —T" IN =8k 42,8k +6
CrC =4 ,
—l—’yg 2N = 8k,8k + 4 .
o +(§ ON = 8k, 8k + 6
—~C 2N =8k+2,8k+4.
- [+ N = 4k,
C’}/QN_HC = T2N+1 . (Bl)
—Y2N+1 2N = 4k +2.
"Note that the conventional definition of the charge conjugation matrix C' satisfies Cy,C = ,,),Z“

whereas C' defined here satisfies that equation for SO(4k + 2) but é’yué' =+, for SO(4k); both C
and C to conjugate the generators, o, — fafl,, and the alternating sign better serves our purpose

here. For SO(4k) the conventional C is given by multiplying C by the chiral matrix y4541.
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An explicit representation of C' can be easily found using the following recursive defi-
nition for the gamma matrices of SO(2N). For SO(2) we take the Pauli matrices as
our gamma matrices:

50@2): AP =0, i=1,...3, (B.2)

and then for SO(2N) for N > 2 we take

(2N) (2N-2)

'7/1. :0-1®le 5 7,:1,,2]\]_1,
WSVN) =03®1,
Vv =03® 1. (B.3)

In this basis the matrix C is found to be a direct product of matrices alternating
between o9 and o3:

5(2):02, 5(4):03@)02, CY =0y Q@03® 0y, 6(8)203@)‘72@‘73@02 ,(B.4)

and so on. It can be easily verified in this basis that C possesses the properties in eq.
(B.1).

Now it is easy to prove that the eigenvalues of Hj, have to be at least doubly
degenerate for all SO(2N) groups except 2N = 8k, where k is an integer. Hjy, consists
of sums of products of 4k y-matrices totally antisymmetrized in their indices, with real
coefficients, it follows that

Hiy = HiTnt ) [HintﬁzNH] =0, 6Hint5 = Hﬂt . (B-5)

Since [Hing, von+1] = 0 we can simultaneously diagonalize Hi,, and 7on.; with
eigenvectors 1, , where

Hintwn,a = )\ndjn,a s '72N+1¢n,0 = U@Z)n,a > )‘n eR y 0= +1. (B6)

Now consider their action on the vector x, , = 6’@0;‘;0:

HintXn,O' = 6(5Hinté)w;;,g = éHTtw;; = éH;tw; = Anéw;‘; = )\an,o' 5 (B7)

1n
and

Crans1¥p = +0Xna 2N =4k

(B.8)
—Cyani1¥y s = —0Xno 2N =4k +2.

YaN+1Xn,o = 5(572N+15)¢;,a = {
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Thus x, . is an eigenstate of H;, with eigenvalue \,, and now we would like to know
if it is proportional to 1, ,, in which case we have learned nothing, or orthogonal to
Yo, in Which case we have shown that the eigenvalue A is at least doubly degenerate.

First of all, we see that while yon11Uns = 0¥, We have Yon11Xno = —0Xno fOr
2N = 4K + 2 = 8k + 2, 8k + 6, proving that v, , and x,, are indeed orthogonal in
these cases and the spectrum is doubly degenerate. We can also directly compute their
inner product and find

ij,own,a = ’Z;o'éqﬂn,a' (BQ)

which equals zero whenever C is antisymmetric, which occurs for 2N = 8k + 2, 8k + 4
— and so the spectrum is doubly degenerate in these cases also.

Putting the two results together we see double degeneracy for 2N = 8k + 2, 8k +
4, 8k + 6, leaving only 2N = 8k as a possible candidate for H;,; to have unique eigen-
values.

Now we can ask: for SO(8k) do we need to go beyond the v* terms in Hiy in
order to gap all of the edge states? For this we will just count parameters. Hi, is 2%
dimensional, so we should be able to obtain 2% different eigenvalues if we have at least
2NV parameters in Hi,. (This is overkill, since we only need the lowest eigenvalue to be
unique). The number of independent antisymmetric 4-index tensors, whose indices can
take 2N values is 2N!/[4!(2N — 4)!] which is greater than 2V for N > 3. Therefore a
purely 4-fermion interaction can gap all the fermions for every SO(8k).

A simple example in the eight flavor model of a time reversal invariant interaction
that gaps all of the edge states is

Hint = w (61626364 + h.c. + 1) s (BlO)

where the ¢; ladder operators were defined in eq. (6.4) and we assume w > 0. (Under
time reversal, ¢; <+ —éj) The eigenstates of Hj,, include a unique groundstate with
eigenvalue £ = 0, fourteen degenerate states with eigenvalue £ = w, and a unique
maximal state with eigenvalue 2w. The eigenstates corresponding to the minimum
and maximum energy are linear combinations of the empty and fully occupied states,
(10000) T [1111))/v/2, where ¢]0000) = 0, and |1111) = ¢lekelel |0000).

The interaction in eq. (B.10) can be realized in our 1+ 1-dimension Lagrangian by
the term

Lin = | + ith5) " O (Y + )| [ (0 + i) C (e + )| + hue. . (B11)
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