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Abstract

For parametric high-fidelity simulations, it is often desirable to utilize a reduced-order model (ROM) to

emulate, at a reduced computational cost, parametric solutions of the governing partial differential equations

(PDEs) for unseen parameter values. One commonly employed option is to utilize a data-driven, projection-

based ROM supplemented with subspace identification via proper orthogonal decomposition (POD). POD

discovers the ROM subspace by computing the singular value decomposition (SVD) of a set of training data

from the full-order model (FOM). In streaming-dominated radiation transport simulations with localized

sources, solutions often greatly vary over the spatial domain by many orders of magnitude. In such cases,

machine-precision arithmetic can be insufficient to obtain an accurate SVD, resulting in a poorly performing

ROM. We present a method called multiresolution POD (mrPOD) that mitigates these inaccuracies. The

mrPOD method works by decomposing the spatial domain into regions and performing proper orthogonal

decomposition on the training dataset separately in each region. mrPOD is tested on single energy group

and multigroup atmospheric shielding transport problems and is shown to outperform classic POD.

Keywords: Model-Order Reduction; Radiation Transport; Local Proper Orthogonal Decomposition;

Multi-Resolution POD; Parametric Surrogate Model; Reduced-Order Model

1. Introduction

Numerically solving the neutron transport equation is computationally expensive because of the high-

dimensionality of the phase-space (6 dimensions in total for steady-state problems: 3 for space, 2 for angle,

and 1 for energy). Moreover, in parametric or multi-query applications, such as uncertainty quantification

and design optimization processes, the transport equation is also dependent upon these varying parameters5

and numerous full transport solutions may be required to assess the impact of such parameters or to optimize

a design, further taxing a limited computational budget. Such a model is said to be parametric because input

parameters (e.g., cross-section values and source strengths) can be uncertain or only known to some tolerance.

In such situations, it is highly advantageous to develop parametric reduced-order models (ROMs). Generally

speaking, model-order reduction (MOR) is a technique aimed at reducing the computational complexity of10
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mathematical models in numerical simulations. For a thorough overview of MOR, including the use of proper

orthogonal decomposition (POD) to generate data-driven, projection-based ROMs, the reader is referred to

these books [1–4]. This present work builds upon previous work that applied MOR for radiation transport

[5–9]. In such techniques, the full-order model (FOM) (here, radiation transport) is exercised to “discover”

an adequate subspace for the ROM by generating solution snapshots obtained from random realizations of15

the uncertain or unknown input parameters. The role of POD is to identify the ROM subspace through a

singular value decomposition (SVD) of the snapshot data.

In the subset of transport problems of interest here, we deal with radiation transport solutions that vary

by many orders of magnitude over the spatial domain. In such cases, the SVD of the snapshot matrix is

often inaccurate due to the limitations of (finite) machine-precision arithmetic. Environments that give rise20

to widely varying transport solutions include scenarios such as: radiation transport with localized sources

in weakly scattering media, shielding applications, and other deep-penetration problems. The present work

introduces a spatial domain decomposition-like method applied to POD so as to mitigate data loss that

occurs from processing widely varying data. We refer to the method as multiresolution proper orthogonal

decomposition (mrPOD). The essence of mrPOD involves splitting the spatial domain into regions in which25

the transport solutions vary less than over the domain as a whole. SVD is performed separately on each

region, yielding region-wise POD bases that are more accurate than a single SVD over the entire domain. In

this sense, while POD yields spatially global basis vectors in which to build the ROM solution, mrPOD yields

more local basis vectors. mrPOD draws its name from the analogy between standard dynamic mode decom-

position and multiresolution dynamic mode decomposition (mrDMD) [10]. mrDMD applies a multiresolution30

analysis to the DMD model-order reduction method to separate high and low frequency dynamics of mul-

tiscale transient systems. Similarly, mrPOD applies domain decomposition to extract a system’s dominant

features in a spatially local manner. Multi-scale POD, a version of POD that incorporates multiresolution

analysis, has also been investigated to reduced fluid flow equations [11].

The idea of using spatial domain decomposition (DD) with ROMs is not new. See, for instance, the35

application of spatial DD to POD for the incompressible Navier-Stokes equations [12]. In such an approach,

POD is performed on portions of the spatial domain to obtain spatially local bases in which the ROM solution

is built. However, the concept of DD may be extended to all dimensions of a problem’s phase-space and

even further to include the parameter space. Partitioning the parameter space has been shown an effective

method to increase the accuracy of POD ROMs on nonlinear FOMs. This technique splits the parameter40

space into regions and applies POD to the training data in each region to obtain several parametrically local

ROMs. The idea behind this is that a nonlinear problem is better approximated using parametrically local

subspaces instead of a global one. Domain decomposition on POD via parameter space partitioning has

found applications to many nonlinear PDE FOMs [13–17]. Another technique for reducing nonlinear FOMs

with a linear ROM uses the same logic, but decomposes the time domain instead of the parameter space.45

With time partitioning, the timeline is split into segments determined by the time evolution of the solution.
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This approach has been applied to advection equations [18], nonlinear molecular dynamics simulations [19],

and nonlinear parabolic PDEs in general [20].

Domain decomposition ROMs have also permeated the nuclear engineering community. Parameter parti-

tioned POD has been applied to the multigroup k-eigenvalue diffusion equations to model the effect of control50

rod position [21]. Energy partitioned POD has been utilized in multigroup k-eigenvalue diffusion theory to

account for the different behavior of the solution in different energy groups [21, 22]. Angle partitioned POD

has found use in transport to increase ROM accuracy and solver stability [23]. Finally, space partitioned

POD has been applied to multigroup k-eigenvalue diffusion in nuclear reactor cores [24, 25]. This approach

allowed for the generation of training data in one spatial region at a time for different boundary conditions.55

The POD ROM for the full domain was built by matching region interface boundary conditions.

As a motivating example for the mrPOD method developed here: consider a point isotropic neutron source

in a homogeneous, purely absorbing medium. The analytic solution to this radiation transport problem is,

in spherical coordinates,

φ(r) =
q

4πr2
e−Σtr , (1)

where φ is the scalar flux (particles cm-2 s-1), r is the distance from the source (cm), q is the source strength60

(particles s-1), and Σt is the total interaction cross section (cm-1) of the medium. Assume that the solution

in Eq. (1) is of interest for distances within 3 km of the source. Furthermore, assume that the total cross

section is not known exactly, but instead known to be in the range (1.0× 10−5, 12× 10−5) cm-1. Figure 1a

shows analytic transport solutions for 100 values of Σt uniformly sampled from (1.0×10−5, 12×10−5) cm-1.

Each solution, termed a snapshot, is normalized to unit norm, and placed as a column in a snapshot matrix65

X. To apply POD to this data, the SVD of the real-valued snapshot matrix is computed:

X = UΣV T , (2)

where U contains the left singular vectors, Σ the singular values, and V the right singular vectors. This

decomposition exists for any rectangular matrix. To check the quality of the decomposition, the snapshots

generated are shown in Figure 1a and the reconstructed snapshots using SVD according to Eq. (2) are shown

in Figure 1b. Note that there is a threshold below which the reconstruction is inaccurate. This is caused70

by the high variability of the snapshots and the inability of machine precision to capture their range. The

dataset spans over 20 decades. When computing the SVD of the data to extract its dominant features, the

snapshot matrix undergoes matrix operations that combine very large and small values together. Because

of lack of precision, data loss occurs when processing such drastically different values.
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(a) Normalized snapshots for 100 realizations of Σt.

Note that the snapshots span over 20 decades.
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(b) Reconstruction (inaccurate) of the snapshot

matrix using Eq. (2).

Figure 1: Normalized singular values of the 100 snapshots and their SVD reconstruction.

The remainder of this paper is as follows: Section 2 introduces the neutral radiation transport equation75

as the FOM. Section 3 discusses a data-driven, projection-based method that utilizes POD to reduce the

ROM and introduces the mrPOD method. Section 4 applies mrPOD to single and multigroup transport

problems and presents the results. Section 5 provides some closing remarks.

2. Full-Order Model

In this section, we present the discrete ordinates (Sn; see [26]) transport solver, which is the basis for80

our FOM. The transport scenarios that yield highly variable solutions are often characterized by localized

sources, which give rise to unphysical ray effects in Sn solutions. An uncollided flux treatment that mitigates

these inaccuracies is discussed.

2.1. Sn Radiation Transport

We consider the steady-state, fixed-source, no-fission neutral-particle transport equation, with Dirichlet

boundary conditions. Although transport can be time-dependent and occur in fissile media, this simplified

version is sufficient for the matters at hand here and is given by

~Ω · ~∇ψ(~r,E, ~Ω) + Σt(~r,E)ψ(~r,E, ~Ω) =

∫
4π

dΩ′
∫ ∞

0

dE′Σs(~r,E
′ → E, ~Ω′ → ~Ω)ψ(~r,E′, ~Ω′)

+Q(~r,E, ~Ω) , ∀~r ∈ D . (3a)

85

ψ(~r,E, ~Ω) = ψinc(~r,E, ~Ω) ∀~r ∈ ∂D− =
{
~r ∈ ∂D such that ~Ω · ~n(~r) < 0

}
, (3b)

The notation is as follows: ~Ω (sr) denotes direction; r (cm) denotes position; E denotes energy (MeV); ψ

(particles cm-2 s-1 sr-1 MeV-1) denotes the angular flux and is the solution to Eq. (3); Σt (cm-1) denotes
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the total interaction cross section of the medium; Σs (cm-1 sr-1 MeV-1) denotes the differential scattering

cross section of the medium; Q (particles cm-3 s-1 sr-1 MeV-1) denotes the external source of particles; D

denotes the spatial domain; ∂D denotes the boundary of D; ψinc denotes the prescribed boundary condition

for directions incident into D. Splitting the energy spectrum into G discrete intervals and evaluating the

transport equation at D discrete directions, the coupled multigroup discrete ordinates (Sn) equations [27–30]

are obtained:

~Ωd · ~∇ψg(~r, ~Ωd) + Σgt (~r)ψ
g(~r, ~Ωd) =

G∑
g′=1

L∑
`=0

∑̀
m=−`

2`+ 1

4π
Y`m(~Ωd)Σ

g′→g
s,` (~r)φg

′

`m(~r)

+Qg(~r, ~Ωd) , ∀~r ∈ D , ∀g ∈ [1, G] , ∀d ∈ [1, D] , (4a)

ψg(~r, ~Ωd) = ψginc(~r, ~Ωd) ∀~r ∈ ∂D− , (4b)

where d subscripts denote the d-th discrete direction and g superscripts denote the g-th energy group. The

scattering term has been expanded using a Legendre expansion for the scattering cross section and a spherical

harmonics expansion for the angular flux. The new terms introduced here are the scattering order L, the

real-valued spherical harmonic function Y`m of degree ` and order m, the scattering cross section moments90

Σs,`, and the flux moments φ`m given by

φg`m(~r) =

∫ 4π

0

ψg(~r, ~Ω)Y`m(~Ω)dΩ ≈
D∑
d=1

wdψ
g(~Ωd)Y`m(~Ωd) , (5)

that are approximated with angular quadrature weights wd.

With transport discretized in angle and energy, all that remains is the spatial discretization. There are

several spatial discretization options available, such as finite difference, finite volume, and finite element

methods. Because the spatial discretization scheme is irrelevant to this work, further details are omitted.95

The interested Reader may consult [26] for spatial finite-differencing and [31] for discontinuous finite elements

applied to the Sn transport equation. Without loss of generality, the results presented here will be for a 1D

spherical geometry, with diamond and weighted-diamond differencing for spatial and angular discretization,

respectively; see [32].

Using matrix notation (as in [33]), the transport equation can be expressed as100

L~Ψ = MΣ ~Φ︸︷︷︸
:=D~Ψ

+ ~Q , (6)

with ~Ψ the solution vector, L the streaming+collision matrix, Σ the scattering matrix, and M and D the

moment-to-discrete and discrete-to-moment operators. When transport sweeps are employed, the following

system is solved (also known as sweep-preconditioning):

(I −DL−1MΣ)~Φ = DL−1 ~Q , (7)
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where, in practice, L−1 is a matrix-free operation, carried out cell by cell and often denoted as a transport

sweep. Note that Eq. (7) is usually solved using a Krylov subspace method (i.e., GMRes) or with source105

iteration when written as Eq. (6). Finally, we denote by ~µ the set of uncertain parameters (cross sections

and source strengths in our case) and make this dependency explicit in the relevant operators:(
I −DL−1(~µ)MΣ(~µ)

)
~Φ(~µ) = DL−1(~µ) ~Q(~µ). (8)

2.2. Uncollided Flux Treatment

In transport problems with localized sources and little scattering, particles are capable of traveling, or

streaming, large distances from their point of origin before undergoing a scattering interaction that changes110

their direction. These so-called “uncollided” particles can significantly contribute to the overall transport

solution. Angular discretization techniques such as the aforementioned discrete ordinates method are often

insufficient to resolve solutions that are not smoothly distributed in angle (due to the lack of rotational

invariance of discrete-ordinate methods). Hence, the uncollided portion of the solution is often tainted with

large angular discretization error, numerically observed as an unphysical phenomenon termed ray effects.115

Thus, for streaming-dominated transport problems with localized sources, it is common practice to utilize

uncollided flux solution techniques [34]. The uncollided flux technique first splits the transport solution into

uncollided (uc) and collided (c) components:

~Ψ = ~Ψuc + ~Ψc . (9)

Substituting Eq. (9) into Eq. (6) yields

L(~Ψuc + ~Ψc) = MΣ(~Φuc + ~Φc) + ~Q . (10)

Equation (10) is the sum of the following two equations:120

L~Ψuc = ~Q , (11a)

L~Ψc = MΣ~Φc + MΣ~Φuc︸ ︷︷ ︸
:=~Qfc

, (11b)

where ~Qfc denotes the “first collided” source. Equation (11a) represents transport through a pure absorber

with spatially localized external source ~Q, to which the solution is the uncollided flux ~Ψuc. Equation (11b)

represents transport through the original material with spatially distributed first-collision source ~Qfc acting

as an external source, to which the solution is the collided flux ~Ψc. Since Eq. (11b) does not have a localized125

source, it may be more amenable to be solved using the discrete ordinates method. As for the uncollided flux

equation Eq. (11a), a semianalytic method known as ray-tracing is employed to obtain an accurate solution.

Denoting the streaming+collision operator discretized with the ray-tracing method with the RT superscript

and that of the discrete ordinates method with the Sn superscript, Eq. (11) becomes

LRT~Ψuc = ~Q , (12a)
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130

LSn ~Ψc = MΣ~Φc + ~Qfc . (12b)

Once Eqs. (12) have been solved, the total solution is recovered through Eq. (9). Note that in the case of a

spherical 1D coordinate system with a centered external source (the present work), the analytic uncollided

solution is obtainable from Eq. (1).

3. Reduced-Order Model

This section describes a data-driven, projection-based ROM supplemented by POD. High-fidelity data135

from the FOM is first processed using POD in the offline training phase to identify a suitable subspace in

which to construct the ROM. Once built, the ROM may be used in the online prediction phase to rapidly

obtain transport solutions for unseen parameter realizations. Finally, the new mrPOD method is introduced

and incorporated into the ROM. These derivations are first performed for a generic steady-state linear

parametric partial differential equation (PDE) FOM and then applied to transport.140

3.1. Offline Phase

The transport equation discussed in Section 2 is a steady-state linear PDE. For conciseness and to keep

the discussion applicable to any such FOM, note that the discretization of any steady-state linear PDE with

parameterization ~µ yields a linear system of equations that is solved for the discretized solution ~x:

A(~µ)~x(~µ) = ~b(~µ) . (13)

Equation (13) will be referred to as the FOM.145

A data-driven reduced-order model requires data from the full-order model. The parameter space is

adequately sampled and the FOM is used to compute solutions for each sample. A full-order solution, or

“snapshot”, is generated for each parameter sample. These snapshots comprise the data used to train the

ROM. Let nsnap denote the number of snapshots computed and N the length of each snapshot vector. Once

the parameters {~µj}
nsnap

j=1 have been sampled and the corresponding snapshots {~x(~µj)}
nsnap

j=1 are obtained by150

solving the size N system in Eq. (13), the snapshot vectors are placed in a matrix X of shape N × nsnap,

with each snapshot occupying a column:

X =
(
~x(~µ1) ~x(~µ2) · · · ~x(~µnsnap)

)
. (14)

This data may now be used in POD to identify a subspace in which to build the ROM.

POD is a key ingredient in the derivation of our reduced-order model. For a review of the history and

uses of POD, the reader is referred to the work in [23, 35] . We briefly recall POD next. Any real-valued155

rectangular matrix X possesses a singular value decomposition of the form

X = UΛV T , (15)
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where U and V are orthonormal matrices containing the left and right singular vectors of X, respectively,

and Λ is a non-negative diagonal matrix containing the singular values of X in descending order (i.e.,

Λ11 ≥ Λ22 ≥ · · · ). If X is of dimension N × nsnap, then U , Λ, and V T are of dimensions N × nsnap,

nsnap × nsnap, and nsnap × nsnap, respectively.160

The singular value decomposition of the snapshot matrix in Eq. (15) compresses, extracts, and ranks the

features embedded in the dataset. The left singular vectors, also called POD modes, contained in U form

an uncorrelated basis for the snapshots. The relative magnitudes of the singular values in Λ indicate the

relative importance of the POD modes with respect to each other. Thus, the less important modes may be

discarded with negligible loss of information, resulting in a truncated basis in which to seek ROM solutions165

for unseen parameter realizations. One typically chooses the number of POD modes to keep such that a

certain fraction of FOM information is retained in the ROM. This fraction I is called the information content

of the modes kept and is given by

I(r) =

∑r
j=1 Λ2

jj∑nsnap

j=1 Λ2
jj

. (16)

Here, r � N is the number of POD modes kept and Λjj is the j-th singular value. Given a desired

information content threshold Î (i.e., Î = 99.999 %), r may be chosen to be the smallest value such that170

I(r) ≥ Î. With the number of modes in the subspace determined, we denote by U r the N × r matrix

containing the first r POD modes as its columns. It may be shown that, for any truncation value r, the

POD modes from the SVD of the snapshot matrix are an optimal basis in the least-squares sense in which

to represent the snapshot data [36].

3.2. Projection & Online Phase175

The ROM seeks to approximate the solution to the FOM as a linear combination of r POD modes. That

is, for a realization of the parameters ~θ not in the set of snapshot parameters, the reduced solution is

~xr(~θ) =

r∑
j=1

cj(~θ)~uj = U r~c(~θ), (17)

where cj is the expansion coefficient for the j-th POD mode ~uj (i.e., the jth column of U). ~c is the vector

containing the expansion coefficients. Recall that the FOM is given in Eq. (13) as the N ×N system

A(~θ)~x(~θ) = ~b(~θ), (18)

Substituting Eq. (17) into Eq. (18),180

A(~θ)~xr(~θ) = A(~θ)U r~c(~θ) = ~b(~θ). (19)

This is an overdetermined N × r system (N equations, r unknowns) with N � r. To remedy this, we take

a projection of Eq. (19) using projection matrix W (~θ) of shape N × r to obtain a solvable r × r system:

W T (~θ)A(~θ)U r︸ ︷︷ ︸
:=Ar(~θ)

~c(~θ) = W T (~θ)~b(~θ)︸ ︷︷ ︸
:=~br(~θ)

. (20)
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Two common choices for the projection matrix are Galerkin (W = U r) and least-squares Petrov-Galerkin

(W (~θ) = A(~θ)U r) projections. Once Eq. (20) is solved for ~c(~θ), the ROM solution is recovered through

Eq. (17).185

In summary, the ROM reduces a N × N system to a r × r system with r � N . The original number

of unknowns, N , can reach up to 1012 - 1014 [37–39], while the number of dominant POD modes r is more

often on the order of 101. Thus, if properly utilized, the ROM results in enormous computational savings

while producing solutions acceptably close to its FOM counterpart.

3.3. Multiresolution Proper Orthogonal Decomposition190

The purpose of this method is to solve the inaccuracies that arise from the limitations of machine-precision

arithmetic when computing the SVD of widely varying data. The main idea of mrPOD is to decompose a

transport problem’s spatial domain into regions in which the snapshots vary less than across the domain as

a whole. The SVD of each region is computed and found to be more accurate than the SVD of all regions

taken together. The POD modes from each region’s SVD are then used in the ROM.195

Notation-wise, we say a snapshot matrix X is split into nreg non-overlapping spatial regions:

X = (X1,X2, . . . ,Xnreg)T , (21)

where a snapshot in region i has length Ni such that

nreg∑
i=1

Ni = N . (22)

Note that a region does not have to be spatially continuous. The SVD for each region is given by

Xi = U iΣiV i , ∀i ∈ [1, nreg] . (23)

Each resulting POD mode in U i is of length Ni. To be compatible with the ROM, the modes must be of

length N . To this end, each mode in U i is padded with zeros for all other regions. After this, the POD200

mode matrix for all accumulated regions has the form of a block diagonal matrix with block i, j given by

U i,j = δijU i , ∀i ∈ [1, nreg] , ∀j ∈ [1, nreg] , (24)

where δij denotes the Kronecker delta function. The resulting matrix gathers each U i of shape Ni × nsnap

into U of shape N ×nregnsnap. Note that U should be stored in sparse format to avoid storing the blocks of

zeros. Also note that because the POD modes for each region are generated independently from each other,

they cannot simply be “glued” together into a U matrix of shape N × nsnap. Doing so would result in a205

poorly performing ROM that imposes the same expansion coefficients in all regions. This expansion of the

reduced subspace with more POD modes results in a slightly larger system for the ROM to solve. Given

that ROM systems are small, this is a small and possibly insignificant penalty for using mrPOD over POD.

With U built, we are free to rearrange its columns as desired. A reason for doing this would be to have the
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dominate POD modes for each region to occupy the leftmost columns of U . For instance, the first POD210

modes in each region may be gathered into the first nreg columns of U , the second POD modes into columns

(nreg, 2nreg], and so on. Doing so would have the effect that keeping the first rnreg columns of U for use in

the ROM would actually be keeping the r most important POD modes in each region. Other, more complex,

arrangements are possible, such as keeping a variable number of modes in each region that is determined by

the region’s information content in Eq. (16). Once the modes from each region are selected for use in the215

ROM, U is truncated to obtain U r. From there, the ROM procedure is identical to the one-region case of

POD.

Determination of the number of regions nreg and the location of the region boundaries is an open question.

The snapshots are generated first and, then, the number and location of regions are chosen based on the

range of the data. The range spanned by the snapshot data is a determining factor in choosing the number220

of regions. nreg should be large enough to ensure that the data in each region can be accurately decomposed.

We do not know of any optimal methods for choosing the location of the regions and, instead, rely on some

heuristics. Two such heuristics involve choosing region boundaries such that (1) the data within each region

spans the same number of decades as all other regions or (2) the normalized singular values in each region

have similar decay rates. Option (2) is not practical for large 3D problems, as it involves re-computing SVDs225

for each proposed set of regions.

Consider the motivating example from the introduction in Section 1. mrPOD is now applied to the same

data but nreg = 2 regions are employed. Figure 2a shows the normalized snapshots in each region while

Figure 2b shows the reconstruction for each region by means of Eq. (23). Note that the use of mrPOD has

eliminated the inaccuracies present in POD (Figure 1b).230

0.0 0.5 1.0 1.5 2.0 2.5 3.0
r (km)

10 20

10 17

10 14

10 11

10 8

10 5

10 2

101

(r)

(a) Normalized snapshots for 100 realizations of Σt.

Dashed vertical lines indicate region boundaries.
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(b) Reconstruction (accurate) of the snapshot matrix

using Eq. (23).

Figure 2: Normalized singular values of the 100 snapshots and their region-wise SVD reconstruction.

We next briefly discuss an alternative method to mrPOD that relies on a logarithmic transform of the

10



original snapshot data. This approach is sound and suggested for use with non-intrusive ROMs. However, it

can not be applied to projection-based ROM because it introduces a non-linearity between the original full-

order system and the reduced-order system obtained for the expansion coefficients. Denote the element-wise

logarithm of the full-domain snapshot matrix X by X` := log(X). The SVD of X` does not suffer from235

machine-precision issues:

X` = U `Λ`V `,T . (25)

Two possible ROMs based on the logarithm of the data are:

1. Using exp(U `) as the basis vectors and exp(U `)~c as the approximation to the transport solution.

2. Using U ` as the basis vectors and U `~c as the approximation to the transport solution.

Both approaches have yielded poor results because they introduce non-linearity in the projection-based ROM240

framework. Approach-1 assumes that U = exp(U `), which is not true. The actual relationship is given by

X = UΛV T = exp(X`) = exp(U `Λ`V `,T ) . (26)

Solving for U in terms of U ` is not straightforward because Λ and V are also unknown. Approach-2 uses

U ` as the basis vectors. Using the POD modes of the log of the data as basis vectors is a poor basis for the

untransformed transport solutions and yields poor results when used in a projection-based ROM with the

untransformed transport operators.245

3.4. Application to Transport

Now that the ROM framework for the generic parametric steady-state linear PDE in Eq. (13) has been

established, it is now applied to radiation transport. Recall that transport may be written in different forms

such as in Eqs. (6) and (7). These are restated here in parametric form to identify the generic operators

from Eq. (13):250

(L(~µ)−MΣ(~µ)D)︸ ︷︷ ︸
:=A(~µ)

~Ψ(~µ)︸ ︷︷ ︸
:=~x(~µ)

= ~Q(~µ)︸ ︷︷ ︸
:=~b(~µ)

, (27)

(I −DL−1(~µ)MΣ(~µ))︸ ︷︷ ︸
:=A(~µ)

~Φ(~µ)︸ ︷︷ ︸
:=~x(~µ)

= DL−1(~µ) ~Q(~µ)︸ ︷︷ ︸
:=~b(~µ)

. (28)

Thus, the form of the FOM depends on whether transport is expressed in terms of the angular flux ~Ψ or

the flux moments ~Φ. A ROM based on the former is known as a sweep-based ROM [5, 8], while the latter

form results in an affine decomposition-based ROM [6, 7, 9]. Both ROMs have been studied and compared

in great detail in the previous works cited above.255

Recall from Section 2.2 that Sn transport problems with localized sources and streaming-dominated

physics often require an uncollided flux treatment to accurately resolve the scattering source and the resulting

transport solution. Since these types of problems belong to the class of those that have widely varying
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solutions, they are ideal candidates to apply the mrPOD methodology to. The question of how to apply the

ROM across the uncollided and collided transport equations naturally arises. These equations are restated260

in parametric form:

LRT(~µ)~Ψuc(~µ) = ~Q(~µ) , (29a)

LSn(~µ)~Ψc(~µ) = MΣ(~µ)~Φc(~µ) + ~Qfc(~µ) . (29b)

There are two options for the uncollided transport equation. If Eq. (29a) is computationally expensive to

solve, it may be necessary to construct for it a ROM that stores the uncollided solution as snapshots. If

Eq. (29a) may be solved cheaply, as is the case of an analytic uncollided solution (the present work), no265

ROM is required. In either case, whether Eq. (29a) is solved directly or emulated by a ROM, the first

collision source ~Qfc(~µ) may then be built for use in the collided transport equation (29b). A ROM may

then be applied to the collided transport equation by storing the collided portion of the training data as the

snapshots.

4. Results270

To test the mrPOD ROM, two shielding problems are evaluated. Both involve transport from a localized

source through the atmosphere and a shield. The first application is a one-group problem, while the second

is a multigroup problem with a more involved parameterization. The ROM utilized is a sweep-based one

with a Galerkin projection.

4.1. One-Group Shielding Problem275

Consider a small 10-cm3 volumetric isotropic radiation source centered at the origin of a spherical coordi-

nate system filled with air. A 10-cm thick shield is positioned 1 km from the source. The 10-m region behind

the shield is filled with a post-shield material and vacuum boundary conditions (ψinc = 0) are imposed at

1.01 km. An S8 FOM with an analytic uncollided flux treatment is utilized. The parameters are the ab-

sorption and scattering cross sections of the atmosphere and of the shield, as well as the source magnitude;280

these are summarized in Table 1; U(a, b) stands for a uniform distribution of the parameter between values

a and b.

Parameter
Material

Air Shield Source

Σa (cm−1) U(2× 10−5, 9× 10−5) U(0.05, 0.1) Same as air

Σs (cm−1) U(2× 10−5, 3.6× 10−4) U(0.05, 0.05) Same as air

Q (par cm-3 s-1) 0 0 U(5× 1014, 5× 1015)

Table 1: Parameter distributions for the one group shielding problem. U(a, b) denotes a parameter

uniformly distributed between values a and b > a.
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One hundred (nsnap = 100) parameter realizations were sampled using Latin hypercube sampling (LHS)

and used as training data and are shown in Figure 3. The performance of POD was compared to that of

7-region mrPOD. Figure 4 compares the singular values for the two methods. The singular values from285

mrPOD decay faster than those from POD, because the snapshots vary less within a given region than

over the whole domain. Because of this, the training data within a region may be represented with fewer

POD modes than the data over the whole domain can. The ROMs were evaluated for several parameter

realizations not present in the training snapshot samples and compared against their corresponding FOM

solutions. Figure 5 compares the performance of the POD ROM to that of the mrPOD ROM for one such290

parameter realization. Even when all 30 of the significant POD modes of the POD ROM are used, the

resulting ROM is a poor emulator of the FOM. This is due to machine precision inaccuracies in the SVD.

The results from the 7-region mrPOD ROM are in excellent agreement with the full-order transport solution

with 10 mrPOD modes (POD modes per region).

0 200 400 600 800 1000
r (m)

10 23

10 19

10 15

10 11

10 7

10 3

101

105

 (p
ar

 c
m

2  s
1 )

Figure 3: Normalized snapshots for the one group shielding problem’s 100 parameter realizations.

Dashed vertical lines indicate region boundaries. Note that the two boundaries near 1,000 m should

not be mistaken as one line.
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Figure 4: Normalized singular values of the 100 snapshots.
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Figure 5: ROM performance for a selected unseen parameter realization.

4.2. Multigroup Group Shielding Problem295

We now turn to a 6-energy group shielding application. Consider a small volumetric isotropic radiation

source 1 cm in radius centered at the origin of a spherical coordinate system filled with air. The source

spectrum is a combination of a U-235 fission spectrum and a 14-MeV fusion spectrum. A 1-m thick shield

composed of borated concrete [40] is positioned 4 km away from the source. Cross sections were obtained

from the NJOY21 nuclear data processing code. The domain boundary is placed at 5 km and vacuum300

boundary conditions are imposed. An S8 FOM with an analytic uncollided flux treatment is utilized. The

parameters are the humidity content of the air, the mass fraction of boron in the shield, and the source’s

fission spectrum weight relative to the total source; these are summarized in Table 2.
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Parameter Distribution

Specific humidity in air (kg water / kg dry air) U(0, 0.0147)

Shield boron weight fraction U(0, 0.25)

Source fission weight U(0, 1)

Table 2: Parameter distributions for the 31 group shielding problem.

One hundred (nsnap = 100) parameter realizations were sampled using LHS and used as training data

and are shown in Figure 6. The performance of POD was compared to that of 4-region mrPOD. Figure 7305

compares the singular values for the two methods. The singular values in region 0 decay in a comparable

manner as those in POD, while regions 1-3 decay more slowly. The ROMs were evaluated for several

parameter realizations not in the snapshot samples and compared to their corresponding FOM solutions.

Figure 8 compares the performance of the 5- and 20-mode POD ROM to that of the 5 mode per region

mrPOD ROM for one such parameter realization. The 20-mode POD ROM is included because its reduced310

system contains 20 degrees of freedom, the same as the 4-region, 5-mode mrPOD ROM, allowing for a fair

comparison of the methods. Again, mrPOD mitigates the machine precision issue that plagues POD. The

4-region mrPOD ROM does an excellent job of approximating the transport solution with 5 mrPOD modes.
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Figure 6: Normalized snapshots for the 6-group shielding problem’s 100 parameter realizations.

Dashed vertical lines indicate region boundaries. Note that the two boundaries near 4000 m should

not be mistaken as one line.
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Figure 7: Normalized singular values of the 100 snapshots.
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Figure 8: ROM performance for a selected unseen parameter realization.

5. Conclusions

We have developed projection-based Reduced-Order Models (ROM) for radiation transport using a mul-315

tiresolution approach. The multiresolution POD (mrPOD) aims at combating the inaccurate ROM subspace

obtained when the training data greatly varies in space due to the limitation of machine-precision arithmetic

during the SVD calculation. mrPOD utilizes domain decomposition and region-wise POD. Because the

training data varies less within a region than over the whole domain, POD is more accurate within each

region. A small drawback to mrPOD is that it increases the number of POD modes by a factor of nreg,320

but this is an insignificant cost increase, especially considering that global (i.e., one-region) POD can be

quite inaccurate. The mrPOD method was demonstrated to yield accurate ROMs in both single group and
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multigroup 1D spherical radiation transport applications with over 30 decades of attenuation across the

spatial domain. With these successful demonstrations, this work can be extended to implement mrPOD

in higher dimensional space (e.g., 3D) transport solvers. In this case, the uncollided flux treatment will325

no longer be analytic as in this work and will require more computational resources to solve (such as ray

tracing). Thus, an additional investigation into whether the uncollided treatment itself would benefit from

model-order reduction is warranted.
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