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Abstract

In this work, a novel framework for modeling quasi-brittle crack propagation and shear band dominated
failure of cohesive-frictional materials like concrete, mortar, rock, tough ceramics, energetic materials, but
also granular materials like sands or powders in terms of a unified continuum approach is proposed. It
is based on a combination of the gradient-enhanced continuum with gradients of internal variables for
representing quasi-brittle cracking, and the micropolar continuum, accounting for the deformation of the
microstructure. For developing the gradient-enhanced micropolar framework, the set of balance equations
and the kinematic relations are derived, and the constitutive relations are established in a general manner.
The framework is formulated in a geometrically exact setting, based on the thermodynamically sound
theory of hyperelasto-plasticity, and the numerical implementation by means of the finite element method
is discussed. For assessing the approach, realizations of this new approach in terms of constitutive models
for particular materials are developed. They are applied to numerical benchmark examples, investigat-
ing various loading conditions, and the obtained results are validated by means of a comparison with

experiments from the literature.
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1. Introduction

Cohesive-frictional materials like concrete, mortar, rock, tough ceramics, energetic materials but also
granular materials like sands or powders constitute an essential part of many engineering and scientific ap-
plications. The behavior of these materials, governed by friction and cohesion between particles or grains,
is characterized by a highly nonlinear stress strain relationship. Common characteristics are (i) inelastic
behavior that is observed even at low stress levels, (ii) low resistance in tension compared to a potentially
high compressive strength, (iii) increasing material strength with increasing stress confinement, and (iv)
complex failure mechanisms. In particular, in confined compression for many cohesive-frictional materials
a rather ductile strain hardening behavior is followed by ductile strain softening, often accompanied by
diffuse failure zones or highly localized zones of large inelastic deformations manifested by shear bands or

fault zones, depending on the stress state. In contrast, certain frictional materials like sands do not sustain
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Figure 1: Failure in tension of cohesive-frictional materials is often observed in the form of quasi-brittle cracking, characterized
by a failure process zone of finite size in which microcracks coalesce into a distinct macroscopic crack.

tensile stresses, whereas for other materials which exhibit cohesive bonds between particles, e.g., concrete
or cemented granular materials, comparatively low tensile stresses lead to failure by cracking [53].
Accordingly, modeling the constitutive behavior of cohesive-frictional materials is a challenging task,
and in this regard classical continuum models are often not sufficient. For classical continuum models,
zones of localized large strains potentially arise due to softening material behavior, but also due to non-
associated plastic flow. In models for cohesive-frictional materials based on the theory of plasticity, non-
associated plastic flow rules are commonly required for representing the volumetric inelastic behavior in
a realistic manner. From a numerical point of view, deficiencies related to material failure and localized
inelastic deformations are encountered due to the loss of ellipticity of the underlying initial-boundary value
problem for the static case, or the loss of hyperbolicity for dynamic problems, resulting in pathological

mesh dependency in finite element simulations.

1.1. Quasi-brittle cracking of cohesive-frictional materials

For many cohesive-frictional materials with distinct cohesive particle bonds, softening material behavior
in tension or unconfined compression results in discrete cracks. For such materials, the formation of cracks
is characterized by a fracture process zone of finite size ahead of the crack tip, in which microcracks emerge
and coalesce into a distinct stress free macroscropic crack (Figure 1) — a process which is commonly denoted
as quasi-brittle cracking [10]. Due to the presence of a process zone with finite dimensions, quasi-brittle

cracking is characterized by an inherent material length which is related to the microstructure of a material.

In classical continuum models, quasi-brittle failure is commonly represented by means of softening
plasticity or continuum damage mechanics. However, such models exhibit several theoretical deficiencies
[6]: (i) the fracture process zone is infinitesimally small, i.e., it has the size of a single material point, (ii)
at the structural level, snapback behavior due to the infinitesimally small fracture process zone can be
observed, and (iii) the amount of dissipated energy associated with fracture is zero due to the infinitesimal
zone in which energy is dissipated. In finite element analyses, those deficiencies lead to a pathological mesh

sensitivity: fracture tends to localize into the smallest possible domain, i.e., commonly a single layer of
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finite elements, and upon mesh refinement, this localization zone decreases to an arbitrarily small domain.
In other words, the obtained results are not objective with respect to the finite element mesh, i.e., they
are sensitive to the numerical discretization scheme.

Objective, i.e., mesh insensitive, representation of softening material behavior is a vast subject of re-
search, and in the past decades different approaches for regularizing softening material behavior in finite
element simulations have been employed, e.g., the mesh-adjusted softening modulus [9, 84], the viscoplas-
tic continuum [69], the integral nonlocal continuum [29, 85], as well as the implicit gradient-enhanced
continuum [80] or the micromorphic continuum [28, 30]. In particular, so-called nonlocal continuum ap-
proaches, which are motivated by the micromechanical behavior of quasi-brittle materials [10], gained
widespread acceptance. The term nonlocal is interpreted here in a broad sense [7], assuming that the
response of a material point is not solely dependent on its own deformation history, but also on the state
in a certain neighborhood. Among several different nonlocal approaches developed in the past decades,
a well-established and in particular numerically attractive class of models for representing such nonlocal
behavior is based on the theory of the implicitly gradient-enhanced continuum with gradients of internal
variables. For such a model, the constitutive relations are enriched by spatial gradients of one or more ther-
modynamic damage-driving state variables, and additional balance relations in the form of higher order
partial differential equations are incorporated into the continuum formulation [80]. This way, thermody-
namically sound frameworks for describing quasi-brittle material failure can be formulated [32], which are
also particularly amenable to efficient numerical implementations. Furthermore, it represents a proper
remedy for the numerical issues related to softening material behavior in finite element simulations [54].

Many successful applications of the implicit gradient-enhanced continuum to cohesive-frictional materi-
als are reported in the literature, for instance by Poh and Swaddiwudhipong [87] by means of an extended
damage-plasticity model for concrete, which also served as the basis for a gradient-enhanced damage-
plasticity model for rock mass [95]. A gradient-enhanced microplane model for concrete considering cyclic
loading was presented by Zreid and Kaliske [115], and a model for concrete under high-temperature by
Pearce et al. [79]. An application of the gradient-enhanced continuum to masonry was presented by Peer-
lings et al. [81]. Poh and Sun [86] proposed an model considering a decreasing interaction of microcracks
with increasing damage, representing more realistically the transition to sharp macroscopic cracks. A
general framework for dynamic quasi-brittle failure with microinertial effects was proposed recently by
Wang et al. [111]. From a mathematical point of view, gradient-enhanced damage models formulations
are closely related to phase field approaches for fracture [16], which have attracted considerable attention
in the recent years.

In the context of finite strains and rotations, approaches for gradient-enhanced damage models were
proposed by Liebe and Steinmann [62], Steinmann [99], for gradient-enhanced plasticity models by Liebe
et al. [61], and for gradient-enhanced coupled damage-plasticity models by Areias et al. [4], Brepols et al.
[11], Weisto et al. [112]. Models for particular materials considering large strains were proposed for instance
by Waffenschmidt et al. [110] for fiber-reinforced composites, by Hosseini et al. [46] for trabecular bone, and
by Indriyantho et al. [48] for concrete. Finally, a comprehensive review on different gradient approaches

for infinitesimal and finite strain plasticity was presented recently by Voyiadjis and Song [109].
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Figure 2: Shear bands in a cohesive-frictional material are characterized by a finite width, which is influenced by the
deformation of microstructure of the material, e.g., the rotation of granular material particles. The rotation of these material
particles is in general different from the macroscopically observed rotation of the structure.

1.2. Material Failure in Confined Compression and Shear

In contrast to the material behavior in tension, in confined compression and shear for many cohesive-
frictional materials, highly localized zones of large inelastic deformations are observed, commonly in the
form of shear bands or fault zones. Similar to quasi-brittle fracture zones, for such localized zones of
inelastic deformations the size effect of cohesive-frictional materials becomes apparent, which is for instance
manifested by the finite width of shear bands. Clearly, the characteristic dimensions of such localized zones
are related to deformations of the microstructure of a material, for instance in the form of material particle
rotations, depending on the scale of the microstructure or material heterogeneities (Figure 2).

(Classical continuum models which lack any internal material length parameter cannot capture such
localized zones of large strains properly. One possible alternative to the classical continuum is provided by
the theory of the micromorphic continuum which emerged in the second half of the last century [28, 30].
It accounts for a deformable microstructure which contributes to the macroscopic behavior of a material.
Considering a deforming microstructure leads to extended kinematic relations and higher order stress
moments entering the balance relations. Such extended kinematic and balance relations, and additional
constitutive relations for the microstructure result in characteristic material length scales inherent to the
micromorphic continuum. Accordingly, a micromorphic continuum model accounts for material size effects
in a natural way. One special case of the micromorphic continuum is the micropolar continuum [28]. For
the micropolar continuum, the assumed deformation of the microstructure is restricted to a rotation, which
can be envisioned as the average rotation of material particles.

The micropolar continuum emerged from the theoretical works by the Cosserat brothers [14] on a gener-
alized continuum theory, which was later on investigated and extended by several authors [41, 67, 94, 106],
and which is known today also as the so called Cosserat continuum. Kafadar and Eringen [57] extended
the Cosserat continuum by including inertial effects, and formulated the Cosserat continuum as a special

case of the general micromorphic continuum, which they denoted as the micropolar continuum. In contrast
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to the classical Boltzmann continuum, which is characterized by a symmetric Cauchy stress tensor [108],
the micropolar continuum is characterized by an, in general, nonsymmetric Cauchy stress tensor and an
additional, in general, nonsymmetric couple stress tensor. By means of introduced characteristic material
length scales, material size effects are captured in an implicit manner by the micropolar continuum [71].
Although the micropolar continuum received certain attention in particular in the geomechanics commu-
nity [2, 22-24, 60, 63, 66, 68, 78, 101-105], only comparatively few applications are reported in other fields
of engineering, e.g., [1, 42, 74, 75, 114]. This is due to several reasons, such as the complex nature of
the micropolar formulation, the demanding computational effort in numerical simulations, and the limited
experimental data on the material parameters, which still poses an issue [3, 44, 59]. Furthermore, already
the determination of the basic elastic parameters is still focus of ongoing research endeavors [52, 71, 72].

For localized deformations involving particle rotations, for instance, the shear band width serves as
the characteristic material length introduced by the micropolar continuum, which allows to overcome the
mentioned issues inherent to the classical continuum. Furthermore, the micropolar continuum represents
a proper countermeasure against pathological mesh dependency due to non-associated plastic flow in
numerical simulations [15, 74].

In general, the highly ductile material behavior under confined compressive stress states resulting in
large strains and rotations demands for a proper mathematical treatment within a geometrically exact
setting. Approaches for the treatment of finite-strain hyperelastic-plastic models in the context of the
classical continuum theory have been developed in the past decades, and are nowadays well-established in
commercial and scientific numerical codes [17, 43, 97]. An extension of the hyperelastic-plastic approach to
the micropolar continuum was proposed initially by Steinmann [98] based on a multiplicative decomposition
of the microrotation tensor, with the implementation into a finite element framework discussed in [5].
Different approaches were proposed also by Forest et al. [34] for crystal plasticity, by Neff [70] considering
a multiplicative decomposition of the macroscopic deformation gradient with microrotations restricted to
elasticity, and by Grammenoudis and Tsakmakis [38, 39] using a similar approach as in [98] but considering
additional kinematic hardening effects. A recent discussion on micropolar plasticity for large deformations
can be found in [55].

While the micropolar continuum provides a physically sound framework for describing the observed size
effect for localized deformations involving particle rotations, it fails to do so for cohesive failure in tension
[19, 49, 100], which is not related to any rotation of the microstructure. In contrast, nonlocal approaches
for quasi-brittle tensile failure, e.g., based on gradients of internal damage-driving state variables, which do
not account for rotations of the microstructure, are potentially not sufficient for objectively describing the
complex kinematics of shear band dominated softening behavior in numerical simulations, and moreover,
they may not regularize structural softening behavior due to non-associated plastic flow [74].

For a general continuum model for cohesive-frictional materials, capable of representing material failure
under a broad range of loading conditions, both the size effect related to microstructural deformations and
the nonlocal character of quasi-brittle failure in terms of interacting microcracks must be taken into
account.

This is the focus of the present work: We present a unified framework for modeling the mechanical
behavior of cohesive-frictional materials, accounting for quasi-brittle failure and microstructural deforma-

tions, formulated in a geometrically exact, three-dimensional setting.
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The proposed framework serves as basis for constitutive models for a broad range of engineering
applications dealing with large, inelastic deformations and failure under various loading conditions, e.g.,
in geotechnics, tunnel construction, earthquake engineering, or manufacturing processes. To this end, it
builds upon the combined theories of the gradient-enhanced continuum and the micropolar continuum. In
the present paper, the theory is presented, strategies for its efficient implementation into a finite element
framework are discussed, and realizations of the proposed framework by constitutive models for particular
materials are developed. They are applied to finite element simulations of benchmark examples of cohesive-
frictional material failure, and based on a comparison with experimental results from the literature, the
proposed framework is assessed. The paper is organized as follows: in Section 2, the kinematic, kinetic
and the constitutive relations of the framework are presented, and the numerical implementation of the
continuum framework is discussed in Section 3. The stress update algorithm is presented in Section 4,
highlighting in particular the return mapping algorithm. Sections 5 and 6 present realizations of the
proposed framework for sandstone and concrete, and Section 7 concludes with a summary. Furthermore,
in Appendix A an alternative to the decomposition of the wryness measure proposed in Section 2.3 is
presented as an outlook to future research endeavors, and Appendices B and C contain the consistent

tangent operators for the numerical implementation of the framework.

2. A finite strain gradient-enhanced micropolar framework for cohesive-frictional materials

While the focus of this work is concerned with an extended formulation of the micropolar continuum,
in the following the kinematic relations, and the kinetic balance equations are introduced in the context
of the more general micromorphic continuum of kinematic degree one and kinetic grade one, with the
specialization to micropolar continuum presented subsequently. This is is motivated by the employed
elastic-plastic split, which is developed by departing from considerations at the micromorphic contin-
uum, and furthermore, in view of a possible extension of the proposed framework to the more general
micromorphic continuum in future, e.g., along the lines of the framework presented in [50, 90].

In the present work the notation used by Eringen [28] is adopted to the greatest extent. All relations
are presented in the general curvilinear coordinate system G (undeformed configuration) and g; (deformed
configuration), making use of the index notation rather than the tensor notation due to the nonsymmetry
of all involved tensors, implying summation over repeated indices. In this context, subscripts (e); and
superscript (o)z represent the co- and contravariant components of a quantity, (‘)i,j represents the covariant

D

derivative, and (o) = % designates the material time derivative of a tensor.

2.1. Kinematic relations

A micromorphic continuum in the sense of Eringen and Suhubi [30] is a continuous collection of
deformable point particles, called macroelements. In particular, for a micromorphic continuum of kinematic
degree one, each material particle is endowed with an additional triad of deformable directors, which

describes the microscopic deformation. In addition to the classical macroscopic deformation gradient

Fp(t) =" 4(t), (1)



Figure 3: Illustration of the kinematics of Eringen’s micromorphic continuum, considering the micropolar special case:
The deformation state of a deformable material particle, i.e., a macroelement, is characterized by the macroscropic defor-
mation gradient F', indicated by the vectors G, Gs (undeformed configuration) and gi,gs (deformed configuration), and
the microscopic deformation tensor x, i.e., the microrotation within the macroelement, indicated by the orientation of the
microelements (brown).

a microscopic deformation tensor x?;(¢) with its inverse X7, (t)
xi(t) = () (2)

describes the microscopic deformation within a macroelement. Accordingly, the spatial position Zi(t) of a
material point X? at time ¢, which is located within a macroelement with center of mass X, is determined
by the spatial position of the macroelement z(t) and the microdeformation tensor \%;(t) within the

macroelement by means of the affine transformation
'(t) = 2'(t) + x';(t) B = 2'(t) + €'(t) (3)

with Z! denoting the relative position of X* to X! in the undeformed configuration V;, and with £'(¢)
denoting the relative position of Z'(¢) to z'(¢) in the deformed configuration V(¢) at time ¢. For the sake
of readability, we omit an explicit declaration of a time dependency for all quantities in the following.
The micropolar continuum is considered a special case of the micromorphic continuum, for which the
microscopic deformation is restricted to a rigid body rotation, cf. Figure 3. Thus, microdeformation tensor

X'; reduces to an orthogonal tensor with the property
X'1 =Gy %Jj g (4)

with G;; and ¢’* denoting the co- and contravariant coefficients of the metric tensors of the coordinate

system in the undeformed and deformed configuration, respectively.
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For characterizing the deformation state of a macroelement, it is useful to introduce a set of objective
deformation tensors. Various sets have been proposed in the literature, see [28] for an overview. In the

present work, a set of Lagrangian tensors, consisting of the deformation tensor

CIJ — Fil xJi’ (5)
another microdeformation tensor
Cry = Xil XJ_] Gij s (6)
and the wryness tensor
FKLI = :{Ki XiL,I (7)

are employed.
For the special case of the micropolar continuum, I'X; ; is skew symmetric in the first two indices, and

hence, an axial representation yields a simpler expression
K _ J KM
D= =€ U G (8)

with €;,,, denoting the Levi-Civita symbol of the general curvilinear coordinate system defined by its

relation

-1
€IIK VG = €IIK 9)

to the Levi-Civita symbol of the Cartesian coordinate system ¢, ,,, with G = det [G;]. Furthermore,
for the micropolar continuum C;; reduces to the identity tensor. For the micropolar continuum, €, has
the interesting property that it reduces to the classical Lagrangian stretch tensor in the case of coinciding
macro- and microrotations. Hence, the rotational part of €,7 is a measure of the difference between the
macro- and microrotation.

For describing motions and thermodynamic considerations, Eulerian deformation rate measures are

useful. Two particularly important measures are the spatial velocity gradient

U= F (10)
and the spatial gyration rate
v =xLE (11)
For the micropolar continuum, skew symmetry I/ij = fu]-i facilitates the axial representation by means of
axial vector v,
I/i]- = —eilkyk 9 (12)

with
¢k Vg = glik (13)

and g = det [g;;].

For formulating the balance of power, the spatial deformation rate measures a,;, v*; and ¢;; are par-

75
ticularly useful, which are power conjugate to the Eulerian stress tensors introduced in Section 2.2 for
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formulating the balance relations:

J_ 13 _
a; Uy —vy,

by = Vkl,i ’ (14)
1
G =5 (Vljgli + Vliglj) .

Since for the micropolar continuum b%, and v/; are skew symmetric, axial representation (12) facilitates

the simpler representation b*, = —ejkl b, with ejkl = € g™ and
v, =1, (15)

and deformation rate c¢;; vanishes identically.

Finally, it is trivial to show that those spatial deformation rates are related to the material time
derivatives of the Lagrangian deformation tensors in (5), (6) and (7), i.e., €7, X, and C,,, by push
forward operations:

aij = é:IJ F_lli XjJ ,
by = DK X e X P (16)
Cij = %CIJin%Jj )

and for the special case of the micropolar continuum

V=17, P
i X' 7 (17)
¢; =0.

2.2. Balance relations

The three kinetic balance equations for the proposed gradient-enhanced micropolar framework consist
of the two balance equations of the micropolar continuum theory, and the balance equation describing the
nonlocal character of material damage. The balance equations of the micropolar continuum follow as a
special case of the balance relations of the micromorphic continuum, which can be derived by means of a
spatial averaging procedure [26, 30], see also [37], by means of the principle of virtual work [36], by means
of the requirement of invariance of the balance of energy under the Galilean group of transformations
[27], or by statistical mechanics [76]. The resulting kinetic balance equations of the general micromorphic

continuum of degree one are formed by the balance of linear momentum
tij,i + P(fj - x]) =0 inV(t), (18)
and the balance of momentum moments
miy i+t = s — o) =0 V(). (19)

Tensors tij, sij, m’,!, designate the macroscopic, in general nonsymmetric Cauchy stress tensor, the sym-
metric micro stress tensor, and the nonsymmetric couple stress tensor, respectively. Furthermore, p des-
ignates the mass density, f; the body force per unit mass, ;' the body couple per unit mass, and o, the

micro spin inertia per unit mass.
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For the micropolar continuum, the couple stress tensor m ,, is skew symmetric in the last two indices,
and hence, the axial representation
. 1 . .
l l
m’k = —5 GJ ’I’I’sz (20)
with mij denoting the micropolar couple stress, and with shorthand ¢ kl = mlg . allows to express the
balance of momentum moments by means of the reduced, well known balance of angular momentum of

the micropolar continuum

mij,i + ijl th, + p(l; —0;) =0 in V() (21)
with [; denoting the body torque density per unit mass and o; denoting the micro rotatory inertia.
Furthermore,

1, .. . .

Z (49 ) = g 29

L) = (22)
holds.

The third kinetic balance equation of the proposed gradient-enhanced micropolar framework is formed
by the balance equation of the continuum enhanced by gradients of internal variables, expressed by means

of the second order partial differential equation
a—15(a), " =as inV, (23)

commonly denoted as the Helmholtz-like equation. It describes the nonlocal character of material damage
in terms of the independent, damage driving quantity &, as originally proposed by Peerlings et al. [80].
Note that this balance relation is defined completely in the undeformed configuration, i.e., derivatives are
taken with respect to material coordinates rather than spatial coordinates, and balance is formulated in
the undeformed body Vy. This is motivated by physical considerations, as discussed in [99]. Therein,
it is concluded that only a Lagrangian formulation yields the desired regularizing properties, whereas
Eulerian or mixed Eulerian-Lagrangian formulations may lead to physically implausible results. Equation
(23) is widely used and has been employed successfully for describing the nonlocal character of damage
of various materials, in particular in the small strain regime. It has been presented in [80] in an ad
hoc fashion, making no considerations regarding a thermodynamic balance relation. For the purpose of

thermodynamic considerations it is recast in the spirit of [32] into the form

('), —¢=0 iV, (24)

B

with ! and ¢ denoting the thermodynamic forces, denoted as generalized stresses by Forest [32], which
are conjugate to & ; and &, respectively. The relation of those forces to the nonlocal damage driving field
& and its material gradient & ; will be established in Section 2.4 by means of constitutive relations.

The internal power per undeformed volume F of the combined micropolar continuum and the gradient-
enhanced continuum, restricting the discussion to the isothermal process for the sake of simplicity, then
consists of the stress power, the couple stress power and the power related to the nonlocal material damage
process

E=Jta) +Jm' ¥V, +(a+n'a; inl. (25)

Therein, J denotes the determinant of the macroscopic deformation gradient F' , which relates an in-
10



finitesimal volume element of the undeformed configuration dVj to the one in the deformed configuration

dV (t) as

dv(t)
A7

After introducing a suitable elastic-plastic split of the kinematic variables, (25) will be used for formulating

J =

(26)

the dissipation inequality, and for deriving the general form of the constitutive relations.

2.8. FElastic-plastic split in the micropolar continuum

For formulating plastic material behavior within the geometrically exact micropolar continuum theory,
basically two schools emerged in the past 20 years: They are the approach (i) first proposed by Steinmann
[98], adopted by Bauer et al. [5], Grammenoudis and Tsakmakis [38], Johannsen and Tsakmakis [55, 56],
and the approach (ii) developed independently by Dtuzewski [20], Forest et al. [34], Sansour [92], Sievert
et al. [96].

For representing inelastic material behavior at the macroscopic level, for both approaches (i) and
(ii) a multiplicative decomposition of the macroscopic deformation gradient is assumed. However at the
microscopic level, Steinmann [98] similarly assumes a multiplicative decomposition of the microdeformation
tensor for approach (i), whereas Diuzewski [20], Forest et al. [34], Sansour [92], Sievert et al. [96] directly
assume an additive decomposition of a Lagrangian wryness measure for their approach (ii).

Departing from considerations in the context of the general micromorphic continuum, we follow here
approach (ii), employing an additive decomposition of the wryness tensor. Accordingly, at the macroscopic
level, an elastic-plastic split based on the multiplicative decomposition of the deformation gradient F' is
introduced as

= PR (27)

commonly known as the Kréner-Lee decomposition.
Since for the micropolar continuum the microdeformation is restricted to a rigid body rotation, the

microdeformation tensor C;;, the microdeformation rate c;;, and the internal power related to micro

ij)
stress s¥ vanish identically. Accordingly, no dissipation is a]ssociated with the microscopic deformation
within a single macroelement, i.e., at the microscopic level. From a physical point of view, since no stress
measure is associated with the dissipative mechanism, a decomposition of the microscopic deformation into
elastic and plastic part seems unmotivated. Sansour [92] argues in a similar way, stating that the field of
microrotations is considered an independent kinematic variable, which is not amenable to a decomposition
into elastic and plastic parts, similar to the displacement field.

On the other hand, as apparent in (25), the micropolar couple stress power is in general nonzero, and
dissipative effects related to the gradient of the microdeformation field may occur. Hence it is implied
that for the micropolar continuum plastic material behavior does not occur within a macroelement, but
rather in between neighboring macroelements, and consequently, inelastic material behavior is observed in
the gradient of the microdeformation field.

For the proposed approach, this is expressed by means of an additive decomposition of the material
gradient x’; :

XiJ,K = XeiJ,K + XpiJ,K . (28)

By means of this additive decomposition no fictitious, i.e., elastically unloaded, intermediate configuration
11



is introduced at the microscopic level within a macroelement, which is in sharp contrast to approach (i)

proposed in [98].

Using multiplicative decomposition (27), the elastic deformation tensor €° fJ is introduced, which is

computed by means of the multiplicative decomposition

QeiJ = FEifoi = (Fp)illf ¢,

(29)

For the wryness tensor I', ;| the assumed additive elastic-plastic split of x* i results in the additive

elastic-plastic split

K _ ek pK
PR =T + Ty,

with the respective elastic and plastic parts defined as

e K _ AK el
% =X%x LI

pK _ K pi
PR =X"x L1I-

The material time derivatives follow accordingly as

with

. . i . WK K
X = =x%5 %7 x L+ kaXkL,I =T o +IP

3o 1 . i ei
re = —X5 027 L1t xR L1

- K Tk . L
oo = =X XX P+ XX

For the micropolar continuum, the simplified relations read

with

FJI _ FeJI =+ FpJ[

1
FCJI _ 75 EJKL %Kk XCkL,I
1
J J L oK k
e 1:_56 K XX L1T-

using shorthand €’ % = ¢/ML G, .. The material time derivatives follow as

with

. - J . J
D=1 + 127,

) 1 . , ,
FCJJ =73 /" (:{KiXeZL,I + xKiXeZL,I) )
i 1 y i - pi

e, = D) 6JKL (xKiXp L1+ szXP L,I) .

(30)

(31)

(34)

(37)

Accordingly, it is concluded that the additive elastic-plastic split of the material gradient of the microdefor-

mation field results in an additive decomposition of the wryness tensors and its material time derivatives.

Such an additive decomposition of the wryness tensors was assumed in an ad hoc fashion by Sansour [92],

and it follows naturally from assumption (28).
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The proposed elastic-plastic split for the material gradient of the microdeformation assumes that
the elastic part is defined with respect to the undeformed macroscopic configuration rather than the
macroscopic stress free intermediate configuration. In this regard, the resulting elastic wryness tensor is
in line with the approach (i) by Steinmann [98], but it is in contrast to the approach (ii) by Diuzewski
[20], Forest et al. [34], Sievert et al. [96]. For the latter approach, the elastic wryness tensor is defined with
respect to the macroscopic stress free intermediate configuration. This way, mixed reference configurations
of the variables of the free energy function could be avoided. A recent discussion on the choice of variables
was also presented by Forest [33].

Remark: A formulation for the additive elastic-plastic split presented herein defined with respect to
the macroscopic stress free intermediate configuration, in line with approach (ii) by Dtuzewski [20], Forest
et al. [34], Sievert et al. [96], could be stated as

X=X+ x0n) PPy, (38)

with x© LI denoting the elastic part. While the present work focuses on the decomposition (28), a concise
outline of decomposition (38) is presented together with the thermodynamic implications in Appendix A.
For the presented realizations of the gradient-enhanced micropolar continuum framework in Sections 5
and 6, the obtained results are in good agreement with experimental results, and the presented approach
is thermodynamically consistent. Clearly, which of both approaches is in better agreement with reality
depends on the material, and the micromechanics processes associated with inelastic material behavior of
such a material. Such investigations remain to be performed in the future.

Employing the elastic-plastic splits (27) and (28), the deformation rate tensors are now reformulated.
As known from the classical Boltzmann continuum, the Kréner-Lee decomposition (27) results in an

additive split of the spatial velocity gradient

i 7 —1K

lijKF j

1T
J

= (PPl P ) (o) () (39)

_ lcij + Fciijfj(FC)fle’

in which leij denotes the elastic velocity gradient, defined with respect to the deformed configuration as

K
J

leij _ FelK(Fe)

(40)

and LP! 7 denotes the plastic velocity gradient, which is defined completely with respect to the plastic
intermediate configuration as

Ty = el () (41)
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Similarly, the spatial deformation rate tensor a; decomposes as

7

al = [J'Z_ _ lexli
- (Fejf(Fe)_lji B leagfi) + Feijpjf(Fe)_lji )
= é:eiJ (Fe)—ﬂ_i XjJ i Fejj ijf (Fe)_lfi

with

& = PR, = PR xR (13)

For the special case of the micropolar continuum, this simplifies to
. . g ..
¢ =P+ PR, (44)

Observe that in contrast to the macroscopic spatial velocity gradient lji, the spatial gyration rate Vi]- is
not affected by the introduced split of the gradient of the microdeformation tensor, as apparent from (11).

By contrast, for the spatial deformation rate tensor b%;, an additive split results as
k k
b =v 1
: T
=R PN (45)
K K
= <FC o+ 1I? LI) FY bk

which simplifies for the micropolar continuum to
Vo= (1, + 1) P, (46)

Hence, the proposed additive split of the gradient of microdeformation results in an additive split of the

deformation rate tensor ;.

2.4. Dissipation inequality and general constitutive relations

By means of the Clausius-Duhem (C-D) inequality, the dissipative mechanisms related to the proposed
elastic-plastic split are inspected. The dissipation inequality is established from the difference between the

rate of the Helmholtz free energy density ¥ and the internal power per undeformed volume E as
D=FE—p¥>0 1inV,, (47)

with D denoting the dissipation rate per undeformed volume. Taking (25), the inequality is expanded for

the gradient-enhanced micropolar framework as
—po¥ + Jtha! + Im' Y, +Ca+n'ar >0 inlj. (48)

For the proposed gradient-enhanced micropolar damage-plasticity framework, the Helmholtz free en-
ergy density ¥ is assumed a function of the elastic deformation tensor €° jJ, the elastic wryness tensor
re’ 1, the nonlocal damage driving field & and its material gradient & j, a scalar isotropic material damage

14



parameter 0 < w < 1, and a set of internal state variables a®:
U= T, a,a,wa). (49)

The set of internal state variables a® represents the history of the material, e.g., the hardening state,
expressed by tensor quantities of arbitrary order.

Strictly speaking, the damage parameter w is nothing else than an internal state variable, but in order
to highlight the concept of continuum damage mechanics within the proposed framework, it is considered
explicitly in the following derivations.

From (49), the rate of the Helmholtz free energy density follows as

ov .. ov .y  ov. OV . ov ., oV

=——C + —T°  + —a+—a;+—w+-—a 50
8@01;7 I +8F9JI I+ada+86¢7]a’l+aww+aa.a7 ( )

which allows to rewrite the C-D inequality as

7697 +7Fe +7~ +f +7 +
pee T Tared T aa" T 9a, M T w T 9ar”

+Jtijaij + Jrrzijbji +ac+ 547] >0 inV.

) ( ov ..g OV g 0V. OV . ov | 8@,,)
—Po
(51)

Therein, the term J ti]-aij represents the rate of the work produced by the Cauchy stress per reference

volume dVj

Jtial =Tt (I, =)
—Jt (FJ’K i ijaeKi) (52)
= Jtij (Fejj(Fe)ilfi - XijKi) + Jtij (FejJ—ijj(Fe)ilfi) )

which, using (44) and (41), is rewritten as

Jtal =TT & + 70 127 (53)

J

Therein, the Biot stress measure 77 7, which is power conjugate to the elastic Cosserat deformation rate

J
¢¢;, is defined with respect to both the undeformed and the stress free intermediate configurations, and

it is expressed as

T, = J(F) (54)

and the Mandel stress measure 72, which is power conjugate to the plastic velocity gradient ijf, is

J I
defined in the intermediate configuration as

o*ii e
Th =J(F) VU, P (55)

The term J mijbji in (48), represents the couple stress power per reference volume dV;, which is now
expanded as
i pJ i -1l g S0 i
Tl V= i P (0 1))
. (56)
= M! (Fe e )
J I I
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with the Biot couple stress tensor M ; defined as
MY = Jmi F7Y (57)
Combining (51), (53) and (56) and rearranging results in

7 ov o oV T oV . oV \ .
I o e I i e _ il ~ I i ~
<TJ anQ:eIJ> ¢ I + <M 7 pOaFeJI) I I + (C £o 8&) o+ <77 po(‘)@;) ar (58)

Tl P ML T Y O — Bud® >0 in Vp,

in which 5
Y = —pp— 59
Po Ow (59)
is commonly denoted as the energy release rate and
ov
. = Do —— 60
B Po Do (60)

denotes the quasi-conservative thermodynamic force conjugate to the internal state variable a°.
The Coleman-Noll procedure [13] is then applied, requiring that non-negative dissipation must be
fulfilled for arbitrary, independent rate processes, and accordingly, the terms in parentheses must vanish

identically, resulting in the constitutive relations

r ov ov ov ov
T =po—. My =poeey, C=pomz, 1" =pop— 61
J £o ac:ef] ) J Po BFCJI B C Lo o 3 n Po @d, ( )
yielding the final simplified dissipation inequality
TL P 4 MY Yo — Bt >0 in Vg (62)

2.5. Free energy potential

Further specialization of the free energy potential is performed to introduce continuum damage into
the constitutive relations, and for relating the thermodynamic forces ¢ and 7’ to the nonlocal damage
driving field & in (24).

To this end, an additive structure of the free energy per unit mass ¥
¥ = po (¥ (€7, T w) + 07 (%) + D(d, ) (63)

is considered, explicitly employing damage parameter w for representing the degradation of the stress,
couple stress and hardening thermodynamic forces, or parts thereof by reducing partially or completely
the elastic free energy potential U® (Qﬁe I—J, ref J) and the hardening free energy potential ¥P (a*), and with
\i/(d, & y) denoting the complementary part for the gradient-enhanced formulation. Relation (63) represents
the simplest setting for considering a dependency of the elastic properties on continuum damage. More
refined constitutive laws can be formulated in the same manner, e.g., considering multiple or higher order

damage tensors. Accordingly, stress measures tij and mij follow from (63) by means of the hyperelastic
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relations

ove (e I w)
oee;’

ove (e 17 w)
ore’,

thy=J PO X g , omly=J " FL X g (64)

Furthermore, assuming

1 1
po V(a, a g, aq) = =(la)*ar G ay + 5(% —a)? (65)

2
for the complementary part yields equivalence of (24) with the well known classical form (23). The latter

is considered in the remainder of this work.

2.0. Plasticity part

The evolution of the plastic deformation gradient F el ; and the plastic wryness I'"/;, as well as the
set of internal state variables a® are described by means of a yield condition, a flow rule and a hardening
rule. For the sake of simplicity, it is assumed that the set of internal state variables a® is related to
the plasticity part of the model, i.e., the evolution of «® is linked to plastic flow. A generalization for
representing non-plasticity related internal state variables, e.g., for modeling creep, is straightforward, and
hence, it is not considered further in the present contribution.

In case of combined continuum damage mechanics and plasticity theory, the question arises whether
plasticity is formulated in the nominal stress space, i.e., by means of ! 7, M", B, (or any stress measure
derived thereof), or in the effective stress space

TIszoai‘;I;;wo7 ijzl)oaiilwo, B.ZPO;EJ,UJ:O (66)
interpreted as forces per intact area of the material. A discussion on this question is found in [40]. Therein,
it is concluded that the formulation in the nominal stress space is subjected to severe restrictions in order
to ensure a unique model response. Hence, a formulation in the effective stress space is employed for the
proposed framework.

The concept of generalized stress invariants [15, 68, 74, 101], computed from both the effective stress
tensor and the effective couple stress tensor, allows to employ the classical framework of plasticity in terms
of a single, combined yield function for both stress tensors, initially proposed by Lippmann [65]. Then,
in the spirit of non-associated finite strain plasticity, a yield function fp(T f 5, M1, B,) is employed for

delimiting the elastic domain, together with the Karush-Kuhn-Tucker conditions of optimization

Fo(Th M B) <0, A>0, AT, M) B.) = (67)

For non-associated plasticity, a plastic potential function gp(Tj' ;. M!, . B,), and a hardening potential
function hp(Tf . M", . B,), which, in general, are different from fp(Tf S, M1, B,), are used for describing
the evolution of the thermodynamically conjugate quantities as

agP(TJ7MJvﬁO) 3 J agp(TJ7MJ750) ) \ ahp(TfJ7MIJ750)

2 e 7

7 =3 (68)

Such non-associated plastic potential functions are in particular important for cohesive-frictional materials,
17



for which associated flow rules would yield an overestimation of the volumetric plastic flow. Extension
of the presented framework to multisurface plasticity by means of Koiter’s [58] generalized flow rule are
straightforward, and hence, a detailed explanation is omitted here.

Remark: As a consequence of the employed elastic-plastic split, i.e., the assumption that plastic behav-
ior occurs in the gradient of the microdeformation rather than introducing a multiplicative decomposition
of the microdeformation itself, the proposed framework is equivalent to the framework proposed in [74] in

case of infinitesimal deformations.

2.7. Damage part
Following the thermodynamic approach to constitutive modeling, a dissipation potential

ga(Y, TTJ , M, aq, &, B.) may be used for describing the evolution of damage as

O = 8gd(Y7 Tjjvjvjlt]?adv d: ﬁﬂ)
B oY ’

(69)

e.g., formulated in terms of a threshold function for a critical value of the energy release rate, similar
to classical plasticity theory. However, for cohesive-frictional materials with highly nonlinear material
behavior, such dissipation potentials may be difficult or even impossible to formulate, and hence, commonly
rate type evolution laws are formulated directly. Accordingly, for the proposed framework the latter
approach is pursued, and the damage evolution is assumed to depend on the nonlocal damage driving field
through

w=uw(a). (70)

To ensure non-negative dissipation in (62) for non-healing materials the restriction w > 0 is sufficient
considering that the energy release rate Y is always non-negative.

Alternative approaches, assuming a dependency on both & and aq are reported in the literature. In
particular so-called over-nonlocal approaches [18] are widely used. Since the extension to such a formulation
is straightforward, it is not considered further in the present contribution.

Similar to (70), a rate type evolution law in lieu of a dissipation potential may be used for describing
the evolution of ay. For combined damage-plasticity approaches, the evolution of damage driving variable

g is commonly related to the evolution of plastic deformation

. . pl il e i i
ad:ad(Fp 17]_—‘[) Ivaatjvmj7ﬁ0) (71)

with a potential dependency on the stress state to account for ductile and brittle behavior in compression

and tension, respectively, and with the restriction
ag >0 (72)
for ensuring a monotonic growth of damage.

3. Nonlinear finite element implementation of the gradient-enhanced micropolar continuum

For numerical implementation of the proposed framework by means of the finite element method, the

spatially discretized weak forms of the governing second order partial differential equations (18), (19), and
18



(23) are formulated. For the sake of simplicity, the quasi-static case is considered, i.e., inertial terms in the
balance equations are neglected, no body forces or body couples are considered, and furthermore, homo-
geneous Neumann boundary conditions are assumed for (21) and (23). For representing finite micropolar
rotations in a computational framework, a three parameter representation in terms of the axial vector w;

and the Euler-Rodrigues formula

X' = cos (w) g'; — sin (w ) €7F ny, g;r + (1 —cos (w))n njgjl (73)
with
n=w;/w and w=ww (74)
is used.

For formulating the weak form, the three balance equations (18), (21) and (23) (i) are multiplied by
test functions du’, dw’ and da, (ii) integration over the spatial domain is performed, and (iii) the Gauss

theorem is applied, resulting in

/ o’ jtdV (t) — / Sul t,dA(t) =0, (75)
V(t) A(t)
/ —5wj,i mij + Sw? ejkltkldV(t) =0, (76)
v(t)
Saa+136aa,,G" —daagdVy=0, (77)
Vo

with ; denoting the surface traction vector acting on the boundary A(t).
Next, the weak form is discretized spatially by interpolating the three fields and their gradients from
the node values, using the respective interpolation operators N, and their spatial derivatives N, ; with

subscripts ()4 and (e)p henceforth denoting node indices as

u'=Nyq"y, Ui,j =Ny Qs
w' zNAqWAi, wi’j =N, qWAi, (78)
a=N,q%,, ar=Ny; Q% 4,
using transformation
NA,j = NA,J Fﬁl‘]j : (79)

u %

with q* 4%, ¥ 4" and q® 4 denoting the vectors of the node values of the displacement field u!, the microro-
tation field in terms of the components of the axial vector w’, and the field of the damage-driving variable
@, respectively, and assuming identical interpolation for all fields for the sake of simplicity. Similarly,
employing the Bubnov-Galerkin approach, test functions éu’, dw’ and §&, and their respective gradients
are interpolated using the same interpolation operators N, and N, ;. Accordingly, the discretized weak

form is expressed using the Kirchhoff stress, 7 = Jt';, the Kirchhoff couple stress y'; = Jm’; and local
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damage driving variable a4 as

iq" )’ </ Ny, 7 dVy — / N, t; CM) =6q", =0, (80)
Vo oo i
(5qWAj/ (=N, p'; + Ny ejkl ™) dVy = oq” rv,; =0, (81)
Vo
6q°, [ Nya+ (la)?Ny,é,G"” =N, agdVy = d6q* 1%, = 0, (82)
Vo

in which use of (26) was made to express the integrals over the undeformed body, and with r" ,;, r,; and
r®, denoting the nodal residual vectors, which are used to assemble the nonlinear equation system. The
latter is commonly solved by means of the Newton scheme, which requires the derivatives of the residual
vectors with respect to the vectors of the nodal values. Those derivatives are summarized in Appendix B.
Expressing the constitutive relations in terms of the Kirchhoff stress measures is in particular beneficial
for an efficient numerical implementation, since the resulting expressions at finite element level become
independent of the Jacobian determinant J.
In (80), (81) and (82), the Kirchhoff stress 77, the Kirchhoff couple stress 4i’; and local damage driving
variable aq are considered functions of F'7, w’, w';, &, and the set of internal state variables a*
Tij = T‘] (Fil,wi,wi’l,d, a®), ,uij = uij(Fi] , wi,wiJ, a,at), ag= ozd(Fihwi,wi’[,d, a®), (83)
and, accordingly, they depend on the node values q"z*, q¥z" and q%p, and the loading history of the

material.

4. Numerical implementation of the constitutive relations

At quadrature point level, the constitutive relations are computed by means of a stress update algo-
rithm, computing in a time interval [t ), ¢ = tq + At] for the given (total) deformation state F*, w'
and w’ ; and based on the known state of the material at time # ., the updated Kirchhoff stress 7 (t), the
updated Kirchhoff couple stress uij (t), the updated damage driving variable aq(t), and the updated set of
internal variables a(t). Additionally, the algorithmic tangents of 77 (t), u';(t), and aq(t) with respect to
the deformation tensors are computed within the stress update algorithm for solving the global equation
system, and they are summarized in Appendix C. In the following, subscript ()., denotes the respective
value at the beginning of the time increment, whereas an omitted subscript denotes the value of a variable

at the end of the time increment, i.e., at ¢t = ¢4 + At.

4.1. Update of deformation measures

By means of the current values of F' | w' and w{j, the Lagrangian set of deformation measures is
computed. To this end, the computation of x’; is performed in an updated manner, as described in [47],

exploiting a multiplicative update of the microrotation tensor defined as

XiI = AXlJ le(old) (84)
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with
Axij = Axij(Awi) (85)
taking the increment of the axial vector Aw’ = w(t) — w(¢,)) and making use of the Euler-Rodrigues

formula (73) and with Y I (1) denoting the known components of the microrotation tensor at the beginning

of the increment. Furthermore, the material gradient of the microrotation update is computed as

X g = aTwZ wg- (86)
Observe that this allows for an additive update scheme of the wryness tensor, as described in [25]:
1
I/, = AT, + FJI(Om) =73 el " X AXE L X Loy FJI(om) . (87)

Deformation tensor €,7 is then computed using the current value of F; by means of (84) and (5).

4.2. Integration of plastic evolution equations: elastic predictor

Along the lines of plasticity theory for the classical continuum, a trial effective Mandel stress, a trial
effective Biot couple stress, and a trial state of the hardening state are computed by means of the updated

deformation measures as

ov
aQe,trI,J

0w e — o OV (58)

Po T ) ° 0 °
arew | dag |0

’tri _ rtrd _
" ;=po M™ ;=

)

w=0
assuming

7“:] _ P -1 J e,trJ - nJ pJ e _ o
< I - (F ) I (ola) Q:I ’ r I — r I r I(old) ? At = O (ola) - (89)

If f, (T ol M ul Js ﬁfr) <0, purely (damaged-)elastic material behavior occurs, and

T =T, ML, =M ot =at .. (90)

4.3. Integration of plastic evolution equations: return mapping algorithm

Otherwise, i.e., if f; (Tf oM B.) > 0, plastic material behavior occurs, and the finite strain return
mapping algorithm [43] is employed for computing the updated unknowns ¢° fﬂ I/, and a® by solving

the nonlinear equation system

€e,triJ Q:ef(J AFPRI’ - _
7 T!, M, B,
AFP7- = exp | AN 90", = D) , (92)
! o7,
Fe’trJI re’, + Ar®’/, 0 (Tf M! BJ )
= , (91) AFPJ = A\ 9p Jo Jorre
° 14 A ° ! aMIJ 7 (93)
oy a® — Aa o
g Oh,(TT, , M, B,
Aa® = —A\ P( Jéﬁ J76)7 (94)
0 LTy MY )
in which the exponential map integration [17, 43] is used for computing ij, = AFPJI— FPIJ(OM)., and the
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implicit Euler backward integration is employed for updating I'" ; = A" (+I" ; | “and o® = Aa®+af,,.

For the numerical implementation of the exponential map integrator, the series approximation

al Vi) o =7 -1 3 n
exp A/\agp(TJvMJvﬁo) :Zl A/\agp(TJ?ijﬁ.) (95)
oT" n! a7,

n=1

is exploited. Due to the general nonsymmetry of all the involved tensors, no closed form expression of the

tensor exponential is possible for the micropolar continuum.

4.4. Integration of damage evolution equations

By means of the updated plastic deformation measures FPJI and T'?”, local damage driving quantity
aq is updated by integration of (71) as

Aag = Aag (AR, AT, 7 i) (96)

yielding
aqg = Aog + Ad (o1q) (97)

and furthermore, for given &, damage parameter w can be updated independently by integration of (70):
w = Aw(A&) + W) - (98)

Finally, the Kirchhoff stress and the Kirchhoff couple stress are updated as

aqje(gef]? ]_'\er LJ)
oee ;!

ove(ee 1) w)
ore’,

T = po Fe; %Jj, ,u,ij = po FY, X‘]j . (99)

For the subsequently presented realizations of the framework, the weak form and the material models
were implemented by means of an implicit MOOSE [83] finite element code based application Chamois
[73], employing the Marmot material modeling toolbox library [21]. The Fastor library [88] is used for
tensor contraction operations at material and finite element level. Fastor enables the straightforward

implementation of tensor operations using the Einstein summation notation.

5. A damaged hyper-elastic micropolar Drucker-Prager model for sandstone

A first realization of the proposed gradient-enhanced micropolar continuum framework is proposed in
terms of a damage-plasticity model for sandstone based on the Drucker-Prager yield criterion. The model
is applied and assessed in simulations of plane strain compression tests on Gosford sandstone performed
by Ord et al. [77].

5.1. Model formulation

For describing hyperelastic relations within the micropolar continuum, a Neo-Hookean type model
inspired by the model by Ramezani et al. [89] for compressive materials is employed, using an isochoric-

volumetric split for the macroscopic part, as described in, e.g., [82]. The potential function is expressed
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as
P (€ T 0) = g(7%) + (1 -w) 5 (@460 () Fef e, —3) —a. () e e -3))

1 A A\ e e X 2\ e e A e e
+(1-w)3 ((’Y‘F@PJIFJI+(’Y—5)FJ1PIJ+(¥FIIF JJ)

2
(100)
with w denoting the scalar isotropic damage parameter, J° denoting the determinant of €* jJ, and with
e K e)\2 e\—2
o) = 5 (92 + ()2 —2) (101)

denoting the energy due to elastic macroscopic volumetric deformation. Accordingly, it is assumed that
damage affects the complete couple stress tensor, but only the deviatoric part of the classical Cauchy stress
tensor. As a consequence of the deviatoric-volumetric split of the elastic potential, the relations between
the effective and nominal stress and couple stress tensors can be conveniently expressed by means of the
linear relations

= ml = (1 —w)m; (102)

with 1 1
Qyl=(1-w) (5@5; — 35fj5kl) + gaija,j. (103)

Identical relations follow for the nominal and the effective Mandel stress tensors, Tfj and ;ffj , and the
nominal and the effective Biot couple stress tensors, M!; and M.

The 6 elastic constants, expressed in the notation by Hassanpour and Heppler [44] for consistency with
[74], are the shear modulus G, the bulk modulus K, the coupling modulus G,, and the three micropolar
elastic constants &, B and 7. The latter are commonly expressed by means of a set of derived parameters,

i.e., the polar ratio

2y
= 104
N rt (104
the characteristic length for bending
A+ 4
=1\ — 1
b e (105)

and the characteristic length for torsion

I, = \@ (106)

In the present contribution, the principle of bounded stiffness derived by Neff et al. [72] for the small strain
regime is obeyed, yielding

w:; and I, = 21, . (107)

Consequently, only the length scale parameter [;, and the coupling modulus G, remain as independent
elastic parameters, together with the classical parameters G and K.

For modeling plastic material behavior by means of a single, combined yield function, the concept
of generalized stress invariants [15, 68, 101], computed from both the effective Mandel and couple stress

tensors, Tfj and M’;, is employed. Following the discussion in [74], the generalized effective stress
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invariants /; and J, in the finite strain regime are computed as
L=T% (108)

and
8L (as M*; M;” + ay M'; M7)) (109)
J2

using the deviatoric part of the effective Mandel stress tensor

— 7 — 7 1 ;o=

T T T

Sj:Tj—ngll. (110)

In the present work, a; = 0.5, az = 0, a3 = 0.5 and a4 = 0 is assumed, consistent with [74]. Length

scale parameter [j5 is employed for relating the different dimensions of the classical and the couple stress
tensors, and it is considered a material parameter specific to the microstructure of a material.

Note that for the present model for sandstone the deviatoric-volumetric split in (100) carries over to

Tij , yielding fl to be identical to the first invariant of the nominal Mandel stress tensor I; = ’Til— , since
the hydrostatic stress is independent of w. This, however, is not the case for different effective-nominal
stress relationships, e.g., such as the one employed for the model for concrete presented in Section 6.

By means of the generalized invariants, the yield function is expressed as

fp(T{ﬂMIwﬁp):\/gﬁ"‘\/g (maﬂ::n_ﬂo) — By (111)
using )
Y,
37 (112)

F=V20,

and with m, denoting the friction parameter, 5y denoting the cohesion strength parameter, and 8, =
(1 —w) B, denoting the nominal scalar stress like hardening parameter, related to the conjugate equivalent

plastic deformation measure oy, as

owh —ap hexp) — 1
By =(1-w)py =—, with pyU"=ha (a,+ exp(—ay, hexp) (113)
Oay, hexp
and with ha and hey, denoting hardening material parameters.
For describing the evolution of FP';, T/, and a,,, the flow rules
7 ag TI_’7MI o ag 7:]_77]\_41 . af 7:1_7’]\_41 75
Lij:)\ P( J J) e I:)\ P( J J) _ 7A P( J J p) (114)

a1, omT, B, ’

are employed, with the non-associated plastic potential function g, (Tfj , M, By) defined as

gp(Tﬂ,MIJ)—\/gﬁ+x/§<m¢fm (16—ww)> . (115)
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Therein, m,, denotes the dilation parameter, and 3, is a dimensionless parameter for describing a decrease

in dilation depending on the hardening state as
By =1—exp(—ap hq) (116)

with material parameter hq.

Remark: Due to an identical dependency of p, 3,, and the term involving the hydrostatic stress 7:;1
in (115) on the damage parameter w, for the numerical implementation the return mapping algorithm
can be formulated completely independent of the current state of w up to a constant multiplied with the
Lagrangian multiplier }\7 which is, however, not required to be determined explicitly in practice.

Cohesion, friction and dilation parameters 5y, m, and m,, in (111) and (115) are computed as

6 ¢ cos 6 sin 6 sin (¥
b= G A(zim) VTR A((zi)nqﬁ) VTR +A(si)nw) (117)
in which ¢ denotes the cohesion stress like material parameter, ¢ the friction angle, ¥ the angle of dilation
and —1 < A < 1 is a fitting parameter for adjusting the Drucker-Prager yield surface for in- (A = 1) or
circumscribing (A = —1) the Mohr-Coulomb yield surface.

For modeling the evolution of material damage, an exponential softening law

w=1-exp <—a> (118)
=
is employed, with &; denoting the softening modulus, and the local damage driving field aq is driven by

the accumulation of the inelastic volumetric deformation as

Gy = % (log (det FPI})) (119)

To ensure &g > 0, the current model is restricted to non-contractant material behavior only, i.e., ¢ > 0

must be satisfied. This way, a monotonic growth of damage w ensured.

5.2. Application to plane strain tests by Ord et al.

The proposed model is calibrated and assessed by means of the experimental tests on Gosford sandstone
performed by Ord et al. [77]. During this experimental study, prismatic sandstone specimens with dimen-
sions of 80 mm x 40mm x 80 mm were subjected to vertical compression under plane strain conditions,
employing different magnitudes of lateral confining pressures ranging from 0 MPa to 20 MPa. During the
tests, the primarily observed failure mode was shear failure, characterized by the emergence of a diagonal
shear band across the specimens. The numerical treatment of the emergence of shear bands in those tests
has been investigated previously by Regueiro and Borja [91] using a strong discontinuity approach. Herein,
it is demonstrated that the proposed gradient-enhanced micropolar approach naturally captures emerg-
ing shear bands in a continuum setting, and it provides a sound framework for describing the complex
kinematics in those zones of localized deformations.

For investigating the proposed model, the tests are simulated by means of an equivalent 2D plane strain

finite element model, using 8 node quadrilateral elements with a reduced Gaussian quadrature rule. For
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Figure 4: Experimental setup for the plane strain compression tests on Gosford sandstone by [77] (left), and equivalent
plane strain finite element model using three different fine element meshes with 40x80 elements (coarse), 60x120 elements
(medium), and 80x 160 elements (fine), employing quadratic shape functions with a reduced quadrature rule (right).

Table 1: Material parameters for Gosford sandstone used in the plane strain compression tests by Ord et al. [77].

E (GPa) v (-) G¢/G(-) b (mm) Iq (mm) I (mm) ¢ (MPa) ¢ (°) ¥ (°) A(-) ha (MPa) hep (-) ha (-) er (-)
13.0 0.35 0.1 1 1 1 8.0 30 20 1 11.0 1400.0 1.0 0.11

demonstrating the mesh-insensitivity of the proposed framework, three different resolutions of the mesh
are employed: 40x80 elements (coarse, 39525 degrees of freedom), 60x120 elements (medium, 88085
degrees of freedom), and 80x 160 elements (fine, 155845 degrees of freedom). The experimental test setup
is illustrated together with the 2D finite element model in Figure 4.

Due to the homogeneous initial conditions, the location of the emerging shear band is not predefined
a priori. However, in the experiments, the shear band commonly did not attain top and bottom surfaces
of the specimens at which the load was applied. Hence, although polished steel plates were used for load
application in order to minimize frictional effects, it is assumed that certain confining effects due friction
were present. This additional confinement is simulated by constraining the top and bottom surfaces by
means of a rigid body constraint, i.e., in plane relative displacements of the nodes located at those surfaces
are constrained, whereas a displacement of the surface as a whole is permitted. This way, an additional
confining effect is achieved in the vicinity of the top and bottom surfaces, resulting in the shear band
emerging in the center of the specimen. Furthermore, a slight perturbation by means of a lateral force of
1N acting on one corner is applied for defining a priori the direction of the shear band.

The Drucker-Prager model is calibrated by means of the results for specimen RAO636, which was
subjected to a lateral confining pressure of 20 MPa, and the resulting material parameters are listed in
Table 1. In particular, the length scale parameters [}, ljo and [q are chosen to adjust the thickness of the
occurring shear band to match approximately the one observed in the experiments. In [74] a strategy for
determining those parameters is discussed. For the coupling modulus, for many materials experimental
reports in the literature [44] estimate G. in the order of 0.1G to 1 G. In the present work, G. = 0.1G is

assumed.
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Figure 5: Experimental results and predicted load-displacement curves for the plane strain compression test on specimen
RAOG636 with 20 MPa lateral confining pressure using the calibrated Drucker-Prager model with the three different meshes
(left), and predicted (lines) and experimental (markers) load-displacement curves for the specimens RAOG636 (20 MPa),
RAO640 (15 MPa), RAO627 (10 MPa), RAO624 (5 MPa), and RAO613 and RAOG39 (no confining pressure) for comparison
(right).
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Figure 6: Evolution of material damage w during the simulated test on specimen RAO636, at an applied vertical displacement
of 0.8 mm (first), 1.0mm (second), 2.0mm (third), and 4.0mm (fourth). During the test, damage and deformations localize
into a narrow shear band with finite thickness.

damage w

Figure 5 (left) shows the load-displacement curve for the test on specimen RAOG636 using the calibrated
model, together with the respective experimental results. It can be seen that the obtained results are indeed
independent of the employed finite element mesh, and they are in good agreement with the lab test results.
During the test, a shear band emerges in the center of the specimen, as shown in Figure 6 by means of a
contour plot of damage parameter w. Once the shear band has emerged, additional deformations almost
exclusively occur in the shear band, resulting in a zone of very large, localized inelastic deformations.

Figure 7 shows a detail of the predicted shear band for all three investigated meshes, highlighting
those large deformations. It is concluded that identical to the load-displacement curve, the predicted
shear band is insensitive with respect to the employed mesh, i.e., the thickness and the inclination of
the shear band are identical for all meshes. For comparison, Figure 5 (right) shows the results for other
specimens tested reported in [77] with lower magnitudes of the confining pressure, i.e., RAO640 (15 MPa),
RAOG627 (10 MPa), RAO624 (5MPa), and RAO613 and RAO639 (no confining pressure), using the fine

mesh. While it is apparent that those experimental results are characterized by considerable scatter, it
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Figure 7: Detail of the predicted shear band in specimen RAO636 at an applied vertical displacement of 3mm. For all
investigated meshes (coarse, medium and fine) an identical inclination and thickness of the shear band is predicted.

is also concluded that the overall response of the material is captured reasonably well by the proposed

model.

3.0

,_.
[
vertical displacement magnitude (mm)

0.0

Figure 8: Illustration of the influence of the material length scale parameters Iy, lj2 and lq, on the predicted thickness
of the shear band using I}, = ljo = lg = 1mm (first), I, = ljo = lg = 2mm (second), I}, = lj2 = lg = 3mm (third),
ly, = ly2 = lqg = 4mm (fourth) for an identical applied vertical displacement of 3 mm.

The thickness of the predicted shear band is governed by the employed length scale parameters. In
order to demonstrate the effect of those length scale parameters, Figure 8 shows a contour plot of the
vertical displacement magnitude for different values of the length scale parameters. It can be seen that
increasing values of the length parameters result in a larger thickness of the shear band. In particular for
small values of the length scales, very large and localized inelastic deformations occur in the shear band,
which confirms the necessity of an exact geometrical treatment.

For comparison, Figure 9 shows a photograph of the specimen RAOG36 after failure in the test, with
a clearly visible shear band. Ord et al. investigated the arising shear bands for different stages of the
experimental tests. A micrograph of the shear band in specimen RAO640 after failure is shown in Figure 9
(right). The fracture process zone is reported with a thickness of 1 mm - 2mm, and intergranular cracking
is clearly visible. The predicted thickness of the shear band is illustrated by means of the magnitude

of the microrotations. While investigating the relations between the length scale parameters and the
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Figure 9: Observed shear band in specimen RAOG636 in the tests by Ord et al. [77] with scanning electron micrograph
of the shear zone in specimen RAO640 (left), and magnitude of the microrotation in the specimen at an applied vertical
displacement of 2mm using a mesh size of 160 x 320 elements (right), indicating the predicted thickness of the shear band
for comparison. Adapted authorized reprint from [77].

microstructure is still the focus of ongoing and future research efforts, it is concluded that the predicted

thickness of the shear zone is within a realistic range for the present example.

6. An extended gradient-enhanced micropolar damage-plasticity model for concrete

A second realization of the proposed geometrically exact gradient-enhanced micropolar framework
is presented in terms of an extension of the Gradient-enhanced Micropolar Concrete Damage-Plasticity
(GMCDP) model presented in [74] to the finite strain regime. The GMCDP model was proposed in [74]
in the small strain regime as an extension of the gradient-enhanced damage-plasticity model for concrete
by Grassl and Jirdsek [40] and Poh and Swaddiwudhipong [87] to the micropolar continuum theory in
order to provide a remedy for stability issues related to non-associated plastic flow. The performance
of the GMCDP model was demonstrated by means of several benchmark examples considering different
types of loading, and a comprehensive assessment of the GMCDP model compared to classical local
and gradient-enhanced formulations was presented recently in [75], highlighting the advantages of the
micropolar approach for modeling shear dominated failure.

For demonstrating the suitability of the proposed approach for problems different to shear failure, the
extended GMCDP model is applied to an example of compressive failure with very large deformations
under very high confining pressures observed in the tube-squash tests by Bazant et al. [8] as well as failure

in torsion by means of the tests by Brokenshire [12].

6.1. Model formulation

For describing the elastic relations of the extended model, the hyperelastic potential

p() \I[e = ,00 (1 — (U) \I/e(@af], FQJI) (120)
with ) ) )
PO\pe(Q:e J FeJ ) _g(Je) + 5 ((G + GC) (Q:ef] Q:eIJ o 3) —Ge (Cef] Q:eJI o 3)) (121)
1
+5 (AT T+ (= BT T+ al* 1))
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and
9(J%) = % () =1) - (2 + G) In(J°), (122)

by [5, 89] and with A denoting the Lame parameter is employed. In contrast to hyperelastic potential (120)
for the sandstone model, damage parameter w affects the complete stress tensor including the volumetric

part, yielding the simple and commonly used nominal-effective relation

i 7i - et ove
tj:(lfw)tj:(lfw)l] 1F j%‘%ﬂo@,
pei (123)
mij:(l—w)mij:(l—w)J_lFi, ijp()iJ-
ore’,

Similar relations follow for the nominal and the effective Mandel stress tensors, TTJ— and Tjj , and the
nominal and the effective Biot couple stress tensors, M!, and M.

The plasticity part of the model is formulated in terms of three invariants, i.e., the effective mean stress
7:;1 and the effective generalized deviatoric radius p defined in (112), and additionally the generalized Lode
angle 6, defined as

- 3V3 BT
COS(3 9) = TW, (124)
with 1
goym _ 1 () & (J)
T =580 Sy
Len &0 s (125)
Fsym __ © a1 - a(J - o(K -
I3 _38 (J)S (K)S OK
computed from the symmetric part of the deviatoric part of the Mandel stress tensor
s _Llisr g
(J-)—§< s J-). (126)

By means of those generalized invariants, a single yield function

~ = 2 = ’ > T
Fo(Th M ) = [ (1= qn) (\/éﬂ?n) * gfi + 0 g <\/6pf T(QHJ?H)_QE’ 1

is used for delimiting the elastic domain. A normalized stress-like internal variable ¢, is employed for
describing hardening material behavior, i.e., g, is assumed as a scalar stress like hardening parameter [,

in (60), keeping notation consistent with [40], defined as

fCY/fCu+(1_ny/fCu)ap(a§_3ap+3) if()ép<17

1 otherwise,

an(ap) = (128)

with a;, denoting the strain like hardening variable. In yield function (127), 7(f) is the Willam-Warnke [113]
polar radius function, which describes the shape of the yield surface in deviatoric sections, and m is the
friction parameter, which depends on the material strength parameters, i.e., the uniaxial compressive

strength f.,, the uniaxial yield stress f.,, the biaxial compressive strength fg,, and the uniaxial tensile
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strength fi,. It is defined as

m0:3 cu ftu € e = l+e € = ftll(f — 0211)
fcuftu €+1 2_6’ fcb(f ftu)

(129)

A non-associated plastic potential function

=\ 2 )\ 2 . =
=1 1 T 3 p 5 T
oo M) = [ (1= )( ffmfm) 22 pg (%fhm; >> (130)

is used for describing the evolution of plastic deformation as

0T MYy ) o Oge(T MY qn)

P =\ o7 R AT (131)

Therein, function ~
Mg (Tra) = Ag By fou €xp T = fuu/3 , (132)

By feu
with
Ay = 3w | Mo (133)
fcu

By=3 (1 + fou/ fen) (IN(Ay) —In(2Dg — 1) —In(3 + mg/2) + In(Ds + 1)) ", (134)

formulated by means of dilatancy model parameter D;, controls the evolution of the volumetric plastic
strain.

The evolution of «ay, is directly postulated by means of the evolution law by Unteregger et al. [107]

ap = hp(LpJﬁ 7:—1117/:)’ é) = ‘

Lpf,H ! ( Pt r 6082(159)) (135)
! Th(i;n) p? + Uy . ’

rather than by means of a potential function, with v, denoting a small disturbance parameter to avoid
division by zero in case of a pure hydrostatic stress. A ductility function },(7,,) controls the magnitude

of ¢, depending on the acting hydrostatic stress:

Ah - (Ah - Bh) exp <_]%Iclgrm)> if Rh( :m) Z 07
0(Ta) = :
(Bn — Dy) exp ( R}Z(BZH)—(?)};)_th)) + Dy otherwise, (136)
- T 1
RilT) = =4 = 5

formulated in terms of the model parameters Ay, By, Cy and Dy,.

For relating the damage parameter w to the nonlocal damage-driving variable &, the exponential
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softening law

W=1—exp <—“) (137)

Ef
is used, in which g¢ is the softening modulus, controlling the slope of the softening curve.
The evolution of the strain-like damage-driving variable aq in (71), the local counterpart to & in (23),

is related to the rate of the volumetric plastic deformation as

0 if o, < 1,
g = (138)
év/xs(éP, ;) otherwise.

with €P;; denoting the logarithmic plastic strain tensor
p 1 pl pJ
ey =5 In (F ,Gi F J) (139)

and
& =e,,G. (140)

Function x4(éP;;) represents a ductility measure to account for brittle behavior in tension and ductile

behavior in compression:

oy - LI AR if Ry(eb,,) < 1, )
1—-3A,+4A,\/Rs(é®;;) otherwise.

Therein, A is a material parameter, which controls ductility in compression, and function Rs(éP; ;) denotes
the ratio of the negative volumetric plastic logarithmic rate é{’,e to the total volumetric plastic logarithmic

strain rate €{ as
PO

. €
RS(EPIJ) = 6-%7 (142)
A\

in which él\’,@ is computed from the principal values €7, €5 and €% of the rate of the plastic logarithmic
strain tensor
& = (=€7) + (=€5) + (=€5), (143)

and with (e) denoting the Macaulay brackets.
The finite strain GMCDP model is formulated by means the same model parameters Ay, By, Cy, Dy,
Dy as the CDP model originally proposed by Grassl and Jirdsek [40], who proposed as set of default values

in absence of experimental results, and they are summarized in Table 2.

Table 2: Default model parameters according to Grassl and Jirdsek [40].

Ah Bh Ch Dh Df
0.08 0.003 2.0 1x107% 0.85
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Figure 10: Setup for the tube-squash test after Bazant et al. [8] (left), and employed finite element meshes (right) for the
simulations of the compression test of the empty tube and the tube filled with concrete. For the mesh, 20 node hexahedral
elements with a reduced quadrature rule are used for both concrete (grey) and the steel (white).

6.2. Application to the tube-squash test on concrete cylinders by Bazant et al.

The tube-squash test by Bazant et al. [8] aims at the investigation of concrete subjected to large
deformations under very high confining pressures. Under very high confining pressures, concrete can
sustain considerable deformations without apparent damage or fracture. In detail, the experimental setup
of the tube-squash test consists of a thick walled steel tube, which encases a concrete cylinder, as shown
in Figure 10 (left). During the test, the concrete cylinder and steel tube are subjected to a displacement
controlled load in axial direction, which can amount up to 50 % of the initial length.

Bazant et al. [8] performed tests on different materials, including normal strength and high strength
concrete. For assessing the finite strain GMCDP model, the tests on normal strength concrete cylinders
with dimensions of @25.4mm x 88.9mm are chosen. The investigated concrete composition is charac-
terized by a uniaxial compressive strength of 41.37 MPa. Based on the guidelines [31], a specific mode
fracture energy of 142.66 Nm/m? is determined from the uniaxial compressive strength for this concrete
composition. The length scale parameters of the concrete model, Iy, I35 and l4, are chosen in accordance
with previous numerical studies [45, 74, 75]. Accordingly, a softening modulus & = 0.007 together with
lqg = 2mm for the finite strain GMCDP model is calibrated to obtain a fracture energy of 142.66 Nm/m?
in a direct uniaxial tension test. Since no further material parameters are provided in [8], the remaining
material parameters are chosen in accordance with [40] for concrete compositions of a similar grade, and

they are summarized in Table 3.

Table 3: Material parameters for the concrete used in the tube-squash tests by Bazant et al. [8].

E (GPa) v (-) G¢o/G(-) 1, (mm) g (mm) Iy (mm) fo, (MPa) fo, (MPa) fi, (MPa) fo (MPa) A5 (-) & (-)
30.0 0.2 0.1 2 2 2 41.37 13.0 4.2 47 0.75  0.007

During the test, the surrounding steel tube is subjected to considerable deformations, and accordingly,
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E(GPa) v (-) Go/G(-) 1 (mm) Iy (mm) f, (MPa) h{) (MPa) Ay (-) frep (MPa)
210 0.3 0.1 0.1 20 250 120 8 380

inelastic material behavior occurs. For representing inelastic material behavior of steel in the numerical
model, the steel tube is modeled by means of a finite strain isotropic hardening hyperelastic-plastic material
model. It is formulated within the proposed gradient-enhanced micropolar framework, however, neglecting
material damage. Thereby, the hyperelastic potential (121) is used, and a yield surface described by the

von Mises yield criterion as
_ 3 - .
Fo(T MYy, Bp) = \@pfy“ﬂp, (144)

with fy(s) denoting the yield stress. Hardening parameter 3, is derived from a quadratic-exponential

hardening potential as

exp (—héi)p ap) -1

P 1 s
By = po B, with pg UP = B} af) hfiﬁ + fyexp |+ hg{)p ) (145)
and an associated flow rule is employed as
ijiz)'\afp(TIj>MIJvﬁp) FPJ]:AafP(TIjﬂMIJ7Bp) & :7)\ afp(TIj’MIJ’ﬁP) (146)
! ot ' oM?, P dp3,

The model is calibrated based on the experiments performed on the empty steel tubes, and the identified
material parameters are summarized in Table 4.

In the finite element models, three-fold symmetry is exploited, i.e., only 1/8 of the structure is consid-
ered. The finite element meshes for the empty steel tube and the steel tube filled with concrete are shown
in Figure 10 (right). For simulating the steel tube filled with concrete, a rigid bond between steel and
concrete is assumed, however, no coupling of the microrotations in concrete and steel is considered. The
models are characterized by 70301 and 134 113 degrees of freedom for the empty and the filled steel tube,
respectively. For application of the load, a displacement of 44.45 mm is applied.

Figure 11 (left) shows the experimental load-displacement curve for the empty steel tube together
with the numerical prediction by means of the finite strain von Mises plasticity model, and Figure 12

&) in the deformed steel tube. It can be

(left) shows the contour plot of the equivalent inelastic strain a
seen that the response obtained by means of calibrated plasticity model is in excellent agreement with the
experimentally measured structural response. During the test, the tube is bulging, resulting in considerable
inelastic deformations in the center of the tube. A similar bulging of the tube was observed during the
experiments in [8], as illustrated in Figure 13.

Figure 11 (right) shows the experimental load-displacement curve for the steel tube filled with concrete,
together with the numerical prediction by means of the calibrated steel model and the finite strain GMCDP
model. Similar to the S-shape of the experimental load-displacement curve, the predicted curve shows an

increase of the load at an applied displacement of approximately 30 mm. The is the consequence of the
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Figure 11: Load-displacement curves for the tube squash test, considering the empty tube only (left), and the tube filled
with concrete (right): Experimental results by Bazant et al. [8], and respective predictions using the micropolar von Mises
plasticity and the finite strain GMCDP models.
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Figure 12: Predicted distribution of the equivalent plastic strain in the steel tube for the test on the empty tube only (left),
and distributions of the equivalent plastic strain in the steel tube and material damage w in the concrete for the test on the
tube filled with concrete (right).

increasing lateral confining pressure during the test, enabling the concrete to sustain considerable axial
loads. Considering the finite strain GMCDP model was not calibrated by means of the data of the tube-
squash test, it is concluded that the blind prediction obtained by means of the GMCDP model yields
excellent results.

Figure 12 (right) shows the distribution of damage w within the concrete, together with the equivalent
inelastic strain ozl(Ds) in the steel tube. It can be seen that damage occurs in nearly the complete concrete
specimen. However, damage attains a maximum of only 26 %, indicating the very ductile behavior of
concrete in the highly confined stress state predicted by the GMCDP model. For the filled steel tube, it is

observed that compared to the empty tube considerably larger inelastic deformations occur in particular at

35



Figure 13: Steel tube before and after the tube-squash test by Bazant et al. [8] (top row), and sections (bottom row) through
a deformed empty steel tube (left) and a steel tube filled with high strength concrete (right). Adapted authorized reprint
from [8].

the inner surface at both ends of the tube, and at the outer surface at the center of the tube. Comparison of
the deformed shape of the specimen with the one observed in the experiments (Figure 13) further confirms
the predictive capabilities of the finite strain GMCDP model.

6.3. Application to the torsional tests on prismatic concrete specimens by Brokenshire

Brokenshire [12] performed a series of torsional experimental tests on prismatic and cylindrical notched
concrete specimens of different grades. This test has been investigated previously e.g., using finite elements
with embedded discontinuities [64] or a localizing gradient-enhanced damage model [93]. The test setup,
illustrated in Figure 14, consist of a prismatic specimen with an inclined notch, which is held by two
metal clamps. Each of those metal clamps has two cantilevering beams attached. During the test, three
of the four ends of the cantilevering beams are in vertical direction, and a displacement controlled load is
applied at the end of the fourth beam, resulting in a torsional load applied to the concrete specimen. The
set performed on prismatic specimens with a uniaxial compressive strength of 40.3 MPa is employed for
assessing the performance of the finite strain GMCDP model in torsion.

In the numerical model, the concrete specimen is represented by means of the finite strain GMCDP
model, whereas the steel clamps are represented by means of a hyperelastic Neo-Hookean material model
using the hyperelastic potential (121). Rigid bond is assumed between concrete and the steel clamps,
considering no coupling of the microrotations in the steel and the concrete. For application of the load, a
displacement of 10 mm is applied at the metal clamp. The finite element mesh using 20 node hexahedral
elements with a reduced quadrature rule is shown in Figure 14 (right), characterized by 1111712 degrees
of freedom in total.

For the experiments, the material properties for the concrete of grade C/0 are taken from [51]. The
length scale parameters [, ljo and lq are chosen in accordance with previous tube squash test, and in
accordance with [45, 74, 75]. Accordingly, in order to attain the specified specific mode I fracture energy
of 80 Nm/m? in a uniaxial tension test, a softening modulus of & = 0.0045 is employed. The employed
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Figure 14: Setup of the torsional test on a prismatic concrete specimen after Brokenshire [12] (left) and employed finite
element mesh (right). For the finite element mesh, 20 node hexahedral elements with a reduced quadrature rule are used for
both concrete (grey) and the steel clamps (white).

material parameters are summarized in Table 5.
For the steel clamps, the same model as for the tube-squash test is employed, assuming a Young’s
modulus of £ = 210000 MPa and a Poisson’s ratio of v = 0.3. In contrast to the tube-squash test, no

inelastic deformation occurs in the steel during the test.

Table 5: Material parameters for the experimental tests by Brokenshire [12].

E (GPa) v (-) G¢/G(-) b, (mm) Ig (mm) Iy (mm) fo, (MPa) foo (MPa) fi, (MPa) fo, (MPa) A (<) e (-)

34.9 0.2 0.1 2 2 2 40.3 13.0 2.83 46 0.75  0.0045
1.50
“ X —— model
X experiment 1

B experiment 2

0.00 025 050 075 1.00 1.25 1.50
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Figure 15: Predicted load-crack mouth opening displacement (CMOD) curve and experimental results from two tests by
Brokenshire [12]

Figure 15 shows the predicted load—crack mouth opening displacement (CMOD) curve in comparison
with the results from two experiments by Brokenshire [12]. It can be seen that the prediction is in good
agreement with both experimental curves, although peak load is slightly underestimated. By contrast,
the very ductile post peak response characterized by a long tail of the load-CMOD curve is captured

excellently by the GMCDP model, confirming the good performance for modeling failure in torsion.
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Figure 16: Damage in the prismatic concrete specimen subjected to a torsional load at an applied displacement of 10 mm.
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Figure 17: Detail of the predicted non-planar crack surface in the concrete specimen at an applied displacement of 10 mm.

Furthermore, Figure 16 depicts the predicted damage distribution within the specimen: Similar to
the experiments, an inclined crack occurs, which separates the specimen into two parts of approximately
equal size. The crack surface is highlighted in detail in Figure 17, indicating its non planar shape. This
predicted shape is in excellent agreement with the experimentally observed crack reported in [51] and

shown in Figure 18.

7. Conclusions and Outlook

In this work, a novel unified gradient-enhanced micropolar continuum framework for quasi-brittle
cracking and shear failure of cohesive-frictional materials, formulated in the finite strain regime, has been
proposed. The framework is based on a multiplicative decomposition of the macroscropic deformation
gradient, and an additive decomposition of the gradient of the microrotation tensor. The balance and
constitutive relations have been presented in a thermodynamically consistent manner, and details on the
numerical implementation within the finite element method were discussed, both at element and quadrature
point levels.

The performance and predictive capabilities of the framework were demonstrated by means of two
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Figure 18: Separated parts of a prismatic concrete specimen subjected to torsion in the experiments by Brokenshire [12].
Authorized reprint from [51].

realizations of the framework in terms of a Drucker-Prager based model for sandstone, and an extended
damage-plasticity model for concrete. Based on benchmark examples taken from the literature, and a
comparison with experimental results, it was shown that the framework is suitable for modeling different
types of material failure, i.e., shear band dominated failure, and ductile failure in confined compression
and cracking in torsion. The proposed framework accounts for the characteristic length scales related to
the heterogeneous microstructure of cohesive-frictional materials, which dominate the localization zone
during softening. While the experimental determination of those length scale parameters is still a focus
of ongoing and future research activities, it is concluded that the proposed framework is a step forward
towards improved, length-scale-dependent material models.

An interesting potential application of the proposed framework for geomaterials is the incorporation
of a multi-phase approach, accounting for the porous microstructure filled with liquid and/or gas. This
way, the mechanical behavior in fully and partially saturated conditions, and the influence of the hydraulic
conditions on material failure, could be represented in a realistic, physical manner. Possible applications
include, e.g., modeling slope failure of embankment dams and strain localization in dissipative foams.

Finally, extension of the proposed framework to the full micromorphic continuum will account for
additional mechanical effects at the microscopic level, which opens the door to bridge different length
scales of heterogeneous materials, i.e., the micro and the macro scale. Such endeavors are currently

pending.
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Appendix A Elastic wryness with respect to macroscopic plastic intermediate configura-

tion
An alternative elastic-plastic split, using an elastic wryness measure defined with respect to the macro-

scopic stress free intermediate configuration, is outlined in the following. It is inspired by the approach by

Dtuzewski [20], Forest and Sievert [35], exploiting the decomposition
(147)

XL = (XeiL,i + XpiLj) PPl

with x®, ; denoting the elastic gradient of the microdeformation field and xP’; ; the plastic gradient,
defined with respect to the stress free macroscopic intermediate configuration. This yields a set of wryness

tensors defined with respect to the plastic intermediate configuration
A N R L (148)
with . ,
Perp =1 (FP) ™1,
L ; vt (149)
Py =T (FP) g
Then, departing from (17),
v, = (FEJI + FPJI) F_IIinJ
(150)

2 J 2 J P K T
= (B B ) ()
2 J 2 J N = I
= (Fe TP+ FJI_(LPKI_> (F) X
AT
The Helmholtz free energy density is now considered a function of the new elastic wryness tensor ['* ;

(151)

. J
e J Te ~ ~ °
U =9 I 1 a,ar,w,a%),

which allows the reformulation of the dissipation inequality as
7 ov \ .. J ~ T ov |\ = 7 A AN ov \ .
T — po—— ) €7 + | M, — Fe+<— ~>d+<’— ~>d
< J pOaQCIJ) I < J — Po afe'],— I ¢ — po 9% n £o 304,1 I
_ _ o L . _
+T5 P+ MY, (Fp P+ FJKLPK,) +Yw— B >0

(152)

formulated by means of the Biot couple stress tensor M ; defined with respect to the intermediate con-
(153)

figuration )
MIJ = Jmi]- (Fe)fllixj‘].
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Applying the Coleman-Noll procedure, the hyperelastic relation

AT ov
MIJ = Po— T
ore’

(154)

is established. o

However, it is more involved to ensure M’ 7 (fp i+ r/ Jf(LPR 1) > 0 for arbitrary loading conditions.
Inspection of this term reveals that inelastic wryness effects must occur in order to satisfy the dissipation
inequality for all possible rate processes, in particular for arbitrary plastic velocity gradients LPK 7

In order to satisfy this requirement, a trivial choice would be

J _

[ = 1 LK (155)

T
Then, the evolution of the plastic wryness tensor I'” ; is uniquely defined, and no separate flow rule by
analogy to (68) is employed. However, it follows that no dissipative effects for the couple part of the model
are considered.

Alternatively for considering dissipative effects, an extended split can be introduced as

R G L N T (156)
with an additional inelastic portion fi']j. Then,
LeJ 27 AiJ nJ K o171 J
assuming
2 A -
| e | (158)

results in the dissipation inequality

7 ov o . ov 27 o\ - ov \ -
T P0> ¢+ | My — po— I r+ (CP0~)54+ (77[00~> ar
( J 8Q:EI_J 1 J aFer I aa aa’l (159>

. - N J
+T5 P o MY TP 14+ Y0 — Bec® > 0.

T
This opens the door for formulating dissipative, plastic mechanisms based on the plastic wryness rate I'" ;

by analogy to (68) as

2 J g, (TL, . ML, B,
fv’, = 38T M, ) Ak pb) (160)
MJ
and with
R N N T (161)
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Appendix B Tangent operators at finite element level

For solving the global nonlinear equation system by means of the Newton-Raphson method, the global
stiffness matrix is assembled by means of the derivatives of the nodal residual vectors r"4;, r",; and r,

with respect to q"z", q" 5" and q%p

or" . ot ; . ; _
o /vo Nas gt N = Nag N 7y dVo = /;,NA £i (370 — 04:0';) N dA (162)
or" . or Z ort.
=, N (a Nt gk NB) a; (163
B
arll
aquj / Nf“ a S Nadi (164)
B Vo
8rWAJ 8u orm
= -N N N " ~ N N, N dVq 165
atuk /Vo AlaFk Bk T Na€, 8F’“ B T Nap BM] 0 (165)

or* 45 o' oy’ orm orm
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0q" 5" /v o (8 e N+ g Na |+ Naegn | g - Nouc+ 0 N Vo (166)
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NN+ N " TN Ay 167
99 /VO A ga TP N oa —BTO (167)
6I'QA 8ad
= —N, —— Ny dV, 168
oq" 5* /V Agpk B A0 (168)
or* , o oa
= -N — N —N dV; 169
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8I‘D‘A 2 aCyd
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0q“p Y ’ oa
Therein, ;—;, %, aij—l", %, 6{%]7 %, ;ﬁ%, %, %7 g%, aif“d and 2 8("" denote the consistent

tangent operators of the constitutive model which are COHSlstently computed Wlthln the stress update
algorithm.
Appendix C Consistent tangent operators at quadrature point level

The structure of the gradient-enhanced micropolar continuum framework allows one to exploit the fact
that the elastic, plastic and damage evolution equations (88) to (98) exclusively depend on the evolution

of €,/ and T"/;. Hence, it is useful to express 7;, yi’; and aq as functions of the deformation measures €;”,
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I' ; and x ; rather than F' ., w and w , by exploiting the relations

or'; _ oty oe,b
OF%. o€, oFk,
aLij: 87—ij o, " 8Tij ox', 67—3‘ oM,
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for the Kirchhoff stress,
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for the Kirchhoff couple stress
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173
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and for the local damage driving quantity aq using the first and second order derivatives of (73) for

computing the derivatives

o'y DAY, i
dwk — OAwk X e
i OAX';
AX 5k = gk A
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o A l
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OAX'; _ OAXY 5K
owk . 9Awk
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of (84) and (86), which are required for 52—, 5, 5=, 5—%. Then, the derivatives of the Kirchhoff

stress measures and local damage driving quantity aq with respect to the deformation measures €,,, !, ,

and I'M; and damage w follow as

ory,  ort OF°;
J J el ] T I ~J
— For X’ +T X7,
o¢,,F ~ o¢,,F Toe, I
ort, OF° .
l] . TIJ l I xJ + TI Fcll ql GLJ
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for the Kirchhoff stress,
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for the Kirchhoff couple stress, and
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The derivatives of the Biot stress measures are then expressed conveniently as
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Note that for the elastic stiffness tensors in (179), non-chirality was assumed, i.e., mixed derivatives

poﬁ = 0. Similarly, the derivatives of the plastic deformation increments AF p! 7 and AP/, are

44



computed as

aAFPi7 0 r L/pe — 1M 7 BC‘*‘] _
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The derivatives of the elastic deformation measures Zifj , Zf;}:, %1;12(57 and ZI;AI;L’ are obtained as a

byproduct of the return mapping algorithm from the condition

Q:e,trjj Q:ef(J AFpKf
P Fe,trJI Fe]] 4 AFPJI
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with (H) = €,,% and (W) = '™, respectively.
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