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act

work, a novel framework for modeling quasi-brittle crack propagation and shear band dominat
of cohesive-frictional materials like concrete, mortar, rock, tough ceramics, energetic materials, b

ranular materials like sands or powders in terms of a unified continuum approach is proposed.
ed on a combination of the gradient-enhanced continuum with gradients of internal variables f
enting quasi-brittle cracking, and the micropolar continuum, accounting for the deformation of t
tructure. For developing the gradient-enhanced micropolar framework, the set of balance equatio
e kinematic relations are derived, and the constitutive relations are established in a general manne
amework is formulated in a geometrically exact setting, based on the thermodynamically soun
of hyperelasto-plasticity, and the numerical implementation by means of the finite element meth

ussed. For assessing the approach, realizations of this new approach in terms of constitutive mode
rticular materials are developed. They are applied to numerical benchmark examples, investiga
rious loading conditions, and the obtained results are validated by means of a comparison wi
ments from the literature.
ords: Quasi-Brittle Fracture, Continuum Damage, Plasticity, Gradient-Enhanced Continuum,
polar Continuum

roduction

hesive-frictional materials like concrete, mortar, rock, tough ceramics, energetic materials but al
ar materials like sands or powders constitute an essential part of many engineering and scientific a
ons. The behavior of these materials, governed by friction and cohesion between particles or grain
acterized by a highly nonlinear stress strain relationship. Common characteristics are (i) inelast

ior that is observed even at low stress levels, (ii) low resistance in tension compared to a potentia
ompressive strength, (iii) increasing material strength with increasing stress confinement, and (i
ex failure mechanisms. In particular, in confined compression for many cohesive-frictional materia
er ductile strain hardening behavior is followed by ductile strain softening, often accompanied
failure zones or highly localized zones of large inelastic deformations manifested by shear bands

ones, depending on the stress state. In contrast, certain frictional materials like sands do not susta

rresponding author
ail addresses: neuner@stanford.edu (M. Neuner), richard.regueiro@colorado.edu (R. Regueiro),
@stanford.edu (C. Linder)
t submitted to International Journal of Solids and Structures June 16, 20
2 published by Elsevier. This manuscript is made available under the Elsevier user license
/www.elsevier.com/open-access/userlicense/1.0/

https://www.elsevier.com/open-access/userlicense/1.0/
https://www.sciencedirect.com/science/article/pii/S0020768322003158


Figure ed
by a fa

tensile te
or cem

Ac k,
and in ls,
zones n-
associ n-
associ in
a reali ed
inelast ue
proble al
mesh

1.1. Q
Fo or

in tens ks
is char ge
and co ed
as qua le
cracki al.

In ng
plastic es
[6]: (i) ii)
at the be
observ al
zone in sh
sensiti of
Microcracks
Macrocrack

Crack tip

Fracture process zone

1: Failure in tension of cohesive-frictional materials is often observed in the form of quasi-brittle cracking, characteriz
ilure process zone of finite size in which microcracks coalesce into a distinct macroscopic crack.

stresses, whereas for other materials which exhibit cohesive bonds between particles, e.g., concre
ented granular materials, comparatively low tensile stresses lead to failure by cracking [53].
cordingly, modeling the constitutive behavior of cohesive-frictional materials is a challenging tas
this regard classical continuum models are often not sufficient. For classical continuum mode

of localized large strains potentially arise due to softening material behavior, but also due to no
ated plastic flow. In models for cohesive-frictional materials based on the theory of plasticity, no
ated plastic flow rules are commonly required for representing the volumetric inelastic behavior
stic manner. From a numerical point of view, deficiencies related to material failure and localiz
ic deformations are encountered due to the loss of ellipticity of the underlying initial-boundary val
m for the static case, or the loss of hyperbolicity for dynamic problems, resulting in pathologic
dependency in finite element simulations.

uasi-brittle cracking of cohesive-frictional materials
r many cohesive-frictional materials with distinct cohesive particle bonds, softening material behavi
ion or unconfined compression results in discrete cracks. For such materials, the formation of crac
acterized by a fracture process zone of finite size ahead of the crack tip, in which microcracks emer
alesce into a distinct stress free macroscropic crack (Figure 1) – a process which is commonly denot
si-brittle cracking [10]. Due to the presence of a process zone with finite dimensions, quasi-britt

ng is characterized by an inherent material length which is related to the microstructure of a materi

classical continuum models, quasi-brittle failure is commonly represented by means of softeni
ity or continuum damage mechanics. However, such models exhibit several theoretical deficienci
the fracture process zone is infinitesimally small, i.e., it has the size of a single material point, (
structural level, snapback behavior due to the infinitesimally small fracture process zone can

ed, and (iii) the amount of dissipated energy associated with fracture is zero due to the infinitesim
which energy is dissipated. In finite element analyses, those deficiencies lead to a pathological me

vity: fracture tends to localize into the smallest possible domain, i.e., commonly a single layer
2
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lements, and upon mesh refinement, this localization zone decreases to an arbitrarily small domai
er words, the obtained results are not objective with respect to the finite element mesh, i.e., th
sitive to the numerical discretization scheme.
jective, i.e., mesh insensitive, representation of softening material behavior is a vast subject of r
, and in the past decades different approaches for regularizing softening material behavior in fini
t simulations have been employed, e.g., the mesh-adjusted softening modulus [9, 84], the viscopla
tinuum [69], the integral nonlocal continuum [29, 85], as well as the implicit gradient-enhanc

uum [80] or the micromorphic continuum [28, 30]. In particular, so-called nonlocal continuum a
es, which are motivated by the micromechanical behavior of quasi-brittle materials [10], gain
read acceptance. The term nonlocal is interpreted here in a broad sense [7], assuming that t
se of a material point is not solely dependent on its own deformation history, but also on the sta

ertain neighborhood. Among several different nonlocal approaches developed in the past decade
-established and in particular numerically attractive class of models for representing such nonloc
ior is based on the theory of the implicitly gradient-enhanced continuum with gradients of intern
les. For such a model, the constitutive relations are enriched by spatial gradients of one or more the
amic damage-driving state variables, and additional balance relations in the form of higher ord

l differential equations are incorporated into the continuum formulation [80]. This way, thermod
ally sound frameworks for describing quasi-brittle material failure can be formulated [32], which a
articularly amenable to efficient numerical implementations. Furthermore, it represents a prop
y for the numerical issues related to softening material behavior in finite element simulations [54
ny successful applications of the implicit gradient-enhanced continuum to cohesive-frictional mate
reported in the literature, for instance by Poh and Swaddiwudhipong [87] by means of an extend
e-plasticity model for concrete, which also served as the basis for a gradient-enhanced damag
ity model for rock mass [95]. A gradient-enhanced microplane model for concrete considering cyc
g was presented by Zreid and Kaliske [115], and a model for concrete under high-temperature
et al. [79]. An application of the gradient-enhanced continuum to masonry was presented by Pee

t al. [81]. Poh and Sun [86] proposed an model considering a decreasing interaction of microcrac
ncreasing damage, representing more realistically the transition to sharp macroscopic cracks.
l framework for dynamic quasi-brittle failure with microinertial effects was proposed recently
et al. [111]. From a mathematical point of view, gradient-enhanced damage models formulatio
sely related to phase field approaches for fracture [16], which have attracted considerable attenti
recent years.
the context of finite strains and rotations, approaches for gradient-enhanced damage models we

sed by Liebe and Steinmann [62], Steinmann [99], for gradient-enhanced plasticity models by Lie
[61], and for gradient-enhanced coupled damage-plasticity models by Areias et al. [4], Brepols et
cisło et al. [112]. Models for particular materials considering large strains were proposed for instan
ffenschmidt et al. [110] for fiber-reinforced composites, by Hosseini et al. [46] for trabecular bone, an
riyantho et al. [48] for concrete. Finally, a comprehensive review on different gradient approach
nitesimal and finite strain plasticity was presented recently by Voyiadjis and Song [109].
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2: Shear bands in a cohesive-frictional material are characterized by a finite width, which is influenced by t
ation of microstructure of the material, e.g., the rotation of granular material particles. The rotation of these mater
s is in general different from the macroscopically observed rotation of the structure.

aterial Failure in Confined Compression and Shear
contrast to the material behavior in tension, in confined compression and shear for many cohesiv
nal materials, highly localized zones of large inelastic deformations are observed, commonly in t
f shear bands or fault zones. Similar to quasi-brittle fracture zones, for such localized zones
ic deformations the size effect of cohesive-frictional materials becomes apparent, which is for instan
sted by the finite width of shear bands. Clearly, the characteristic dimensions of such localized zon
ated to deformations of the microstructure of a material, for instance in the form of material partic
ns, depending on the scale of the microstructure or material heterogeneities (Figure 2).

assical continuum models which lack any internal material length parameter cannot capture su
ed zones of large strains properly. One possible alternative to the classical continuum is provided
eory of the micromorphic continuum which emerged in the second half of the last century [28, 3
unts for a deformable microstructure which contributes to the macroscopic behavior of a materi
ering a deforming microstructure leads to extended kinematic relations and higher order stre

nts entering the balance relations. Such extended kinematic and balance relations, and addition
tutive relations for the microstructure result in characteristic material length scales inherent to t

orphic continuum. Accordingly, a micromorphic continuum model accounts for material size effec
atural way. One special case of the micromorphic continuum is the micropolar continuum [28]. F
cropolar continuum, the assumed deformation of the microstructure is restricted to a rotation, whi
envisioned as the average rotation of material particles.

e micropolar continuum emerged from the theoretical works by the Cosserat brothers [14] on a gene
continuum theory, which was later on investigated and extended by several authors [41, 67, 94, 10
hich is known today also as the so called Cosserat continuum. Kafadar and Eringen [57] extend
sserat continuum by including inertial effects, and formulated the Cosserat continuum as a spec

f the general micromorphic continuum, which they denoted as the micropolar continuum. In contra
4
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classical Boltzmann continuum, which is characterized by a symmetric Cauchy stress tensor [10
icropolar continuum is characterized by an, in general, nonsymmetric Cauchy stress tensor and
onal, in general, nonsymmetric couple stress tensor. By means of introduced characteristic mater
scales, material size effects are captured in an implicit manner by the micropolar continuum [7
gh the micropolar continuum received certain attention in particular in the geomechanics comm
, 22–24, 60, 63, 66, 68, 78, 101–105], only comparatively few applications are reported in other fiel
ineering, e.g., [1, 42, 74, 75, 114]. This is due to several reasons, such as the complex nature
cropolar formulation, the demanding computational effort in numerical simulations, and the limit
mental data on the material parameters, which still poses an issue [3, 44, 59]. Furthermore, alrea
termination of the basic elastic parameters is still focus of ongoing research endeavors [52, 71, 7
r localized deformations involving particle rotations, for instance, the shear band width serves
aracteristic material length introduced by the micropolar continuum, which allows to overcome t
ned issues inherent to the classical continuum. Furthermore, the micropolar continuum represen
er countermeasure against pathological mesh dependency due to non-associated plastic flow
ical simulations [15, 74].
general, the highly ductile material behavior under confined compressive stress states resulting

strains and rotations demands for a proper mathematical treatment within a geometrically exa
. Approaches for the treatment of finite-strain hyperelastic-plastic models in the context of t
al continuum theory have been developed in the past decades, and are nowadays well-established
ercial and scientific numerical codes [17, 43, 97]. An extension of the hyperelastic-plastic approach
cropolar continuum was proposed initially by Steinmann [98] based on a multiplicative decompositi
microrotation tensor, with the implementation into a finite element framework discussed in [
nt approaches were proposed also by Forest et al. [34] for crystal plasticity, by Neff [70] consideri
iplicative decomposition of the macroscopic deformation gradient with microrotations restricted
ity, and by Grammenoudis and Tsakmakis [38, 39] using a similar approach as in [98] but consideri
onal kinematic hardening effects. A recent discussion on micropolar plasticity for large deformatio

found in [55].
hile the micropolar continuum provides a physically sound framework for describing the observed si
for localized deformations involving particle rotations, it fails to do so for cohesive failure in tensi
, 100], which is not related to any rotation of the microstructure. In contrast, nonlocal approach
si-brittle tensile failure, e.g., based on gradients of internal damage-driving state variables, which

count for rotations of the microstructure, are potentially not sufficient for objectively describing t
ex kinematics of shear band dominated softening behavior in numerical simulations, and moreove
ay not regularize structural softening behavior due to non-associated plastic flow [74].

r a general continuum model for cohesive-frictional materials, capable of representing material failu
a broad range of loading conditions, both the size effect related to microstructural deformations an
nlocal character of quasi-brittle failure in terms of interacting microcracks must be taken in
t.
is is the focus of the present work: We present a unified framework for modeling the mechanic
ior of cohesive-frictional materials, accounting for quasi-brittle failure and microstructural deform
formulated in a geometrically exact, three-dimensional setting.
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e proposed framework serves as basis for constitutive models for a broad range of engineeri
ations dealing with large, inelastic deformations and failure under various loading conditions, e.
technics, tunnel construction, earthquake engineering, or manufacturing processes. To this end,
upon the combined theories of the gradient-enhanced continuum and the micropolar continuum.
esent paper, the theory is presented, strategies for its efficient implementation into a finite eleme
ork are discussed, and realizations of the proposed framework by constitutive models for particul

ials are developed. They are applied to finite element simulations of benchmark examples of cohesiv
nal material failure, and based on a comparison with experimental results from the literature, t
sed framework is assessed. The paper is organized as follows: in Section 2, the kinematic, kinet
e constitutive relations of the framework are presented, and the numerical implementation of t
uum framework is discussed in Section 3. The stress update algorithm is presented in Section
hting in particular the return mapping algorithm. Sections 5 and 6 present realizations of t

sed framework for sandstone and concrete, and Section 7 concludes with a summary. Furthermor
pendix A an alternative to the decomposition of the wryness measure proposed in Section 2.3
ted as an outlook to future research endeavors, and Appendices B and C contain the consiste
t operators for the numerical implementation of the framework.

finite strain gradient-enhanced micropolar framework for cohesive-frictional materia

hile the focus of this work is concerned with an extended formulation of the micropolar continuum
following the kinematic relations, and the kinetic balance equations are introduced in the conte
more general micromorphic continuum of kinematic degree one and kinetic grade one, with t

lization to micropolar continuum presented subsequently. This is is motivated by the employ
-plastic split, which is developed by departing from considerations at the micromorphic conti
and furthermore, in view of a possible extension of the proposed framework to the more gener

orphic continuum in future, e.g., along the lines of the framework presented in [50, 90].
the present work the notation used by Eringen [28] is adopted to the greatest extent. All relatio
esented in the general curvilinear coordinate system GI (undeformed configuration) and gi (deform
uration), making use of the index notation rather than the tensor notation due to the nonsymmet
involved tensors, implying summation over repeated indices. In this context, subscripts (•)i an
cript (•)i represent the co- and contravariant components of a quantity, (•)i,j represents the covaria
tive, and ˙(•) = D(•)

Dt
designates the material time derivative of a tensor.

inematic relations
micromorphic continuum in the sense of Eringen and Suhubi [30] is a continuous collection
able point particles, called macroelements. In particular, for a micromorphic continuum of kinemat
one, each material particle is endowed with an additional triad of deformable directors, whi
es the microscopic deformation. In addition to the classical macroscopic deformation gradient

F i
I (t) = xi,I(t) , (

6
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3: Illustration of the kinematics of Eringen’s micromorphic continuum, considering the micropolar special ca
formation state of a deformable material particle, i.e., a macroelement, is characterized by the macroscropic def
gradient F , indicated by the vectors G1,G2 (undeformed configuration) and g1, g2 (deformed configuration), a
roscopic deformation tensor χ, i.e., the microrotation within the macroelement, indicated by the orientation of t
ements (brown).

oscopic deformation tensor χiI(t) with its inverse XI
i(t)

XI
i(t) = (χ−1(t))Ii (

es the microscopic deformation within a macroelement. Accordingly, the spatial position x̄i(t) of
ial point X̄ i at time t, which is located within a macroelement with center of mass X i, is determin

spatial position of the macroelement xi(t) and the microdeformation tensor χiI(t) within t
element by means of the affine transformation

x̄i(t) = xi(t) + χiI(t) Ξ
I = xi(t) + ξi(t) (

I denoting the relative position of X̄ i to XI in the undeformed configuration V0, and with ξi(

ng the relative position of x̄i(t) to xi(t) in the deformed configuration V (t) at time t. For the sa
ability, we omit an explicit declaration of a time dependency for all quantities in the following.
e micropolar continuum is considered a special case of the micromorphic continuum, for which t
copic deformation is restricted to a rigid body rotation, cf. Figure 3. Thus, microdeformation tens
uces to an orthogonal tensor with the property

χiI = GJI X
J
j g

ji , (

JI and gji denoting the co- and contravariant coefficients of the metric tensors of the coordina
in the undeformed and deformed configuration, respectively.
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r characterizing the deformation state of a macroelement, it is useful to introduce a set of objecti
ation tensors. Various sets have been proposed in the literature, see [28] for an overview. In t
t work, a set of Lagrangian tensors, consisting of the deformation tensor

C J
I = F i

I X
J
i , (

r microdeformation tensor
CIJ = χiI χ

j
J gij , (

e wryness tensor
ΓKLI = XK

i χ
i
L,I (

ployed.
r the special case of the micropolar continuum, ΓKLI is skew symmetric in the first two indices, an
an axial representation yields a simpler expression

ΓKLI = −ϵJML Γ
J
I G

KM (

JML denoting the Levi-Civita symbol of the general curvilinear coordinate system defined by
n

ϵIJK
√
G

−1
= εIJK (

Levi-Civita symbol of the Cartesian coordinate system εIJK , with G = det [GIJ ]. Furthermor
micropolar continuum CIJ reduces to the identity tensor. For the micropolar continuum, C J

I h
eresting property that it reduces to the classical Lagrangian stretch tensor in the case of coincidi
- and microrotations. Hence, the rotational part of C J

I is a measure of the difference between t
- and microrotation.
r describing motions and thermodynamic considerations, Eulerian deformation rate measures a
. Two particularly important measures are the spatial velocity gradient

lij = Ḟ i
I F

−1I
j (1

e spatial gyration rate
νij = χ̇iIX

I
j . (1

e micropolar continuum, skew symmetry νij = −ν i
j facilitates the axial representation by means

ector νk
νij = −ϵilkνk glj (1

ϵijk
√
g = εijk (1

= det [gij ].
r formulating the balance of power, the spatial deformation rate measures aij, bkli and cij are pa
ly useful, which are power conjugate to the Eulerian stress tensors introduced in Section 2.2 f
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a j
i = lji − νji ,

bkli = νkl,i ,

cij =
1

2

(
νlj gli + νliglj

)
.

(1

for the micropolar continuum bkli and νij are skew symmetric, axial representation (12) facilitat
pler representation bkli = −ϵ kj l b

j
i with ϵ kj l = ϵjml g

km and

bji = νj,i , (1

formation rate cij vanishes identically.
ally, it is trivial to show that those spatial deformation rates are related to the material tim

tives of the Lagrangian deformation tensors in (5), (6) and (7), i.e., Ċ J
I , Γ̇KLI , and ĊIJ , by pu

d operations:
a j
i = Ċ J

I F−1I
i χ

j
J ,

bkli = Γ̇KLI χ
k
K XL

l F
−1I

i ,

cij =
1

2
ĊIJXI

iX
J
j ,

(1

r the special case of the micropolar continuum

bji = Γ̇JI χ
j
J F

−1I
i ,

cij = 0 .
(1

alance relations
e three kinetic balance equations for the proposed gradient-enhanced micropolar framework cons
two balance equations of the micropolar continuum theory, and the balance equation describing t
al character of material damage. The balance equations of the micropolar continuum follow as
l case of the balance relations of the micromorphic continuum, which can be derived by means of
l averaging procedure [26, 30], see also [37], by means of the principle of virtual work [36], by mea
requirement of invariance of the balance of energy under the Galilean group of transformatio

r by statistical mechanics [76]. The resulting kinetic balance equations of the general micromorph
uum of degree one are formed by the balance of linear momentum

tij,i + ρ(fj − ẍj) = 0 in V (t) , (1

e balance of momentum moments

mi l
k ,i + tlk − slk + ρ (l lk − σ l

k ) = 0 in V (t) . (1

rs tij, sij, mi l
k , designate the macroscopic, in general nonsymmetric Cauchy stress tensor, the sym

micro stress tensor, and the nonsymmetric couple stress tensor, respectively. Furthermore, ρ de
s the mass density, fj the body force per unit mass, l lk the body couple per unit mass, and σ l

k t
spin inertia per unit mass.

9
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r the micropolar continuum, the couple stress tensor m k is skew symmetric in the last two indice
nce, the axial representation

mi l
k = −1

2
ϵj l
k m

i
j (2

i
j denoting the micropolar couple stress, and with shorthand ϵj l

k = ϵjml gmk allows to express t
e of momentum moments by means of the reduced, well known balance of angular momentum
icropolar continuum

mi
j,i + ϵ l

jk t
k
l + ρ(lj − σj ) = 0 in V (t) (2

j denoting the body torque density per unit mass and σj denoting the micro rotatory inert
rmore,

1

2

(
tij + tji

)
= sij (2

e third kinetic balance equation of the proposed gradient-enhanced micropolar framework is form
balance equation of the continuum enhanced by gradients of internal variables, expressed by mea
second order partial differential equation

α̃− l2d (α̃,I),J G
IJ = αd in V0 , (2

only denoted as the Helmholtz-like equation. It describes the nonlocal character of material dama
s of the independent, damage driving quantity α̃, as originally proposed by Peerlings et al. [8

hat this balance relation is defined completely in the undeformed configuration, i.e., derivatives a
with respect to material coordinates rather than spatial coordinates, and balance is formulated
deformed body V0. This is motivated by physical considerations, as discussed in [99]. Therei
oncluded that only a Lagrangian formulation yields the desired regularizing properties, where
an or mixed Eulerian-Lagrangian formulations may lead to physically implausible results. Equati

widely used and has been employed successfully for describing the nonlocal character of dama
ious materials, in particular in the small strain regime. It has been presented in [80] in an
shion, making no considerations regarding a thermodynamic balance relation. For the purpose
odynamic considerations it is recast in the spirit of [32] into the form

(
ηI
)
,I
− ζ = 0 in V0 , (2

I and ζ denoting the thermodynamic forces, denoted as generalized stresses by Forest [32], whi
njugate to α̃,I and α̃, respectively. The relation of those forces to the nonlocal damage driving fie
its material gradient α̃,I will be established in Section 2.4 by means of constitutive relations.
e internal power per undeformed volume Ė of the combined micropolar continuum and the gradien
ced continuum, restricting the discussion to the isothermal process for the sake of simplicity, th
ts of the stress power, the couple stress power and the power related to the nonlocal material dama
s

Ė = J tij a
j
i + J mi

j b
j
i + ζ ˙̃α + ηI ˙̃α,I in V0 . (2

in, J denotes the determinant of the macroscopic deformation gradient F i
I , which relates an i

10
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introducing a suitable elastic-plastic split of the kinematic variables, (25) will be used for formulati
ssipation inequality, and for deriving the general form of the constitutive relations.

lastic-plastic split in the micropolar continuum
r formulating plastic material behavior within the geometrically exact micropolar continuum theor
lly two schools emerged in the past 20 years: They are the approach (i) first proposed by Steinman
dopted by Bauer et al. [5], Grammenoudis and Tsakmakis [38], Johannsen and Tsakmakis [55, 5
e approach (ii) developed independently by Dłůzewski [20], Forest et al. [34], Sansour [92], Sieve

[96].
r representing inelastic material behavior at the macroscopic level, for both approaches (i) an
multiplicative decomposition of the macroscopic deformation gradient is assumed. However at t
copic level, Steinmann [98] similarly assumes a multiplicative decomposition of the microdeformati
for approach (i), whereas Dłůzewski [20], Forest et al. [34], Sansour [92], Sievert et al. [96] direct

e an additive decomposition of a Lagrangian wryness measure for their approach (ii).
parting from considerations in the context of the general micromorphic continuum, we follow he
ch (ii), employing an additive decomposition of the wryness tensor. Accordingly, at the macroscop

an elastic-plastic split based on the multiplicative decomposition of the deformation gradient F i
I

uced as
F i
I = F ei

K̄F
pK̄

I , (2

only known as the Kröner-Lee decomposition.
ce for the micropolar continuum the microdeformation is restricted to a rigid body rotation, t
eformation tensor CIJ , the microdeformation rate cij, and the internal power related to mic
sij vanish identically. Accordingly, no dissipation is associated with the microscopic deformati
a single macroelement, i.e., at the microscopic level. From a physical point of view, since no stre

re is associated with the dissipative mechanism, a decomposition of the microscopic deformation in
and plastic part seems unmotivated. Sansour [92] argues in a similar way, stating that the field
otations is considered an independent kinematic variable, which is not amenable to a decompositi
astic and plastic parts, similar to the displacement field.
the other hand, as apparent in (25), the micropolar couple stress power is in general nonzero, an
tive effects related to the gradient of the microdeformation field may occur. Hence it is impli
r the micropolar continuum plastic material behavior does not occur within a macroelement, b
in between neighboring macroelements, and consequently, inelastic material behavior is observed

adient of the microdeformation field.
r the proposed approach, this is expressed by means of an additive decomposition of the mater
nt χiJ,K :

χiJ,K = χei
J,K + χpi

J,K . (2

ans of this additive decomposition no fictitious, i.e., elastically unloaded, intermediate configurati
11
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oduced at the microscopic level within a macroelement, which is in sharp contrast to approach
sed in [98].
ing multiplicative decomposition (27), the elastic deformation tensor Ce J

Ī is introduced, which
ted by means of the multiplicative decomposition

Ce J
Ī = F ei

Ī X
J
i = (F p)−1I

Ī C
J
I . (2

r the wryness tensor ΓKLI , the assumed additive elastic-plastic split of χiJ,K results in the additi
-plastic split

ΓKLI = ΓeK
LI + ΓpK

LI , (3

he respective elastic and plastic parts defined as

ΓeK
LI = XK

i χ
ei
L,I ,

ΓpK
LI = XK

i χ
pi
L,I .

(3

aterial time derivatives follow accordingly as

Γ̇KLI = −XK
kχ̇

k
JX

J
iχ
i
L,I + XK

kχ̇
k
L,I = Γ̇e

K

LI + Γ̇p
K

LI , (3

Γ̇e
K

LI = −XK
kχ̇

k
JX

J
iχ

ei
L,I + XK

iχ̇
ei
L,I

Γ̇p
K

LI = −XK
kχ̇

k
JX

J
iχ

pi
L,I + XK

iχ̇
pi
L,I

(3

e micropolar continuum, the simplified relations read

ΓJI = ΓeJ
I + ΓpJ

I (3

ΓeJ
I = −1

2
ϵJ L
K XK

k χ
ek
L,I

ΓpJ
I = −1

2
ϵJ L
K XK

k χ
pk
L,I .

(3

shorthand ϵJ L
K = ϵJMLGMK . The material time derivatives follow as

Γ̇JI = Γ̇e
J

I + Γ̇p
J

I (3

Γ̇e
J

I = −1

2
ϵJ L
K

(
ẊK

iχ
ei
L,I + XK

iχ̇
ei
L,I

)
,

Γ̇p
J

I = −1

2
ϵJ L
K

(
ẊK

iχ
pi
L,I + XK

iχ̇
pi
L,I

)
.

(3

ingly, it is concluded that the additive elastic-plastic split of the material gradient of the microdefo
field results in an additive decomposition of the wryness tensors and its material time derivative

n additive decomposition of the wryness tensors was assumed in an ad hoc fashion by Sansour [9
follows naturally from assumption (28).

12
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e proposed elastic-plastic split for the material gradient of the microdeformation assumes th
astic part is defined with respect to the undeformed macroscopic configuration rather than t
scopic stress free intermediate configuration. In this regard, the resulting elastic wryness tensor
with the approach (i) by Steinmann [98], but it is in contrast to the approach (ii) by Dłůzews

orest et al. [34], Sievert et al. [96]. For the latter approach, the elastic wryness tensor is defined wi
t to the macroscopic stress free intermediate configuration. This way, mixed reference configuratio
variables of the free energy function could be avoided. A recent discussion on the choice of variabl
so presented by Forest [33].
mark: A formulation for the additive elastic-plastic split presented herein defined with respect
croscopic stress free intermediate configuration, in line with approach (ii) by Dłůzewski [20], Fore

[34], Sievert et al. [96], could be stated as

χiL,I =
(
χei

L,Ī + χpi
L,Ī

)
F pĪ

I , (3

ei
L,Ī denoting the elastic part. While the present work focuses on the decomposition (28), a conci

e of decomposition (38) is presented together with the thermodynamic implications in Appendix
e presented realizations of the gradient-enhanced micropolar continuum framework in Sections
the obtained results are in good agreement with experimental results, and the presented approa
modynamically consistent. Clearly, which of both approaches is in better agreement with reali
ds on the material, and the micromechanics processes associated with inelastic material behavior
material. Such investigations remain to be performed in the future.
ploying the elastic-plastic splits (27) and (28), the deformation rate tensors are now reformulate

own from the classical Boltzmann continuum, the Kröner-Lee decomposition (27) results in
ve split of the spatial velocity gradient

lij = Ḟ i
K F

−1K
j

=
(
Ḟ ei

ĪF
pĪ
K + F ei

ĪḞ
pĪ

K

)
(F p)−1K

J̄(F
e)−1J̄

j

= leij + F ei
ĪL

pĪ
J̄(F

e)−1J̄

j ,

(3

ch leij denotes the elastic velocity gradient, defined with respect to the deformed configuration a

leij = Ḟ ei

K̄(F
e)−1K̄

j (4

pĪ
J̄ denotes the plastic velocity gradient, which is defined completely with respect to the plast

ediate configuration as
LpĪ

J̄ = Ḟ pĪ

K(F
p)−1K

J̄ . (4

13
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rly, the spatial deformation rate tensor ai decomposes as

a j
i = lji − χ̇jIX

I
i

=
(
Ḟ ej

Ī(F
e)−1Ī

i − χ̇jIX
I
i

)
+ F ej

J̄
LpJ̄

Ī (F
e)−1Ī

i

= Ċe J

Ī (F e)−1Ī

i χ
j
J + F ej

J̄
LpJ̄

Ī (F
e)−1Ī

i

(4

Ċe J

Ī = Ḟ ei

ĪX
J
i − F ei

ĪX
J
jχ̇

j
KX

K
i . (4

e special case of the micropolar continuum, this simplifies to

Ċe J

Ī = Ḟ ei

ĪX
J
i + F ei

ĪẊ
J
i . (4

serve that in contrast to the macroscopic spatial velocity gradient lji, the spatial gyration rate νij
ected by the introduced split of the gradient of the microdeformation tensor, as apparent from (11
trast, for the spatial deformation rate tensor bkli, an additive split results as

bkli = νkl,i

= Γ̇KLIF
−1I

iX
L
lχ
k
K

=
(
Γ̇e

K

LI + Γ̇p
K

LI

)
F−1I

iX
L
lχ
k
K

(4

simplifies for the micropolar continuum to

bji =
(
Γ̇e

J

I + Γ̇p
J

I

)
F−1I

iχ
j
J (4

, the proposed additive split of the gradient of microdeformation results in an additive split of t
ation rate tensor bji.

issipation inequality and general constitutive relations
means of the Clausius-Duhem (C-D) inequality, the dissipative mechanisms related to the propos

-plastic split are inspected. The dissipation inequality is established from the difference between t
f the Helmholtz free energy density Ψ and the internal power per undeformed volume Ė as

D = Ė − ρ0Ψ̇ ≥ 0 in V0, (4

denoting the dissipation rate per undeformed volume. Taking (25), the inequality is expanded f
adient-enhanced micropolar framework as

−ρ0Ψ̇ + J tija
j
i + J mi

jb
j
i + ζ ˙̃α + ηI ˙̃α,I ≥ 0 in V0. (4

r the proposed gradient-enhanced micropolar damage-plasticity framework, the Helmholtz free e
ensity Ψ is assumed a function of the elastic deformation tensor Ce J

Ī , the elastic wryness tens
he nonlocal damage driving field α̃ and its material gradient α̃,I , a scalar isotropic material dama
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eter 0 ≤ ω ≤ 1, and a set of internal state variables α•:

Ψ = Ψ(Ce J
Ī ,Γ

eJ
I , α̃, α̃,I , ω, α

•) . (4

et of internal state variables α• represents the history of the material, e.g., the hardening stat
sed by tensor quantities of arbitrary order.
ictly speaking, the damage parameter ω is nothing else than an internal state variable, but in ord

hlight the concept of continuum damage mechanics within the proposed framework, it is consider
itly in the following derivations.
m (49), the rate of the Helmholtz free energy density follows as

Ψ̇ =
∂Ψ

∂Ce J
Ī

Ċe J

Ī +
∂Ψ

∂ΓeJ
I

Γ̇e
J

I +
∂Ψ

∂α̃
˙̃α +

∂Ψ

∂α̃,I
˙̃α,I +

∂Ψ

∂ω
ω̇ +

∂Ψ

∂α• α̇
• , (5

allows to rewrite the C-D inequality as

−ρ0
(

∂Ψ

∂Ce J
Ī

Ċe J

Ī +
∂Ψ

∂ΓeJ
I

Γ̇e
J

I +
∂Ψ

∂α̃
˙̃α +

∂Ψ

∂α̃,I
˙̃α,I +

∂Ψ

∂ω
ω̇ +

∂Ψ

∂α• α̇
•
)

+J tija
j
i + J mi

jb
j
i + ˙̃α ζ + ˙̃α,I η

I ≥ 0 in V0 .

(5

in, the term J tija
j
i represents the rate of the work produced by the Cauchy stress per referen

e dV0
J tij a

j
i = J tij

(
lji − νji

)

= J tij

(
Ḟ j

K F
−1K

i − χ̇jKX
K
i

)

= J tij

(
Ḟ ej

Ī(F
e)−1Ī

i − χ̇jKX
K
i

)
+ J tij

(
F ej

J̄
LpJ̄

Ī(F
e)−1Ī

i

)
,

(5

, using (44) and (41), is rewritten as

J tij a
j
i = T ĪJ Ċe J

Ī + T Ī
J̄ LpJ̄

Ī . (5

in, the Biot stress measure T ĪJ , which is power conjugate to the elastic Cosserat deformation ra
s defined with respect to both the undeformed and the stress free intermediate configurations, an
pressed as

T ĪJ = J (F e)−1Ī

i t
i
j χ

j
J , (5

e Mandel stress measure T Ī
J̄

, which is power conjugate to the plastic velocity gradient LpJ̄
Ī ,

d in the intermediate configuration as

T Ī
J̄ = J (F e)−1Ī

i t
i
j F

ej

J̄
. (5

e term J mi
jb
j
i in (48), represents the couple stress power per reference volume dV0, which is no

ded as
J mi

j b
j
i = J mi

jF
−1I

iχ
j
J

(
Γ̇e

J

I + Γ̇p
J

I

)

=M I
J

(
Γ̇e

J

I + Γ̇p
J

I

) (5
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he Biot couple stress tensor M J defined as

M I
J = J mi

j F
−1I

i χ
j
J . (5

mbining (51), (53) and (56) and rearranging results in
(
T ĪJ − ρ0

∂Ψ

∂Ce J
Ī

)
Ċe J

Ī +

(
M I

J − ρ0
∂Ψ

∂ΓeJ
I

)
Γ̇e

J

I +

(
ζ − ρ0

∂Ψ

∂α̃

)
˙̃α +

(
ηI − ρ0

∂Ψ

∂α̃,I

)
˙̃α,I

+ T Ī
J̄ LpJ̄

Ī +M I
J Γ̇p

J

I + Y ω̇ − β•α̇
• ≥ 0 in V0,

(5

ch
Y = −ρ0

∂Ψ

∂ω
(5

monly denoted as the energy release rate and

β• = ρ0
∂Ψ

∂α• (6

s the quasi-conservative thermodynamic force conjugate to the internal state variable α•.
e Coleman-Noll procedure [13] is then applied, requiring that non-negative dissipation must
d for arbitrary, independent rate processes, and accordingly, the terms in parentheses must vani
ally, resulting in the constitutive relations

T ĪJ = ρ0
∂Ψ

∂Ce J
Ī

, M I
J = ρ0

∂Ψ

∂ΓeJ
I

, ζ = ρ0
∂Ψ

∂α̃
, ηI = ρ0

∂Ψ

∂α̃,I
(6

g the final simplified dissipation inequality

T Ī
J̄ LpJ̄

Ī +M I
J Γ̇p

J

I + Y ω̇ − β•α̇
• ≥ 0 in V0. (6

ree energy potential
rther specialization of the free energy potential is performed to introduce continuum damage in
nstitutive relations, and for relating the thermodynamic forces ζ and ηI to the nonlocal dama
g field α̃ in (24).
this end, an additive structure of the free energy per unit mass Ψ

ρ0Ψ = ρ0

(
Ψe
(
Ce J

Ī ,Γ
eJ
I , ω
)
+Ψp (α•, ω) + Ψ̃(α̃, α̃,I)

)
(6

sidered, explicitly employing damage parameter ω for representing the degradation of the stre
stress and hardening thermodynamic forces, or parts thereof by reducing partially or complete
stic free energy potential Ψe

(
Ce J

Ī ,Γ
eI
J

)
and the hardening free energy potential Ψp (α•), and wi

,I) denoting the complementary part for the gradient-enhanced formulation. Relation (63) represen
plest setting for considering a dependency of the elastic properties on continuum damage. Mo
constitutive laws can be formulated in the same manner, e.g., considering multiple or higher ord

e tensors. Accordingly, stress measures tij and mi
j follow from (63) by means of the hyperelast
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tij = J−1 F ei
Ī X

J
j ρ0

∂Ψe
(
Ce J

Ī ,Γ
eJ
I , ω
)

∂Ce J
Ī

, mi
j = J−1 F i

I X
J
j ρ0

∂Ψe
(
Ce J

Ī ,Γ
eJ
I , ω
)

∂ΓeJ
I

. (6

rmore, assuming
ρ0 Ψ̃(α̃, α̃,I , αd) =

1

2
(ld)

2α̃,I G
IJ α̃,J +

1

2
(αd − α̃)2 (6

complementary part yields equivalence of (24) with the well known classical form (23). The latt
idered in the remainder of this work.

lasticity part
e evolution of the plastic deformation gradient F pĪ

I and the plastic wryness ΓpJ
I , as well as t

internal state variables α• are described by means of a yield condition, a flow rule and a hardeni
For the sake of simplicity, it is assumed that the set of internal state variables α• is related
asticity part of the model, i.e., the evolution of α• is linked to plastic flow. A generalization f
enting non-plasticity related internal state variables, e.g., for modeling creep, is straightforward, an
it is not considered further in the present contribution.
case of combined continuum damage mechanics and plasticity theory, the question arises wheth
ity is formulated in the nominal stress space, i.e., by means of T ĪJ ,M I

J , β• (or any stress measu
d thereof), or in the effective stress space

T̄ ĪJ = ρ0
∂Ψ

∂Ce J
Ī

∣∣∣∣
ω=0

, M̄ I
J = ρ0

∂Ψ

∂ΓeJ
I

∣∣∣∣
ω=0

, β̄• = ρ0
∂Ψ

∂α•

∣∣∣∣
ω=0

(6

reted as forces per intact area of the material. A discussion on this question is found in [40]. Therei
ncluded that the formulation in the nominal stress space is subjected to severe restrictions in ord
ure a unique model response. Hence, a formulation in the effective stress space is employed for t
sed framework.
e concept of generalized stress invariants [15, 68, 74, 101], computed from both the effective stre
and the effective couple stress tensor, allows to employ the classical framework of plasticity in term
ngle, combined yield function for both stress tensors, initially proposed by Lippmann [65]. The
spirit of non-associated finite strain plasticity, a yield function fp(T̄

Ī
J , M̄

I
J , β̄•) is employed f

ting the elastic domain, together with the Karush-Kuhn-Tucker conditions of optimization

fp(T̄
Ī
J , M̄

I
J , β̄•) ≤ 0 , λ̇ ≥ 0 , λ̇f(T̄ ĪJ , M̄

I
J , β̄•) = 0 . (6

n-associated plasticity, a plastic potential function gp(T̄
Ī
J , M̄

I
J , β̄•), and a hardening potent

on hp(T̄
Ī
J , M̄

I
J , β̄•), which, in general, are different from fp(T̄

Ī
J , M̄

I
J , β•), are used for describi

olution of the thermodynamically conjugate quantities as

pJ̄
Ī = λ̇

∂gp(T̄
Ī
J , M̄

I
J , β̄•)

∂T Ī
J̄

, Γ̇p
J

I = λ̇
∂gp(T̄

Ī
J , M̄

I
J , β̄•)

∂M I
J

, α̇• = −λ̇ ∂hp(T̄
Ī
J , M̄

I
J , β̄•)

∂β•
. (6

on-associated plastic potential functions are in particular important for cohesive-frictional materia
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ich associated flow rules would yield an overestimation of the volumetric plastic flow. Extensi
presented framework to multisurface plasticity by means of Koiter’s [58] generalized flow rule a
tforward, and hence, a detailed explanation is omitted here.

mark: As a consequence of the employed elastic-plastic split, i.e., the assumption that plastic beha
urs in the gradient of the microdeformation rather than introducing a multiplicative decompositi
microdeformation itself, the proposed framework is equivalent to the framework proposed in [74]
f infinitesimal deformations.

amage part
llowing the thermodynamic approach to constitutive modeling, a dissipation potent
Ī
J ,M

I
J , αd, α̃, β•) may be used for describing the evolution of damage as

ω̇ =
∂gd(Y, T

Ī
J ,M

I
J , αd, α̃, β•, )

∂Y
, (6

ormulated in terms of a threshold function for a critical value of the energy release rate, simil
ssical plasticity theory. However, for cohesive-frictional materials with highly nonlinear mater
ior, such dissipation potentials may be difficult or even impossible to formulate, and hence, common
ype evolution laws are formulated directly. Accordingly, for the proposed framework the latt
ch is pursued, and the damage evolution is assumed to depend on the nonlocal damage driving fie
h

ω̇ = ω̇( ˙̃α) . (7

sure non-negative dissipation in (62) for non-healing materials the restriction ω̇ ≥ 0 is sufficie
ering that the energy release rate Y is always non-negative.
ternative approaches, assuming a dependency on both α̃ and αd are reported in the literature.
ular so-called over-nonlocal approaches [18] are widely used. Since the extension to such a formulati
ightforward, it is not considered further in the present contribution.
ilar to (70), a rate type evolution law in lieu of a dissipation potential may be used for describi

olution of αd. For combined damage-plasticity approaches, the evolution of damage driving variab
ommonly related to the evolution of plastic deformation

α̇d = α̇d(Ḟ
pĪ

I , Γ̇
p
J

I , α̇
•, tij,m

i
j, β•) (7

potential dependency on the stress state to account for ductile and brittle behavior in compressi
nsion, respectively, and with the restriction

α̇d ≥ 0 (7

suring a monotonic growth of damage.

nlinear finite element implementation of the gradient-enhanced micropolar continuu

r numerical implementation of the proposed framework by means of the finite element method, t
lly discretized weak forms of the governing second order partial differential equations (18), (19), an
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re formulated. For the sake of simplicity, the quasi-static case is considered, i.e., inertial terms in t
e equations are neglected, no body forces or body couples are considered, and furthermore, hom
s Neumann boundary conditions are assumed for (21) and (23). For representing finite micropol
ns in a computational framework, a three parameter representation in terms of the axial vector
e Euler-Rodrigues formula

χiI = cos (w) giI − sin (w ) ϵijk nk gjI + (1− cos (w))ni njg
j
I (7

ni = wi/w and w =
√
wiwi (7

.
r formulating the weak form, the three balance equations (18), (21) and (23) (i) are multiplied
nctions δui, δwi and δα̃, (ii) integration over the spatial domain is performed, and (iii) the Gau
m is applied, resulting in

∫

V (t)

δuj,i t
i
jdV (t)−

∫

Ā(t)

δuj t̄jdĀ(t) = 0 , (7
∫

V (t)

−δwj,imi
j + δwj ϵ l

jk t
k
ldV (t) = 0 , (7

∫

V0

δα̃ α̃ + l2d δα̃,I α̃,J G
IJ − δα̃ αd dV0 = 0 , (7

j denoting the surface traction vector acting on the boundary Ā(t).
xt, the weak form is discretized spatially by interpolating the three fields and their gradients fro
de values, using the respective interpolation operators NA and their spatial derivatives NA,i wi
ipts (•)A and (•)B henceforth denoting node indices as

ui = NA q
u i
A , ui,j = NA,j q

u i
A ,

wi = NA q
w i
A , wi,j = NA,j q

w i
A ,

α̃ = NA q
α
A , α̃,I = NA,I q

α
A ,

(7

transformation
NA,j = NA,J F

−1J
j . (7

u i
A , qw i

A and qαA denoting the vectors of the node values of the displacement field ui, the micror
field in terms of the components of the axial vector wi, and the field of the damage-driving variab

pectively, and assuming identical interpolation for all fields for the sake of simplicity. Similar
ying the Bubnov-Galerkin approach, test functions δui, δwi and δα̃, and their respective gradien
erpolated using the same interpolation operators NA and NA,J . Accordingly, the discretized we
s expressed using the Kirchhoff stress, τ ij = J tij, the Kirchhoff couple stress µij = J mi

j and loc
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e driving variable αd as

δqu j
A

(∫

V0

NA,i τ
i
j dV0 −

∫

Ā

NA t̄j dĀ

)
= δqu j

A ruAj = 0 , (8

δqw j
A

∫

V0

(
−NA,i µ

i
j +NA ϵ

l
jk τ

k
l

)
dV0 = δqw j

A rwAj = 0 , (8

δqαA

∫

V0

NA α̃ + (ld)
2NA,I α̃,J G

IJ −NA αd dV0 = δqαA r
α
A = 0, (8

ch use of (26) was made to express the integrals over the undeformed body, and with ruAj, rwAj an
noting the nodal residual vectors, which are used to assemble the nonlinear equation system. T
is commonly solved by means of the Newton scheme, which requires the derivatives of the residu
s with respect to the vectors of the nodal values. Those derivatives are summarized in Appendix
ssing the constitutive relations in terms of the Kirchhoff stress measures is in particular benefic
efficient numerical implementation, since the resulting expressions at finite element level becom
ndent of the Jacobian determinant J .
(80), (81) and (82), the Kirchhoff stress τ ij , the Kirchhoff couple stress µij and local damage drivi
le αd are considered functions of F i

I , wi, wi,I , α̃, and the set of internal state variables α•

i
j = τ ij (F

i
I , w

i, wi,I , α̃, α
•) , µij = µij(F

i
I , w

i, wi,I , α̃, α
•) , αd = αd(F

i
I , w

i, wi,I , α̃, α
•) , (8

ccordingly, they depend on the node values qu k
B , qw k

B and qαB, and the loading history of t
ial.

merical implementation of the constitutive relations

quadrature point level, the constitutive relations are computed by means of a stress update alg
computing in a time interval [t(old), t = t(old) + ∆t] for the given (total) deformation state F i

I ,
i
,J and based on the known state of the material at time t(old) the updated Kirchhoff stress τ ij (t), t
ed Kirchhoff couple stress µij(t), the updated damage driving variable αd(t), and the updated set
al variables α(t). Additionally, the algorithmic tangents of τ ij (t), µij(t), and αd(t) with respect
formation tensors are computed within the stress update algorithm for solving the global equati
, and they are summarized in Appendix C. In the following, subscript (•)(old) denotes the respecti

at the beginning of the time increment, whereas an omitted subscript denotes the value of a variab
end of the time increment, i.e., at t = t(old) +∆t.

pdate of deformation measures
means of the current values of F i

I , wi and wi,j , the Lagrangian set of deformation measures
ted. To this end, the computation of χiI is performed in an updated manner, as described in [4

ting a multiplicative update of the microrotation tensor defined as

χiI = ∆χij χ
j
I (old) (8
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2)

3)

4)

in whi he
∆χij = ∆χij(∆w
i) (8

the increment of the axial vector ∆wi = wi(t) − wi(t(old)) and making use of the Euler-Rodrigu
la (73) and with χjI (old) denoting the known components of the microrotation tensor at the beginni
increment. Furthermore, the material gradient of the microrotation update is computed as

∆χij,J =
∂∆χij
∂∆wi

∆wi,J . (8

ve that this allows for an additive update scheme of the wryness tensor, as described in [25]:

ΓJI = ∆ΓJI + ΓJI (old) = −1

2
ϵJ L
K XK

k∆χ
k
l,I χ

l
L(old) + ΓJI (old) . (8

ation tensor C J
I is then computed using the current value of F i

I by means of (84) and (5).

ntegration of plastic evolution equations: elastic predictor
ong the lines of plasticity theory for the classical continuum, a trial effective Mandel stress, a tr
ve Biot couple stress, and a trial state of the hardening state are computed by means of the updat
ation measures as

T̄ trĪ
J = ρ0

∂Ψ

∂Ce,tr J
Ī

∣∣∣∣
ω=0

, M̄ trI
J = ρ0

∂Ψ

∂Γe,trJ
I

∣∣∣∣
ω=0

, β̄tr
• = ρ0

∂Ψ

∂α•
tr

∣∣∣∣
ω=0

(8

ing
Ce,tr J

Ī = (F p)−1I

Ī (old) C
J
I , Γe,trJ

I = ΓJI − ΓpJ
I (old) , α•

tr = α•
(old) . (8

fp

(
T̄ trĪ

J , M̄
trI

J , β
tr
•

)
≤ 0, purely (damaged-)elastic material behavior occurs, and

T̄ ĪJ = T̄ trĪ
J , M̄ I

J = M̄ trI
J , α• = α•

(old) . (9

ntegration of plastic evolution equations: return mapping algorithm
herwise, i.e., if fp

(
T̄ ĪJ , M̄

I
J , β̄•

)
> 0, plastic material behavior occurs, and the finite strain retu

ng algorithm [43] is employed for computing the updated unknowns Ce J
Ī , ΓeJ

I and α• by solvi
nlinear equation system

Ce,tr J
Ī

Γe,trJ
I

α•
tr

0





=





Ce J
K̄ ∆F pK̄

Ī

ΓeJ
I +∆ΓpJ

I

α• −∆α•

fp(T̄
Ī
J , M̄

I
J , β̄•)





, (91)

∆F pJ̄
Ī = exp

(
∆λ

∂gp(T̄
Ī
J , M̄

I
J , β̄•)

∂T Ī
J̄

)
, (9

∆ΓpJ
I = ∆λ

∂gp(T̄
Ī
J , M̄

I
J , β̄•)

∂M I
J

, (9

∆α• = −∆λ
∂hp(T̄

Ī
J , M̄

I
J , β̄•)

∂β•
, (9

ch the exponential map integration [17, 43] is used for computing F pJ̄
I = ∆F pJ̄

Ī F
pĪ
J (old)

, and t
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it Euler backward integration is employed for updating Γp
I = ∆Γp

I+Γp
I (old) and α• = ∆α•+α•

(o

e numerical implementation of the exponential map integrator, the series approximation

exp

(
∆λ

∂gp(T̄
Ī
J , M̄

I
J , β̄•)

∂T Ī
J̄

)
=

∞∑

n=1

1

n!

(
∆λ

∂gp(T̄
Ī
J , M̄

I
J , β̄•)

∂T Ī
J̄

)n

(9

oited. Due to the general nonsymmetry of all the involved tensors, no closed form expression of t
exponential is possible for the micropolar continuum.

ntegration of damage evolution equations
means of the updated plastic deformation measures F pJ̄

I and ΓpJ
I , local damage driving quanti

pdated by integration of (71) as

∆αd = ∆αd

(
∆F pĪ

I ,∆ΓpJ
I,τ̄

i
j , µ̄

i
j

)
, (9

g
αd = ∆αd + αd(old) , (9

rthermore, for given α̃, damage parameter ω can be updated independently by integration of (70)

ω = ∆ω(∆α̃) + ω(old) . (9

ally, the Kirchhoff stress and the Kirchhoff couple stress are updated as

τ ij = ρ0
∂Ψe(Ce J

Ī ,Γ
eJ
I , ω)

∂Ce J
Ī

F ei
Ī X

J
j , µij = ρ0

∂Ψe(Ce J
Ī ,Γ

eJ
I , ω)

∂ΓeJ
I

F i
I XJ

j . (9

r the subsequently presented realizations of the framework, the weak form and the material mode
mplemented by means of an implicit MOOSE [83] finite element code based application Chamo
mploying the Marmot material modeling toolbox library [21]. The Fastor library [88] is used f
contraction operations at material and finite element level. Fastor enables the straightforwa
entation of tensor operations using the Einstein summation notation.

damaged hyper-elastic micropolar Drucker-Prager model for sandstone

first realization of the proposed gradient-enhanced micropolar continuum framework is proposed
of a damage-plasticity model for sandstone based on the Drucker-Prager yield criterion. The mod
lied and assessed in simulations of plane strain compression tests on Gosford sandstone perform
d et al. [77].

odel formulation
r describing hyperelastic relations within the micropolar continuum, a Neo-Hookean type mod
d by the model by Ramezani et al. [89] for compressive materials is employed, using an isochor
etric split for the macroscopic part, as described in, e.g., [82]. The potential function is express
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eJ
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1

2

(
(G+Gc)

(
(Je)−

2
3 Ce J

Ī CeĪ
J − 3

)
−Gc

(
(Je)−

2
3 Ce J

Ī Ce Ī
J − 3

)

+ (1− ω)
1

2

(
(γ̂ + β̂) ΓeJ

I Γ
e I
J + (γ̂ − β̂) ΓeJ

I Γ
eI
J + α̂ΓeI

IΓ
eJ
J

)

(10
denoting the scalar isotropic damage parameter, Je denoting the determinant of Ce J

Ī , and with

g(Je) =
K

8

(
(Je)2 + (Je)−2 − 2

)
(10

ng the energy due to elastic macroscopic volumetric deformation. Accordingly, it is assumed th
e affects the complete couple stress tensor, but only the deviatoric part of the classical Cauchy stre
. As a consequence of the deviatoric-volumetric split of the elastic potential, the relations betwe
ective and nominal stress and couple stress tensors can be conveniently expressed by means of t
relations

tij = Ωi l
jk t̄

k
l , mi

j = (1− ω) m̄i
j (10

Ωi l
jk = (1− ω)

(
δikδ

l
j − 1

3
δijδ

l
k

)
+

1

3
δijδ

l
k . (10

cal relations follow for the nominal and the effective Mandel stress tensors, T Ī
J̄

and T̄ Ī
J̄

, and t
al and the effective Biot couple stress tensors, M I

J and M̄ I
J .

e 6 elastic constants, expressed in the notation by Hassanpour and Heppler [44] for consistency wi
re the shear modulus G, the bulk modulus K, the coupling modulus Gc, and the three micropol
constants α̂, β̂ and γ̂. The latter are commonly expressed by means of a set of derived paramete
e polar ratio

ψ =
2γ̂

2γ̂ + α̂
, (10

aracteristic length for bending

lb =

√
γ̂ + β̂

4G
(10

e characteristic length for torsion

lt =

√
γ̂

G
. (10

present contribution, the principle of bounded stiffness derived by Neff et al. [72] for the small stra
is obeyed, yielding

ψ =
3

2
and lt = 2 lb . (10

quently, only the length scale parameter lb and the coupling modulus Gc remain as independe
parameters, together with the classical parameters G and K.

r modeling plastic material behavior by means of a single, combined yield function, the conce
eralized stress invariants [15, 68, 101], computed from both the effective Mandel and couple stre
s, T̄ Ī

J̄
and M̄ I

J , is employed. Following the discussion in [74], the generalized effective stre
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nts I1 and J2 in the finite strain regime are computed as

˜̄I1 = T̄ Ī
Ī (10

˜̄J2 = a1 S̄ ĪJ̄ S̄ J̄
Ī + a2 S̄ ĪJ̄ S̄ J̄Ī +

1

(lJ2)
2

(
a3 M̄

I
J M̄

J
I + a4 M̄

I
J M̄

J
I

)
(10

the deviatoric part of the effective Mandel stress tensor

S̄ ĪJ̄ = T̄ Ī
J̄ − 1

3
GĪ

J̄
˜̄I1 . (11

present work, a1 = 0.5, a2 = 0, a3 = 0.5 and a4 = 0 is assumed, consistent with [74]. Leng
arameter lJ2 is employed for relating the different dimensions of the classical and the couple stre
s, and it is considered a material parameter specific to the microstructure of a material.
te that for the present model for sandstone the deviatoric-volumetric split in (100) carries over
ielding ˜̄I1 to be identical to the first invariant of the nominal Mandel stress tensor Ĩ1 = T Ī

Ī
, sin

drostatic stress is independent of ω. This, however, is not the case for different effective-nomin
relationships, e.g., such as the one employed for the model for concrete presented in Section 6.
means of the generalized invariants, the yield function is expressed as

fp(T̄ Ī
J̄ , M̄

I
J , β̄p) =

√
3

2
˜̄ρ+

√
3
(
mϕ

˜̄Tm − β0

)
− β̄p (11

˜̄Tm =
1

3
˜̄I1

˜̄ρ =

√
2 ˜̄J2,

(11

ith mϕ denoting the friction parameter, β0 denoting the cohesion strength parameter, and βp

) β̄p denoting the nominal scalar stress like hardening parameter, related to the conjugate equivale
deformation measure αp as

βp = (1− ω)ρ0
∂Ψh

∂αp

, with ρ0Ψ
h = h∆

(
αp +

exp(−αp hexp)− 1

hexp

)
(11

ith h∆ and hexp denoting hardening material parameters.
r describing the evolution of F pĪ

I , ΓpJ
I and αp, the flow rules

LpJ̄
Ī = λ̇

∂gp(T̄ Ī
J̄
, M̄ I

J )

∂T I
J

, Γ̇p
J

I = λ̇
∂gp(T̄ Ī

J̄
, M̄ I

J )

∂M I
J

, α̇p = −λ̇ ∂fp(T̄
Ī
J̄
, M̄ I

J , β̄p)

∂βp
, (11

ployed, with the non-associated plastic potential function gp(T̄ Ī
J̄
, M̄ I

J , βψ) defined as

gp(T̄ Ī
J̄ , M̄

I
J ) =

√
3

2
˜̄ρ+

√
3

(
mψ

˜̄Tm
βψ

(1− ω)

)
. (11
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in, mψ denotes the dilation parameter, and βψ is a dimensionless parameter for describing a decrea
tion depending on the hardening state as

βψ = 1− exp(−αp hd) (11

aterial parameter hd.
mark: Due to an identical dependency of ˜̄ρ, β̄p, and the term involving the hydrostatic stress T
5) on the damage parameter ω, for the numerical implementation the return mapping algorith
formulated completely independent of the current state of ω up to a constant multiplied with t
gian multiplier λ̇, which is, however, not required to be determined explicitly in practice.

hesion, friction and dilation parameters β0, mϕ and mψ in (111) and (115) are computed as

β0 =
6 c cos (ϕ)√
3(3 + A sinϕ)

, mϕ =
6 sin (ϕ)√

3(3 + A sinϕ)
, mψ =

6 sin (ψ)√
3(3 + A sinψ)

(11

ch c denotes the cohesion stress like material parameter, ϕ the friction angle, ψ the angle of dilati
1 ≤ A ≤ 1 is a fitting parameter for adjusting the Drucker-Prager yield surface for in- (A = 1)
scribing (A = −1) the Mohr-Coulomb yield surface.

r modeling the evolution of material damage, an exponential softening law

ω = 1− exp

(
− α̃

εf

)
(11

loyed, with εf denoting the softening modulus, and the local damage driving field αd is driven
cumulation of the inelastic volumetric deformation as

α̇d =
D

Dt

(
log
(
detF pĪ

I

))
(11

ure α̇d ≥ 0, the current model is restricted to non-contractant material behavior only, i.e., ψ ≥
e satisfied. This way, a monotonic growth of damage ω ensured.

pplication to plane strain tests by Ord et al.
e proposed model is calibrated and assessed by means of the experimental tests on Gosford sandsto
med by Ord et al. [77]. During this experimental study, prismatic sandstone specimens with dime
f 80mm × 40mm × 80mm were subjected to vertical compression under plane strain condition

ying different magnitudes of lateral confining pressures ranging from 0MPa to 20MPa. During t
the primarily observed failure mode was shear failure, characterized by the emergence of a diagon
band across the specimens. The numerical treatment of the emergence of shear bands in those tes
en investigated previously by Regueiro and Borja [91] using a strong discontinuity approach. Herei
emonstrated that the proposed gradient-enhanced micropolar approach naturally captures emer
ear bands in a continuum setting, and it provides a sound framework for describing the compl
atics in those zones of localized deformations.
r investigating the proposed model, the tests are simulated by means of an equivalent 2D plane stra
element model, using 8 node quadrilateral elements with a reduced Gaussian quadrature rule. F

25



s

di
sp

la
ce

m
en

t  
ce

Figure nt
plane s ts
(mediu

Ta

E (GP -)
13.0 1

demon sh
are em 85

degree p
is illus

Du ed
a prio es
of the ad
applic on
were p by
means es
are co al
confin d
emerg of
1N ac

Th as
subjec in
Table he
occurr or
determ al
report is
assum
andstone specimen

lateral confining 
pressure 0 - 20MPa

40mm

80
m

m

80mm

lateral confining 
pressure 0 - 20MPa

imperfection:1N lateral for

equivalent plane strain model

di
sp

la
ce

m
en

t

4: Experimental setup for the plane strain compression tests on Gosford sandstone by [77] (left), and equivale
train finite element model using three different fine element meshes with 40×80 elements (coarse), 60×120 elemen
m), and 80×160 elements (fine), employing quadratic shape functions with a reduced quadrature rule (right).

ble 1: Material parameters for Gosford sandstone used in the plane strain compression tests by Ord et al. [77].

a) ν (-) Gc/G (-) lb (mm) ld (mm) lJ2 (mm) c (MPa) ϕ (°) ψ (°) A (-) h∆ (MPa) hexp (-) hd (-) εf (
0.35 0.1 1 1 1 8.0 30 20 1 11.0 1400.0 1.0 0.1

strating the mesh-insensitivity of the proposed framework, three different resolutions of the me
ployed: 40×80 elements (coarse, 39 525 degrees of freedom), 60×120 elements (medium, 88 0

s of freedom), and 80×160 elements (fine, 155 845 degrees of freedom). The experimental test setu
trated together with the 2D finite element model in Figure 4.
e to the homogeneous initial conditions, the location of the emerging shear band is not predefin
ri. However, in the experiments, the shear band commonly did not attain top and bottom surfac
specimens at which the load was applied. Hence, although polished steel plates were used for lo
ation in order to minimize frictional effects, it is assumed that certain confining effects due fricti
resent. This additional confinement is simulated by constraining the top and bottom surfaces
of a rigid body constraint, i.e., in plane relative displacements of the nodes located at those surfac

nstrained, whereas a displacement of the surface as a whole is permitted. This way, an addition
ing effect is achieved in the vicinity of the top and bottom surfaces, resulting in the shear ban
ing in the center of the specimen. Furthermore, a slight perturbation by means of a lateral force
ting on one corner is applied for defining a priori the direction of the shear band.
e Drucker-Prager model is calibrated by means of the results for specimen RAO636, which w
ted to a lateral confining pressure of 20MPa, and the resulting material parameters are listed
1. In particular, the length scale parameters lb, lJ2 and ld are chosen to adjust the thickness of t
ing shear band to match approximately the one observed in the experiments. In [74] a strategy f
ining those parameters is discussed. For the coupling modulus, for many materials experiment

s in the literature [44] estimate Gc in the order of 0.1G to 1G. In the present work, Gc = 0.1G

ed.

26



0.0
0

1

2

3

4

n
or

m
al

iz
ed

fo
rc

e
(k

N
/m

m
)

00

Figure en
RAO63 es
(left), a),
RAO64 on
(right).

Figure nt
of 0.8m ize
into a n

Fig ed
model ed
indepe ts.
Durin a
contou st
exclus

Fig ng
those ed
shear of
the sh er
specim ),
RAO6 ne
mesh. it
0 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

fine mesh

medium mesh

coarse mesh

RAO636 (experiment)

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.

RAO636

RAO640

RAO627

RAO624

RAO613/RAO639

applied displacement (mm)

5: Experimental results and predicted load-displacement curves for the plane strain compression test on specim
6 with 20MPa lateral confining pressure using the calibrated Drucker-Prager model with the three different mesh
and predicted (lines) and experimental (markers) load-displacement curves for the specimens RAO636 (20MP
0 (15MPa), RAO627 (10MPa), RAO624 (5MPa), and RAO613 and RAO639 (no confining pressure) for comparis

6: Evolution of material damage ω during the simulated test on specimen RAO636, at an applied vertical displaceme
m (first), 1.0mm (second), 2.0mm (third), and 4.0mm (fourth). During the test, damage and deformations local
arrow shear band with finite thickness.

ure 5 (left) shows the load-displacement curve for the test on specimen RAO636 using the calibrat
, together with the respective experimental results. It can be seen that the obtained results are inde
ndent of the employed finite element mesh, and they are in good agreement with the lab test resul

g the test, a shear band emerges in the center of the specimen, as shown in Figure 6 by means of
r plot of damage parameter ω. Once the shear band has emerged, additional deformations almo
ively occur in the shear band, resulting in a zone of very large, localized inelastic deformations.
ure 7 shows a detail of the predicted shear band for all three investigated meshes, highlighti
large deformations. It is concluded that identical to the load-displacement curve, the predict
band is insensitive with respect to the employed mesh, i.e., the thickness and the inclination
ear band are identical for all meshes. For comparison, Figure 5 (right) shows the results for oth
ens tested reported in [77] with lower magnitudes of the confining pressure, i.e., RAO640 (15MPa

27 (10MPa), RAO624 (5MPa), and RAO613 and RAO639 (no confining pressure), using the fi
While it is apparent that those experimental results are characterized by considerable scatter,
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concluded that the overall response of the material is captured reasonably well by the propos
.

8: Illustration of the influence of the material length scale parameters lb, lJ2 and ld, on the predicted thickn
shear band using lb = lJ2 = ld = 1mm (first), lb = lJ2 = ld = 2mm (second), lb = lJ2 = ld = 3mm (thir
= ld = 4mm (fourth) for an identical applied vertical displacement of 3mm.

e thickness of the predicted shear band is governed by the employed length scale parameters.
to demonstrate the effect of those length scale parameters, Figure 8 shows a contour plot of t
l displacement magnitude for different values of the length scale parameters. It can be seen th

sing values of the length parameters result in a larger thickness of the shear band. In particular f
values of the length scales, very large and localized inelastic deformations occur in the shear ban
confirms the necessity of an exact geometrical treatment.
r comparison, Figure 9 shows a photograph of the specimen RAO636 after failure in the test, wi
rly visible shear band. Ord et al. investigated the arising shear bands for different stages of t
mental tests. A micrograph of the shear band in specimen RAO640 after failure is shown in Figure
. The fracture process zone is reported with a thickness of 1mm - 2mm, and intergranular cracki
rly visible. The predicted thickness of the shear band is illustrated by means of the magnitu
microrotations. While investigating the relations between the length scale parameters and t

28



Figure ph
of the cal
displac nd
for com

micros ed
thickn

6. An

A rk
is pres ty
(GMC 4]
in the te
by Gr in
order ce
of the nt
types al
and g he
microp

Fo he
extend ns
under re
in tors

6.1. M
Fo

0)

with

1)
9: Observed shear band in specimen RAO636 in the tests by Ord et al. [77] with scanning electron microgra
shear zone in specimen RAO640 (left), and magnitude of the microrotation in the specimen at an applied verti
ement of 2mm using a mesh size of 160 × 320 elements (right), indicating the predicted thickness of the shear ba
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tructure is still the focus of ongoing and future research efforts, it is concluded that the predict
ess of the shear zone is within a realistic range for the present example.

extended gradient-enhanced micropolar damage-plasticity model for concrete

second realization of the proposed geometrically exact gradient-enhanced micropolar framewo
ented in terms of an extension of the Gradient-enhanced Micropolar Concrete Damage-Plastici
DP) model presented in [74] to the finite strain regime. The GMCDP model was proposed in [7
small strain regime as an extension of the gradient-enhanced damage-plasticity model for concre
assl and Jirásek [40] and Poh and Swaddiwudhipong [87] to the micropolar continuum theory
to provide a remedy for stability issues related to non-associated plastic flow. The performan
GMCDP model was demonstrated by means of several benchmark examples considering differe
of loading, and a comprehensive assessment of the GMCDP model compared to classical loc
radient-enhanced formulations was presented recently in [75], highlighting the advantages of t
olar approach for modeling shear dominated failure.

r demonstrating the suitability of the proposed approach for problems different to shear failure, t
ed GMCDP model is applied to an example of compressive failure with very large deformatio
very high confining pressures observed in the tube-squash tests by Bažant et al. [8] as well as failu
ion by means of the tests by Brokenshire [12].

odel formulation
r describing the elastic relations of the extended model, the hyperelastic potential

ρ0Ψ
e = ρ0 (1− ω) Ψ̄e(Ce J

Ī ,Γ
eJ
I) (12

ρ0Ψ̄
e(Ce J

Ī ,Γ
eJ
I) = g(Je) +

1

2

(
(G+Gc)

(
Ce J

Ī CeĪ
J − 3

)
−Gc

(
Ce J

Ī Ce Ī
J − 3

))

+
1

2

(
(γ + β) ΓeJ

I Γ
e I
J + (γ − β) ΓeJ

I Γ
eI
J + αΓeI

IΓ
eJ
J

) (12
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89] and with λ denoting the Lame parameter is employed. In contrast to hyperelastic potential (12
sandstone model, damage parameter ω affects the complete stress tensor including the volumetr
ielding the simple and commonly used nominal-effective relation

tij = (1− ω) t̄ij = (1− ω) J−1 F ei
Ī X

J
j ρ0

∂Ψe

∂Ce J
Ī

,

mi
j = (1− ω) m̄i

j = (1− ω) J−1 F i
I X

J
j ρ0

∂Ψe

∂ΓeJ
I

.

(12

r relations follow for the nominal and the effective Mandel stress tensors, T Ī
J̄

and T̄ Ī
J̄

, and t
al and the effective Biot couple stress tensors, M I

J and M̄ I
J .

e plasticity part of the model is formulated in terms of three invariants, i.e., the effective mean stre
d the effective generalized deviatoric radius ˜̄ρ defined in (112), and additionally the generalized Lo
θ̃, defined as

cos(3 θ̃) =
3
√
3

2

J̄ sym
3

(J̄ sym
2 )3/2

, (12

J̄ sym
2 =

1

2
S̄(Ī)

(J̄)
S̄ (J̄)

(Ī)

J̄ sym
3 =

1

3
S̄(Ī)

(J̄)
S̄(J̄)

(K̄)
S̄(K̄)

(Ī)
,

(12

ted from the symmetric part of the deviatoric part of the Mandel stress tensor

S̄(Ī)

(J̄)
=

1

2

(
S̄ ĪJ̄ + S̄ Ī

J̄

)
. (12

means of those generalized invariants, a single yield function

Ī
J̄ , M̄

I
J , qh) =


(1− qh)

(
˜̄ρ√
6fcu

+
˜̄Tm

fcu

)2

+

√
3

2

˜̄ρ

fcu




2

+m0 q
2
h

(
˜̄ρ√
6fcu

r(θ) +
˜̄Tm

fcu

)
− q2h , (12

for delimiting the elastic domain. A normalized stress-like internal variable qh is employed f
ing hardening material behavior, i.e., qh is assumed as a scalar stress like hardening parameter

), keeping notation consistent with [40], defined as

qh(αp) =




fcy/fcu + (1− fcy/fcu)αp (α

2
p − 3αp + 3) if αp < 1 ,

1 otherwise,
(12

p denoting the strain like hardening variable. In yield function (127), r(θ̃) is the Willam-Warnke [11
radius function, which describes the shape of the yield surface in deviatoric sections, and m0 is t
n parameter, which depends on the material strength parameters, i.e., the uniaxial compressi
th fcu, the uniaxial yield stress fcy, the biaxial compressive strength fcb, and the uniaxial tens

30



streng

9)

A non

0)

is used

1)

There

2)

with

3)

4)

formu ic
strain.

Th

5)

rather id
divisio de
of α̇p

6)

formu
Fo ial
th ftu. It is defined as

m0 = 3
f 2
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1 + ϵ

2− ϵ
, ϵ =

ftu (f
2
cb − f 2

cu)

fcb (f 2
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tu)
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-associated plastic potential function

gp(T̄ Ī
J̄ , M̄

I
J , qh) =


(1− qh)

(
˜̄ρ√
6fcu

+
˜̄Tm

fcu

)2

+

√
3

2

˜̄ρ

fcu




2

+ q2h

(
m0 ˜̄ρ√
6fcu

+
mg(

˜̄Tm)

fcu

)
(13

for describing the evolution of plastic deformation as

LpJ̄
Ī = λ̇

∂gp(T̄ Ī
J̄
, M̄ I

J , qh)

∂T Ī
J̄

, Γ̇p
J

I = λ̇
∂gp(T̄ Ī

J̄
, M̄ I

J , qh)

∂M I
J

. (13

in, function

mg(
˜̄Tm) = AgBg fcu exp

(
˜̄Tm − ftu/3

Bg fcu

)
, (13

Ag =
3ftu
fcu

+
m0

2
, (13

Bg =
1

3
(1 + ftu/fcu) (ln(Ag)− ln(2Df − 1)− ln(3 +m0/2) + ln(Df + 1))−1 , (13

lated by means of dilatancy model parameter Df , controls the evolution of the volumetric plast

e evolution of αp is directly postulated by means of the evolution law by Unteregger et al. [107]

α̇p = hp(L
pJ̄
Ī ,

˜̄Tm, ˜̄ρ, θ̃) =
∥∥∥LpJ̄

Ī

∥∥∥ 1

xh(
˜̄Tm)

(
1 + 3

˜̄ρ2

˜̄ρ2 + ϑh

cos2(1.5 θ̃)

)
, (13

than by means of a potential function, with ϑh denoting a small disturbance parameter to avo
n by zero in case of a pure hydrostatic stress. A ductility function xh(

˜̄Tm) controls the magnitu
depending on the acting hydrostatic stress:

xh(
˜̄Tm) =





Ah − (Ah −Bh) exp

(
−Rh(

˜̄Tm)

Ch

)
if Rh(

˜̄Tm) ≥ 0,

(Bh −Dh) exp

(
Rh(

˜̄Tm)(Ah −Bh)

(Bh −Dh)Ch

)
+Dh otherwise,

Rh(
˜̄Tm) = −

˜̄Tm

fcu
− 1

3
,

(13

lated in terms of the model parameters Ah, Bh, Ch and Dh.
r relating the damage parameter ω to the nonlocal damage-driving variable α̃, the exponent
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, in which εf is the softening modulus, controlling the slope of the softening curve.
e evolution of the strain-like damage-driving variable αd in (71), the local counterpart to α̃ in (23
ted to the rate of the volumetric plastic deformation as

α̇d =




0 if αp < 1,

ϵ̇pV/xs(ϵ̇
p
IJ) otherwise.

(13

p
IJ denoting the logarithmic plastic strain tensor

ϵpIJ =
1

2
ln
(
F pĪ

I GĪJ̄ F
pJ̄
J

)
(13

ϵ̇pV = ϵ̇pIJ G
IJ . (14

on xs(ϵ̇
p
IJ) represents a ductility measure to account for brittle behavior in tension and duct

ior in compression:

xs(ϵ̇
p
IJ) =




1 + AsR

2
s (ϵ̇

p
IJ) if Rs(ϵ̇

p
IJ) < 1,

1− 3As + 4As

√
Rs(ϵ̇pIJ) otherwise.

(14

in, As is a material parameter, which controls ductility in compression, and function Rs(ϵ̇
p
IJ) denot

tio of the negative volumetric plastic logarithmic rate ϵ̇p⊖V to the total volumetric plastic logarithm
rate ϵ̇pV as

Rs(ϵ̇
p
IJ) =

ϵ̇p⊖V
ϵ̇pV

, (14

ich ϵ̇p⊖V is computed from the principal values ε̇p1, ε̇p2 and ε̇p3 of the rate of the plastic logarithm
tensor

ϵ̇p⊖V = ⟨−ε̇p1⟩+ ⟨−ε̇p2⟩+ ⟨−ε̇p3⟩ , (14

ith ⟨•⟩ denoting the Macaulay brackets.
e finite strain GMCDP model is formulated by means the same model parameters Ah, Bh, Ch, D
the CDP model originally proposed by Grassl and Jirásek [40], who proposed as set of default valu
ence of experimental results, and they are summarized in Table 2.

Table 2: Default model parameters according to Grassl and Jirásek [40].

Ah Bh Ch Dh Df

0.08 0.003 2.0 1× 10−6 0.85
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10: Setup for the tube-squash test after Bažant et al. [8] (left), and employed finite element meshes (right) for t
ions of the compression test of the empty tube and the tube filled with concrete. For the mesh, 20 node hexahed
ts with a reduced quadrature rule are used for both concrete (grey) and the steel (white).

pplication to the tube-squash test on concrete cylinders by Bažant et al.
e tube-squash test by Bažant et al. [8] aims at the investigation of concrete subjected to lar
ations under very high confining pressures. Under very high confining pressures, concrete c
considerable deformations without apparent damage or fracture. In detail, the experimental setu

tube-squash test consists of a thick walled steel tube, which encases a concrete cylinder, as show
ure 10 (left). During the test, the concrete cylinder and steel tube are subjected to a displaceme
lled load in axial direction, which can amount up to 50% of the initial length.
žant et al. [8] performed tests on different materials, including normal strength and high streng
te. For assessing the finite strain GMCDP model, the tests on normal strength concrete cylinde
imensions of �25.4mm × 88.9mm are chosen. The investigated concrete composition is chara
by a uniaxial compressive strength of 41.37MPa. Based on the guidelines [31], a specific mo

re energy of 142.66Nm/m2 is determined from the uniaxial compressive strength for this concre
sition. The length scale parameters of the concrete model, lb, lJ2 and ld, are chosen in accordan
revious numerical studies [45, 74, 75]. Accordingly, a softening modulus εf = 0.007 together wi
mm for the finite strain GMCDP model is calibrated to obtain a fracture energy of 142.66Nm/m
irect uniaxial tension test. Since no further material parameters are provided in [8], the remaini
ial parameters are chosen in accordance with [40] for concrete compositions of a similar grade, an
re summarized in Table 3.

Table 3: Material parameters for the concrete used in the tube-squash tests by Bažant et al. [8].

a) ν (-) Gc/G (-) lb (mm) ld (mm) lJ2 (mm) fcu (MPa) fcy (MPa) ftu (MPa) fcb (MPa) As (-) εf (
0.2 0.1 2 2 2 41.37 13.0 4.2 47 0.75 0.00

ring the test, the surrounding steel tube is subjected to considerable deformations, and according
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ic material behavior occurs. For representing inelastic material behavior of steel in the numeric
, the steel tube is modeled by means of a finite strain isotropic hardening hyperelastic-plastic mater
. It is formulated within the proposed gradient-enhanced micropolar framework, however, neglecti
ial damage. Thereby, the hyperelastic potential (121) is used, and a yield surface described by t
ises yield criterion as

fp(T Ī
J̄ ,M

I
J , βp) =

√
3

2
˜̄ρ− fy

(s) − βp , (14

y
(s) denoting the yield stress. Hardening parameter βp is derived from a quadratic-exponent

ing potential as

βp = ρ0
∂Ψp

∂αp

with ρ0Ψ
p =

1

2
α2
p h

(s)
lin + fy,exp


αp +

exp
(
−h(s)exp αp

)
− 1

h
(s)
exp


 , (14

associated flow rule is employed as

pJ̄
Ī = λ̇

∂fp(T Ī
J̄
,M I

J , βp)

∂T Ī
J̄

, Γ̇p
J

I = λ̇
∂fp(T Ī

J̄
,M I

J , βp)

∂M I
J

, α̇p = −λ̇ ∂fp(T
Ī
J̄
,M I

J , βp)

∂βp
(14

odel is calibrated based on the experiments performed on the empty steel tubes, and the identifi
ial parameters are summarized in Table 4.
the finite element models, three-fold symmetry is exploited, i.e., only 1/8 of the structure is consi
The finite element meshes for the empty steel tube and the steel tube filled with concrete are show
ure 10 (right). For simulating the steel tube filled with concrete, a rigid bond between steel an
te is assumed, however, no coupling of the microrotations in concrete and steel is considered. T
s are characterized by 70 301 and 134 113 degrees of freedom for the empty and the filled steel tub
tively. For application of the load, a displacement of 44.45mm is applied.
ure 11 (left) shows the experimental load-displacement curve for the empty steel tube togeth
he numerical prediction by means of the finite strain von Mises plasticity model, and Figure
shows the contour plot of the equivalent inelastic strain α

(s)
p in the deformed steel tube. It can

hat the response obtained by means of calibrated plasticity model is in excellent agreement with t
mentally measured structural response. During the test, the tube is bulging, resulting in considerab
ic deformations in the center of the tube. A similar bulging of the tube was observed during t
ments in [8], as illustrated in Figure 13.
ure 11 (right) shows the experimental load-displacement curve for the steel tube filled with concret
er with the numerical prediction by means of the calibrated steel model and the finite strain GMCD
. Similar to the S-shape of the experimental load-displacement curve, the predicted curve shows
se of the load at an applied displacement of approximately 30mm. The is the consequence of t
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ncrete (right): Experimental results by Bažant et al. [8], and respective predictions using the micropolar von Mi
ty and the finite strain GMCDP models.

12: Predicted distribution of the equivalent plastic strain in the steel tube for the test on the empty tube only (lef
tributions of the equivalent plastic strain in the steel tube and material damage ω in the concrete for the test on t
led with concrete (right).

sing lateral confining pressure during the test, enabling the concrete to sustain considerable ax
Considering the finite strain GMCDP model was not calibrated by means of the data of the tub
test, it is concluded that the blind prediction obtained by means of the GMCDP model yiel

nt results.
ure 12 (right) shows the distribution of damage ω within the concrete, together with the equivale
ic strain α

(s)
p in the steel tube. It can be seen that damage occurs in nearly the complete concre

en. However, damage attains a maximum of only 26%, indicating the very ductile behavior
te in the highly confined stress state predicted by the GMCDP model. For the filled steel tube, it
ed that compared to the empty tube considerably larger inelastic deformations occur in particular
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].

er surface at both ends of the tube, and at the outer surface at the center of the tube. Comparison
formed shape of the specimen with the one observed in the experiments (Figure 13) further confirm
edictive capabilities of the finite strain GMCDP model.

pplication to the torsional tests on prismatic concrete specimens by Brokenshire
okenshire [12] performed a series of torsional experimental tests on prismatic and cylindrical notch
te specimens of different grades. This test has been investigated previously e.g., using finite elemen
mbedded discontinuities [64] or a localizing gradient-enhanced damage model [93]. The test setu
ated in Figure 14, consist of a prismatic specimen with an inclined notch, which is held by tw
clamps. Each of those metal clamps has two cantilevering beams attached. During the test, thr
four ends of the cantilevering beams are in vertical direction, and a displacement controlled load
d at the end of the fourth beam, resulting in a torsional load applied to the concrete specimen. T
rformed on prismatic specimens with a uniaxial compressive strength of 40.3MPa is employed f
ng the performance of the finite strain GMCDP model in torsion.
the numerical model, the concrete specimen is represented by means of the finite strain GMCD
, whereas the steel clamps are represented by means of a hyperelastic Neo-Hookean material mod
the hyperelastic potential (121). Rigid bond is assumed between concrete and the steel clamp
ering no coupling of the microrotations in the steel and the concrete. For application of the load,
cement of 10mm is applied at the metal clamp. The finite element mesh using 20 node hexahedr
ts with a reduced quadrature rule is shown in Figure 14 (right), characterized by 1 111 712 degre
dom in total.
r the experiments, the material properties for the concrete of grade C40 are taken from [51]. T
scale parameters lb, lJ2 and ld are chosen in accordance with previous tube squash test, and

ance with [45, 74, 75]. Accordingly, in order to attain the specified specific mode I fracture ener
m/m2 in a uniaxial tension test, a softening modulus of εf = 0.0045 is employed. The employ
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ial parameters are summarized in Table 5.
r the steel clamps, the same model as for the tube-squash test is employed, assuming a Young
us of E = 210 000MPa and a Poisson’s ratio of ν = 0.3. In contrast to the tube-squash test,
ic deformation occurs in the steel during the test.

Table 5: Material parameters for the experimental tests by Brokenshire [12].

a) ν (-) Gc/G (-) lb (mm) ld (mm) lJ2 (mm) fcu (MPa) fcy (MPa) ftu (MPa) fcb (MPa) As (-) εf (-
0.2 0.1 2 2 2 40.3 13.0 2.83 46 0.75 0.004
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15: Predicted load–crack mouth opening displacement (CMOD) curve and experimental results from two tests
shire [12]

ure 15 shows the predicted load–crack mouth opening displacement (CMOD) curve in comparis
he results from two experiments by Brokenshire [12]. It can be seen that the prediction is in go
ent with both experimental curves, although peak load is slightly underestimated. By contra

ry ductile post peak response characterized by a long tail of the load–CMOD curve is captur
ntly by the GMCDP model, confirming the good performance for modeling failure in torsion.
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16: Damage in the prismatic concrete specimen subjected to a torsional load at an applied displacement of 10mm

17: Detail of the predicted non-planar crack surface in the concrete specimen at an applied displacement of 10mm

rthermore, Figure 16 depicts the predicted damage distribution within the specimen: Similar
periments, an inclined crack occurs, which separates the specimen into two parts of approximate
size. The crack surface is highlighted in detail in Figure 17, indicating its non planar shape. Th
ted shape is in excellent agreement with the experimentally observed crack reported in [51] an
in Figure 18.

nclusions and Outlook

this work, a novel unified gradient-enhanced micropolar continuum framework for quasi-britt
ng and shear failure of cohesive-frictional materials, formulated in the finite strain regime, has be
sed. The framework is based on a multiplicative decomposition of the macroscropic deformati
nt, and an additive decomposition of the gradient of the microrotation tensor. The balance an
tutive relations have been presented in a thermodynamically consistent manner, and details on t
ical implementation within the finite element method were discussed, both at element and quadratu
levels.
e performance and predictive capabilities of the framework were demonstrated by means of tw
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18: Separated parts of a prismatic concrete specimen subjected to torsion in the experiments by Brokenshire [1
ized reprint from [51].

tions of the framework in terms of a Drucker-Prager based model for sandstone, and an extend
e-plasticity model for concrete. Based on benchmark examples taken from the literature, and
rison with experimental results, it was shown that the framework is suitable for modeling differe
of material failure, i.e., shear band dominated failure, and ductile failure in confined compressi
acking in torsion. The proposed framework accounts for the characteristic length scales related
terogeneous microstructure of cohesive-frictional materials, which dominate the localization zo
softening. While the experimental determination of those length scale parameters is still a foc

oing and future research activities, it is concluded that the proposed framework is a step forwa
s improved, length-scale-dependent material models.
interesting potential application of the proposed framework for geomaterials is the incorporati

ulti-phase approach, accounting for the porous microstructure filled with liquid and/or gas. Th
he mechanical behavior in fully and partially saturated conditions, and the influence of the hydrau
ions on material failure, could be represented in a realistic, physical manner. Possible applicatio
e, e.g., modeling slope failure of embankment dams and strain localization in dissipative foams.
ally, extension of the proposed framework to the full micromorphic continuum will account f

onal mechanical effects at the microscopic level, which opens the door to bridge different leng
of heterogeneous materials, i.e., the micro and the macro scale. Such endeavors are current
g.
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ndix A Elastic wryness with respect to macroscopic plastic intermediate configur
tion

alternative elastic-plastic split, using an elastic wryness measure defined with respect to the macr
stress free intermediate configuration, is outlined in the following. It is inspired by the approach

wski [20], Forest and Sievert [35], exploiting the decomposition

χiL,I =
(
χei

L,Ī + χpi
L,Ī

)
F pĪ

I , (14

ei
L,Ī denoting the elastic gradient of the microdeformation field and χpi

L,Ī the plastic gradien
d with respect to the stress free macroscopic intermediate configuration. This yields a set of wryne
s defined with respect to the plastic intermediate configuration

Γ̂JĪ = ΓJI(F
p)−1I

Ī = Γ̂eJ

Ī + Γ̂pJ

Ī (14

Γ̂eJ

Ī = ΓeJ
I(F

p)−1I

Ī ,

Γ̂pJ

Ī = ΓpJ
I(F

p)−1I

Ī .
(14

departing from (17),

bji =
(
Γ̇e

J
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J

I

)
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j
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=
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Ī + Γ̂JK̄Ḟ
pK̄

K(F
p)−1K

Ī

)
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j
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=
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J

Ī +
˙̂
Γp

J

Ī + Γ̂JK̄L
pK̄

Ī

)
(F e)−1Ī

iχ
j
J .

(15

e Helmholtz free energy density is now considered a function of the new elastic wryness tensor Γ̂eJ

Ψ = Ψ(Ce J
Ī , Γ̂

eJ

Ī , α̃, α̃,I , ω, α
•) , (15

allows the reformulation of the dissipation inequality as

(
T ĪJ − ρ0

∂Ψ

∂Ce J
Ī

)
Ċe J

Ī +

(
M̂ Ī

J − ρ0
∂Ψ

∂Γ̂e
J

Ī

)
˙̂
Γe

J

Ī +

(
ζ − ρ0

∂Ψ

∂α̃

)
˙̃α +

(
ηI − ρ0

∂Ψ

∂α̃,I

)
˙̃α,I

+ T Ī
J̄ LpJ̄

Ī + M̂ Ī
J

(
˙̂
Γp

J

Ī + Γ̂JK̄L
pK̄

Ī

)
+ Y ω̇ − β•α̇

• ≥ 0

(15

lated by means of the Biot couple stress tensor M̂ Ī
J defined with respect to the intermediate co

ion
M̂ Ī

J = J mi
j (F

e)−1Ī

i χ
j
J . (15
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blished.
wever, it is more involved to ensure M̂ Ī

J

(
˙̂
Γp

J

Ī + Γ̂J
K̄
LpK̄

Ī

)
≥ 0 for arbitrary loading condition

tion of this term reveals that inelastic wryness effects must occur in order to satisfy the dissipati
lity for all possible rate processes, in particular for arbitrary plastic velocity gradients LpK̄

Ī .
order to satisfy this requirement, a trivial choice would be

˙̂
Γp

J

Ī = −Γ̂JK̄L
pK̄

Ī . (15

the evolution of the plastic wryness tensor Γ̂pJ

Ī is uniquely defined, and no separate flow rule
y to (68) is employed. However, it follows that no dissipative effects for the couple part of the mod
nsidered.
ternatively for considering dissipative effects, an extended split can be introduced as

Γ̂JĪ = ΓJI(F
p)−1I

Ī = Γ̂eJ

Ī + Γ̂pJ

Ī + Γ̂iJ

Ī (15

n additional inelastic portion Γ̂iJ

I . Then,

bij =
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J
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J

Ī + Γ̂JK̄L
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(F e)−1Ī

iχ
j
J (15

ing
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Γi
J

Ī + Γ̂JK̄L
pK̄

Ī = 0 (15

in the dissipation inequality

(
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∂Ψ
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Ċe J
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M̂ Ī
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J
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J

Ī + Y ω̇ − β•α̇
• ≥ 0.

(15

pens the door for formulating dissipative, plastic mechanisms based on the plastic wryness rate Γ̇p

logy to (68) as
˙̂
Γp

J

Ī = λ̇
gp(T

Ī
J , M̂

Ī
J , β•)

M̂ Ī
J

, (16

ith
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Ī = ΓJI(F
p)−1I

Ī − Γ̂pJ

Ī − Γ̂iJ

Ī . (16
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r solving the global nonlinear equation system by means of the Newton-Raphson method, the glob
ss matrix is assembled by means of the derivatives of the nodal residual vectors ruAj, rwAj and r

espect to qu k
B , qw k

B and qαB:

ruAj
qu k

B

=

∫
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∂τ ij
∂F k

K
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l
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, and ∂αd

∂α̃
denote the consiste

t operators of the constitutive model, which are consistently computed within the stress upda
hm.

ndix C Consistent tangent operators at quadrature point level

e structure of the gradient-enhanced micropolar continuum framework allows one to exploit the fa
he elastic, plastic and damage evolution equations (88) to (98) exclusively depend on the evoluti
and ΓJI . Hence, it is useful to express τ ij , µij and αd as functions of the deformation measures CI
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ei
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that for the elastic stiffness tensors in (179), non-chirality was assumed, i.e., mixed derivativ
2Ψe
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= 0. Similarly, the derivatives of the plastic deformation increments ∆F pĪ

J̄ and ∆ΓpJ
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Ī
J , M̄

I
J , β̄•)








= 0 (18

■) = C L
M and (■) = ΓML, respectively.

ences

essi, D. (2014). A 2D Cosserat finite element based on a damage-plastic model for brittle materials. Computers
ctures, 135:20–31.
ikary, D., Mühlhaus, H.-B., and Dyskin, A. (1999). Modelling the large deformations in stratified media – t

erat continuum approach. Mechanics of Cohesive-frictional Materials, 4(3):195–213.
erson, W. and Lakes, R. (1994). Size effects due to Cosserat elasticity and surface damage in closed-cell po
acrylimide foam. Journal of Materials Science, 29(24):6413–6419.
ias, P., de Sá, J. C., and António, C. C. (2003). A gradient model for finite strain elastoplasticity coupled w
age. Finite Elements in Analysis and Design, 39(13):1191–1235.
er, S., Dettmer, W. G., Perić, D., and Schäfer, M. (2012). Micropolar hyper-elastoplasticity: Constitutive mod

istent linearization, and simulation of 3D scale effects. International Journal for Numerical Methods in Engineerin
):39–66.
ant, Z. P. (1976). Instability, ductility, and size effect in strain-softening concrete. ASCE Journal of the Engineeri
anics Division, 102(2):331–344.
ant, Z. P. (1991). Why continuum damage is nonlocal: Micromechanics arguments. Journal of Engineering Mechani
5):1070–1087.
ant, Z. P., Kim, J. J. H., and Brocca, M. (1999). Finite Strain Tube-Squash Test of Concrete at High Pressures a
r Angles up to 70 Degrees. Materials Journal, 96(5):580–592.
ant, Z. P. and Oh, B. (1983). Crack band theory for fracture of concrete. Materials and Structures, 16(3):155–177
žant, Z. P., Xi, Y., and Reid, S. G. (1991). Statistical size effect in quasi-brittle structures: I. Is Weibull theo

icable? Journal of engineering Mechanics, 117(11):2609–2622.
45



[11] Br ge
defor

[12] Br
[13] Co ty.

Arch
[14] Co
[15] de ta-

tions
[16] de nd

diffe
[17] de ns,

Ltd,
[18] Di ith

softe
[19] Di al

Jour
[20] Dł ia

in an
[21] Du ry.

http
[22] Eb re

on s cs,
36(1

[23] Eh us
solid ls,
2(4):

[24] Eh lar
and

[25] Er of
micr

[26] Er ce,
8(10

[27] Er ce,
30(6

[28] Er
[29] Er
[30] Er of

Engi
[31] fib he

Wiss
[32] Fo ng

Mech
[33] Fo ic-

ity, v es,
472(

[34] Fo ite
defor

[35] Fo ca,
160(
epols, T., Wulfinghoff, S., and Reese, S. (2020). A gradient-extended two-surface damage-plasticity model for lar
mations. International Journal of Plasticity, 129:102635.
okenshire, D. R. (1996). A Study on Torsion Fracture Tests. PhD thesis, Cardiff University.
leman, B. D. and Noll, W. (1963). The thermodynamics of elastic materials with heat conduction and viscosi
ive for Rational Mechanics and Analysis, 13:167–178.
sserat, E. and Cosserat, F. (1909). Théorie Des Corps Déformables. A. Hermann et fils.
Borst, R. (1991). Simulation of strain localization: A reappraisal of the Cosserat continuum. Engineering Compu
, 8(4):317–332.
Borst, R. and Verhoosel, C. V. (2016). Gradient damage vs phase-field approaches for fracture: Similarities a

rences. Computer Methods in Applied Mechanics and Engineering, 312:78–94.
Souza Neto, E. A., Peric, D., and Owen, D. R. J. (2008). Computational Methods for Plasticity. John Wiley & So
Chichester, UK.
Luzio, G. and Bažant, Z. P. (2005). Spectral analysis of localization in nonlocal and over-nonlocal materials w

ning plasticity or damage. International Journal of Solids and Structures, 42(23):6071–6100.
etsche, A., Steinmann, P., and Willam, K. (1993). Micropolar elastoplasticity and its role in localization. Internation
nal of Plasticity, 9(7):813–831.
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