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1 Introduction

After the discovery of the Higgs boson a little over ten years ago [1, 2], it is one of the
main goals of the Large Hadron Collider (LHC) as well as potential future colliders [3-5] to
work towards understanding the dynamics of electroweak (EW) symmetry breaking. Besides
collider experiments, gravitational wave observatories [6-11] will start to probe the EW phase
transition within the next decades. This research could provide substantial insights into the
thermal history of the Universe, which is modified in many extensions of the Standard Model
(SM) of particle physics. This, in particular, includes extensions of the SM Higgs sector,
which may lead to a first order electroweak phase transition, which would enable the scenario



of electroweak baryogenesis [12-15] or to phenomena like vacuum trapping, inverse symmetry
breaking, or EW symmetry non-restoration (EWSNR) [16-25]. In addition to the electroweak
sector, phase transitions can also appear outside the electroweak sector in many BSM scenarios,
including hidden sectors [26-36] and high-scale models (e.g., grand-unified theories) [37-40].

In order to fully exploit the available and incoming experimental data, precise theoretical
predictions are crucial. In the context of phase transitions, this necessitates an accurate! de-
termination of the finite temperature effective potential, calculated using perturbation theory.
It is well known that for high temperatures large corrections occur which exacerbate the be-
haviour of the perturbative expansion. To resum these large corrections, various resummation
schemes have been developed in the literature [42-47]. These include schemes employing a
diagrammatic expansion — most notably the Parwani [42] and Arnold-Espinosa [43] resumma-
tion schemes — as well as schemes which involve solving the gap equation — the full dressing
(FD) and partial dressing (PD) procedures [48-50]. Moreover, the large thermal corrections
can also be resummed in an effective field theory (EFT) framework reducing the spacetime
dimensions from four to three, an approach called dimensional reduction (DR) [51-53].

While the Parwani and Arnold-Espinosa schemes have the benefit of being easy to
implement — explaining their widespread application in the literature —, they on the
other hand suffer from several disadvantages. First, they only allow to resum the leading
thermal corrections. In many scenarios, the resummation of subleading thermal corrections is,
however, also important for an accurate prediction. Moreover, they intrinsically rely on the
high-temperature expansion for calculating the thermal masses and the thermal counterterms
(see detailed discussion below). This implies that their accuracy is questionable in the regime
where the temperature is close to the order of the relevant masses, which is exactly the
interesting region for phase transitions (see [49] for a more detailed discussion).

Similar issues appear in the DR approach. While DR offers a conceptionally well-defined
and systematic way to resum large thermal corrections, it is technically challenging (for
recent steps towards automation of the required calculation, see [54]). Moreover, as an EFT
approach, it intrinsically relies on the separation of the scales. This means that it is difficult
to go beyond the high-temperature expansion and that each EFT is only applicable to a
pre-defined hierarchy of scales. This makes DR in particular unsuited for parameter scans in
BSM models for which many different hierarchies of the masses and the temperature occur —
requiring to work a different EFT for each hierarchy of scales.

Partial dressing promises to resolve the issues of the FD and DR approaches. It includes
subleading thermal corrections and can be easily applied beyond the high-temperature
expansion making it particularly suited for studying phase transitions. It has been applied to
the singlet-extended SM [49]. Its accuracy and perturbative convergence have been studied
recently in [50].

In the first part of the present work, we present a detailed comparison of partial dressing
with the Arnold-Espinosa and Parwani resummation schemes. Afterwards, we discuss the
application of PD to the phenomenon of EWSNR. EWSNR occurs if the thermal corrections
to a particle mass dominate over the tree-level mass turning the overall thermal mass
squared negative. Thus, thermal corrections are by definition large and large differences

'See ref. [41] for a comprehensive overview of theoretical uncertainties in perturbative calculations of
fist-order phase transitions.



between the FD schemes have been found in the literature [21, 22]. In this paper, we extend
this comparison to the two-loop level finding unphysical predictions originating from large
imaginary contributions to the effective potential. We demonstrate that these issues do not
occur if PD is used leading to a more reliable prediction.

In the last part of this paper, we discuss the case of mixing scalar fields. So far, the PD
approach is restricted to scenarios in which only one scalar takes a non-zero value effectively
forbidding the description of models with mixing scalars. This strongly limits the applicability
of PD for phenomenological studies. We demonstrate a new method to extend PD for
scenarios with more than one non-zero scalar field.

Our paper is structured as follows. In section 2, we review the need for thermal
resummation. Then, we discuss resummation in non-mixing one- and two-field models in
section 3. In section 4, we compare the FD and PD models for a toy model for EWSNR. In
section 5, we demonstrate the application of PD to models with mixing scalar fields. We
provide conclusions in section 6.

2 Perturbative breakdown & thermal resummation

Bosonic field theories at finite temperature suffer from various issues in the infrared, principal
among them being that the usual perturbation expansion breaks down. To demonstrate
how this breakdown comes about, consider a simple ¢* theory with quartic self-coupling \.
Working in the imaginary-time formalism [55], the 1-loop correction to the bosonic propagator
corresponds to the expression

)\ A3k 1
(O =32ml = TZ/ PRI (2.1)

where K = (wy, k) is the Euclidean four-momentum and w,, = 2wnT is the bosonic Matsubara
frequency. There are two useful ways to decompose this expression. One option would be to
split Z into a zero-temperature piece Zy[m| and a finite-temperature piece Zp[m| [56],

d*k 1 $BE 1 1
Zlm] = — 2.2
] / (2m)* k2 + m? +/ (27)3 By eBr/T — 17 (22)

To[m] Ir[m]

where E,% = k2 + m2. The zero-temperature Zy[m] is UV-divergent, and we choose to
regularize it using dimensional regularization? and the MS-scheme with renormalization
scale ur. Meanwhile the finite-temperature piece Zr[m] is UV-finite, but sensitive to the
IR. A more convenient decomposition to reveal this would be to split the Matsubara sum
appearing in Z[m] into a “soft” zero-mode piece with w, = 0 and a “hard” non-zero mode
piece with w, # 0,

B 1 &k
I[m]:T/( ot Z/ w2+k2+m2. (2.3)

Tsoft [ ]

Thard [m}

2Note that for convenience we display all equations with € — 0, such that D = 4 — 2¢ — 4.



Q
a9,
SN

Figure 1. A daisy diagram featuring a zero-mode inner loop (dashed) surrounded by N hard external
loops (solid).

Working in the high-temperature limit m/T ~ A\ < 1, the zero-mode contribution can be
evaluated explicitly as [56]

Tooft [m] =——mT, (2.4)

while the hard modes give a contribution

T m? (1 p%ee ¢(3) m* mO
Tralm] = — — 2 (2 41 [ MR m . 2.
hard[7] = 5 = 76 <6 +hn <167r2T2 s 7O\ T (2.5)

Thus we see that in this limit, the correction to the zero-mode mass scales like dm2; ~

mT ~ NI while the mass correction for the hard modes scale like dm2, ; ~ T? in the high-T'
limit. Since the latter is parametrically larger, excitations of non-zero modes in the thermal
plasma will act to screen the zero mode.

The TR problem manifests when considering higher loop “daisy diagrams”, like that
shown in figure 1. This diagram features a zero-mode inner loop (dashed line) surrounded
by N hard outer loops (solid lines). Ignoring the overall symmetry factor, the contribution
to the effective potential coming from such a diagram is

N
daisy dgk 1
o N<T/< T (R2 4 m2)N )(ATZ/ w2+k2+m2)  (26)

where the quantity in the first parenthesis comes from the N soft propagators in the inner

loop and scales as m3 2NT while that in the second parenthesis comes from the N hard
external loops and scales as ANT2V. The result is

daisy 3—-2N Nm2N AT?
VA~ (mP PN AN TAY) = mT . (2.7)
mZ
There are two potential issues here. First comparing with the contribution from an (N+1)-loop
daisy diagram, we see that each new hard thermal loop comes at a cost
d
VRl AT
V]ilralsy T om2

a= (2.8)

The issue is that this expansion parameter « is not parametrically small at all times. In
particular when the system exhibits a phase transition, the expansion parameter becomes O(1)



at the critical temperature, since here m? ~ A\T2. This signals a breakdown of the perturbative
expansion; diagrams which formally appear to be higher order may actually contribute with
a magnitude equal to formally lower-order diagrams due to the contributions from these hard
thermal loops. Intuitively, this perturbative breakdown occurs because at high temperatures,
IR bosonic modes become highly occupied, leading to an enhanced expansion parameter [57].

The second issue occurs for fields with vanishing mass, for which daisy diagrams with
N > 2 are IR divergent. Clearly this divergence is not physical, as the thermodynamic
properties of a plasma of weakly interacting massless bosons (such as photons) are observed
to be finite, and so these divergent contributions must cancel amongst one another when all
terms in the expansion are summed. This is just another way to see that at finite temperature,
the fixed-order perturbative expansion fails.

A natural solution,® then, would be to reorganize the expansion using a new parameter in
terms of which the series is convergent — thermal resummation. Consider, for example, how
one would resum the daisy diagrams of figure 1. Computing the contribution from an N-loop
daisy diagram while more carefully keeping track of the combinatorial factors, we would find

N
: T 1 [(\T? d \N
dalsy:_ii AL _w 3 2
VN ]2WJV!< A ) (dnﬂ) me (2.9)

One can check that this correctly reproduces the scaling of eq. (2.7) by using the fact that

— 4 /7 (DN  T(N
m3 N = Tf((N—)l)! F(N(—3)/2) (di?

N
) m3. If we now sum over all such diagrams, we find

N
DR S (ATd) .
- 2
= 127 S= N!'\ 4 dm

(2.10)

T T2 d 3

=———exp|————5|m°.

127 P\ 74 dm2
Finally letting 2 = m? and noting that exp <c%) f(z) = f(x + ¢), we find

> - T Ao\ /2
wa:_(2 W) : 2.11
%%N' 122 " T (2.11)

This is a rather significant result; after summing all contributions, we find an expression
where the limit m? — 0 can meaningfully be taken without running into IR divergences.
The quantity appearing in parenthesis is the thermally corrected mass

9 A

M(6,T) = m*(¢) + 7T, (2.12)
and to leading order, daisy resummation amounts to replacing instances of m? in the effective
potential with the thermally corrected version M. Of course, daisy diagrams are not the
only problematic diagrams that appear in finite temperature field theory; there are also

3There are also alternative strategies to thermal resummation, such as dimensional reduction [52, 58],
which we will not review here. Another option would be to just treat the problem non-perturbatively, using
appropriate lattice techniques.



so-called “super-daisy” diagrams as well as other sub-leading diagrams which demonstrate
IR-sensitivity and so should be resummed. Given the questions of which class of diagrams
to resum and how to re-order the expansion, there exist several different prescriptions for
implementing thermal resummation.

Historically, the most popular methods employing a diagrammatic approach to thermal
resummation are the Parwani [42] and Arnold Espinosa [43] schemes. The major conceptual
difference between these methods is that in the Parwani prescription, all modes are resummed,
while in the Arnold Espinosa prescription, only the problematic Matsubara zero-modes are
resummed. On a technical level, this is equivalent to whether the thermally corrected mass
17 is substituted into all terms of the effective potential or only those non-analytic in m?,
which can be shown to correspond to zero-modes. Because the thermally corrected mass is
included in different terms, when working to fixed order in perturbation theory these methods
feature different higher-order terms, resulting in different degrees of convergence.

In addition to these diagrammatic approaches to thermal resummation, which in com-
plicated theories quickly become impractical at higher-loop order, there is also a non-
diagrammatic method which we will refer to as gap resummation [59-61]. Rather than
computing the contributions from many higher loop diagrams, which quickly becomes im-
practical in complicated theories, in gap resummation one need simply compute the one-loop
effective potential Ve(f%) and then solve the gap equation for the thermally corrected mass.
This gap equation includes the dominant contributions from many? higher-order diagrams, in
particular daisy diagrams to all orders in the effective potential. In a theory with i =1...n
bosonic species {¢;}, the gap equation for the thermal mass of species i reads

& L

M?= _—V

! = gg2Ven (M3, (2.13)

where masses appearing in the effective potential on the right-hand side are the thermally
corrected masses for all species in the plasma M j2. Because the thermal mass appears on
both sides of this equation, it must generally be solved numerically. For convenience, it is
common to solve the truncated gap equation

2 > )

2
‘ trunc. o @ eff (mj)’ (214)

where now the right hand side is evaluated on the field dependent effective masses m? When
combined with the high temperature expansion, this truncated treatment only resums the
leading order hard thermal loops, and results in a solution of the form Mf]trunc. high-T mf +
cT? = M?, with ¢ some constant function of the couplings.

After solving the gap equation, one usually proceeds by replacing the background field
dependent masses m?(¢;) with the thermally corrected versions M?(¢;,T) in the effective
potential Ve(é). This prescription is called full dressing (FD), or truncated full dressing
(TFD) if one uses the thermal mass obtained by solving the truncated gap equation, and
diagrammatically it corresponds to dressing both the propagator and vertex in 1-loop tadpole

diagrams.

4Notably, contributions from superdaisy diagrams and other sub-leading diagrams like the bosonic sunset
are not automatically included.



Interestingly at the 1-loop level, the Arnold-Espinosa and Parwani prescriptions coincide
with special cases of truncated gap resummation. As we will soon see, the 1-loop potential
can be factorized into a zero-temperature Coleman-Weinberg (CW) piece Vow and a finite
temperature piece Vp. In the Parwani prescription, we replace m? — M? in both Vow and
Vr while in the Arnold-Espinosa prescription we replace mf — M? only in the non-analytic
term appearing in the thermal piece Vr, corresponding to resumming only the Matsubara
zero-modes. The former then coincides with TFD at 1-loop while the latter corresponds
to a special case of TFD.

While the FD prescription has the obvious benefit of not needing to evaluate leading
order diagrams analytically, it also faces several difficulties. Beginning at 2-loop order, certain
higher-order diagrams such as the sunset diagram are not automatically included and need
to be added by hand. More concerningly, the FD prescription has been shown to miscount
daisy and superdaisy diagrams starting at 2-loop order [62, 63]. An alternative procedure
which reliably resums the dominant contributions to higher order is the partial dressing (PD)
prescription, first introduced in [48] under the name of tadpole resummation. Rather than
substituting m? — M2 directly in the effective potential, the PD prescription instructs us
to perform the replacement in the first derivative of the effective potential Vg, which can
then be integrated to obtain Vg as

OVest

Vi = /d<z> 5 .
m2—M?2

This scheme corresponds to dressing just the propagator and has been demonstrated by explicit

(2.15)

calculation to 4-loop order to give the right counting of daisy and superdaisy diagrams [48].
A variant of PD resummation proposed in [49], optimized partial dressing, has been shown
to yield an even better degree of convergence.

Despite its promise as a resummation candidate, the PD prescription is not without
its challenges. PD omits a class of subleading diagrams starting at 2-loops. These are the
lollipop diagrams (obtained from the vacuum sunset diagram by attaching one external leg
to one of the vertices). Moreover, sunset-type tadpole diagrams are miscounted (obtained
from the vacuum sunset diagram by attaching one external leg to one of the propagators).
These issues can be resolved by adding the lollipop diagrams by hand and adjusting the gap
equation to fix the miscounting of the sunset diagrams (see [49, 63] as well as appendix C).

Another more pressing issue pointed out in [49] is that it is unclear how to implement
PD in multi-field scenarios where field excursions can occur along more than one direction.
Given that this is the case in a variety of beyond the Standard Model (BSM) extensions
capable of yielding a strongly first order electroweak phase transition, it is crucial that the
formalism be extended to accommodate this situation. We propose a multi-field generalization
of PD resummation which can be applied in scenarios where the Higgs mixes with BSM
scalars and then go on to compare the convergence of this scheme with that of other
resummation techniques.

3 Resummation in ¢* theory

Before getting into these technicalities, we will review the various resummation prescriptions
in the context of a simple ¢* theory. We begin in section 3.1 by computing the effective



potential at 1- and 2-loop order in the context of a single field ¢* theory, to later generalize to
the multi-field case (without mixing) in section 3.2. In sections 3.3, 3.4, 3.5.1, and 3.5.2, we
resum the effective potential using the Parwani, Arnold-Espinosa, full dressing, and partial
dressing schemes, respectively. Finally in section 3.6 we compare for a few benchmark points
and comment on the differences.

3.1 Unresummed Vg(¢) at 1- and 2-loops
We consider a single-field ¢* theory with tree-level potential
p 2 Ay
Vo= ?qﬁ + Z(b . (3.1)

At 1-loop, the effective potential receives radiative and finite temperature corrections captured
by the sum-integral [64]

N =

‘/i-loop = j[m] =

im(z@ +m?), (3.2)
K

where K = (wy, E) are Euclidean 4-momenta, w, = 27nT are bosonic Matsubara modes,
and the symbol ¥ is shorthand for Euclidean integration

%;ET;/(Z:;B. (3.3)

The mass entering into this 1-loop correction is the field-dependent effective mass

s _ PV
02

m =1+ 37, (3.4)

where ¢ here is understood to take its background field value. In many contexts, it is convenient

to decompose the bosonic J-function into a zero temperature Coleman-Weinberg piece®

m* m? 3
Vew = = (In [ = | = 2 3.5
W 647T2<n<,u,%%> 2 ) ( )

and a finite temperature piece

T4 2 o0
Vr J (m > , with Jp(y?) :/ dr z*In (1 - eVm2+y2> ; (3.6)
0

~ o P\ T2

such that Vijeop = Vow + Vr. In the high- and low-temperature limits, Jz(y*) admits
expansions given in eqgs. (A.2) and (A.3) of appendix A. We will often have cause to work in
the high-temperature regime, in which the full 1-loop correction reads:

1 L 6
—m?T? — — 3T — Bt 0 <m> , (3.7)

Vi —
1toop = I [m] = o 127 6472 T2

1R

5We work in the MS scheme with renormalization scale pr. Note that this prescription at finite temperature
does not eliminate all factors of 47 and g, as it does at zero temperature.
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Figure 2. 2-loop corrections to the effective potential in ¢* theory, including (A) the figure-8
diagram, (B) the sunset diagram, (C) the 1-loop mass counterterm diagram, and (D) the 1-loop vertex
counterterm diagram. Solid circles denote 1-loop counterterms and x’s indicate explicit field insertions.
Diagram (E) should be added to the effective potential upon performing thermal resummation and
features a 1-loop “thermal counterterm” (solid square).

where Lr = In (u%/T?) + 2(yg — In47) and we have ignored the field-independent constant.

Note that the logarithmic terms have cancelled between the Coleman-Weinberg and finite tem-
1
127
zero-mode, as evidenced by the fact that it is non-analytic in m?. Combining with the tree level

piece, the effective potential at 1-loop V;(ﬁl) = Vo + Vi.loop in the high-temperature expansion is

perature contributions, such that ———m?>T is the only term originating from the Matsubara

1 1 L i
V) = 21?4 T + %b“ — T~ om0 <m> : (3.8)

e 2 127 6472 T2

where we have defined c, = \/4.
At 2-loops, the corrections to the effective potential are summarized diagramatically in
figure 2. The figure-8 diagram (A) corresponds to the contribution

3
‘/2{‘loop = Zz[m]za (39)
where 1
K

_1%, and so admits the high-

This sum-integral is related to the J of eq. (3.2) as Z =m
temperature expansion given in eq. (A.5) of appendix A. Using this expansion, ‘/Qﬁoop

explicitly evaluates to

The sunset diagram (B) corresponds to the contribution
Vihoop = —3A\°¢*H[m,m,m], (3.12)
where, for three arbitrary masses my, ms, ms
! (3.13)

Hlm,ma, ma] = %%: (P2 +m)(@Q +m3)((P + Q) +m3)



Using the high-temperature expansion of H in eq. (A.14), the contribution Vfloop is explicitly

3)\2 MQ
Viop = — 2572 (m <m’§ —2In3+1 | T?%¢?
9)\2 2
+ o3 <ln <fn§> +Lp—2In2+ 2> mT > (3.14)
9\ 5 9 72 3\ 5.

Next we have diagrams (C) and (D), which feature 1-loop mass and vertex counterterms,
respectively. The former corresponds to an expression of the form

3\ 1

Vatoop = 353 LMl < (3.15)
while the latter is
D 272 , 1
Valoop = @QS I[m]go (3.16)

These diagrams feature divergent O(1/€) pieces that cancel against the divergences in the
2-loop diagrams of eqs. (3.11) and (3.14), which we have already suppressed for simplicity
of presentation since they are taken care of by renormalization. We include the explicit
divergences in eqs. (3.15) and (3.16) since, due to the O(e) pieces in® Z[m] > 5 LRT?, they
can also give a finite contribution to the effective potential. For Vfloop, the leading order
field-dependent contribution first comes in at O(A>T*), which is higher than the order to
which we work, and so can be neglected. For ‘/21—)100p7 the leading order finite contribution is

9L pA?
21—)100p = 12872 T2¢2 . (317)

The 2-loop correction to the effective potential is the sum of egs. (3.11), (3.14), and (3.17),

A (12 —=3LR)A 5.5  3LrA 4 (C(3) + 3LE)A
Vo - _ - T3 \-e  YHR)N T R 4
2-loop 35 956m2 1 T iogms L T T 00
3)\2 //'2
— 4ln | BB ) —3Lp —81 4| T?¢?
128772< n(mQ Sl =83 +4 170
3.18)
X 2 (
N (PR fLp—2m2 42| mTe?
6473 m2

+2567_‘_4<LR+LR—2"}/E—4’)/1+4+2 m¢ .

Combining with the 1-loop correction of eq. (3.7) and the tree-level potential of eq. (3.1)
yields the 2-loop effective potential Vg in the high-temperature approximation.

See eq. (3.12) of ref. [43] for the full expression.

,10,



3.2 Unresummed Vg(¢1,¢2) at 1- and 2-loops

Interesting finite-temperature effects can arise upon the addition of a second scalar field.
Consider the tree-level potential

2 2
,u 1 A1 A2 A12
Vo= 5001 + 505+ 01+ dn + o eids (3.19)
2 2 4 4 4
For now, we will restrict to the case where only one of the fields develops a vacuum expectation
value, such that we need not worry about mixing. In this case there will be no off-diagonal

terms in the field-dependent mass matrix, and the effective masses for ¢, and ¢- are

A

mi = pi+3M¢7 + 7212 3, (3.20a)
A

m3 = p3 + 3o} + 71%% . (3.20b)

The 1-loop contribution to the effective potential is
‘/l—loop = j[ml] + j[mZ] ) (321)

with the bosonic J-function defined in eq. (3.2). In the high-temperature approximation,
the effective potential at 1-loop is then

1 1 A1 A2 A12
Vit = 508 + e T)6d + S5 + aT?)63 + Trot + Toh + 26103
Lo 3. 3 Lr 4, 4 '
where we have defined the thermal mass parameters
1 1
- = — ) 2
c1 24(6)\1 + A2), Co o (62 + A12) (3.23)

When the mixed quartic coupling is negative, Aj2 < 0, one” of these thermal mass parameters
¢; can be negative. Then at high temperatures when the thermal contribution dominates
the bare mass, one of the thermal masses

M2

)

=m? + ¢;T? (3.24)

may become negative — indicative of spontaneous symmetry breaking. Occasionally in
the literature (see e.g. [18]), the thermal masses are modified by inserting an additional
Boltzmann factor,

M%oltzmann,i = mZQ + C@'T2€_mi/T R (325)

which allows for a better approximation of the full thermal loop function for low temperatures.
The 2-loop contributions to the effective potential are summarized diagrammatically in
figure 3. Now in addition to figure-8, sunset, and counterterm diagrams for each species,

"The boundedness-from-below condition on A; and A2 prevents both ¢; and ¢ from being negative.
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Figure 3. 2-loop corrections to the effective potential, including (A) figure-8 diagrams, (B) the sunset
diagrams, (C) 1-loop mass counterterm diagrams, and (D) 1-loop vertex counterterm diagrams. Blue
propagators correspond to ¢, while red correspond to ¢5. Solid circles indicate 1-loop counterterms
and x’s indicate explicit field insertions. In particular, the blue, red, and purple circles of row (D) are
A1, A2, and Ao vertex counterterms, respectively. Finally, the 1-loop “thermal counterterm” (solid

square) diagrams of row (E) should be included upon performing thermal resummation.

we must also consider mixed diagrams. The first row of figure-8 diagrams corresponds to

the expressions

31
V2 loop — Tz[ml]Q )
32
‘/’2 loop — TI[mQ]z )
Vi = A121
2-loop — 4 [ml] I[mQ]

(3.26a)

(3.26D)

(3.26¢)

which, using the high-temperature expansion of Z in eq. (A.5), may be written explicitly

in this limit as

A1 3, (6—Lg) m2T? 3L R m3 (¢(3)+3L%) 4
V2 lOOp 327 |: - mlT + = A — T + 4 1T + 3271_73 m1:| s
A2 5 ( ) 9 2 | 3LR m3 (€(B)+3L%) 4
V — | — T T ol + ———=~
2-loop = 3o [ 2 T M e 3273 mQ] ’
)\12 ™ 2 LR 2 2\ 2
V Zoop = 5. [— g(ml + mo) T + mymoT? — 19 (m7 4+ m3)T

— 12 —

(3.27a)

(3.27b)

(3.27¢)



The second row of sunset diagrams corresponds to expressions

V loop 3)\%¢%H[m1,m1, ml, (3.28a)

V2 loop — 3A§q§%7—[[m2, ma, ma] (3.28b)
Mo

‘/2 loop = T(bQH[mh my, mQ] ) (328(})
A%y

V 2-loop — Té%ﬂ[mla ma, mQ] . (328d)

Note that since these expressions feature external ¢; insertions, they vanish unless ¢; has

non-zero vacuum expectation value. Suppose we take ¢ to be the field which develops a

B3

91oop = 0. Using the high-temperature expansion

vacuum expectation value; then V loop
of H in eq. (A.14), the remaining VQ_loop and Vfl‘éop are explicitly

3/\% M%% 22
‘/2 loop 327‘(‘2 <1H <97’n% + 1 IT

9N?
4+ A <ln <TZR> +LR—21n2+2> 2T

6473 2
9)\2 72 3
+ 3rerd (L +LR—27]25—471+4+2> mi¢r (3.29a)

)\%2 HR 1 22
— In{ ———— — T
V 2-loop = T G4n2 (n<m1—|—2m2> +2> o1

)\2 /’L2
t 2l2 (m( I ) +LR+2) m1 3T

25673 4m?
)\%2 KR 2
+ 12873 <ln <4m2 + L+ 2| mepiT
)\2 72 3 9 9N L9

As in the single ¢* case, the leading order, field-dependent contribution from the diagrams
of row (C) are higher order than that to which we work, and so can be neglected. Of the

diagrams of row (D), corresponding to expressions

3 2 2 2 1
Vaoop = 1982 (36A1 + ATp)¢1 Z[ma ]E (3.30a)
V2 = 3 (3632 4 A2,)2 T(mal (3.30b)
2-100p 128 2 2 2 € .
1 9 1
Viop = 51 (300 + M)Az + 20 ) 63 T - (3.300)
1 1
V 2-loop — 6471'2 ( ()\1 + )\2 )\12 + 2)\12) (Z) I z > (330d>
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we need only consider V2! loop and Vfﬁop, since ¢9’s vanishing background value means

_ /D3
V loop — Y2-loop

high-temperature approximation are

= 0. The explicit contributions from the non-vanishing diagrams in the

2
Vihdop = 213 (36X + M)ot (3.31a)
L
Vilop = mega BN+ A2)hiz +200)6T° (3.31b)

Gathering all these terms, the 2-loop contribution to the effective potential is
Al
V2'100P = Vv2-100p + V 2-loop + V 2-loop + V loop + V 2-loop + V loop + V loop ) (332>
and the effective potential at 2-loop order is

V(ig) = V(fp + Varloop 5 (3.33)

€ [S)

with V) in eq. (3.22).

3.3 Parwani

The Parwani prescription [42] is a diagramatic approach to resummation in which all modes
are resummed. On a technical level, it simply amounts to replacing m? with the high-
temperature expanded thermal mass M? = m? + ¢;T? everywhere and adding to the 2-loop
effective potential the “thermal counterterm” diagrams shown in row E of figure 3. This
has the effect of resumming the dominant parts of ring diagrams.

To see why, consider for the moment a simpler single field ¢* theory with tree-level
potential V) = ;QSQ + %gb‘l. As discussed in section 2, resumming daisy diagrams amounts
to replacing the m? appearing in propagators with M>. Tn order to do this consistently, we
can add and subtract the thermal contribution to the mass c¢T2 = %TQ in a clever way,
such that the tree-level potential becomes

1 A c
Vo= 5 (W + T + 76" = DT (3.34)

This is equivalent to the original potential, but now the idea is to treat the first two terms
as defining the unperturbed theory, and the last term as a perturbation — a “thermal
counterterm”. Now order-by-order, the c¢T2 pieces of quadratically divergent sub-loops will
cancel against new diagrams involving thermal counterterms, resulting in a new convergent
loop expansion parameter NXT'/M [43]. Returning to the full theory, we see that to implement
Parwani resummation we should:

1. Replace all field dependent effective masses ml2 with leading order thermal masses
)
M:

)

=m? + ¢;T?, with ¢; given in eq. (3.23).

2. Include thermal counterterm diagrams in calculating Vg-.
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These thermal counterm diagrams do not enter until 2-loop order, so at 1-loop the Parwani-
resummed effective potential is simply Ve(é’)P = Ve(f%)‘mf a2, or explicitly

A12

1 1 1 A A
Vith = 5 (i} +aT)63 + S (i + o6 + Lot + 204 + “ oo} .
3.35
1 —3 -3
- E(Ml + My)T — 6 2(M1 +M2)

The 2-loop diagrams featuring “thermal counterterms” are shown in row E of figure 3 and
correspond to expressions

1 .
Vv2 loop,P — _§CITQI[M1] ; (336&)
1 .
VY2 loop,P — _ECQTZI[Mﬂ . (336b)
Using the high-temperature expansion of Z[m| in eq. (A.5), these evaluate to
Al A2 3y Lr —2, 5 ((3) 4}
V M1T T — M 3.37
Hloop.P ( T2 ) [8 e 256m4" 1] (3:37a)
A2 A\ [1=— .3 Lr -2, (3 4}
V — 4+ — | | —MT° + — M5T" — M, . .
2-loop,P — ( 4 + o > [871’ 2 + 3972 2 2564 2 (3 37b)

We see that these expressions have pieces which exactly cancel the IR sensitive pieces coming

A
from V2-loop ‘mf—>Mf )

A 57 A12
VTZAf‘loop‘m?—>M%.2 o= 397 M T2 M T2

AT AT 3
o (o5 (M1 + M1)T? (3.38)

Upon adding these contributions to Va0p, as given in eq. (3.32), and replacing m? — M?
everywhere in Vo jo0p, We arrive at the Parwani-resummed 2-loop effective potential

2 1 =72
V(f'f)P = V(ff,)P + ‘/2-100]9( ) ‘/2 loop, P( ) VZ loop, P(M ) : (339)

€ €

As demonstrated in the discussion above, Parwani resummation intrinsically depends on
the high-temperature expansion and also only resum the leading contributions in the high-
temperature limit.

3.4 Arnold-Espinosa

Alternatively because only the Matsubara zero mode wy demonstrates problematic behavior
in the IR, we could just resum these “soft” modes whilst leaving the hard non-zero modes
untouched. This is the basic premise behind the Arnold-Espinosa prescription [43], another
popular diagrammatic approach to resummation. Because it requires splitting calculations
into soft and hard modes, it is in principle a bit more cumbersome to implement. Consider
for example the J-function defined in eq. (3.2). Previously we had taken the customary
approach of separating this into a zero-temperature Coleman-Weinberg piece and a finite
temperature piece [61],

1 [ dik B
Tlm] = 5/ o (k4 m _T/Wln (1 npye(BiT)). (3.40)
Jow[m] Jrm]

,15,



where ng/p(Eg, T) = 1/ (eEk/T F 1). A more useful decomposition for the purposes of
Arnold-Espinosa resummation would be to isolate the zero mode

j[m]:Z/(;ljf):gln(k2+m2>+§§)/$1n<w2+k2+m2), (3.41)

«7soft [m]

j hard [m]

where w, = 2mnT. Working in the high-temperature expansion, one can show that this
first zero-mode piece evaluates to

1

3
——m°T. 42
12ﬂ_m (3.42)

Tsoft [m] =
Comparing against the full expression in eq. (3.7), we note that the zero-mode contribution
is just the term non-analytic in m2. This is a more generic phenomenon; it will turn out

2 contain zero-mode contributions. This

to be the case that all terms non-analytic in m
makes implementing Arnold-Espinosa resummation surprisingly simple in practice when
working in the high-temperature expansion, since the terms requiring resummation are readily
identifiable. At 1-loop there is only one such term (per scalar field ¢;), and we resum it by

replacing m? — M? The 1-loop effective potential in the Arnold-Espinosa scheme then reads

Vithe = 563 + T8 + 5 (3 + 2T?)63 + ot + Lod + S22 s
3.43
I -3 =3 Lg 4 4
- ﬁ(ﬂ/ﬁ + M5)T — @(ml +my) .

This expression is similar to the Parwani-resummed Ve(fi)P but differs in the higher order

terms o« m*. Explicitly, the difference between the two is

L
Vithe = Varp = ooz (€ + )T+ 2(cim? + comd) 7] . (3.44)

Before moving on to the 2-loop effective potential, we note that often in the literature one
speaks of resumming Ve(é) by adding the daisy “ring improvement” term

1 —3
Viaisy = —E(M —m3)T. (3.45)

We see that the result is completely identical to that of the procedure described above.

At 2-loop order, there are many more terms with non-analytic m? dependence. It will be
useful to define the Arnold-Espinosa resummed Z-function, whose high-temperature expansion
is given in eq. (A.6). Then from egs. (3.26), the contributions to the resummed V5.j0p coming
from the figure-8 diagrams are

VI L 3 3L o (C(3)+3L%) ]
Al _ M 3 R 242 2712 R 2 R/, 4
VQ—]OOp,AE = % —MlT — EMIT + %MlT + TﬂzmlMlT + Wml )
) (3.46a)
A — L 3 — 3L — (C(3) + 312 )
A2 2 3 R_ 212 212 R_2 R). 4
Valoop AR = 3o __MQT T gyl M T A e M T e S ma

(3.46b)
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A 7 LT ey L
V 2-loop,AE = =z [_ %(Ml + M2)T3 + M M,T? — —R(m% + m%)T2

6472 12
In 12 @) (3.46¢)
+ o (Wym3 + Moymd)T + mimd + o5 (i + m3)|
From eq. (3.29), the contribution from the sunset diagrams are
37 14 22
‘/2 loop,AE — 327’(2 <ln <9M? +1]|iT

9A? —_

+ 21 (I “R + Lp—2mn2+2| M7
6473 Ml

+ L I L%+ Lg—2 4 +7ﬁ+§ 202 (3.47a)
o056 4 R ’YE gat 4 9 myPy, Ala

VB4 _ A (ln ( KR ) + 1) T2
Zrloop, AR 642 My +2M>

L2y, “?% Y Lp+2]| M7
25673 4M1 R’ e
)\2 2

+ ik (m ( i ) +Lp+ 2) Mo 2T

m AT
m™ 3 2 2y 12

1024 LR+ Lr—27% —4m + o T g | (mi+2m3)ér, (3.47Db)

where again we are taking ¢, as the field which develops a vacuum expectation value. From
eq. (3.31), we see that the contributions from vertex counterterm diagrams are unaffected by
the resummation. Finally, the thermal counterterm diagrams now include only the zero-mode
contribution, and read

1
El
V5 loop, AE = 192r (6A1 + Ai2) M1 T2, (3.48a)
V2 ! (6A2 + A12) MoT? 3.48b
2-loop, AE = Tgg (642 12) Mo (3.48Db)

The 2-loop effective potential resummed in the Arnold-Espinosa scheme is then

2 1 A A A
Ve(ff)AE e(ff,)AE + Viibop AR + Vitaop AE + V5. 13$op AE (3.49)

B1 B4 D1 E1l E2
+ Vv2—100p,AE + ‘/2—loop,AE + V2—loop + V 2-loop + ‘/2—loop,AE + V2—loop,AE .

As for Parwani resummation, the Arnold-Espinosa resummation scheme intrinsically depends
on the high-temperature expansion and resums only the leading contributions in the high-
temperature limit.

3.5 (ap resummation

Gap resummation offers an alternative to the diagrammatic approaches to resummation
described above, which quickly become cumbersome at higher loop order. Rather than
evaluating such diagrams analytically, in gap resummation one need merely compute Ve(fp
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and then solve the so-called “gap equation” for the thermal mass. This gap equation includes
the dominant contributions from many higher-order diagrams, though admittedly it does not
include contributions from certain sub-leading diagrams at each order (for example, parts
of the 2-loop sunset diagram). After solving the gap equation for the thermal mass, this is
substituted into either Ve(ﬁlc) in the full dressing (FD) prescription or into 8¢Ve(ﬂlg) in the partial
dressing (PD) prescription. The latter is sometimes also called tadpole resummation, and has
been demonstrated to count daisy and superdaisy diagrams more faithfully to higher order.
The first step in either procedure is solving the gap equation for the thermal mass,
M2 = 8—1/(1)(1\42) (3.50)
0¢?
Note that the thermal mass M? appears on both the left- and right-hand sides of this equation,
which must be solved numerically. Considering for the moment single-field ¢* theory in
the high temperature expansion — the effective potential for which given in eq. (3.8) —
this gap equation is explicitly

2 high-T m? 4 T2 _ 3SA\MT _ 3)\LRM2 _ 9)\2¢2T B 9)\2LR¢2
4 47 1672 AT M 872

(3.51)

The set of gap equations in the 2-field case is even more complicated given their coupled nature

3\ h
MR R 3t + 12¢% +eT? = T - L2 AMGT
3\ A12
~ oz ln r- o 2 LpM3 — — B (3603 + A0, (3.52a)
3\ A
M2 hlghT 2+3)\2¢2+7¢1+62T2_JMQT—ngT
32 A2
167 QLRMQ B 2LR]\41 ~ %o 2(36)\2 +2%) 3. (3.52D)

3.5.1 Full dressing

In the full dressing (FD) prescription, the thermal masses M? obtained by solving the gap

equations are substituted directly into the effective potential, ngD = e(f%) m2_ M2, with
the result
VFD_} 2 T2 2 1 2 T2 @2
eff —2(M1+Cl )¢’1+2<M2+C2 )¢2+ <Z51+ ¢2+ b5
1 (3.53)
- H(Ml + M3)T — 6 2(M1 + My).

When one uses the high-temperature expanded truncated thermal masses, this is identical to
the 1-loop effective potential in the Parwani scheme V(ff)P, given in eq. (3.35). More generally
when using the full solutions of the gap equation, however, they differ.

3.5.2 Partial dressing

One issue with the FD prescription is that it miscounts certain diagrams starting at 2-
loop order [62, 63]. This shortcoming led to the introduction of the partial dressing (PD)
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prescription, in which one replaces m? — M? on the level of the first derivative of the effective
potential d4Ver and then integrates to obtain the resummed effective potential

L¢,2
vEP = [ ag et , (3.54)
8¢ m2—M?

where the M;’s are the full solution of the gap equations. The procedure can be understood
by thinking about Dyson resummation in zero-temperature field theory. There, self-energy
corrections are resummed into the propagator
i i
P2 — m2 = P2 —m?+2(p?)’

(3.55)

where Y(p?) is the self energy and p? is the momentum. If ¥ is not dependent on p?, all
corrections to the propagator can be absorbed into the mass via

m? — M?*=m?>-%. (3.56)

This resummation can also be used to absorb thermal corrections since their leading part does
not depend on the momentum (see appendix C for a discussion of the momentum-dependent
parts). Moreover, we can identify M? as the solution of the gap equation. To ensure proper
resummation, it just needs to be ensured that this replacement is done only for all propagators
and not for vertices, which in the effective potential are, however, expressed in terms of the
mass. To avoid also dressing the vertex, the replacement is done on the level of the tadpole
for which the coupling is explicit (see below).

The PD procedure has been demonstrated to correctly count the most relevant diagrams
up to 4-loop order [48]. To compare the two and understand why FD leads to a miscounting
while PD does not, we will consider the 1-loop tadpole diagrams which compute 04Vi.100p
(in contrast to the vacuum diagrams which compute Vi.j0p). These tadpoles can be formed
from the corresponding vacuum diagrams by attaching a zero-momentum truncated external

2 5 M? at the level of vacuum

leg to each part of the vacuum diagram. By shifting m
diagrams, FD is equivalent to dressing both the propagator and 3-point vertex cz = 6¢m2
of the corresponding 1-loop tadpole diagrams. In contrast, by shifting m? — M? at the
tadpole level, PD dresses only the propagator.

To see explicitly that the former dressing of both vertex and propagator leads to a
miscounting, let us return for the moment to the single-field ¢* theory. Following ref. [48],
we will presume ¢?/T? < 1 so that we need only consider diagrams with one 3-point
vertex.® Starting with eq. (3.51) and taking only the leading order terms in )\, the mass

gap equation becomes

g2 T o AT?  3AMT  9N°¢°T
4 47 ArM
Note that the last term proportional to A\2¢? is formally subleading. We include it nevertheless

(3.57)

since it becomes important when taking the derivative with respect to ¢ for computing the
3-point vertex. The solution gives the dressed propagator, and to O(A\?) reads
high-T AT? 3AT  N°T 9N?T? A3T6 N3

M S T 8r 128m3 | 128n2Zm | 1024mP | 1024723

8We impose this condition only for the remainder of section 3.5.2.

M

(3.58)
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Meanwhile, the dressed 3-point vertex Cjs is obtained by differentiating the gap equation,
Cs = 9,M?. Working to the same order, the solution is

high-T

Cs = 6Xo (1 —

T 273 27T N\3TD IN3T3
9\ 9\ 0 81\ ) (3.59)

8tm | 64rm3  10247wm® | 102473m3

In FD, both the propagator and vertex of the tadpole are improved, and so starting from
eq. (3.7), the contribution to the derivative of the 1-loop effective potential reads

FD hig_h-T T2 MT

96V loop 57 (6A0) = —Cs+ ... (3.60)

where the first leading order term comes from the hard thermal loop, the second term comes
from the zero mode, and we suppress higher order terms. This is in contrast to PD, for
which only the propagator is dressed, leading to
2
PD hig_h—T T MT
8¢V1_100p = ﬁ(6A¢) - 8763 —+ ... (361)
where c3 = dym? = 6)¢ is the undressed 3-point vertex. Explicitly using the forms of M
and C5 above, the zero-mode piece in either case reads

MT _ high-T mT  \T%  3\T? \2T5 631273
———C3 = (6A)| — — — + 5+ 3~ 3
87 &1 647mm 167 1024mm 102473m
\3T7 63\3T°
- + ) (3.62)
8192mtm5 = 81927w3m3
MT  high-T mT  \T%  3\T? \2T5 oN2T3
T T g (DL DTN
8 &1 64m™m 647 10247mm 102473m
AT A3TP
- 4 ) (3.63)
8192mm5  81927w3m3

The difference between the fully dressed and partially dressed 1-loop tadpole, defined as
A= a<15Vvlli‘1]gop - a(ﬁ‘/lf_)llgop, is then

A (3.64)

W T ) o (9/\T2 278 N 27N3TP >

6472 512w3m  409673m3
By computing contributions from the relevant Feynman diagrams up to 4-loop order, ref. [4§]
finds an expression for 94Vi.100p Which precisely matches that of 8¢V1P_)1130p above, and so A
quantifies the extraneous contribution due to miscounting in the FD procedure. These extra
terms are not present for PD, which automatically includes subleading thermal corrections
of super-daisy order.

There is yet another way to see that PD correctly counts daisy and superdaisy diagrams
to higher order than FD. We now turn to the regime relevant for the phase transition,
a = M\T?/m? ~ 1, where the perturbative expansion breaks down and resummation becomes
important. Following ref. [49], we ask what other parameters need to be small in order
that the improved perturbative expansion converges. Of course, the usual requirement
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of perturbative unitarity at zero-T' demands A be sufficiently small. Additionally though,
convergence of the high-T contributions requires

T
B = )‘E <1. (3.65)

To see why, consider the contributions to the mass correction at 1-loop ém?, from daisy
diagrams dm?%,, from superdaisy diagrams 6m%D, from lollipop diagrams ém?, and finally
from sunset diagrams 5m%~. After resummation in «, these scale as

smi ~ NT? (3.66a)
oma ~ /\217: : (3.66b)
Smép ~ A?’Z:Q : (3.66¢)
om% ~ N2, (3.66d)
om% ~ )\3¢QZ; . (3.66¢)

Thus around the phase transition when « ~ 1, the ratios between the diagram classes scale as

sm?,
~ B, (3.67a)
om3
o 3 (3.67b)
om3, ’ '
dm?2 m B
dm%  A¢? 2

Clearly then convergence requires 8 < 1. Now we can compare the -scaling in the PD and
FD resummation approaches. As worked out explicitly in ref. [48] by means of a systematic
expansion in a ~ 1 and 3 (and confirmed in ref. [49]), PD is accurate to O(3?), with the
leading neglected contribution ém3; coming in as

2
omyy

~ B3, (3.68)
om?

Meanwhile for FD, which miscounts daisy and superdaisy diagrams starting at 2-loop, neglects
sunset diagrams, and includes the wrong prefactor for lollipop diagrams, error comes in as

2
omy

~B. (3.69)

2
omy

Despite its promise, one shortcoming of PD is that an ambiguity arises when field excursions
can proceed along multiple directions. Namely it is unclear which field to take the derivative
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Figure 4. Different approximations of the thermal masses (blue: high-temperature thermal mass,
MQ, see eq. (3.24); blue dot-dashed: high-temperature thermal mass with additional Boltzmann
factor, Mpo1epmann> S€€ €d. (3.25); orange: tree-level mass plus full one-loop correction, M2 | upec., see
eq. (2.14)) normalized to the thermal mass obtained by solving the gap equation M? as a function of
the temperature. All masses are evaluated for ¢ = 0.

of Veg with respect to, since in general ‘{;}D’l =+ ‘/;;D’Q, where Vellsz’i = [d¢; 8Z“/eﬂ?‘ a2 In

section 5.2 we propose a multi-field generalization which holds even in the case of mixing scalar
fields, making PD suitable for a wider range of applications, in particular BSM extensions
of the Higgs sector.

3.6 Numerical comparison

Single-field ¢* theory. For our numerical discussion of the single-field ¢* theory, we focus
on the benchmark point

A=1/3, p=1TeV. (3.70)

We set the renormalisation scale equal to the temperature. The chosen value for A is of
no particular significance. As we will see below, it is well within the regime for which
partial dressing is reliable.

We start our numerical discussion by comparing different approximations for the thermal
masses as a function of the temperature for ¢ = 0 in figure 4. The thermal masses are
normalized to the full thermal mass computed by solving the gap equation.

As expected, the high-temperature expansion of the thermal mass M7 is close to the full
solution of the gap equation M? for low temperatures since the overall thermal corrections are
negligible (see blue curve and eq. (3.24)). The small ~ 5% deviation for temperatures close to
zero is explained by loop corrections induced by the Coleman-Weinberg potential, which are
not taken into account in the high-temperature expansion. For temperatures above 1 TeV, the
ratio of the high-temperature thermal mass to the full thermal mass increases quickly until
the curve converges at ~ 1.3 for T 2 10 TeV and then stays constant for higher temperatures.
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Figure 5. Left: the one-loop effective potential in the one-field ¢* model evaluated using different
resummation methods. Right: same as left, but two-loop corrections are included for the full-
dressing approaches.

The constant off-shift is caused by temperature-dependent higher-loop contributions which
are generated by solving the gap equation but not taken into account in the high-temperature
thermal mass. This can easily be seen by solving eq. (3.57) for ¢ = 0 without expanding
in A (as done for eq. (3.58)). Rearranging eq. (3.57), we can write

=2

% — 14 %)\% ~ 14 %)\% T2, %\[\ M08, (3.71)
where we solved the equation iteratively in the second step. This approximative first-iteration
result is in very good numerical agreement with the exact result in eq. (3.24). So, we
conclude that a one-loop order high-temperature expansion of the thermal mass is only a good
approximation in the high-temperature limit if A < 1 while PD relying on the full solution of
the gap equation holds for much higher A values. As figure 4 shows, § ~ % — 1 is well below
corroborating the reliability of the PD prescription (see discussion at the end of section 3.5.2).

If an additional Boltzmann factor is included in the equation for the high-temperature
mass (see eq. (3.25), blue dot-dashed curve), the ratio stays close to one for a slightly larger
temperature range than without the Boltzmann factor. The overall agreement with the full
thermal mass is, however, not substantially improved.

If instead the full one-loop correction (without any high-temperature expansion) is used to
calculate the thermal mass, M?| trunc., (see orange curve and eq. (2.14)), the low-temperature
behaviour of the full thermal mass is very well captured (since now also the one-loop
corrections from the Coleman-Weinberg potential are taken into account). At T' > 4 TeV,
where temperature-dependent higher-loop order corrections start to become relevant, however,
also this approximation fails to capture the temperature dependence of the full thermal mass.

The real parts of the effective potential are compared in figure 5. For low temperatures,
the thermal corrections are small and, consequently, the different resummation methods yield
almost identical results. Only for higher temperatures of T' 2 10 TeV, differences between

the three methods become visible.
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In the left panel of figure 5, showing the effective potential evaluated using various
resummation methods at the one-loop level, very small differences between Parwani and
Arnold-Espinosa resummation are visible originating from subleading thermal corrections
which are partially included for Parwani resummation but not for Arnold-Espinosa resum-
mation. This discrepancy is completely gone in the right panel of figure 5, for which the
effective potential is evaluated at the two-loop level for the Parwani and Arnold-Espinosa
curves. As a consequence of explicitly including the subleading thermal two-loop corrections,
whose leading contribution is oc A2m?T?, the curves using Parwani and Arnold-Espinosa
resummation lie on top of each other. This seemingly signals a well-behaved perturbative
convergence of the subleading thermal corrections.

The result using partial dressing lies below the Parwani and Arnold-Espinosa results for
high temperatures. By varying the coupling A\, we confirmed that the difference between the
Parwani/Arnold-Espinosa and partial dressing results originates — as expected — mainly
from O(?) contributions, which are correctly included if using partial dressing but not
controlled if using Parwani/Arnold-Espinosa resummation.

Interestingly, the difference is increased when comparing the partial-dressing result to
the two-loop full-dressing results in comparison to the one-loop full-dressing results. While
in principle a difference is expected since partial dressing correctly includes subleading
thermal corrections, one would naively expect this difference to shrink down once these
subleading thermal corrections are explicitly included at the two-loop order for the full-
dressing methods. To understand why this increases the difference between full and partial
dressing, it is instructive to understand the proportionalities of the formally leading terms
missed by the full dressing method. While the formally leading missed term is oc A2m27T?
if computing the effective potential at the one-loop level, it is oc A3mT? if computing the
effective potential at the two-loop level. For high temperatures, this three-loop term is
larger than the respective two-loop term demonstrating that including the full two-loop
corrections in the full dressing approach can worsen the result. Also explicitly including
the term oc A>mT> might not improve the result since for high temperatures the four-loop
term oc A*T° /m could be even larger. This demonstrates the necessity of correctly resuming
also subleading thermal corrections and is in direct correspondence to the behaviour of the
thermal masses at high temperatures (see figure 4).

Moreover, we show in the left panel of figure 5 the result using full dressing (see
section 3.5.1). As discussed in section 3.5.2, this resummation scheme miscounts diagrams
starting at the two-loop level. This is clearly visible by the large difference to the other
resummation methods for 7" = 10 TeV.

Two-field ¢* theory. Next, we compare the different resummation methods in the two-field
¢* theory without mixing. We focus on the benchmark point

M=X=1/3, Aa=2, p}=-4TeV? i =—-1TeV?2. (3.72)

The renormalisation scale is again set equal to the temperature. The chosen values for the
couplings are of no particular significance. As discussed below, they are well within the
regime for which partial dressing is reliable.

— 24 —



two-field ¢* theory (no mixing), ¢1 = ¢ = 0

— A[12 )\1 = /\2 = 1/37 /\12 = 2,#11 = 74T€V2,M22 = 71T6V2
601 M2 i
— J
A /
<) J— J
E. ;
2 40
n
n
<
g
=
= 20
—
)
=
—
O .....................................................................
107! 10"

T [TeV]

Figure 6. Thermal masses of ¢; (blue) and ¢ (orange) in the two-field ¢* model. The thermal
masses are either evaluated by numerically solving the gap equations (solid) or in the high-temperature
expansion (dashed).

figure 6 shows the thermal masses computed either by numerically solving the gap
equation (solid lines) or by keeping only the leading term in the high-temperature expansion
(dashed lines). As expected, the full and high-temperature versions of the thermal masses
agree well for low temperatures since thermal effects are small in general. For very high
temperatures, small differences are visible originating from high-order corrections induced by
numerically solving the gap equations (see discussion of figure 4). We observe the largest
absolute differences for intermediary temperatures, for which the temperature is similar to
the tree-level masses. Here, thermal corrections are important but the high—tempega‘cure

s
2
ML2

are well below one corroborating the reliability of the partial dressing prescription.

expansion is not yet a good approximation. Moreover, figure 6 shows that 312 ~

The real part of the effective potential is shown in figure 7 as a function of ¢; setting
¢ = 0, implying that there is no mixing between the fields. As for the one-field ¢* theory, the
Parwani, Arnold-Espinosa, and partial dressing approaches agree well for low temperatures.
For higher temperatures, larger differences are visible. In contrast to the single-field case (see
figure 5), the difference between the Arnold-Espinosa and Parwani resummation methods is
increasing from the one- (left panel of figure 7) to the two-loop level (right panel of figure 7).
This signals that the dominant difference between the two approaches in the given scenario
is not of two-loop order but induced by higher-order effects. This is due to the comparably
large numerical values for the \’s as well as the larger number of fields which enhance the
significance of higher-order corrections. This again shows the importance of resuming also
subleading effects as achieved in the partial dressing approach.

4 Toy model for symmetry non-restoration

Next, we discuss the phenomenon of EWSNR. EWSNR refers to situations in which the EW
symmetry is not only broken at low temperatures but also not restored at high temperatures
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Figure 7. Left: real part of the one-loop effective potential in the two-field ¢* model without mixing
evaluated using different resummation methods. The imaginary part of the effective potential is
negligible compared to the real part. Right: same as left, but two-loop corrections are included for

the full-dressing approaches.

(or the restoration is delayed up to very high energies). This is particularly interesting
from the point of resuming thermal corrections. In order for EWSNR to occur, the thermal
corrections need to dominate over the tree-level mass turning the squared thermal mass
negative and thereby ensuring that the EW symmetry is broken.

We base our discussion on a toy model for symmetry non-restoration which was presented

in [18]. Its potential is given by
(0) Lo, 1o 2, 1 99
VP(e,x,95) = 5#55 + §HXZX2' + §H¢>¢>
(A
Lot + ia 1 est oy, 02 2 1y cp2s? 4.1
+4¢¢+4XZX1'+4S +4¢X¢ZX1;+4¢S¢ ;o (41)
i i

where S and x; are vectors of dimension Ng and N,,. The index 7 is a generation index
which runs from 1 to Ngen. We will only evaluate the potential at zero field values for S
and the x;. Therefore, all x; have the same mass m, and we will drop the sum over 7 and
instead use N, = N, Ngen. The parameters are chosen such that only ¢ develops a non-zero
vacuum expectation value. Therefore, we are only interested in the ¢ direction and set x;
and S to zero for the evaluation of the effective potential.
In the high-temperature limit, the thermal masses are given
2 1

— 1
M, =m? +T%c, =m}, +T° {12(NX +2)Ay + 24>\¢X] , (4.2a)

72 2 2
Md),Boltzmann =My +T Cop =

(4.2b)

?

1 1 1
=mj +T? [12(1\@) +2)0 + 57N Aoy + ﬂJ\fsA(z)Se*mS/T

-2 1 _ 1
M5 pottsmann = i + T?cs = mf + 17 [H(Ns +2)hse M 4 24N¢A¢S] - (420
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This also defines the coefficients {cy, cs, ¢4}, which are used later. Since the parameters are
chosen such that mg ~ m, < mg, the thermal contributions of S are multiplied by the
Boltzmann factor e~™s/7
(see also eq. (3.25)).

To achieve symmetry non-restoration, Ay, is chosen to be negative such that the thermal

to better approximate the full thermal loop function for 7' < mg

mass of ¢ becomes negative. For T' ~ mg, the thermal contribution of S compensates for the
negative contribution of the y; resulting in the eventual symmetry restoration at T 2 mg.
Since the stability of the potential at the tree level requires
AgAx

Agy > —2 Nyen (4.3)
a large number of generations is required to ensure symmetry non-restoration by pushing the
thermal mass M; to become negative,” while still satisfying perturbative unitarity bounds
(see [18] for more details).

4.1 One-loop effective potential

The one-loop effective potential is given by

VW(4,x.8) = T(mg) + NyJ (my) + NsJ (ms) (4.4)
The counterterm contributions are
1 1
VED(g,xi = 0,8 = 0) = 50Wpge? + 600" (4.5)

We choose to renormalize A4 in the MS scheme. For the renormalization of e, We include
a finite piece to the counterm

1 2 0° 1 Olks) 1 2 2 M?@
fi d=x;=5S=0,T=0 & KR

where the superscript O(u%) denotes that only the leading contribution proportional to 1%
is considered. This counterterm is chosen to absorb the very large zero-temperature loop
corrections to my from S (due to pg > |pe|) into the definition of sue.

4.2 Two-loop effective potential

The genuine two-loop corrections to the potential (with the sunset contributions in the
last two lines) are given by

3
VEem (g v =0,5=0) = i [)\¢I(m¢)2 + NsAsZ(ms)* + NXI(mXi)Z}
1
+ 1 [(Ng - NS))‘SI(mS)z + NX(NXi - 1)>‘x1(mx)2
+ NasZ(m) Z(ms) + NdonZ(mg Z(im, )|
3N2PH 1/\2 N, 6*H
- ¢¢ (mqi)v Me, m¢> - Z X X¢ (m¢7 My, mX)

1
— ZAisNgcbZH(m(b, ms,ms), (4.7)

In more realistic models, the negative BSM contributions to for instance the thermal mass of the Higgs
boson must also overcome the positive contributions of other SM particles.
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where here we already set y; = S = 0. The counterterm contributions at the two-loop level are

VEED(4,x; = 0,5 =0) = %5@),@& + 35<2>A¢¢4

1 1 1
+ 55@ piZ(mg) + §NX5<1)M§I(mx) + §N55(1)M%I(ms)
3 1
+ 55(1))‘¢¢21(m¢) + 15(1))\¢5¢>2I(m5)
1
+ Z5<1>A<,§X<z>2z(n~bx) : (4.8)

The first line contains the needed two-loop counterterm; the two last lines represent the
subloop renormalization. We checked analytically that all UV divergencies and €' pieces of
the loop integrals (with e being the UV regulator) cancel.

The thermal mass counterterms, relevant for Parwani and Arnold-Espinosa approaches,
give additional two-loop contributions:

1
y (2thermal-CT) (g .\ G) — _§T2 (c(bZ(mgﬁ) + Nyoy Z(m3) + NscsI(m%)) : (4.9)

We checked explicitly that, in the high-temperature expansion, all O(T3) terms cancel. This
cross-check was performed separately for Parwani and Arnold/Espinosa resummation in
the limits mg < T" and mg > T. The two-loop counterterm for 4 is again chosen such
that the very large zero-temperature loop corrections to my from S are absorbed into the
definition of fu4.

4.3 Numerical comparison

For our numerical comparison, we choose the benchmark point already used in [18]:

Ngen =12, N, =4,  Ng=12,
pi5 = —0.01 TeV?, p5 = 0.01 TeV?, p% = 400 TeV?,
Mg = 0.1 TeV?, Ay = 0.5, Ag =1, Aoy = —0.1, Ags =1. (4.10)

This benchmark is chosen to realize symmetry non-restoration for 7' < 10 TeV. At higher
temperatures, the S field eventually ensures symmetry restoration.

We note that this benchmark point is non-perturbative in the sense that the expansion
parameter 8 for the scalars x; is larger than one for most parts of the considered parameter
space (as visible from figure 8 discussed below). In this way, we ensure comparability with
the results of [18]. Moreover, we are mainly interested in the behaviour of the various
resummation schemes for large negative squared thermal masses, which drive EWSNR, and
not so much in the actual prediction.

Thermal masses. We start with a comparison of the thermal masses My and M, in figure 8.
For the scalar ¢, the thermal mass calculated by solving the gap equation M(?) is negative only
for small temperatures (T' < 7 TeV). If instead the high-temperature expansion is used (see
eq. (4.2)), the squared thermal mass stays negative until much higher masses (7" ~ 19 TeV).
This difference has two origins: 1) the thermal loop functions appearing in the gap equation
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Figure 8. Thermal masses of ¢ (blue) and x; (orange) in the symmetry non-restoration toy model
of [18]. The thermal masses are either evaluated by numerically solving the gap equations (solid) or
in the high-temperature expansion (dashed).

is not expanded in the high-temperature limit; 2) solving the gap equation numerically
effectively includes higher-order corrections (see discussions in section 3.6). For the scalars
X, the differences between the thermal mass obtained by solving the gap equation and the
high-temperature expansion of eq. (4.2) is even more pronounced due to the relatively large
number of fields N, = 48 coupled to each other.

Effective potential. Next, we study the effective potential itself. figure 9 shows the
dependence of the effective potential on the value of ¢ for various temperature values.

In the upper left panel, we show the real part of Veg calculated at the one-loop level
using Arnold-Espinosa and Parwani. For both Parwani resummation (solid lines) and Arnold-
Espinosa reummation (dashed lines), electroweak symmetry non-restoration is clearly visible
for T < 6 TeV. For higher temperatures, the thermal contribution of the S triggers the
eventual symmetry restoration. While for low temperatures both methods yield very similar
results, there is an increasing difference for higher temperatures. As discussed in section 3, this
difference arises from subleading super daisy-like contributions which are partially included
in the Parwani approach.

One natural way to reduce the difference between both methods and thereby the theoret-
ical uncertainty is to explicitly include the full two-loop corrections as outlined above. The
results are shown in the upper right panel of figure 9. Interestingly, the difference between
Parwani and Arnold/Espinosa resummation is not reduced if including the full two-loop
corrections but of similar size as at one-loop level. After including the full two-loop corrections,
the difference between the two resummation schemes is of three-loop order. The fact that the
difference is not decreased when going from the one- to the two-loop level signals that also
the three-loop difference is sizeable. This is a consequence of the large multiplicity of fields
and demonstrates that a resummation of subleading super-daisy corrections is needed.
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Figure 9. Upper left: real part of the one-loop effective potential for the symmetry non-restoration
model of [18] evaluated using Arnold-Espinosa and Parawni resummation. For the thermal resumma-
tion, we employ either the Parwani (solid) or Arnold-Espinsa (dashed) methods. Upper right: same
as upper left, but the effective potential is evaluated at the two-loop level. Lower left: imaginary part
of the effective potential evaluated at the one- and two-loop level using Parwani resummation. Lower
right: real part of the one-loop effective potential evaluated using partial dressing.

It is even more interesting that some of the two-loop results feature unphysical kinks.
These kinks appear if one of the squared thermal masses crosses zero (see e.g. the scenario
of figure 8). For a negative mass squared, the loop functions develop an imaginary part.
While the imaginary parts of a negative tree-level mass squared cancel once large thermal
effects are resumed as shown in [65], an imaginary part remains if one of the squared thermal
masses becomes negative. We show this remaining imaginary part of the effective potential
calculated using Parwani resummation (without normalizing the potential to zero at the
9.10
one-loop level. The size of the imaginary parts is, however, enhanced at the two-loop level.

origin) in the lower left panel of figure We see that imaginary parts already occur at the
This is due to a mismatch between the figure-eight diagrams and the thermal counterterm
contributions. While the full thermal loop functions (without any high-temperature expansion)
are considered for the former contribution, the thermal counterterms appearing in the latter
contribution are by definition derived in the high-temperature expansion. This (unavoidably)

107f using Arnold-Espinosa resummation, the imaginary parts of similar magnitude.
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different treatment of the two contributions artificially enhances the imaginary part of the
effective potential and also induces kinks in the real part via products of two imaginary parts.

It is actually expected that the perturbatively calculated effective potential should
develop an imaginary part in the regions where the classical potential becomes non-convex.
As discussed in [66], this imaginary part can be understood as corresponding to the decay rate
of modes expanded around unstable regions of field space. Large imaginary parts then call
into question the validity of the perturbatively calculated effective potential. The real part of
the perturbatively calculated effective potential is only trustworthy so long as the imaginary
part remains small enough relative to the real part that the field can be considered “stable”.

The problems with the perturbative convergence and large imaginary parts are completely
avoided if we use partial dressing. We show the corresponding result in the lower right panel
of figure 9. As discussed in section 3.6, partial dressing does not only resum daisy but
also super-daisy contributions. Since no high-temperature expansion is applied and all
contributions are treated on the same footing, the imaginary part of the effective potential
(not shown) is negligible compared to the real part of the effective potential. Consequently,
no kinks appear in the result and calculations based on the pertubatively calculated effective
potential are trustworthy.

5 Resummation in multi-field ¢* theory with mixing

After discussing resummation in multi-field theories without mixing, we now turn to the
case with mixing between the scalar fields. For simplicity, we focus on a simple toy model
consisting of two real scalar fields ¢; and ¢o with tree-level potential

A
S0t (5.1)

We allow both fields to potentially develop a zero-temperature vacuum expectation value.

2 2
% 4 A1 Ao
Vo = _?1¢%_72¢%+Z¢%+Z¢%+

While this significantly complicates several formal aspects of the resummation procedure, it is
nonetheless important that we allow them to mix in anticipation of concrete BSM applications.
At the tree level, the scalar mass matrix is given by

2 2 2 2 4 A1z 2
—p3 + 3\ 7 + 226 A12¢102
M (61, o) = mip mig\ _ [~ 1T 792 ) 5.2
(41, ¢2) (m%2 m2, A12¢1 o —p3 + 3Xa¢8 + 221 (5.2)

where the fields ¢; 2 take on their background values. This matrix can be diagonalized as
RyIM2Ry = Mﬁiag = diag(m?%,m?), with mass eigenvalues

1
ma = 5 (m%l +m3y + D) , with D = \/(mfl —m3y)2 + 4mi,. (5.3)
It is convenient to parameterize Ry in terms of the tree level mixing angle 6:
f —sind 2m?
Ro = (C?s ; Sma ) . sin20 = 12 , (5.4)
Sy cos \/(m% —m3y)? +4mi,

which can then be used to relate ¢12 to the mass eigenstates ¢:

(i;) =Ry @f) . (5.5)
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The background field-dependent mass eigenstates enter into the 1-loop contribution
to the effective potential as

‘/l—loop = j[er] + j[m—] ) (56)
where the J function is defined in appendix A.

5.1 High-temperature expansion and truncated full dressing

To gain some intuition, we will first consider the high-temperature limit, in which the
field-dependent part of the one-loop effective potential reads

(mi +mt), (5.7)

b= g7 (4 02) = 5 ) =

24

2
where L = log (?p@) + 2(yg — Inm) is field independent. Considering just the leading
contribution ~ T2, the one-loop corrected effective potential is

A2
4

1) highT 1 A1 1 A2
Vi o (‘M%*‘Csz) ¢%+Z¢%+§ (—M%—i‘CzTQ) ¢%+Z¢§l+

- $03,  (58)

where we have defined the coefficients
1 1
cl = ﬂ(G)\l + )\12) , Cp = ﬂ((})\g + )\12) . (5.9)

Letting M2?(®,T) = m2(®) + dm2(®,T) be the thermally corrected mass, the truncated
gap equation is simply

32
2 _ (1)
M; = @%ﬁ ; (5.10)
which leads to the finite-temperature mass matrix
M? M}
M%(¢17¢27T) = <M121 M122>
i2 Moo (5.11)
_ (i +aT? 3067 + 2203 M1 62
A1201 92 —pi3 + eoT? + 3o + 21292
Diagonalizing /\/l% yields the finite-temperature mass eigenstates M3 (®,T),
1 .
M2 = S(M} + M, £ D), with D= /(M — M3,)? +4M3, (5.12)
as well as the finite-temperature mixing angle ©(¢1, ¢2,T),
sin 20 = 2M%, /D (5.13)

With these preliminaries out of the way, we now turn to the resummation of the 1-loop
effective potential.

In the truncated full dressing (TFD) prescription, resummation amounts to simply
replacing mf — MZ-2|trunC_ on the level of the effective potential: VeEFD = Veff] M2erune.” with
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1 = % labeling the finite-temperature mass eigenstates. In the high-temperature expansion,

the resummed potential reduces to the one obtained with the Parwani prescription, namely
; T? (9 T —3 — L —y —
TFD,Parwani __ L 2 2\ 3 3\ 4 4

VL = Vot 5 (372 +212) o (373 + 312 i (a7} +31L) , (5.14)

or equivalently

TFD,P i1 2 N 2, Mg 1 2 2\ 2, A2 4 A2 9 9
Ve arwam:§<—ﬂ1+01T)¢1+Z¢1+§(—H2+02T)¢2+Z¢2+T¢1¢1
T /—3 —3 L —4 —4
—qg (ML 40 - s (ML) (5.15)

Using the Arnold-Espinosa prescription, the thermal mass is only inserted in the T M terms.

5.2 Partial dressing

As discussed in sections 3 and 5, truncated dressing suffers from various issues. First,
it does not resum subleading super-daisy corrections. Second, it unavoidably relies on a
high-temperature expansion of the thermal masses, which often is not justified. Third,
mismatches between the treatment of various two-loop contributions lead to unphysical
kinks in the effective potential. As we have discussed, partial dressing avoids these issues.
One shortcoming, however, is that prior to this work it was unknown how to apply the
partial dressing prescription in the case where multiple scalar fields acquire non-zero vacuum
expectation values and mix. Here, we will demonstrate how partial dressing can be applied
to the case of mixing scalar fields.

We start with the gap equations. If we go beyond the leading term in the high-temperature
expansion, the gap equations are promoted to a matrix equation

9? 9?
9h2
M= || %% 0% v : (5.16)

061002 993 (M ,520) — (Mt ,520)

where M4 and sqo = sin 20 are determined by diagonalizing MQT The second derivatives
%;%Vgﬁr directly correspond to the ¢;¢; two-point functions at zero momentum. The
resulting mixing angle relates the original fields ¢1 2 to the loop-corrected fields ®.,

(i;) = Ro (ij) : (5.17)

These loop corrections include both zero-temperature as well as finite-temperature effects.

To solve eq. (5.16) iteratively, it is important to express the right-hand side completely
in terms of the masses and the mixing angle. This can be done either by calculating the
second derivatives of the effective potential diagrammatically (i.e., in terms of self-energy
Feynman diagrams) or by expressing the first and second derivatives of the (field-dependent)
masses in terms of the masses and the mixing angle. For example,

2
om4.

1

= [6)\1 Sin2 9(¢17 ¢2) + )\12 0082 9(¢1, ¢2)} ¢1 + )\12 sin 29(¢1, (ﬁg) d)z . (5.18)
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In the Feynman-diagrammatic approach, this angular dependence follows directly from the
Feynman rules. For example, the coupling of ¢1 to two ®_, which appears in the ¢ tadpole
corrections, is given by

(g1, @, @) = cge(or, p1, d1) — 2cosec(dr, 1, d2) + spc(P1, P2, ¢2) =
P1A1CEH — 202 12c050 + P1A1258 (5.19)

In the diagrammatic approach, it is furthermore straightforward to also add the dependence
on the external momentum. In this case, the matrix Ry becomes non-unitary and can not be
parameterized by a single mixing angle. We leave this for future work.

After the determination of the thermal masses and the thermal mixing angle, we insert
them into the first derivatives of the effective potential 9;Veg (tadpoles). While for the case of
vanishing mixing, we only need to consider one tadpole (the one for the non-vanishing field),
which is then integrated to obtain the effective potential, an ambiguity arises in the case of
non-vanishing mixing since in general VergPD’l # Ve};rfPDQ (with VeEPD’i = [d; Ve, )M

A reasonable solution would be to replace the derivative with a gradient Ve’ﬁ — Jv‘/eff
and the integral over ¢ with a line integral to the position in field space (¢7, ¢3) where we
intend to evaluate the potential [ d¢ — [, d5. We therefore propose the following multi-field
generalization

o~ oo

ms ) (Ms,©) (5.20)

where VVeg = ¢ %‘q/ff + ¢ %‘(;ef and the curve C connects the origin to (¢7,¢3). As a
consequence of Green’s theorem and the fact that the curl of a gradient is zero, the exact form
of C does not matter. For simplicity, we choose C to be a straight line, which we parameterize

as 5(t) = (¢it, ¢5t) with t € [0,1]. The expression for the effective potential becomes

VTPD — /1 dt ¢* 0 e(f%)
eff 0 1 8¢1

, (5.21)

2
(67 £, 63 1) 0b2 N (411,45 t)) ‘( M1020)

where the unresummed effective potential appearing on the right-hand side is Ve(ﬁl) =W+
Visloop, With Vg in eq. (5.1) and Vigep in eq. (5.7).
In the high-temperature expansion, the first derivative with respect to ¢y is

OVes A12
- = — ui1 + Mot + S
01 high-T' 2
(5.22)
n T2 Tm, Lm%r dmi T2 Tm_ Lm?%\ dm?
24 8 3272 ) do 24 8 3272 ) dpy
where )
d
;Zi = [6A18in 0 + A1a cos? 0] én = Ara sin 2065 (5.23)
1
HV;EPDJ correctly captures the ¢i-dependent part of the effective potential but not the ¢2-dependent

TPD,2
Verr

part. In contrast, correctly captures the ¢2-dependent part of the effective potential but not the

¢1-dependent part.
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Figure 10. Thermal masses of ¢; and ¢o in the two-field ¢? theory as a function of the temperature
calculated by solving the gap equations (solid) and the high-temperature expansion (dashed).

A similar expression holds for OV,g/0¢p with 1 <+ 2. Next we should replace any instances of
m?2 and 6 with the thermal quantities M2 and ©. Finally, we evaluate at (¢t, ¢5t), multiply
by ¢7 5 respectively, take the sum, and integrate over 0 < ¢ < 1, in accordance with eq. (5.21).

Due to neglecting the momentum dependence of the self-energy insertions (see sec-
tion 3.5.2), partial dressing fails to correctly reproduce two-loop sunset diagrams since it can
not account for the case of overlapping loop momenta. While for the non-mixing case, one
can easily correct for this by multiplying the Zs-contribution to the gap equations by a factor
2/3, the correction is more subtle in the case of mixing scalar fields. We discuss this in detail
in appendix C. As already known for the non-mixing case in the literature, we also find this

correction to be numerically of minor importance for the case of mixing scalars.

5.3 Numerical comparison

For our numerical comparison, we choose the following parameter point (closely following
the parameter point chosen in section 3.6):

M=X=1/3, \Ma=2, p?=—-4TeV? p3=—-1TeV?. (5.24)

These parameters are chosen so that both fields can develop a non-zero vacuum expecta-
tion value.

Thermal masses. We start by investigating the thermal masses as a function of the
temperature (see figure 10) for ¢1 = ¢ = 1 TeV. While for low temperatures, the solutions
of the gap equation agree well with the thermal masses in the high-temperature masses, a
sizeable difference arises for temperatures close to the zero-temperature masses (7' ~ 5 TeV).
For larger temperatures, the differences shrink again even though a visible difference remains.
This behaviour is very similar to the results obtained in the EWSNR toy model (see section 4).
figure 10 again shows that ;2 are well below confirming the reliability of the partial
dressing approximation.
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Figure 11. Real part of the effective potential in the two-field ¢* theory with mixing as a function of
¢ for different values of ¢5. The temperature is chosen to be 2 TeV (upper left), 5 GeV (upper right),
and 10 GeV (bottom). Three different resummation methods are compared: partial dressing (solid),
Arnold-Espinosa (dashed), and Parwani (dotted). The imaginary parts of the effective potential are
negligible compared to the real part.

Potential. Next, we investigate the real part of the effective potential itself in figure 11.
For low temperatures (see upper left panel), partial dressing and Arnold-Espinosa/Parwani
resummation yield very similar results regardless of the values for ¢; and ¢5. This is
expected since for low temperatures, the difference in the thermal masses and also the thermal
corrections to the effective potential are small. For higher temperatures comparable to the
zero-temperature masses of ¢ and ¢g, visible differences between Arnold-Espinosa/Parwani
resummation and partial dressing arise. In this regime, the high-temperature expansion for
the calculation of the thermal masses is not a good approximation (see discussion above).
Moreover, partial dressing includes the resummation of subleading thermal corrections, which
give a sizeable contribution at the considered parameter point. This is evident from the fact
that the two different Parwani and Arnold-Espinosa resummation show visible differences
indicating the importance of subleading thermal corrections. For even larger temperatures
(see bottom panel), the differences between the various resummation methods are further
increased. While the thermal masses are in slightly better agreement, the subleading thermal
corrections have a bigger impact resulting in an overall larger difference between the three

resummation methods.
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We finally note again that partial dressing fails to correctly reproduce two-loop sunset
contributions. As investigated in detail in appendix C, the numerical impact of this effect is
significantly smaller than the difference between partial dressing and Arnold-Espinosa/Parwani
resumimation.

6 Conclusions

Accurate predictions for phase transitions are very important for the investigation of a wide
range of physics phenomena. This necessitates a precise calculation of the effective potential
at finite temperatures implying the need to resum large thermal corrections.

In the present work, we reviewed various resummation methods focusing on partial
dressing as well as Arnold-Espinosa and Parwani resummation. Using a scalar toy model, we
discussed at the one- and two-loop level that partial dressing is advantageous since it does
not rely on the high-temperature expansion and also resums subleading thermal corrections.

As the next, we investigated EWSNR, for which large thermal corrections are expected,
implying the need to include subleading corrections. While these are automatically included
if using partial dressing, higher-loop corrections have to be explicitly calculated if using
Arnold-Espinosa or Parwani resummation. We, moreover, demonstrated that the inclusion
of two-loop corrections in the Arnold-Espinosa or Parwani approaches leads to unphysical
kinks in the prediction for the effective potential. These kinks originate from the occurrence
of large imaginary contributions to the effective potential caused by negative mass squares.
While these contributions largely cancel in the partial dressing approach, the cancellation is
incomplete in the Arnold-Espinosa or Parwani resummation approaches due to the inherent
high-temperature expansion in parts of the calculation.

The discussion of EWSNR concentrates on the case in which only one of the fields takes
a non-zero value thereby implying the absence of mixing between the scalar fields. In the
next step, we focused on the case of mixing scalar fields and showed how to promote the gap
equation to a matrix equation and how to perform a path integration in the multi-dimensional
field space. This allowed us to consistently implement partial dressing even for mixing fields,
largely extending the applicability of this technique to a broader class of problems. Of special
interest are many BSM extensions of the SM Higgs sector which are relevant for electroweak
baryogenesis and the production of gravitational wave signals.
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A Thermal loop functions

In this appendix, we collect the various thermal loop functions used in this paper. We
start with the bosonic thermal loop function appearing in the one-loop effective potential,
which is given by

Je(y?) = /OOO dz z?In (1 - e_\/m> : (A1)

In the limits of small and large argument, this admits expansions

4 2
U A SO S I PR O 6
oy < 1) = — =+ 5° = oo = g5u'log(v¥/a) + OW°). (A2)
1
ey’ > 1)~ =) ?y2K2(yn), (A.3)
n=1

where ag = 1672e3/2-278 and K5 is the modified Bessel function of the second kind.
In addition to the J integral, we also need the one-loop vacuum integrals with up to
three vertices. The one-vertex integral is defined by

T[m] = Ta[m] = i m . (A.4)
K

Its high-temperature expansion is given by

1 1 Lr o C¢(3) m*

m A
M o8t T2 (A-5)

Note that we have included the O(T?) constant as well as kept terms up to O(1/7?), since
these lead to field-dependent contributions in Vfloop ~ I[m]? of O(T"). There are also terms
O(1/e) and O(e) in this expansion, which we omit for simplicity but which will nevertheless
give a finite contribution to V{_‘loop ~ Z[m]?. See ref. [43] for the complete expression. We
also introduce the high-temperature expansion of the Arnold-Espinosa resummed Z-function,

1 Lr 5, C(3) m!

1 .
T ~ T2 —MT — —
apm] ~ A 1672 " 1ognd T2

(A.6)

The vacuum integral with two propagators is defined via

1 1
IQ[mlamQ] = i K2 + m% K2 + m% : (A7>
K

If both masses are different, we can write Zy in terms of Z integrals

Tylma,ma] = w . (A.3)

The high-temperature expansion follows immediately,

T

1
Bl e s



We define the three-propagator vacuum integral via

1 1 1
I3[m11m27m3] = I K2 +m2 KZ _|_m2 K2+m2 ’
7 1 2 3

(A.10)

If all masses (or a subset) are different, we can write it in terms of Z and Z, functions

Tylma, ma, ms] = Zimi] B Z[my]
Y (mi —m3)(mi —m3)  (m§—m3)(m3 —m3)
Zms]
I m)my—md)” (A1)
TI3[my, my, ma] = — 2[ ]2 + QI[mZ]Q _ Zelma,my] . (A.12)

(mf m2)2 (my — m2)2 m% - m%

In addition to the one-loop integrals, also the two-loop bosonic sunset diagram appears. For

three arbitrary masses — my, meo, mg —, it is defined by
1
H[ml,mg,mg] = II . (A.13)
F L (P ) (@ + ) (P + QP+ )

The high-temperature expansion of the bosonic sunset is rather involved and has been
evaluated in [67],

Hmy, ma, m3] =~ 1 [ln( KR ) + 1]

1672 m1 + mg + ms 2

Z m1<ln<4 2>—|—LR+2>
1=1,2,3

72 3
Lp—27% —4 — 4=
2567r [%P)m( TLR— It g

with v >~ —0.0728 the first Stieltjes constant.
We also need the bosonic sunset integral with one additional propagator, which we
denote by H,

Hlmi, ma, mz, my] = XI PP+ m2) (P2 + )(Q2+m3)((P—i—Q) w3y (A.15)

If m1 # meo, it can be related to the normal sunset integral via

~ 1
H[mlam27m37m4] = 5 3 (H[m27m3am4] - H[m17m37m4]) (A16)
my —m3

(A.14)

+...,

For m1 = my, it can be derived by a derivative of the normal sunset integral

~ 0

H[ml,ml,mg,m4] = —77-[[m1,m3,m4] A.17
om? ( )

The high-temperature expansion of H is then given by

_ T2 1 mi + ms + my

H ’ ) ) = 1 -y A.18
[m1, ma, m3, my) 1672 m? — 3 (m2 e & m4> ( )

- T2 1 1

’H[ml, mi,ms, m4] = (A.19)

3272 milml +m3 + my
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B Three-loop cross-check of partial dressing with mixing fields

In this appendix, we explicitly cross-check up to the three-loop level that partial dressing
correctly takes into account all self-energy-like loop insertions in the presence of mixing
(i.e., daisy-chain corrections).

To better separate the loop corrections from tree-level mixing, we work in a special
basis. First, we expand the fields around the point (qgl, Qgg) at which we want to evaluate
the effective potential,

¢ = bi + i (B.1)

where ¢; are the new dynamical degrees of freedom, which are eventually set to zero. We
then rotate to tree-level mass eigenstates,

d1 h1
The resulting potential has the form
1 9 1 2
V(hl, hg) = Emlhl + §m2h2
1 3 1 2 1 9 1 3
+ 6A111h1 + §A112h1h2 + §A122h1h2 + 6A222h2
1
24
+ 6)\1222h1h2 + ﬂ)‘2222h2 , (B.3)

1 1
+ —A1hf + 6)\1112h:{’h2 + Z)\1122h%h%

where the parameters A;j; and A are given in terms of the original parameters Ay 122,
(ggl, ggg), and the mixing angle a.. Even though no tree-level mixing exists in this basis, mixing
is reintroduced at the loop level via self-energy corrections.

B.1 Feynman-diagrammatic approach

Working in the tree-level mass eigenstate basis, we can calculate the daisy-chain-like loop
corrections to the h; tadpoles explicitly using a Feynman-diagrammatic (FD) approach.
They are given by

1
iy = 5 [AnZ(m) + Arz2Z(m2)] (B.4)
at the one-loop order,
1
TF(2) Y [Alllzgll)-z?(mlaml) + A1222§12)I2(m2,m2) + 2A112E§12)I2(m1, mg):| (B.5)

at the two-loop order (see upper row of figure 12), and by

1 2
TF(:Q = 2{14111 [Zgi)IQ(mhmﬂ + (2511)) T3(my,m1,my)

2
+ (E%)) Ig(ml, mi, mg)]
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Figure 12. Daisy-chain-like self-energy corrections to the hy tadpole. One self energy is inserted in
the upper row; two, in the lower row.

2
+ A2 {2522)12(7712, ma) + (2212)) Z3(mg, ma, mg)
2
+ (2512)) Zs(ma, ma, mz)}
+2A112 [2(122)12(7711, ma) + Eﬁ)Z%)Ig(ml, mi, ma)

+ Eglz)zglg)z?)(mla m2, m2)] } (B.6)

at the three-loop order (see upper and lower row of figure 12). Here, we neglected the

momentum dependence of the (renormalized) self energies, >

Sij = i (p* = 0). (B.7)
The superscripts are used to denote the loop order of the respective self-energy.

B.2 Partial dressing

For partial dressing, the first step is to determine the loop-corrected masses M 2 and the
mixing angle S relating the loop-corrected mass eigenstates (called Hj 2 in the following) to
the tree-level mass eigenstates hi 2. These can be obtained by solving the gap equations,

1
My =3 (mf ~ S11 +md — Sy F \/(md — Sy —m + $m)? + 42?2) ,  (BS)
S2a0 =
\/(m% — Y11 — m3 + 99)2 + 4319

(B.9)

128ee discussion in appendix C.
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where here we again neglect the momentum dependence of the (renormalized) self energies,
Zij = Zi(p° =0). (B.10)

Furthermore, we also do not take the intrinsic dependence of the self energies on the masses
and the mixing angle into account. This dependence generates super-daisy contributions,
which we do not consider in the discussion here.

The one-loop tadpole diagrams with inserted loop-corrected mass and mixing angle
are then given by

1
TED = 5 Py TV + Ay, (M) = (BA1)
1
= 5( 2 A111 + s2a A1z + 5 A122)I(My)
1
+ 5(03/4122 — S2aA112 + 52 A111)Z(M>) . (B.12)

In the last step, we rewrote the trilinear (hi, H;, H;) couplings in terms of the original
A;ji, couplings.
Expanding the expressions for the loop-corrected masses and mixing angle (see eqs. (B.8)

and (B.9) up to the two-loop level, we obtain,

1) @ (2%2
M2=m2_xW _w@ A7/ B.13
1 =my— 2 11+m%_m%+ ; (B.13)
1)) 2
El?)
M2 =m2—xl) _»@ (7 B.14
9 =My — 29 22+m%_m%+ ; ( )
1 1 1
2512) 2522) 252) 222) - Egl))
o= m2 —m2 " m2 — m2 (m2 — m3)? (B.15)
2 1 2 1 1 2

Since there is no mixing at the tree level, the mixing angle « is zero at the tree level.

Inserting these loop expansions into eq. (B.11), we recover egs. (B.4)—(B.6) after applying
the recursion relations in eqs. (A.8) and (A.11). This explicitly confirms that self-energy
insertions are correctly resumed up to the three-loop level. This cross-check can easily be
extended to higher-loop order.

C Partial dressing and overlapping momenta

As already noted in [48, 49], partial dressing miscounts two-loop sunset diagrams. For N
non-mixing scalar fields, this type of diagram is proportional to A3¢? N %22 and miscounted
by a factor 3/2.

The reason for this miscounting is that partial dressing ignores the momentum dependence
of the self-energy insertions. While there is no momentum dependence for diagrams involving
quartic scalar couplings, this is not true for diagrams with triple scalar couplings forming a
sunset diagram. For this type of diagram, the momenta of the loop integrals overlap resulting
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Figure 13. sunset corrections to the h; tadpole.

in the miscounting. In the non-mixing case, this miscounting can be fixed easily by inserting
a factor of 2/3 into the solution of the gap equation,

1 3 3
M?2 =m?+ “\T?% — = \TM —
mety Ar 1672

9 T 9
AM?L —¢ EA%?M + @)\%2 +..., (C1)

where ( = 2/3.

In the presence of mixing scalar fields, this fix is slightly more complicated. The general
sunset contribution to the h; tadpole (see figure 13) is given by (working again in the
tree-level mass eigenstate basis)

2 1 ~ ~
TIS“D),sunset = 1A111 [A%H,H(mlv my, mi, my) + A%zﬂ"(ml, my, ma,ma)

+ 243, H(ma, ma, ma, mz)}
1 ~ .
+ ZAHQ {Aémﬂ(mz, my, my, my) + A2, H (ma, ma, my, my)
+ 242, H (ma, ma, my, m2)}

1 _ _
+ §A112 {A111A112’H(m1, ma, mi,my) + A122AgoaH(my, ma, ma, m2)

~ high-T
+ 24112 A120H (M, ma, my, m2)} &
114, 7T 1 T? T2
~ ——|= 4 A AL, ———— 4 A A ———
4872 [6 Hlm% + 2 1 122m1(m1 + 2my) +A 112m1(2m1 + mg)
1 T2 1 T2
Z A0 A2y + — Ay At —
+ 6 12242222 m% + 2 12245112 MQ(le + m2)
T2 T2 3m

+ Ay

— 42411 A% |
ma(my + 2ms) + 24 m?2 —m3 . 2m1 + ma
T2 2m1 + mo
4A2,A 1
A m? — m3 . m1 + 2mg

T2 m1 + 2m
+2A112A120 A2y —5—— In — 2l (C.2)
my —ms 3ma

Using partial dressing, this contribution is generated by one self-energy insertion into the
one-loop tadpole (see upper row of figure 12). More specifically, it is generated by the Z
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contributions to the self-energies.'® Since the momentum dependence of the self-energy
insertions is neglected, the sunset-type contribution is given by

Tr%),sunset = ; {A111I2(m1, m1) 11 + A122Ta(ma, ma) Yoz + 2A112T2 (M1, m2) Y12 % ontr
= %Am [A%H(IZ(mh m1))? + Al To(m1, m1)To(ma, mo)
+ 242 ,To(my, my) o (ma, mg)]
+ iAm |:A%22(Ig(m2, m2))? + At To(ma, m2)To(ma, mi)
+ 2A2,,T5(myg, mo)Ty(ma, mg)}
+ %AHQ {A111A11212(m1, ma)Zs(mq,my)
+ A122A202T2 (M1, ma)La(ma, m2)
+ 2A112A122T2(m1, m2) Ia(my, m2)} et
~ 48% [411 ?11:% + iAlllA%m m?;Q + AlllA%mn%l(mz;imQ)
+ iA122A%22ng + 314%214122 m?jlz + A?zzm
+ A1 Ad, ml(mjgi ) + A112A122A222m2(mz;:m2)
+ 414%1214122(77%1:mz)2 (C.3)

It is clear that only for those contributions for which all internal masses are equal, the
correction factor 2/3 is valid. For the general case with multiple masses, each contribution
has to be adjusted individually. One possibility to achieve this is to replace the Zy loop
functions in the self-energies by ratios of H and T functions. For example, we can replace

1
U conte =5 [A%11I2(m1, my) + A20,T5(mg, my) + 242, Tr(my, mz)} (C.4)

b

1
Zo-contr. N 222(m1,m1)

Y11

{A%nﬁ(ml, my,m1,my) + AlprH(mi, mi, mo, mo)
+ 247, H(ma, my, my, mo) | (C.5)

The analogous replacements have to be done for Y19 and Yos.
We investigate the numerical impact of this correction in figure 14. Choosing the same
benchmark point as in section 5.3, we compare the partial dressing result with (dashed) and

13The Z contributions generate the daisy-chain-like corrections (see discussion above).
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Figure 14. Same as figure 11 but the partial dressing results without (solid) and with corrected
sunset diagrams (dashed) are shown.

without (solid) correcting the sunset contribution. We find the difference between the two
results to be comparably smaller (i.e., significantly smaller than the difference between partial
dressing and Arnold-Espinosa/Parwani resummation). For low temperatures and low field
values, the difference is hardly visible, while for higher temperatures and field values a small
difference occurs. Correcting the sunset contributions shifts the effective potential upwards
slightly reducing the difference to Arnold-Espinosa/Parwani resummation (see figure 11).
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