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Abstract: The recently introduced concept of timelike entanglement entropy has sparked
a lot of interest. Unlike the traditional spacelike entanglement entropy, timelike entanglement
entropy involves tracing over a timelike subsystem. In this work, we propose an extension
of timelike entanglement entropy to Euclidean space (“temporal entanglement entropy"), and
relate it to the renormalization group (RG) flow. Specifically, we show that tracing over a
period of Euclidean time corresponds to coarse-graining the system and can be connected to
momentum space entanglement. We employ Holography, a framework naturally embedding
RG flow, to illustrate our proposal. Within cutoff holography, we establish a direct link
between the UV cutoff and the smallest resolvable time interval within the effective theory
through the irrelevant T T̄ deformation. Increasing the UV cutoff results in an enhanced
capability to resolve finer time intervals, while reducing it has the opposite effect. Moreover,
we show that tracing over a larger Euclidean time interval is formally equivalent to integrating
out more UV degrees of freedom (or lowering the temperature). As an application, we point
out that the temporal entanglement entropy can detect the critical Lifshitz exponent z in
non-relativistic theories which is not accessible from spatial entanglement at zero temperature
and density.

ar
X

iv
:2

31
2.

08
53

4v
2 

 [
he

p-
th

] 
 1

 M
ay

 2
02

4

mailto:sebastian.grieninger@stonybrook.edu
mailto:kazuki.ikeda@stonybrook.edu
mailto:dmitri.kharzeev@stonybrook.edu


Contents

1 Introduction 1

2 T T̄ deformations 3
2.1 T T̄ Deformations in 2d Field Theory 3
2.2 T T̄ Deformations in Holography 4

3 Temporal Entanglement Entropy and RG flow 5

4 Finite temperature 7

5 The nonrelativistic case 10

6 Conclusions 12

A Different radial slicing 13

B Relationship between BTZ and thermal AdS 14

C Entanglement Entropy for spacelike cut 15

1 Introduction

Recently, the authors of [1] introduced a new complex-valued measure of information – timelike
entanglement entropy (EE) – which attracted a lot of interest [2–32]. To compute a timelike
EE, one traces over a timelike subsystem instead of a space-like one. In this work, we suggest
to extend the timelike entanglement entropy to Euclidean space, and interpret the resulting
“temporal EE" in terms of the renormalization group (RG) flow. In particular, tracing over
Euclidean time corresponds to coarse-graining the system and is thus related to momentum
space entanglement entropy which was introduced and studied in [33, 34]. In holography, the
concept of RG flow is naturally embedded since the additional bulk dimension is related to
the energy scale of the boundary quantum field theory [35–38]. Moreover, it is straightforward
to compute entanglement entropy in holography using the Ryu-Takayanagi formula [39–41].
Therefore, holography is the ideal framework to illustrate our proposal.

Consider global Euclidean AdS3 in global coordinates

ds2 = L2(dη2 + cosh(η)2 dτ2 + sinh(η)2 dϕ2). (1.1)
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We can introduce a new radial coordinate θ ∈ [0, π/2] by tan(θ) = sinh(η)

ds2 =
L2

cos(θ)2
(dη2 + dτ2 + sin(θ)2 dϕ2). (1.2)

Since we restrict θ ∈ [0, π/2] the metric covers only half of R × S2. If we approach the
conformal boundary as η = π/2− ε e−τ with ϵ→ 0, we find the effective boundary metric [42]

ds2∂AdS3
→ e2τ (dτ2 + dϕ2) → dρ2 + ρ2dϕ2. (1.3)

In the last step we introduced ρ = eτ . The origin of the Euclidean plane, ρ = 0, maps to the
infinite past of Euclidean AdS at τ = −∞ and ρ = ∞ describes the infinite future. Figure 1
illustrates this mapping relating the AdS cylinder in global coordinates and the CFT in radial
quantization. In this context, the time translation operator in the AdS bulk corresponds to
the dilatation operator in the CFT, linking energies in AdS to dimensions in the CFT.

This is particularly interesting in view of the surface/state correspondence [43–45]. As
outlined in [46], we can describe excitations in the field theory at (t = 0, ϕ) by inserting
primary operators at (τ0, ϕ), (−τ0, ϕ). The bulk position η is determined by considering the
intersection of the geodesic (in Euclidean time) with the plane at τ = 0.

Furthermore, we can expand upon this concept to encompass states ψO(τ) that result
from inserting an operator O(τ) at τ → −∞ [42]. Placing an operator at the origin (ρ = 0,
or τ → −∞) within the CFT delineates a particular AdS/CFT state. When interpreted
within holography, this configuration establishes an initial state in the remote past, evolving
into ψO(τ) at a finite moment in Euclidean time. It is important to recognize that eτ ∼ |ρ|,
implying that the global coordinate time corresponds to the logarithm of the radius of a circle
centered at the origin within the CFT.

Both examples illustrate the deep connection between Euclidean time and RG flow for
conformal theories. In this manuscript, we suggest that the concept of temporal entanglement
entropy corresponds to coarse-graining in field theory. If we trace over late Euclidean times,
we lose fine-resolution information about the state.

In this work, we present a geometric version of the RG flow triggered by the T T̄ operator
(T is the energy-momentum tensor) in two-dimensional conformal field theories at large central
charge. The T T̄ deformation has received a lot interest since it is an exactly solvable irrelevant
deformation that is well-defined up to arbitrary scales [47–49]. We utilize cutoff holography
[50] which is the holographic realization of the T T̄ deformation (in the absence of matter) to
derive a connection between the smallest (Euclidean) time interval that we can resolve and
the RG scale. The T T̄ deformation is moving the boundary theory into the bulk. The outcome
is that the effective theory resulting from the deformation will possess a cutoff scale which
roughly corresponds to the cutoff radius within the bulk [51].

In the context of quantum field theory, the concept of timelike entanglement entropy can
be related to the usual notion of spacelike entanglement entropy by a Wick rotation, that
changes a spacelike boundary subregion into a timelike one. The authors of [1] established
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Figure 1. Relation of AdS cylinder in global coordinates and CFT in radial quantization. Time
translations in the bulk correspond to dilations in CFT linking energies in AdS to dimensions in CFT.
Figure adapted from [42]. The long dash dotted lines in the left plot correspond to the cutoff geometry
which is dual to a T T̄ deformation of the field theory.

a precise definition of timelike entanglement entropy in 2d field theories and demonstrated
agreement with the a computation via the replica trick.

The authors posit that timelike entanglement entropy should be correctly interpreted as
“pseudo entropy” [2], which corresponds to the von Neumann entropy of a reduced transition
matrix. In the context of holographic systems, they define timelike entanglement entropy
as the total complex-valued area of a specific stationary combination of both spacelike and
timelike extremal surfaces, provided these surfaces are homologous to the boundary region.

2 T T̄ deformations

Irrelevant deformations within Quantum Field Theories (QFTs) are still poorly understood
partly because the UV fixed point may not be well-defined. For this particular reason, the
irrelevant T T̄ deformation gained a lot of attention [47–49]: unlike generic irrelevant defor-
mations, the T T̄ deformation is exactly solvable.

2.1 T T̄ Deformations in 2d Field Theory

In this subsection, we give a brief summary of T T̄ deformations in 2 dimensional field theory.
For a more detailed introduction we refer the reader to [52, 53] and references therein.

We can deform a seed conformal field theory by the irrelevant deformation det
(
T
(t)
µν

)
:

SQFT = SCFT + 2πµ

∫
d2x

√
γ T T̄ , (2.1)

where the resulting stress tensor of the deformed theory is no longer traceless and T T̄ =
1
8

(
TµνTµν − (Tµ

µ )2
)

in d = 2; γ is the metric. The composite T T̄ operator has dimension 4.
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If we have a single mass scale λ in the theory, then we can re-write the deformation on the
level of the action, i.e. dS/dµ =

∫
d2xT T̄ as defined in eq. (2.1) (using λ = 1/

√
µ)

λ
dSQFT

dλ
=

∫
d2x

√
γ Tµ

µ . (2.2)

Eq. (2.2) shows that we can re-cast the T T̄ deformation in form of a trace-flow equation which
[50] used to write down an expression for the T T̄ deformation in the language of holography.

2.2 T T̄ Deformations in Holography

McGough, Mezei, and Verlinde [50] proposed that the holographic dual of the T T̄ deformation
corresponds to cutting off the space of the gravity theory at a finite radial position. If we
consider AdS3 in a radial slicing like

ds2 = dη2 + gµν(η, x) dx
µ dxν , with η < ηc, (2.3)

the condition η < ηc implements this restriction [54–58].
Due to the finite radial cutoff, the Conformal Field Theory (CFT) is no longer located at

η = ∞ as usual but rather at a finite radial distance η = ηc. Depending on the slicing of AdS,
the field theory may thus live on a curved space instead of the flat boundary. The central
charge c is related to the deformation parameter µ by [59]:

c =
3L

2GN
, µ = 16πGNL, (2.4)

where L is the curvature radius of the AdS space, and GN is the Newton constant of the
gravity theory. In this work, we assume that the central charge c is large and use the weak
form of the AdS/CFT correspondence.

The renormalized Einstein-Hilbert action in AdS3 is given by

S = − 1

16πGN

∫
M
d3x

√
g

(
R− 2

L2

)
− 1

8πGN

∫
∂M

d2x
√
γ

(
K − 1

L

)
, (2.5)

where gmn is the 3-dimensional metric of AdS, γµν is the 2-dimensional metric on the cutoff
slice and K is extrinsic curvature. The corresponding renormalized holographic stress tensor
reads [60]

Tµν =
1

8πGN

(
Kµν −K γµν +

γµν
L

)
. (2.6)

We can derive the flow equation by considering the trace of the radial Einstein equation which
in d = 2 is given by

Gη
η =

1

2

(
K2 −KµνKµν

)
− 1

L2
− R̃ = 0, (2.7)

where we denote the Ricci scalar on the curved cutoff slice η = ηc by R̃. We can obtain an
explicit expression for the T T̄ operator by evaluating T T̄ = (TµνTµν − (Tµ

µ )2) for the energy-
momentum tensor (2.6). We can eliminate the extrinsic curvature K from the expression by
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solving the radial Einstein equation (2.7) for K and plugging it into the energy-momentum
tensor (2.6). With this, the holographic expression for the trace flow equation of the deformed
energy-momentum tensor simplifies to

Tµ
µ = − L

16πGN
R̃− 4πGNL (TµνTµν − (Tµ

µ )
2) = − c

24π
R̃− µ

4
T T̄ . (2.8)

For the case of finite temperature, see for example [61].
In general, the T T̄ deformation should be implemented by a double trace deformation on

the original conformal boundary (since the theory is UV complete) [51]. However, in [51] it
was shown that in the absence of matter and for the specific sign of the T T̄ deformation that
we are using the double trace deformation is equivalent to considering cutoff holography.

3 Temporal Entanglement Entropy and RG flow

In this work, we restrict ourselves to d = 2+1 dimensions of the gravity theory corresponding
to two-dimensional field theory. The generalization to higher dimensions is straightforward.
We consider global AdS3

ds2 = L2(dη2+cosh(η)2(− cosh(r)2dt2+dr2)) = L2(dη2− cosh(η)2 dt2+sinh(η)2 dϕ2) (3.1)

at a fixed spatial position ϕ = 0. In this coordinate system the conformal boundary is located
at η = ∞. For spacelike geodesics the induced metric on the worldline is given by

ds2ind = L2(1− cosh(η)2 t′(η)2) dη2 = L2(1 + cosh(η)2 τ ′(η)2) dη2, (3.2)

where we performed a Wick rotation to Euclidean time τ = it in the last step. In Euclidean
signature, we have to minimize the area functional

A = L

∫
dη

√
1 + cosh(η)2 τ ′(η)2. (3.3)

The associated equations of motion are given by

L
τ ′(η) cosh(η)2√
1 + cosh(η)2τ ′(η)2

= c1 (3.4)

with solution

τ(η) = c2 ± arctanh

 c1/L sinh(η)√
1 + c21/L

2 + sinh(η)2

 . (3.5)

The two constants are determined by imposing that the geodesic vanishes at the turning
point η⋆ with infinite derivative, i.e. τ(η⋆) = 0 and τ ′(η⋆) = ∞. Imposing the two boundary
conditions, we find c2 = ∓iπ/2 and c1 = cosh(η⋆) and the solution reads

τ(η) = ± arctanh

 cosh(η⋆) sinh(η)√
cosh(η)2 − cosh(η⋆)

2

± iπ

2
. (3.6)
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Figure 2. Minimal surfaces (3.6) as a function of the radial coordinate η for different turning points
in the bulk. To probe larger time intervals T0 we require information from deeper in the bulk (the
IR), i.e. the turning point moves so smaller η. Moving the cutoff into the bulk results into losing the
minimal surfaces that resolved the smallest time intervals in the original theory.

Note that the entangling surfaces are real since the argument of the hyperbolic arctangent is
larger than 1 and we could use the identity arctanh(x) = ±πi/2 + 1/2 log

(
(x+ 1)/(x− 1)

)
(valid for x ∈ (−∞,−1) ∪ (1,∞)) to re-write the expression.

The turning point is related to the length of the time interval at the boundary by
T0 = τ+(∞) − τ−(∞) = 2 log

(
coth

(
η⋆/2

))
. We illustrate the solutions (3.6) for various

time intervals T0 in figure 2.
Evaluating the area functional (3.3) on the solution (3.5), we find

A = 2L

∫ ηc

0
dη

√
cosh(2η) + 1

cosh(2η)− cosh(2η⋆)
= 2L arctanh

( √
2 sinh(ηc)√

cosh(2ηc)− cosh(2η⋆)

)
+ iπ L.

(3.7)

The area is real since the argument of the inverse hyperbolic tangent is larger than 1. We can
make this more explicit by using that the inverse hyperbolic tangent satisfies arctanh(x) =

±πi/2 + 1/2 log
(
(x+ 1)/(x− 1)

)
for x ∈ (−∞,−1) ∪ (1,∞). This yields

A = L log

−

√
cosh(ηc)

2 − cosh(η⋆)
2 + sinh(ηc)√

cosh(ηc)
2 − cosh(η⋆)

2 − sinh(ηc)


= L log

R+
√
L2 +R2 − L2 coth

(
T0/2

)2
R−

√
L2 +R2 − L2 coth

(
T0/2

)2
 , (3.8)

where we introduced R = L sinh(ηc). For the sake of completeness, the entanglement entropy
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follows from the area:

SEE =
1

6
c log

R+
√

cµ
12π−12π cosh(T0)

+R2

R−
√

cµ
12π−12π cosh(T0)

+R2

 , (3.9)

since L =
√
cµ/(24π) and c = 3L/(2GN ). The expression for the entanglement entropy (3.9)

has a beautiful symmetry. Introducing δT0 = (cosh(T0)− 1), we can re-write eq. (3.9) as

SEE =
c

6
log

24πR2
eff

cµ

(√
1− cµ

12πR2
eff

+ 1

)
− 1

, (3.10)

where we also introduced R2
eff = δT0R

2. We can compensate a larger Euclidean time interval
T0 by making R smaller, i.e. moving the cutoff surface into the bulk. This symmetry is similar
to what we discovered in our previous work [57].

The condition 0 < η⋆ < ηc imposes 0 < 2 arccoth(eT0/2) < ηc or in other words T0 >
2 log

(
coth

(ηc
2

))
= 2 log

(
(
√
L2 +R2 + L)/R

)
. This means that making R smaller puts a

lower limit on the timescale we can resolve. Moreover, in the limit R → ∞ (i.e. sending
ηc → ∞) the interval behaves as T0 > 2L

R + O(1/R2). Using L =
√
cµ/(24π), we find

T0R >
√
cµ/(6π) +O(1/R2).

For the sake of completeness, we repeated the calculation of this section in a fully radial
slicing with metric ds2 = dη2 + L2 sinh(η)2(dτ2 + dϕ2) in appendix A. This leads to similar
results.

As a final remark, the expression for undeformed AdS3 (no T T̄ deformation) simply follows
by expanding eq. (3.10) for large R = L sinh(ηc):

SEE =
c

3
log

(√
δT0R

L

)
=
c

3
log

(
Reff

L

)
, (3.11)

where we re-instated L =
√
cµ/(24π). Note that δT0 = (cosh(T0) − 1) and thus

√
T0 =√

cosh(T0)− 1 =
√
2 sinh

(
T0/2

)
. Remarkably, this looks like the entanglement entropy of

a CFT at finite temperature. This confirms our conjecture that integrating over an inter-
val in Euclidean time corresponds to a coarse-grained theory, which in the conformal limit
corresponds to a finite-temperature CFT.

4 Finite temperature

Let us now briefly discuss the case of finite temperature, i.e. compactified Euclidean time
direction. There are two cases we can consider [62]. On the one hand, we can realize ther-
mal effects by thermal AdS, which is the global AdS spacetime of the previous section with
compactified time direction i.e.

ds2 =

(
1 +

η2

L2

)
dτ2 +

(
1 +

η2

L2

)−1

dη2 + η2dΩ2
d−1. (4.1)
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In this case, the temperature is given by the inverse of the compactified Euclidean time
direction.

On the other hand, we can also consider a second spacetime: the asymptotically AdS
Schwarzschild black hole described by the Euclidean metric

ds2 = f(η)dτ2 +
dη2

f(η)
+ η2dΩ2

d−1, f(η) = 1− µ

ηd−2
+
η2

L2
. (4.2)

Note that in d = 2, the metric of the AdS3 Schwarzschild black hole matches the metric of the
non-rotating BTZ black hole [63] with µ−1 ∼M . The temperature of the AdS Schwarzschild
black hole is given by

T =
(d− 2)L2 + dη2h

4πL2ηh
, (4.3)

where the horizon location ηh is given by the largest root of f(ηh) = 0. For AdS3, the
temperature is T = ηh

2L2π
=

√
−1+µ
2Lπ .

By computing the free energies it turns out that thermal AdS is preferred for T ≤ 1/(2πL)

(i.e. ηh ≤ L), while for T > 1/(2πL), the Schwarzschild black hole is the thermodynamically
favored solution, i.e. there is a phase transition at temperature T = d−1

2πL , the famous Hawking-
Page phase transition [64]. As we will see, the temporal entanglement entropy jumps at the
phase transition, when we are transitioning from one space-time to the other. Temporal
entanglement as an order parameter of the Hagedorn deconfinement transition was considered
in [65].

For simplicity we restrict ourselves to d = 2. Some related results in the context of
geometric entropy may be found in [65] (d = 4 case) and [66].

In the following, we will do both calculations (Schwarzschild and thermal AdS) at once.
We compute the entanglement entropy in the Schwarzschild metric and the results for thermal
AdS follow by setting µ = 0. The minimal surfaces can be derived by considering

L =

√
1

1− µ+ η2/L2
+ (1− µ+ η2/L2)τ ′(η)2. (4.4)

Since the time τ does not appear explicitly, we immediately find(
η2

L2 + 1− µ
)
τ ′(η)√

1
η2

L2+1−µ
+
(

η2

L2 + 1− µ
)
τ ′(η)2

= c1 (4.5)

and c1 =
√

η2⋆−(µ−1)L2

L since τ ′(η⋆) = ∞. Solving the equation of motion for τ(η) yields

τ(η) = c2 −

L arctanh

 r

L

√
− (µ−1)(η−η⋆)(η+η⋆)

η2⋆−(µ−1)L2


√
1− µ

, c2 =
Lπ

2
√
µ− 1

, (4.6)
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where the constant c2 is determined by the condition τ(η⋆) = 0. We can relate the turning
point to the interval traced on the boundary by inverting the relation

τ(∞) = − L√
µ−1

arctan

(
L
√

µ−1
η2⋆−(µ−1)L2

)
= T0/2. The entanglement entropy is proportional

to the area A of the minimal surface which can be computed by integrating (4.4) evaluated
for the minimal surface (4.6) from its turning point to the cutoff surface

A = 2

∫ ηc

η⋆

dηL = 2L arccoth

(
η⋆√
η2c − η2⋆

)
. (4.7)

Hence, the entanglement entropy is given by

SEE =
A

4GN
=



L
2GN

arccoth

 ηc√
η2c−(µ−1)L2 csc2

(√
µ−1T0
2L

)
 for µ > 1,

L
2GN

arccoth

 ηc√
η2c−L2 csch2

(
T0
2L

)
 for µ = 0.

(4.8)

Similarly to the last section, we observe a symmetry in the cutoff position ηc = R and the
size of the interval T0 and could introduce an effective radius Reff. However, in the finite
temperature case the symmetry is triple instead of a pair. We can write the µ > 1 case of the
entanglement entropy in eq. (4.10) as

SEE =
L

2GN
arccoth

(
1√

1− 4T 2π2L4 csc2 (πTT0) /R2

)
=

L

2GN
arccoth

 Reff√
R2

eff − 1

 ,

(4.9)
where Reff = ηc sin(πTT0)/(2πTL

2). This time we can compensate increasing T0 either by
lowering the temperature or decreasing cutoff scale (i.e. integrating out more UV degrees of
freedom).

At large cutoff, ε = 1/ηc → 0, we can extract the standard form of the entanglement
entropy to leading order in ε

SEE =
A

4GN
=


L

2GN
log
(
ηc sin(πTT0)

πL2T

)
for µ > 1,

L
2GN

log

(
2ηc sinh

(
T0
2L

)
L

)
for µ = 0.

(4.10)

An analogous calculation for the entanglement entropy of a spatial cut X0 yields (see appendix
C)

SEE =
A

4GN
=


L

2GN
log
(
ηc sinh(πTX0)

πL2T

)
for µ > 1,

L
2GN

log

(
2ηc sin

(
X0
2L

)
L

)
for µ = 0.

(4.11)
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Figure 3. Difference in entanglement entropy ∆SEE ≡ SEE(µ)− SEE(µ = 0) for a temporal interval
T0 = L/10 as given by (4.10) (blue) and a spatial interval X0 = L/10 as given by (4.11) (red, dashed).
The phase transition from thermal AdS to BTZ is indicated by the vertical green line. For simplicity,
we set GN = L/2 and ηc = 107L.

We visualize the result in eq. (4.10) and eq. (4.11) in figure 3. In both cases, we observe a
first order jump at the phase transition from thermal AdS to the BTZ geometry.

Note that setting ηc → ηc
2πLT + O(1/ηc) and X0 → 2πTT0 and T → (2Lπ)−1 maps the

finite temperature case for T0 (X0) to the thermal AdS case for the X0 (T0). Recall that for
µ = 0, the periodicity is τ → τ + 2πL (x→ x+ 2πL). For more details about this symmetry
see appendix B.

There is a second type of minimal surface that consists of three pieces. At τ = T0/2 it
reaches from the boundary to the horizon, then extends along the horizon η = ηh and goes
back to the boundary at τ = −T0/2. The area of this surface may be computed by summing
up the three contributions, i.e.

A2 = 2

∫ η∞

η⋆

dη

√
1

1− µ+ r2/L2
= 2L log

(√
η2c − 4π2L4T 2 + ηc

2π L2 T

)
, (4.12)

which is independent of T0. Note that the contribution along the horizon vanishes. To find
out which surface is preferred, we examine if their difference becomes positive

A−A2 > 0, (4.13)

which is never the case. This difference approaches zero when the sine reaches its peak i.e.
for T0 = 1/(2T ).

5 The nonrelativistic case

To conclude our discussion, we work out a simple example where temporal entanglement
entropy has access to information that cannot be obtained from spatial entanglement. In the
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following, we consider simple non-relativistic geometries at zero temperature described by the
metric [67–70]

ds2 = η2
de−1
d−1

(
η2z−2dτ2 +

dη2

η4
+ dx2

)
, de = d− θ, (5.1)

where z is the dynamical critical exponent and θ the hyperscaling violation exponent. The
metric reduces to AdSd+1 if we set (de, z) = (d, 1). We can find the extremal surfaces by
minimizing

L = ηde−3
√
η2z+2τ ′(η)2 + 1, (5.2)

which is notably independent of the number of spatial dimensions. Since the Lagrangian does
not explicitly depend on time, we immediately find

ηde+2z−1τ ′(η)√
η2z+2τ ′(η)2 + 1

= c1. (5.3)

The derivative τ ′(η) diverges at the turning point τ ′(η⋆) = ∞ and the constant is determined
by c1 = (η⋆)

de+z−2. Performing the η integration, the minimal surface is given by

τ(η) = c2 −
η−2de−4z+2ηde+z−2

⋆

√
η2(de+2z) − η2z+4η

2(de+z−2)
⋆

de + 2z − 2

× 2F1

(
1,

2de + 3z − 4

2(de + z − 2)
; 2− de − 2

2(de + z − 2)
;

(
η

η⋆

)−2(de+z−2)
)
.

The physically sensible ranges for the parameters (de, z) were worked out in [70] using the null
energy condition and positivity of the specific heat (for a summary of the ranges see eq. (1.8)
in [71]. Note that d is shifted by one since we consider the bulk to be d+1 dimensional). We
will pay special attention to the case θ = d−2 (i.e. de = 2) where [70] showed that the spatial
entanglement entropy gives a logarithmic instead of a power-law dependence. The authors
argued that in this case there is a strongly coupled Fermi surface appearing in the dual field
theory (for more details see [68–70]). Hence, we restrict ourselves to the case de ≥ 2 and z ≥ 1

in the following. In this case, the constant c2 which is determined by the condition t(η⋆) = 0

reads

c2 =

√
πη−z

⋆ Γ
(
2− de−2

2(de+z−2)

)
(de + 2z − 2)Γ

(
2de+3z−4
2(de+z−2)

) . (5.4)

With the full expression for the geodesics at hand, we can relate the turning point to the
interval traced at the boundary

η⋆ = 21/zπ
1
2z

T0zΓ
(

z
2(de+z−2)

)
Γ
(

de+2z−2
2(de+z−2)

)


−1/z

. (5.5)
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The authors of [70–73] showed that the regularized spatial entanglement in the case de = 2

is proportional to the logarithm of the considered interval (instead of a power law). Setting
de=2 and plugging our solution back into the area functional, we find that the area is given
by

A = 2

∫ ηc

η⋆

dηL =
2

z
arctanh

√1−
(
η⋆
ηc

)2z
 =

2

z
arctanh

(√
1− 4

(
η2zc T

2
0 z

2
)−1
)
. (5.6)

We can connect to the usual (undeformed) case by sending the cutoff surface to the boundary
ηc → ∞ and examine the leading contributions in ε = 1/ηc which are given by

SEE =
1

2GN

log

zz T 1/z
0

ε

− ε2z

zz T 2
0

+ . . .

 . (5.7)

We note that while the spatial entanglement entropy is insensitive to the dynamical exponent
z, we can extract information about it by examining the scaling of the entanglement entropy
with the size of an Euclidean time interval.

If we consider T T̄ deformed theories, we can keep the cutoff finite. The extensions of the
T T̄/cutoff AdS conjecture for hyperscaling violating geometries were discussed in [71, 72, 74].
Similarly to the previous section, there is a restriction on the smallest time interval (defined in
terms of the undeformed theory) that we can resolve. In the case of this subsection, i.e. de = 2

and z > 0, we find the requirement z T0 ηzc > 2 (by imposing η⋆ < ηc). The entanglement
entropy for the smallest time interval that we can resolve tends to zero. By introducing
δ = T0 − 2

z ηzc
, we can show that the falloff behavior scales to lowest order in δ → 0 as

SEE =
1

2GN

√
ηzc
z
δ. (5.8)

6 Conclusions

In conclusion, our exploration of temporal entanglement entropy reveals intriguing connections
between quantum information theory and the renormalization group (RG) flow in quantum
field theory (QFT). Our proposal associates tracing over Euclidean time with the concept of
coarse-graining in QFT. It links the temporal entanglement entropy to momentum space en-
tanglement. Intriguingly, the temporal entanglement entropy is real-valued unlike the timelike
EE in Minkowski space which is complex.

The authors of [33] laid out the concept of momentum space entanglement between dif-
ferent field modes. To our knowledge, there is no universal recipe for computing this mo-
mentum space entanglement entropy (which contains information about RG flow) so far. In
this manuscript, we propose a clear recipe for how to compute momentum space entanglement
entropy using temporal EE (tEE): Wick-rotate the theory to Euclidean time, then consider an
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interval in Euclidean time and compute the corresponding tEE which yields the momentum
space entanglement entropy. The Euclidean scale τ0 is inversely proportional to the cutoff in
momentum space.

We employ holography, a framework intrinsically linked to (holographic) RG flow, to
exemplify our findings. Using the irrelevant T T̄ deformation, we show that there is a one-to-
one relation between the UV cutoff and the shortest time interval that can be resolved within
the effective (deformed) theory. Integrating out more UV modes corresponds to increasing the
minimal ∆T0 that can be resolved and vice versa. Remarkably, the entanglement entropy for
a Euclidean time interval looks like the entanglement entropy of a CFT at finite temperature.
Moreover, on the level of the entanglement entropy we observe the following symmetry: making
the time interval T0 larger can be compensated by moving the cutoff surface further into
the bulk, i.e. integrating out more UV degrees of freedom. By symmetry, we mean that
the entanglement entropies are formally equivalent. This symmetry is similar to what we
discovered in our previous work [57]. It would be interesting to relate our findings to [75, 76].
Introducing finite temperature, we find that the symmetry is enhanced: we have an interplay
of temperature, size of the timelike interval and UV cutoff that can all be rotated into one
another. For example, increasing the time interval can be compensated by either decreasing
the temperature or integrating out more UV degrees of freedom (moving the cutoff inwards).
Moreover, in the finite temperature case we find that the temporal entanglement entropy for
the BTZ black hole can be mapped onto the spatial entanglement entropy in thermal AdS
and vice versa by performing the well known SL(2, Z) transformation.

Finally, we show that tEE can by used to detect the dynamical critical exponent z in
non-relativistic Lifshitz geometries. By measuring the dependence of the tEE on the size of
the Euclidean time interval we can compute the critical exponent which cannot be accessed
(at zero temperature and density) through the conventional spacelike entanglement entropy
in the static patch. It would be interesting to generalize our discussion of non-relativistic
geometries to finite temperature. Moreover, it would be interesting to compare spatial and
temporal entanglement entropies at finite hyperscaling violating exponent θ and finite critical
exponent z. We leave these tasks for future work.

Acknowledgments: We thank Hyun-Sik Jeong, Andreas Karch, Rene Meyer, Mark Mezei,
Tadashi Takayanagi, Yusuke Taki for helpful discussions. This work was supported by the
U.S. Department of Energy under Grants DE-FG88ER4038 (SG, DK) and DE-SC0012704
(DK), and the U.S. Department of Energy, Office of Science, National Quantum Information
Science Research Centers, Co-design Center for Quantum Advantage (C2QA) under Contract
No.DE-SC0012704 (KI, DK).

A Different radial slicing

Consider the radial slicing:

ds2 = dη2 + L2 sinh(η)2 (dτ2 + dϕ2). (A.1)
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The minimal surfaces read

τ = arctan

( √
2 cosh(η) sinh(η⋆)√

cosh(2η)− cosh(2η⋆)

)
− π

2
. (A.2)

As pointed out in [57] these entangling surfaces are the family of entangling surfaces that we
found in [77] in the context of the DS/dS correspondence [78] but for AdS2 sliced AdS3. Note
that time here seems to be restricted to τ ∈ [−π, π]. The associated area is given by

A = log

(
sech(η⋆)

(
cosh(ηc) +

√
cosh(ηc)

2 − cosh(η⋆)
2

))
. (A.3)

The turning point is related to the length of the time interval at the boundary by T0 = τ+(∞)−
τ−(∞) = 2 arctan

(
sinh(η⋆)

)
. Requiring 0 < η⋆ < ηc implies 0 < arcsinh(cot

(
T0/2

)
) < ηc or

T0 > 24 arccot (eηc) ∈ [0, 2π].

B Relationship between BTZ and thermal AdS

This review about the relationship between the BTZ black hole and thermal AdS is taken
from [79]. In Lorentzian signature, the rotation BTZ spacetime is captured by the metric

ds2 = −
(η2 − η2+)(η

2 − η2−)

L2η2
dt2 +

η2L2

(η2 − η2+)(η
2 − η2−)

dη2 + η2
(
dϕ− η+η−

Lη2
dt

)2

, (B.1)

with mass M = (η2+ + η2−)/L
2 and angular momentum J = 2/L η+η−. The metric is periodic

under
(t, ϕ) → (t+

i

TBTZ, ϕ+ iΩ
TBTZ

), (B.2)

with

TBTZ =
η2+ − η2−
2πη+L2

,Ω =
η−
η+L

, (B.3)

as well as (t, ϕ) → (t, ϕ+ 2π). Performing the coordinate transformation

t̃ = −i
(
η−
L
t− η+ϕ

)
, ϕ̃ = −i

(
η+
L2
t− η−

L
ϕ

)
, η̃ = L

√
η2 − η2+
η2+ − η2−

(B.4)

maps the metric (B.1) to global AdS3

ds2 = −

(
η̃2

L2
+ 1

)2

dt̃2 +
dη̃2

η̃2

L2 + 1
+ η̃2dϕ̃2, (B.5)

which is periodic under

(t̃, ϕ̃) → (t̃, ϕ̃+ 2π) and (t̃, ϕ̃) → (t̃+
i

TAdS
, ϕ̃+

iΩ

TAdS
), with TAdS =

1− Ω2L2

4π2TBTZL2
. (B.6)

In our case we utilize the non-rotating solution η− = 0 which implies that Ω = 0 and the
coordinate transformation simplifies to

τ̃ = it̃ = −η+ϕ, ϕ̃ = −iη+
L2
t =

η+
L2
τ, η̃ = L

√
η2

η2+
− 1. (B.7)
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C Entanglement Entropy for spacelike cut

In this section we briefly outline the calculation of the entanglement entropy for a spacelike
cut in the background (4.2) (see for example [66, 80]). For d = 2, the extremal surface follows
from

L =

√√√√ 1

−µ+ η2

L2 + 1
+ η2

(
∂x(η)

∂η

)2

(C.1)

and reads

x(η) = −
arctanh

( √
µ−1L

√
η2⋆−η2

η⋆
√

(µ−1)L2−η2

)
√
µ− 1

. (C.2)

The corresponding entanglement entropy is given by

SEE =
L

2GN
arcsinh

√(ηc − η⋆)(ηc + η⋆)

η2⋆ − (µ− 1)L2

 (C.3)

=
L

2GN
arcsinh


√√√√η2c sinh

2
(
1
2

√
µ− 1X0

)
(µ− 1)L2

− cosh2
(
1

2

√
µ− 1X0

) , (C.4)

where we used that η⋆ = −L
√
µ− 1 coth

(
1
2

√
µ− 1X0

)
.

At large cutoff, ε = 1/ηc → 0, we can extract the standard expression to leading order in
ε

SEE =
L

2GN
log

(
sinh(πLT X0)

πL2T ε

)
, (C.5)

where we used that T =
√
µ−1
2πL .
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