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ABSTRACT

Quasars are bright and unobscured active galactic nuclei (AGN) thought to be powered by the ac-
cretion of matter around supermassive black holes at the centers of galaxies. The temporal variability
of a quasar’s brightness contains valuable information about its physical properties. The UV/optical
variability is thought to be a stochastic process, often represented as a damped random walk described
by a stochastic di erential equation (SDE). Upcoming wide- eld telescopes such as the Rubin Obser-
vatory Legacy Survey of Space and Time (LSST) are expected to observe tens of millions of AGN in
multiple Iters over a ten year period, so there is a need for e cient and automated modeling tech-
niques that can handle the large volume of data. Latent SDEs are machine learning models well suited
for modeling quasar variability, as they can explicitly capture the underlying stochastic dynamics. In
this work, we adapt latent SDESs to jointly reconstruct multivariate quasar light curves and infer their
physical properties such as the black hole mass, inclination angle, and temperature slope. Our model is
trained on realistic simulations of LSST ten year quasar light curves, and we demonstrate its ability to
reconstruct quasar light curves even in the presence of long seasonal gaps and irregular sampling across
di erent bands, outperforming a multioutput Gaussian process regression baseline. Our method has
the potential to provide a deeper understanding of the physical properties of quasars and is applicable

to a wide range of other multivariate time series with missing data and irregular sampling.

Keywords: Quasars (1319) | Active galactic nuclei (16) | Neural networks (1933) | Time series

analysis (1916) | Irregular cadence (1953)

1. INTRODUCTION

Active galactic nuclei (AGN) are among the brightest
objects in the Universe and play a crucial role in galaxy
evolution. They are believed to derive their immense
brightness from the conversion of gravitational poten-
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tial energy into thermal radiation in the hot accretion
disks of supermassive black holes (SMBHSs) at the cen-
ter of galaxies (Salpeter 1964; Zel'dovich 1964). Lumi-
nous AGN with unobscured accretion disks are known
as quasars. These objects are so luminous they remain
observable at extreme cosmological distances (Mortlock
et al. 2011; Banados et al. 2018) making them excep-
tional probes of the early Universe.

The stochastic variability of quasars has been studied
extensively since their discovery (Greenstein 1963; Haz-
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ard et al. 1963; Matthews & Sandage 1963; Oke 1963;
Schmidt 1963). While the accretion disk of a quasar
is too small to be resolved at extragalactic distances,
the temporal brightness variability found in quasar light
curves can provide insight into the intrinsic physical
properties of AGN. For instance, the variability am-
plitude increases with decreasing luminosity, rest-frame
wavelength, and Eddington ratio (Wills et al. 1993;
Giveon et al. 1999; Berk et al. 2004). E orts have been
made to constrain the correlation of variability parame-
ters with black hole mass, but their robustness has been
inconclusive, with studies claiming positive or negative
relations depending on the degrees of observational bias
present in the t data (Wold et al. 2008; MacLeod et al.
2010; Simm et al. 2015). Inferring black hole physics
from quasar light curves can teach us about the evolu-
tion of the Universe and the nature of dark matter and
dark energy (Khadka & Ratra 2020; Czerny et al. 2023).

UV/optical quasar variability is typically modeled us-
ing Gaussian process regression (GPR) by tting light
curves with a speci ed kernel and optimizing the ker-
nel parameters (see Aigrain & Foreman-Mackey 2022,
for a review of GPR in astronomical time series). For
example, Stone et al. (2022) used the GPR package
Celerite  (Foreman-Mackey et al. 2017) to t 20 yr
quasar light curves separately in each band with a
damped random walk (DRW) kernel. Markov Chain
Monte Carlo (MCMC) sampling is then used to draw
from the joint posterior distribution and obtain uncer-
tainties on the variability parameters. The measured
variability parameters have been empirically shown to
be related to properties of the quasar such as the black
hole mass (MacLeod et al. 2010; Suberlak et al. 2021).

This UV/optical variability is thought to be powered
by an X-ray driving variability source that illuminates
the accretion disk (Cackett et al. 2007). The reprocess-
ing of the driving variability in the UV/optical regions of
the accretion disk leads to wavelength-dependent time
lags that can be measured through continuum reverber-
ation mapping to probe the relative size scales of the
emitting regions. This also makes the UV/optical vari-
ability highly correlated, since these regions are driven
by the same X-ray source (e.g., Miller et al. 2023). The
time delays between bandpasses are related to proper-
ties of the accretion disk and black hole (Cackett et al.
2021; Jha et al. 2022; Wang et al. 2023).

Upcoming wide- eld surveys such as the Rubin Obser-
vatory Legacy Survey of Space and Time (LSST) mark
an unprecedented improvement in data quality and vol-
ume. The LSST main survey alone (10,000 deq is pro-
jected to yield tens of millions of AGN light curves with
six UV/optical bandpass Iters ( ugrizy) at 55 185 sam-

plings per band, out to redshift z  7:5 and moderate
luminosities of L 10* erg s ! over a ten-year pe-
riod (Abell et al. 2009). In the Deep Drilling Fields, a
smaller sky area (200 de@) with ner cadence, we ex-
pect to detect 40,000 additional ultrafaint AGN at about
1000 samplings per band (Brandt et al. 2018). Machine
learning (ML) algorithms are well suited to analyze the
large amount of data expected from LSST and other
wide- eld surveys; however, these light curves pose chal-
lenges for existing techniques such as multiple bands,
long gaps of missing data, nonuniform sampling, and
photometric and systematic noise.

Applying a GPR analysis on the entire LSST light-
curve sample would be very computationally challeng-
ing, but a fully trained neural network (NN) could be
rapidly deployed on all the tens of millions of AGN
light curves expected from LSST. Several authors have
applied ML methods to analyze quasar light curves.
Tachibana et al. (2020) used a recurrent autoencoder
to model quasar variability and found it to be superior
to a DRW model in real data, but it performed sim-
ilarly on simulated DRW light curves. S nchez-Siez
et al. (2021) used a recurrent variational autoencoder
as a form of anomaly detection to detect changing-state
AGN. Cvorovt Hajdinjak et al. (2022) used conditional
neural processes (Garnelo et al. 2018) as a nonparamet-
ric way of modeling AGN light curves. Sheng et al.
(2022) applied stochastic recurrent NNs (RNNs; Frac-
caro et al. 2016) to reconstruct light curves of simulated
LSST data. In microlensed quasar light curves, Vernar-
dos & Tsagkatakis (2019) used a convolutional NN to
measure the accretion disk size and temperature pro-
le in simulations, and Best et al. (2022) predicted the
black hole mass, inclination angle, and impact angle.
Park et al. (2021) introduced the rst method to simul-
taneously reconstruct quasar light curves and predict
accretion disk parameters using attentive neural pro-
cesses (Kim et al. 2019). Danilov et al. (2022) used
neural inference Gaussian processes and introduced the
concept of the convolved DRW to model quasar variabil-
ity, and thus outperformed standard GPR.

In this work we adapt latent stochastic di erential
equations (SDEs; Li et al. 2020) to model irregularly
sampled astronomical time series and perform param-
eter inference. Latent SDEs are a type of generative
deep learning model that can model continuous-time
stochastic dynamics. They can be viewed as in nite-
dimensional variational autoencoders (VAEs; Kingma &
Welling 2013; Rezende et al. 2014) with an SDE-induced
process as their latent state. We train a latent SDE to
model the dynamics of simulated ten-year LSST light
curves and simultaneously predict variability and accre-
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tion disk parameters such as the timescale and strength
of the variability, the black hole mass, the temperature
slope, and the inclination angle. Unlike GPR on indi-
vidual light curves, latent SDEs can model the variabil-
ity across an entire training set without being restricted
to any Gaussian process kernel and can directly infer
accretion disk properties. Latent SDEs can also simul-
taneously t all bandpasses at once and directly predict
parameter posteriors without the need for computation-
ally expensive MCMC sampling.

We present our light-curve simulation in Section 2.
We introduce our latent SDE model and training in Sec-
tion 3. We describe our GPR baseline in Section 4. We
give our results on the performance of our model at re-
construction of light curves and inference of variability
and accretion disk parameters in Section 5. Our con-
cluding remarks and discussion are given in Section 6.

2. LIGHT-CURVE SIMULATION

Our training set comprises of a realistic simulation of
LSST 10 yr light curves. The UV/optical variability
in our simulation is modeled as a DRW X-ray source
corona situated above the black hole illuminating the
accretion disk (Cackett et al. 2007; Starkey et al. 2015).
To simulate the response of the accretion disk to the
driving DRW, a transfer function is calculated for each
spectral band (Blandford & McKee 1982). The trans-
fer functions account for the reprocessing of the X-ray
driving variability at the corona to the UV/optical vari-
ability emitted by the accretion disk, and they contain
information about the quasar structure and black hole
geometry. After the light curves are simulated, they are
degraded to mimic LSST-like 10 yr observation cadences
and noise.

2.1. Accretion Disk Model

Recent studies of quasar variability have found that
guasar accretion disk sizes tend to be larger than the
predictions of the thin-disk model by a factor of 2{3
(Edelson et al. 2015; Fausnaugh et al. 2016; Edelson
et al. 2017; Jiang et al. 2017; Starkey et al. 2017,
Kokubo 2018; McHardy et al. 2018; Mudd et al. 2018;
Pozo Nunez et al. 2019; Amorim et al. 2020) although
this is not always the case (Edelson et al. 2019; Homay-
ouni et al. 2019; Herrandez Santisteban et al. 2020; Yu
et al. 2020). We use a modi ed version of the thin-disk
model* that includes special relativistic e ects (Doppler
beaming) and general relativistic ray tracing in a Kerr
black hole geometry (Kerr 1963). All of the physical

1 The model will be open source in Best et al. (in preparation).

properties of the black hole and quasar geometry are in-
cluded in the transfer functions that are modeled using
the general relativistic ray-traced accretion disk simu-
lation software Sim5 (Bursa 2017, 2018) similar to the
procedure of Best et al. (2022). These transfer functions
assume an X-ray driving source irradiating a vertically
thin, optically thick accretion disk (Shakura & Sunyaev
1973). The thin-disk model predicts an e ective temper-
ature pro le of the form T / r 3. Recent studies of
quasar microlensing variability studies have considered
a general temperature pro le of the formT, / r and
favor shallower slopes < 3=4 (Cornachione & Morgan
2020). Some accretion disk models predict shallower or
steeper slopes than the thin-disk slope of =3=4. For
example, the slim disk model predicts a shallower slope
of 0:5 (Abramowicz et al. 1988) while the MRI
model predicts a slope of =7=8 (Agol & Krolik 2000).
The temperature slope can also be modi ed due to the
presence of wind out ows where the accretion rate be-
comes radially dependent (You et al. 2016; Li et al. 2018;
Sun et al. 2018). We assume a modi ed version of the
thin-disk plus lamppost temperature pro le of the form

4

3GM M. r r
4y ISCO r
=5 o o M
. (1 A) xMc? h )
4 sB (r2+ h2)3=2’

where M is the black hole massy is the radial distance
to the SMBH, rs =2rg = 2GM=c? is the Schwarzschild
radius, risco is the radius of the innermost stable cir-
cular orbit (ISCO), M. is the accretion rate, sg is the
Stefan-Boltzmann constant, is the temperature slope
or power law of the accretion disk, x is the conversion
e ciency from accreted matter to X-ray radiation, and
A is the albedo with full absorption at A = 0 and full
re ection at A = 1. The ISCO radius only depends on
the SMBH spin a wherersco = 6rg for a =0 (nonro-
tating), 1rq for a =1 (maximally prograde), and 9r for
a= 1 (maximally retrograde). Sun et al. (2018) pro-
posed a wind cooling parameter corresponding to a ra-
dially dependent power law in the accretion rate, which
is consistent with our the rst term in Equation (1)
in the case where < 3=4. We generalize the power
law to also consider the case when > 3=4, consistent
with Cornachione & Morgan (2020). This could come
from wind in ows or from other divergences from the
thin-disk model. The second term in Equation (1) is
from the ux due to the lamppost corona. The Edding-
ton ratio is de ned as gqgqg = M=Mggq Where the Ed-
dington accretion rate is Mggg =4 GMm = 12, mp
is the proton mass, 1 is the Thomson scattering cross
section, and is the overall radiative e ciency factor.
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Figure 1. Example of r-band transfer functions showing the e ect of changing each parameter. We also show the impact

of using di erent LSST bands in the bottom right panel. Any parameters not explicitly given are xed: log

edd = 0:15,h=30rg, a=0,

10(M=M ) =38,

=3=4, and z = 3. The mean times of the transfer functions are found using Equation (2) and

shown by the vertical dashed lines (in the same color as their respective transfer functions). We introduce to in order to get rid
of the initial time lag where the transfer function would be zero.

The transfer functions are then generated from the tem-
perature pro le using the irradiated disk model (Sergeev
et al. 2005; Cackett et al. 2007) at each LSST wave-
length to an outer radius of 20004 with a resolution of
0.1ry. The transfer functions introduce a wavelength-
dependent time lag

Ry
_ g (1% )t
S, (1o )dto

)
into the UV/optical light curves. We normalize the
transfer fu&ctions to represent a probability distribution

such that 01 ( t% )dt°=1 for all

Examples of transfer functions are shown in Figure 1,
where di erent sets of parameters are varied. In this
gure we set the initial time lags to zero to better com-
pare the impacts of di erent parameters. For example, a
greater corona heighth leads to a longer initial time lag
because photons need to travel a longer distance from
the corona to the disk. Each band will have the same
initial time lag, however, so the lag does not impact our
parameter predictions. It is clear from the gure that
varying the mass has the largest e ect on the transfer
functions. The temperature slope also has a signi cant
impact on the mean time delay of the transfer function.
The inclination angle has little impact on the mean of
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the transfer functions but signi cantly changes its shape.

The redshift, height, and Eddington ratio have more mi-

nor e ects, while the black hole spin has a negligible
impact.

An example of the di erence in the mean time delay
between ther and u bands demonstrating the impact
the parameters have on the mean time delay between the
two bands is shown in Appendix A. Since many param-
eters impact the mean time delays in similar ways, there
are degeneracies that make predicting the accretion disk
parameters challenging. There is also a degeneracy be-
tween the transfer functions and the X-ray driving vari-
ability. Convolving the driving signal with the transfer
function kernel eliminates some of the high-frequency
variations, making the new time series appear to have
a longer variability timescale. This means our param-
eter predictions must be primarily driven by the time
delays between bands, with higher-order e ects arising
from the di erences in the variability timescales across
bands.

2.2. Model of the Quasar Driving Variability

Quasar UV/optical variability is often modeled as a
damped random walk, a type of Gaussian process also
known as the Ornstein-Uhlenbeck process (Rasmussen
& Williams 2006; Zu et al. 2013). A DRW signal X (t)
is governed by the SDE:

1 p—

dX(t)= =X({)dt+ dt (t)+ bdt 3)
where (t) is a white noise process with mean zero and
variance one, is the characteristic timescale bis related
to the mean of the processX = b , and is related to
the standard deviation of X (t) de ped by the asymp-
totic structure function SF, = =2 (Kelly et al.
2009). GPR can be used to measure the variability pa-
rameters SR and , which may be correlated with the
black hole mass (MacLeod et al. 2010; Suberlak et al.
2021). A smaller yields more high-frequency variations
since the variability happens on a shorter timescale. Fig-
ure 2 shows examples of DRWs for two values of.

The kernel describing the covariance between two ob-
servations separated in time by t is given by

k( t)=SFZ exp t (4)

=SF? ACF( t);
where the ACF is the autocorrelation function. An alter-
native description of the process is the structure function
(SF), which is the rms scatter of magnitude di erences

m as a function of the temporal separation t. For

the DRW process, the SF takes the form
S

SF( t)=SF; 1 t

exp — (5)

P 1 ACF( 1):

The DRW is a red noise process with power spectral
density (PSD) given by

=SF1

4 SF2
1+2 f )2’

which implies that P(f) / f 2 at high frequencies when
f (2 ) !andP(f)is constant at lower frequencies.

If the local variability of the corona follows a DRW
with characteristic timescale est, then we will observe
a boosted variability with  gps = (1 + 2) rest- We boost
our DRW to the observer frame when simulating light
curves, but we train our network to predict (s Since it
is the timescale that governs the intrinsic variability of
the quasar and should be correlated to the physical prop-
erties of the accretion disk (for example, the black hole
mass). Hereafter, refers to the variability timescale in
the rest frame.

We model the X-ray corona driving variability using
the DRW process. Although X-ray variability may be
better described by a more general broken power-law
PSD (McHardy et al. 2004; O'Neill et al. 2005; Uttley &
McHardy 2005; Summons 2007; Markowitz 2010; Yang
et al. 2022; Yuk et al. 2023), we use the simple DRW
prescription to try to recover its parameters and Sk,
using latent SDEs and so that we can use an appropriate
kernel for our GPR baseline. The DRW is itself a special
case of the bending broken power law with a lower power
of 0 and higher power of 2. We postulate that latent
SDEs would only show improved performance compared
to GPR with more complex driving variability due to
their exibility and GPR not having a suitable kernel.

Our X-ray driving DRW is generated in magnitude
to avoid the possibility of getting negative values for
the ux (Czerny et al. 2023). We select a mean mag-
nitude independently of any of the variability or black
hole parameters, drawing from the distribution X =
N (20:90; 1:04) mag. The mean and standard deviation
of this distribution come from the average magnitude
of the LSST bands across the Sloan Digital Sky Survey
and Hyper Suprime-Cam survey (Ahumada et al. 2020;
Chan et al. 2023). We choose this strategy to avoid
biasing our parameter estimations with priors on the
correlation between absolute magnitude and recovered
parameters includingz, gqdq, and log;o(M=M ). With
actual LSST data, however, where any correlation is the
direct result of physical processes we would aim to un-
derstand, the network could be ne-tuned with the data

P(f)= (6)
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Figure 2. Damped random walk for two di erent values of  generated using Equation (3) with X =21 mag, SF; =0:1 mag,

and z = 0. For comparison, both DRWs use the same white noise process so that their stochastic dynamics are identical.

to include these processes in its training, and we would
expect the parameter recovery to improve. The DRW
driving variability is converted from AB magnitude to
ux 2 and then convolved with the transfer function ker-
nels to obtain simulated UV/optical light curves. The
light curves are then converted from ux back to mag-
nitude.

Our simulated UV/optical light curves are not strictly
DRWs because they result from the convolution of the
driving DRW with the transfer functions. The convolu-
tion smooths out the driving variability, and can change
the power spectrum of the light curve by eliminating
some of the high-frequency variations. For the majority
of cases, the timescale of the transfer functions is signi -
cantly less than the timescales of the variability , mak-
ing the e ect minor. The convolution also introduces
a time delay between bands caused by the di erence in
the mean time of the transfer functions. These time
delays are related to the accretion disk parameters that
produced the transfer functions. The mean time lags in-
troduced by the transfer functions range from less than
a day for less massive black holes and up to more than
a month for the most massive black holes (see the top
left panel of Figure 1).

2.3. Parameter Ranges

Our light-curve simulation is determined by a mean
magnitude and nine physical parameters given in Ta-
ble 1. The driving X-ray variability is dependent on
SF; and . The black hole geometry is determined by
its mass M and dimensionless spin parametela. The
quasar is at an inclination angle i, with respect to the
observer and at a redshiftz. We also vary the height

Zmag = 25logo(f ) 48:60 in cgs units.

Table 1. Parameters and ranges for our light-curve sim-
ulation. The parameters are sampled uniformly between
their minimum and maximum. We also x the radiative ef-

ciencyto =0:1 and X-ray radiative e ciency and albedo
to(l A) x =0:005

Name Description Min. Max.

SF; /mag DRW amplitude 0:0 0:5

log,,( =day) DRW timescale 05 35

log;p(M=M ) BH mass 7.0 1G0

a BH spin 1.0 10

inc Inclination angle 0:0  80:0

h=rg Corona height 10:0 500

Temp. power law  0:3 1.0

z Redshift 0:1 6:0

Edd Eddington ratio 0:01 03

of the X-ray corona h, the temperature slope of the ac-
cretion disk , and the Eddington ratio gqq. There
is also the radiative e ciency that we x to the com-
monly used value of = 0:1 (e.g., Fausnaugh et al.
2018). This radiative e ciency is degenerate with the
Eddington ratio, so our measurement of the Eddington
ratio can be thought of as gqq =0:1. We also x the
X-ray radiative e ciency and albedo to a typical value
of x(1 A)=0:005,since x = = gqq Lx =Lggq With
Lx =Lggqg  0:005 (Ursini et al. 2020) and the albedoA
is typically small, i.e., A 0.1{0.2 (Qiao & Liu 2018).
We x these values to attempt to measure the corona
height with a consistent corona strength. We use the ef-
fective wavelengths of each LSST band: ¢ ., = 3671A,

e g = 4827A, o =6223A, o = 7546A, ., =
8691A, .y = 9712A (Huber et al. 2021) to produce
the transfer functions.

2.4. Mock LSST Observations
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After a UV/optical light curve is simulated, we de-
grade it to impose LSST-like observing cadences and
noise. The total error of an LSST observation is given
by

ESST = gys+ rzand; (7)
where s is the systematic error and (ang is the photo-
metric noise. We set the systematic error to 0005 mag,
which is the maximum value expected for LSST (Ivezt
et al. 2019; Suberlak et al. 2021). The photometric noise
is expected to follow

r2and = (O :04
X = 100:4(m ms)

X+ x 2 (magd?); (8)

where is a band-dependent factor,m is the magnitude
at each observation, andms is the 5 depth of a point
source at the zenith of each visit. We set , = 0:38 and

grizy = 0:39 (lvezt et al. 2019; Sheng et al. 2022).
We impose LSST-like observation cadences and noise
by using rubin _sim® with the baseline _v2.1 _10yrs
rolling cadence to obtain the time and ms of each ob-
servation. We sample 100,000 points anywhere in the
sky that have between 750 and 1000 total observations
across the ten years to include only light curves from the
main LSST survey (see Figure 1 of Psa et al. 2023). The
inclusion of light curves from the Deep Drilling Fields
that have higher cadences would improve the perfor-
mance of our model. Once the LSST data become avail-
able, the network could be ne-tuned on the data or
retrain using the exact cadence strategy as part of our
simulation.

The error added to each observation is randomly sam-
pled from a Gaussian with mean zero and variance

2ss7 . Observations are combined to the nearest one-
day interval, averaging across 2., if there were mul-
tiple observations in a band in the same interval. We
simulate 11 yr light curves with 10 yr of LSST observa-
tions so our model is trained to reconstruct some time
before and after the survey. We randomly select the
start time of the rst LSST observation within the rst
year of the 11 yr light curves.

3. LATENT SDES

In this section we describe our latent SDE model and
training. The model and code are open source and avail-
able at: https://github.com/JFagin/latent _SDE.

3.1. Model Architecture

The input to the network is the brightness and error
values (both in magnitude), for a total of 12 features at

3 https://github.com/Isst/rubin _sim

Figure 3. Diagram of the latent SDE architecture.

each time step (6 bands and 6 errors). For each band
that is not observed at a given time step, we set both
the brightness and error to a dummy value of zero to
be masked by the network. The only preprocessing step
required to apply the network to LSST data is to com-
bine observations to the nearest daily interval and set
the unobserved time steps to zero.

The network architecture can be broken down into
three main parts: the RNN encoder, the neural SDE
decoder, and the multilayer perceptron (MLP) param-
eter estimator. Figure 3 provides a high-level overview
of the model. Overall, the network operates by rst
encoding the multivariate time series into a context us-
ing an RNN that includes masking of the unobserved
times. Then the mean and standard deviation of the
variational distribution are predicted from the context.
A latent vector is drawn from the variational distribu-
tion and then the latent vector and context are used by
the neural SDE solver to produce a time series with fea-
tures equal to the latent size. That time series as well
as the errors of the input light curve are then projected
using another RNN into the mean and standard devi-
ation of our reconstructed light curve. Another latent
vector is also employed by the projector to improve the
uncertainty estimation on our reconstructed light curve.
In addition to the light-curve reconstruction, we predict
the mean and covariance matrix for the parameter infer-
ence based on the context and latent state of our SDE.
We jointly model the light curve and parameters since
the light-curve dynamics should be directly related to
the variability and accretion disk parameters.

The NN architecture uses a hidden size of 128 and
a context size of 64. A latent size of 8 is used for the
SDE with an additional latent vector of size 8 given
to the RNN projector to aid in uncertainty estimation.
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Each hidden layer is followed by a LeakyReLU activation
function (Maas et al. 2013) and layer normalization (Ba
et al. 2016). The network is built using PyTorch (Paszke
et al. 2019) and the SDE solver uses théorchsde “ (Li
et al. 2020) implementation. Our network has a total
of 903,597 trainable parameters. The light curves are
normalized to have mean zero and variance one dur-
ing training (only using observed points to calculate the
mean and variance and averaged across the bands).
The encoder starts with a GRU-D (Che et al.
2016) layer, a modi ed version of the gated recurrent
unit (GRU; Chung et al. 2014) that is designed to han-
dle both masking and irregular time intervals. We use
the GRU-D to mask the unobserved portions of our light
curves. The GRU-D layer is followed by two GRU layers
and two fully connected layers that produce the context.
We include a residual skip connection (He et al. 2015)
between the GRU-D layer and the output of the second
GRU layer, which is intended to improve gradient ow
and training stability. Two more fully connected layers
are used to produce the mean 4, and variance 7, of
the variational distribution @, from the last value, mean,
and standard deviation of the context and the mean and
standard deviation of the unnormalized light curve. We
then draw the latent vector from the variational distri-
bution zg N ( g,; gz), the initial state of the SDE.
The decoder includes an 1t6 SDE solver with diago-
nal noise containing networks governing the drift, di u-
sion, and prior drift (Li et al. 2020). We use the Eu-
ler{Maruyama numerical approximation scheme for the
SDE solver. The drift and prior drift networks are both
MLPs with a residual skip connection. There are three
fully connected layers pre-skip and two post-skip. The
di usion network consists of three fully connected lay-
ers and is applied element-wise to satisfy the diagonal
noise. In order to model both the dynamics of the time
series as well as produce uncertainties on predictions, we
use an RNN to project the output of the SDE and the
input errors of the light curve onto the mean and log-
variance of the observation space. The projector also
includes a new latent vectorzy N ( q,; éz) that is
repeated across each time step in the input. We include
the additional latent vector to enhance the uncertainty
estimation since the latent SDE and its latent vector
should model the dynamics of the time series, but we
also want to model the uncertainty at each time step.
The projector consists of a GRU-D layer followed by two
GRU layers. There is also a skip connection of two fully

4 https://github.com/google-research/torchsde

connected layers between the output of the SDE and the
output of the RNN.

The parameter inference component of our model uses
the same MLP architecture as the drift networks and
outputs the mean and Cholesky factor of the covari-
ance matrix for the multivariate Gaussian posterior (de-
scribed formally in Section 3.2). The input into the pa-
rameter estimator is the last value, mean, and standard
deviation of the context, ,, & ,the output of the drift,

di usion, and prior drift networks at zy, and the mean
and standard deviation of the unnormalized light curve.

3.2. Uncertainty Quanti cation and Loss Function

For light-curve reconstruction, we minimize the nega-
tive evidence lower bound (ELBO) described in Li et al.
(2020). We use a negative Gaussian log-likelihood be-
tween the reconstructed and true light curve averaged
across the bands:

X
L= n T O gz @
t=1
wherey is the true light curve, ¥ is the predicted mean,
A2 is the predicted variance, andN is the number of
time steps. In practice we predict log("?) to force the
variance to be positive. To ensure that the mean predic-
tion closely matches the context points, we additionally
evaluate the weighted mean squared error of the mean
prediction with respect to the context points and their

errors, averaged across the bands:

1 N
L= oM™
obs ;4

(YissT: %t)2

; (10)
2 ESST it

where y; sst is the mean observation or context point
with variance 27, m¢ is a mask that is 1 if a band
is obse,gyed at a time stept and O if it is not, and

obs = -, M is the number of observations. We nd
that this addltlonal term in the loss function leads to
much better performance by overemphasizing the con-
text points with respect to the mean prediction.

For the parameter inference, we parameterize the pos-
terior as a multivariate Gaussian distribution and min-
imize its negative log-likelihood:

1 - 1 A

=50 9 v 9+ 35logj i (A1)
where eachy is the vector of true parameter values,$ is
the vector of predicted means, and is the predicted co-
variance matrix. In practice we predict the lower trian-
gular matrix L representing the Cholesky decomposition
of the covariance matrix = LL > to ensure that the co-
variance matrix is symmetric, positive semide nite, and
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nonsingular. We must also restrict the diagonal ofL to
be positive so the covariance matrix is positive semidef-
inite and the parameterization is unique, so we predict
the log-diagonal ofL and then take the exponential. To
predict n parameters, the lower triangular matrix L will
have n(n + 1) =2 free parameters. Each term in the loss
is given equal weighting.

When simulating the light curves, each parameter is
drawn uniformly from a given range. We reparameter-
ize the labels from their physical values to between zero
and one and then take the logit (scaling the labels from
1 to 1) before evaluating the negative log-likelihood
of our posterior. Once samples are drawn from the pos-
terior, we take the sigmoid (forcing the predictions to
be between zero and one again) and then scale them
back to the original physical range. This prevents pos-
terior probability from being wasted in physically im-
possible parameter space (such as restricting the spin
to 1<ac< 1 for example) or outside the range of the
training set.

3.3. Training

We train our network with 100,000 light curves per
epoch that are randomly regenerated on the y each
epoch to prevent over tting and improve performance.
We also include a xed validation set and a test set of

10,000 light curves each. Each set uses separate transfer

functions to avoid contamination.

Our network is trained for 100 epochs using the Adam
optimizer (Kingma & Ba 2017) with an initial learning
rate of 0.0025, an exponential decay of 0.97, and a batch
size of 50. To mitigate the problem of exploding gra-
dients, we employ gradient clipping with a maximum
gradient norm of 0.5. Linear KL-annealing (Fu et al.
2019) is used for the rst 15 epochs as well as annealing
for the parameter inference portion of the loss (Equa-
tion (11)) to initially focus on the light-curve reconstruc-
tion. Training took approximately six weeks on a single
NVIDIA Tesla V100 GPU with 16 GB of VRAM.

4. GAUSSIAN PROCESS REGRESSION BASELINE

We aim to compare the performance of latent SDEs
in light-curve reconstruction with an exact, multitask
GPR baseline (Maddox et al. 2021). Our multitask GPR
model can infer correlations between output variables,
in our case the dierent LSST bandpass lters, unlike
with Celerite (Foreman-Mackey et al. 2017), which ts
a separate GP to each band. While some researchers,
such as Hu & Tak (2020), have explored using GPR
with multiband light curves, the more conventional ap-
proach is to t separate GPs. To fairly compare GPR to
our latent SDE model, we must jointly model bands so

that observations in one band carry information across

the other bands. This is crucial since each band is re-
lated to the same X-ray driving DRW process, and LSST

observations are sparse and distributed asynchronously
across the di erent bands.

The noise variance at each observation is set from
the LSST observation strategy (see Equation (7)) so
we use the xed-noise GPR model. We use the ab-
solute exponential kernel (equivalent to the Magkrn-
1/2 kernel), which corresponds to the DRW process
(i.e., Equation (4)). This kernel has also been empir-
ically shown to t UV/optical quasar variability better
than the Makrn-3/2, Makern-5/2, rational quadratic,
and squared exponential kernels (Griths et al. 2021).
When tting the GP, each band of the light curve
is independently normalized to have mean zero and
variance one, using only observed points and taking
into account the error on each context point. Our
xed-noise multitask GPR baseline is implemented in
BoTorch® (Balandat et al. 2019), based on the GP li-
brary GPyTorch(Gardner et al. 2018). It uses the intrin-
sic co-regionalization model (ICM; Bonilla et al. 2007;
Swersky et al. 2013) to correlate the kernels of di erent
tasks (i.e., the di erent LSST bands in our case).

5. RESULTS
5.1. Light-curve Reconstruction Performance

After our model is trained, we apply it to the test set
of light curves that are produced from driving variability
and transfer functions that the model has never trained
on. Figure 4 shows the light-curve reconstruction for an
example in the test set. As expected, the model is more
uncertain at times farther away from the context points
such as during the seasonal gaps. Our network learns to
tightly constrain the light curve across all bands given
a context point in only a single band. This is because
in our training set, the variability in each band of the
light curve is derived from the same driving variability
source and only diers based on the transfer function
kernels. For comparison, the reconstruction of the same
light curve with our multitask GPR baseline is shown
in Appendix B and is similarly able to infer correlations
between bands.

Table 2 compares the light-curve reconstruction per-
formance of our latent SDE model with the GPR base-
line across the test set. The latent SDE model performs
better than the GPR baseline on light-curve reconstruc-
tion in terms of the rms error (RMSE), mean abso-
lute error (MAE), and negative Gaussian log-likelihood

5 https://botorch.org/
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Figure 4. Example of a simulated 11 yr light curve (black) from our test set with 10 yr of mock LSST observations or context
points (blue) and our latent SDE reconstruction (orange) including at unobserved times.

(NGLL). In order to assess the signi cance of these dif-
ferences, we conduct a paired-test yielding extremely
low p-values across all metrics € 10 1°). This gives
very high con dence that the di erences in performance
between the two models are not a product of ran-
dom variation but can be attributed to the latent SDE
model’'s capabilities compared to the GPR baseline.

We also show how well the uncertainty is calibrated
for our light-curve reconstruction in Fig 5. The GPR
baseline is overcon dent in its predictions, so the true
light curve can sometimes fall outside the 3 credible re-
gion. The latent SDE model is a little undercon dent, so
its predicted uncertainty may be slightly overestimated.
An example of structure function recovery is given in
Appendix C between the true light curve, the SF for the
X-ray driving DRW, the mean latent SDE prediction,
and the mean GPR prediction for the same example of
a light curve shown in Figure 4.

Table 2. Light-curve reconstruction performance of our la-
tent SDE model compared to a multioutput GPR baseline.
Values reported are the median  median absolute deviation
on the median for each metric across our test set of 10,000
light curves. Lower is better for all the metrics.

Metric latent SDE GPR
RMSE (mag) 0:0959 0:0006 Q0978 0:0006
MAE (mag) 0:0695 0:0004 Q0711 0:0004

NGLL 1:14 0:006 1:01 0:006

5.2. Parameter Estimation Performance

In Figure 6 we compare the network’s mean param-
eter predictions with their true values. The network is
able to predict the variability parameters log,,( ) and
SF; well across a broad parameter range. We recover
the rest-frame  well despite having poor constraints
on the redshift. This is because the unknown redshift
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Figure 5. The fraction of the truth encompassed by some

probability volume (credible interval) across our test set
for our latent SDE model’s light-curve reconstruction (blue)

compared to the GPR baseline (orange). Perfect calibration
is shown by the black dashed line along the diagonal.

will be incorporated into the uncertainties of the pre-
dictions without a large change in the mean, and we
predict log,o( ) while the redshift only aects in alin-
ear way. The black hole mass is harder to predict since
it only a ects the transfer functions that are convolved
with the DRW and must be extrapolated from the time
delays between bands. The inclination angle i, and
temperature slope have smaller e ects on the mean
and shape of the transfer function than the black hole
mass, but we can still make meaningful predictions in
many cases. This is especially the case for the higher-
mass black holes where the transfer functions produce
time delays at timescales of at least a few days. The
network only has a little predictive power for the red-
shift z, Eddington ratio gqq, black hole spin a, and
corona heighth. This is to be expected since these pa-
rameters have only minor impact on the mean time de-
lays between bands, as illustrated in Appendix A. In the
case where the network is completely unsure about the
value of a parameter, it will predict mean values near
the mean of the prior with large uncertainties. We show
100 examples of predictions with uncertainties in Ap-
pendix D. Cases where the median predictions are far
from the true value have larger uncertainties to account
for the deviation. Figure 7 shows that our reported un-
certainties of the parameter posteriors are, on average,
correctly calibrated across the test set, although we are
slightly undercon dent in our predictions. This likely
arises from the limited predictive strength of certain pa-
rameters, especially for smaller black hole masses. In
such situations, our parameterization of the posterior

as a Gaussian would not be ideal since there is equal
probability the parameters are anywhere in our prior.

An example of the predicted posterior of our param-
eters is shown in Appendix E. Even though the uncer-
tainties on individual quasar light curves are often large,
with a large sample of predictions like the tens of mil-
lions of quasar light curves expected from LSST, it is
possible to make precise estimates of the population-
level distributions using hierarchical inference. Hierar-
chical inference can combine the parameter posteriors of
individual light curves into population-level predictions
given that the priors on our parameter space are known
and build into the training set.

6. CONCLUSION AND DISCUSSION

We have presented latent SDEs as a way of simul-
taneously modeling quasar variability and predicting
black hole properties. A pretrained latent SDE could be
quickly and autonomously applied to the entire LSST
quasar light-curve sample, whereas using GPR with
MCMC sampling to obtain posteriors on variability pa-
rameters may be computationally infeasible. Train-
ing and inference with our model can be easily scaled
with batch support across multiple GPUs, while using
batched GPU support for GPR is an open area of re-
search and not supported byCelerite for example. Our
network is trained to infer the variability parameters of
the quasar X-ray source corona while GPR can only in-
fer the e ective parameters after the driving variability
is convolved with the transfer functions. In addition,
GPR is limited to optimizing the GP’s kernel param-
eters, whereas latent SDEs have the exibility to in-
fer any variability parameterization and reconstruct the
light curve in a nonparametric way, bypassing the need
for an analytic kernel. Typically GPR can only be ap-
plied separately on di erent bands, but here we used a
multitask GPR baseline that is capable of correlating
the GPs across the di erent bands. Our deep learning
approach outperformed the state-of-the-art GPR base-
line at reconstructing LSST-like quasar light curves.

The method presented here is completely general and
can be applied to any multivariate time series with miss-
ing data and irregular sampling, with applications to
other astronomical time series and beyond. In our use
case, the latent SDE model learns to tightly constrain
the light curve across bands using a context point in
a single band due to the nature of our training set.
We would expect our latent SDE model to be appli-
cable to multivariate time series where the features (i.e.
the bands in our case) are less correlated, although a
larger latent size may be required to capture the ad-
ditional complexity. In such a situation, the network
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Figure 6. The mean predictions compared to the true values for each parameter across our test set. The black dashed lines

along the diagonal represent perfect predictions.
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Figure 7. The fraction of the truth encompassed by some
probability volume (credible interval) across our test set for
our parameter inference. Perfect calibration is shown by the
black dashed line along the diagonal.

would no longer be able to use context points in one
band to tightly constrain the other bands. If the fea-
tures were completely uncorrelated, it may be preferable
to model each feature with a separate latent SDE instead
of jointly. Parameter inference could still be performed
from the joint latent space.

There is also the potential to improve the latent SDE
model. Our model uses an RNN encoder and latent SDE
decoder including a GRU-D layer (Che et al. 2016) to
mask the unobserved times. In this work we use unidi-
rectional RNN layers, which process time series sequen-
tially in the forward direction. Using bidirectional RNN
layers, such that the time series is encoded and decoded
both forwards and backwards in time, may improve the
performance of our model but would increase its compu-
tational complexity. We expect this to also smooth out
the uncertainty in the reverse direction in areas where
there are limited context points, such as around 2700
days in Figure 4. We may also explore other RNN archi-
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tectures such as stochastic RNNs, used to model quasar
variability in Sheng et al. (2022). Recently Schirmer
et al. (2022) introduced the continuous recurrent unit,
which is a probabilistic recurrent architecture that in-
cludes a hidden state that evolves as a linear stochas-
tic di erential equation. We may also consider using
other architectures instead of RNNs, such as transform-
ers (Vaswani et al. 2023). For example, multi-time at-
tention networks (MTANDs; Shukla & Marlin 2021) feed
the time embedding to the attention mechanism to in-
corporate irregularly sampled time series. Transformers
typically have many more parameters than RNNs, how-
ever, so training them in a latent SDE network may be
di cult. Improvements to our latent SDE model will be
investigated in future work.

Further developments in GPR frameworks could im-
prove its performance on quasar light-curve reconstruc-
tion. The multitask GPR model does not explicitly ac-
count for the time delays between bands introduced by
the convolution of the driving signal with the transfer
functions. Latent SDEs learn to model the time delays
since they are present in the training set. Latent SDEs
are also able to jointly model accretion disk parameters
such as the mass, inclination angle, and temperature
slope from the light curve. These parameters are re-
lated to the time delays between bands and their relative
smoothness, but no comparison currently exists with
GPR. Promising areas for advancing GPR performance
include the neural inference of Gaussian processes, as
applied to quasar variability in Danilov et al. (2022),
and the exploration of deep Gaussian processes (Dami-
anou & Lawrence 2013).

Another area of application of our latent SDE model
that was not explored in this work is for anomaly detec-
tion. The latent space of our model may be a powerful
tool to detect quasars with anomalous variability behav-
ior. Sa nchez-Sez et al. (2021) used the latent space of
a recurrent VAE to search for changing-state AGN, and
our model could be used similarly. There is also the po-
tential to identify periodic signals from SMBH binaries
or to search for transient events.

In future work, we could improve our quasar light-
curve simulation to make it more realistic. Our sim-
ulated light curves were generated with a DRW X-ray
source variability convolved with physics-based trans-
fer functions that reprocess the driving variability into
the UV/optical light curves. In reality, the X-ray vari-
ability is not exactly a DRW process but may be bet-
ter described by the more general broken power-law
PSD (McHardy et al. 2004; O'Neill et al. 2005; Uttley &
McHardy 2005; Summons 2007; Markowitz 2010; Yang
et al. 2022; Yuk et al. 2023). We use the DRW model so

that we can test our model’s ability to recover its param-
eters and to properly use the corresponding kernel for
our GPR baseline. Our latent SDE model could be eas-
ily retrained or ne-tuned with more complicated vari-
ability models such as higher-order continuous-time au-
toregressive moving-average (CARMA) processes (Kelly
et al. 2014; Stone et al. 2022; Yu et al. 2022) or gener-
ated from a general PSD using the method of Timmer &
Koenig (1995). A general PSD could come from tting
X-ray variability data or be modeled by a broken power
law. We expect the performance gap between latent
SDEs and GPR to grow with more complex variabil-
ity because latent SDEs are more exible in situations
in which no Gaussian process kernel exists. Tachibana
et al. (2020), for example, found that a recurrent autoen-
coder performed similarly to the DRW GP for simulated
DRW light curves, but the deep learning approach out-
performed the GP model on real data when the variabil-
ity is more complex.

In our simulation, we assumed the variability parame-
ters were uncorrelated to our black hole properties, but
there are measured correlations between the variabil-
ity parameters and the black hole mass, for example,
although their robustness has been inconclusive (Wold
et al. 2008; MacLeod et al. 2010; Simm et al. 2015). We
do not take these correlations as a prior in our simula-
tion so that the correlations could be measured in real
data without bias. If we did choose to model the corre-
lation between the variability and accretion disk param-
eters, we would expect to improve the performance of
the parameter predictions, since measuring the variabil-
ity parameters would then help to constrain the redshift,
Eddington ratio, and black hole mass.

Our simulation also did not model the additional in-
formation present in the relative uxes of each bandpass,
which could be used to infer the photometric redshift.
A full treatment of the color information would require
modeling the quasar spectrum and integrating transfer
functions across the response function of each broad-
band lter. In particular, the relative uxes of each
band convey information about the quasar’s redshift, as
the redshift determines which spectral lines are captured
by each broadband Iter. By modeling the quasar spec-
trum and brightnesses, we anticipate a signi cant im-
provement in redshift estimation, and a minor enhance-
ment in estimating other parameters due to the better
constrained redshift. Care would need to be taken to
avoid biasing predictions from inconsistencies between
simulated spectra and real data.

LSST will observe too many quasars to obtain follow-
up spectra to make precise redshift measurements for
all the monitored quasars. A subset of the LSST quasar
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sample will get spectral measurements, and the precise
redshift measurements could be used to enhance the pa-
rameter inference. There may also be mass measure-
ments from the broad-line region (Panda et al. 2019)
and these measurements could be used to better con-
strain the mass and other accretion disk parameters.
Once the LSST data become available, we could ne-
tune our network in a self-supervised way using only the
context points of the light curves (minimizing the loss
function given in Equation (10) for example). We could
also use supervised learning with a subset of the LSST
sample, with training labels coming from spectral red-
shift, black hole mass estimates from the broad-line re-
gion, or other parameters that have been independently
measured through a variety of ways. This could partially
address the issue in ML when a network is trained with
simulations that do not exactly match the real data.
In particular, the network could learn the complex re-
lationships between the variability and accretion disk
parameters, the quasar brightness, and the photomet-
ric redshifts that we did not include in the training set
but will be present in the real data. These relationships
would then be a result of physical processes and not ar-
ti cially imposed as priors in the training set, and we
can expect our parameter estimates to improve. A lim-
ited number of quasars will be monitored in the Deep
Drilling Fields, and our network is well suited to take
advantage of the much higher sampling rate to better
constrain the quasar parameters. Fine-tuning our net-
work with the higher cadences may be especially useful.
There is also the possibility that even for parame-
ters that are dicult to predict for individual quasar

light curves, hierarchical inference could be used to esti-
mate the population-level distributions of the parameter
space. For example, measuring the population-level dis-
tribution of the temperature slope could constrain ac-
cretion disk and wind out ow models.
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APPENDIX

A. EXAMPLE OF THE IMPACT OF
PARAMETERS ON MEAN TIMES OF THE
TRANSFER FUNCTIONS

The main eect the transfer functions have on
UV/optical variability is by introducing wavelength-
dependent time delays (see Equation (2)). We can only
observe the relative time delays between bands because
a constant time delay across all wavelengths is degener-
ate with the start time of the driving variability. Fig-
ure 8 shows an example of the dierence in the mean
times between ther-band and the u-band transfer func-
tions. This demonstrates the impact each parameter
has on the di erences in time delay between bands and
approximately how well we can expect to measure the
parameters. Parameters that only change the mean time
delays by less than half the time binning of our time se-

ries (< 12 hr) my be infeasible to recover. There is an
additional e ect in that the transfer functions will also
have a wavelength dependence in their standard devia-
tion, making the variability of higher wavelength bands
smoother. The inclination angle, for example, has very
little impact on the mean time delay, but has a large

e ect on the width of the transfer function so can still

be constrained in many cases (see Figure 1 to see the
transfer functions for di erent ).

B. EXAMPLE OF LIGHT-CURVE
RECONSTRUCTION USING GAUSSIAN
PROCESS REGRESSION

Figure 9 shows an example of light-curve reconstruc-
tion using our GPR baseline.
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Figure 8. The di erence in the mean time lags between the r-band and u-band transfer functions for di erent parameters. We
also show the impact that a change in the wavelength has on the time delay in the bottom right panel. Any parameters not

explicitly given are xed: log ;((M=M ) =8, gq =0:15 h =30rg,a=0, =3=4, andz = 3. Figure 1 shows the r-band
transfer functions for the same parameter range.
C. EXAMPLE OF STRUCTURE FUNCTION and GPR baseline. We could also sample di erent pre-
RECOVERY dictions from the latent space of our latent SDE to get

In Figure 10 we show an example structure of func- some uncertainty on the SF recovery. The mean recov-

tion recovery using the mean recovery of our latent SDE
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Figure 9. Same as Figure 4 but using the GPR baseline described in Section 4.

eries of both the latent SDE and GPR mean recoveries E. EXAMPLE OF PARAMETER POSTERIOR
generally follow the true SF. Figure 12 shows an example of a predicted parameter

D. EXAMPLE OF SCATTER IN MEAN posterior.
PARAMETER INFERENCE WITH
UNCERTAINTY

Figure 11 gives 100 random examples of parameter
predictions with uncertainties compared to the true val-
ues.
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