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Abstract: In a real-world driving environment, a platoon of connected and autonomous vehicles (CAVSs) is subject
to many internal and external disturbances, resulting in uncertain vehicle dynamics. In general, the disturbances
can be categorized into two types: disturbances due to vehicle sensor errors (e.g., GPS error) and disturbances due
to vehicle control errors (e.g., actuator delay). In the literature, many control strategies have been proposed to
improve the robustness of the CAV platoon against uncertain vehicle dynamics induced by these disturbances.
However, most of these strategies only consider one type of disturbance and cannot tackle both types of
disturbances simultaneously. Furthermore, they are designed to maximize the benefits of each vehicle in the
platoon independently, which can deteriorate the performance of the platoon. To address these problems, this study
proposes a robust cooperative control (RCC) strategy to maneuver the vehicles in the platoon cooperatively to
counteract the impacts of both types of disturbances. The RCC strategy is developed based on a minimax problem,
where the maximization subproblem seeks to find the worst inputs for the uncertainty terms in the vehicle
dynamics equation to minimize the platoon performance, while the minimization subproblem seeks to find the
optimal control decisions for all subsequent vehicles to maximize the platoon performance in the worst case. To
solve the minimax problem, this study proposes a globally convergent solution algorithm. It can solve the minimax
problem very efficiently to enable real time deployment of the RCC strategy. Numerical application indicates that
compared to the existing methods, the RCC strategy can dramatically improve the robustness of the CAV platoon
against the uncertain vehicle dynamics induced by both vehicle state detection errors and vehicle control errors.
Therefore, it can maneuver the CAV platoon safely and efficiently in a real-world driving environment.

Keywords: Platoon of connected and autonomous vehicles; Robust cooperative control strategy; Minimax
problem

1. Introduction

Connected and autonomous vehicles (CAV) can form a platoon to drive close to each other. The CAV platoon
can dramatically enhance the link capacity to improve vehicle mobility and reduce energy consumption and
tailpipe emissions. However, effective and real-time deployable longitudinal control strategies that can maneuver
the CAV platoon safely and efficiently are still great challenges for both engineers and academic researchers. This
is partly because, in a real driving environment, the CAV platoon is subject to the impacts of many disturbances
caused by technological restrictions and environmental factors, leading to large uncertainties in vehicle dynamics,
which can deteriorate platoon performance related to safety, mobility, driver comfort, etc.
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Note that a vehicle’s state is detected through onboard sensors (e.g., Lidar, laser, V2V communication
equipment) and is controlled through deceleration and acceleration. Thereby, in general, the uncertain vehicle
dynamics can be induced by two types of disturbances: vehicle sensor errors and vehicle control errors. The vehicle
sensor errors are induced by vehicle state measurement errors with onboard sensors (e.g., Lidar, laser, V2V
communication equipment). The vehicle control error occurs due to the differences between the desired/computed
vehicle deceleration/acceleration and the actual vehicle deceleration/acceleration. They can be induced by internal
mechanical shortcomings (e.g., actuator delay) and stochastic external environment disturbances (e.g., dynamic
wind force and dynamic pavement conditions).

It is essential to know that both the sensor error and the control error can be significant in some contexts. For
example, the position error and speed error measured by radar can be as large as 1m and 0.3m/s, respectively
(Yeong et al., 2021); In city environment, the position error of global position system can reach 0.5m (Rehrl and
Grochenig, 2021); Related to control errors, the slope of a typical highway change dynamically between 0 and 10%
in different locations (Gao et al., 2018; Gao et al., 2016). Wind speed can be time-varying and as high as 20 m/s,
producing significant aerodynamic drag forces that preclude enabling the desired platoon control. Noted that even
though the onboard sensors are accurate, and the vehicles are driving in a relatively good environment where the
disturbances in deceleration/acceleration are small, we also need to factor the impacts of these disturbances on
vehicle dynamics as the errors can accumulate in time which can lead to vehicle collision.

To mitigate the negative impacts of uncertain vehicle dynamics on CAV platoon control, many control
strategies have been developed. To tackle the uncertainty due to vehicle sensor errors, Cui et al. (2021) proposed
a robust cooperative cruise control strategy to ensure platoon safety and string stability under malware cyberattack,
where perception and data received via communication contradict reality. Wang et al. (2020) proposed a so-called
cooperative intelligent driver model to account for cyberattack effects on CAV dynamics related to manipulation
of vehicle position, speed, and acceleration. To reduce the effects of vehicle state measurement errors on platoon
performance, Zhou et al. (2020) used a Kalman predictor to correct the obtained vehicle state and designed a
switching control-based cooperative adaptive cruise control (CACC) to ensure string stability of the CAV platoon.
Jin and Orosz (2014) proposed an acceleration-based connected cruise control to achieve head-to-tail string
stability considering the impacts of dynamic V2V communication delay. Zhang et al. (2020) developed an optimal
control-based cooperative adaptive cruise control (CACC) to enhance the platoon robustness against
communication delay. The deep reinforcement learning (DRL) control strategies are also applied to mitigate the
negative impacts of falsified information due to sensor errors (Ferdowsi et al, 2018; Ni, 2022) and communication
failure (Shi et al., 2022). It leverages the sampling and interactions in the training environment to maximize a
prespecified episode reward, which enables a CAV to find an optimal control policy to maneuver the CAV platoon
safely and efficiently.

To tackle the uncertainties due to vehicle control errors, Gao et al. (2016) designed a H,, controller built upon
linearized vehicle dynamics to ensure stability of the CAV platoon. Yadegar et al. (2019) proposed an adaptive
control strategy to suppress and counteract the effect of malicious actuator attacks by adjusting the control gains.
Zhou and Ahn (2019) proposed a decentralized robust car-following controller to regulate the difference between
the desired acceleration and the actual acceleration that occurred due to real-world disturbances. Song and Ju (2020)
proposed a distributed adaptive sliding mode control algorithm for vehicle platoons with uncertain driving
resistance and actuator saturation. Neto and Mozelli (2022) incorporated an integral control action to DRL policy

to counteract control errors triggered by uncertain vehicle dynamics to ensure desired spacings for vehicles in a
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platoon.

It is also worth mentioning that a few recent studies also seek to tackle certain disturbance factors belonging
to both types of uncertainties simultaneously. For example, Jin et al. (2017) seek to counteract the disturbances
due to sensor errors and vehicle actuator attack (i.e., one type of vehicle control error) simultaneously using an
adaptive control technique to guarantee the Lyapunov stability. Xu et al. (2018) designed a robust H _ control law

to ensure inner-vehicle stability and string stability under the impacts of vehicle control errors and communication
delays (i.e., one type of vehicle sensor errors).

While these control strategies can counteract the impacts of uncertain vehicle dynamics in certain driving
environments, three gaps that dramatically deteriorate their applicability and effectiveness still exist. First, these
control strategies only deal with uncertainties induced by one or two types of disturbances from specific sources.
They cannot holistically and simultaneously handle the uncertainties induced by vehicle sensor errors and vehicle
control errors from all sources. Therefore, their control performances cannot be guaranteed in a real-world driving
environment where all types of disturbances exist simultaneously. Second, other than viewing the CAV platoon
as an integrated system, the control strategies mentioned above are all designed to maximize the performance of
each vehicle in the platoon independently. Therefore, the behaviors of vehicles controlled by these strategies are
non-cooperative, which can deteriorate platoon performance (Wang et al., 2019; Wang et al., 2016; Zhou et al.,
2017). Third, most control strategies have no restrictions on controls or vehicle states. As a result, the computed
control decisions can be too large to be executed, and a safe distance between adjacent vehicles may not be
guaranteed.

This study proposes a robust cooperative control (RCC) strategy to coordinate the behavior of all subsequent
vehicles in the platoon to counteract the impacts of uncertain platoon dynamics. It is developed upon a continuous
minimax problem that incorporates a longitudinal vehicle dynamics equation to factor the impacts of both vehicle
sensor errors and vehicle control errors. It also includes several state and control constraints to respect physical
limitations and ensure traffic safety. The maximization subproblem seeks to find the worst inputs for the
uncertainty terms in the vehicle dynamics equation to minimize the platoon performance. The minimization
subproblem seeks to optimize the control decisions of all subsequent vehicles to maximize the platoon performance
under the worst input of the uncertainty terms. To solve the proposed minimax problem efficiently in real-time,
the minimax problem is first converted into an equivalent max-min problem. Then, the norm-relaxed method of
feasible direction (NRMFD) is proposed to solve the resulting max-min problem. This study analytically shows
that the proposed NRMFD solution algorithm is globally convergent. It is computationally very efficient and can
solve the max-min problem within 0.02 seconds when the number of subsequent vehicles is no larger than 8.
Therefore, the RCC strategy can be deployed in real-time to improve the worst platoon performance to enhance
the robustness of the CAV platoon against the impacts of uncertain vehicle dynamics.

To estimate the ranges of the vehicle sensor errors and vehicle control errors induced by the disturbance
factors, this study also proposes a Rauch-Tung-Striebel (RTS) smoother-based expectation-maximization (EM)
algorithm. It incorporates the EM algorithm to estimate the covariances of the error terms based on platoon
trajectory data, and uses the RTS smoother to update the trajectory data based on the estimated covariance. The
steps are repeated until the convergence criteria are reached. The error bounds can be determined using e.g., the
99% confidence interval of uncertainties.

The contributions of this study are threefold. First, we propose an RCC strategy based on a minimax problem
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to improve the platoon performance considering uncertain platoon dynamics due to errors in the detected vehicle
state and vehicle control. The RCC strategy can maneuver the CAV platoon cooperatively to counteract real-world
disturbances. It significantly outperforms the idealized cooperation control (ICC) strategy (Gong et al., 2016),
which ignores the impacts of uncertain vehicle dynamics. Second, an innovative solution algorithm (i.e., NRMFD
algorithm) is proposed to solve the continuous minimax problem to enable real-time deployment of the proposed
RCC strategy (less than 0.02 seconds). It is a line search-based algorithm. The gradients of the optimal control
decisions with respect to vehicle sensor errors and vehicle control errors are obtained through the analytical
sensitivity analysis method for the minimization subproblem. Unlike the traditional solution algorithm, which only
apply to convex-concave minimax optimization, the proposed NRMFD algorithm can solve the proposed minimax
problem whose objective function is convex in both vehicle control decisions and uncertainty terms. This study
analytically shows that this algorithm is globally convergent and can efficiently solve the minimax problem. Third,
this study proposes a Rauch-Tung-Striebel (RTS) smoother-based expectation-maximization (EM) algorithm that
can estimate the error bounds of the detected vehicle’s speed and position and vehicle controls with high accuracy.
It can help to quantitively identify the holistic impacts of multiple external real-world disturbances on vehicle
dynamics.

The structures of this study are as follows. In the next section, the RCC strategy and the minimax problem for
longitudinal CAV platoon control are explicitly presented. Section 3 formulates an equivalent max-min problem
for the minimax problem. Section 4 discusses the NRMFD solution algorithm for the max-min problem. Section
5 presents the RTS smoother-based EM algorithm. Section 6 tests the computational efficiency of the NRMFD
solution algorithm, the performance of the RCC strategy, and the accuracy of RTS smoother-based EM algorithm
with several numerical examples. Section 7 concludes this study and points out future research directions.

2. RCC Strategy for CAV platoon

This section proposes an RCC strategy for longitudinal control of CAV platoons. Consider a platoon in a
single highway lane in which all vehicles are CAVs. Let 0,1,2 -+, n represent the CAVs in the platoon sequentially
with 0 being the leading CAV and n being the tail CAV. Discretize the time into sequential roll periods with length
T seconds as follows, [0, 7], [, 27], [27, 37], -+, [kT, (k + 1)7], . kt(k = 1,2 --+) is the sampling time instant at
which the new optimal control decisions are computed and executed to control the CAV platoon. t is the roll
period for which a new control decision is implemented. The control decision of a vehicle in the platoon during a
roll period is fixed, but it can be different by roll periods and vehicles.

To develop the RCC strategy, suppose each vehicle in the platoon can send information to all other vehicles
in the platoon using V2V communication at each sampling time instant. Based on the information, a robust
optimization problem will be solved to determine the control decisions for all subsequent vehicles in the next roll
period to improve the platoon performance. In the following section, we will discuss the explicit formulation of
the RCC strategy.

Denote p; (k) and 7; (kt) as the detected position and speed of vehicle i at time instant kt, respectively. Due
to detection errors, deviations exist between the detected vehicle state and the actual vehicle state. Let ¢, (kt) and

&y, (kt) be the errors for the detected position and detected speed of vehicle i at time instant kz, respectively. Then,
pi(kt) = Pi(kt) + &p,(kT) (1a)
v;(kt) = Ui (kt) + £, (kT) (1b)
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where p; (kt) and v; (kt) are the actual position and speed of vehicle i at time instant kz, respectively.

Suppose u;(kt) is the desired/computed control decision (i.e., acceleration or deceleration decision) for
vehicle i during roll period [k, (k + 1)]. Note that, in addition to detection errors, the vehicle dynamics are also
subject to the impacts of internal mechanical shortcomings (e.g., actuator delay) and external system disturbances
(e.g., time varying air drag and dynamic road gradients), which can result in deviations between the desired vehicle
control and the actual vehicle control. Based on the above discussion, at the next sampling time instant (k + 1)z,
the actual position and speed of vehicle i can be computed as

(k+D)t u
pi(kt + 7) = py(k) + &, (k1) + f [vi (k) + f (ui(kr) + sui(t)) dt] du
kt kt
(k+1)T 1
= pi(kT) + &p, (k) + TV (kT) + 0.572 - u;(kt) + f f &y, (t) dtdu (2a)
kt kt
(k+1)T
Dkt +7) = B,(k) + £, (kD) + f (uilke) + £, (0)) dt
“ (et 1)t (2b)
= 5,(k) + £, (k) + 7w (k) + f £, (1) dt
kt

where u; (kt) + &,,(¢) is the actual control for vehicle i at time t,¢ € [kt, (k + 1)t] and ¢,,(¢) represents the
stochastic error between the actual control for vehicle i and the desired (computed) control for vehicle i at time t.
For simplicity, we denote &,,(t) as the control error for vehicle i.

In Eq. (2), the terms &, (k7), &, (k7), and &, (¢), t € [kt, (k + 1)7] are stochastic. &y, (k) and &, (kt) are
uncertainty terms associated with the initial state of vehicle i. They are discrete in the sense that only the vehicles’
position and speed at the sampling time instant kt are needed to be detected with onboard sensors. Thereby, only
the sensing errors at the sampling time instant k7 would impact the computed vehicular dynamics at next sampling
time instant (k + 1)7. Note that &, (¢) is induced by internal mechanical shortcomings (e.g., actuator delay) and
stochastic external environment disturbances (e.g., dynamic wind force, dynamic pavement conditions), it changes
continuously in time. Unlike the vehicle sensing errors, the vehicle control errors (i.e., &,,(t), Vi) are continuous
and their values during interval [kz, (k + 1)t] had drastic impacts on the computed vehicular dynamics at next
sampling time instant (k + 1)t.

For simplicity, we remove symbol t and only use the number k to denote the time hereafter, e.g., p; (k)
represents p;(kt). Note that we cannot know the exact inputs for these uncertainty terms in advance. However,
they must be bounded. Therefore,

ep" < gy, (k) < g, Vi= 0,1, ,n (33)
s;’i”” < &,(k) < s;’i””, vi=0,1,--,n (3b)
s{[l?i” < g, (1) S g, Vi=0,1,,n,t € [kt, (k + 1D7] (3c)

where s{,’}m and s{,’i‘a" are the minimum and maximum values for gm(T)v respectively, and e,’,’i”'" and s,’;’i‘ax are the
minimum and maximum values for ¢, (7), respectively. These values are determined by the accuracy of the
onboard sensors. s{[;i" and &;}** are the minimum and maximum values for ¢, (t), respectively; they are
determined according to the wind level, road gradients, etc.

Let A; be the desired spacing for adjacent vehicle pair i (i.e., between vehicle i — 1 and vehicle i). Suppose

the desired spacing for all adjacent vehicle pairs is the same and is A;= A, Vi = 1,2,---,n. Then, the difference
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between the desired spacing and actual spacing for an adjacent vehicle pair i at time k (denoted as x;(k)) can be
formulated as x; (k) = p;_1(k) — p;(k) — A. Let y;(k) be the speed difference between vehicle i — 1 and vehicle
i. Then,

xy(k + 1) = % 0k) + 17, (k) + 0.572 (wi_y (k) — uy(K)) + (£, () + T2y, (K) + 1, () ) (4a)
yilk +1) = 3;(k) + - (uima () — () + (&, () + 1y, (K)) (4b)
where

xi(k) = pi-1 (k) — pi(k) — A (52)

Yi(k) = Ui_q (k) — ¥;(k) (5b)

x, (k) = £p,_, (k) — £,(D) (5¢)

£y, (k) = £y,_, (k) — £, (D) (5d)
(k+1)T fu

My, (k) = fk ) fk Teui(t) dtdu (5e)
(k+1)T

m®=] a0 (51

Mx, (k) = mp,_, (k) = 1p, (k) (59)

Ny, (k) = 1y,_, (k) = 1, (k) (5h)

Letx(k + 1) = [x;(k + 1),Vi]T, y(k + 1) = [y;(k + 1),Vi]T, (k) = [%;(k),Vi]T, y(k) = [§;(k),Vi]T. Eq. (4)
can be written in a vector form

x(k +1) = X(k) + - §(k) + 0.57% - (S - u(k) + By - uo(k)) + M(g, + £, + 1) (6a)

y(k+1) =§(k) + 7 (S-u(k) + By -uo(k)) + M(g, + 0, (6b)
where u(k) = [u;(k),i = 1,---,n]7 is the vector of control decisions for all subsequent vehicles and u, (k) is the
leading vehicle’s acceleration at time ktr . &, =[g, (k),Vi=0,12-,n]" ; & = [g,(k),Vi=

0,1,2--,n]"; m, = [1p,(k), Vi = 0,1,2---,n]"; m,, = [n,,(k), Vi = 0,1,2---,n]". The matrices S, M and vector

B, are

1 -1 -1 1

1 -1 1 -1 0
M = 1 -1 ;S = 1 -1 By = | ()

. . ;

1 =1lhxm+n) 1 -1
Note that the deceleration and acceleration of a vehicle is bounded. Therefore,

umin S u’i (k) S umax: Vl = 1)2) Yy n (8)

where Uy, and uy,q, are the minimum and maximum inputs for u;(k), Vi = 1,2, -+, n.
To avoid speeding, the following constraints are considered
Vmin S vilk+1) < v, Vi=12,-,n 9)
where v,,;, and v,,,4, are the lower and upper bound of the speed of vehicles, respectively. v,,;, can be set as 0
in a real-world driving environment.



According to inequality (3) and Eq. (2), if the detected speed of vehicle i at time k is 7; (k) and the desired
control of this vehicle during roll period [kz, (k + 1)7] is u;(k), then the minimum possible speed of this vehicle
at time k + 1 (i.e., v;(k + 1)) is achieved at ¢,,(7) = "™ and ,,(¢) = "™, which is (k) + €)™ + -
(u (k) + e{[”") Similarly, the maximum speed of v;(k + 1) isachieved at ¢, (7) = &%, &,,(t) = &**, which
is (k) +ei** + T (w; (k) + s{{l?ax). To ensure that inequality (9) holds for all inputs of the uncertainty terms,
we have

Umin = Vmin — 23”" TE {[i‘m < (k) + 7 ui(k) < Upax = Vmax — &0, — TEL VI (10)

Similarly, to ensure traffic safety, we have

P e+ D)~ oman)

gi(u)) =1l +r- v***(k+1)+
() =t ‘ 2 (min + £0") (11)

<0
where —gi(u(k)) is the space headway between vehicle i — 1 and vehicle i when vehicle i decelerates t0 U,
with actual control being um, + &;%%; v{"**(k + 1) represents the maximum speed vehicle i can achieve with
a control decision of u;(k), v"**(k +1) = (k) + eJ}** + 7 - (u-(k) + s{[“”)' l; is the vehicle length; and r

is the reaction time. The term r- v"**(k + 1) + (Vz( (kt)ml;’;‘sn) denotes the minimum distance vehicle i
Uminté&y

needs to travel when it decelerates from speed v***(k + 1) to the minimum speed 7,,;,, using the hardest braking
(i.e., Umin) considering the impacts of the disturbances in the worst case (i.€., Upin + £;).

Based on the above discussion, at each sampling time instant k, we will solve the following minimax problem
to obtain the control decisions for all subsequent vehicles to counteract the impacts of uncertain vehicle dynamics
on platoon performance:

min max](u(k) €(k)) =

minmas [x(k + DTQ,x(k + 1) + y(k + 1)7Q,y(k + 1) + 2u(k) u(k)] (12a)

NI»—*

st.x(k +1) = (k) + - §(k) + 0572 - (S - u(k) + By - uo(K)) + M (£,(k) + 72, (k) + 1, (k))  (12b)

y(k+1) = §(k) + 7 (S-uk) + By - uo(k)) + M(g, (k) + 0, (k)) (12c)

Umin S U(k) € Uy, Vi=1,2,,-, 0 (12d)

Umin < Ui(k) + 7 u;(k) < Vo, Vi= 1,2, .10 (12¢)

gi(u(k),e(k)) <0,vi=12,,:,n (12f)

s{,’i‘i” < g, (k) < e**,vi=0,1,,n (129)

s;’i”” < &, (k) < s;’l?m,‘v’i =0,1,-,n (12h)

s{[l?i” < &,,(t) < g**,Vi=0,1,,n,t € [kr, (k + 1)7] (12i)
(k+1)7

np; (k) = fk f & (w)dwdu, Vi =0,1,--,n (12))
(k+1)7

Ny, (k) = LT & (w)dw,Vi=0,1,-,n (12k)



where e(k) is a vector of all uncertainty terms, e(k) = [} (k), €, (k),n}5(k),n5(k)], and Q; and Q, are
diagonal positive definite matrices. J (u(k), e(k)) is the cost function that measures the platoon performance. This
cost function is also used in Gong et al. (2016). The first two terms in J (u(k), e(k) ) (i.e., x(k + 1)TQ;x(k + 1)
and y(k + 1)7Q,y(k + 1)) measure the deviation between the actual platoon state and the desired platoon state,
and the third term (72u(k)Tu(k)) measures the magnitude of acceleration/deceleration of the vehicles, which
relates to passenger comfort. Inequalities (12d)-(12f) are control constraints. They specify the range of control
decisions, the range of speed and the conditions to avoid vehicle collision, respectively. Inequalities (12g)-(12k)
present the range of the uncertainty terms. It should be noted that the objective function (12a) can be set as other
functional forms. The solution algorithm proposed in section 4 can still be applied if the new objective function is
convex in u(k).

To determine the ranges the errors in Egs. (12g)- (12i), we propose a Rauch-Tung-Striebel (RTS) smoother-
based expectation-maximization (EM) method. It can effectively estimate the statistic information of the
uncertainty terms by using the historical trajectory data and control decision. The details are shown in Section 5.

In the minimax problem (12), the maximization subproblem seeks to find the inputs of the uncertainty terms
€(k) (worst case) such that the value of the cost function J(u(k), e(k)) is maximized for given control decisions
u(k), while the minimization subproblem seeks to optimize the control decisions for all subsequent vehicles to
minimize the cost function under the worst inputs of e(k) computed by the maximization subproblem. The
minimax problem seeks to improve the platoon performance in the worst case.

Based on the following steps of the algorithmic logic, the RCC strategy is a centralized controller. At each
sampling time instant kz, a vehicle in the platoon (e.g., the head vehicle) collects the states of all vehicles in the
platoon through V2V communications and computes the optimal control decisions for all the following vehicles
in the platoon by solving the minimax problem (12). The optimal control decisions are then distributed to all other
vehicles in the platoon to control their behavior during the roll period [k, (k + 1)t]. These steps are repeated at
the next sampling time instant (k + 1)z to control the CAV platoon sequentially.

Let @(u(k)) be the maximum value of the cost function ](u(k), e(k)) when €(k) changes in the feasible set
for given control decisions u(k), i.e.,

o(uk)) = r?(%](u(k), e(k))

(13a)
= rer%%(% [x(k + DTQx(k + 1) + y(k + DTQ,y(k + 1) + 2u(k) u(k)]
s.t. Eq. (12b), Eq. (12c), inequalities (12g-12k) (13b)

Problem (13) is the maximization subproblem for the minimax problem (12). It seeks to find the inputs for
€(k) to maximize the cost function. Based on problem (13), the minimax problem (12) can be written equivalently
as the following problem:

min & (u(k)) (142)
Stumin < ui(k) < upma, Vi=1,2,,-,n (14b)
Umin < Ui(k) + 7 ui(k) < Upar, Vi= 1,2, .0 (14c)
gi(u(k),e(k)) <0,vi=12,,-,n (14d)



3. Equivalent formulation for the minimax problem (12)

The computational time of the minimax problem (12) decides whether the proposed RCC strategy can be
deployed in real-time to control the CAV platoon. However, the uncertainty term e(k) is constrained by both
inequality constraints (12g-12i) and equality constraints (12j-12Kk), it is very difficult to find the optimal solution
of e(k) to the maximization subproblem (13). Further, the objective function in the minimax problem is convex
in both vehicle control decisions and uncertainty terms. Thereby, it is a non-trivial task to design an effective
solution algorithm to solve the minimax problem (12) within an acceptable computational delay (i.e., in 0.02
seconds). Note that if the input for e(k) is given, the problem (14) can be solved very efficiently using the
distributed algorithm proposed by Gong et al. (2016). To take this advantage, in the following, we will reformulate
the minimax problem (12) as an equivalent max-min problem. This enables us to develop a very efficient solution
algorithm (i.e., the NRMFD solution algorithm) to solve the minimax problem (12).

Let Q. = {e(k)|e(k) satisfy inequalities (12g) — (12k)}. Q. represents the set of all feasible inputs for the
uncertainty terms. Let Q,, be the feasible set of u(k), Q, = {u(k)|u(k) satisfies inequalities (12d) — (12f)}.

Minimax problem (12) can be written as min max J(u(k), e(k)). Using the same method for proof of
u(k)eQ, e(k)eQ,

Proposition 1 in Wang et al. (2022), it can derive that Q. is a convex set. According to Theorem 2.4.1 in Bertsekas
(2009, Page 112), the global optimal solution to maximization subproblem (13) must be one or more of the extreme
(boundary) points of €(k) in Q..

According to inequalities (12i)-(12k), both n, (k) and n,, (k) attain their maximum values at &, (t) =
e vVt € [k, (k + 1)t], which are 0.5123{[}‘” and Te{[i‘ax, respectively. The minimum values of n,, (k) and
1y, (k) are achieved at &,,(t) = &'™, vt € [kt, (k + 1)7], which are 0.57%¢["™ and t]'™, respectively. Let
€ (k) = [&T (k), &5 (k),m;" (k),m;T (k)] be a global optimal solution to problem (13); then, we must have
&p, (k) = s{,’i‘i" or s{,’i‘i"; &y, (k) = sﬁ'l.”” or &, mp, (k) = 0.5tn;, (k) ; ny,(k) = Tgmin or ey M, Vi =
0,1,2,---,n. Thereby, the global optimal solution to problem (13) exists among 23+ potential candidate
solutions. Note that we cannot solve the problem (12) by enumerating these candidate solutions as it is highly
computationally expensive. But this property will enable us to derive an efficient solution algorithm in section 4.

Let w(k) = [€](k), € (k),n5(k)]. Consider the following optimization problem with the decision variable
being w (k)

1&:;1{))(](u(k),w(k)) = %[x(k + DTQx(k + 1) + y(k + DTQ,y(k + 1) + 2u(k)Tu(k)] (15a)

st x(k +1) = X(k) + 7+ §(k) + 0.522 - (S - u(k) + By - uo(k)) + M (sp(k) +re,(k) + O.STnv(k)) (15b)

yk+1) =§(k) +7- (S ulk) + By -ug(k)) + M(&,(k) + 1, (k)) (15c)
s{,’i‘i” < &, (k) < e**,vi=0,1,,n (15d)
s;’l.”” < &, (k) < &%, Vi=0,1,-,n (15e)
el <y, (k) < T, Vi = 0,1, 1 (15f)

The main difference between problem (15) and problem (13) is that we replace the term n,(k) with
0.5tn,, (k) and remove equality constraints (12j)-(12Kk).



Let Q, = {w(k)|w(k) satisfy inequalities (15d) — (15f)}. The following proposition will be useful to
show that problem (13) and problem (15) are equivalent.
Proposition 1: For any u(k), €* (k) = [&,(K)T, &, (k)T,n;,(k)T, 7} (k)] is a global optimal solution to problem
(13) if and only if w* (k) = [&;,(K)T, &5 (k)",n;, (k)] solves problem (15) globally.
Proof: See Appendix A
Proposition 2 shows that the problem max J(u(k),e(k)) and the problem max J(u(k), w(k)) are
e(k)EQ, w(k)EQ,

equivalent. Therefore, the problemu(rlgler}lu G(mk)aeéej(u(k), €(k)) can be written as u&%‘erbu w(rlrcl)ae).((!w](u(k)' w(k)).

Denote (u k), w*(u (k))) as a solution to the minimax problem u(%ie%u w(rlg)gw](u(k),w(k)), where

w*(u* (k)) is the global optimal solution of w (k) to problem (15) with the input u(k) being u* (k). Note that the

minimax problem min max J(u(k), w(k)) can also be formulated equivalently as single-level problem (14).
u(k)eQ, w(k)eQ,,

The following proposition developed upon problem (14) analyzes the uniqueness of the solution u* (k).

Proposition 2: The solution of u(k) (i.e., u*(k)) to single-level problem (14) is unique.

Proof: See Appendix B

Proposition 3 indicates that the solution of u(k) to the problem min max J(u(k), w(k)) is unique.
u(k)eQ, w(k)EQ,

Recall that (u*(k), w*(u* (k))) is a solution to the minimax problem (12); then, for vu(k), u(k) € Q,,

] (u* k), w*(u* (k))) <] (u(k), w*(u* (k))) (16)
Furthermore, w*(u*(k)) is a global optimal solution to the problem oihax J(u(k), e(k)) with inputs of u(k)

being u*(k), then

Jw k), w(k)) < J (u* k), w*(u*(k))) (17)
According to inequalities (16) and (17), for Vw(k), w (k) € Q,, and Vu(k), u(k) € Q,

J @ (), () < J (w' (), " (' (k) ) < (u(k), 0 (u” (K))) (18)
Inequality (18) indicates that (u*(k), e*(u*(k))) is a saddle point of J(u(k), e(k)). The following theorem will
be used to illustrate an important property of the minimax problem (12).

Theorem 1 (Demyanov and Malozemov, 1974; Lemma 6.1, p. 222): If J(u(k), w(k)) is continuous on Q,, X Q,,
and the sets Q,, and Q,, are closed and bounded, then J(u(k), w(k)) has a saddle point on Q,, x Q,, if and only if

i {“@%’éw] (u(k), w(k)) = max u(hin, J (u(k), w(k)) (19)

Note that J (u(k), w(k)) is continuous on Q,, x Q,, and both the sets Q,, and Q,, are closed and bounded.

Furthermore, inequality (18) indicates that any solutions of the problem min max J(u(k), w(k)) are saddle
u(k)eQ, w(k)eQ,

points of J(u(k), e(k)) on Q, x Q. According to Theorem 1, Eqg. (19) holds. For simplicity, we label the
problem on the right-hand side of Eq. (19) the max-min problem.
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Note that the solutions of the max-min problem max min J(u(k), w(k)) are the same as those of the
w(k)EQ,, u(k)eR,

problem min (— min ](u(k),w(k))). In the following, we will present the NRMFD solution algorithm to
w(k)EQ, \  u(k)ER,

solve the problem min (— min ](u(k),w(k))) to obtain the optimal control decisions for all following
w()EQ, \  u(k)eR,
vehicles.

4. NRMFD solution algorithm for the problem w(mk)le?z,,, (_u(nlk)lersllu](u(k)' w(k)))

4.1 Preliminary

For simplicity, we remove the time indicator k,therefore, w(k) is written as w; X(k) is written as X; (k) is
written as ¥; and (k) is written as u.

Define X(u, w) and y(u, w) as follows:
X(U,w) =X+7-§+ 0572 (S-u+B;-uy) + M(g, + 78, + 0.511,,) (20)
yuw)=y+7-(S-u+B;-uy + Mg, +1,) (21)
where X(u, w) and y(u, w) represent x(k + 1) and y(k + 1), respectively. Based on Eg. (20) amd Eg. (21), we

can compute the actual platoon state in the next sampling time instant with control decisions being u and inputs
for uncertainty terms being .

According to Eq. (20) amd Eq. (21), the problem rrelgl (—rrel}ln](u, w)) can be written as the following
WELL, UElly

bilevel programming problem with no time indicator. The upper-level problem is

min — (@) (22a)
eglin & £glax

s.t | emin [ <& < | emox (22b)
remin] o] [remar

where

Y(w) =] (u'(w), )

1. _ B B (22c)
=3 [X(u* (@), @) Q:x(u" (w)) + §(u* (@), )" Q¥ (u* (w), w) + T2u* (@) u* (w)]

In problem (22), ey = [e{,’l.”'”, Vi, enex = [s{,'}‘“‘, vi|; epin = [e{,’i‘"”,Vi]; &g = [e,’}}ax,Vi]; gnin =
[e71m, vi]; pi®* = [ee*, vi]; inequalities (22b) specify the ranges of the uncertainty terms &,, £, and 1,
respectively. u* (w) is the solution to the lower-level problem rrexhn](u, w) for a given input of w, formulated as

u u

min J(u, @) = ~[R(u, )7 QuX(w, @) + F(u, )7 Q,F (1, ) + T2u"u] (23a)
St Upin S U S U, Vi=1,2,,--,1n (23b)
Donin < D + T Ui < D Vi = 1,2,4,7 (23c)
g(uw) <0,vi=12,-,n (23d)

11



Problem (23) can be solved using the distributed algorithm proposed by Gong et al. (2016) to reduce the
computational time.

4.2 NRMFD solution algorithm

Note that for a given input of w, the solution of u (i.e., u*(w)) to low-level problem (23) is unique.
Furthermore, the value of the objective function in the upper-level problem (i.e., J(u*(w), w)) is fundamentally
decided by w. Therefore, we will try to find the optimal input for w to maximize J(u*(w), ®).

Let w™ = [e5+", &7, m)"" | be the input for the uncertainty terms found by the NRMFD solution algorithm

at iteration m. The NRMFD algorithm solves the following quadratic optimization problem to find the feasible
descent direction d at @™

: T
min 0 + 0.5d" Qzd (24a)
—Vp /@ (@™),0™) -d = (=V, Ju (@™), o™")V,u’(@™) — p(u'(0™), ™)) - d < y,6 (24b)
s;”%"
grin [ — ™ —d < xp- 0 I3y (24c)
TeMin
s;}nax
™ +d— | el | < x3° 0 I3 (24d)
Tsmax
u

where @ is an arbitrary positive-definite matrix; E3(,1 is a 3(n + 1) dimension column matrix with all entries
being 1; x1, x» and x5 are small positive scalars; V,u*(w™) is the derivative of the optimal control decisions with
respect to w at ™. Note that u* (™) is an anonymous function of @™, the value of which can only be obtained
by solving problem (23). The method to compute V,u* (™) will be introduced in the next section.
In Eq. (24b)

Vo) (@ (@™), @™) = 05TR(u (@™), @™ Q1S + F (' (@™), @™ QS + U’ (™) (252)

R (0), ©)TQM !

o (0™),w™) =| XU (w),w)"' QM+ MTQ,M (25b)
0.5x(u* (w), w)"Q,M + MTQ,M
Inequality (24b) seeks to constrain the value of the first-order term in the Taylor expansion for the objective
function —J(u*(w), @) when w is changed by d from point w™. Inequalities (24c)-(24d) seek to constrain the
value of w after it is changed by d from point @™. Suppose (6, d) is the solution to problem (24). If 6 < 0, then
d is a feasible descent direction at point @™, meaning that —/(u* (@™ + ad), @™ + ad) < —J(u* (@™), ®™)
and ™ + ad € Q,, for a sufficiently small step a.

Problem (24) is a convex quadratic optimization problem. It can be solved using the active-set algorithm very
efficiently. Numerical tests show that it takes less than 0.001 seconds to solve problem (24) for a CAV platoon
with 8 subsequent vehicles using a computer with an Intel Xeon E3-1240 3.70-GHz CPU and 16 GB RAM.

Next, we need to find the optimal step a* such that: (1) @™ + a*d € Q,, and (2) a* minimizes the objective
function —J(u* (@™ + ad), @™ + ad). Let a; be the maximum step such that the new point @™ + ad does not
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violate its range (i.e., satisfies inequality (22b)). Note that the step (denoted as a, ) that minimizes
—J(u (@™ + ad), o™ + ad) can be approximated as

Vo /(W (@™), ™) - d

"2 o+ @1 + 2V u (@) )V 1 (w)d (26)
where
@1 = (0.5728V u* (w)d + M;d)"Q,(0.572SV u* (w)d + M, d) (272)
@, = SV, ,u"(w)d + M,d)"Q,(zSV,u* (w)d + M,d) (27b)
My =M[En;; TEpi1 O5TEni 1M, = M[0nyy Enyq Enial; (27c)
Based on the above analysis, the optimal step a* can be computed as
a* = min{ay, ay} (28)

Let ™! = @™ + a*d. Repeating the above steps, we can find the optimal input for w to minimize
objective function (22a). The full steps to implement the NRMFD solution algorithm are summarized as follows:

Step 1: Let m = 1. Suppose the input for all uncertainty terms is 0, i.e., @™ = 0.

Step 2: Solve the low-level problem (23) with @ = @™ to obtain u* (™). Compute V,u*(@™) using the
method introduced in the next section.

Step 3: Solve problem (24) to obtain the optimal solution (6, d) at ™. If 8 > 0, then go to step 5; otherwise,
compute the optimal step a* based on Egs. (26)-(28), let ™1 = @™ + a*d

Step 4: If l™*! — w™|| < &, where § is a predetermined threshold, then go to step 5; otherwise, let m =
m + 1 and return to step 2.

Step 5: End iteration, and output @™ and u*(@™).

The u*(@w™) in step 5 is the solution to minimax problem (12). It should be noted that the problem (24) in
step 3 is solved centrally (i.e., it is solved using the computing units in one vehicle). But to reduce the
computational time, the low-level problem (24) for given @™ in step 2 is solved using the distributed algorithm
proposed by Gong et al., (2016). The following theorem will be useful to show that the NRMFD solution algorithm
is convergent.

Theorem 2: (Chen and Kostreva, 1999): Suppose (1) @™ is not the optimal solution of problem (22) and (2) (0, d)
is the solution of problem (24) at ™. Then 8 < 0, 8 + 0.5d” Q;d” < 0 and d is a feasible descent direction at
point ™.

Theorem 2 implies that if @™ is not the optimal solution of problem (24), then at the next iteration, the
NRMFD solution algorithm will generate a new feasible point w™*! such that —j(u*(@™*1), @™*1) <
—J(w (™), ™), 0™, 0™ € Q,. As —](u*(w), w) is bounded for w € Q. Then, the sequence w!, w?, -
generated by the NRMFD solution algorithm must converge to the point in the set Q,, which minimizes the
objective function —/(u* (w), w). This indicates that the NRMFD solution algorithm is globally convergent.

One critical step to implementing the NRMFD solution algorithm is to compute V,u*(@w™). Note that
u*(w™) has no explicit formulation. Its value can only be computed by solving low-level problem (23), which
makes it hard to compute V,u*(@w™). To address this problem, the sensitivity analysis method for a general
nonlinear programming problem will be introduced explicitly. The details can be found in Appendix C. It will be
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used to compute V, u” (@™).

5. Rauch-Tung-Striebel (RTS) smoother-based expectation-maximization (EM) algorithm for estimating
the bounds of the uncertainty terms

The uncertainty terms' upper and lower bound can be determined based on their standard deviations (STDs)
(or variances). Specifically, the ranges of an uncertainty term can be estimated as the confidence interval
corresponding to a certain level (e.g., 99% confidence interval). However, we cannot directly measure the vehicle
sensor errors and control errors to obtain the statistical information due to uncertainty. To address this problem,
this study proposes a new method, labeled the RTS smoother-based expectation-maximization (EM) algorithm.
To estimate the mean and covariance of error bounds, it can effectively estimate the statistical information of the
uncertainty terms by using the historical trajectory data obtained from vehicle operations only. The RTS smoother
applies a forward-pass Kalman filter to estimate the vehicle states, using the historical control decisions, the
detected vehicles’ states at each sampling time instant, and the variances of error terms estimated by the EM
algorithm in the previous iteration. Then, the EM algorithm is used to update the estimated variance of error terms
in the previous iteration using the estimated vehicle states at the current iteration. The two steps are conducted
iteratively until the estimated variances of the adjacent two iterations reach the convergence threshold (Chitralekha
et al., 2009). Existing studies have shown with theoretical analysis (Kokkala et al., 2014) and real-world
experiment (Zhang et al., 2019) that the converged variances are very close to the ground-truth values.

To apply this method, denote the vector of vehicle i’s actual state at sampling time instant k7 as x;(k) =
[p; (k),v;(k)]". The vehicle dynamics can then be formulated as:

x;(k) = @x;(k — 1) + P (wy(k — 1) + &, (k — 1)) (29)
yi(k) = x;(k) + 7;(k) (30)

T2
where @ = [(1) ;] is the state transition matrix, ¥ = [?] is the control actuation matrix, y;(k) is the vector of
T

detected position and speed of vehicle i at sampling time instant kt , 7;(k) = [epi(k),e,,i(k)]T is the vector of
sensor errors of vehicle i’s position and speed.

Without loss of generality, assume vehicle sensor and control errors follow normal distributions with zero
mean (Zhou et al., 2017). let ¢ be the variance of Eu;- Thereby, &y~ N (0,0) and ¢ - &y~ N (0,W), where W =

P - o-YPT. Similarly, assume 7,~ (0, R), where R is the covariance matrix. Note that the sensor errors of speed
and position are independent, R is a diagonal matrix. The RTS smoother-based EM method will be used to estimate
W and R. The framework of the method is as follows.

5.1 Framework of the RTS smoother-based EM method

As shown in Figure Al, the RTS smoother-based EM method starts with initial guesses of the covariance
matrices W and R. The process mainly contains two steps. First, the RTS smoother uses the STDs estimated by
the EM algorithm in the last iteration to estimate the actual vehicles’ states based on historical control decisions
and detected vehicles’ states. Then, the EM algorithm will be used to correct the STDs using the vehicle states
estimated by RTS. The two steps are conducted iteratively until the difference of estimated STDs between two
adjacent iterations is smaller than a predetermined threshold.
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[ Initial guess of 1 Estimated STDs

: W and R, :—> RTS smoother
k<0
o No | kek+1

Estimated - Yes .
vehicle states Condition I, or Output estimated
k> kipax STDs
EM algorithm 41
Estimated STDs

Condition I: the difference of estimated STDs between two iterations is smaller than a threshold
Figure Al. Flowchart of RTS smoother-based EM algorithm

The detailed procedures of the RTS smoother and the EM algorithm are discussed as follows subsections.

5.2 RTS smoother for estimating the actual vehicles’ state based on estimated STDs from the EM

algorithm

Let {X;(k)}k=1,.¢, be the sequence of the actual vehicle’s state at each sampling time instant, where tg is the
total number of sampling time instants. Then, the covariance matrix of the sensing errors can be formulated as
P, =E [(xi(k) - R;(k)) (x; (k) — ﬁi(k))T], k =1,2,---,tg. To estimate the actual vehicles’ state, the RTS

smoother first applies a forward-pass Kalman filter to estimate X;(k) and P; at each sampling time instant
(Meinhold and Singpurwalla, 1983). Then, a backward-pass smoothing operation is conducted to compute a more
accurate vehicle states {R7 (k)}x=1,., .- The pseudo-code for applying the RTS smoother is as follows.

Algorithm 1: RTS smoother for vehicle state estimation

1 Input: the constant matrices @ and ¥ in state Eq. (29), the covariance matrix of
vehicle control error W, the covariance matrix of sensor errors R, the detected vehicle states
{vi}k=1,..tz and the historical control decisions {u;};1, ¢,

2: Initialize: obtain the vehicle state x;(0) at the initial time. Set P, as a 2-dimension
identity matrix.

3: Run forward-pass Kalman filter to estimate X;(k) and Py, k = 1,2, -+, tg.

4: # Iterations of backward-pass smoothing operation

5: Set the estimate vehicle state and error covariance matrix at the last time step as

Rf(tp) = R;(tg), P, = Py, respectively

6: for k=ty—1:1do

7. State prediction: X;(k + 1)) = @ - R;(k) + ¢ - u;(k)

8: Prediction error covariance matrix: Py q(_) = YP YT+ W

O: RTS smoother gain: Gy = Pr¢"Pyyy )

10: State estimation: X7 (k) = R;(k) + G, (R{(k + 1) — R;(k + 1)(_))

11: Estimation error covariance matrix: P = Py + G, (P41 — Px11(-))Gr
12: end for
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5.3 EM algorithm for estimating the STDs based on vehicles’ state estimated by RTS smoother

To estimate W and R, the conditional joint probability of estimated vehicle states {Xj(k)}x=1,. ., and
detected vehicle states {y; (k)}x=1,.,, are defined as follows:

P({if(k)}k=1,...,t5v {vi (k)}k=1,...,t5|0)

tg tg (31)
= P& OI0) | [PEEORIGK-1,0)] [Pr:0R1),0)

k=1 k=1

where @ = [R, W, m,, t,] is the vector of parameters to be estimated, 1t,, ¢, are the mean and the variance of initial
vehicle states X7 (0), respectively. The EM algorithm seeks to find the optimal value of parameter 8 to maximize

PR )} k=1,...t50 Vi (k) }i=1,..¢,10). Mathematically, it can be formulated as the following maximum likelihood
estimation (MLE) problem:

0" = argmang({/)‘\Zf(k)}k=1mtE,{yi(k)}k=1,_._,tE|0) (32)
To solve Eq. (32), according to Kokkala et al. (2014), define Q(0, 8,) as follows
Q(6,00) = Egs i)y, (00,6, 108 (P({ﬁf(k)}kzL...,tE; {vi (k)}k=1,...,tE|9))

= D PRIkt 10Nt ot 00) 108 (PR (ot 900}k, 110)
SO

= > PR e, e 910 ms, e 00) 10g (PRI ms, ey (V1 (D imr, 1,160
E0ON,

(33)

where 6, is the estimated parameters from previous iteration or the initial guess.

It can be easy to deduce that the @ which maximizes the Q(8, 8,) is 8*. Note that 8, is fixed, maximizing
Q(06,8,) is equivalent to maximize log (P({if(k)}kﬂ,m,tE,{yi(k)}k=1,___,t5|0)). Correspondingly, considering
Egq. (@3), as 6 follows normal distribution with the mean being 0, the term
log (P({RF (k) i=1,..c00 (V1 () }ie=1....516) ) can be expressed as:

log (P({RF (k) e, e V1 () }m1,..516) )
tg 1 N T . t
=) 50100~ 1%{00)" R (3, (0) = 1,%]00)) — 5 loglRI
e 1 <SS <SS T —-1(&S <SS
- Zkﬂi(xi (k) — o5 (k— 1) —Ypu(k— 1)) WK (k) — PR{(k— 1) (34)
t 1
— Pk — 1)) =< loglW| — 2 R (0) — )" 5" ®F (0) — o)

1
— Elogltol — 2ty log2m

To compute R, let a%(:ﬁ(’) = 0. According to Eq. (34), we have
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1t
R=— " (3.00) ~ LEG0) (v (k) ~ LE (1)) (%)
E k=1

where I, is a 2-dimension identify matrix.

2Q(0,8¢)
ow-1

W= Ezkﬂ(’if(k) — o5k — 1)
— u;(k — D) (K5 (k) — DR (k — 1) — Pk — 1))

Applying the same method, we can obtain that T, = X7(0) and ¢y = 0,.

In the next iterations, the RTS smoother will be executed with updated parameters 6. Further, we will set
0, = 0 and input 8, and X7 (k) estimated by the RTS smoother into the EM algorithm to estimate R and W.

Similarly, to compute W, let = 0. Based on Eq. (34), we have

(36)

5.4 Method to determine the error bounds based on estimated STDs

Let R* and W™ be the covariance matrices estimated by the RTS smoother-based EM method at the

711

Tyt ] Note that r,;, = r;, = 0 as the sensor errors of vehicle position and

convergence state. Suppose R* = [
speed are independent. Then, spi~N(O, r11) and &, ~N'(0,73;). As mentioned previously, the boundaries
corresponding to a 99% confidence interval of ,,, and ¢, will be used as the bounds of ¢, (i.e., eg}"” and g51%%)

and &,, (e and &**). Thereby,

s,’,’l’m = —4.5/111; &% = 4.5,/111 (37)
gg:ln = —45 22, E;rz'ax =45 oY) (38)

The variance of the uncertainty in the control decision (i.e., a) can be obtained by solving the linear equation:
Y- o-yp" = W*. Note that &, ~N (0, o). Similarly, the bounds of control error of vehicle i (i.e., em”‘ and &;;%%)
can be computed as the boundaries corresponding to a 99% confidence interval, i.e.,
e{}}”‘ = —4.5Vo; '™ = 4.5Vo (39)

Remark 1: The proposed RTS smoother-based EM method can help to estimate the error bounds in Eq. (12) with
high accuracy, which enables a reasonable worst-case scenario for the ‘min’ term to mitigate the negative impacts
of sensor error and control error. This can effectively manage the conservativeness induced by the ‘max’ term, as
exaggerated worst-case scenarios corresponding to over-estimated error bounds are avoided.

6. Numerical example

Table 1. Inputs for the parameters in the RCC strategy

Parameters Value
Roll period t 1 second
Length of a vehicle (I,) 5 meters
Reaction time (u) 1 second
Maximum speed 32m/s
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Minimum speed 0Om/s
Maximum acceleration u,, 4, 2m/s?

Minimum acceleration u,,;, —5m/s?

This section seeks to test the performance of the proposed RCC strategy. In section 6.1, several numerical
examples are used to show the effectiveness and efficiency of the NRMFD solution algorithm. In section 6.2, we
first compare the performances of the RCC and ICC strategies. Note that ICC strategy (Gong et al., 2016) can also
be interpreted as Eq. (12) by removing the error terms (i.e., let e(k) = 0). The parameters below will be used to
demonstrate the application of the proposed methods. They are also used in other studies, e.g., Wang et al. (2019),
Gong et al. (2016). Section 6.3 illustrates the effectiveness of the proposed RTS smooth-based EM algorithm in
deciding the errors bounds in problem (12).

6.1 Convergence and computational time of the NRMFD solution algorithm

Suppose there exists a CAV platoon with 7 subsequent vehicles (n = 7). The initial speed of the leading
vehicle is 25 m/s. The ranges of the uncertainty terms are set as —e{,’}"" = g™ = 0.4m, Vi, e{,’}"" =gt =
0.2m/s, Vi, —s{[i”" = g,%* = 0.2m/s. The convergence threshold (i.e., §) is set as 107>, The following four

states are selected randomly to test the convergence performance of the NRMFD solution algorithm:

Statel:x=[0 2 3 5 -3 -2 2Ly=[-1 1 -1 -1 -1 -1 1luy=—-2m/s?
State2:x=[0 2 3 5 -3 —2 2Ly=[0 0 0 0 0 0 Oluy=—-2m/s?
State3:x=[0 2 3 5 -3 -2 2Ly=[-1 1 -1 -1 -1 -1 1l;uy=1m/s?
State4:x=[0 0 0 0 0 0 Ohy=[-1 1 -1 -1 -1 -1 1lup=1m/s%

The first two states seek to test the performance of the NRMFD solution algorithm when the leading vehicle
is decelerating, while the last two states seek to test the performance of the NRMFD solution algorithm when the
leading vehicle is accelerating.

Figure 1 shows the convergence trajectories of the NRMFD solution algorithm at the four initial states. Recall
that the Y (w) represents the value of the objective function (12a) (see Eq. (22c)). The convergence trajectories
demonstrate that the values of ¥ (w) increase monotonically at each iteration and converge in less than 15
iterations with different initial states, indicating that the NRMFD solution algorithm can effectively solve the max-
min problem (14). Table 2 compares the optimal control decisions computed by the ICC strategy and RCC strategy.
It shows that the optimal control decisions of the two strategies differ significantly.
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Figure 1. Convergence of the NRMFD solution algorithm at different initial states. (a) Convergence of the
NRMFD solution algorithm at initial state 1; (b) Convergence of the NRMFD solution algorithm at initial state
2; (c) Convergence of the NRMFD solution algorithm at initial state 3; (d) Convergence of the NRMFD solution
algorithm at initial state 4.

To test the computational time of the proposed NRMFD solution algorithm, we randomly generated 5,000 different
inputs for the uncertainty terms with ranges of - &' = &' = 0.4m, Vi; '™ = '™ = 0.2m/s, Vi;
—s{[l?"" = &;;* = 0.2m/s,Vi. The experiments were coded in MATLAB and executed on a computer with an
Intel Xeon E3-1240 3.70-GHz CPU and 16 GB RAM. Figure 2 shows the mean computational time of the NRMFD
solution algorithm with different numbers of subsequent vehicles (i.e., n). This demonstrates that when n increases,
the mean computational time of the NRMFD solution algorithm also increases. However, it is less than 0.02
seconds when n < 8, indicating that the NRMFD solution algorithm can be applied to control the CAV platoon in
real-time when n < 8 (Zhou et al. 2017). It should be noted that to control a CAV platoon with a larger number
of vehicles, we need to improve the onboard computational units to reduce the computational time.

Table 2. Comparison of the optimal control results between the ICC and RCC strategies

Control strategy Optimal control decisions o (u")
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ICC strategy u' =[-192 -015 -023 023 -130 -239 0.95] 90.13

State 1 RCC strategy u* =[-253 —-0.46 —-0.65 0.09 —-1.66 -—2.75 0.78] 125.42
ICC strategy u ' =[-143 -1.08 -053 0.12 -0.20 —0.44 -0.14] 71.42
State 2 RCC strategy =[-2.05 —-148 —-099 0.56 -0.61 -—-0.86 0.22] 108.55
State 3 ICC strategy u =[0.04 121 0.76 053 —-0.68 —1.85 —0.45] 78.71
RCCstrategy u*=[-0.65 1.52 057 090 -1.17 -2.32 -0.32] 117.23
ICC strategy u =[0.17 129 0.65 —-0.10 —-0.89 -1.76 —0.65] 7.11
Stated RCCstrategy u*=[-0.49 1.62 094 -0.63 —-086 -2.25 -0.59] 21.88
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Figure 2. Computational time of the NRMFD solution algorithm with different number of following vehicles

6.2 Performance of the RCC strategy

6.2.1 Performance of the RCC strategy considering only one type of error term in Eq. (6)

Note that there exist three error terms in vehicle dynamic equation (6): the errors of the detected vehicles’
positions (i.e., &y, Vi); the errors of the detected vehicles’ speeds (i.e., €, Vi); and the vehicle control errors
(a;, Vi). The three uncertainty terms are independent of each other. To analyze whether and to what level the RCC
strategy can counteract the impacts of the uncertainties, we compare the control performances of the RCC strategy
and the ICC strategy with each type of uncertainty. The comparison is made on controlling a CAV platoon with 7

subsequent vehicles under the following scenario. To distinguish it from the scenario introduced in section 6.2.3,
we label it scenario 1.
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Figure 3. Trajectory of the leading vehicle: (a) speed profile of leading vehicle in scenario 1; (b) acceleration
profile of leading vehicle in scenario 1;

Scenario 1: the trajectory of the leading vehicle follows a real-world diary in the NGSIM dataset collected on
eastbound 1-80 in the San Francisco Bay area at Emeryville, California. The leading vehicle's speed and
acceleration profiles are shown in Figures 3(a) and 3(b), respectively. It is worth mentioning that this trajectory
contain several harsh brakes and accelerations, which can effectively evaluate the performance of proposed RCC
strategy.

To enable comparison of the ICC strategy and the RCC strategy, define the total costs of the CAV platoon at

an arbitrary time t (denoted as TJ(t)) as the summation of](u(k), e(k)), k=12,-tie.,

t
T = ) J(ulo), e() (34)
k=1

TJ(t) measures the cumulative performance of a control strategy from the starting time 0 to time ¢t. Clearly,
if TJ(t) of a control strategy A is larger than it is of control strategy B at arbitrary time ¢, then we can say control
strategy B outperforms the control strategy A.

To study the effects of the three types of uncertainty terms on control performances of the ICC and RCC
strategy, we set the inputs for two types of uncertain terms as 0, and randomly generate the inputs for the third
types of uncertainty terms within their ranges at any time. To compare the control performances of the ICC strategy
and the RCC strategy, the inputs for the uncertainty terms are set the same at each sampling time point.

Figure 4 and Figure 5 compare the control performance of the ICC and the RCC strategies under scenarios 1
and 2, and with uncertainty terms being only ¢,, Vi and only ¢, Vi, respectively. The T] values of the RCC
strategy are always enveloped by those of the ICC strategy, suggesting that when either detection errors of the
vehicles’ speeds (i.e., &, Vi) or control errors of the vehicles (i.e., ,,, Vi) exist, the RCC strategy outperforms the
ICC strategy dramatically (see Figures 4(b) and Figures 5(b)). This indicates that the RCC strategy can effectively
counteract the negative impacts of uncertain vehicle dynamics induced by vehicle speed detection errors and
vehicle control errors.

However, as seen from Figure 6, when only detection errors of initial vehicles’ positions (&p,, Vi) exist, the
cumulative control performance of the RCC strategy is very close to that of the ICC strategy in both scenarios.
This phenomenon occurs because the performance indicator contains three terms: x(k + 1)7Qx(k + 1),
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y(k + 1)TQ,y(k + 1) and t?u(k)Tu(k). The detection errors of vehicles’ positions only impact x(k + 1), they
do not impact y(k + 1) and (k). As discussed in proposition 2, the worst-case input of £, computed by the RCC

strategy is obtained at one of the extreme points (i.e., either &, = s{,’i”'" or £,;%%, Vi), which is further away from
most of the randomly generated points compared to &, = 0. Therefore, the values of J and TJ computed by the
RCC strategy are close to these of the ICC strategy. This indicates that compared to the worst-case input of &,
setting &, = 0 can also ensure the platoon performance.

60

Figure 4. Comparison of the control performances of the two strategies at each sampling time with only
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Figure 5. Comparison of the performances of the two control strategies at each sampling time with only
vehicles’ control errors (- s{[}i” = g'% = 0.3m/s?,Vi) under scenario 1: (a) Comparison of control
performances; (b) Comparison of cumulative performances;
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Figure 6. Comparison of the control performance of ICC and RCC strategies at each sampling time with
only detection errors of initial vehicles’ positions (- e,’;’i”” = gp:** = 0.3 m, Vi) under scenario 1: (a)

Comparison of control performance; (b) Comparison of cumulative performances;

Unlike the vehicle position detection errors, the vehicle speed detection errors and vehicle control errors
impact both x(k + 1) and y(k + 1) simultaneously. Their effects on platoon control performance are complicated.
Therefore, even if the worst-case input of &, (or €,) computed by the RCC strategy is very different from a
randomly generated input for &, (or &,) compared to &, = 0 (or g, = 0), the value of J from the RCC strategy
can still be lower than that of the ICC strategy. Therefore, the RCC strategy outperforms the ICC strategy
dramatically in general when platoon dynamics are subject to impacts of the uncertainty terms ¢,,, Vi and &, Vi.

6.2.2 Performance of RCC strategy under the impacts of all types of disturbances in scenario 1

This section seeks to test the performance of the RCC strategy when the platoon dynamics are subject to the
impacts of &,, &, and &, simultaneously under scenario 1. To make a comparison, the ICC strategy proposed by
Gong et al. (2016) and the CACC strategy proposed by Milanés and Shladover (2016) are also used to maneuver
the CAV platoon. The CACC strategy applies a proportional-derivative controller to correct the spacing and speed
tracking errors to achieve smooth driving speed. The performance of the CACC strategy has been tested and
validated in a real-world experiment. The ranges of the uncertainty terms are set as —e{,’i“'” = gy, = 0.2m, Vi;
eqin = g% = 0.3m/s, Vi and —&['" = ]'** = 0.5 m/s>.

Figure 7 shows the spacing of the vehicles controlled by the RCC, ICC, and CACC strategies, respectively.
It demonstrates that the spacing of the vehicles controlled by the ICC strategy fluctuates much milder than the
CACC strategy. This is because other than maximizing the driving performance of each vehicle independently,
the ICC strategy can coordinate the behavior of all vehicles in the platoon to maximize the platoon performances.
Thereby, it performs much better than CACC strategy. However, compared to the proposed ICC strategy, the
spacings of the vehicles controlled by both ICC strategy and CACC strategy fluctuate much more severely because
they neglect the impacts of uncertain vehicle dynamics. This phenomenon indicates that the RCC strategy can
effectively counteract the uncertainties due to real-world disturbances.
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Figure 7. Comparison of the spacings of vehicles controlled by RCC, ICC, and CACC strategies in scenario 1,
when the platoon dynamics are subject to impacts of all types of disturbances: (a) comparison of s,; (b)
comparison of s;.

Figure 8 compares the speed of the vehicles controlled by the three strategies. It also demonstrates that the
speed of vehicles controlled by RCC strategies fluctuates much milder than the other two strategies. Therefore,
the proposed RCC strategy can dampen traffic oscillations very efficiently, resulting in much better control
performance than the ICC and the CACC strategies, as shown in Figure 9.

For simplicity, suppose — g™ = g'@* = —glli = !X = —gIN = gMAX = ¢, v To further evaluate the
efficiency and effectiveness of the RCC strategy, we randomly generate 2000 simulations. At each simulation, the
inputs for e(k) at each sampling time k are randomly generated with boundaries determined by ¢&,, and the relative
improvement in the mean value of J is used as the indicator, which is defined as follows:
Py e = St @ (. €(k)) = Sita) (w (k). (k)

' Yy J (@ k), (k)
where @* (k) and u* (k) are the optimal control decisions of the ICC and RCC strategies, respectively, at sampling
time k with inputs of the uncertainty terms being e(k); Ny = 240 is the total sampling time instants in scenario 1;
and s, J (@ (k), e(k)) and Bps., J (u* (k), £(k)) are the total costs of the CAV platoon controlled by the ICC
and RCC strategies. It should be noted that we only compare the mean performance of the RCC strategy and the

ICC strategy in this context. The CACC strategy will not be used to make a comparison because it performs
dramatically worse than the two strategies (see Figure 9).

(35)
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Figure 8. Comparison of the speeds of the vehicles controlled by RCC, ICC, and CACC strategies when the
platoon dynamics are subject to the impacts of all types of disturbances in scenario 1: (a) comparison of v,; (b)
comparison of vs.
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Figure 9. Comparison of the control performances of the three strategies when the platoon dynamics are
subjected to the impacts of all types of disturbances in scenario 1: (a) comparison of the performances of the
three strategies; (b) zoom-in plot for comparing the performance of the ICC and RCC strategies

According to EQq. (35), Pinpmean > 0 indicates that the average performance of the RCC strategy is better
than that of the ICC strategy. Figure 10 shows the cumulative probability of P;y,;, meqn Obtained through 2,000
simulations with g, set at 0.1, 0.3 and 0.5. It demonstrates that when the ranges of the uncertainty terms are small
(e.g., & = 0.1 or 0.3), the average performance of the RCC strategy is better than that of the ICC strategy for
almost all the simulations. When ¢, = 0.5, the RCC strategy outperforms the ICC strategy for 90% of the
simulations. These results demonstrate that the RCC strategy can control the CAV platoon more efficiently than
the ICC strategy. It can more robustly counteract the impacts of uncertain vehicle dynamics to improve the platoon
performance.
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Figure 10. Cumulative probability of Pj;,,p, meqn for 2000 simulations with randomly generated inputs for
e(k), k =1,2,---,80, in scenario 1

6.2.3 Performance of RCC strategy under the impacts of all types of disturbances in a stop-and-go
environment

To further validate the effectiveness of the RCC strategy, the following stop-and-go scenario is applied. The
details of this scenario is introduced as follows. The setup of errors is the same as that in section 6.2.2.
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Figure 11. Trajectory of the leading vehicle: (a) speed profile of leading vehicle in scenario 2; (b) acceleration
profile of leading vehicle under scenario 2

Scenario 2: the trajectory of the leading vehicle is collected in a highly traffic congestion environment on the
State Highway 113 near Cartersville, GA, USA. It contains a 284-second real-world stop-and-go movement. The
speed and acceleration profiles of the leading vehicle are shown in Figure 11(a) and 11(b), respectively.

Figure 12 and Figure 13 compare the spacing errors and vehicle speed controlled by the proposed RCC
strategy, respectively. Similar to the results in scenario 1, they also show that the vehicle dynamics controlled by
the proposed RCC strategy are much more stable than those of the ICC and CACC strategies as it can effectively
counteract the uncertainties. Thereby, its control performance is the best among the three (see Figure 14). Figure
15 shows the cumulative probability of Py, meqn Under scenario 2. It indicates that the RCC strategy outperforms
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the ICC strategy for over 90% of the 2000 simulations. These experiments demonstrate that the RCC strategy is
robust against real-world disturbances in all traffic environments.
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Figure 12. Comparison of the spacing errors of vehicles controlled by RCC, ICC, and CACC strategies when the
platoon dynamics are subject to impacts of all types of disturbances in scenario 2: (2) comparison of x;; (b)
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6.2.4 Performance of the RCC strategy under impacts of abrupt vehicle’s cut-in/out maneuvers

The following two experiments show the effectiveness of the proposed RCC in tackling abrupt cut-in/out (i.e.,
vehicle merge into and leave the platoon) maneuvers. In the cut-in case, a seven-vehicle platoon initializes its
operation at a constant speed of 25m/s (i.e., steadily following the lead vehicle in the black solid curve). At the
50" time step, a vehicle conducts an abrupt lane-change maneuver to cut in the middle position between the third
and the fourth vehicle in the original platoon. This changes the formation of the original platoon into an eight-
vehicle platoon, which triggers the lead vehicle to re-initialize the RCC strategy by incorporating the state
information of the newly joined cut-in vehicle into the optimization program and updating the dimensions of
control decision and internal variables. Figure 16 shows that the abrupt cut-in maneuver (marked by the red dashed
line) induces fluctuations in vehicle speed and drops in spacing. However, the proposed RCC strategy can
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effectively enable the platoon to recover from the perturbation to steady-state spacing and speed, while also
ensuring no collisions.

In the cut-out case, we apply the same initialization for the seven-vehicle platoon as in the cut-in case. At the
50" time step, the fourth vehicle makes a lane-change maneuver to leave the platoon. Such an abrupt lane change
creates a large spacing between the third and the fifth vehicle, while reducing the size of the platoon from seven
to six. Correspondingly, the lead vehicle removes the state information of the cut-out vehicle and re-initializes the
RCC strategy with updated dimensions of control decision and internal variables. Figure 17 shows that the
proposed RCC strategy can smoothly close the large spacing triggered by the cut-out maneuver and recover to the
steady-state spacing and speed without collisions. These two experiments demonstrate that the proposed RCC can
handle platoon formation change and perturbations triggered by abrupt cut-in/out in multi-lane traffic scenarios,
indicating reliability in real-world operations.
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Figure 17. Platoon speed and spacing under cut-out perturbation: (2) speed; (b) spacing
Remark 2: Although the proposed RCC can tackle perturbations from abrupt cut-in/out, more advanced control
techniques can be integrated to further reinforce/improve the optimality under different cut-in/out scenarios (e.g.,
traffic smoothness, fuel economy). For example, the time headway relaxation technique (Zhou et al., 2022; Liu et
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al., 2023) can be directly incorporated into the tracking error in Eqg. (5) to reduce abrupt deceleration/acceleration
when cut-in/out occurs. Cooperative lane-change control strategies (Zhang et al., 2022; Duan et al., 2023) can also
be incorporated to coordinate vehicles into a cooperative platoon before executing the RCC strategy, which can
enhance the performance related to energy saving and traffic flow stability.

6.3 Performance of RTS smoother-based EM algorithm

The above numerical examples are designed based on given error bounds. However, in a real-world driving
environment, the error bounds should be decided in advance to enable the application of the RCC strategy. This
can be done using the RTS smoother-based EM algorithm proposed in Section 5 under different driving
environments. To validate the effectiveness of this method, this section presents a numerical example to illustrate
the accuracy of the ranges of errors of speed, position, and acceleration, respectively, computed by this method.
Note that the disturbances on the vehicle states are uncertain, and no actual data contains both the detected and
actual vehicle states exists. Therefore, this section uses a simulation method integrated with synthetic vehicle
trajectory data for validation.

Assume the ego vehicle is controlled based on summed sinusoidal control decisions: u;(k) =
0.8 sin(0.6mk) + 0.2 sin(0.2k) + 0.1sin(mk),k = 1,2,--+, tg. The total trajectory length is t; = 100 with the
sample time step set as 0.1 seconds. The initial vehicle speed is set as 20 m/s. The control and detected position
and speed errors are generated based on the zero-mean normal distribution with a standard deviation of 0.2, 0.5,
and 0.3, respectively. Figure 18 shows the upper-bounds, lower-bounds, and the mean of detrended position (i.e.,
the linearly increasing trend of vehicle position is removed for better visualization), speed, and control decisions.
They illustrate the impacts of stochastic errors in measured vehicle trajectories.

To compute the actual error bounds, the simulation based on the summed sinusoidal control decisions is
repeated 2000 times. The largest absolute errors will be taken as the upper and lower bound of the error terms in
the problem (12). Next, the RTS smoother-based EM algorithm is executed on the trajectory data obtained from
one simulation to estimate the error bounds. The iteration threshold is set as k4, = 10. Figure 19 shows the
simulated bounds at each sampling time and the error bounds estimated by the RTS smoother-based EM algorithm.
It demonstrates that the estimated error bounds (blue dashed lines) strictly envelop the simulated values (red dashed
curves), indicating that the proposed RTS smoother-based EM algorithm can accurately compute the error bounds
to enable the execution of the proposed RCC strategy. Note that the errors of detected vehicle’s position and speed
increases monotonically as the summed sinusoidal control decision cannot suppress the impacts of uncertainties
in the control process. This further illustrates that the proposed RTS smoother-based EM algorithm can generate
accurate estimation regardless the performance of control decision.
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Figure 19. Comparison of simulated and estimated error bounds: (a) position error (estimated value: 4.44);
(b) speed error (estimated value: 1.12); (c) control error (estimated value: 0.82)

7. Conclusion

This study proposes an RCC strategy to maneuver a CAV platoon safely and efficiently considering uncertain
vehicle dynamics induced by both vehicle state detection errors and vehicle control errors. The RCC strategy is
developed based on a minimax problem that seeks to improve the worst platoon performance induced by uncertain
vehicle dynamics. A globally convergent solution algorithm (i.e., NRMFD) is proposed to solve the minimax
problem. The numerical application finds that the NRMFD solution algorithm can efficiently solve the minimax
problem when platoon dynamics are subject to the impacts of all types of disturbances simultaneously. It converges
after only a few iterations. This enables the RCC strategy to be deployed in real-time. Further, the proposed RTS
smoother-based EM algorithm can accurately compute the error bounds of the uncertainties to enable the
application o the RCC strategy. Furthermore, we found that with the designed platoon performance indicator, the
performance of the RCC strategy can be improved if the detected vehicle position errors are neglected. Moreover,
the RCC strategy dramatically outperforms the ICC strategy, as it can counteract the impacts of uncertain vehicle
dynamics well. Therefore, it can be applied to control a CAV platoon safely and efficiently in a real-world driving
environment.

For future study, the current research can be extended in a few directions. First, a distributed solution
algorithm will be developed to solve the proposed minimax problem to reduce the computational time so that the
proposed RCC strategy can maneuver a CAV platoon with a larger number of vehicles. Second, an improved RCC
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strategy will be developed to enable the string stability of a CAV platoon. Third, different objective functions will
be used for the RCC strategy to measure the platoon performance, and a comparison will be made to identify the
best functional form for the RCC strategy. Fourth, the current study does not consider the impacts of other
important disturbances, such as the aggressive behavior of other vehicles in multi-lane traffic. New robust control
strategies will be proposed to address these impacts holistically by leveraging the method proposed in this study.
Fifth, the extreme cases where sensors fail to detect objects on raids are not factored in the control process. Safety-
assurance and fault-tolerance mechanisms will be incorporated into the RCC to ensure safe operations in extreme
cases. Sixth, this study assumes the vehicle position detection errors, the vehicle speed detection errors, and the
vehicle control errors are independent of each other. There is a possibility that the three terms are correlated
depending on the driving speed. Field experiments based on real cars will be conducted to collect the actual error
data to quantify their ranges and correlations. Last, advanced lane-change management strategies can be integrated
to the RCC to enhance the performance related energy saving, safety, and traffic flow stability.
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Appendix A: Proof of Proposition 1

Proof: We prove the “if part” first: As €*(k) = [&;7 (k), &;T (k), 1} (k) n; (k)] is a global optimal solution to

problem (13), then €*(k) must be a boundary point in Q. , &p, (k) = emm or s{,’jm &, (k) =
e{,’t”" or &,:4%;ny, (k) = 0.5tn;, (k) ; 0y, (k) = Tsmm or Te;**, Vi = 0,1,2, -+, n. Therefore,
J(u(k), € (k) = J(uk), w*(k)) (al)

Suppose w*(k) = [&;7(k), &7 (k),n;T (k)] does not solve problem (15) globally. Let w*!(k) =
[£51T (k), €517 (k), m3*7 (k)] be a global optimal solution to problem (15), which implies that J (u(k), w**(k)) >
J(u(k), *(k)). Note that Q,, is convex, and J(u(k), w(k)) is a convex function of w (k). Therefore, w* (k)
must be a boundary point in the set Q,, i.e., (k) = &™ or egi'™; eyt (k) = el or €]1%%; nyt(k) =

Te{[”" or 7g; %, Vi = 0,1,2, -, n. This indicates that
J(u(k), € (k)) = J(u(k), @**(k)) (a2)

where €1 (k) = [&5' (K)T, &;* ()T, 0.5t (K)T, 3 (k)T |
According to Eq. (al) and Eq. (a2),

J(uk), € (k) = J(uk), 0 (k) < J(uk), 0™ (k)) = J(uk), e (k)) (a3)
which violates the condition that €*(k) solves problem (13) globally. Therefore, if €"(k) =
[&;7 (k), &7 (k),m;" (k),myT (k)] is a global optimal solution to problem (15), then w*(k)=

[8 k), 5T (k), T (k)] must solve problem (15) globally. The proof of the “if part” is completed.

The “only if” part can be proved using the same method.

Appendix B: Proof of Proposition 2

Proof: According to inequalities (14b)-(14d), the feasible set of u(k) (i.e., Q,) is convex. Next, we will show that
®(u(k)) is a strictly convex function of u(k).

Let u, (k) and u, (k) be two arbitrary points in Q,,. Choose any value of p,, p, € (0,1). According to Eq.
(14a),

P (puq (k) + (1 — pluy (k) = (mk)ax J(p2uq (k) + (1 — prluy(k), w(k))

= J(pyuy (k) + (1 — p)uy (k), **(k)) (ad)
where w*2 (k) is a global optimal solution of w (k) to the problem (r’r{%((l J(pouy + (1 — pylu,, w(k)).

According to Eq. (15a), J (u(k), €1 (k)) is a quadratic convex function of u(k). Therefore, we have
D (pauy (k) + (1 = puy(k)) = J(puq (k) + (1 — pluy(k), @ (k))
< p2 - Juy(k), @2 (k) + (1 — p2)] (uz (k), ™ (k)
< pz2- (mk)ax J(uy, w(k)) + (1 —py) m)ax J(uy(k), w(k))
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= py - P(u (k) + (1 — py) - P(uy(k)) (a5)
Eq. (a5) indicates that the objective function of problem (14) is strictly convex. Therefore, problem (14) is a
convex optimization problem and has a unique solution.

Appendix C: Method to compute V,u*(w™)

(1) Sensitivity analysis method for a general nonlinear programming problem

Consider the following nonlinear programming formulation:

min f (z, w) (a6)
st.e(zw)<0,i=12,-,x (@7)
dj(Z,a)) = 0'] = 1'2)"")(2 (8.8)

where z is a vector of decision variables. The nonlinear programming formulation can be reformulated as the
equivalent Lagrangian expression

Li(z,vkw) = f(z,w) + Z v ¢i(z, w) + z ki d;j(z,w) (a9)
i j

where v and k are the vectors of Lagrange multipliers associated with inequality constraints (a7) and equality
constraints (a8), respectively. Let z* be the optimal solution of problem (a6-a8) at w = 0. Fiacco (1983) shows
that if the nonlinear programming satisfies the following four conditions: (1) the nonlinear programming problem
is twice continuously differentiable in some neighborhood of (z*, 0); (2) the second-order sufficient conditions
for a strict local minimum hold at z*; (3) strict complementary slackness holds at (z*,0), i.e., v;/ > 0 when
¢i(z*,0) = 0; and (4) the gradients V,c;(z*,0) for all i (where c;(z*,0) = 0) and V,h;(z*,0) for all j are
linearly independent, then the following Karush-Kuhn-Tucker (KKT) Conditions hold:

V,L1(z,v,k,0) =0 (a10)
V;(G)Ci(z*(()), 0) = O,l = 1'2' X1 (all)
dj(z*(0),0) =0,j =12, x, (al2)

Denote the Jacobians of the above equations with respect to solutions [z*(0)T,v*(0)7, x*(0)T]" by M, (0)
and with respect to w by N;(0). Then, we have

Vwz'(0)
V,v'(0) | = M5(0) - N(0) (al3)
V,k*(0)

(2) Analytical model for V, u*(w™)

In the following, we apply the abovementioned sensitivity analysis method to problem (24) at ™ to obtain
V,u (™). For simplicity, we will write u*(w™) as u”. Let
hl(u’:) = max(umin' (ﬁmm - 171)/’[) - ui! v" = 11211 o yn (a14)
(pl (u:() = ul - min(umax' (ﬁmax - ﬁl)/‘[) ) VL = 11211 'ty n (6.15)
Denote h(u*) = [h;(u}),Vi = 1,2,,---,n] and @(u*) = [¢;(u}),Vi = 1,2,,---,n]. The Lagrange equation
for problem (24) atu =u*and w = 0 is
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L=]Ju,0)+yThw) +nTeu*)+ o Tg(u,0)

(a16)

where y*, ", 6" are vectors of Lagrangian multipliers associated with h(u*), @(u*) and g(u*, 0), respectively.

The KKT conditions are
Vul =V, Ju",0) =y + " +V,g(u*,0)c" =0
diag(y") -h(u") =0
diag(m*) - @) =0
diag(c*)-g(u*,0) =0
Differentiate both side of Egs. (al7)- (a20) with respect to w, we have
Vij(u*,0) - V,u* + V2, J(u*,0) -V, ¥y + V" + V,g(u*,0)V,0* + py + ps - Vuu
—diag(y™) -V,u" + diag(h(u*)) - V¥ =0
diag(m*) - Vyu* + diag(eu*))-V,m* =0
diag(c*) - (Vug(u,0)V,u" + V,g(u*,0)) + diag(g(u*,0)) - V,6" = 0

where
pP1 = [V,zwlg(u*, 0)o” Vlzla)zg(u*J 0" - V124w3(n+1)g(u*v0)a*]
o0(Vyg(u',0)c") no i ) .
p, = =0 =) diag(Vigi(w',0) - diag(")
u i=1
According to Egs. (a21)-(a24),
Vu*
VoV | _ et .
Vet | Ms N
V0"
where
VfJ(u*' 0) + P2 _En En Vug(u*' 0)
M. — —diag(y") diag(h(u")) 0 0
3~ diag(m*) 0 diag(@(u*)) 0
diag(e*)V,g(u*,0) 0 0 diag(g(u*,0))
—Viwl (W', 0) — py
_ 0
N= 0

—diag(c™) - V,g(u",0)

(a17)
(a18)
(@19)
(a20)

(a21)
(a22)
(a23)
(a24)

(a25)

(a26)

@27)

(a28)

(a29)

Note that problem (24) is strictly convex, and its solution (i.e., u*) at w = 0 satisfies conditions 1 and 2 for
application of the sensitivity analysis method. Conditions 3 and 4 also hold at u* in general because the solutions
that violate these conditions are isolated and their likelihood of occurrence is low. Therefore, the matrix M is

invertible in general.
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