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The low-energy, finite-volume spectrum of the two-nucleon system at a quark mass corresponding to a
pion mass of mπ ≈ 806 MeV is studied with lattice quantum chromodynamics (LQCD) using variational
methods. The interpolating-operator sets used in [Variational study of two-nucleon systems with lattice
QCD, Phys. Rev. D 107, 094508 (2023).] are extended by including a complete basis of local hexaquark
operators, as well as plane-wave dibaryon operators built from products of both positive- and negative-
parity nucleon operators. Results are presented for the isosinglet and isotriplet two-nucleon channels. In
both channels, noticeably weaker variational bounds on the lowest few energy eigenvalues are obtained
from operator sets which contain only hexaquark operators or operators constructed from the product of
two negative-parity nucleons, while other operator sets produce low-energy variational bounds which are
consistent within statistical uncertainties. The consequences of these studies for the LQCD understanding
of the two-nucleon spectrum are investigated.
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I. INTRODUCTION

Lattice quantum chromodynamics (LQCD) offers the
tantalizing prospect of computing quantities in nuclear
physics from first principles in a systematically improvable
manner. Besides the importance of these calculations to
reveal the emergence of nuclear complexity from the
Standard Model, such studies provide necessary theoretical
inputs for experimental searches for physics beyond the
Standard Model using nuclei, where precise theoretical
understanding of the nuclear targets used in experiments is
required to maximize sensitivity to new physics [1–5].
For example, theoretical constraints on nuclear matrix
elements are required to interpret the results of dark-matter
direct-detection experiments [6–9], to study lepton-number
violation via neutrinoless double-beta decay measurements

[10–13], and to determine neutrino oscillation parameters
precisely from long-baseline neutrino scattering experi-
ments [14–16]. In each case, LQCD can provide essential
nonperturbative QCD information which, via matching to
nuclear effective field theories (EFTs), can enable a low-
energy description of nuclear processes. The constrained
EFTs can be paired with many-body methods to make
predictions for properties of heavy nuclei that are beyond
the scope of present-era LQCD calculations. Grounding
these nuclear-physics calculations in QCD is expected to
lead to reduced systematic errors arising from nuclear-
model uncertainty and thereby to increased sensitivity in
experimental searches.
For somewhat more than a decade, LQCD calculations

of single-hadron masses have achieved few-percent stat-
istical precision and careful control of systematic effects
[1,17]. The success of this program for stable single-hadron
systems is aided by large energy gaps, δE, between the
ground state and the lowest excitations because excited-
state effects are suppressed by e−δEtmax, where tmax ≫ δE−1

is the maximum Euclidean time extent for which sta-
tistically precise two-point correlation functions can be
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resolved with available resources. The achievements in
computing the single-hadron spectrum have motivated the
spectroscopic study of multihadron systems, hadron reso-
nances, and nuclei using LQCD [2,3,18–23].
The focus of this work will be on two-nucleon systems.

The extraction of the physically relevant scattering param-
eters for these systems requires knowledge of energy levels
beyond the ground state, which are typically closely
spaced. Below inelastic thresholds, low-energy scattering
in multihadron systems is described in terms of phase shifts
and mixing angles. Demonstrating that the scattering
amplitudes of multihadron systems can be reliably deter-
mined from LQCD is an important step toward grounding
nuclear-physics calculations in QCD. While a complete
validation of the calculation of these quantities can only be
achieved utilizing the physical values of the quark masses,
calculations at heavier-than-physical quark masses provide
a useful testbed for developing methods for studying
two-nucleon systems since the computational resources
required to achieve a given statistical precision decrease
exponentially with increasing quark mass [24–26]. In
addition, studies of the dependence of nuclear interactions
on the quark masses are interesting in their own right; this
dependence has implications for big bang nucleosynthesis
and the stellar production mechanisms of carbon, oxygen,
and other elements that are necessary for life [27–35].
Understanding the dependence of resonances and bound
states in QCD-like theories on quark masses, the number of
colors, and the number of flavors is also relevant for testing
models of strongly coupled dark matter [36–38].
Multiple studies of the finite-volume two-nucleon

spectrum from LQCD have been undertaken at a range
of quark masses [39–57]. These studies arrive at differing
conclusions about the nature of this spectrum, resulting in
significant uncertainty about the phase shifts. In particular,
these calculations arrive at mixed conclusions regarding
the existence of bound deuteron and dineutron states at
larger-than-physical quark masses. Thus, while these
proof-of-principle calculations have demonstrated that
the application of LQCD to the few-baryon sector is
possible, it remains an outstanding challenge to demon-
strate that LQCD in the nuclear sector can achieve the
statistical precision and systematic control already achieved
in the single-hadron sector, particularly given the additional
physical and technical subtleties arising in nuclear sys-
tems [1,18].
The majority of LQCD studies of two-nucleon systems

[39–54] have been performed using asymmetric correlation
functions in order to minimize the computational costs
involved. The results of these calculations implied the
presence of bound two-nucleon systems over a range of
unphysically large values of the light-quark masses. During
the same time period, the two-nucleon system was also
studied using the potential method [58–65], and the
resulting potentials extracted from this approach did not

produce bound two-nucleon systems over a similar range of
unphysically heavy quark masses.
As will be discussed in detail below, LQCD spectros-

copy can also be cast as a variational problem from
which information about the energy eigenvalues can be
obtained [66–68]. While variational calculations to date
have not revealed the existence of a bound dibaryon in the
two-nucleon system [55–57], it is important to emphasize
that the variational method provides only upper bounds (up
to statistical fluctuations) on the energy eigenvalues of the
theory. Thus, while no definitive evidence for two-nucleon
bound states has been found in Refs. [55–57], these results
do not, and by definition cannot, rule out the presence of
bound dibaryons at larger-than-physical quark masses.
In Ref. [56], the low-energy spectrum of two-nucleon

systems was studied using a variational approach in a lattice
geometry with a cubic spatial volume of side-length
L ≈ 4.5 fm (L=a ¼ 32, where a is the lattice spacing)
and degenerate light and strange quark masses correspond-
ing to a pion mass of mπ ≈ 806 MeV. The dependence of
the low-energy variational bounds on the chosen operator
set was studied. While operator sets which included
momentum-projected dibaryon operators produced varia-
tional bounds which could be identified as shifted non-
interacting energy levels, the removal of the nth operator
from the variational set led to much weaker variational
bounds, providing a clear demonstration of the risk in
overinterpreting these variational bounds. If the ground-
state variational bound is assumed to be saturated, then the
results presented in Ref. [56] do not support the presence of
a bound state in either the dineutron (I ¼ 1) or deuteron
(I ¼ 0) systems.
In the study reported here, two-nucleon systems are

investigated using LQCD with the same lattice action and
quark masses as in Ref. [56], in a smaller spatial volume
with side length L ≈ 3.4 fm (L=a ¼ 24). The variational
approach is again used with a range of interpolating-
operator sets containing as many as 46 and 31 operators
in the isospin-zero and isospin-one channels, respectively.
Sets of interpolating operators are constructed that contain
dibaryon operators built from products of plane-wave
nucleon operators, local hexaquark operators, and quasi-
local operators inspired by low-energy nuclear EFTs. New
operators not considered previously are constructed,
including dibaryon operators involving negative-parity
quark spinor components (“lower-spin components” in
the Dirac basis) and those built from products of two
negative-parity nucleon operators. Complete bases of local
hexaquark operators with isospin-zero and isospin-one are
also constructed. This extends the operator set considered
in Ref. [56] by the inclusion of operators which cannot be
written as the local product of two color-singlet three-quark
operators with the quantum numbers of baryons, and
therefore have the possibility of probing so-called “hidden
color” [69–72] components of dibaryon states in QCD. As
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will be seen, the additional operators considered in this
work do not produce large differences in the observed low-
energy variational bounds.
The remainder of the paper is organized as follows.

Section II introduces notation and discusses techniques for
hadron spectroscopy in LQCD. Section III summarizes the
full set of interpolating operators appearing in this work.
Section IV presents numerical results for both the dineutron
and deuteron channels from a selection of different operator
sets. Section V discusses the results, and Sec. VI presents
conclusions.

II. HADRON SPECTROSCOPY

In this section, the general principles of hadron spec-
troscopy and the variational method in LQCD [67,68] are
summarized. The starting point for studies of hadron
spectroscopy using LQCD is a two-point correlation
function, which may be generically defined as

Cχχ0 ðtÞ ¼ hΩjOχðtÞO†
χ0 ð0ÞjΩi; ð1Þ

where O†
χ0 ð0Þ and OχðtÞ are referred to as the source and

sink interpolating operators, respectively, and jΩi denotes
the vacuum state.1 The indices χ and χ0 label the inter-
polating operators, which are chosen to possess the
quantum numbers of the states of interest. Explicit labels
corresponding to these quantum numbers are used below
but suppressed for clarity in this section. Operators can also
be labeled by other nonconserved quantities such as the
relative momentum or separation between two components
of the operator. By the orthogonality of the energy
eigenstates, the operators only project onto states com-
mensurate with the quantum numbers of both the source
and sink interpolating operators. Consequently, correlation
functions admit a spectral decomposition, which for the-
ories with a Euclidean metric take the form of a sum of
decaying exponentials,

Cχχ0 ðtÞ ¼
X∞
n¼0

ZnχZ�
nχ0e

−tEn ; ð2Þ

where the sum is over all energy eigenstates, jni, with the
requisite quantum numbers. The index n orders the states
such that the corresponding energy eigenvalues2 satisfy
En ≤ Em for n < m. The overlap factors, Znχ , are given by

Znχ ¼ hΩjOχð0Þjni: ð3Þ

Relative overlap factors,

Znχ ¼
jZnχ jP
χ0 jZnχ0 j

; ð4Þ

can be used to identify the state or states with which a
particular operator Oχ has large overlap, although these
quantities depend explicitly on the full set of operators that
are considered in a given calculation. In general, there is no
constraint on the complex phase of the overlap factors, and
thus the above correlation functions are not real in general.
However, when the source and sink interpolating operators
are related by Hermitian conjugation, the resulting corre-
lation function is real valued and positive,

CχχðtÞ ¼
X∞
n¼0

jZnχ j2e−tEn > 0: ð5Þ

The Euclidean-time dependence of such correlation
functions provides information about the low-energy spec-
trum in sectors of fixed quantum numbers. In particular, at
sufficiently large Euclidean time, the correlation function in
Eq. (1) is dominated by the lowest-energy eigenstate with
nonzero overlap with the chosen operators.

A. The variational method

Due to the exponential degradation of the signal-to-noise
ratio observed in most numerical LQCD calculations of
two-point correlation functions at large Euclidean times
[24,25], and in particular for systems with nonzero baryon
number [26,43,46,74–79], the Euclidean time range where
the low-energy eigenstates provide the largest contributions
is difficult to access. It is therefore desirable to construct
interpolating operators which overlap strongly with a
particular state in the spectrum (although large overlaps
do not necessarily minimize statistical noise [80]). To this
end, the variational method [67,68] begins by choosing N
operators with the quantum numbers of the system being
studied, fO1;…;ONg. By computing the quantities given
in Eq. (1) for all χ; χ0 ∈ f1;…; Ng, an N × N matrix of
correlation functions with elements Cχχ0 ðtÞ can be con-
structed. To investigate the spectrum, one solves the
generalized eigenvalue problem (GEVP) given by

X
χ0
Cχχ0 ðtÞvnχ0 ðt; t0Þ ¼ λnðt; t0Þ

X
χ0
Cχχ0 ðt0Þvnχ0 ðt; t0Þ; ð6Þ

where t0 is a chosen reference time, vnχ0 ðt; t0Þ are the
components of the eigenvector corresponding to the nth
eigenvalue,

λnðt; t0Þ ¼ e−ðt−t0ÞEnðt;t0Þ; ð7Þ

and Enðt; t0Þ are time-dependent effective masses extracted
from the logarithm of Eq. (7). The index n orders the
eigenvalues such that λn ≥ λm [and hence that

1For simplicity, an infinite temporal extent is assumed through-
out this work. See Ref. [73] for a discussion of finite temporal
extent effects in variational calculations.

2In this work, the vacuum energy, EΩ is set to zero.
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Enðt; t0Þ ≤ Emðt; t0Þ] for n < m. Note that this labeling is
chosen such that the largest eigenvalue corresponds to the
smallest time-dependent effective mass.
The eigenvectors v⃗nðt; t0Þ can be used to define

overlap-optimized sets of interpolating operators that pro-
vide N variational bounds on the lowest energy eigenval-
ues. In particular,

ψnðt;t0;trefÞ¼
X
χ

vnχðtref ;t0ÞOχðtÞ; n∈f0;1;…;N−1g

ð8Þ

is an interpolating operator whose overlap onto the nth
energy eigenstate is maximized within the set of operators
considered. Both t0 and tref are Euclidean times which may
be chosen freely. With this set of overlap-optimized
operators, a set of N correlation functions known as the
“principal correlation functions” can be computed [66–68],

Ĉnðt; t0; trefÞ ¼ h0jψnðt; t0; trefÞψ†
nð0; t0; trefÞj0i;

n∈ f0; 1;…; N − 1g: ð9Þ

These can be expressed in terms of the original correlation
matrix as

Ĉnðt; t0; trefÞ ¼
X
χ;χ0

vnχðtref ; t0ÞCχχ0 ðtÞv†nχ0 ðtref ; t0Þ: ð10Þ

The principal correlation functions also admit a spectral
decomposition, which is guaranteed to be positive definite
and convex up to statistical fluctuations,

Ĉnðt; t0; trefÞ ¼
X∞
m¼0

jZmnðt0; trefÞj2e−tEm ; ð11Þ

where Zmnðt0; trefÞ ¼ hΩjψnð0; t0; trefÞjmi.
One important property of the above GEVP lies in the

constraints resulting from the Cauchy interlacing theorem
[81] in the infinite statistics limit. The Cauchy interlacing
theorem, stated in Eq. (15) below, is one of the earliest
bounds derived for eigenvalue approximation and provides
a foundation for many results in modern numerical
analysis [82].3 In particular, it is possible to make a rigorous
statement about the minimum number of energy eigenval-
ues below a particular effective mass, Enðt; t0Þ, extracted
from the GEVP. As this is a key component of the results
presented here, it is helpful to review the origin of these
constraints. In this discussion, it is useful to distinguish the
GEVP eigenvalues from the energy eigenvalues of the

QCD Hamiltonian. In this section, the term “eigenvalue” is
used to refer to an eigenvalue of the GEVP, while “energy
eigenvalue” is used to refer to an eigenvalue of the LQCD
Hamiltonian.4 In matrix-vector notation, the GEVP in
Eq. (6) above can be written as

CðtÞv⃗nðt; t0Þ ¼ λnðt; t0ÞCðt0Þv⃗nðt; t0Þ; ð12Þ
where CðtÞ is an N × N matrix with components Cχχ0 ðtÞ.
This may be transformed into an eigenvalue problem of the
form

Bðt; t0Þv⃗nðt; t0Þ ¼ λnðt; t0Þv⃗nðt; t0Þ; ð13Þ
where Bðt; t0Þ ¼ C−1ðt0ÞCðtÞ.
If there are K states in the spectrum of a given theory,

solving this system for a correlation-function matrix con-
structed from K independent operators would enable
an extraction of the energies of the K states. However,
LQCD formally possesses an infinite dimensional Hilbert
space [87]. Even in practice, working with finite-precision
floating-point numbers means that the (finite) number of
states, K, numerically relevant to observables with a given
set of quantum numbers is far larger than the size of any
practicably realizable matrix of correlation functions.
Consequently, the eigenvalues obtained from an N × N
correlation-function matrix do not correspond to the
eigenvalues of the full K × K matrix for N < K. To
understand what can be learnt from the N × N correla-
tion-function matrix, let A be a K × K correlation-function
matrix constructed from K independent interpolating oper-
ators with eigenvalues fα0;…; αK−1g. In this case, the
GEVP eigenvalues of A are related to the energy eigen-
values, En, of the LQCD Hamiltonian as

αnðt; t0Þ ¼ e−ðt−t0ÞEn ; ð14Þ
where the eigenvalues are ordered such that αnðt; t0Þ ≥
αmðt; t0Þ for n < m, and it is important to emphasize that
the En are energy eigenvalues rather than the time-depen-
dent effective masses in Eq. (7). Let B be a principal
submatrix ofA obtained by removing both the ith rows and
ith columns for some values of i∈ fi1;…; iK−Ng.
In this situation, the interlacing theorem states that the

eigenvalues of Bðt; t0Þ, λnðt; t0Þ for n∈ f0;…; N − 1g
ordered such that λnðt; t0Þ ≥ λmðt; t0Þ for n < m, obey
the inequalities5

αnðt;t0Þ≥λnðt;t0Þ≥αnþK−Nðt;t0Þ; ∀ n∈f0;…;N−1g:
ð15Þ

3The relevance of the interlacing theorem [83,83–85], which is
equivalent to the Poincaré separation theorem, to LQCD-spec-
troscopy calculations was recently highlighted in Ref. [86], but is
implicit in earlier discussions [66–68].

4These energy eigenvalues may be defined as the negative
logarithms of the eigenvalues of the transfer matrix.

5Note that the lower bound in the right-hand inequality in
Eq. (15) is only usefully constraining if K is not much larger than
N.
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From Eq. (7), it is clear that the largest eigenvalue, λ0ðt; t0Þ,
corresponds to the smallest effective-mass function.
In this case, the bounds in Eq. (15) read as α0ðt; t0Þ ≥
λ0ðt; t0Þ ≥ αK−Nðt; t0Þ. From the left-hand inequality, there
is at least one eigenvalue greater than or equal to the
variational eigenvalue λ0ðt; t0Þ. By the monotonicity of the
logarithm, this implies that there exists at least one energy
eigenvalue less than or equal to the lowest effective mass
E0ðt; t0Þ for any t or t0. The second largest eigenvalue of
Bðt; t0Þ, λ1ðt; t0Þ, corresponds to a variational bound of the
first excited energy eigenvalue. In this case, the bounds read
as α1ðt; t0Þ ≥ λ1ðt; t0Þ ≥ αK−Nþ1ðt; t0Þ. Since there is
clearly one additional state with a larger eigenvalue,
α0ðt; t0Þ, this implies that there are at least two energy
eigenvalues less than or equal to the effective mass
E1ðt; t0Þ. This argument can be iterated to show that there
exist at least ðnþ 1Þ energy eigenvalues less than or equal
to Enðt; t0Þ for any choice of t and t0. Various realizations
of this statement are shown in Fig. 1. Due to the above
eigenvalue orderings, the interlacing theorem provides a
rigorous lower bound on the number of states at or below
the nth principle correlation-function effective mass. It is
important to note that this is true regardless of the time
dependence of the effective masses, and that this counting
theorem holds irrespective of whether the effective mass
exhibits time dependence or not. Further, the interlacing
theorem does not require any assumptions about how the
spans of various interpolating-operator sets are embedded
within Hilbert space. The interlacing theorem (and varia-
tional bounds in general) is valid only in the limit when the
path integrals which define the correlation-function matrix
are evaluated exactly. When Monte Carlo importance
sampling is used to estimate these integrals, the bounds
only hold in a statistical sense, with violations allowed at
any finite statistical precision.

B. Principal correlation function definition

Principal correlation functions can be defined either by
using GEVP eigenvectors at a fixed reference time or by
using time-dependent GEVP eigenvalues, with both defi-
nitions having distinct advantages. The eigenvector-based
definition in Eq. (9) leads to principal correlation functions
that are linear combinations of LQCD correlation functions
and therefore have simple spectral representations, even
when an interpolating-operator set spans a small subset of
Hilbert space [88,89]. In particular, they are symmetric, so
they can be expressed rigorously as sums of exponentials
with positive-definite coefficients and modeled by trunca-
tions of these sums. However, it is the eigenvalues and their
associated effective masses that constitute rigorous (sto-
chastic) upper bounds on the energy eigenvalues. To ensure
that this property also holds for the principal correlation
functions defined in Eq. (9), it suffices to choose t0 and tref
so that the effective masses obtained using both definitions
agree within uncertainties. This condition can be achieved
in (sufficiently precise) practical LQCD calculations
because the eigenvectors become independent of tref and
t0 when both parameters are taken sufficiently large. It can
therefore be used as a starting point for an algorithmic
definition of t0 and tref for which Ĉnðt; t0; trefÞ achieves the
simultaneous benefits of having a positive-definite spectral
representation and having eigenvalues that satisfy the
interlacing theorem.
To make this definition precise, the effective mass

function for the nth eigenvector-based principal correlation
function is defined as

aEnðt; t0; trefÞ ¼ ln

�
Ĉnðt; t0; trefÞ

Ĉnðtþ 1; t0; trefÞ

�
; ð16Þ

FIG. 1. Realizations of the interlacing theorem. Solid horizontal lines represent the true energy eigenvalues of the LQCD system, while
the dashed lines represent the locations of observed effective masses which are consistent (a),(b),(c) or inconsistent (d) with the
interlacing theorem. Arrows indicate the largest energy eigenvalue for which the effective mass serves as a variational bound. Note that
there exists at least one true energy eigenvalue between each pair of variational bounds. The “best case” scenario for the variational
method is shown in (a), where there is exactly one energy eigenvalue between each variational bound; however, the situations shown in
(b) or (c) are also possible. Panel (d) shows an impossible scenario in which there are two variational bounds below the first excited state
energy.
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and the effective mass obtained from the GEVP eigenvalues
is defined as [90]

aFnðtÞ ¼ ln

�
λnðt; bt=2cÞ

λnðtþ 1; bt=2cÞ
�
: ð17Þ

where b·c denotes the floor function evaluated for the
argument expressed in lattice units. These definitions
should coincide when an interpolating-operator set approx-
imately spans the set of states which make statistically
resolvable contributions to correlation functions with sep-
arations t0 and tref . By varying t0 and tref , a region of
sufficiently large t0 and tref can be identified where EnðtÞ
and FnðtÞ agree within statistical uncertainties. Within this
region, results are insensitive to t0 and tref by construction.
However, as t0 and/or tref increase, statistical noise will
eventually overwhelm the signal for the correlation func-
tion, and results will become unreliable. This noise can be
diagnosed by failures of the central values of correlation
functions to satisfy properties that must hold in the infinite
statistics limit, in particular the positivity of GEVP eigen-
values and monotonicity of differences between
Enðt; t0; trefÞ and FnðtÞ for large arguments. An algorithm
for choosing the largest t0 and tref where there is statistical
agreement between Enðt; t0; trefÞ and FnðtÞ and the signal is
larger than the noise is presented in Appendix A. The
algorithm produces variational bounds which are stable to
variations of t0 and tref around their chosen values. This is
also shown in Appendix A.

III. INTERPOLATING OPERATORS

This section discusses extensions of the interpolating-
operator sets used in Ref. [56] through the inclusion of one-
and two-nucleon operators constructed using additional
spin and color structures. The spatial structures of the two-
nucleon operators considered are the same as in Ref. [56]:
hexaquark (H) operators are constructed from products of
six quark fields centered at the same point, dibaryon (D)
operators are constructed from products of plane-wave

nucleon operators, and quasilocal (Q) operators are con-
structed from products of nucleon operators with relative
wave functions that resemble bound-state wave functions in
finite-volume EFT. These operator types are shown picto-
rially in Fig. 2.

A. Single-nucleon operators

The one- and two-nucleon operators used in this study
can be described conveniently using diquark fields

Dab
Γ;FðxÞ ¼

1ffiffiffi
2

p qaTðxÞCΓiτ2FqbðxÞ; ð18Þ

where q ¼ ðu; dÞT is an isodoublet quark field, C ¼ γ2γ4 is
the Euclidean charge conjugation matrix, τ2 ¼ ð0i −i0 Þ is a
Pauli matrix in isospin space, F and Γ are flavor and spin
matrices, and a and b are color indices. Proton and neutron
operators can be built from isosinglet diquarks

Dab
Γ;1ðxÞ ¼

1ffiffiffi
2

p ½uaTðxÞCΓdbðxÞ − daTðxÞCΓubðxÞ�; ð19Þ

where 1 denotes the flavor identity matrix. In particular,

pΓ
σðxÞ ¼ ϵabcDab

Γ;1ðxÞPσucðxÞ; ð20Þ

nΓσðxÞ ¼ ϵabcDab
Γ;1ðxÞPσdcðxÞ; ð21Þ

where Pσ projects the quark spin to a specific row
σ ∈ f0;…; 3g of the spinor representation of SOð4Þ. In
the Dirac basis, these projectors can be defined using parity
projectors P� ¼ ð1� γ4Þ=2 as

Pσ ¼
�
Pþð1 − ð−1Þσiγ1γ2Þ=2; σ ∈ f0; 1g;
P−ð1 − ð−1Þσiγ1γ2Þ=2; σ ∈ f2; 3g: ð22Þ

The isodoublet nucleon field N ¼ ðp; nÞT is defined as

FIG. 2. Graphical depiction of the three types of operators included in the numerical calculation. From left to right: hexaquark (H),
dibaryon (D) and quasilocal (Q) operators. The relative momentum between the two nucleons in the dibaryon operators is labeled by
ði; j; kÞ.
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NΓ
σ ðxÞ ¼ ϵabcDab

Γ;1ðxÞPσqcðxÞ: ð23Þ

In addition to using the isosinglet diquark shown above,
I ¼ 1=2 nucleon operators can be constructed using an
isovector diquark Dab

Γ;τA , where A∈ f1; 2; 3g is an adjoint
isospin index. However, as shown in Ref. [91], quark
antisymmetry can be used to relate the isovector diquark
operators (which correspond to mixed-symmetric operators
in Ref. [91]) to linear combinations of isoscalar diquark
(mixed-antisymmetric) operators. A complete basis of local
nucleon operators can therefore be obtained from NΓ

σ with
all linearly independent choices of Γ leading to nucleon
quantum numbers, and is given by the three positive-parity
and the three negative-parity operators presented in
Ref. [91]. In the numerical calculations below, two pos-
itive-parity nucleon operators, given by

Nγ5Pþ
σ ðxÞ ¼ ϵabcDab

γ5Pþ;1
ðxÞPσqcðxÞ; ð24Þ

Nγ5P−
σ ðxÞ ¼ ϵabcDab

γ5P−;1
ðxÞPσqcðxÞ; ð25Þ

are included. The operator Nγ5Pþ
σ involves only the Dirac

basis upper components σ ∈ f0; 1g of the quark field and
corresponds to the operator used in Ref. [56], while the
operator Nγ5P−

σ also involves the lower components
σ ∈ f2; 3g in the diquark field (the nucleon spin is still
restricted to σ ∈ f0; 1g). Products of these operators will be
used to build dibaryon operators as described below.
Positive-parity dibaryon operators can also be constructed
from products of two negative-parity nucleon operators
such as

N1
σðxÞ ¼ ϵabcDab

1;1ðxÞPσqcðxÞ: ð26Þ

The three linearly independent nucleon operators that are
not studied in this work are expected to overlap predomi-
nantly with excited states outside the low-energy region
that is the focus of this work [92–95].

B. Dibaryon operators

Dibaryon operators are constructed from products of
two-nucleon operators that are individually projected to
definite momentum. Dibaryon operators with zero total
three momentum are defined by

Dð2;IÞΓ
ρ ðn⃗; tÞ ¼

X
x⃗1;x⃗2 ∈ΛS

ei
2π
L n⃗·ðx⃗1−x⃗2Þ

×
X

σ;σ0;u;u0
vσσ

0
ρ PðIÞ

uu0N
Γ
σuðx⃗1; tÞNΓ

σ0u0 ðx⃗2; tÞ; ð27Þ

where xi ¼ ðx⃗i; tÞ for i∈ f1; 2g are lattice coordinates
whose components are integer multiples of the lattice
spacing a, L is the spatial extent of the lattice geometry,

and ΛS is a sparse sublattice with L=ðaSÞ sites in each
dimension that is introduced to make the volume sums
computationally tractable as described in Refs. [56,96,97].
The index ρ∈ f0;…; 3g labels spin-singlet (ρ ¼ 0) and
spin-triplet (ρ∈ f1; 2; 3g) dibaryon operators, and vσσ

0
ρ

denotes Clebsch-Gordan coefficients (explicitly presented
in Ref. [56]) projecting the product of two spin-1=2
operators into the particular dibaryon spin state.
Quantum numbers, here baryon number B ¼ 2 and total
isospin I, are denoted by superscripts in parentheses.
Projection to operators with definite isospin is accom-
plished using Pð0Þ ¼ iτ2 and Pð1Þ ¼ iτ2τ3, where Iz ¼ 0 is
chosen for simplicity and u, u0 are flavor indices.
The set of dibaryon operators used here extends that

of Ref. [56] by including dibaryon operators with
Γ ¼ γ5P− and Γ ¼ 1 in addition to Γ ¼ γ5Pþ. These
dibaryon operators all have the same quantum numbers
because products of two negative-parity nucleon operators
(Γ ¼ 1) have positive parity. Analogous dibaryon operators
can also be constructed in cases where the two nucleons
each have different spin structures, as well as from other
products of two-baryon operators, such as ΔΔ and NΔ, but
the construction of this larger operator set is beyond the
scope of this work.
For each Γ, operators with relative momenta

k⃗ ¼ ð2π=LÞn⃗ are included with

n⃗∈ fð0; 0; 0Þ; ð0; 0; 1Þ; ð0; 1; 1Þ; ð1; 1; 1Þ; ð0; 0; 2Þ;…g;
ð28Þ

where the ellipses denote momenta related to the ones that
are shown by all possible cubic group transformations.
Dibaryon operators that transform irreducibly under cubic
transformations are obtained using appropriate averages of
dibaryon operators with the same jn⃗j but different n⃗.
Defining the momentum orbit KðsÞ ¼ fn⃗jjn⃗j2 ¼ sg, pro-
jection to a cubic irreducible representation (irrep) ΓJ with
a row labeled by Jz is achieved by forming linear
combinations

Dð2;I;ΓJ;JzÞΓ
sm ðtÞ ¼

X
n⃗∈KðsÞ

X
ρ

GðΓJ;JzÞ
smn⃗ρ Dð2;IÞΓ

ρ ðn⃗; tÞ; ð29Þ

where m∈ f1; 2; 3;…; NΓJ
s g indexes the operators arising

for a given s, ΓJ, Jz, and Γ. For I ¼ 1 operators, m∈ f1g is
trivial, while for I ¼ 0, spin-orbit coupling leads to non-
trivial multiplicities NΓJ

s for some s and ΓJ as discussed in
Refs. [56,98] and below. The change-of-basis coefficients

GðΓJ;JzÞ
smn⃗ρ are presented in Ref. [56] (see also Ref. [99]).

C. Quasilocal operators

Quasilocal operators are constructed using spatial wave
functions that are chosen to mimic the form of the
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asymptotic wave function for the deuteron determined from
nuclear EFTs and phenomenological models [58,100–102],
while having a factorizable form that enables efficient
contraction calculations [56]. They are defined as

Qð2;IÞΓ
ρ ðκ; tÞ ¼

X
x⃗1;x⃗2;R∈ΛS

e−κjx⃗1−R⃗je−κjx⃗2−R⃗j

×
X
σ;σ0

vσσ
0

ρ PðIÞ
uu0N

Γ
σuðx⃗2; tÞNΓ

σ0u0 ðx⃗1; tÞ; ð30Þ

where κ is a parameter controlling the amount of correlation
between the two nucleon positions, and R⃗ describes the
center of mass of the two-nucleon system. The analog of

Eq. (29) with Dð2;IÞΓ
ρ replaced by Qð2;IÞΓ

ρ is used to project
quasilocal operators onto rows of cubic irreps ΓJ with
definite Jz. As for the dibaryon operators, the set of
quasilocal operators considered in Ref. [56] is extended
here to quasilocal operators with Γ∈ fγ5Pþ; γ5P−; 1g.

D. Hexaquark operators

In this section, a complete basis of local (single-site or
smeared) hexaquark operators which project onto two-
nucleon states is constructed. The general hexaquark
operator used to construct this basis is

Hð2;I;ΓJ;JzÞ
K ðxÞ ¼ HC1C2C3

G1;F1;G2;F2;G3;F3
ðxÞ

¼ TC1C2C3

abcdefD
ab
G1;F1

ðxÞDcd
G2;F2

ðxÞDef
G3;F3

ðxÞ;
ð31Þ

where K ¼ f1; 2;…g corresponds to a particular spin-
color-flavor structure. TC1C2C3 is a color tensor labeled by
C1C2C3 as described below, which projects the above
operator to the color-singlet irrep, and diquarks DGi;Fi

with
Dirac and flavor structuresG1; F1;…; G3; F3 are defined in
Eq. (18). In order to construct a complete basis of these
operators, all possible color, spin, and flavor labels must be
enumerated. Only gauge invariant spin-singlet and spin-
triplet operators with isospin zero and one are considered.

1. Color

Diquarks, being the product of two quarks, transform as
3 ⊗ 3 ¼ 6 ⊕ 3̄ under SUð3Þc. Hexaquark operators
formed from the product of three diquark operators there-
fore transform as

ð3 ⊗ 3Þ ⊗ ð3 ⊗ 3Þ ⊗ ð3 ⊗ 3Þ
¼ ð6 ⊕ 3̄Þ ⊗ ð6 ⊕ 3̄Þ ⊗ ð6 ⊕ 3̄Þ: ð32Þ

Not all of these terms contain a color singlet in this irrep
decomposition, but it appears once in each of the five
products 3̄ ⊗ 3̄ ⊗ 3̄, 3̄ ⊗ 3̄ ⊗ 6, 3̄ ⊗ 6 ⊗ 3̄, 6 ⊗ 3̄ ⊗ 3̄,
and 6 ⊗ 6 ⊗ 6. There are therefore five ways to combine

the product of three diquarks into a color singlet. The
corresponding color tensors are given by

TAAA
abcdef¼ ϵabeϵcdf−ϵabfϵcde;

TAAS
abcdef¼ ϵabeϵcdfþϵabfϵcde;

TASA
abcdef¼ ϵabcϵefdþϵabdϵefc;

TSAA
abcdef¼ ϵefaϵcdbþϵefbϵcda;

TSSS
abcdef¼ ϵaceϵbdfþϵacfϵbdeþϵbceϵadfþϵbcfϵade; ð33Þ

where the labels C1; C2; C3 ∈ fA; Sg denote whether each
tensor is antisymmetric or symmetric in each pair of indices
ða; bÞ, ðc; dÞ, and ðe; fÞ, and hence is to be combined with
a diquark in the 3̄ or 6 representation for A and S,
respectively.

2. Spin

The operators introduced in Eq. (31) can be decomposed
into direct sums of irreps of the relevant spatial symmetry
group. In a continuous infinite volume, this group is
Spinð3Þ ¼ SUð2Þ [i.e., the double cover of the SOð3Þ
spatial rotation group], under which two-nucleon states
transform in either the spin-triplet or spin-singlet repre-
sentations. On a periodic cubic lattice, the residual spatial
symmetry is the double cover of the octahedral group, OD

h .
The isovector (spin-singlet) two-nucleon states transform in
the Aþ

1 irrep, while the isosinglet (spin-triplet) states
transform in the Tþ

1 irrep. In what follows, the continuum
language of “spin-singlet” and “spin-triplet” will be used,
as it unambiguously specifies the internal spin degrees of
freedom.
Recall from Eq. (18) above that each diquark contains a

Dirac matrix of the form CGi where C is the charge
conjugation matrix. A possible basis for the matrices Gi is
given by

Gi ∈ fPR; PL; PRγ
μ; PLγ

μ; σμνg; ð34Þ

where PR=L ¼ 1
2
ð1� γ5Þ and μ; ν∈ f1; 2; 3; 4g. In general,

there are therefore 163 ¼ 4096 possible hexaquark spin
structures. However, not all of these are independent. Fierz
identities can be used to transform any product of two
vector diquarks containing γμ or two tensor diquarks
containing σμν ¼ i

2
½γμ; γν� into a product of scalar diquarks

[103]. Thus, when constructing the spin-singlet operator, it
is sufficient to consider Gi ∈ fPR; PLg. By a trivial change
of basis, one can instead use the set Gi ∈ f1; γ5g to
construct a complete basis of Spin(4)-invariant hexaquark
operators. For interpolating-operator construction, where
the relevant symmetry group is OD

h , additional insertions of
γ4 do not change diquark transformation properties (note
that the P� projectors are used to isolate the upper/lower
quark components). The Dirac matrices required for a
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complete basis of diquarks that are singlets under OD
h are,

after a change of basis,

Gi ∈ f1; γ5; γ4; γ4γ5g: ð35Þ

This leads to 43 ¼ 64 independent spin-singlet hexaquark
operators.
Using the parity projection operators P�, the 64 combi-

nations can be split into a set of 32 positive-parity
combinations and a set of 32 negative-parity combinations,
with the parity of the hexaquark operator equal to the
product of the parities of the diquarks. Positive-parity
diquarks correspond to

Gi ∈ fγ5Pþ; γ5P−g; ð36Þ

while negative parity diquarks correspond to

Gi ∈ f1; γ4g: ð37Þ

This basis is convenient because it has definite symmetry
properties for each diquark: diquarks with the Dirac matrix
Cγ4 are symmetric under exchange of spin indices while
diquarks with the C and Cγ5P� Dirac matrices are
antisymmetric. With this choice, operators that vanish
due to quark antisymmetry can be easily identified.
For the spin-triplet hexaquark case, the only difference is

that the construction must include one vector diquark
whose Dirac structure includes one spin vector Si ≡
1
2
ϵijkγjγk for i∈ f1; 2; 3g. Since factors of γ4 and γ5 do

not change OD
h transformation properties, these vector

diquarks can involve four linearly independent Dirac
matrices for a given spin index, i. To ensure definite
exchange symmetry, the four independent structures can
be taken to be Si, Siγ4, and Siγ5P�. Further appearances of
spin-vector diquarks can be removed using Fierz relations
as above. There are therefore 64 linearly independent spin
structures relevant for spin-triplet hexaquark operators for
each spin index, i,

G1 ∈ fSiγ5Pþ; Siγ5P−; Si; Siγ4g;
G2; G3 ∈ fγ5Pþ; γ5P−; 1; γ4g; ð38Þ

where the freedom to permute the diquarks to label the
spin-vector diquark with G1 has been used. As in the spin-
singlet case, these operators can be split into sets of 32
operators with each parity. The positive-parity structures
again correspond to operators with an odd number of
structures involving γ5.

3. Flavor

Assuming SUð2Þ isospin symmetry is exact, products of
two local nucleon operators form either an isovector spin-
singlet state or an isoscalar spin-triplet state. Although

hexaquark operators with other transformation properties,
for example isosinglet spin-singlet, can be constructed, they
will not mix with operators in these two channels.
Each diquark can be projected into isosinglet and

isovector flavor irreps as

Dab
G;1ðxÞ ¼ qaTðxÞCGiτ2qbðxÞ;

Dab
G;τA

ðxÞ ¼ qaTðxÞCGiτ2τAqbðxÞ; ð39Þ

where A∈ f1; 2; 3g. Five linearly independent operators
with I ¼ 0 can be constructed from these building blocks,

Dab
G1;1

ðxÞDcd
G2;1

ðxÞDef
G3;1

ðxÞ;
Dab

G1;τA
ðxÞDcd

G2;τB
ðxÞDef

G3;1
ðxÞδAB;

Dab
G1;τA

ðxÞDcd
G2;1

ðxÞDef
G3;τB

ðxÞδAB;
Dab

G1;1
ðxÞDcd

G2;τA
ðxÞDef

G3;τB
ðxÞδAB;

Dab
G1;τA

ðxÞDcd
G2;τB

ðxÞDef
G3;τC

ðxÞϵABC; ð40Þ

where A;B; C∈ f1; 2; 3g. Note that the color and spin
structures may differ on each diquark, making the second,
third, and fourth combinations in Eq. (40) distinct.
A total of nine linearly independent isospin tensor

operators with I ¼ 1 can be constructed analogously,

Dab
G1;τA

ðxÞDcd
G2;1

ðxÞDef
G3;1

ðxÞ;
Dab

G1;1
ðxÞDcd

G2;τA
ðxÞDef

G3;1
ðxÞ;

Dab
G1;1

ðxÞDcd
G2;1

ðxÞDef
G3;τA

ðxÞ;
Dab

G1;τB
ðxÞDcd

G2;τC
ðxÞDef

G3;1
ðxÞϵABC;

Dab
G1;τB

ðxÞDcd
G2;1

ðxÞDef
G3;τC

ðxÞϵABC;
Dab

G1;1
ðxÞDcd

G2;τB
ðxÞDef

G3;τC
ðxÞϵABC;

Dab
G1;τA

ðxÞDcd
G2;τB

ðxÞDef
G3;τC

ðxÞδBC;
Dab

G1;τB
ðxÞDcd

G2;τA
ðxÞDef

G3;τC
ðxÞδBC;

Dab
G1;τB

ðxÞDcd
G2;τC

ðxÞDef
G3;τA

ðxÞδBC: ð41Þ

4. Gram-Schmidt reduction and hexaquark basis

Spin-color-flavor tensor hexaquark operators are
obtained by contracting the flavor tensor operators above
with one of the five color tensors shown in Eq. (33) and
choosing G1, G2, and G3 to correspond to the choices of
spin operators described in Sec. III D 2. However, the
resulting operators will not all be linearly independent
because of quark antisymmetry. The reduction of this
overcomplete set to complete bases of positive-parity
spin-singlet hexaquark operators with I ¼ 1 and posi-
tive-parity spin-triplet hexaquark operators with I ¼ 0 is
discussed next.
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The five color tensors and 32 positive-parity spin-singlet
tensors discussed above can be combined with the nine
I ¼ 1 flavor tensors in 5 × 32 × 9 ¼ 1440 ways. Each of
these spin-color-flavor tensor operators can be described as
a contraction of six quark fields with a weight tensor that
has six spin, color, and flavor indices. The resulting rank-18
weight tensors are sparse and can be represented efficiently
as lists of the nonzero weights and their corresponding
index values. To make the constraints from quark anti-
symmetry manifest, the quark fields appearing in every
term with nonzero weights can be permuted into a fiducial
flavor ordering, such as uuuddd for the Iz ¼ 0 case, as
described in Refs. [56,104]. Many terms in the original
weight tensor correspond to the same tensor structure after
antisymmetrization and can be combined together to build a
reduced rank-12 spin-color weight tensor corresponding to
the fiducial ordering.
The reduced weight tensors associated with linearly

independent spin-color-flavor tensor operators are not
linearly independent if some operators are related by quark
antisymmetry. An orthonormal basis of reduced-weight
tensors is constructed using a Gram–Schmidt process; this
basis is a complete basis of hexaquark operators without
redundancies from quark antisymmetry or Fierz relations.
The orthogonalization isolates 16 linearly independent
operators from the full set of 1440 isovector spin-singlet
hexaquark operators. Note that accounting for the quark
antisymmetry of each individual diquark reduces the 1440
operators to 101; however, many of the remaining redun-
dancies can be understood as arising from combined color-
spin-flavor Fierz identities that complicate a group theoretic
determination of the number of linearly independent
operators [103,105]. These 16 orthonormal operators

H
ð2;1;Aþ

1
;JzÞ

i ðxÞ are linear combinations of the 16 spin-

color-flavor tensor operators H
ð2;1;Aþ

1
;JzÞ

K ðxÞ shown in
Table I,

H
ð2;1;Aþ

1
;JzÞ

i ðxÞ ¼
Xi

K¼1

w
ð2;1;Aþ

1
Þ

iK

X
x⃗

H
ð2;1;Aþ

1
;JzÞ

K ðxÞ; ð42Þ

where i∈f1;…;16g.Hexaquarkoperatorswith zeromomen-

tum are defined asH
ð2;1;Aþ

1
;JzÞ

i ðtÞ ¼ P
x⃗ H

ð2;1;Aþ
1
;JzÞ

i ðx⃗; tÞ. It is
noteworthy that normalized isovector hexaquark operators
constructed from products of color-singlet upper-spin-com-
ponent baryon operators of the formsNN,NΔ, andΔΔ are all

identical to the basis operator H
ð2;1;Aþ

1
;JzÞ

3 . This can be
explained by the fact that baryon-product operators of the
forms NN, NΔ, and ΔΔ all include two diquarks that are
antisymmetric in color and are comprised of only upper-spin-

component quark fields—H
ð2;1;Aþ

1
;JzÞ

3 is the only basis oper-
ator, or linear combination of basis operators, meeting this
description.

The same considerations apply to positive-parity spin-
triplet hexaquarks with I ¼ 0, where five flavor tensors are
available. In this case, a total of 5 × 32 × 5 ¼ 800 spin-
color-flavor tensor operators can be constructed. As in the
preceding spin-singlet case, reduced weights are con-
structed for each of these 800 operators. Finally, the
Gram–Schmidt algorithm isolates 16 orthonormal spin-
triplet hexaquark operators using linear combinations of the
operators shown in Table II. Normalized isosinglet hexa-
quark operators constructed from products of color-singlet
upper-spin-component baryon operators of the forms NN

and ΔΔ are both identical to the basis operator H
ð2;0;Tþ

1
;JzÞ

6 ,
which can be explained analogously to the I ¼ 1 case.

IV. NUMERICAL STUDY WITH mπ ≈ 806 MeV

This section presents a variational study of the spectrum
of two-nucleon systems for Nf ¼ 3 degenerate quarks with
a common mass corresponding to a pion mass of
mπ ≈ 806 MeV. This calculation uses gauge fields also
employed in previous studies of two-nucleon spectroscopy
in Refs. [46–48,54,56]. They were generated using the
tadpole-improved Lüscher-Weisz gauge field action [106]
with a single level of stout smearing [107] and the Wilson-
clover fermion action [108] with a tadpole-improved tree-
level clover coefficient cSW ¼ 1.2493 [109]. Relevant
details are presented in Table III.

TABLE I. A complete basis of hexaquark operators with I ¼ 1

and spin zero, H
ð2;1;Aþ

1
;Jz¼0Þ

K ðxÞ, enumerated by K ∈ f1;…; 16g.
Note that all but K ¼ 3 constitute operators with hidden color.
Each operator takes the form HC1C2C3

G1;F1;G2;F2;G3;F3
ðxÞ, where the

color tensor labels Ci, Dirac matrices Gi, and flavor tensors Fi
appearing in each diquark as defined in the main text are indicated
in the corresponding columns for each K. Here, τ always refers to
an isovector diquark with a free isospin index, while τ0 pairs
indicate isovector diquarks whose indices are contracted as
τ0Bτ

0
CδBC.

K Color Spin Flavor

1 A A A γ4 γ5Pþ 1 τ 1 1
2 A A A γ4 γ5P− 1 τ 1 1
3 S A A γ5Pþ γ5Pþ γ5Pþ τ 1 1
4 S A A γ5Pþ γ5P− γ5Pþ τ 1 1
5 S A A γ5Pþ γ5P− γ5P− τ 1 1
6 S A A γ5Pþ 1 1 τ 1 1
7 S A A γ5Pþ γ4 γ4 τ0 τ τ0
8 S A A γ5Pþ γ4 γ4 τ τ0 τ0
9 S A A γ5P− γ5Pþ γ5Pþ τ 1 1
10 S A A γ5P− γ5P− γ5Pþ τ 1 1
11 S A A γ5P− γ5P− γ5P− τ 1 1
12 S A A γ5P− 1 1 τ 1 1
13 S A A γ5P− γ4 γ4 τ0 τ τ0
14 S A A γ5P− γ4 γ4 τ τ0 τ0
15 S S S γ5Pþ γ5P− γ5Pþ τ τ0 τ0
16 S S S γ5Pþ γ5P− γ5P− τ0 τ τ0
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Quark propagators computed for all source points in a 63

sparse sublattice of the ðL=aÞ3 ¼ 243 spatial volume at a
fixed time are used to construct sparsened quark propa-
gators [96] with sparsening factor S ¼ 4. The quark
sources employ gauge-invariant Gaussian smearing
[110,111] with a Chroma smearing parameter 2.1, which
corresponds to a Gaussian smearing width of ≈0.18 fm.
Interpolating operators constructed from these quark propa-
gators are therefore identical to the “thin”-smearing oper-
ators described in Ref. [56] except that an ensemble with
larger L is used in that work. Variational bounds on the one-
and two-nucleon systems are obtained by performing
multiexponential fits to the principal correlation functions
determined from the GEVP, following the algorithm
described previously in Refs. [50,56] augmented by the
algorithm for choosing reference times t0 and tref discussed
in Appendix A.

A. Interpolating-operator sets

A range of different variational operator sets are consid-
ered. Sets are chosen to study the operator dependence of
variational bounds on the energy eigenvalues. Under-
standing this variation is critical because a computation

employing a complete basis of operators for the full Hilbert
space of QCD is intractable.
Shorthand notation is useful for discussing interpolating-

operator sets and variational bounds. The positive- and
negative-parity single-nucleon channels have quantum
numbers Q ¼ ðB; I;ΓJÞ that will be denoted:

Nþ ≡
�
1;
1

2
; Gþ

1

�
; ð43Þ

N− ≡
�
1;
1

2
; G−

1

�
: ð44Þ

The energy spectrum is independent of Jz; numerical
calculations average Nþ and N− correlation functions over
Jz ∈ f1; 2g. The quantum numbers Q ¼ ðB; I;ΓJÞ for the
two-baryon systems are

nn≡ ð2; 1; Aþ
1 Þ; ð45Þ

d≡ ð2; 0; Tþ
1 Þ: ð46Þ

Note that nn is used to label the “dineutron” I ¼ 1
spectrum, which is independent of Iz; numerical calcula-
tions are explicitly performed using Iz ¼ 0. Similarly, the
label d is used to denote the isoscalar spin-triplet spectrum,
which is independent of Jz; numerical calculations average
correlation functions over Jz ∈ f1; 2; 3g. Notation for
energy gaps in these channels is summarized in Table IV.
The sets of operators that are studied in this work can be

divided broadly into three main categories:
(1) Dibaryon operator sets include a range of different

dibaryon operators, including those with lower-spin
components and negative parity nucleon operators.
Dibaryon operator sets are denoted SQ

NDD
, where

Q∈ fnn; dg denotes the quantum numbers of the
system and ND is the number of dibaryon operators
in the set. Several operator sets are considered which
contain the same total number of dibaryon operators,
but contain a different selection of operators. In this
case, the 0 and 00 symbols are used to differentiate
these operator sets.

(2) Hexaquark operator sets include a variety of hex-
aquark operators introduced in Sec. III D. Hexa-
quark operator sets are denoted SQ

NHH
, with Q as

above and NH the number of hexaquark operators
that are included.

TABLE II. A complete basis of hexaquark operators with I ¼ 0

and spin one, H
ð2;0;Tþ

1
;Jz¼iÞ

K ðxÞ, enumerated by K ∈ f1;…; 16g.
Note that all but K ¼ 6 constitute operators with hidden color.
Color, spin, and flavor labels are as in Table I. Here, the τ flavor
structures correspond to contracted indices τAτBδAB.

K Color Spin Flavor

1 A A A Siγ5Pþ γ4 1 τ τ 1
2 A A A Siγ5P− γ4 1 τ τ 1
3 A A A Si γ4 γ5Pþ τ τ 1
4 A A A Siγ4 γ5Pþ 1 1 1 1
5 A A A Siγ4 γ5P− 1 1 1 1
6 S A A Siγ5Pþ γ5Pþ γ5Pþ 1 1 1
7 S A A Siγ5Pþ γ5P− γ5Pþ 1 1 1
8 S A A Siγ5Pþ γ5P− γ5P− 1 1 1
9 S A A Siγ5Pþ 1 1 1 1 1
10 S A A Siγ5P− γ5P− γ5Pþ 1 1 1
11 S A A Siγ5P− γ5P− γ5P− 1 1 1
12 S A A Siγ5P− 1 1 1 1 1
13 S S S Siγ5Pþ γ4 γ4 1 1 1
14 S S S Siγ5P− γ4 γ4 1 1 1
15 S S S Siγ4 γ4 γ5Pþ τ 1 τ
16 A A S Siγ5Pþ γ5P− γ5P− τ 1 τ

TABLE III. Details of the ensemble of gauge field configurations used for the numerical calculations. L and T are the spatial and
temporal extents of the lattice, β ¼ 6=g2 is the inverse bare coupling, mq is the bare quark mass, a is the lattice spacing, Ncfg is the total
number of gauge field configurations used, and Nsrc is the number of source locations employed on each configuration.

ðL=aÞ3 × ðT=aÞ β amq a [fm] L [fm] T [fm] mπL mπT Ncfg Nsrc

243 × 48 6.1 −0.2450 0.1453(16) 3.4 6.7 14.3 28.5 469 216
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(3) Dibaryon and hexaquark operator sets combine
operators from the previous two sets to examine
the combined effect of both types of operators.
Combined operator sets are denoted SQ

NDD
∪SQ

NHH
.

The integers ND and NH correspond to the number

of dibaryon and hexaquark operators, respectively.
Thus, a total of ND þ NH operators appear in the
combined set.

Sets of dibaryon operators constructed using upper-spin-
component diquarks are defined by

Snn
5D ≡ fDnnΓ

sm ðtÞjs∈ f0; 1; 2; 3; 4g; m∈ f1;…; N
Aþ
1

s g;Γ∈ fγ5Pþgg;
Sd
10D ≡ fDdΓ

smðtÞjs∈ f0; 1; 2; 3; 4g; m∈ f1;…; N
Tþ
1

s g;Γ∈ fγ5Pþgg: ð47Þ

On the right-hand side, s ¼ jn⃗j2 is the magnitude of the plane-wave momentum appearing in Eq. (27) and m indexes the
multiplicity of each shell. These sets are analogous to the interpolating-operator set denoted S0 in Ref. [56], except that
operators with a second Gaussian quark field smearing and operators with larger values of s were also included in Ref. [56].
Operator sets which explore the variational bounds obtained from only the novel dibaryon (negative-parity and lower spin

component) operators introduced in Sec. III B can also be constructed:

Snn
5D0 ≡ fDnnΓ

sm ðtÞjs∈ f0; 1; 2; 3; 4g; m∈ f1;…; N
Aþ
1

s g;Γ∈ f1gg;
Snn
5D00 ≡ fDnnΓ

sm ðtÞjs∈ f0; 1; 2; 3; 4g; m∈ f1;…; N
Aþ
1

s g;Γ∈ fγ5P−gg;
Sd
10D0 ≡ fDdΓ

smðtÞjs∈ f0; 1; 2; 3; 4g; m∈ f1;…; N
Tþ
1

s g;Γ∈ f1gg;
Sd
10D00 ≡ fDdΓ

smðtÞjs∈ f0; 1; 2; 3; 4g; m∈ f1;…; N
Tþ
1

s g;Γ∈ fγ5P−gg: ð48Þ

The meaning of s and m are the same as in the previous equations.
Sets of dibaryon operators involving products of two negative-parity nucleons and involving nucleon operators built from

lower-spin-component diquarks are defined by

Snn
10D ≡ fDnnΓ

sm ðtÞjs∈ f0; 1; 2; 3; 4g; m∈ f1;…; N
Aþ
1

s g;Γ∈ fγ5Pþ; 1gg;
Snn
15D ≡ fDnnΓ

sm ðtÞjs∈ f0; 1; 2; 3; 4g; m∈ f1;…; N
Aþ
1

s g;Γ∈ fγ5Pþ; 1; γ5P−gg;
Sd
20D ≡ fDdΓ

smðtÞjs∈ f0; 1; 2; 3; 4g; m∈ f1;…; N
Tþ
1

s g;Γ∈ fγ5Pþ; 1gg;
Sd
30D ≡ fDdΓ

smðtÞjs∈ f0; 1; 2; 3; 4g; m∈ f1;…; N
Tþ
1

s g;Γ∈ fγ5Pþ; 1; γ5P−gg: ð49Þ

The meanings of s and m are the same as in Eq. (47).
Compared to dibaryon operators, spatially localized hexaquark operators might be expected to have larger overlap with

compact bound states and smaller overlapwith scattering states. Sets containing one, two, and sixteen hexaquark operators are
considered in order to study thevariational bounds fromhexaquark operators alone. For the dineutron, these sets are defined as

TABLE IV. Summary of spectral quantities used to characterize the low-energy one- and two-nucleon spectra. Single-nucleon
splittings are denoted by δ, while two-nucleon splittings use Δ.

Quantity Description

MN ≡ ENþ
0

Nucleon mass

δENþ ≡ ENþ
1 −MN Energy gap in channel Nþ

δEN− ≡ EN−

0 −MN Energy gap in channel N− between lowest-energy negative-paritystate and positive-parity ground
state

ΔEQ
n ≡ EQ

n − 2MN nth energy gap from two-nucleon threshold in channelQ, computed using fit results for each energy
level

ΔEQ
n ðtÞ≡ EQ

n ðtÞ − 2ENþ
0 ðtÞ Time-dependent nth energy gap from two-nucleon threshold inchannel Q, computed using the

effective energies defined in Eq. (16)

Δcut ≡ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

N þ 5ð2πL Þ2
q

− 2MN
Energy gap from two-nucleon threshold to the first noninteracting energy level with larger
momentum than the operators used here
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Snn
1H ≡ fHnn

i ðtÞji∈ f3gg;
Snn
2H ≡ fHnn

i ðtÞji∈ f1; 3gg;
Snn
16H ≡ fHnn

i ðtÞji∈ f1; 2;…; 16gg: ð50Þ

The dineutron operatorsHnn
i ðtÞ appearing on the right-hand

side are defined in Eq. (42) as orthogonal linear combina-
tions of the basic hexaquark operators in Table I. The
operatorHnn

3 ðtÞ appearing in all three sets is identical, apart
from an irrelevant constant, to the product of color-singlet
nucleon operators centered at the same point that was
studied in Ref. [56]. The two operators appearing in Snn

2H
are both unaffected by the Gram-Schmidt orthogonalization
of the hexaquark operators described above, explicitly
Hnn

1 ðxÞ ¼ Hnn
1 ðxÞ and Hnn

3 ðxÞ ¼ Hnn
3 ðxÞ. For the deuteron,

the corresponding operator sets are defined as

Sd
1H ≡ fHd

i ðtÞji∈ f6gg;
Sd
2H ≡ fHd

i ðtÞji∈ f3; 6gg;
Sd
16H ≡ fHd

i ðtÞji∈ f1; 2;…; 16gg; ð51Þ

where Hd
6ðxÞ ¼ Hd

6ðxÞ and Hd
3ðxÞ ¼ Hd

3ðxÞ − 1
11
Hd

1ðxÞ. As
in the dineutron channel, the operatorHd

6ðtÞ appearing in all
three sets is identical to a product of color-singlet nucleon
operators. The second operators included in SQ

2H for each
channel are chosen because of their relatively large overlaps
with low-energy states in the numerical results below.
Four additional interpolating-operator sets are chosen for

each channel to study the combined effects of including
both dibaryon and hexaquark operators,

Snn
5D ∪Snn

1H; Snn
5D ∪Snn

2H; Snn
5D ∪Snn

16H; Snn
15D ∪Snn

16H;

Sd
10D ∪Sd

1H; Sd
10D ∪Sd

2H; Sd
10D ∪Sd

16H; Sd
30D ∪Sd

16H:

ð52Þ

It is possible to define additional sets including quasilocal
operators. In practice, such sets give results for the low-
energy spectra which are consistent with one or more of the
operator sets reported here, albeit with larger uncertainties.
Results for operator sets including quasilocal operators are
therefore not presented below.
Dibaryon operators with all three choices of

Γ∈ f1; γ5Pþ; γ5P−g are also computed for cubic irreps
that are associated with D-wave phase shifts in infinite
volume. For the I ¼ 1 case, such dibaryon operators are
constructed for ΓJ ¼ Eþ with s∈ f1; 2; 4g and for ΓJ ¼
Tþ
2 with s∈ f2; 3g. For the I ¼ 0 case, dibaryon operators

are constructed for ΓJ ¼ Aþ
2 with s∈ f2; 3g, for ΓJ ¼ Eþ

with s∈ f2; 3g, and for ΓJ ¼ Tþ
2 with s∈ f1; 2; 3; 4g.

Although there are no hexaquarks built from products of

FIG. 3. The positive parity single-nucleon channel is studied using the variational method utilizing a set of two operators constructed
from the upper- and lower-spin components. The effective mass functions of the n ¼ 0, 1 principal correlation functions are shown in the
two panels. The relative weights of the upper and lower spin components are shown as the left and right columns in the histogram (inset).
The lower variational bound constrains the nucleon mass in lattice units. Lightly shaded colored bands show the total statistical plus
fitting systematic uncertainties added in quadrature while the outlined regions show the statistical uncertainty of the highest-weight fit.
Note that for the n ¼ 1 case, fit results provide a variational bound even though there may still be significant curvature in the effective
energy for all t where signals can be resolved from noise.

FIG. 4. The negative parity nucleon channel is studied using the
single negative parity nucleon operator defined in Eq. (26).
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FIG. 5. Effective mass functions and spectral bounds for operator sets Snn
5D (upper left), Snn

1H (upper right), Snn
5D ∪ Snn

1H (lower left), and
Snn
5D ∪ Snn

16H (lower right) for the dineutron, ðB; I;ΓJÞ ¼ ð2; 1; Aþ
1 Þ. Noninteracting NN and NΔ energy levels are represented as dashed

and dotted horizontal lines, respectively.
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color-singlet nucleons that transform in these representa-
tions, hexaquarks built from NΔ and ΔΔ operators, as well
as hidden-color operators, can be constructed that trans-
form in the same representations. The inclusion of such
operators is left to future work.

B. The single-nucleon channel

The positive-parity single-nucleon channel can be studied
using the interpolating-operator set SNþ ¼ fNΓjΓ∈ γ5P�g,
with the quantumnumbersNþ defined in Eq. (43).Applying
the algorithm for selecting t0 and tref discussed in
Appendix A leads to t0=a ¼ 7 and tref=a ¼ 11. The effec-
tive masses and fit results using the multistate fitting

algorithm detailed in Refs. [50,56] are shown in Fig. 3.
The variational bound on the nucleon mass obtained from
fits to the n ¼ 0 principal correlation function is

aMN ≡ aENþ
0 ¼ 1.2036ð15Þ; ð53Þ

which is consistent with previous analyses of this ensemble
[46,48]. The variational bound on the first excited state in
this channel obtained from analogous fits to the n ¼ 1
principal correlation function is

aENþ
1 ¼ 1.928ð47Þ: ð54Þ

This bound isweaker than the corresponding boundaENþ
1 ¼

1.770ð14Þobtained using a set of two interpolating operators
with different Gaussian smearing widths on a larger spatial
volume in Ref. [56]. The presence of significant excited-
state contamination is unsurprising, since it is the second
eigenvalue from a 2 × 2matrix of correlation functions, and
further since Fig. 3 shows there may still be significant time
dependence in the effective energy at imaginary times where
the signal is lost to noise. The insets in Fig. 3 show the
overlaps with the ground and first excited states with upper-
and lower-component operators. The ground state has
similar overlaps, 0.548(1) and 0.452(1), with the respective
upper- and lower-component operators. The first excited
state overlaps dominantly with the lower-spin-component
operator.
The negative-parity single-nucleon sector is orthogonal to

the positive parity sector and is studied using the interpolat-
ing-operator set with a single operator SN− ¼fN1g.
The resulting diagonal correlation function is positive
definite and provides a variational bound on the lowest-
energy negative-parity state,

aEN−

0 ¼ 1.6357ð76Þ; ð55Þ

as shown in Fig. 4.
Constraints on the single-nucleon energy gaps defined in

Table IV, aδENþ ¼ 0.73ð5Þ and aδEN− ¼ 0.43ð1Þ, can
inform interpretations of the two-nucleon energy spec-
trum.6 In particular, two-nucleon states with energy gaps
near aδENþ

might be associated with NþðNþÞ� scattering
states. Since positive-parity two-nucleon states include
either zero or two negative-parity nucleon operators, states
with energy gaps near aδEN−

are not expected to appear in
the positive-parity two-nucleon sector, while states with
energy gaps near 2aδEN−

might be associated with N−N−

scattering states.

FIG. 6. Summary of variational bounds on the low-lying
dineutron ðB; I;ΓJÞ ¼ ð2; 1; Aþ

1 Þ spectrum obtained from all
operator sets considered in this work. Noninteracting NN and
NΔ energy levels are represented as dashed and dotted horizontal
lines, respectively. For operator set Snn

5D0 , the lowest energy
variational bound, aΔEnn

0 is above the plotted region, and
therefore no variational bounds appear. In the case of the operator
set Snn

5D00 , the uncertainty in the variational bound for n ¼ 4 state
was larger than the plotted region, and was therefore removed for
clarity.

6These values only furnish variational bounds on the energy
gaps under the assumption that the ground-state bound aMN has
been saturated.
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FIG. 7. The effective mass spectra showing all of the variational bounds obtained with the interpolating-operator sets indicated.
Noninteracting energy levels are represented as follows: dashed gray lines for NN; dotted black lines for NΔ and ΔΔ; and dot-dashed
gray lines for NNπ. Lines for noninteracting energy levels above aΔcut are cut off for visual clarity. Thresholds related to single-nucleon
excitations are also indicated: dashed orange line for aδENþ

and dashed purple line for aδEN−
.
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C. Two-nucleon spectroscopy

Since one- and two-nucleon correlation functions are
computed on the same gauge-field configurations, statistical
fluctuations are strongly correlated between them.
Consequently, correlated differences between quantities
extracted from the correlation functions often have reduced
statistical uncertainties. In particular, correlated energy
differences (e.g., from the differences between separate fits
to one- and two-nucleon correlation functions) are more
precisely determined than total two-nucleon energies.
Results are presented below for the effective energy gap
aΔEQ

n ðtÞ defined in Table IV, where t0 and tref have been
chosen as detailed in Appendix A. Critically, variational
bounds are obtained from correlated fits to the one- and two-
nucleon principal correlation functions individually and not

to aΔEð2;I;ΓJÞ
n ðtÞ, which is not a convex sum of exponentials.

Individual variational bounds from fits to one- and two-
nucleon correlation functions also furnish results for the
energy gap aΔEQ

n defined in Table IV. Energy gaps aΔEQ
n

are computed using the bootstrap methods described in
Ref. [56]. Appendix B collects the strongest variational
bounds on aΔEQ

n for all Q ¼ ð2; I;ΓJÞ studied in the
present work.

Before presenting results, it is useful to consider where
the near-threshold variational bounds would be expected to
appear in the absence of hadronic interactions. In the
present work, dibaryon operators are projected to all
plane-wave momenta with jn⃗j2 < 5. Therefore it may be
expected that these operators will overlap predominately
with finite-volume scattering states with energy gaps

aΔE≲aΔcut≡2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaMNÞ2þ5ð2πa=LÞ2

q
−2aMN ¼0.27;

ð56Þ

where aMN is given in Eq. (53) andΔcut is the noninteracting
energy difference corresponding to jn⃗j2 ¼ 5; see Table IV.
This energy region alignswith the energy regionaΔE≲ 0.24
studied using plane-wave momentum-projected operators
with jn⃗j2 < 8 on an ensemble with larger volume in
Ref. [56]. Additional multihadron states that have small
overlap with these dibaryon operators may be present at
similar or somewhat lower energies than Δcut, in particular
NΔ states with I ¼ 1 and ΔΔ states with I∈ f0; 1g.
Using the mass of the Δ baryon (stable at these values of
the quark masses) computed using this gauge-field ensemble
in Ref. [112], aMΔ ¼ 1.3321ð21Þ, the threshold for S-wave

FIG. 8. Results for relative overlap factors Znn
nχ for operator set Snn

15D ∪ Snn
16H . Uncertainties are not shown here but are shown by error

bars in histograms for the six lowest-energy states in Fig. 21.
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FIG. 9. Effective mass spectra for operator sets Sd
10D (top left), Sd

1H (top right), Sd
10D ∪ Sd

1H (bottom left), and Sd
10D ∪ Sd

16H (bottom
right) for the deuteron, ðB; I;ΓJÞ ¼ ð2; 0; Tþ

1 Þ. Noninteracting NN energy levels are represented as dashed horizontal lines.
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ΔΔ states with nn or d quantum numbers is aΔEΔΔ≡
2aMΔ − 2aMN ¼ 0.26. The corresponding threshold for
D-waveNΔ states with nn quantum numbers is7 aΔENΔ ≡ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaMΔÞ2 þ ð2πa=LÞ2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaMNÞ2 þ ð2πa=LÞ2

p
−2aMN ¼ 0.18. Variational bounds above these non-
interacting thresholds still provide valid bounds satisfying the
interlacing theorem. However, such bounds seem very
unlikely to have saturated due to small, though exponentially
growing in t, contributions to the associated principal
correlation functions from NΔ and ΔΔ states. These thresh-
olds will be indicated in the numerical results below.

1. The dineutron channel

The energy spectrum for two-nucleon systems with I ¼
1 is independent of Iz in the isospin-symmetric limit
considered here. Therefore the results for nn, pp, and
spin-singlet pn systems are equivalent. This channel will be
referred to as the dineutron channel in order to distinguish it
from the I ¼ 0, spin-triplet deuteron channel. The most
important contributions to the near-threshold scattering
amplitude come from the l ¼ 0 partial wave, as higher
partial waves are kinematically suppressed. In this section,
results are given for the Aþ

1 irrep, which corresponds to
states with orbital angular momentum, l∈ f0; 4; 6;…g in
the continuum and infinite-volume limit [98,100,113,114].
Effective masses from four representative operator sets are
shown in Fig. 5. Variational bounds from each of the
operator sets defined in the previous section are presented
in Fig. 6.
In each of the dibaryon operator sets Snn

5D, S
nn
10D, S

nn
15D,

and Snn
5D00 shown in Fig. 6, there exists a variational bound

which lies near the noninteracting two-nucleon energy
levels for n∈ f0; 1; 2; 3; 4g. This placement suggests that
these bounds may be associated with attractive finite-
volume NN scattering states. Results for the sets Snn

10D,
Snn
15D, and Snn

5D00 are consistent with those from the Snn
5D set

for all variational bounds below Δcut. The operator set Snn
5D0

contains operators constructed from the product of two
negative parity nucleon operators. It is interesting to note
that the lowest variational bound is greater than Δcut, and
thus no variational bounds are shown on Fig. 6 for this
operator set. The lowest energy bound for each dibaryon-
only operator set except Snn

5D0 is just below the two-nucleon
threshold. For all operator sets considered, the lowest
variational bound is higher than the previous estimates
of the ground state energy on this ensemble using asym-
metric source and sink interpolating operators and is
therefore consistent in the sense of a variational bound.8

Additional bounds not present for Snn
5D appear in results

for Snn
10D, S

nn
15D, S

nn
5D0 , and Snn

5D00 at higher energies, as shown
in Fig. 7. For Snn

10D, which contains dibaryon operators
constructed from products of negative-parity nucleon
operators, all but one of the additional bounds are above
the threshold 2aδEN− ≈ 0.87. For Snn

15D, several additional
bounds appear around aδENþ ≈ 0.74. This suggests that
these operators predominantly overlap with N−N− and
NþðNþÞ� scattering states, although the presence of one
bound below aδENþ

shows that the additional operators do
not overlap exclusively with such states.

FIG. 10. Summary of low-lying deuteron ðB; I;ΓJÞ ¼
ð2; 0; Tþ

1 Þ spectra obtained from all operator sets considered in
this work. Noninteracting NN energy levels are represented as
dashed horizontal lines. For operator set Sd

10D0 , the lowest energy
variational bound, aΔEd

0 is larger than the plot window, and
therefore no variational bounds appear.

7An NΔ system at rest transforms as Gþ
1 ⊗ Hþ ¼ Eþ ⊕

Tþ
1 ⊕ Tþ

2 and can lead to ΓJ ¼ Aþ
1 when combined with jn⃗j ¼

1 spatial wave functions transforming in the Eþ irrep [91]. In the
deuteron channel, isospin symmetry forbids NΔ contributions.

8Under the assumption that this bound has been saturated, the
analysis of these operator sets does not suggest a bound state in
contrast to studies using asymmetric source and sink interpolating
operators. See Ref. [56] for an extensive discussion of the
meaning of this contrast.
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FIG. 11. The effective mass spectra showing all of the variational bounds obtained with the interpolating-operator sets indicated.
Noninteracting energy levels are represented as in Fig. 7 except that NΔ states are excluded from the deuteron channel by isospin.
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The sets Snn
1H, S

nn
2H and Snn

16H furnish variational bounds
for energy eigenstates obtained from operator sets which
contain only hexaquark operators. While these sets may
seem unnatural since they lack the dibaryon operators,
which have been observed to have significant overlap with
low-energy two-nucleon-like states, the interlacing theorem
implies that S16H nevertheless provides valid variational
bounds on the lowest sixteen energy eigenvalues in the
theory. The variational bounds determined from these
interpolating-operator sets are shown in Figs. 5–7. For
each hexaquark operator set studied here, it is possible to
observe a plateau at late Euclidean times in the n ¼ 0
principal correlator. In each operator set, the variational
bound on the lowest energy is aΔEd

0 ≈ 0.07 above the two-
nucleon threshold. For each of these hexaquark-only
operator sets, the other variational bounds are above Δcut
and do not exhibit clear plateaus, as shown in Fig. 7.

For the operator sets which include the upper-spin-
component positive-parity dibaryon operators and either
one, two, or sixteen hexaquark operators (Snn

5D ∪ Snn
1H,

Snn
5D ∪ Snn

2H, and S
nn
5D ∪ Snn

16H) and for the operator set which
includes all dibaryon and hexaquark operators
(Snn

15D ∪ Snn
16H), the resulting lowest five variational bounds

are consistent at 1σ with the results from Snn
5D. Examining

the overlap factors shown in Fig. 8, H3 (which can be
shown to be equivalent to the product of two color-singlet
nucleon operators) overlaps with states which also have
strong overlap with dibaryon operators. It is interesting to
note that while this operator has the strongest overlap with
n ¼ 5, it also has a sizable overlap with n ¼ 0; 1;…; 4.
Note that the operator H3 is equivalent to a sum over all
dibaryon operators of all possible lattice momenta, but the
H3-H3 correlation function is not the sum of all dibaryon
correlation functions.

FIG. 12. Results for relative overlap factors Zd
nχ for the operator set Sd

30D ∪ Sd
16H . Uncertainties are not shown here but are shown for

the 11 lowest-energy states by the error bars in the histograms in Figs. 22 and 23.
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The set Snn
16H contains many operators which cannot be

written as the local product of two color-singlet three-quark
operators. Such operators potentially probe the hidden-
color components of the two-nucleon wave function. While
these operators do not provide strong variational bounds on
the low-energy dineutron spectrum and exhibit large
statistical fluctuations, evidence exists for states higher
in the spectrum having statistically significant overlaps
with these novel operators. This can be seen in Fig. 8,
where the relative overlaps of each GEVP eigenvector onto
each operator are shown. In particular, the n ¼ 5 dineutron
level has the largest overlaps with hexaquark operators with
TAAS color structures arising from products of two color-
singlet baryon operators and includes an admixture of
upper-spin-component and lower-spin-component opera-
tors of this form. Operators involving the color tensors
TAAA and TSSS that cannot be constructed from products of
color-singlet baryons are associated with the appearance of
variational bounds above Δcut. It is noteworthy that several
of these variational bounds appear between Δcut and
aδENþ

, which suggests that hidden-color operators in this
channel predominantly overlap with lower-energy states
than operators involving single-nucleon excitations. The
structure of these states may exhibit novel features

associated with the presence of hidden color that should
be explored in future work.

2. The deuteron channel

Results are presented for the Jz ¼ 0 row of the Tþ
1 irrep,

which contains the l ¼ 0 partial-wave contribution in the
infinite volume limit. The resulting variational bounds on the
spectra are shown in Figs. 9 and 10. It is important to note that
unlike the dineutron channel, multiple linearly independent
dibaryon interpolating operators in a given row of the cubic
group representation can be constructed. These arise because
the total angular momentum irrep is a tensor product of the
“orbital” angular momentum and the spin, ΓJ ¼ Γl ⊗ Γspin.
The total-angular-momentum irrep containing the deuteron
(ΓJ ¼ Tþ

1 ) includes contributions from spatial wave func-
tions with Γl ∈ fAþ

1 ; E
þ; Tþ

2 g (other irreps are only relevant
for higher-momentum dibaryon operators. For example,
Γl ¼ Tþ

1 contributes for s ≥ 5). Thus, these operators are
sensitive to the energy splittings arising from the orbital
angular momenta of the states. Themultiplicities of operators
with total angularmomentum irrepΓJ are given inTable III of
Ref. [56]. In particular, for ΓJ ¼ Tþ

1 , the multiplicities are

N
ð0;Tþ

1
Þ

s ¼f1;2;3;2;2g for s¼f0;1;2;3;4g, respectively.

FIG. 13. The strongest variational bounds achieved here in the dineutron and deuteron channels, compared to best variational bounds
obtained at a larger volume in Ref. [56]. Noninteracting NN and NΔ energy levels are represented as dashed and dotted lines,
respectively.
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Consequently, if the low-energy deuteron spectrum could be
described purely in terms of noninteracting energy levels,

then one should expectN
ð0;Tþ

1
Þ

s nearby variational bounds for
each noninteracting energy level.
For the operator sets Sd

10D, Sd
20D, Sd

30D, and Sd
10D00 ,

exactly N
ð0;Tþ

1
Þ

s nearby variational bounds for each s are
observed, in agreement with the expected counting of
noninteracting degenerate copies. The variational bounds
for the two n ¼ 1 states obtained from the sets Sd

10D, S
d
20D

and Sd
30D differ by several standard deviations. If these

variational bounds were saturated, these differences could
be used to study S-D partial-wave mixing [49,102].
Additional variational bounds appearing only for Sd

20D

and Sd
30D are present at higher energies that, as in the

dineutron channel, are consistent with 2aδEN−
and aδENþ

,
respectively, as shown in Fig. 11.
The sets Sd

1H, S
d
2H, and Sd

16H again provide much less-
constraining variational bounds on the low-energy eigen-
values of the deuteron system than the dibaryon operator
sets, but the n ¼ 0 effective mass function exhibits a
plateau at aΔEd ≈ 0.06. Similarly to the dineutron channel,
operator sets which contain both dibaryon and hexaquark
operator sets produce low-energy variational bounds which
are consistent with the variational bounds obtained from

Sd
10D within 1 standard deviation. Therefore, in both the

dineutron and deuteron channels, the addition of novel
hexaquark or dibaryon operators does not appear to
produce a qualitatively different set of low-energy varia-
tional bounds at the current level of statistical precision.
Further understanding of these results can be obtained

by examining the relative overlaps, shown in Fig. 12 and
Appendix C. As in the dineutron channel, it can be
seen that the dibaryon operators have large relative over-
laps with GEVP eigenvectors whose eigenvalues are close
to the noninteracting two-nucleon energy levels
(n∈ f0; 1; 2; 3; 4; 5; 6; 7; 8; 9g), while hexaquark operators
have larger overlap with states higher in the spectrum.

V. DISCUSSION

In order to have confidence in the results of variational
calculations, it is important to explore the physically
relevant regions of Hilbert space. Since these are not
known a priori, studies of the operator dependence of
the obtained variational bounds are an important step
toward gaining confidence in the employed operator sets.
From the studies presented in this work, no evidence is
found for the importance of the novel operators that have
been introduced here in constraining low-energy variational
bounds in the dineutron and deuteron channels. Instead,

FIG. 14. Comparison of two-nucleon variational bounds obtained in this work and Ref. [56], with other calculations at similar quark
masses employing variational methods [21,55] or asymmetric correlators [46,47,54] in the total momentum jP⃗j ¼ 0 sector.
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these operators are seen to have larger overlap with
states higher in the spectrum. It is important to note that
these conclusions are valid only at the current statistical
precision, and could change with more precise numerical
data. In addition, since the Hilbert space is formally
infinite, the absence of large changes in variational bounds
should not be seen as confirmation that operator sets which
contain only positive-parity dibaryon operators are suffi-
cient to describe the low-energy two-baryon spectrum. This
point is particularly relevant for these systems because
previous calculations which studied the spectrum using
asymmetric correlators observed evidence for the presence
of bound states in both the dineutron and deuteron
channels.
In order to make physical statements, quantities deter-

mined from LQCD calculation must be extrapolated to the

continuum limit. Due to the use of a perturbatively
improved action in this study, the leading lattice artifacts
in energies and energy differences are expected to arise at
Oðg2aΛQCDÞ and Oða2Λ2

QCDÞ (here, g is the strong
coupling at scale μ ∼ 1=a and ΛQCD ≈ 0.3 GeV is the
typical QCD scale), both of which are ≲0.1. However,
since the current study is performed at a single lattice
spacing, the magnitude of the lattice artifacts that are
present has not been quantified. Given this, the possibility
that the variational bounds observed in both two-nucleon
channels have large lattice artifacts which would shift
their energies to significantly different values than in the
continuum cannot be ruled out. A quantitative study of
lattice artifacts in the obtained variational bounds is left
for future work. It should also be noted that significant
changes between variational bounds at different lattice

FIG. 15. Values of the 1S0 and 1D2 phase shift from different irreps for the dineutron channel combining the results from this work
(L=a ¼ 24) and Ref. [56] (L=a ¼ 32). The opaque lines represent the statistical and systematic uncertainties from the fit to the
correlation matrix, while the translucent lines represent the bounds from the interlacing theorem. The vertical dot-dashed line indicates
the radius of convergence of the effective range expansion due to the t-channel cut.

FIG. 16. Values of the 3S1, 3D2, and 3D3 phase shift from different irreps for the deuteron channel combining the results from this work
(L=a ¼ 24) and Ref. [56] (L=a ¼ 32). Details are as in Fig. 15.
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spacings do not necessarily imply significant differences
between energy eigenvalues.
By combining the results obtained from operator set S0

in Ref. [56] (corresponding to 14 positive-parity, upper-
spin-component dibaryon operators, plus a single TAAS

hexaquark operator) with the results from this analysis, it is
possible to study the volume dependence of variational
bounds for the finite-volume spectra as depicted in Fig. 13.

For both ensembles considered, there exist NðI;ΓÞ
s varia-

tional bounds near each noninteracting two-nucleon energy
level. Although these variational bounds are negatively
shifted with respect to the noninteracting levels, the
magnitude of this shift is not large enough to provide
evidence for bound states in either channel.
It is also possible to compare the variational bounds

obtained here and Ref. [56], which employ a fairly similar
set of operators with other previous calculations of the low-
energy two-nucleon spectrum. This comparison is pre-
sented in Fig. 14. Calculations which employ a variational
approach all produce ground state variational bounds which
are weaker than the ground state energy suggested from
analyses of asymmetric correlation functions. It is interest-
ing to note that the two approaches to studying the two-
nucleon sector are internally consistent; that is, multiple
calculations employing the same analysis strategy come to
consistent conclusions. However, there is an apparent
tension between different analysis frameworks. While it
is important to note that it is possible that the variational
bounds have not been saturated, a clear understanding of
the origin of these differences remains an outstanding
challenge for calculations of multibaryon spectroscopy.
Resolving this discrepancy is an essential prerequisite for
confidence in controlled multibaryon calculations
using LQCD.
Having extracted variational bounds for the low-energy

dineutron and deuteron spectra in two physical volumes, it
is natural to attempt to compute the associated phase shifts
using the finite-volume quantization conditions described
in Refs. [58,98,115]. However, the Euclidean time extents
over which statistically significant signals for energy shifts
have been extracted in the current study are smaller than the
inverse of the energy gap between the lowest two finite-
volume energy levels of noninteracting nucleons and are
not sufficient to have confidence that any of the variational
bounds have been saturated. One should therefore not
assume that variational bounds are in one-to-one corre-
spondence with energy eigenvalues. The interlacing theo-
rem rigorously guarantees that at least n energy eigenvalues
sit below the nth variational bound, and these one-sided
intervals can be mapped to one-sided intervals in the
ðk2; k cot δÞ plane using the Lüscher quantization condition
[58,116]. However, due to the singularity structure of the
quantization conditions, these intervals do not provide
meaningful constraints on the phase shifts. Precise con-
straints can only be obtained by making the assumption that

variational bounds are saturated and correspond to stochas-
tic estimates of energy eigenvalues. Assuming that only the
lowest partial-wave contributes to a given cubic irrep (e.g.,
1S0 in I ¼ 1, Γ ¼ Aþ

1 ), one can obtain the corresponding
phase shifts, as shown in Figs. 15 and 16. Further details on
the quantization conditions used here are discussed in
Appendix G of Ref. [56].

VI. SUMMARY AND OUTLOOK

In this work, the two-nucleon spectrum is studied using
LQCD at quark masses corresponding to a pion mass of
mπ ≈ 806 MeV using the variational method, leading to
bounds on the finite-volume energy eigenstates. The effects
on the variational bounds for the two-nucleon spectrum
from various choices of dibaryon and local hexaquark
operators with both I ¼ 0 and I ¼ 1 are quantified. In
particular, this study analyzes for the first time the impact of
including products of negative-parity nucleon operators as
well as dibaryon operators containing the lower-spin
components of quark fields. These operators lead to
minimal changes to the low-energy variational bounds
obtained using only upper-spin-component dibaryon oper-
ators. Operator sets which contain only hexaquark oper-
ators produce variational bounds of the low-energy
spectrum that are significantly less constraining than those
from operator sets which contain dibaryon operators.
Operator sets which contain both dibaryon and hexaquark
operators produce low-energy variational bounds consis-
tent within uncertainties with operator sets which contain
only dibaryon operators constructed from the positive-
parity, upper-spin components. Hidden-color hexaquark
operators make significant contributions to the overlap
factors associated with some of these bounds, which
suggests that there may be two-nucleon excited states with
novel structure related to hidden-color components.
Since the calculations presented here are performed at a

single lattice spacing, it is possible that the variational
bounds that are presented contain significant lattice arti-
facts, and bounds could move in either direction as they
approach the continuum limit. Further studies will explore
the magnitude of the lattice artifacts in these systems and
study the continuum limit of the extracted variational
bounds.
Computations in this work were carried out using the

Chroma [117], Qlua [118], QUDA [119–121], and Tiramisu [122]
software libraries. Data analysis used NumPy [123] and Julia

[124,125], and figures were produced using Mathematica
[126] and Matplotlib [127].
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APPENDIX A: CHOOSING t0 AND tref

As discussed in the main text, tref and t0 should be
chosen so that the effective masses obtained using the
eigenvector- and eigenvalue-based definitions of the prin-
cipal correlation functions in Eqs. (16) and (17), respec-
tively, agree within uncertainties. This is achieved using the
following algorithm, shown in Fig. 17 with the algorithm
parameters highlighted in blue.
(1) Set t0 ¼ δ and tref ¼ t0 þ δ, where δ is the minimum

distance over which a sum-of-exponential spectral
representation is expected to be valid.

(2) Verify that λnðtref ; t0Þ > 0 are positive. If not, the
correlation-function matrix is approximately degen-
erate at this statistical precision, and either an
operator must be removed to decrease the size of

the correlation-function matrix or statistical preci-
sion must be increased.

(3) Check whether Enðt; t0; trefÞ ≈ FnðtÞ for all t where
δFnðtÞ < tolλδEnðt; t0; trefÞ and ≈ denotes equality
to within a combined statistical uncertainty of tolσ.
Here tolλ and tolσ are hyperparameters that are set to
tolλ ¼ 1.5 and tolσ ¼ 2σ for the calculations in this
work.9 If this check is passed for all n with
Enðt; t0; trefÞ < tolE,

10 then a “plateau region” of
t0 and tref where the eigenvector- and eigenvalue-
based principal correlation functions are consistent
has been identified.

(4) Define t00 ¼ t0 þ 1 and t0ref ¼ t00 þ δ.
(5) Verify that λnðt0ref ; t00Þ > 0 are positive. If there

is a negative eigenvalue, then if a plateau region
has been found, t0 is the largest acceptable value
before noise sets in and tbest0 ≡ t0 (if a plateau has
not been found, then there is insufficient statistical
precision to analyze the correlation-function
matrix).

(6) Check whether Enðt; t00; t0refÞ ≈ FnðtÞ to within tolσ
for all t where δFnðtÞ < tolλδEnðt; t00; t0refÞ and all n
with Enðt; t00; t0refÞ < tolE. If so, a plateau region has
been found. If they do not agree, then if a plateau
region has been found, t0 is the largest acceptable
value before noise sets in and tbest0 ≡ t0 (if a plateau
has not been found, then there is insufficient
statistical precision to analyze the correlation-func-
tion matrix).

(7) Take t0 → t0 þ 1.
(8) Repeat the previous four steps until tbest0 has been

identified.
(9) Define tref → t0ref ¼ tref þ 1.
(10) Verify that λnðt0ref ; tbest0 Þ > 0 are positive. If there is a

negative eigenvalue, then tbestref ≡ tref .
(11) Check whether Enðt; tbest0 ; t0refÞ ≈ FnðtÞ to with tolσ

for all t where δFnðtÞ < tolλδEnðt; t0ref ; t00Þ and all n
with Enðt; t00; t0refÞ < tolE. If they do not agree,
then tbestref ≡ tref .

(12) Take tref → tref þ 1.
(13) Repeat the previous four steps until tbestref has been

identified.
The desired principal correlation functions are then defined as
ĈnðtÞ≡ Ĉnðt; tbest0 ; tbestref Þ, and the associated effective mass
functions are denoted EnðtÞ≡ Enðt; tbest0 ; tbestref Þ. While the
above algorithmprovides one definition of the optimal choice
of t0 and tref , it is important to demonstrate that the analysis is

9Note that the introduction of tolλ is needed because
Enðt; tref ; t0Þ and FnðtÞ become decorrelated for t ≫ tref, and
in this region ≈ would need to be defined with a more
sophisticated statistical measure of similarity.

10The introduction of tolE is required when some eigenvectors
describe relatively noisy energy levels much higher in the
spectrum than a region of physical interest.
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FIG. 17. Flow chart representing the steps of the algorithm to find the best t0 and tref .
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insensitive to perturbations around these chosen values. This
can be studied by varying these two parameters and demon-
strating stability of the extracted variational bounds. This is
shown in Fig. 18, for the single nucleon, and Figs. 19 and 20
for the dineutron and deuteron channels.

APPENDIX B: VARIATIONAL BOUNDS

The strongest variational bounds for each of the one- and
two-nucleon channels that are studied in this work are
presented in Tables V–VII. Fits are performed usingmethods
adapted from Refs. [51,56] and the t0, tref selection criteria

FIG. 18. Studying the dependence on the extracted lowest variational bound for the single nucleon channel using the operator set SNþ
.

Stability plots are centered around values selected by the algorithm defined in Appendix A and used in full analysis. For the single
nucleon channel, these correspond to t0 ¼ 7 and tref ¼ 11. In each case, the parameter which is not varied in the above plots is fixed at
the value determined by the algorithm.

FIG. 19. Studying the dependence on the extracted lowest variational bound for the dineutron channel using the operator set
Snn
5D ∪ Snn

1H . Details are as in Fig. 18.

FIG. 20. Studying the dependence on the extracted lowest variational bound for the deuteron channel using the operator set
Sd
10D ∪ Sd

1H . Details are as in Fig. 18.
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described in the main text andAppendix A. The uncertainties
shown for aEQ

n and aΔEQ
n include systematic uncertainties

associated with the variation in fit results obtained with
different choices of tmin (theminimum temporal extent used in
the fit) added in quadrature to statistical uncertainties calcu-
lated using bootstrap methods. Results for energies in
physical units include uncertainties in the determination of
a ¼ 0.1453ð16Þ fm [46] added in quadrature. Ambiguities in
defining the lattice spacing away from the physical values of
the quark masses are not quantified.

APPENDIX C: EFFECTIVE MASSES AND
OVERLAPS

This appendix presents more details on the effective
mass functions and overlaps associated with variational
bounds below Δcut. Effective masses for the dineutron
channel, which are shown collectively in Fig. 5, are shown
individually in more detail in Fig. 21. The corresponding
overlap factors, whose central values are indicated in Fig. 8,
are also shown here as histograms with error bars.
Analogous results for the deuteron channel are shown in
Figs. 22 and 23.

TABLE V. Single-nucleon positive- and negative-parity varia-
tional bounds in lattice and physical units obtained from weighted
averages of multiexponential fits to GEVP correlation functions
as described in the main text.

n aE
ð2;1

2
;Gþ

1
Þ

n E
ð2;1

2
;Gþ

1
Þ

n [GeV]

0 1.2021(22) 1.636(23)
1 1.9115(285) 2.601(53)

n aE
ð2;1

2
;G−

1
Þ

n E
ð2;1

2
;G−

1
Þ

n [GeV]

0 1.6362(85) 2.227(33)

TABLE VI. Two-nucleon I ¼ 1 variational bounds in positive-
parity total-angular-momentum cubic irreps ΓJ ∈ fAþ

1 ; E
þ; Tþ

2 g
analogous to the results in Table V. The interpolating-operator set
Snn
15D ∪ Snn

16H is used.

n aE
ð2;1;Aþ

1
Þ

n aΔEð2;1;Aþ
1
Þ

n ΔEð2;1;Aþ
1
Þ

n [MeV]

0 2.4024(37) −0.0034ð11Þ −4.6ð1.5Þ
1 2.4524(40) 0.0465(16) 63.3(2.3)
2 2.5101(39) 0.1035(24) 140.8(3.8)
3 2.5624(40) 0.1561(24) 212.5(4.4)
4 2.6135(55) 0.2078(36) 282.8(6.3)
5 2.7287(95) 0.3222(81) 438.5(12.6)

n aEð2;1;EþÞ
n aΔEð2;1;EþÞ

n ΔEð2;1;EþÞ
n [MeV]

0 2.4574(39) 0.0519(16) 70.6(2.3)
1 2.5088(42) 0.1029(23) 140.1(3.7)
2 2.6127(51) 0.2063(29) 280.7(5.5)

n aE
ð2;1;Tþ

2
Þ

n aΔEð2;1;Tþ
2
Þ

n ΔEð2;1;Tþ
2
Þ

n [MeV]

0 2.5096(42) 0.1039(18) 141.4(3.1)
1 2.5610(41) 0.1548(20) 210.7(3.9)

TABLE VII. Two-nucleon I ¼ 0 variational bounds in positive-
parity total-angular-momentum cubic irreps
ΓJ ∈ fTþ

1 ; T
þ
2 ; E

þ; Aþ
2 g analogous to the results in Table V.

The interpolating-operator set Sd
30D ∪ Sd

16H is used.

n aE
ð2;0;Tþ

1
Þ

n aΔEð2;0;Tþ
1
Þ

n ΔEð2;0;Tþ
1
Þ

n [MeV]

0 2.4017(36) −0.0046ð12Þ −6.2ð1.7Þ
1 2.4497(40) 0.0438(16) 59.6(2.3)
2 2.4584(36) 0.0527(14) 71.8(2.2)
3 2.5055(40) 0.0998(23) 135.8(3.6)
4 2.5090(46) 0.1035(22) 140.8(3.5)
5 2.5097(41) 0.1040(18) 141.5(3.2)
6 2.5572(42) 0.1523(19) 207.3(3.9)
7 2.5604(43) 0.1549(20) 210.8(4.0)
8 2.6080(63) 0.2031(39) 276.3(6.6)
9 2.6099(61) 0.2059(42) 280.3(6.9)
10 2.7114(95) 0.3087(77) 420.1(12.0)

n aE
ð2;0;Tþ

2
Þ

n aΔEð2;0;Tþ
2
Þ

n ΔEð2;0;Tþ
2
Þ

n [MeV]

0 2.4572(39) 0.0510(16) 69.4(2.4)
1 2.5075(44) 0.1019(18) 138.7(3.1)
2 2.5082(44) 0.1028(21) 139.9(3.5)
3 2.5594(45) 0.1534(20) 208.7(3.9)
4 2.6110(52) 0.2052(31) 279.2(5.7)

n aEð2;0;EþÞ
n aΔEð2;0;EþÞ

n ΔEð2;0;EþÞ
n [MeV]

0 2.5069(40) 0.1009(18) 137.3(3.1)
1 2.5591(41) 0.1525(21) 207.6(4.0)

n aE
ð2;0;Aþ

2
Þ

n aΔEð2;0;Aþ
2
Þ

n ΔEð2;0;Aþ
2
Þ

n [MeV]

0 2.5071(53) 0.1023(26) 139.2(4.0)
1 2.5577(54) 0.1512(33) 205.8(5.4)
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FIG. 21. Results for two-nucleon GEVP effective finite volume (FV) energy shifts for the dineutron channel from the Snn
15D ∪ Snn

16H
operator set. Histograms show the overlaps with interpolating operators corresponding to s∈ f0;…; 4g shell dibaryons with upper/
lower/negative-parity spin components (15 bars left of dashed line) and a complete basis of hexaquarks (16 bars right of dashed line)
ordered as in Fig. 8.
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FIG. 22. Results for two-nucleon GEVP effective FV energy shifts for the deuteron channel from the Sd
30D ∪ Sd

16H operator set.
Histograms show the overlaps with interpolating operators corresponding to s∈ f0;…; 4g shell dibaryons with upper/lower/negative-
parity spin components (30 bars left of dashed line) and a complete basis of hexaquarks (16 bars right of dashed line) ordered as
in Fig. 12.
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