Dynamics of vacancy-induced modes in the non-Abelian Kitaev spin liquid
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We study the dynamical response of vacancy-induced quasiparticle excitations in the site-diluted Kitaev spin
liquid with a magnetic field. Due to the flux-binding effect and the emergence of dangling Majorana fermions
around each spin vacancy, the low-energy physics is governed by a set of vacancy-induced quasi-zero-energy
modes. These localized modes result in unique characteristics of the dynamical spin correlation functions, which
intriguingly mimic the single-quasiparticle density of states and further exhibit a quasi-zero-frequency peak. By
recognizing the potential observability of these local correlation functions via scanning tunneling microscopy
(STM), we show how the STM response is sensitive to the local flux configuration, the magnetic field strength,
and the vacancy concentration. Constructing a simple model of the localized modes, we also elucidate how the
local correlation functions can be interpreted in terms of the hybridization between these modes.

I. INTRODUCTION

Quantum spin liquids (QSLs) are currently of large interest,
in part because of their non-Abelian quasiparticles that may
enable topological quantum computing [1-7]. A famous ex-
ample of QSLs is realized in the exactly solvable Kitaev spin
model on the honeycomb lattice, which supports a gapped
non-Abelian chiral QSL in a magnetic field [2]. In this non-
Abelian Kitaev spin liquid (KSL) state, an isolated flux pins
a topologically protected zero-energy Majorana mode, which
is of great interest for quantum information processing. With
site dilution, each isolated vacancy in the KSL binds a Z5 flux
and, consequently, is associated with a localized Majorana
mode[8, 9]. In fact, the introduction of vacancies into the non-
Abelian KSL gives rise to an entire set of quasi-zero-energy
Majorana modes from which the true zero mode emerges [10—
13]. The localized nature of these vacancy-induced quasi-
zero-energy modes simplifies their detection and manipula-
tion, two key ingredients in proposed implementations of Ma-
jorana quantum computation. Also, with the ability to delib-
erately introduce vacancies into candidate materials such as
a-RuCljs [14-17], these systems have the potential to realize
a scalable network of such vacancy-induced Majorana modes.

In the companion paper [18], we put forth a proposal for the
detection of the vacancy-induced quasi-zero-energy Majorana
modes. We suggested using inelastic scanning tunneling mi-
croscopy (STM) setups in which a non-Abelian KSL, contain-
ing a finite density of spin vacancies, acts as a tunneling bar-
rier between a tip and a substrate. Our results revealed several
important features in the STM response that originate from
the quasi-zero-energy modes. Most notably, we observed a
pronounced peak near zero bias voltage in the derivative of
the tunneling conductance. Both the voltage position and the
intensity of this peak exhibit an increase with the density of
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vacancies, indicating fractionalized nature of the quasi-zero-
energy modes. We also demonstrated that the STM response
can effectively probe the single-particle density of states of
the Majorana fermions in the non-Abelian KSL.

We further note that similar setups were previously pro-
posed to study the zero-energy Majorana modes in the clean
non-Abelian KSL [19-22] and in the non-Abelian KSL with
an isolated pair of vacancies [13]. For instance, when two
flux excitations are created and well separated from each other
in the non-Abelian KSL, localized almost-zero-energy Majo-
rana modes are attached to each flux. The presence of these
modes manifests as an additional, nearly zero-energy peak in-
side the bulk gap of the dynamical spin correlation function.
As the support for this peak comes only from on-site terms
and nearest-neighbor bonds directly enclosing the flux, the in-
tensity of this peak in the STM response diminishes rapidly
as the tip-to-flux distance increases [22]. It is also worth not-
ing that with the recent strong experimental effort in imaging
anyons with STM [23], these proposals for the non-Abelian
KSL become more and more viable. Additionally, tunneling
experiments recently performed on a-RuClj have yielded in-
triguing results concerning low-energy excitations [24], which
further underscores the feasibility and relevance of using STM
for studying features of spin liquidity in real materials. Conse-
quently, there is a need to gain a comprehensive understanding
of the STM response in QSLs.

In this paper, we delve into the intricate physics that under-
lies the STM response in the site-diluted non-Abelian phase
of the Kitaev honeycomb model [10]. Notably, this model re-
mains exactly solvable even in the presence of vacancies. As
demonstrated in prior research [13, 18, 21, 22], the inelastic
STM response, specifically the second derivative of the tun-
neling current with respect to the bias voltage, is proportional
to the dynamical spin correlation function of the Kitaev spin
liquid. In the presence of vacancies, the STM setup allows
us to investigate not only the bulk dynamical spin correla-
tion function, which is probed when the tip is positioned away
from vacancy sites, but also other kinds of dynamical spin
correlation functions when the STM tip is positioned directly
on top of a vacancy site. These vacancy-related spin correla-
tion functions probe either the usual “bulk” spin components



or special “dangling” spin components that exhibit divergent
local susceptibilities [8, 9].

We study the behavior of both types of vacancy-related spin
correlation functions, namely, those associated with bulk and
dangling spin components. Exploring how these correlations
evolve in response to variations in magnetic eld strength, va-
cancy concentration, and the local ux environment, we re-
veal a pronounced difference in their behavior. Bulk spin cor-
relation functions, much like their counterparts in the clean
Kitaev model [25-27], are ultra-short-ranged, i.e., only on-
site or nearest-neighbor correlation functions with the same
spin component are nonzero. They exhibit a nite ux gap,
a strong peak above the ux gap, and a diffuse continuum at

hlg?er _ent;arglles. bFutrrt]hermore, t\_lvherlldthteh tlme-reversall S;yr(;}flG. 1. Site-diluted Kitaev honeycomb model. Around any vacancy,
metry 1S broken by the magnetic eld, the vacancy-reélaledy, , of the sites 1, 2, and 3 has one dangling spin compenent

bulk spin correlation functions show a distinctive in-gap peakyqt is directly coupled to the Zeeman eld. The green dashed lines
structure that re ects the vacancy-induced quasi-zero-energyonnect the sites coupled by theerm, for which the convention of
modes. In contrast, dangling spin correlation functions can behirality follows Ref. [2]. The hexagonal plaquette ( ux) operator is
long-ranged, with no restrictions on the spin components ode ned aswW, = §~ £ % § §.

the distance. They also exhibit a set of low-energy peaks in

the presence of a magnetic eld, providing a complementary

perspective on the quasi-zero-energy modes. olds:

Our study demonstrates that the distinct structures observed

in the bulk and dangling dynamical correlations can be com- X J X X h

prehended with the help of a simple tight-binding model de-' =~ “fki i k I L j

scribing hybridization among various quasi-zero-energy Ma- g k! 12b

jorana modes attached to each vacancy. Crucially, this model = iJ Upki GGk + i Unki Undi GG

elucidates the emergence of the Majorana zero mode bound to hik i bkl i

each vacancy when the number of quasi-zero-energy modes is

odd. At the same time, it correctly explains the structures of ih b,

the sharp peaks that are found inside the bulk gaps of both the 12D

bulk and the dangling spin correlation functions, and reveals @)

how these peaks directly re ect the various vacancy-induced

quasi-zero-energy modes. where the summations are only over non-vacancy sites, and
we assumédr, = hy = h, h andJy J. In terms

of the Majorana fermions; , theJ -term corresponds to rst-
neighbor hopping, whereas theterm corresponds to second-
neighbor hopping, as shown in Fig. 1. The ux oper&id,
which is alocal symmetry QS ned on each plaquette, is related

Il. SITE-DILUTED KITAEV HONEYCOMB MODEL tothe gauge eldsbyWp =~ pyi pUnki = 1.

From now on, we use a tilde to distinguish the “dangling
spin components™; j = ig¢g withj 2 D and
the associated “danglinzfermions” from the re-

maining spin components arefermions in the bulk. Since
We consider a site-diluted version of the Kitaev honeycombthese danglingr-fermions do not have counterparts to form

. ! auge elds, they are treated together with tafermions in
model [2] where a nite number of spins are removed at ran-Jaud - .
dom sitesj 2 V, belonging equally to the A and B sublat- the tight-binding matrix of Eq. (1). In order to have the same

: , ) . . . tructure of the tight-binding matrix as in the clean model, we
tices [28]. The Kitaev interactions comprise nearest nmghboﬁssign each to either the A or the B sublattice. We use the

bond-anisotropic Ising couplings emanating from each spin- . i }
1/2 degree of freedom. To account for a magnetic eld, weconvention that the danglirizfermions belong to the sublat-
also introduce the standard three-spin interactions [2] in thé&ice of the corresponding vacancy site. For example, if the
bulk, as well as the bare Zeeman terins ; at the sites vacancy is on the A sublattice, then the neighboring dangling
j 2D thatsharean bondhki withavacancy sit& 2 V.  SPin component; on the B sublattice decomposes irgo

By using Kitaev's four-Majorana representation, = ib; ¢, on the B sublattice anf on the A sublattice. Therefore, the
and the de nition ofZ, gauge elds,unx; = ib; b, weob- Zeeman term also looks like a nearest-neighbor hopping be-
tain a quadratic fermionic Hamiltonian coupled to the gaugeween A- and B-sublattice sites, and the Hamiltonian takes the

A. Model Hamiltonian
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general form where all hexagonal plaquette operators have eigenvélue
_ [29]. Inthe general case, the ground-state ux eigenvalue (i.e.,
! F M Ca plaguette-operator eigenvalue) is determined by the number of
H Car Cg T .
2 M D ¢ ) sidesn for the plaquette:
1 1} fo.
= Z fY f T y o . : n 2
2 yont f HWpigs € o5 g = 5 mod 2:  (8)

where the complex matter fermions are de ned as ] ]
Interestingly, several works [8, 30, 31] show that even without

f 1 1 i cn . the requirement of re ection symmetry as used in the mathe-
fy "2 1 i ¢ ®) matical proof, numerically the ground-state ux eigenvalues
still follow the prediction of the Lieb theorem. The most ex-
Note that, in the site-diluted model, entries in the tight-bindingotic case is the recently studied amorphous Kitaev spin liquid,
matrix corresponding to vacancy sites are removed, and thosg which the system contains all random shapes of plaquettes,
corresponding to the danglirifermions are added. There- and yet the ground-state eigenvalue of each plaquette is still
fore, the complex matter fermions are, in general, not forme@etermined by the Lieb theorem [31].
by two Majorana fermions in the same unit cell. However, by  For each isolated vacancy in the site-diluted honeycomb
the above assignment and the fact that only an equal numbegfodel, three hexagonal plaquettes merge into a single 12-site
of vacancies on A- and B-sublattice sites are considered, eagfacancy plaquette after removing one site at the center of the
complex fermion still consists of one Majorana fermion from three hexagons. According to the Lieb theorem, the vacancy
the A-sublattice and the other from the B-sublattice. The replagquette should carry a- ux in the ground state, and this
sulting Hamiltonian has the Bogoliubov de-Gennes form andxpectation has indeed been numerically veri ed in previous
thus can be diagonalized by a Bogoliubov transformation,  studies [8-10, 12]. The corresponding ground-state ux con-
guration, where only vacancy plaquettes carry aux, is
"’; = XY fy : 4) called thebound- ux sector However, in the model of quasi-
a Y X f vacancies with the three-spin interactionit was shown that
a crossover from the bound- ux sector to the zero- ux sector
is possible [10]. Here, for true vacancies with dangling spins,
we show that the ground-state ux sector exhibits a crossover
even at 0 as the strength of the Zeeman eldon the
dangling spins is increased [see Fig. 2(b)].
with the excitation energies, > 0. The grognd-state energy ~ The algorithm for generating the bound- ux sector for ran-
for a given ux sectoris thefEo(fug) = % . dom site-diluted con gurations is based on our previous work
In the numerical calculation, the real-space Majorana tight{10]. Additional care is taken to prevent a situation where
binding matrix is diagonalized by the above transformationgwo vacancy plaquettes are too close and merge into a larger
foranL L honeycomb lattice with linear size (number of vacancy plaquette because the evaluation of local spin corre-
unit cells)L and periodic boundary conditions in both dimen- lations would be more complicated in such a case.
sions. Once the eigenenergies and eigenvectors are obtained,
the density of states (DOS),

into the standard free-fermion form

H= noaa, = ; (5)

X C. Local symmetry and expectation values
N(E) = (E o) (6)
n The presence of an extensive number of local symmetries in
and the inverse participation ratio (IPR) for each eigenstate, the Kitaev model can lead to predictions of vanishing expecta-
X tion values of spin operators. The simple arguments presented
P, = ionji% (7)  below are related to the Elitzur theorem, which states that if an

operator is not invariant under local symmetry transformation,
then its expectation value must be zero [32, 33].

j

can be calculated. The wavefunction amplitudgs connect First, we consider the clean Kitaev model without any va-
the fermion eigenstates, to t_he original Majorana ferm_lons cancies. In this case, all minimum-size loops are hexagons,
8 on the lattice siteg according tca, = p% j mj G with and each site (i.e., spin) belongs to three hexagonal plaque-

i j ng j2 = 1 for eachn. Therefore, the IPR measures the ttes. From t.he de nition OWP (shown in Flg 1), we observe
level of localization for a given eigenstate on the lattice sites.that any spin operator; anticommutes with at least one ad-
jacent ux operatorf ; ;Wpg =0, which means thatit is not
invariant under the corresponding local symmetry transforma-
B. Ground-state ux sector tion: Wy ; Wp = W2 = ;. Therefore, we conclude
that the expectation value must be zero for all spins:

For the clean Kitaev honeycomb model, the Lieb theorem L L o
predicts that the ground-state ux sector is #&go- ux sector i j jOi = MOjWp § WpjOi = h(j ; jOi =00 (9)
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valid, except for the dangling spin components(j 2 D )
around each vacancy. The key point here is that no ux oper-
ator anticommutes with a dangling spin operator. Hence, any
expectation values involving exclusively dangling spin com-
ponents are generically non-zero:

0~

, 060; O0~~ 0 60: (12)

j
Here 0 refers to the ground state of the site-diluted Kitaev
model, which may be in the bound- ux or the zero- ux sec-
tor. The non-zero expectation values in Eq. (12) provide the
basis for the vacancy-induced local-moment formation [8, 9]
and show that spin-spin correlation functions between dan-
gling spins have no restrictions in terms of spin components
or distance. If andl are around the same vacancy, we refer
toh~ ~ i as anintra-vacancycorrelation function, otherwise
we call it aninter-vacancycorrelation function. In this work,
we focus on the intra-vacancy correlations, which can pos-
sibly be measured by a single STM tip [18]. The non-local
behaviors of inter-vacancy correlations can be measured by a
multiple-tip setup [13], but due to the localized wavefunctions
of the vacancy-induced low-energy states, this inter-vacancy
response is expected to be much smaller.

Finally, the spin-spin correlation functions between a bulk
(i.e., non-dangling) spin and a dangling spin necessarily van-
ish because we can always nd a ux operator that anticom-
mutes with the bulk spin but commutes with the dangling spin,
implying 0 ; ~ 0 =0.

FIG. 2. (a) Zero- ux and bound- ux sectors for the same vacancy

con guration. In the bound- ux sector, the black thick lines mark

ipped gauge variablesin i = 1 and the shaded plaquettes in- . VACANCY-INDUCED LOCALIZED MODES
dicate ipped ux operatorsW, = 1. (b) Ground-state crossover '

between the zero- ux and the bound- ux sectors, as calculated from

L = 40 systems with4% vacancies. The shading corresponds to the A. Elementary modes and hybridization

energy difference per vacancy between the two ux sectors.

In the presence of the three-spin interactiothat mimics
. . . an external magnetic eld and breaks time-reversal symmetry,
HerejOi refers to the ground state of the Kitaev model in thethe Majorana density of states becomes gapped, and the Ma-

zerso_- L.JIX sector Sat'tSfymgNk;’JO' - l.JO('j' o0 th : : | jorana band structure acquires non-trivial topology. From the
) imi ar.argumen S can be appiied to e.spm.-spm corre a('jisper:sion of the clean Kitaev rﬁodel, the bulk Majorana gap
tion functionsh ; i [25]. If the second spin, is located 2

: can be approximated by, 6 3 for J. In the re-
beyond the nearest neighbor gf, we can always nda ux  gyjting non-Abelian phase, if two uxes are created and then

operator that commutes with one spin and anticommutes Witeparated from one another, a Majorana bound state with zero
the other] ; ;Wp] = f , ;W,g =0, which implies: energy is supported and thus corresponds to an Ising anyon.
o These Majorana zero modes are highly localized around-the
j 1J0i=0: (10)  ux plaquettes and are therefore called ux modes (f-modes)
P this paper [see Fig. 3(e)].
When vacancies are introduced into the Kitaev spin liquid,
two other types of localized modes emerge below the bulk

. ) . . ap. First, the unpairetMajorana fermions come from the
fore, the spin-spin correlation functions are ultra-short-range

in the Kitaev model- onlv the on-site correlation functions and actionalization of dangling spins and couple to the bulk via
€ ritaév model, only In€ on-site correlation IUNCONS anty, ¢, 7eaman term. Each vacancy site exhibits three of these

g:)emn%?:gﬁ:’gfﬁ?;?ggSggreoli[)'(ogggggﬁr\‘/zlvl;'gz the same SPBmodes, as shown in Fig. 3(a-c). Second, each vacancy gives
P P ' rise to a peripheral mode (p-mode) around the vacancy posi-
HOj  J0i&EO0 if j=korjk 2hki : (11)  tion [see Fig. 3(d)]. This p-mode is similar to the quasilocal-
ized mode with wavefunction amplitudes on the opposite sub-
In the presence of vacancies, the above arguments for spliattice sites to the vacancy, previously discussed in the tight-
expectation values and spin-spin correlation functions remaibinding model of site-diluted graphene [34, 35]. However, in

Wo(j (OWp= 5y =) hQ

For a nearest-neighbor pair, if the spin components are no
the same, we can still nd a ux that anticommutes with only
one of them, and hend®j ; |, joi =0 if & . There-

i



FIG. 3. Different types of localized Majorana modes in the presence of vacancies and/or uxes. (a-c) The vacancybinthaesl come

from the fractionalization of the dangling spin components around vacancies. (d) The vacancy-induced peripheral mode (p-mode) has nite
wavefunction amplitudes on the vertices of the vacancy plaquette. (e) The ux-induced mode (f-mode) is localized aroundeplelgjuette

in the non-Abelian Kitaev spin liquid.

the KSL with 6 0, the wavefunction amplitudes of this p- a homogeneous functidn(J; ). The threeb-modes, on the
mode are more localized and on both sublattices [10]. other hand, couple to the p- and f-modes by the Zeeman elds
Since the wavefunctions of thebe p-, and f-modes are all with hybridization strengths,h and th, respectively, where
localized around the vacancy site, they can easily hybridize,.; 1. Moreover, thé-modes can further hybridize among
with each other, and the in-gap Majorana density of states ithemselves via the higher-energy bulk modes (not included in
determined by the resulting eigenmodes [see Fig. 4]. In théhe basis modes themselves). From second-order perturbation
bound- ux sector, the - ux resides on the 12-site vacancy theory, we can estimate this hybridization a&? with
plaquette, and the f-mode wavefunction has a similar amplid . Due to the threefold rotation symmetry relating the three
tude distribution to the p-mode wavefunction. Consequentlyb-modes, the effective Hamiltonian in tii&*; B'; ¥; c,; ¢)
these two Majorana modes are strongly coupled by both theasis is then given by

rst-neighbor and the second-neighbor hopping terms of the 0 1
Hamiltonian, and the energy of the resulting eigenmode [see 0 ph? ph? ph ¢h

Fig. 4(c)] can be written a§(J; ). These p-f hybridized ph2 0 ph? ph ¢h
modes correspond to the peakEat 1:16J in the density  Hpoung = i % ph? ph? 0 ph th § :

of states [see Fig. 4(a)]. In contrast, the pealEat O is ph ph ph 0 f(J; )

attributed to thé-modes that can only weakly couple to any ¢h ¢h th (3 ) 0

other modes (including each other) Via (13)
In the zero- ux sector, only threBmodes and one p-mode

are available for each vacancy. Hence, two modes from thAssumingh  J, the eigenvalues dfl ,oung Up toO(h?) are

linear combinations of thB-modes are almost intactBt 0 "

and the third one hybridizes with the p-mode to form a com- P~ 3( g + 2) )

plex fermion of energf  h [see Fig. 4(f)]. The understand- 0, 3ph% f(3 )+ Wh D (14)

ing of the in-gap spectrum based on the hybridization picture '

of localized Majorana modes is crucial for the later discussion , . .
on the dangling spin correlation function, so we discuss it in' "€ 'St three eigenmodes have domindfermion charac-

more detail in the next section. ter, While the last two correspond to the p-f h_ybridized modes
with mainly c-fermion character. The four nite-energy Ma-
jorana modes on each vacancy combine into two complex-
fermion modes. However, the remaining zero-endrgyode
needs another zero-energy mode on a different vacancy to
form a complex fermion. Therefore, this zero-energy mode
To develop a better understanding of the in-gap fermioris a protected Majorana bound state. To distinguish this true
modes, we analyze a simple tight-binding model describingero mode from the other hybridiz&imode withh? depen-
the hybridization among thig, p-, and f-modes attached to a dence, we call the formel-mode and the latteii, -mode.
single vacancy, and then compare the predictions of this effedn Fig. 5(a), we present the numerical eigenenergies of a full
tive model to the results from the exact diagonalization of thehoneycomb-lattice system with two well-separated vacancies.
whole system with two well-separated vacancies. The results con rm the picture from the simple model; the
We rst consider the bound- ux sector, in which case the mode is clearly seen at the bottom of the spectrum, while the
basis modes af#; IV; I¥; c,; . On the vacancy plaquette, remaining two modes have quadrdticependence.
the p-mode and the f-mode are strongly hybridized via Both ~ When a ux pair is excited from the bound- ux sector, as
and couplings, and the net hybridization can be described bghown in Fig. 5(b), the p-mode and tfeniode are both zero

B. Simple model for hybridization



FIG. 4. Density of states (DOS), inverse patrticipation ratio (IPR), and absolute wavefunction amplitudes of in-gap eigenmodes in (a-c) the
bound- ux sector and (d-f) the zero- ux sector. For the bound- ux sector, each vacancy contribute&thieges to the central peak around

E =0 and two hybridized p-f modes to the nite-energy peaks aroind 1:16J in (a). For the zero- ux sector, each vacancy contributes
threeb-modes and one p-mode; one of themodes strongly hybridizes with the p-mode and thus a clear peak splitting is shown &cufd

in (d). Numerical results in (a) and (d) are calculated fro a 40 system containing 2% vacancies with- = 0:2J. The intensity of

IPR in (a) and (d) estimates the level of localization for the corresponding eigenmodes. It clearly shows that the vacancy-induced modes are
much more localized than the modes in the continuum above the bulk gap.

modes ah = 0 because any hybridization between them iswith the corresponding eigenvalues upa¢h?) being
forbidden by symmetry [36]. Note that we usktd denote P~ , P
the ux-induced mode that is localized on a normal plaguette 3 uh%;
instead of the vacancy plaquette. At 0, theb-modes cou-
ple to the p-mode on the vacancy plaquette and #maoide
on the normal plaquette. Given that only dieode can di-
rectly couple to the%mode, the effective Hamiltonian in the
(B; O; BF; Cp; Cro) basis reads

3 ph (18)

Therefore, in the zero- ux sector, the simple model predicts
a B, -mode quadratic il and ab-p mode linear irh, but no
protected zero mode. This prediction is con rmed by the nu-
merical calculation on the whole system [see Fig. 5(c)].
Finally, when two uxes are created from the zero- ux sec-

0 0 bh? ohZ2 . h fohl tor [see Fig. 5(d)], two additional in-gap f- antrhodes are
sh2 0 ph? ph 0 introduced on two different plaquettes. Assuming that the hy-
HO = %} »h2 h2 0 ph 0 § . (15) bridization ath = 0 is mainly between the p- and f-modes, the
bound h h h o oA’ effective Hamiltonian ah > 0 in the (B;B/;%7; ¢,; ct; Cro)
h 0 o o0 o0 basis can be written as
o O o 2 2 ,h h o gent
and the corresponding eigenvalues expanded @Qk3) are sh2 0 ph2 oh ¢h 0
2 2
0; h; +h 16 0 — b oh 0 ph th 0.
q 10 Hew=10 " "h o 0 @) o0&
- _ 1 h h h  f(J; 0 0
with 2 = 338 3+ 3 94 22&+ %). Thetwo ffoh Of 6 (0 ) 0 0

complex-fermion modes with linedr dependence can be in- (19)
terpreted a$-p andB-f° modes [see Fig. 5(b)], although in

general each of them has bd#p andi-f© character. Again, and the corresponding eigenvalues expanded @(k3) are

the remainindy-mode is at exactly zero energy. #

For the zero- ux sector, there are only four in-gap Majorana h2- he F(3 )+ 3( 3 + 7 h2 20
modes on each vacancy, and the effective Hamiltonian in the bt ol () 2f (3, ) (20)
(B ¥ ;1%; c) basis is given by

0 1 The physical picture is that the p- and f- modes rst form a

0 , ph? bgz ph complex fermion of energy (J; ) already ath = 0, then
Hyero = i %) bg 0 ) oh phg . (17) one of theB-modes couples to thé-mode with hybridiza-
bh bh 0 ph tion strength (oh, and nally the remaining twd-modes hy-

ph ph ph 0 bridize via the second-order effeci,f?) to give theb,-mode



with quadratich dependence [see Fig. 5(d)]. Note that consid-

ering an additional f¥hybridization ath = 0 does not lead to
a qualitative change of this picture.

In summary, the protected zero-energy mode only appears
when the total number of vacancy-induced modes around each
vacancy is odd, which is the case for the bound- ux sector. In
contrast, for the zero- ux sector, the total number of vacancy-

induced modes is even, and the lowest-energy eigenmode th

us

shows arh? dispersion instead of being at exactly zero energy.
We note that these general statements are true not only for the
ground states but also for the corresponding two- ux excited

states that have the same parities of vacancy-induced mode

IV. DYNAMICAL CORRELATION FUNCTIONS

A. Bulk spin correlation functions

We derive the dynamical spin correlation functions involv-

S.

ing spin components in the bulk, and consider the ground state
as a product state of the ux ground state and the fermion

ground statejOi = jFi j Mi. Itis helpful to rst de ne
complex bond fermions in terms of theMajorana fermions:

Wi o ) (2AK2B)Y (D)

The number operator for this bond fermion is related to the

Z, gauge- eld operators byiy; =1 2 ﬁjki hik i

Note that our de nition is different from that in Ref. [27],
because we choose the xed gauge of the zero- ux secto
(uyki = 1 for all bonds) to correspond to the vacuum of
the bond fermions, that isy; jFi = 0. This leads to the
representation of spin operators

j j ryu-ki *j hki G (22)

where the sublattice-dependent prefactorggre ;) = (i; 1)
forj 2 Aand( j; ;)=(1; 1)forj 2 B. The dynamical
spin correlation function can then be derived as
Si (=10 ; (1) ((0)j0i
= et e ge M g oo
=( kJ)H\/'jethqeiHotijMi hki
(23)
where we use the property

HE = e i hik % HO= H ZiJCJ Cyo:

(24)

hik % €

Note that we start with a general spin correlation function
without assuming that and k must be on the same bond.

However, the selection rule of the ux sectors leads to the con-

r

FIG. 5. Different ux sectors around a vacancy and the correspond-
ing fermion excitation energies. (a) Bound- ux sector. (b) Two ux
excitations on top of the bound- ux sector; one ux is removed from
the vacancy plaquette and another one is created on a neighboring
hexagonal plaquette. (c) Zero- ux sector. (d) Two ux excitations on
top of the zero- ux sector. For all sub gures, the f-mod&fiode)
denotes the ux-induced localized mode on the vacancy (hexagonal)
plaquette. Excitation energies are calculatedd in 40 systems with

two well-separated vacancies and= 0:2J. The dashed lines are
linear or quadratic tsin accordance with the simple model discussed
in Sec. lll B. The nomenclature of excitation modes in each sub gure
is based on the dominant characters after hybridization.

1. One-particle contribution and adiabatic approximation

For the nearest-neighbor correlation function with the same

spin component, ki = 1, and by combining the sub-
lattice prefactor asjk i k j,the correlation becomes
i . iH O . .
Sk ()= wxe"'Mjge Mg jMi: (25)

clusion that the correlation function beyond nearest neighborblext, we apply the Lehmann representation for eigenstates

or with different spin components must be zero.

of H® and only keep the one-quasiparticle excitation sector
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fi i =(a%YjM Y%, whereH% i =(EJ+ %)j iandjM%  c-Majorana fermions, namely~;7) = (1; 1)ifj 2 A
is the ground state of perturbed Hamiltontdfl It was shown  and (~ .:7) = (i;1)if j 2 B. This is because of our con-

that the one-particle approach is a quantitatively good approxention that, if~ is on the A sublattice, the corresponding
imation since it contributes the most to the intensity under exC] is de ned on the A sublattice whilg is de ned on the B

act calculations [27]. We further apply the adiabatic approxi “sublattice.

g?ﬁgﬁ V\c/arnfletnhgscorrelatlon function in the frequency domain We can then directly apply the Lehmann representation for
the ground-state ux sector:

X
sy P)=2 x  mYq(°)!MIMGaCo MG

Sjk (t)= 0 ~ ()~ (©0) O
[ (E9+ ° Eo); = d(E E g gj in o cgmri: G
(26)
where the resonance frequency involves the two- ux excita-The leading terms are the zero-particle contributions with
tiongap »r EJ Eo. j i =jMiandE = Ey,
To evaluate the matrix elements, we recall the transforma-
tion fromc—MaJorana fe(mlons to.complex fermions, and then Sjk; ) (t)= h NTjty G jNFihNTjb cj I i (32)
to the Bogoliubov quasiparticles:
X h i - I oy Vi
G ! ( i)+ ) fi= X[ a + Y)Y () ; End:théot\ivo pimcle contributions wifhi = a¥a’jMri and
(27) _ X
s, @)= e 'C * UNTip g ¥ aljMri
which leads to : (33)
MYq @) M= i (X + ;YT 28) h Mja a B cjMi:
MYalc iM% = i (Y] + kX))
BydeningW X +YandZ X Y,wesummarize 1. Zero-particle contribution

the nal results for the dynamical spin correlation function:
By transforming to the Bogoliubov quasiparticles, the ma-

J;ZA(i-)ZA(I )=2 WIWY [t (o + O trix elements become

. X . o . - o

J‘ZA(i)ZB( )=2 wWrzy (O MR oM = 5 AN f+ 5 fm+ Y M
X

. X (29) -~ . XT+“.~YT XY o+yY

JéB(i)ZA( )=2 ZlTWr}r’] [ ( o + O)]; i | in iMm m

- X (34)

JéBsz(')— ZITZ?; I (2 + O

Therefore, the spin expectation values on the dangling sites

belonging to the two sublattices are
In the presence of vacancies, this derivation remains the

same for the dynamical correlation function of the bulk spin VT i iV = X 7T wY

components, and only the notatipv i is replaced byNri as

the fermion ground state of the site-diluted Kitaev model. . o X (35)
WV j~ o JMIT = wi'zy

B. Dangling spin correlation functions o . .
and the contributions to the correlation functions are appro-

To compute the dynamical spin correlation functions forthepriate products of these expectation values. We note that this
dangling spinsS, . withj 2 D andk 2 D , we treat the zero-particle response only contributes to the elastic Q)
jk ’

tunneling current in STM [18].
corresponding dangling-Majorana fermions as-Majorana
fermions. They recombine into complex matter fermions in-
stead of bond fermions as

q Ui )(F + ~if|y' (30) 2. Two-particle contribution

It is important to note that the sublattice prefactor for dan- In the two-particle contribution, we need to evaluate four-
gling B-Majorana fermions has the opposite de nition to the fermion expectation values:



h i
Wi ga’a’jvri= 5 ; XT+ 7Y Xg o+ jYq XP+ 3 Xg o+ Yy (36)

By Fourier transformation, the dynamical spin correlation functions [see Eg. (33)] in the frequency domain become

X
;2 — .
Siaza(l)=4  ZIWR o ZEWYo  ZEWY [ ( o+ )
;@ - X TwT y -y y 7Y .
Sioaxzs(t)=4 Zy Wy Wi Zpo Wi Zpo M (0 + )l
;@ X T-T 37
Sipkaall)=4 W'Zn  ZEWhe ZoWao 1 ( + )
;@ — X T>T Yy 7Y y 7Y .
Siopk2s(l)=4 W'Z, WpZio WpZio [ ( + )
The two-particle response provides the leading contribution to the inelastic tunneling current in STM [18].
\
C. Connected dynamical spin correlation function and functions, the relevant matrix element &t 9c; (a°)¥jMr G,
disorder average which is calculated in the excited ux sector containing two

ux excitations with respect to the bound- ux or zero- ux
Here we simplify the notations of the dynamical correlationsector [see Figs. 5(b,d)]. Hence, there is a nite response at
functions for later usage and to be consistent with the comparibe frequencies » + ©, where  is the two- ux excita-
ion paper [18]. First, we de ne the connected dynamical spirtion gap and® are the fermion excitation energies. However,

correlation function as since a nite response also requires that the fermion excitation
Z .y gt . h i (a%)¥ is compensated by@ operator, the peaks correspond-
Sej (1) = > € h;(t) (i h jih i : ing to thety- andt, -modes at smath may not be discernible
1

in the bulk correlation functions.
(38) In contrast, for the dangling correlation functions, the rel-
For the bulk spin components, the second term vanishes dusant matrix element ity ca’a’i  h Mg ¢ a’ aljnri,
to ; =0 asdiscussed in Sec. Il C. For the dangling spinwhich is calculated in the ground-state ux sector:
components, the second term simply cancels the zero-patrticle X 5
contribu';ion, Whic_h means théﬁc;jk M) corregponds to th_e S‘i; @ (1) = rq Ga ali ! ( + ): (40
two-particle contribution. Moreover, we restrict our attention :
to the on-site correlatioS.;; (! ) because it is more signi - _ _
cant than the nearest-neighbor correlation. In the STM setugl,herefore, we expect a nite response at all frequencies that
the response from the nearest-neighbor correlation acquires &Rrrespond to sums of two distinct fermion excitation ener-
additional exponentially decaying prefactor with the distancedies, + . Note that sums of two identical energiés, ,
between the two sites and is thus negligible. Finally, we de newould correspond ta¥ = a’ and are thus prohibited by the

the disorder-averaged correlation functions Pauli exclusion principle. Also, a nite response requires that
_ 0 one of the excitationsaf ora’) has nite c-fermion character
1) = - 1) . .
Souk (1) = S5 T (1); (39)  and the other one has nitgfermion character.
Saanging (' ) = S @) () As we discussed above, in theund- ux sector, there are
dangling \* ) = < s )

three excitation modes on each vacankymode,}, mode,
where the overline iSpuik (! ) andSganging (! ) indicates av-  and p-f mode. Therefore, if the vacancies are well separated,
eraging over different disorder realizations as well as over difwe expect a nite response at three distinct frequencies:

ferent vacancies in the same realization. P- .,
.= 3 bh )
s+ Do
V. RESULTS AND DISCUSSION l,=1(J; )+ —————h%;
W 20) " (41)
A. Hybridization and dynamical spin correlation functions P 3( 3 + f2)

la=f(J )+ 3 p+ h?:
3 ( ’ ) b 2f(J, )
Here we describe the general connection between the dy-
namical spin correlation functions (see Fig. 6) and the simNote that, at very smah, bothfy- andfy, -modes have almost

ple hybridization picture in Sec. Il B. For the bulk correlation entirelyB-fermion character and cannot compensatin the
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matrix element. Therefore, the peak at frequehgyis sig- '3 !,=1;= P 3 ph?, i.e., both effects come from the hy-
ni cantly weaker in intensity than the other two peaks. W\s  bridization off> andc-fermions. In Fig. 6(d), we consider the
increases, however, tlilg-mode starts to hybridize more with con guration where two vacancy plaquettes are in close prox-
c-fermions, and thus the; peak gets stronger. Importantly, imity. In this case, the peak &t.3 shows stronger splitting
this peak appears at almost zero frequency and serves as direlcte to ux- ux interaction [37, 38].

evidence for the danglinigfermions as well as the Majorana g, Spuk in the bound- ux sector, the creation of a ux

zero mode emerging from among them. _ pair means that the response is identically zero at frequencies
Another route to enhance the peak at frequehgyis by g jow the two- ux excitation gap! < 2 [26, 27]. Note

introducing more vacancies to the system. With a higher deng, o this gap for annihilating the ux at the vacancy plaquette
sity of vacancies and a shorter inter-vacancy distance, the dagy creating another one at a neighboring hexagonal plaque-
gling _bo- andf}, -modes can acquire .strongtecharacter and e is s 0:48]. Forh = 0, there is a single peak at the
contribute more to the relevant matrix elements. frequency! = 5 [see Fig. 6(e)], which implies that this

~ The presence of the true zero-energy mode @emode) ek originates from zero-energy modes: the p-mode on the
in the bound- ux sector, engenders prominent features in th"?/acancy plaquette and therhode on the neighboring hexag-
dangling correlation function of Eq. (40). ¥ is the creation 4 plaquette. Fdn 6 0, these two zero modes both couple
operator for thédp-mode (= 0) and hasO(1) overlap with  to the danglingd-modes, leading to a splitting of the sharp
a giventj operator, the identityh )2 =1 gives peak [see Fig. 6(f-g)]. Based on our simple model of in-gap
modes and the results from exact diagonalization of the whole
system [see Fig. 5(b)], the energies of bothhemode and

the b-f® mode have linear dependencehinwhich means that
this peak splitting also scales linearly with

Thus, the dangling correlation function is largely proportional gqr Sdanging iN the zero- ux sector, both the-modes and
to the local density of states (LDOS) of thdermions, and it the p-mode are zero-energy modediat 0 but with differ-
can directly capture the van Hove singularityfgat 2J under  ent charactersifermion andc-fermion, respectively), which
weak elds. This behavior is distinct from the bulk correlation gives rise to a strong peak at= 0 [see Fig. 6(i)]. Ash in-
function because the latter involves a change in the ux sectogreases, onmode hybridizes with the p-mode and the other
and hence the response does not resemble the fermionic defyo hybridize with each other through the bulk. Therefore, the
sity of states [26]. The possibility of observing this van Hove peak inSyangiing COrTesponds to the cregtion ofi@mode as
singularity and the quasi-zero-frequency peak in the inelasti, | o5 ab-p mode, and its frequendy,= '~ 3 ,h+ ,h?, has
STM response is reported in the companion paper [18]. dominant linear dependencetiisee Figs. 6(i-k)]. When the

In the case of theero- ux sector, only two in-gap modes, 4 yacancy plaquettes are in close proximity [see Fig. 6(1)],

0, mode and»p mode, exist on each vacancy. As a result, Weye sham peak splits into three peaks due to the hybridization
only expect a nite response at the frequency correspondln%f the-p modes on the nearby vacancies.

to the sum of their respective energies: )
D For Spu in the zero- ux sector, there are two sharp peaks

I = 3 ,h+ ,h?% (43)  at well-separated frequencies, as shown in Fig. 6(m-0). The
lower-frequency peak corresponds to B mode whose en-
Since they, andi-p modes have signi carf- andc-fermion ~ €rgy is linearly proportional th, while the higher-frequency

characters, respectively, this response is pronounced even fBgak corresponds to the p-f mode whose energy is already -

are single-fermion energies with an additional shift from the
two- ux gap, 2  0:23J. Note that the response from the
B. Effectof local ux environment B, mode is almost invisible due to the vanishing two-fermion
expectation valuéVr 9¢ (a%)YjM 4. Finally, we remark that
We rst discuss the dynamical spin correlation functions in When the two vacancy plaquettes are adjacent [see Fig. 6(p)],
a System with On|y one pair of vacancies. In F|g 6’ the pthe hybridization of the two modes on the nearby vacancies
rameter is xed at a relatively large value, = 0:2J, so  With predominantly p-f character leads to two slightly split
that the bulk Majorana gapy ~ 2J is well above the local- Peaks appearing at the energy determinet @y ).
ized vacancy-induced modes. Therefore, all sharp responsesThe above analysis demonstrates how the dynamical cor-
at low energies are attributed to the hybridization among thesgelation functions can re ect the local ux environment and

)] X in aYi 2 .
S; M) hvrjg a’jvri - (! ): (42)

localized modes. detect the localized vacancy-induced modes. In systems with
~ ForSganging in the bound- ux sector, only one sharp peak a small density of vacancies, bulk (e.g., spin-susceptibility)
is observed foh = 0 at the frequency, = '3 = f(J; )  measurements would be dominated by the response from the

[see Fig. 6(a)], whereas thg peak is absent due to the van- non-disordered regions, thus being insensitive to the localized
ishing four-fermion expectation valu# c; a/ ai. Ashin-  vacancy-induced modes [12]. However, real-space probes like
creases, the quasi-zero-frequency peakj;ahppears and, at scanning tunneling microscopy (STM) serve as a natural and
the same time, the peakla$.3 splits, as already clearly seen informative tool for detecting these fractionalized modes and
in Fig. 6(c). These two effects happen simultaneously becaudbeir low-energy density of states [18].
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FIG. 6. Dynamical spin correlation functions around a vacancy in (a-h) the bound- ux sector and (i-p) the zero- ux sector. The parameter
=0:2J is chosen for all sub gures to separate the in-gap modes from the bulk response. The strength of the Zeemiarstebtvn at the

top of each column. The inset of each plot shows the ux sector for calculating the matrix elements in the onsite correlationSgfindtipn

that corresponds to the lattice positiodenoted by a red dot.

C. Effect of vacancy concentration the behavior of the quasi-zero-frequency peak in the bound-
ux sector shown in Figs. 7(a,c). We can clearly see from the
We now turn to the disorder-averaged correlation functionsiNSet of Fig. 7(a) that, at small, the frequency and the in-
Spuk (1) andSganging (! ), computed from multiple realiza- tensity of this peak both increase as the vacancy concentration
tions for a nite concentration of vacancies. As in Ref. [18], 9rOWs. As digcussed previously, this peak corresponds to fre-
we will only consider the dynamical spin correlation functions dUe€ncy! 1 = * 3 ph?, and its intensity is enhanced when the
on the nearest-neighbor sites of the vacancies. These quanf--mode acquires more-fermion character. Since a higher
ties determine the derivative of the tunneling conductance ilénsity of vacancies shortens the inter-vacancy distance and
STM when the tip is placed on top of the vacancy site. thus increases the hybridization, it leads to an intensi cation
Figure 7 ShowSpui (! ) andSganging (! ) as a function of of the quas—zero—frequency peak. In contrast, at Iargme
the vacancy concentration in both the bound- ux and the zeroWavefunctions of thés,-modes are less hybridized with the
ux sectors, and for two different values of the three-spin in- bulk modes, and the dependence on vacancy concentration is
teraction: = 0:05and = 0:2. For the larger value of,  thus less discemible [see Fig. 7(c)]. Even though in practi-
different vacancies are decoupled from each other as the pufie! experimental probeSgangiing (! ) andSpui (! ) are mea-
correlation length is very small, and the results can thus bured simultaneously, the low-frequency signalSigu (! )
easily interpreted by the simple model for isolated vacancie§0€s not hinder the visibility of the quasi-zero-frequency peak
discussed in Sec. Il B. For the smaller value ofhowever, iN Sdanging (! ) because of the ux gap.
the nite vacancy concentration is expected to be more phys- The disorder-averaged results represent the typical behavior
ically relevant because a large number of vacancies are closef random local con gurations of vacancies, and thus more in-
to each other than the bulk correlation length. formation can be extracted in speci ¢ cases. For example, in
The most striking feature of a nite density of vacancies is Fig. 7(h), the disorder-averag&gui (! ) in the zero- ux sec-
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FIG. 7. Disorder-averaged dynamical spin correlation functions at various vacancy concentrations. All results are averaged over 500 disorder
realizations with system side = 40 in (a-d) the bound- ux sector and (e-h) the zero- ux sector. The insets of sub gures (a,c) emphasize the
vacancy-concentration dependence of the quasi-zero-frequency peak.

tor shows two sharp peaks whose intensity decreases with thikeat the small used in Fig. 8(a) makes the second peak over-
vacancy concentration. These two sharp peaks have the satag@ with the bulk continuum due to strong hybridization with
origin as in Fig. 6(m), but they get broadened and less intenste bulkc-fermions. This peak, originating frohn, and! 3 in
as the vacancy concentration increases because of interactiofg. (41), simply merges into the continuum at larger
between localized modes on different vacancies. In addition, In contrast, the -dependence @ganging With h = 0:1J,
there is another broad peak with a much smaller intensity thashown in Fig. 8(b), clearly demonstrates that a larggice.,
appears between the two sharp peaks, whose origin can be Uarger gap) corresponds to smaller hybridization, which means
derstood in the same way as in Fig. 6(p). Its relatively smallethat the quasi-zero-frequency peak moves to lower frequen-
intensity re ects that adjacent vacancy plagquettes only rarelyies and becomes sharper ais increased. The second peak,
happen in the random local con gurations. Once again, theshich appears at the edge of the continuumy,shifts to higher
results demonstrate the capability of the single-site dynamicgtequencies with increasing because 6 3 . How-
spin correlation functions to probe the localized modes an@ver, for = 0:06J, we already see that the true edge of the
the ux structure, which can then be potentially measured bycontinuum moves faster and starts to separate from the sec-
an inelastic STM setup [18]. ond peak. For large enoughthis peak is completely isolated
from the bulk continuum, as shown in Fig. 7(c).

To summarize, we show that the quasi-zero-frequency peak
reveals very distinct dependenceloand , because the hy-
bridization involving dangling fermions is enhanced by the

. ) former and impeded by the latter. In the experiments, both the
In the site-diluted Kitaev honeycomb model [see Eq. (1), and the terms originate from the applied magnetic eld,

we consider the Zeeman term applied only on the dangling,n thys the eld dependence of this peak measured in STM
spins and the three-spin term applied only in the bulk, in or-

-l k can also help us to elucidate the relationship between the two

der to preserve the exact solvablht_y of the model. Practicallygfractive terms in the Hamiltonian.

both terms come from the magnetic eld, but in the presence

of vacancies the relationship between them is rather obscure

and depends on the microscopic details [39]. Nevertheless, to

see the quasi-zero-frequency peak, the simple guidance is that VI. CONCLUSION

both terms should be present and be much smaller than the

scale ofJ. In Fig. 8, we also show that these two terms have We study the dynamical spin correlation functions of the

opposite effects on the quasi-zero-frequency peak. site-diluted Kitaev honeycomb model with the three-spin in-
The h-dependence o§dang|mg with xed = 0:05] is teraction in the bulk and the Zeeman eld coupled to dan-

shown in Fig. 8(a). Ah = 0, the quasi-zero-frequency peak gling spins next to vacancies. In the clean model, the three-

is absent due to the lack of hybridization betwedermions  spin interactions, which imitate the leading-order effect of the

andbfermions. Ash increases, the peak is not only moved to magnetic eld, open a gap in the Majorana spectrum and en-

higher frequencies but is also signi cantly broadened, whichgender non-trivial band topology. If two ux excitations are

also indicates stronger hybridization at larheM/e also note  created and then well separated from each other, a localized

D. Effect of magnetic eld
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