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Abstract

In this paper, we present a first-order Stress-Hybrid Virtual Element Method (SH-VEM)
on six-noded triangular meshes for linear plane elasticity. We adopt the Hellinger–Reissner
variational principle to construct a weak equilibrium condition and a stress based projection
operator. In each element, the stress projection operator is expressed in terms of the nodal
displacements, which leads to a displacement based formulation. This stress-hybrid approach
assumes a globally continuous displacement field while the stress field is discontinuous across
each element. The stress field is initially represented by divergence-free tensor polynomials
based on Airy stress functions, but we also present a formulation that uses a penalty term to
enforce the element equilibrium conditions, referred to as the Penalty Stress-Hybrid Virtual
Element Method (PSH-VEM). Numerical results are presented for PSH-VEM and SH-VEM,
and we compare their convergence to the composite triangle FEM and B-bar VEM on bench-
mark problems in linear elasticity. The SH-VEM converges optimally in the L2 norm of the
displacement, energy seminorm, and the L2 norm of hydrostatic stress. Furthermore, the
results reveal that PSH-VEM converges in most cases at a faster rate than the expected
optimal rate, but it requires the selection of a suitably chosen penalty parameter.

Keywords: stabilization-free virtual element method, triangular meshes, hexagonal
meshes, Hellinger–Reissner variational principle, volumetric locking, shear locking

1. Introduction

Quadrilaterals and hexahedra are common elements used in many applications of the Fi-
nite Element Method (FEM). However, high-quality quadrilateral and hexahedral meshes
cannot be automatically generated for complex geometries. Triangular and tetrahedral
meshes have well-established automatic mesh generators, but these elements tend to be
overly stiff and suffer from volumetric locking in the nearly-incompressible limit. Many
techniques such as the B-bar and selective integration formulations [46, 55], method of in-
compatible modes [70], assumed enhanced strain [61, 62], stabilized elements [9, 10], mixed
elements [75], and hybrid stress methods [36, 37, 38, 51, 52, 53] have been developed to
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alleviate locking in the nearly-incompressible limit. However, many of these methods are
only applicable to quadrilateral and hexahedral elements. Progress has been made to con-
struct modi�ed triangular elements that are robust and accurate: the variational multiscale
approach [58], hybrid-stress elements using Airy stress functions [40, 43, 45, 57, 68], B�ezier
elements [39], F-bar and reduced integration [27, 47] to name a few. Another promising
approach is the use of composite elements [14, 32, 34, 42, 48, 66]. In this approach, an
element is split into sub-triangles (sub-tetrahedra), and then on each sub-triangle the strain
is approximated and combined to recover the strain �eld over the entire element. Similar
constructions are also used in [13] to construct a three-dimensional brick element for nearly
incompressible nonlinear elasticity problems and in [23, 24, 25, 30] for triangular bending
elements.

The recent development of the Virtual Element Method (VEM) [6, 7, 8] has provided an
alternative way to extend these methods to alleviate volumetric locking for general polygons
and polyhedra. Methods such as mixed and hybrid formulations [3, 5, 26, 28], B-bar [49],
assumed strain [11, 18, 19, 29, 41], and recently hybrid stress for general quadrilaterals [20]
have been adopted in the virtual element method. The approach of using triangular sub-
elements has also been applied in [71] to construct a stabilization term for the virtual element
method.

In this paper, we focus on nearly-incompressible two-dimensional linear elasticity prob-
lems; however, extensions to three-dimensional problems appears to be feasible. We �rst
propose a virtual element method for a six-noded element using equilibrated stress �elds
originally motivated for �nite elements in [17, 51, 64]. This method is applicable to both
convex and nonconvex elements; however, in our application we focus mainly on triangu-
lar meshes with an additional node placed along each edge of the triangle. Following [20],
we refer to this approach as the Stress-Hybrid Virtual Element Method (SH-VEM). This
approach draws on the stress-hybrid �nite element method of Pian and Sumihara [52] and
the resulting method resembles the stress recovery procedure of Artioli et al. [4]. Unlike the
standard mixed or hybrid methods based on the Hellinger{Reissner principle, which require
the use of more specialized approximation spaces and additional traction degrees of free-
dom, the stress-hybrid approach uses a discontinuous stress �eld that is only dependent on
the nodal displacement degrees of freedom. When using a �fteen-parameter expansion, the
resulting method does not require a stabilization term and shows immunity to shear and
volumetric locking.

The remainder of this paper is structured as follows. In Section 2, we use the Hellinger{
Reissner variational principle to construct a weak formulation of the linear elasticity prob-
lem. In Section 3, we construct the necessary projection operators and present the virtual
element space. In Section 4, we present the numerical implementation of the projections,
discuss possible choices of stress basis functions, and construct the element sti�ness matrix.
In Section 5, we present a virtual element method, referred to as the Penalty Stress-Hybrid
Virtual Element Method (PSH-VEM), that combines the stress-hybrid VEM with an equi-
librium penalty term in order to construct an element that does not rely on the Airy stress
functions, alleviates shear locking, and requires no stabilization term. In Section 6, we
present numerical results for Composite Triangle FEM (CT FEM) [34], B-bar VEM [49],
SH-VEM, and PSH-VEM. We present results for the four methods on a series of benchmark
problems in plane strain linear elasticity in the nearly-incompressible limit: bending of a
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thin cantilever beam, Cook's membrane, in�nite plate with a circular hole, hollow pressur-
ized cylinder, a manufactured problem with exact solution, and the punch problem. We
close with our main �ndings and some �nal remarks in Section 7.

2. Variational formulation

Consider an elastic body occupying a bounded region 
� R2. Assume that the boundary
@
 can be decomposed into a disjoint union@
 = � u [ � t and � u \ � t = ; . On � u,
displacement boundary conditionsu = u 0 are imposed, while tractionst = �t are applied on
� t . The displacement �eld is denoted byu 2 [H 1(
)] 2, the small-strain tensor" = r su,
the Cauchy stress tensor� 2 [L2(
)] 2� 2

sym, the material moduli tensor isC, and b 2 [L2(
)] 2

represents the body force per unit volume (see Figure 1).

u = u 0

� u




b

� t

t = t

Figure 1: Two-dimensional solid that occupies the region 
 with body force b, and is subjected to displace-
ment and traction boundary conditions.

Following [20], we introduce the Hellinger{Reissner functional for linear elasticity:

� HR [u ; � ] = �
1
2

Z



� : C� 1 : � dx +

Z



� : r su dx �

Z



b � u dx �

Z

� t

�t � u ds:

After taking the �rst variation of � HR (�; �) and requiring it to be stationary, we obtain the
weak statement of the equilibrium equations and strain-displacement relations:

Z



� : r s(� u ) dx �

Z



b � � u dx �

Z

� t

�t � � u ds = 0 8� u 2 Vu; (1a)
Z



� � :

�
r su � C� 1 : �

�
dx = 0 8� � 2 V � ; (1b)

where Vu � [H 1(
)] 2 contains vector-valued functions that vanish on �u and V� contains
symmetric tensor-valued functions in [L2(
)] 2� 2

sym.

3. Stress-hybrid virtual element discretization

In this section, we introduce the projection operations used in the virtual element method.
In the virtual element method, the polygonal basis functions are not explicitly constructed
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and only known on the boundary of an element; therefore, projection operators are needed
to give a polynomial approximation of the displacement and stress �elds in the interior of
elements. We �rst de�ne the energy projection of the displacement �eld using an energy
orthogonality condition in Section 3.1. In Section 3.2, we de�ne the stress-hybrid projection
using the orthogonality condition based on the weak strain-displacement relation obtained
from the Hellinger{Reissner principle. Finally, we de�ne the virtual element space and the
virtual basis functions over a single element in Section 3.3.

Let T h be a decomposition of 
 into six-noded elements (see Figure 2). For each element
E, denote the diameter byhE , its centroid by x E and the coordinate of thei -th vertex by
x i = ( x i ; yi ).

(a) (b) (c)

Figure 2: Examples of admissible six-noded elements (a) nonconvex element, (b) hexagonal element and (c)
six-noded triangular element.

3.1. Energy projection operator of the displacement �eld
For the displacement �eld approximation in each element, we choose a basis of �rst order

scaled vector monomials given by:

cM (E) =
��

1
0

�
;
�

0
1

�
;
�

� �
�

�
;
�

�
�

�
;
�

�
0

�
;
�

0
�

��
; (2a)

where

� =
x � xE

hE
; � =

y � yE

hE
: (2b)

Let m � denote the� th column of cM (E), and de�ne fM as the matrix representation given
by

fM =
�
1 0 � � � � 0
0 1 � � 0 �

�
: (2c)

Then, for each elementE, de�ne the energy projection of the displacement �eld �" :
[H 1(E)]2 ! [P1(E)]2 such that for any v 2 [H 1(E)]2, � " v is a vector polynomial func-
tion that satis�es the energy orthogonality condition:

Z

E
" (m � ) : C : " (v � � " v) dx = 0 8m � 2 cM (E): (3)
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For � = 1; 2; 3, m � correspond to rigid-body modes, so we get" (m � ) = 0. This results in
three trivial equations 0 = 0, and therefore we require three additional conditions to de�ne
a unique projection. LetQ0 : [H 1(E)]2 � [H 1(E)]2 ! R be the discreteL2 inner product:

Q0(u ; v) =
1
6

6X

k=1

u(x k) � v(x k); (4a)

and then impose the additional three constraints on �" v:

Q0(m � ; v � � " v) =
1
6

6X

k=1

m � (x k) � (v � � " v)(x k) = 0 ( � = 1; 2; 3): (4b)

The condition (4b) enforces the nodal average ofv and its projection � " v for a rigid-body
mode to be equal. Now we de�ne the energy projection �" v as the unique function that
satis�es the following two relations:

1
6

6X

k=1

m � (x k) � (v � � " v)(x k) = 0 ( � = 1; 2; 3); (5a)

Z

E
" (m � ) : C : " (v � � " v) dx = 0 ( � = 4; 5; 6): (5b)

For implementation, it is more convenient to write (5b) in matrix-vector form using Voigt
notation. From [19], this relation can be written as

Z

E
(S� " v)T (CSm � ) dx =

Z

E
(Sv )T (CSm � ) dx ; (6a)

whereS is the matrix symmetric gradient operator that is given by

S =

2

4

@
@x 0
0 @

@y
@

@y
@

@x

3

5 ; (6b)

and C is the matrix representation of the material moduli tensor. For our study, we assume
that the material is homogeneous, isotropic and linearly elastic. We also use the plane strain
condition since we are interested in applications when the material is nearly incompressible.
Under these assumptions, the matrixC is given by

C =
EY

(1 + � )(1 � 2� )

2

4
1 � � � 0

� 1 � � 0
0 0 1� 2�

2

3

5 ; (6c)

whereEY is the Young's modulus and� is the Poisson's ratio of the material.
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3.2. Stress-hybrid projection operator
Let ` 2 Z � 0 be the largest degree of the polynomials used for the stress approximation

on an element. Then following [20], de�ne the projection operator �� � for the stress-hybrid
formulation over the space [P` (E)]2� 2

sym of 2 � 2 polynomial symmetric tensors of degree less
than or equal to ` by the condition

Z

E
P :

�
r su � C� 1 : � � �

�
dx = 0 8P 2 [P` (E)]2� 2

sym;

which is rewritten as
Z

E
P : C� 1 : � � � dx =

Z

E
P : r su dx 8P 2 [P` (E)]2� 2

sym:

Now applying the divergence theorem and simplifying, we obtain
Z

E
P : C� 1 : � � � dx =

Z

@E
(P � n ) � u ds �

Z

E
(r � P) � u dx ; (8)

Let P, � � � be the Voigt representation ofP and � � � , respectively. Then, (8) can be written
as

Z

E
P

T
C � 1� � � dx =

Z

@E
P

T
N @Eu ds �

Z

E

�
@P

� T
u dx 8P 2 [P` (E)]2� 2

sym; (9a)

where N @E is the matrix representation of the outward normals along the boundary ofE,
and @is the matrix divergence operator that are given by

N @E :=

2

4
nx 0
0 ny

ny nx

3

5 ; @:=
� @

@x 0 @
@y

0 @
@y

@
@x

�
: (9b)

3.3. Virtual element space
In the standard �rst order virtual element method [6], the virtual element space consists

of harmonic functions that are piecewise a�ne and continuous along the boundary of an
element. On each vertex of the element, there are two displacement degrees of freedom,
which allows for the construction of a linear projection operator of the displacement �eld
and a constant projection operator of the stress �eld. However, this space is not su�cient to
compute the projection� � � for arbitrary ` without adding additional degrees of freedom;
therefore, we follow the approach of [11, 19] to de�ne the enhanced virtual element space for
each elementE:

Vh(E) =
�

vh 2 [H 1(E)]2 : � vh 2 [P` � 1(E)]2; vh je 2 [P1(e)]2 8e 2 @E;

vh j@E 2 [C0(@E)]2;
Z

E
vh � p dx =

Z

E
� " vh � p dx 8p 2 [P` � 1(E)]2

)

;
(10)
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where � is the vector Laplacian operator and e is an edge of the element. We note that
for a stress basis that uses degree` polynomials, the space requires the enhancing propertyR

E vh � p dx =
R

E � " vh � p dx to hold for all vectorial polynomials up to degreè � 1. For
each elementE we also assign a basis for the local spaceVh(E). Let f � i g be the scalar
polygonal basis functions in standard VEM [6] that satisfy the Kronecker-delta property
� i (x j ) = � ij . Using the scalar basis, we de�ne the matrix of vector-valued basis functions by

' =
�
� 1 � 2 � 3 � � � � 6 0 0 0 � � � 0
0 0 0 � � � 0 � 1 � 2 � 3 � � � � 6

�
:=

�
' 1 ' 2 : : : ' 12

�
; (11a)

then any function vh 2 Vh(E) can be represented as:

vh(x ) =
12X

i =1

' i (x )vi = 'd ; (11b)

wherevi is the i -th degree of freedom ofvh and d is the displacement vector with components
vi .

4. Stress-hybrid implementation

With the de�nition of the projection operators and the virtual element space, we now
present the implementation of the stress-hybrid virtual element method. We �rst construct
the energy projection in Section 4.1 and discuss di�erent choices of stress basis when con-
structing the stress-hybrid projection in Section 4.2 and Section 4.3. We then build the
element sti�ness matrix and the element force vector in Section 4.4.

4.1. Implementation of the energy projection
We follow the construction of the energy projection from [19]. Letvh = ' i be the i -th

basis function (i = 1; 2: : : 12) ofVh(E), then after substituting into (5a) and (6a), the energy
projection � " ' i is given by the two relations:

1
6

6X

k=1

m � (x k) � � " ' i (x k) =
1
6

6X

k=1

m � (x k) � ' i (x k) ( � = 1; 2; 3); (12a)

Z

E
(S� " ' i )

T (CSm � ) dx =
Z

E
(S' i )

T (CSm � ) dx (� = 4; 5; 6): (12b)

The projection � " ' i is an a�ne vector polynomial, therefore we expand it in terms of the
basis in (2a). That is:

� " ' i =
6X

� =1

(� "
� )�i m � (i = 1; 2; : : : ; 12):

After substituting in (12) and simplifying, we obtain the energy projection coe�cients � "
�

as [19]

� "
� = G � 1B ; (13a)
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where for � = 1; 2; : : : ; 6

G �� =

(
1
6

P 6
j =1 m � (x j ) � m � (x j ) ( � = 1; 2; 3)

R
E (Sm � )T (CSm � ) dx (� = 4; 5; 6);

(13b)

and for i = 1; 2; : : : ; 12

B �i =

(
1
6

P 6
j =1 ' i (x j ) � m � (x j ) ( � = 1; 2; 3)

R
E (S' i )

T (CSm � ) dx (� = 4; 5; 6):
(13c)

By utilizing properties of the virtual element basis, the coe�cients ofB can be exactly
computed. See [19] for a more detailed construction of the matrixB .

4.2. Choice of stress basis for a hybrid formulation

It is known that for a stress-based method, using a stress approximation that satis�es
the element equilibrium condition results in more accurate stress distributions for homoge-
neous problems [35, 63, 64, 72]. For plane isotropic elasticity, a convenient set of suitable
stresses that satisfy the equilibrium equations with zero body force are derived from the Airy
stress functions [17, 33, 57]. A collection of �fteen potential stress �elds is given in Voigt
representation by [17]:

P =
�

1 0 0 � 0 � 0 0 2�� � � 2 � 2 � � 2 � (� 2 � 6� 2 ) � 3 3� 2 � � (3� 2 � 2� 2 )
0 1 0 0 � 0 � 2�� 0 � 2 � 2 � � 2 3�� 2 � � (2� 2 � 3� 2 ) � � (6� 2 � � 2 ) � 3

0 0 1 0 0 � � � � � � 2 � � 2 0 � 2�� � � (3� 2 � 2� 2 ) � 3� 2 � � (2� 2 � 3� 2 ) � 3�� 2

�
: (14)

For a six-noded element, there are twelve displacement degrees of freedom and three rigid-
body modes, so a minimum of nine terms are needed for the stress approximation [54].
However, it is also known that using an incomplete stress approximation will result in a
sti�ness matrix that is not rotationally invariant [22, 52], or result in elements with inaccurate
stress distributions [72]. Therefore, we only consider the complete bases with the �rst eleven
terms of (14) and all �fteen terms. We denote any stress basis withk independent terms by
k� .

Remark 1. The set of stress basis in (14) is an extension of the 5� hybrid-stress basis
introduced in [51] and the 15� basis introduced in [64]. In [29], a similar collection of
divergence-free polynomials is used as a basis for the enhanced strain VEM.

We also examine a basis similar to the hybrid basis given in [29], which uses a mix of nine
uncoupled constant and linear polynomials and four divergence-free quadratic polynomials:

P � =

2

4
1 0 0 � 0 0 � 0 0 0 2�� � � 2 � 2 � � 2

0 1 0 0 � 0 0 � 0 2�� 0 � 2 � 2 � � 2

0 0 1 0 0 � 0 0 � � � 2 � � 2 0 � 2��

3

5 : (15)
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4.3. Implementation of the stress-hybrid projection
We have the discrete relation of (9a) given by:

Z

E
P

T
C � 1� � � dx =

Z

@E
P

T
N @Eu h ds �

Z

E

�
@P

� T
u h dx : (16a)

The last term in (16a) is not computable for generalP; however since the elements of@P are
polynomials of degree at most̀ � 1, we apply the enhancing property of the local virtual
element spaceVh(E) to rewrite as

Z

E
P

T
C � 1� � � dx =

Z

@E
P

T
N @Eu h ds �

Z

E

�
@P

� T
� " u h dx : (16b)

Expanding u h in terms of the basis inVh(E), we haveu h = 'd , whered is the displacement
vector. We also expand� � � in terms of P : � � � = P � , where � is the vector of stress
coe�cients, and since P is arbitrary we take P = P i (i = 1; 2; : : : ; 15). After substituting
in (16b) for eachi = 1; 2; : : : ; 15 and simplifying, we obtain the system:

� Z

E
P T C � 1P dx

�
� =

� Z

@E
P T N @E' ds �

Z

E
(@P)T � " ' dx

�
d: (17)

For any choice ofP in (14), we have the divergence-free condition@P= 0, so we obtain
� Z

E
P T C � 1P dx

�
� =

� Z

@E
P T N @E' ds

�
d: (18)

Now de�ne the corresponding matricesH and L by

H =
Z

E
P T C � 1P dx ; L =

Z

@E
P T N @E' ds: (19a)

SinceP has linearly independent columns andC � 1 is symmetric positive-de�nite, the matrix
H is invertible. Then the stress coe�cients are given by

� = H � 1Ld := � � d; (19b)

where� � is the matrix representation of the stress-hybrid projection operator with respect
to the symmetric tensor polynomial basisP .

Remark 2. For a nondivergence-free basis, the use of (16b) can lead to an overly sti� el-
ement. An alternate approach used in [29, 41], is to introduce additional internal moment
degrees of freedom to compute the last integral in (16a). These additional DOFs result in
better performing elements but require an additional static condensation on the element
sti�ness matrix. Another approach is to follow the idea of using composite elements [34] to
compute the stress projection operator. For each element, we construct a sub-triangulation
and assume the displacement �eld (displacement projection) is a�ne on each subtriangle.
This piecewise displacement �eld can then be used to compute the integral in (16a). We
tested a virtual element formulation based on composite elements and found that the result-
ing elements were more 
exible but still su�ered from volumetric locking.
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4.4. Element sti�ness and forcing
Following [20], we de�ne the discrete system:

aE
h (u h; � u h) = `E

h (� u h);

where

aE
h (u h; � u h) :=

Z

E
� � � (� u h)

T
C � 1� � � (u h) dx ;

`E
h (� u h) :=

Z

E
(� u h)T bdx +

Z

� t \ @E
(� u h)T �t ds:

After expanding � � � and simplifying, we construct the element sti�ness matrix

K E = ( � � )T

� Z

E
P T C � 1P dx

�
� � = � T

� H � � : (21)

We note that unlike in the standard virtual element method, the element sti�ness matrix in
the stress-hybrid formulation does not have an additional stabilization term. Instead, the
stability of the element sti�ness is enforced by a suitable choice of stress basis functions.

Similarly, for every elementE, the element force vector is given by

f E :=
Z

E
' T bdx +

Z

� t \ @E
' T �t ds: (22)

5. Equilibrium penalty stress-hybrid method

A di�culty with the stress-hybrid approach is the need to construct a suitable basis
for the stress �eld. In the previous section, we utilized stress expansions derived from the
Airy stress functions; however, it is di�cult to �nd these stress functions for anisotropic
and nonlinear materials or for three-dimensional problems. From our tests, we also found
that using only equilibrated basis functions requires many higher order functions and more
terms than the optimal basis to retain stability, which results in sti�er solutions and greater
integration costs. We examine an approach by [72], which uses a penalty term to weakly
enforce the element equilibrium equations. The penalty formulation was originally shown
to mitigate shear locking in the Pian{Sumihara element and to improve performance in
axisymmetric problems [72, 73]. A similar method was developed in [65] to improve the
bending solution of the Pian{Sumihara element on distorted meshes. Later, the penalty
equilibrium formulation was applied to fracture mechanics [74] and extended to the Hu{
Washizu variational principle [15, 16]. The addition of an equilibrium penalty term is also
used in [12, 69] to construct superconvergent stress recovery methods.

We start with a modi�ed Hellinger{Reissner functional with an equilibrium penalty term:

� HR* [u ; � ] = �
1
2

Z



� : C� 1 : � dx +

Z



� : r su dx �

Z



b � u dx �

Z

� t

�t � u ds

�
�
2

Z



(r � � + b) � (r � � + b) dx ;

(23)
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where� > 0 is a penalty parameter. After taking the �rst variation, the stationary condition
results in the weak equilibrium equations and modi�ed strain-displacement relations:

Z



� : r s(� u ) dx �

Z



b � � u dx �

Z

� t

�t � � u ds = 0 8� u 2 Vu; (24a)
Z



� � :

�
r su � C� 1 : �

�
dx � �

Z



(r � � � ) � (r � � + b) = 0 8� � 2 V � : (24b)

Note that the penalty parameter� only appears explicitly in the modi�ed strain-displacement
relation (24b), which is used to construct the stress projection operator.

5.1. Penalized stress-hybrid projection

Using (24b) over each elementE, we de�ne a stress projection operator by the condition:

Z

E
P :

�
r su � C� 1 : � � �

�
dx � �

Z

E
(r � P) � (r � � � � + b) dx = 0;

which can be rewritten as
Z

E
P : C� 1 : � � � dx + �

Z

E
(r � P) � (r � � � � ) dx =

Z

E
P : r su dx � �

Z

E
(r � P) � bdx :

After applying the divergence theorem, we get
Z

E
P : C� 1 : � � � dx + �

Z

E
(r � P) � (r � � � � ) dx

=
Z

@E
(P � n ) � u ds �

Z

E
(r � P) � u dx � �

Z

E
(r � P) � bdx :

(26)

Using Voigt notation, we rewrite (26) in terms of matrix-vector operations
Z

E
P

T
C � 1� � � dx + �

Z

E
(@P)T @� � � dx =

Z

@E
P

T
N @Eu ds �

Z

E
(@P)T u dx

� �
Z

E
(@P)T bdx :

(27)

5.2. Implementation of penalized stress-hybrid projection

From (27), we have the discrete expression:
Z

E
P

T
C � 1� � � dx + �

Z

E
(@P)T @� � � dx =

Z

@E
P

T
N @Eu h ds �

Z

E
(@P)T u h dx

� �
Z

E
(@P)T bdx :

(28a)
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The second term on the right-hand side is not computable from the element DOF's; however,
by applying the enhancing property of the virtual element space (10), we rewrite the relation
in a computable form

Z

E
P

T
C � 1� � � dx + �

Z

E
(@P)T @� � � dx =

Z

@E
P

T
N @Eu h ds �

Z

E
(@P)T � " u h dx

� �
Z

E
(@P)T bdx :

(28b)

Letting P = P ; � � � = P � and u h = 'd , we obtain the system of equations:
� Z

E
P T C � 1P dx + �

Z

E
(@P)T @Pdx

�
�

=
� Z

@E
P T N @E' ds �

Z

E
(@P)T � " ' dx

�
d � �

Z

E
(@P)T bdx :

(29)

De�ne the corresponding matrices by

H =
Z

E
P T C � 1P dx ; H p =

Z

E
(@P)T @Pdx ; (30a)

L =
Z

@E
P T N @E' ds �

Z

E
(@P)T � " ' dx ; L p =

Z

E
(@P)T bdx : (30b)

Then the stress coe�cients are given as

� = ( H + � H p)� 1(Ld � � L p): (30c)

5.3. Element sti�ness matrix and element force vector

To construct the element sti�ness matrix, we �rst consider the discrete equilibrium equa-
tions based on (24a)

Z

E
� � � (u h)

T
r s(� u h) dx =

Z

E
bT � u h dx +

Z

� t

�t T � u h ds:

On applying (24b) and simplifying, we rewrite the �rst integral as
Z

E
� � � (u h)

T
r s(� u h) dx =

Z

E
� � � (u h)

T
C � 1� � � (� u h) dx

+ �
Z

E
(@� � � (u h))T (@� � � (� u h) + b) dx :

(31)

Now we have the equation
Z

E
� � � (u h)

T
C � 1� � � (� u h) dx + �

Z

E
(@� � � (u h))T (@� � � (� u h) + b) dx

=
Z

E
bT � u h dx +

Z

� t \ @E

�t T � u h ds:
(32)
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After expanding � � � = P � and simplifying, we construct the element sti�ness matrix

K E = L T
�
H + � H p

� � 1
L ; (33a)

and the element force vector is given by

f E =
Z

E
' T bdx +

Z

� t \ @E
' T �t ds+ � L T

�
H + � H p

� � 1
L p; (33b)

whereH ; H p; L ; L p are given in (30).

5.4. Choice of penalty parameter and stress basis functions
Similar to constructing a suitable stabilization term in the standard virtual element

method, one drawback of the penalty equilibrium method is the need for a properly designed
penalty parameter � . In [72], � = �

EY
, whereEY is the Young's modulus and� > 103 is a

large dimensionless number, is suggested. However, we found that this can result in the loss
of stability for problems with highly distorted meshes. It is suggested in [16], that the penalty
term should be scaled by a term that depends on the geometry in order to attain consistent
units. In particular, � is chosen to be of the form� = �` 2

0
EY

, where`0 is a characteristic length
that is dependent on the element geometry. In our tests, we let`0 be the minimum length
from the element centroid to the nodes and� = 104. From our numerical experiments on
benchmark problems, we found that using the penalty parameter� = �` 2

0
EY

resulted in higher
accuracy and superconvergence on su�ciently re�ned uniform meshes. However, in the case
when EY is small (� too large), low energy modes appear in the element sti�ness matrix.
From [44], it is suggested that a reasonable value of�EY

is between 10 and 100; therefore, we
�x an arbitrary upper bound of 10 in our tests. That is, we use

� = min
n

10;
�

EY

o
`2

0: (34)

For the penalty equilibrium stress-hybrid method, we do not require the equilibrated stress
basis functions given in (14). Instead, we seek the smallest number of stress basis functions
that still retains stability and is not overly sti� in bending. For a six-noded element, a
minimum of nine terms are needed; but it was found in [19] that the 9� complete linear
basis is not su�cient for stability. We choose the 12� expansion with complete bilinear
polynomials given by

P =

2

4
1 0 0 � 0 0 � 0 0 �� 0 0
0 1 0 0 � 0 0 � 0 0 �� 0
0 0 1 0 0 � 0 0 � 0 0 ��

3

5 : (35)

6. Numerical results

We present a series of numerical examples in linear elasticity under plane strain condi-
tions on a variety of meshes. The unstructured triangular meshes used in these examples
are generated using DistMesh [50]. We compute the errors of the displacement in theL2

norm and energy seminorm, and theL2 error of the hydrostatic stress (denoted by ~p). The
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convergence rates of CT FEM, B-bar VEM, SH-VEM, and PSH-VEM are computed using
the following discrete error measures:

ku � u hkL 2 (
) =

s
X

E

Z

E
ju � � " u h j2 dx ; (36a)

k~p � ~phkL 2 (
) =

s
X

E

Z

E
j ~p � ~ph j2 dx ; (36b)

ku � u hka =

s
X

E

Z

E
(� � � � � )T C � 1(� � � � � ) dx : (36c)

We use the scaled boundary cubature (SBC) method [21] to compute the coe�cients of
the matrices H in (19a), H p, L and L p in (30), and the integrals appearing in (36). The
coe�cients of the matrices H , H p and L are integrals of polynomial functions and are
exactly computed by the SBC method. The integrals in (36) are in general not integrals of
polynomials but they can be computed to arbitrary accuracy with the SBC method.

6.1. Eigenvalue analysis
We examine the eigenvalues of the SH-VEM for general triangular elements to determine

the stability of the method. The material has Young's modulusEY = 1 and Poisson's
ratio � = 0:49995. We assess the eigenvalues of the standard VEM [7], B-bar VEM [49],
composite triangle FEM [34] and the three formulations: a 11� and 15� that is based on
the Airy stress function basis given in (14), and a 13� hybrid formulation given in (15).
For a stable method, the element sti�ness matrix should have three zero eigenvalues that
correspond to the zero-energy modes and the next smallest eigenvalue should be positive
and bounded away from zero. For this test, we construct six-noded triangular elements with
vertices at f (� 1; 0); (1; 0); (
 1; 
 2)g, where
 1 2 [� 10; 10], 
 2 2 [:05; 10], and then nodes are
placed at the midpoints of each edge (see Figure 3). For each combination of
 1 and 
 2,
we compute the �rst non-rigid body eigenvalue, which corresponds to the fourth smallest
eigenvalue of the element sti�ness matrix. The contour plots of the �rst non-rigid body
eigenvalue are given in Figure 4. In Figure 4d, the plot shows that the minimum value of the
eigenvalue for the 11� formulation continues to decrease as the element becomes distorted
from an equilateral triangle (when (
 1; 
 2) is further away from (0;

p
3)). Eventually, the

value of the eigenvalue approaches zero and develops into a spurious mode as the elements
become highly distorted. In Figure 4e, the eigenvalue in the 13� formulation has a similar
range to the standard VEM (see Figure 4a) and further numerical tests show that the 13�
formulation locks in the incompressible limit. Therefore, both the 11� Airy stress and 13�
hybrid formulations are not considered in the remaining examples. The 15� SH-VEM and
B-bar VEM produced similar ranges for their eigenvalues and both do not produce any
spurious zero-energy modes for the given values of (
 1; 
 2) (see Figures 4b and 4f). In all the
examples that follow, 15� SH-VEM is denoted as SH-VEM.

6.2. Eigenvalue analysis of the penalty formulation
We test the stability of the PSH-VEM with di�erent values of the penalty parameter � .

The material has Young's modulusEY = 1 and Poisson's ratio� = 0:49995. We choose four
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(a) (b) (c)

Figure 3: (a)-(c) Sequence of six-noded triangular elements with vertices atf (� 1; 0); (1; 0); (�; � )g and nodes
placed at the midpoint of each edge.

penalty parameters� 2
� `2

0
10; `2

0; 10̀ 2
0; 100̀ 2

0

	
and examine the �rst non-rigid body eigenvalue

of the element sti�ness matrix of the penalty stress-hybrid formulation. For each� , we
repeat the eigenvalue analysis presented in the previous section. In Figure 5, the countour
plots of the the �rst non-rigid body eigenvalue as a function of (
 1; 
 2) are shown. The plots
reveal that as � increases, the maximum value of the eigenvalue decreases (see Figures 5a
and 5d). This implies that as� ! 1 , the �rst non-rigid body eigenvalue becomes zero for
all values of (
 1; 
 2); therefore, the element sti�ness matrix will be rank de�cient and lose
stability in the limit. However, for the tested values of� , no spurious eigenvalues appear
even for highly distorted elements.

6.3. Eigenvalue analysis for near incompressibility

It is known that in the incompressible limit (� ! 0:5) that the element sti�ness matrix
should only have one eigenvalue that tends to in�nity [60]. Elements with more than one
in�nite eigenvalue will experience volumetric locking. We examine the eigenvalues of the
element sti�ness matrix for the standard VEM, CT FEM, B-bar VEM, 15� SH-VEM, and
12� PSH-VEM on a single element. The material has Youngs modulusEY = 1 and Poisson's
ratio � = 0:4999999. In Table 1, the �ve largest eigenvalues of each method is presented for
a regular six-noded triangular element (see Figure 2c) and Table 2 shows the eigenvalues for
a six-noded nonconvex element (see Figure 2a). The tables show that the standard virtual
element approach has all �ve largest eigenvalues tending to in�nity, which leads to severe
volumetric locking. The composite element has three diverging eigenvalues, which can result
in the mild locking behavior. The B-bar VEM, SH-VEM, and PSH-VEM have only a single
large eigenvalue for both the regular and the nonconvex element.

6.4. Thin cantilever beam

We consider the problem of a thin cantilever beam subjected to a shear end load [67].
The material has Youngs modulusEY = 1 � 105 psi and Poisson's ratio� = 0:49995.
The beam has a length ofL = 32 inch, a height of D = 1 inch and a unit thickness. A
�xed displacement is applied on the left boundary, while a shear end load ofP = � 100
lbf is applied on the right boundary. We �rst use a set of unstructured triangular meshes.
In Figure 6, we show examples of the unstructured meshes and in Figure 7 we show the

15



(a) (b)

(c) (d)

(e) (f)

Figure 4: Contour plots of the fourth-lowest eigenvalue as a function of (
 1; 
 2) for (a) standard VEM, (b)
B-bar VEM, (c) CT FEM, (d) 11 � SH-VEM, (e) 13� SH-VEM, and (f) 15� SH-VEM.

convergence of the four methods in the displacementL2 norm, energy seminorm, andL2 norm
of hydrostatic stress. Figure 8 shows the convergence of the end displacement and the contour
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(a) (b)

(c) (d)

Figure 5: Contour plots of the fourth smallest eigenvalue as a function of (
 1; 
 2) using the penalty parameters

(a) � = ` 2
0

10 , (b) � = `2
0, (c) � = 10`2

0, and (d) � = 100`2
0.

Eigenvalue VEM CT FEM B-bar VEM 15� SH-VEM 12� PSH-VEM
1 1:1 � 106 8:1 � 10� 1 2:1 � 10� 1 6:3 � 10� 1 4:3 � 10� 1

2 1:2 � 106 1:2 � 100 2:2 � 10� 1 8:8 � 10� 1 8:2 � 10� 1

3 1:7 � 106 3:7 � 105 7:5 � 10� 1 1:9 � 100 8:4 � 10� 1

4 1:8 � 106 4:2 � 105 9:6 � 10� 1 4:5 � 101 2:8 � 100

5 5:0 � 106 4:6 � 105 4:2 � 106 4:2 � 106 4:2 � 106

Table 1: Comparison of the �ve largest eigenvalues of the element sti�ness matrix on a six-noded triangular
element.

plot of hydrostatic stress for the SH-VEM. For methods that experience volumetric locking,
non-physical oscillations will appear in the hydrostatic stress �eld. The plots reveal that
the two stress-hybrid approaches yield better results, with the PSH-VEM having superior
convergence and accuracy in the displacement, energy, and hydrostatic stress.

In the following tests, we examine the four methods on meshes withN = 1 and N = 2
elements along the height of the beam. For many formulations, these meshes will lead to
overly sti� displacements and shear locking. The �rst set of meshes is constructed by taking a
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Eigenvalue VEM CT FEM B-bar VEM 15� SH-VEM 12� PSH-VEM
1 1:2 � 106 5:8 � 10� 1 2:9 � 10� 1 5:3 � 10� 1 3:6 � 10� 1

2 1:3 � 106 1:9 � 100 3:9 � 10� 1 1:5 � 100 1:3 � 100

3 5:8 � 106 4:8 � 105 2:1 � 100 6:6 � 100 2:0 � 100

4 5:9 � 106 5:6 � 105 2:2 � 100 1:8 � 101 5:1 � 100

5 1:2 � 107 6:8 � 106 6:7 � 106 6:7 � 106 6:7 � 106

Table 2: Comparison of the �ve largest eigenvalues of the element sti�ness matrix on a six-noded nonconvex
element.

(a)

(b)

(c)

Figure 6: Unstructured triangular meshes for the cantilever beam problem. (a) 600 elements, (b) 1600
elements, and (c) 3000 elements.

(a) (b) (c)

Figure 7: Comparison of CT FEM, B-bar VEM, SH-VEM and PSH-VEM for the thin cantilever beam
problem on unstructured meshes (see Figure 6). (a)L 2 error of displacement, (b) energy error, and (c)L 2

error of hydrostatic stress.

uniform quadrilateral mesh and splitting each element into two right triangles (see Figure 9).
The convergence of the end displacement of the four methods is presented in Figure 10. For
N = 1, the two stress-hybrid methods are converging to the exact solution, while CT FEM
experiences shear locking and B-bar VEM diverges from the exact solution (see Figure 10a)
and for N = 2, B-bar VEM is still overly 
exible (see Figure 10b). In both cases, the
PSH-VEM shows far superior accuracy in displacement even on coarse meshes.

The second set of meshes is constructed by taking a uniform quadrilateral mesh and
splitting each element along the two diagonals to form four triangles. The meshes are shown
in Figure 11 and the convergence of the end displacement is depicted in Figure 12. The
plots show that SH-VEM and PSH-VEM converge to the exact solution for bothN = 1 and
N = 2; however, the SH-VEM is much sti�er and less accurate than the penalty approach.
CT FEM su�ers from locking, while B-bar fails to converge for the case of a single element
along the height.
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(a) (b)

Figure 8: (a) Convergence of the end displacement for the cantilever beam problem. The mesh consists of
unstructured triangles (see Figure 6). (b) Contour plot of the hydrostatic stress for PSH-VEM.

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 9: Structured meshes for the cantilever beam problem. Mesh is re�ned along the length with (a)-(d)
1 element along the height and (e)-(h) 2 elements along the height.

(a) (b)

Figure 10: Convergence of the end displacement for the cantilever beam problem. The mesh consists of
M � N right triangles, where M is the number of elements along the length of the beam (see Figure 9). (a)
N = 1 and (b) N = 2.

The third set of meshes is constructed by taking the previous mesh and collapsing one
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 11: Structured meshes for the cantilever beam problem. Mesh is re�ned along the length with (a)-(d)
1 element along the height and (e)-(h) 2 elements along the height.

(a) (b)

Figure 12: Convergence of the end displacement for the cantilever beam problem. The mesh consists of
M � N triangles, where M is the number of elements along the length of the beam (see Figure 11). (a)
N = 1 and (b) N = 2.

of the triangles to a nearly degenerate triangle (see Figure 13). The plots showing the
convergence of the end displacement is given in Figure 14. The plots reveal that for these
meshes, the stress-hybrid methods are converging to the exact solution, while CT FEM and
B-bar VEM do not converge in the case of a single element along the height. When using two
elements along the height, the B-bar formulation is tending to the exact solution but is not
accurate, while CT FEM still su�ers from locking and does not converge. The PSH-VEM
again attains a much more accurate solution than the other methods; however, it appears to
be sti� for the coarsest mesh whenN = 2.

One bene�t of the virtual element formulation is that it allows for very general element
shapes. In particular, for the �nal set of meshes we use a mixture of distorted nonconvex
hexagons and convex hexagons. A few representative meshes are shown in Figure 15. In Fig-
ure 16, we present the convergence of the end displacement for the four methods. In both
casesN = 1 and N = 2, SH-VEM and PSH-VEM are convergent, but CT FEM is overly
sti�.

Remark 3. The solutions produced by 15� SH-VEM are much sti�er than those found
using the 5� formulation on quadrilaterals in [20]. In particular, for uniform rectangular
meshes withN = 1, the 5� SH-VEM converges to nearly the exact solution with justM = 8
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h) (i)

Figure 13: Structured nearly degenerate meshes for the cantilever beam problem. Mesh is re�ned along the
length with (a)-(d) 1 element along the height and (e)-(h) 2 elements along the height. (i) Magni�cation of
a single element split into four six-noded triangles.

(a) (b)

Figure 14: Convergence of the end displacement for the cantilever beam problem. The mesh consists of
M � N triangles with some nearly degenerate, whereM is the number of elements along the length of the
beam (see Figure 13). (a)N = 1 and (b) N = 2.

elements along the length of the beam. However, the PSH-VEM o�ers coarse mesh accuracy
that is similar to the 5� SH-VEM.

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 15: Meshes with nonconvex elements for the cantilever beam problem. Mesh is re�ned along the
length with (a)-(d) 1 element along the height and (e)-(h) 2 elements along the height.

The penalty stress-hybrid approach provides the best accuracy for the cantilever beam
problem; however, it relies on the choice of a suitable penalty parameter� . Therefore, we
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(a) (b)

Figure 16: Convergence of the end displacement for the cantilever beam problem. The mesh consists of
M � N convex and nonconvex elements, whereM is the number of elements along the length of the beam
(see Figure 15). (a)N = 1 and (b) N = 2.

examine the sensitivity of the bending solution of PSH-VEM to the penalty parameter. For
this test, we use the same material propertiesEY = 1 � 105 psi and � = 0:49995. The
problem is solved on a mesh consisting ofM � 1 right triangles (see Figure 9). The default
penalty parameter is given by� = 104 `2

0
EY

= 10� 1`2
0. To test the sensitivity of the parameter,

we vary the penalty parameter three orders of magnitude on each side. That is,� is varied
from 10� 4`2

0 to 102`2
0. In Figure 17, the convergence of the end displacements for di�erent

values of� is presented. The plot shows that increasing� above the value 10� 1`2
0 does not

greatly a�ect the solution; however, decreasing� makes the solution sti�er. If we decrease
the value of � by three orders of magnitude to� = 10� 4`2

0, the solution becomes overly sti�
and produces much larger errors than the other values of� .

6.5. Cook's membrane

Next, we consider the problem of the Cook's membrane under shear load [22]. This prob-
lem is commonly used to test the combined bending and shearing capabilities of an element.
The material has Youngs modulusEY = 250 psi and Poisson's ratio� = 0:49995. The left
boundary of the membrane is clamped and a shear load ofF = 6:25 lbf per unit length
is applied along the right edge. The �rst set of meshes comprise of structured triangular
meshes; a few sample meshes are shown in Figure 18. Figure 19 presents the convergence
of the tip displacement of the four methods and the hydrostatic stress of the PSH-VEM.
The plot in Figure 19a shows that, unlike in the cantilever beam problem, the CT FEM,
SH-VEM, and PSH-VEM all perform worse than the B-bar formulation. Figure 19b shows
that the PSH-VEM is able to produce a relatively smooth hydrostatic stress �eld with no
visible signs of volumetric locking.

The second set of meshes that we test consists of unstructured triangles. In Figure 20,
sample meshes are shown. The convergence of tip displacement and the contour plot of
PSH-VEM is given in Figure 21. The plots show that for the unstructured mesh, SH-VEM
and PSH-VEM have the fastest convergence, while B-Bar VEM becomes very 
exible and
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Figure 17: Comparison of the convergence of end displacement for PSH-VEM when using di�erent choices
of penalty parameter � . The mesh consists ofM � 1 right triangles, where M is the number of elements
along the length of the beam (see Figure 9).

(a) (b) (c)

Figure 18: Structured triangular meshes for the Cook's membrane problem. (a) 100 elements, (b) 1000
elements, and (c) 2500 elements.

converges from above. The hydrostatic stress contours of PSH-VEM remain smooth and
agree with the contours found on structured meshes.

6.6. Plate with a circular hole
We consider the problem of an in�nite plate with a circular hole of radiusa = 1 inch

under uniform tension [67]. The hole is assumed to be traction-free and a far-�eld load
� 0 = 1 psi is applied in the x-direction. Since the plate is symmetric, we model the problem
as a quarter plate with lengthL = 5 inch and apply exact tractions along the boundary.
The material has Young's modulusEY = 2 � 107 psi and Poisson's ratio� = 0:49995. The
�rst test of this problem is on unstructured triangular meshes with representative meshes
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(a) (b)

Figure 19: (a) Convergence of the tip displacement for Cook's membrane problem. The mesh consists of
structured triangles (see Figure 18). (b) Contour plot of the hydrostatic stress for PSH-VEM.

(a) (b) (c)

Figure 20: Unstructured triangular meshes for the Cook's membrane problem. (a) 100 elements, (b) 700
elements, and (c) 2000 elements.

shown in Figure 22. In Figure 23, we show the convergence results of the four methods
that are tested and �nd that the three methods CT FEM, B-bar VEM, and SH-VEM all
have optimal convergence rates. However, the penalty stress-hybrid method has third order
superconvergence in the energy seminorm andL2 norm of hydrostatic stress. In Figure 24,
we plot the contours of the pointwise error ~p � ~ph of the hydrostatic stress. The plots reveal
that the penalty stress-hybrid method has the smallest pointwise error and the remaining
three methods produce similar error distributions.

We now solve the problem on perturbed meshes. In [1], it is shown that small per-
turbations of a regular triangular mesh can lead to locking and a reduction in the rate of
convergence in the hydrostatic stress error. For this test, we start with a regular quadrilateral
mesh and then cut along both diagonals to create four triangles. The point of intersection
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(a) (b)

Figure 21: (a) Convergence of the tip displacement for Cook's membrane problem. The mesh consists of
unstructured triangles (see Figure 20). (b) Contour plot of the hydrostatic stress for PSH-VEM.

(a) (b) (c)

Figure 22: Unstructured triangular meshes for the plate with a hole problem. (a) 500 elements, (b) 1000
elements, and (c) 3000 elements.

(a) (b) (c)

Figure 23: Comparison of CT FEM, B-bar VEM, SH-VEM, and PSH-VEM for the plate with a hole problem
on unstructured meshes (see Figure 22). (a)L 2 error of displacement, (b) energy error, and (c)L 2 error of
hydrostatic stress.
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(a) (b)

(c) (d)

Figure 24: Contour plots of the error ~p� ~ph in hydrostatic stress on unstructured meshes (see Figure 22) for
the plate with a circular hole problem. (a) CT FEM, (b) B-bar VEM, (c) SH-VEM, and (d) PSH-VEM.

of the two diagonals are perturbed for each quadrilateral. Representative meshes are shown
in Figure 25. In Figure 26, we plot the convergence of the four methods and �nd that CT
FEM, B-bar VEM, and SH-VEM all still retain optimal rates of convergence. The penalty
formulation exhibits second order superconvergence in the energy seminorm andL2 norm
of the hydrostatic stress. The contour plots in Figure 27 show that the four methods all
have relatively smooth error distributions of the hydrostatic stress and display no signs of
volumetric locking.

6.7. Hollow cylinder under internal pressure
Next, we consider a hollow cylinder subject to internal pressure [67]. By symmetry, the

problem is modeled by a quarter cylinder with an outer radiusb = 5 inch and an inner
radius a = 1 inch. The outer radius of the cylinder is assumed to be traction-free, while a
uniform pressure ofp = 105 psi is applied on the inner radius. The material properties are
EY = 2 � 105 psi and � = 0:49995. For this problem, the hydrostatic stress �eld is constant
and we found that using nonconstant stress functions in the SH-VEM resulted in larger
errors around the element corners. Therefore, we use an element averaged hydrostatic stress
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(a) (b) (c)

Figure 25: Perturbed triangular meshes for the plate with a hole problem. (a) 250 elements, (b) 500 elements,
and (c) 2500 elements.

(a) (b) (c)

Figure 26: Comparison of CT FEM, B-bar VEM, SH-VEM, and PSH-VEM for the plate with a hole problem
on perturbed meshes (see Figure 25). (a)L 2 error of displacement, (b) energy error, and (c)L 2 error of
hydrostatic stress.

approximation for SH-VEM. We �rst solve the problem on structured triangular meshes;
a few representative meshes are shown in Figure 28. In Figure 29, we show the rates of
convergence in three error norms. The three methods CT FEM, B-bar VEM, and SH-VEM
produce optimal convergence in the displacementL2 norm, L2 norm of hydrostatic stress as
well as in the energy seminorm; while the PSH-VEM has second order superconvergence in
the energy seminorm and third order in theL2 norm of the hydrostatic stress. In Figure 30,
we plot the contours of the relative error in the hydrostatic stress �eld for the four methods.
The plots show that the maximum errors concentrate along the inner radius and improves
when away from the boundary. The SH-VEM and PSH-VEM produce the smallest relative
errors, with a maximum of around 8 and 1:2 percent, respectively.

We now test the hollow cylinder problem on an unstructured triangular mesh; a few
representative meshes are presented in Figure 31. In Figure 32, the convergence results are
given and again show that CT FEM, B-bar VEM, and SH-VEM deliver optimal rates. The
penalty approach attains third and fourth order superconvergence in the energy seminorm
and hydrostatic stressL2 norm, respectively. The contour plots in Figure 33 show that for
CT FEM, B-bar VEM, and SH-VEM, the errors are concentrated near the inner radius. The
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Figure 27: Contour plots of the error ~p � ~ph in hydrostatic stress on perturbed meshes (see Figure 25) for
the plate with a circular hole problem. (a) CT FEM, (b) B-bar VEM, (c) SH-VEM, and (d) PSH-VEM.

(a) (b) (c)

Figure 28: Structured triangular meshes for the hollow cylinder problem. (a) 128 elements, (b) 512 elements,
and (c) 2048 elements.
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Figure 29: Comparison of CT FEM, B-bar VEM, SH-VEM, and PSH-VEM for the pressurized cylinder
problem on structured meshes (see Figure 28). (a)L 2 error of displacement, (b) energy error, and (c)L 2

error of hydrostatic stress.

(a) (b)

(c) (d)

Figure 30: Contour plots of the relative error in the hydrostatic stress on structured meshes (see Figure 28)
for the pressurized cylinder problem. The exact hydrostatic stress is 4166.528 psi. (a) CT FEM, (b) B-bar
VEM, (c) SH-VEM, and (d) PSH-VEM.

largest error from SH-VEM is 9 percent, while both CT FEM and B-bar VEM produce much
larger errors of 70 and 60 percent, respectively. For PSH-VEM, the errors are much smaller,
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with a maximum relative error of 0:4 percent.

(a) (b) (c)

Figure 31: Unstructured triangular meshes for the hollow cylinder problem. (a) 500 elements, (b) 1000
elements, and (c) 2500 elements.

(a) (b) (c)

Figure 32: Comparison of CT FEM, B-bar VEM, SH-VEM, and PSH-VEM for the pressurized cylinder
problem on unstructured meshes (see Figure 31). (a)L 2 error of displacement, (b) energy error, and (c)L 2

error of hydrostatic stress.

Next, we examine the e�ects of the penalty parameter on the convergence rates of
the pressurized cylinder problem. For simplicity, the material properties are set to be
EY = 1 � 104 psi and � = 0:49995. The problem is solved on structured triangular meshes
(see Figure 28). The initial penalty parameter is� = 104 `2

0
EY

= `2
0, so we test� in the range of

10� 3`2
0 to 103`2

0. In Figure 34, we show the rates of convergence in the three error norms for
di�erent values of the penalty parameter� . The plots show that varying� did not a�ect the
convergence of the displacement errors; however, the convergence of the energy seminorm
is slightly a�ected and the rate of convergence in theL2 norm of the hydrostatic stress is
signi�cantly reduced as� is decreased.

6.8. Manufactured problem

The basis functions derived from the Airy stress functions only satisfy the equilibrium
conditions without a body force. Therefore, we test the convergence on a problem with
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(a) (b)

(c) (d)

Figure 33: Contour plots of the relative error in the hydrostatic stress on unstructured meshes (see Figure 31)
for the pressurized cylinder problem. The exact hydrostatic stress is 4166.528 psi. (a) CT FEM, (b) B-bar
VEM, (c) SH-VEM, and (d) PSH-VEM.

(a) (b) (c)

Figure 34: Comparison of the convergence of PSH-VEM for di�erent choices of the penalty parameter� for
the pressurized cylinder problem on structured meshes (see Figure 28). (a)L 2 error of displacement, (b)
energy error, and (c) L 2 error of hydrostatic stress.

a nonzero body force. We consider a manufactured problem given in [59] with the exact
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