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Abstract

We present a new optimization-based property-preserving algorithm for passive tracer transport. The al-
gorithm utilizes a semi-Lagrangian approach based on incremental remapping of the mass and the total
tracer. However, unlike traditional semi-Lagrangian schemes, which remap the density and the tracer mix-
ing ratio through monotone reconstruction or flux correction, we utilize an optimization-based remapping
that enforces conservation and local bounds as optimization constraints. In so doing we separate accuracy
considerations from preservation of physical properties to obtain a conservative, second-order accurate trans-
port scheme that also has a notion of optimality. Moreover, we prove that the optimization-based algorithm
preserves linear relationships between tracer mixing ratios. We illustrate the properties of the new algorithm
using a series of standard tracer transport test problems in a plane and on a sphere.

Keywords: constrained interpolation, remap, quadratic programming, preservation of local bounds,
preservation of linearity, compatibility error, optimization-based remap, transport, tracer transport,
spherical geometry, cubed sphere grid.

1. Introduction

Transport algorithms are a key component of fluid dynamics simulations in Earth System Models (ESM).
For example, in the context of ocean and atmosphere modeling many biological and chemical species must
be transported with the flow in an accurate, efficient and physical property preserving manner. In this paper
we focus on the application of optimization ideas to the development of such property-preserving algorithms
for the transport of passive tracers. Passive tracers model nonreactive species whose concentrations remain
constant along the flow trajectories. The coupled system of partial differential equations (PDEs) governing
the transport of a single passive tracer comprises the scalar transport equation

∂ρ

∂t
+∇ · ρv = 0 on Ω× [0, T ] and ρ(x, 0) = ρ0(x) , (1.1)
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and the tracer mass transport equation

∂ρτ

∂t
+∇ · ρτv = 0 on Ω× [0, T ] and τ(x, 0) = τ0(x) , (1.2)

where ρ(x, t) is a positive density function, v = v(x, t) is a given velocity field, and τ(x, t) is the tracer
mixing ratio2. Using (1.1) and (1.2) it is easy to see that

Dτ

Dt
≡ ∂τ

∂t
+ v · ∇τ = 0 , (1.3)

that is, τ is indeed constant along characteristics. This implies that no new extrema can be created during
the transport of the tracer, i.e., τ satisfies a monotonicity property3. Extension of (1.1)–(1.2) to multiple
passive tracers is straightforward and amounts to adding a transport equation (1.2) for the mixing ratio of
each tracer.

Physically consistent ESM simulations require numerical solutions of the coupled PDE system (1.1)–
(1.2) that are conservative and bounds preserving for both the density and the tracer. Often, the system
(1.1)–(1.2) is solved for ρ and the tracer mass ϕ := ρτ because this approach decouples the two equations.
Then, the tracer mixing ratio is derived as τ = ϕ/ρ. However, this approach may introduce new extrema
into τ even when the numerical solutions for ρ and ϕ are bounded. This results in a violation of the property
that τ is constant along characteristics and is referred to as compatibility error in the literature [1, 2]. We
seek a method that avoids this compatibility error, while maintaining conservation and bounds preservation
for ρ and τ . In the ESM context a related consistency error can occur when the density (1.1) is computed
along with other state variables using an entirely different numerical method than the solution for the tracer
transport equation, either (1.2) or (1.3). In this case, the transport scheme must be conservative with respect
to the discrete definition of mass given by the density equation solver, which requires additional constraints
on the solution [3, 4, 5]. In the context of atmospheric tracer transport, it is additionally important that
a numerical method preserves functional relationships between two nonreactive species [6]. Although no
discretization method can preserve arbitrary nonlinear relationships between passive tracers, we require, at
a minimum, that the scheme preserve linear relationships.

In the geophysical modeling community semi-Lagrangian schemes are a popular choice to solve the
tracer and density system (1.1)–(1.2) because such schemes allow for time steps much larger than the CFL-
restricted time steps in explicit Eulerian methods. Broadly speaking, semi-Lagrangian advection schemes
fall into one of the following two general categories. The first one comprises methods based on finite volume
discretizations that are inherently mass conservative. In this class of schemes tracer mixing ratios are
typically updated by integrating intersections of cell volumes [7, 2, 8]. The methods in the second category
utilize nodal discretizations that are not inherently conservative. This type of methods uses interpolation
to update tracer mixing ratios followed by application of mass corrections to achieve mass conservation
[9, 10, 11, 12, 13, 3]. Preservation of local bounds and monotonicity in these schemes is typically enforced
using flux correction [7] or monotone reconstruction involving slope limiters [2]. Compatibility can be
maintained through the use of a synchronized flux-correction method [1] or by carefully constructing the
discrete approach so that the tracer mixing ratio is computed using an averaging operation applied to
separate monotone slope-limited reconstructions of the tracer and the density [2].

In this paper we build on our previous work [14, 15, 16] to develop an optimization-based algorithm for
the conservative transport of passive tracers, which preserves local solution bounds and linear relationships
between tracers. Our approach combines the idea of incremental remapping as a transport algorithm [2]
with an optimization-based remap of tracer mixing ratio where bounds and mass conservation are enforced
as constraints. In contrast to flux correction and slope-limited reconstruction, which are based on local worst
case scenarios, our optimization approach produces a numerical solution that is a global optimal solution
from a feasible set defined by these constraints. In other words, this solution is always the best possible,

2For simplicity, unless there is a chance for confusion, we use “tracer” and “tracer mixing ratio” interchangeably.
3If v is divergence-free, D�=Dt = 0 and the density can also be viewed as a passive tracer.
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with respect to the optimization objective, state that is conservative and satisfies the local bounds. In fact,
one can rigorously show that popular flux correction techniques can be interpreted as simplified solution
procedures for our global optimization problem; see [14] and [17] for further details.

We have organized the paper as follows. Section 2 introduces relevant notation and definitions and formu-
lates a generic semi-Lagrangian transport scheme that serves as a reference point for the optimization-based
tracer transport algorithm. This algorithm along with some of the implementation details is presented in Sec-
tion 3. Section 4 examines the analytical properties of the new algorithm, including rigorous quantification of
the optimality of its solution. Section 5 presents a comprehensive numerical study of the optimization-based
scheme, including comparisons with an unlimited and slope-limited versions of the generic scheme. The tests
in this section include both standard advection tests in two dimensions as well as more specialized tests for
tracer transport on the sphere. In addition, Section 6 focuses on the so called mass spreading that is a conse-
quence of enforcing mass conservation globally, and presents a simple modification of the optimization-based
scheme that limits mass spreading. Finally, section 7 summarizes our findings and conclusions.

2. Preliminaries

This section introduces the relevant notation and reviews a typical semi-Lagrangian transport scheme
for the density–tracer system (1.1)–(1.2), based on incremental remapping.

2.1. Notation

Throughout the paper Ω denotes a fixed computational domain that is either a bounded region in R2

or a sphere in R3. Semi-Lagrangian transport schemes based on incremental remapping utilize a fixed grid
C(Ω) and a deformed grid eC(Ω) that can be obtained from C(Ω) in several ways but always has the same

connectivity as the latter4. Solution of the transport equations is defined on the fixed grid, while eC(Ω)
serves an auxiliary purpose and is discarded after every time step.

We assume that the fixed grid C(Ω) has NV vertices xj , j = 1, . . . , NV connected into NC cells ci,
i = 1, . . . , NC . The boundary ∂ci of each cell consists of sides sj that are oriented by choosing a unit normal
nsj . We denote the set of all sides in ci by S(ci), the set of all sides in the mesh by S(Ω), and let NS denote
the cardinality of S(Ω). We will also need the NC ×NS side-to-cell incidence matrix D with entries

Dij =

8><>:
0 if sj /∈ S(ci)

1 if sj ∈ S(ci) and nsj = nci

−1 if sj ∈ S(ci) and nsj = −nci

, (2.1)

where nci is the outer normal to ∂ci. The space of all piecewise constant functions on C(Ω) will be denoted
by Uh, i.e.,

Uh =
�
uh ∈ L2(Ω)

��uh|ci
= ui ∈ R

	
.

The cell values ui form the coefficient vector u = (u1, . . . , uNC
) ∈ RNC of uh.

In this paper we restrict attention to deformed grids eC(Ω) obtained by moving the nodes5 of the fixed
grid in the velocity field v(x, t) over a time increment ∆t > 0. Specifically, given a time t we define the
backward Lagrangian increment C(Ω(t −∆t)) of the fixed mesh by moving its nodes xj backward in time
to positions x(t−∆t), where the node trajectories x(s) solve the ODEs

ẋ(s) = v(x, s); x(t) = xj ; j = 1, . . . , NV . (2.2)

4Note that here we tacitly assume that the computational domain remains fixed, i.e., eC(Ω) and C(Ω) are two different
partitions of the same domain.

5High-order semi-Lagrangian methods such as CSLAM [8] introduce additional nodes on cell sides to improve the geometric
accuracy of the deformed cells; see also Remark 3.1.
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The forward Lagrangian increment C(Ω(t+∆t)) is defined similarly by moving the nodes of C(Ω) forward
to positions x(t+∆t). We shall assume that the time increment ∆t is such that the Lagrangian increment
grids are valid and their cells satisfy the locality condition [16, p.5201, Eq. (2.1)]. The former stipulates

that eC(Ω) does not contain any inverted or degenerate cells, whereas the latter requires every deformed
cell to be contained in the neighborhood of its fixed grid prototype. The locality condition is sufficient for
the well-posedness of optimization-based remap schemes, which are closely related to the algorithms in this
paper.

Our main focus will be on semi-Lagrangian transport schemes based on backward incremental remapping
in which case the deformed mesh eC(Ω) is the backward Lagrangian increment grid C(Ω(t −∆t)). In such

schemes the fixed grid plays two distinct role. In the first role, eC(Ω) and C(Ω) are treated as two instances6

of a Lagrangian grid C(Ω), with the same connectivity, at the current time tn and the future time tn+1,
respectively. Thus, if κi(t) ∈ C(Ω) is an arbitrary cell of this Lagrangian grid, we have that

κi(tn) = eci and κi(tn+1) = ci (2.3)

The second role of C(Ω) is that of an Eulerian grid on which the numerical solution is sought for a sequence
of time steps 0 ≤ t0 < t1 < . . . < tn < tn+1 . . ..

To distinguish the entities on the deformed grid from those on C(Ω) we use the “e” accent. For example,eci is a cell on eC(Ω), eUh is a piecewise constant space on the deformed grid, euh is a function in eUh with
coefficient vector eu = (eu1, . . . , euNC

) ∈ RNC and so on. To demonstrate the optimization-based transport
scheme in this work we shall use grids comprising quadrilateral cells. We refer to Remark 3.2 for details
concerning extensions to more general grids.

Let V (t) denote an arbitrary Lagrangian volume moving along a trajectory defined by the local velocity
field v(x, t). We define the measure of V (t) and the mass and the total tracer mass contained in V (t) as

µV (t) =

Z
V (t)

dV , mV (t) =

Z
V (t)

ρ(x, t)dV and qV (t) =

Z
V (t)

ρ(x, t)τ(x, t)dV , (2.4)

respectively. We also define the volume-averaged density and density-weighted tracer mixing ratio (the
“averaged” quantities) as

ρV (t) =
mV (t)

µV (t)
and τV (t) =

qV (t)

mV (t)
, (2.5)

respectively. For t = tk and V (tk) = ci for any ci ∈ C(Ω) we denote the quantities in (2.4)–(2.5) by µi;k,

mi;k, qi;k, ρi;k, and τ i;k, respectively. When V (tk) = eci for some deformed cell eci ∈ eC(Ω) we follow our

convention and write eµi;k, emi;k, eqi;k, eρi;k, and eτ i;k, respectively.
2.2. A generic semi-Lagrangian scheme for tracer transport based on incremental remapping

Using (1.1)–(1.2) and the Reynolds transport theorem it is easy to see that

d

dt
mV (t) = 0 and

d

dt
qV (t) = 0 , (2.6)

that is, the mass and total tracer mass are preserved in Lagrangian volumes. In particular, we have that
mV (tn+1) = mV (tn) and qV (tn+1) = qV (tn). As a result, the averaged quantities at the new time step can be
expressed as

ρV (tn+1) =
mV (tn+1)

µV (tn+1)
=

mV (tn)

µV (tn+1)
and τV (tn+1) =

qV (tn+1)

mV (tn+1)
=

qV (tn)

mV (tn)
. (2.7)

6In this context context it is customary to refer to eC(Ω) as the departure grid and to C(Ω) - as the arrival grid.
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Equation (2.7) underpins all transport algorithms based on incremental remapping. To explain the main
idea let V (t) be an arbitrary cell κi(t) on the Lagrangian grid C(Ω). From (2.3) it follows that V (tn) = eci
and V (tn+1) = ci and (2.7) assumes the form

ρi;n+1 =
mi;n+1

µi;n+1
=

emi;n

µi;n+1
and τ i;n+1 =

qi;n+1

mi;n+1
=
eqi;nemi;n

. (2.8)

Assume that the averaged quantities ρi;n and τ i;n are given on the Eulerian (fixed) mesh at the current time
tn. Equation (2.8) implies that the values of these quantities at the future time tn+1 can be computed by

remapping mass and total tracer mass at tn from the Eulerian grid to the deformed grid eC(Ω). Of course, to
obtain physically meaningful and accurate solutions the remapped masses emi;n and eqi;n must ensure tracer
compatibility and preserve physical properties such as conservation (2.6). To formalize these requirements
and state a generic semi-Lagrangian transport scheme based on (2.8) we need a few additional definitions.

We define the total mass and the total tracer mass at the current time tn on the Eulerian grid as

Mn :=

NCX
i=1

mi;n =

NCX
i=1

ρi;nµi;n and Qn :=

NCX
i=1

qi;n =

NCX
i=1

τ i;nmi;n , (2.9)

respectively. We then define physically motivated local bounds for the averaged density and tracer on a cell
ci ∈ C(Ω) by taking the maximum and minimum of these quantities in a neighborhood N(ci) that includes
the cell ci itself and all cells that have a non-empty intersection with ci. Specifically, we set

ρmin
i;n =

8><>:
min

j∈N(ci)
{ρj;n} if ci ∩ ∂Ω = ∅

min

�
min

j∈N(ci)
{ρj;n}, min

x∈N(ci)∩@Ω
ρ(x, tn)

�
if ci ∩ ∂Ω ̸= ∅

(2.10)

ρmax
i;n =

8><>:
max
j∈N(ci)

{ρj;n} if ci ∩ ∂Ω = ∅

max

�
max
j∈N(ci)

{ρj;n}, max
x∈N(ci)∩@Ω

ρ(x, tn)

�
if ci ∩ ∂Ω ̸= ∅ .

(2.11)

The local bounds τmin
i and τmax

i for the tracer are defined in a similar fashion. We now have the following
formal statement of the tracer transport problem.

Monotone, conservative and compatible tracer transport. Given the averaged quantities ρi;n and τ i;n on the
Eulerian grid at the current time tn find accurate approximations ρi;n+1 and τ i;n+1 of these quantities on
C(Ω) at the future time tn+1 such that the following two properties are satisfied:

P.1 Monotonicity and compatibility. The local bounds

αρmin
i;n ≤ ρi;n+1 ≤ αρmax

i;n and τmin
i;n ≤ τ i;n+1 ≤ τmax

i;n , (2.12)

hold for all ci ∈ C(Ω) and some α > 0.

P.2 Conservation. Let mi;n+1 := ρi;n+1µi;n+1 and qi;n+1 = τ i;n+1mi;n+1. Then,

Mn+1 :=

NCX
i=1

mi;n+1 = Mn and Qn+1 :=

NCX
i=1

qi;n+1 = Qn . (2.13)

Remark 2.1. Note that the local bounds for the tracer in (2.12) at the future time are unchanged from the
current time, but the local bounds for the density at tn+1 are different from those at tn. This is caused by
the fact that the tracer is constant along the characteristics whereas the density in general is not.
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Traditional semi-Lagrangian transport schemes based on incremental remapping solve this problem by
using monotone and conservative reconstructions ρhn(x) and τhn (x) of the density and the tracer on the
Eulerian grid to remap mass and total tracer mass to the deformed grid. The remap is effected by integration
of these reconstructions over the deformed cells, i.e., we define the remapped quantities as

emi;n =

Z
eci

ρhn(x)dV and eqi;n =

Z
eci

ρhn(x)τ
h
n (x)dV , (2.14)

respectively. The functions ρhn(x) and τhn (x) are typically defined on a cell-by-cell basis. We denote the
reconstructed functions on a cell ci ∈ C(Ω) by ρhi;n(x) and τhi;n(x), respectively. The following definition
formalizes the notions of monotone and conservative reconstruction.

Definition 2.2. Let ρhi;n(x) and τhi;n(x), i = 1, . . . , Nc denote density and tracer reconstructions on the cells

of the Eulerian grid. We say that ρhi;n(x) and τhi;n(x) are monotone if they satisfy the physically motivated
local bounds, i.e.,

ρmin
i;n ≤ ρhi;n(x) ≤ ρmax

i;n and τmin
i;n ≤ τhi;n(x) ≤ τmax

i;n . (2.15)

We call ρhi;n(x) and τhi;n(x) conservative if the following identities hold true:

NCX
i=1

emi;n = Mn and

NCX
i=1

eqi;n = Qn , (2.16)

where emi;n and eqi;n are the remapped quantities defined in (2.14).

In this paper we consider linear density reconstructions on the cells of the Eulerian grid defined as

ρhi;n(x) = ρi;n + g�;i · (x− xbi
), xbi

=

R
ci
xdV

µi
, (2.17)

where xbi
is the cell barycenter and g�;i is an approximation to the gradient of the density. We similarly

define a linear tracer reconstruction on cell ci of the Eulerian grid as

τhi;n(x) = τ i;n + g�;i · (x− xci
) , xci

=

R
ci
xρhi;n(x)dVR

ci
ρhi;n(x)dV

, (2.18)

where xci
is the center of mass and g�;i is an approximation to the gradient of the tracer mixing ratio.

The density reconstruction (2.17) is mean-preserving, that isZ
ci

ρhi;n(x)dV = ρi;nµi;n . (2.19)

This follows easily from the fact that the gradient term vanishes when integrated over the cellZ
ci

g�;i · (x− xbi)dV = g�;i ·
�Z

ci

xdV − xbi

Z
ci

dV

�
= 0 . (2.20)

By defining the tracer reconstruction as in (2.18), i.e., by using ρhi;n(x) to compute the center of mass, the
integral of the product of the tracer reconstruction and density reconstruction over the cell where they are
defined is also mean preserving, that is,Z

ci

ρhi;n(x)τ
h
i;n(x)dV = ρi;nτ i;nµi;n . (2.21)

This result can be derived by expanding the integral and rearranging terms asZ
ci

ρhi;n(x)τ
h
i;n(x)dV =

Z
ci

τ i;n
�
ρi;n + g�;i · (x− xbi

)
�
dV +

Z
ci

(g�;i · (x− xci
)) ρhi;n(x)dV . (2.22)
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1. Backward Lagrangian Increment 2. Remap 3. Lagrangian update

Figure 1: The three stages of the generic semi-Lagrangian transport algorithm based on backward incremental remapping.

Using the property that the integral of the gradient term vanishes (2.20) the first integral in (2.22) reduces
to τ i;nρi;nµi;n. The second integral in (2.22) can be seen to vanish when the terms are rearranged and the
definition of the cell center of mass is used,

g�;i ·
�Z

ci

xρhi;n(x)dV − xci

Z
ci

ρhi;n(x)dV

�
= 0 .

The mean-preserving properties (2.19) and (2.21) guarantee that the density and tracer reconstructions
(2.17) and (2.18) are conservative in the sense of Definition 2.2. The first property, i.e., the monotonicity
of the reconstructions (2.15) can be satisfied by using, e.g., slope-limited gradient approximations gSL�;i and

gSL�;i to define (2.17) and (2.18), respectively; see, e.g., [18, 19, 20, 21] for representative examples.

A generic semi-Lagrangian scheme for the tracer transport problem, based on backward7 incremental
remapping, can now be stated as follows; see Figure 1.

Generic semi-Lagrangian tracer transport via incremental remapping.

1. Backward Lagrangian increment. Compute the deformed grid eC(Ω) by solving (2.2) backward in
time for all mesh nodes xj ∈ C(Ω).

2. Remap. Use (2.17) and (2.18) to define monotone and conservative reconstructions ρhi;n(x) and τhi;n(x)
of the density and the tracer at the current time tn on the cells of the fixed grid C(Ω). Define the
remapped mass emi;n and total tracer mass eqi;n as in (2.14), i.e., by integrating the corresponding

functions ρhn(x) and τhn (x) on the cells of the deformed mesh eC(Ω).

3. Lagrangian update. Use (2.8) to compute the averaged density and tracer at the new time tn+1 on
the Eulerian grid, i.e., set

ρi;n+1 =
emi;n

µi;n+1
and τ i;n+1 =

eqi;nemi;n
. (2.23)

It is straightforward to show that as long as one uses conservative and monotone density and tracer
reconstructions at the remap stage, then the above generic semi-Lagrangian scheme satisfies properties P.1-
P.2, i.e., it produces compatible, monotone and conservative approximations of the cell-averaged density
and density-weighted tracer; see [2] for details. In particular, (2.12) holds for the mean density with

α =
eµi;n

µi;n+1
. (2.24)

7Schemes utilizing forward incremental remapping reverse the roles of C(Ω) and eC(Ω), and perform density and tracer
reconstructions on the deformed grid. As a result, the backward approach is more advantageous when one can choose C(Ω)
to be a structured grid. We refer to [3] for an example of a complementary approach, based on forward trajectories, that uses
spectral elements as an underlying discretization scheme.
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Although the two principal groups of semi-Lagrangian schemes mentioned in Section 1 use different ap-
proaches to enforce conservation, the techniques they employ to preserve local solution bounds, i.e., flux
correction and monotone reconstruction, respectively, are conceptually similar. In particular, both of these
techniques are based on local “worst-case” scenarios and commingle accuracy considerations with preserva-
tion of physical properties. This tends to obscure the sources of discretization errors incurred during the
remap stage of the generic scheme and makes it more difficult to rigorously ascertain that the numerical
solution is optimal in some sense. In the next section we present an alternative, optimization-based ap-
proach for the solution of the tracer remap problem, which avoids this issue by separating the accuracy
considerations from the enforcement of the properties P.1 and P.2. This approach builds on and extends
the ideas of optimization-based remap [16, 15, 14] to the present context.

3. Optimization-based tracer transport

The main idea of the optimization-based solution of the tracer transport problem is to separate accuracy
considerations from the preservation of physical properties. Thus, accuracy becomes the sole consideration
when defining the linear reconstructions for the density and the tracer. In particular, we will perform the
remap step by utilizing the best-possible, in the sense of preserving second order accuracy, approximation
of the gradient in (2.17) and (2.18). We note that although the resulting density and tracer reconstructions
are still mean-preserving, neither conservation, nor monotonicity of these reconstructions are required for
the optimization-based scheme, i.e., one can use any second-order accurate linear reconstruction even if it
does not preserve the mean value.

At the same time, removing the burden of property preservation from the remap stage necessitates a
revision of the third stage of the generic scheme because a straightforward application of the Lagrangian
update formulae (2.8) will not guarantee that P.1 and P.2 hold for the new averaged quantities. Instead,
we use (2.8) to define optimization targets that are accurate but not property-preserving. The solution at
the future time is then obtained by minimizing the mismatch between candidate averaged quantities and
the targets subject to constraints enforcing P.1 and P.2.

In so doing we ensure that the numerical solution is a global optimal state from a feasible set defined
by the physical properties, i.e., it is always the best possible, with respect to the optimization objective,
approximate solution that also possesses these physical properties. Moreover, one can show that classical
flux correction techniques can be derived from a simplified version of our global optimization formulation
that admits a closed form solution. In other words, these techniques can be interpreted as producing an
approximation of the global optimal state belonging to a smaller feasible set; see, e.g., [14, 17].

A separate advantage of our approach is that the enforcement of P.1 and P.2 as optimization constraints
is impervious to the mesh structure and/or field representations, thereby enabling property preservation on
arbitrary unstructured meshes; see Remark 3.2. This makes optimization-based tracer transport schemes
flexible and easily adaptable to a wide range of problem configurations.

3.1. Formulation of the optimization-based tracer transport scheme

To obtain the optimization-based tracer transport scheme we shall use the same linear density and tracer
reconstructions as in (2.17) and (2.18), except that now we will not require the gradient approximations
g�;i and g�;i to be the slope-limited. Instead we will use the best possible, in some sense, locally defined
approximations of these gradients. Two popular techniques to compute gradient approximations are the
Gauss-Green and the Least-Squares approaches. The former is based on the Gauss divergence theorem and
the latter solves an overdetermined linear system. We refer to [22] for a comprehensive survey of these
techniques and their properties. In this work we use a variant of the least-squares approach and define the
gradient approximations on cell ci by a least-squares fit based on the cell-averaged densities and tracers from
the cells adjacent to ci. We denote these approximations by gLS�;i and gLS�;i , respectively.

Let ρh;LSn and τh;LSn be linear reconstructions of the density and the tracer defined on each cell by using

gLS�;i and gLS�;i in (2.17) and (2.18), respectively. We define the mass and total tracer mass targets on eC(Ω)
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by integrating these reconstructions on the deformed cells, i.e.,

emT
i;n =

Z
eci

ρh;LSn (x)dV and eqT
i;n =

Z
eci

ρh;LSn (x)τh;LSn (x)dV . (3.1)

Because emT
i;n and eqT

i;n are defined by using mean-preserving reconstructions, similarly to the remapped
quantities in (2.14) they are conservative. However, unlike the latter they are not guaranteed to be monotone.
We then define the targets for the averaged quantities at the new time tn+1 on the fixed grid by using the
Lagrangian update formula (2.8), i.e., we set

ρT
i;n+1 =

emT
i;n

µi;n+1
and τT

i;n+1 =
eqT
i;nemi;n

, (3.2)

respectively. Again, in contrast to the averaged quantities computed by (2.8) in the last stage of the
generic scheme, the quantities given by (3.2) do not satisfy P.1. To enforce this property we will treat its
definition (2.12) as an optimization constraint. We note that although the targets (3.2) are conservative,
the conservation property (2.13) must be also included as a constraint on the state because it may be lost
during the optimization process. The first definition provides a set of local inequality constraints, whereas
the second one defines a global linear equality constraint.

To specify local bounds for the density at tn+1 we use the value of α given in (2.24), i.e., we set

ρmin
i;n+1 = ρmin

i;n

eµi;n
µi;n+1

and ρmax
i;n+1 = ρmax

i;n

eµi;n
µi;n+1

, (3.3)

respectively. The local bounds for the tracer at tn+1 remain the same as for tn; see Remark 2.1. We can
now state the optimization-based solution of the tracer transport problem as follows.

Optimization-based semi-Lagrangian tracer transport via incremental remapping.

1. Backward Lagrangian increment. Compute the deformed grid eC(Ω) by solving (2.2) backward in
time for all mesh nodes xj ∈ C(Ω).

2. Remap. Use ρh;LSn and τh;LSn to compute the mass and total tracer mass targets according to (3.1).

3. Lagrangian update.

• Density: Solve the constrained optimization problem8>>>><>>>>:
minimize

1

2

NCX
i=1

µ2
i;n+1(ρi;n+1 − ρT

i;n+1)
2 subject to

NCX
i=1

ρi;n+1µi;n+1 = Mn and ρmin
i;n+1 ≤ ρi;n+1 ≤ ρmax

i;n+1; i = 1, ..., NC .

(3.4)

Set ρi;n+1 = ρOPT
i;n+1 and mOPT

i;n+1 := ρOPT
i;n+1µi;n+1 where ρOPT

i;n+1 is the optimal solution of (3.4).

• Tracer: Solve the constrained optimization problem8>>>><>>>>:
minimize

1

2

NCX
i=1

(τ i;n+1 − τT
i;n+1)

2 subject to

NCX
i=1

τ i;n+1m
OPT
i;n+1 = Qn and τmin

i;n ≤ τ i;n+1 ≤ τmax
i;n ; i = 1, ..., NC .

(3.5)

Set τ i;n+1 = τOPT
i;n+1, where τOPT

i;n+1 is the optimal solution of (3.5).

In the next section we discus some implementation details to facilitate reproducibility of the numerical
results in Section 5.

9



3.2. Implementation details

Our implementation of the optimization-based tracer transport algorithm uses an equivalent formulation
of (3.4) in terms of the mass, developed in [15, 14]. In so doing we are able to reuse a well-tested, verified
and efficient implementation of the optimization-based density remap algorithm. In this formulation the
optimization targets are the masses emT

i;n instead of the averaged cell densities. The local bounds for these
masses are defined by

mmin
i;n+1 = ρmin

i;n eµi;n and mmax
i;n+1 = ρmax

i;n eµi;n , (3.6)

while the first equation in (2.13) defines the global linear equality constraint to enforce conservation of mass.
The equivalent mass-based optimization problem can then be stated as follows:

• Density: Solve the constrained optimization problem8>>>><>>>>:
minimize

1

2

NCX
i=1

(mi;n+1 −mT
i;n+1)

2 subject to

NCX
i=1

mi;n+1 = Mn and mmin
i;n+1 ≤ mi;n+1 ≤ mmax

i;n+1; i = 1, ..., NC .

(3.7)

Set ρOPT
i;n+1 = mOPT

i;n+1/µi;n+1 where mOPT
i;n+1 is the optimal solution of (3.7).

To show that (3.7) is equivalent to (3.4) define ρi;n+1 := mi;n+1/µi;n+1 and note that (3.2) implies emT
i;n =

ρT
i;n+1µi;n+1. It is then straightforward to check that the ansatz mi;n+1 = ρi;n+1µi;n+1 transforms (3.7) into

(3.4). The equivalence of (3.4) to (3.7) follows along the same lines.

! Ω

#!
#̃!

%"
&"

##

Figure 2: Swept region (gray hatch) formed from the Lagrangian motion of a cell side sj shared by cells ci and cm on the
Eulerian grid.

We now provide some additional information about the computation of integrals in (3.1). Recall that
the density and tracer reconstructions are defined on the cells of the fixed grid C(Ω), whereas the integrals

defining the targets are defined with respect to the cells of the deformed grid eC(Ω). As a result, evaluation
of (3.1) requires integration on the overlap of the fixed and deformed grids.

There are two general approaches that can be used to accomplish this task. The first one is to represent
every deformed cell as a union of its intersections with the cells on the fixed grid. Such an approach may
be preferable for large time steps in a distributed computing setting, where a deformed cell may potentially
jump processor boundaries. We refer to [3, 23] for examples of efficient methods for cell intersections. The
second approach is to compute emT

i;n and eqT
i;n by using the swept regions associated with the sides sj ∈ S(ci)
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of the cells on the fixed grid. The swept region approach leads to a straightforward definition of integration
area and has the advantage that conservation is ensured by construction. It is particularly attractive when
the deformed mesh satisfies a condition such as the locality condition stated in Section 2.1 so that the
deformed cell esj remains in the neighborhood of its fixed grid prototype ci.

In this paper we choose to work with a simple and straightforward instance of the second approach that
is sufficient for the second-order accurate linear reconstructions in (3.1). Specifically, the swept region rj
associated with side sj is formed from the Lagrangian motion of the vertices of this side to the vertices of

a corresponding cell side esj on the deformed mesh eC(Ω). An example swept region is shown in Figure 2 in
grey. Then, the target mass in the Lagrangian cell eci is given by the mass in the Eulerian cell ci modified
by the mass flux across each side defined by integrating over the swept regions associated with each side:

emT
i;n = mi;n +

X
sj∈S(ci)

Dij

Z
rj

ρh;LSk;n (x)dV . (3.8)

The target tracer mass can be computed in a similar way by integrating the product of the density and the
tracer reconstructions over swept regions:

eqT
i;n = qi;n +

X
sj∈S(ci)

Dij

Z
rj

ρh;LSk;n (x)τh;LSk;n (x)dV , (3.9)

In (3.8)–(3.9), Dij is an element of the side-to-cell incidence matrix (2.1) and the index k corresponds to
the cell index of the density reconstruction used in the swept region integral.

To explain how this index is defined consider a swept region rj (Figure 2) defined by the Lagrangian
movement of nodes on side sj that is shared by cell ci and cell cm. The density reconstruction used to
compute the integral over the swept region is taken from either cell ci or cell cm depending on whether the
signed area of the swept region µ∗(rj) multiplied by the entry in the side-to-cell incidence matrix, which
indicates the normal to the side, is positive or negative. The index is chosen to ensure that the cell that
contains the majority of the swept region is used in the integral. Therefore, we have that

k =

(
i if µ∗(rj)Dij < 0

m if µ∗(rj)Dij > 0
. (3.10)

Note that the surjective property of the side-to-cell incidence matrix implies

NCX
i=1

X
sj∈S(ci)

Dij

Z
rj

ρh;LSn (x)|ci
dV = 0 ,

that is, the sum of the fluxes is zero by construction and therefore the target is mass conserving.
Finally, we note that since the side nodes can move in different directions, the swept region rj is not a

simple extrusion of its parent side sj . This can complicate the computation of the integrals in (3.8) and (3.9)
by requiring one to keep track of all possible configurations of the swept regions. A more effective approach
to compute the fluxes, which is also impervious to the shapes of the swept regions, is based on Green’s
theorem. Using this theorem, one can replace integrals of polynomials over swept regions by integrals of
higher-degree polynomials over the (lower- dimensional) boundaries of these regions, see [24] and [25]. We
use this approach in our implementation of the optimization-based method.

Remark 3.1. The second-order optimization-based tracer transport scheme presented here can be extended
to higher orders of accuracy by utilizing higher-order reconstructions of the density and the tracer in (3.1).
However, this would also require more accurate representations of the deformed cells and the swept regions
using higher-order edge reconstructions similar to the approaches in [8] and [26]. Demonstration of such a
scheme is, however, beyond the scope of the present work.
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Remark 3.2. Although in this work we demonstrate the optimization-based tracer transport scheme for
quadrilateral grids, the optimization part of the algorithm is independent from the underlying mesh. As a
result, the approach can be extended to any mesh type as long as one has an efficient procedure to compute
the optimization targets (3.1). We note that for grids involving more complex cell shapes such as polygons
and polytopes, one would need to further examine the efficacy of the two approaches for computing these
integrals before deciding on using cell intersections, swept regions, or e.g., a supermesh approach [23].

Remark 3.3. The numerical implementation for the optimization-based tracer transport scheme and the
related generic scheme require a method for handling nonpositive values of mass on the deformed cells (emi;n)
used in the definition of the tracer (2.23) or tracer target (3.2). In the case of the generic scheme with slope
limiting, the mass is never negative but can have a zero value in a cell. To handle this case we add ϵ = 10−15

to the mass before division, which is the approach used in [1, Eq. 2.10]. For the optimization-based scheme,
the target tracer value is computed using an unlimited reconstruction of density that can lead to a negative
or zero cell mass. To compute the target tracer in this case, we use only cell values with mass greater than
zero, which corresponds to a simple clipping of negative values and forcing of the tracer to be zero where the
density is zero.

4. Analytical properties

In this section we present theoretical results highlighting the key properties of the optimization-based
tracer transport algorithm. Specifically, we discuss the optimality conditions for the tracer optimization
problem (3.5), the preservation of total tracer mass and local bounds, and prove that (3.5) preserves linear
correlations between tracers.

4.1. Optimality conditions, mass conservation and local bounds

For notational simplicity from now on we drop the time index from the designation of the various
quantities. For example, unless there is a chance of confusion we will write ρi instead of ρi;n+1.

Optimization problems of the type (3.4) and (3.5)) are known as singly linearly constrained quadratic
programs with simple bounds. In [27] Dai and Fletcher propose fast algorithms for their solution, with
robust globalization strategies for the case when the initial guess is far away from the solution. In [15] we
use a simple and efficient algorithm without globalization to solve the equivalent mass form (3.7) of the
density remap problem (3.4), which is analogous in form to the tracer remap problem (3.5). Our scheme
is robust in the context of incremental remap because the target tracer mixing ratio τT, which we use as
the initial guess for optimization, is very close to the minimizer of (3.5). The approach is based on the
direct solution of the optimality system, and yields an algorithm that converges in a handful of inexpensive
iterations.

We give a compressed outline of the approach as it pertains to (3.5) and the later discussion. We define
the Lagrangian functional L : Rτ × R × RNC × RNC → R,

L(τ , λ, ν1, ν2) =
1

2

NCX
i=1

(τ i − τT
i )

2 − λ

" 
NCX
i=1

miτ i

!
−Q

#
−

NCX
i=1

ν1;i
�
τ i − τmin

i

�
−

NCX
i=1

ν2;i (τ
max
i − τ i) ,

where τ ∈ RNC , with (τ)i = τ i, is the vector of primal optimization variables, λ ∈ R is the equality-constraint
dual variable, and ν1 ∈ RNC , with (ν1)i = ν1;i, and ν2 ∈ RNC , with (ν2)i = ν2;i, are the bound-constraint
dual variables. The gradient of the Lagrangian with respect to the primal variables is given by

∂

∂ τ i
L(τ , λ, ν1, ν2) = τ i − τT

i −miλ− ν1;i + ν2;i , for i = 1, . . . , NC .
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The necessary and sufficient optimality conditions for (3.5) are:

τ i = τT
i +miλ+ ν1;i − ν2;i i = 1, . . . , NC (4.1a)

τmin
i ≤ τ i ≤ τmax

i i = 1, . . . , NC (4.1b)

ν1;i ≥ 0 , ν2;i ≥ 0 i = 1, . . . , NC (4.1c)

ν1;i
�
τ i − τmin

i

�
= 0 , ν2;i (−τ i + τmax

i ) = 0 i = 1, . . . , NC (4.1d) 
NCX
i=1

miτ i

!
−Q = 0 . (4.1e)

Without loss of generality we may assume that τmin
i < τmax

i , i = 1, . . . , NC ; if τmin
i = τmax

i for some i
then the corresponding primal variables should be eliminated from the optimization problem. Under this
assumption, there are three cases to consider in (4.1): ν1;i = ν2;i = 0; ν1;i > 0, ν2;i = 0; and ν1;i = 0, ν2;i > 0.
Considering the three cases, respectively, the solution of (4.1) must satisfy for i = 1, . . . , NC :

If τmin
i ≤ τT

i +miλ ≤ τmax
i , τ i = τT

i +miλ, ν1;i = ν2;i = 0;

If τT
i +miλ < τmin

i , τ i = τmin
i , ν1;i = τ i − τT

i −miλ, ν2;i = 0;

If τT
i +miλ > τmax

i , τ i = τmax
i , ν1;i = 0, ν2;i = τT

i − τ i +miλ;

and
�PNC

i=1 miτ i

�
− Q = 0. Therefore, the equality-constraint dual variable λ satisfies the optimality

condition  
NCX
i=1

mimedian(τmin
i , τT

i +miλ, τ
max
i )

!
−Q = 0 . (4.2)

Given the dual solution λOPT of (4.2), the corresponding primal solution τOPT is given by

τOPT
i = median(τmin

i , τT
i +miλ

OPT, τmax
i ). (4.3)

The compact condition (4.2) suggests an efficient numerical scheme for solving (3.5), based on an iteration
on the scalar dual variable λ. For the details of the algorithm, see [15]. We note that this algorithm ensures
that the bound constraints (4.1b) are satisfied explicitly at every iteration. In other words, local bounds are
maintained throughout the optimization process. On the other hand, the mass conservation constraint (4.1e)
is only exact at optimality. However, starting from the initial guess τT our algorithm reaches machine-
precision accuracy in (4.1e) in just a few iterations. As a whole, our optimization-based approach to tracer
remap conserves the total tracer mass and maintains local tracer bounds to within machine precision.

Due to the fact that the optimization process enforces bounds directly on τ rather than ρτ this method
satisfies the standard definition of compatibility. Furthermore, using the analogous optimization-based
approach for density described in [15] we obtain cell averaged density and tracer mixing ratio values at each
step that satisfy bounds and result in a product ρτ that is bound preserving as well. Note that our method
will also satisfy tracer consistency when the density solution comes from a different numerical method. In
this case, we can use the discrete mass from the density solution in the optimization step for τ ensuring
consistency.

4.2. Preservation of linear correlations

A desirable feature of algorithms for tracer transport is the preservation of functional relationships
between tracer species [6]. This property would allow chemical species in the atmosphere to maintain rela-
tionships between their mixing ratios over time without introducing unphysical numerical mixing. Although
no method can preserve arbitrary nonlinear relationships between tracers, previous analysis has shown that
the commonly used Van Leer slope limiters [21] do preserve linear tracer correlations [7]. Here we prove
that the optimization-based tracer transport scheme preserves linear correlations as well. To do this we first
prove that the definition of the targets in (3.2) preserves linear correlations between tracers. The proof only
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relies on the form of the linear reconstruction (2.18) but not on the particular gradient approximation. For
this reason we state the result without assuming a particular gradient approximation scheme.

Theorem 4.1. Let ς and τ be cell averaged tracer mixing ratio values on the Eulerian grid. Assume that
these ratios satisfy the linear relation ς = aτ + b for some a, b ∈ R, a ̸= 0. Let τhi (x) and ςhi (x) be the
corresponding linear reconstructions for these quantities defined as in (2.18), i.e.,

τhi (x) = τ i + g�;i · (x− xci
) and ςhi (x) = ςi + g&;i · (x− xci

)

where g&;i = ag�;i. Then the target cell tracer values satisfy ςT = aτT + b.

Proof. Let the tracer mass on the Eulerian grid corresponding to tracer ς be defined as

pi =

Z
ci

ρhi (x)ς
h
i (x)dV ,

and the target tracer mass on the Lagrangian grid satisfy

epT
i = pi +

X
sj∈S(ci)

Dij

Z
rj

ρhk(x)ς
h
k(x)dV , (4.4)

for an index k as defined in (3.10). Then the corresponding cell average tracer mixing ratio is

ςT
i =

epT
iemT
i

(4.5)

where emT
i = mi +

X
sj∈S(ci)

Dij

Z
rj

ρhk(x)dV .

Now consider the integral of ρhk(x)ς
h
k(x) over a single swept area rjZ

rj

ρhk(x)(ςk + g&;k(x− xck
))dV .

After substituting the expression for ςk in terms of τk and g&;k = ag�;k we getZ
rj

ρhk(x)(aτk + b+ ag�;k(x− xck
))dV ,

which is equivalent to

a

Z
rj

ρhk(x)τ
h
k(x)dV + b

Z
rj

ρhk(x)dV .

Using this expression for the integral of one swept area in (4.4) we get

epT
i = pi + a

X
j∈S(ci)

Dij

Z
rj

ρhk(x)τ
h
k(x)dV + b

X
j∈S(ci)

Dij

Z
rj

ρhk(x)dV .

Given that pi = miςi = mi(aτ i + b) this becomes

epT
i = a

0@miτ i +
X

j∈S(ci)

Dij

Z
rj

ρhk(x)τ
h
k(x)dV

1A+ b

0@mi +
X

j∈S(ci)

Dij

Z
rj

ρhk(x)dV

1A = aeqT
i + bemT

i .

Substituting this expression into (4.5)

ςT
i =

aeqT
i + bemT

iemT
i

,

and therefore ςT
i = aτT

i + b.
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Given a linearity preserving target we now prove that the optimization scheme, based on the compact
optimality conditions (4.2), preserves linear correlations between tracers.

Theorem 4.2. Let a, b ∈ R. Let τOPT be the solution of (3.5), and let the linear shifts ςT
i , ς

min
i , ςmax

i and W
of the quantities τT

i , τ
min
i , τmax

i and Q, respectively, be defined as follows:

ςT
i = aτT

i + b ;

ςmin
i =

(
aτmin

i + b if a ≥ 0

aτmax
i + b if a < 0

;

ςmax
i =

(
aτmax

i + b if a ≥ 0

aτmin
i + b if a < 0

; and

W = aQ+ b
PNC

i=1 mi ,

where i = 1, . . . , C. Then the solution ςOPT of8>>>><>>>>:
minimize

1

2

NcX
i=1

(ςi − ςT
i )

2 subject to

NCX
i=1

ςimi = W and ςmin
i ≤ ςi ≤ ςmax

i i = 1, ..., NC

(4.6)

satisfies ςOPT
i = aτOPT

i + b, where i = 1, . . . , NC .

Proof. First, we consider the case a = 0. From the definitions in Theorem 4.2 we obtain ςmin
i = ςmax

i = b,
for all i = 1, . . . , C. Thus, the bound constraints in (4.6) directly imply ςi = b, for all i = 1, . . . , C, and

NCX
i=1

ςimi =

NCX
i=1

bmi = b

NCX
i=1

mi = W.

Therefore, the solution ςOPT of (4.6), with ςOPT
i = b, i = 1, . . . , C, trivially satisfies ςOPT

i = aτOPT
i + b, for

any τOPT.
Second, we consider the case a ̸= 0. Analogous to the condition (4.2), the dual optimal solution ϑOPT of

(4.6) is the solution of the nonlinear equation 
NCX
i=1

mimedian(ςmin
i , ςT

i +miϑ, ς
max
i )

!
−W = 0, i = 1, . . . , NC . (4.7)

Substituting the definitions of ςT, ςmin and ςmax in the median expression we obtain for the case a ≥ 0, 
NCX
i=1

mimedian(aτmin
i + b, aτT

i + b+miϑ, aτ
max
i + b)

!
−W = 0, i = 1, . . . , NC . (4.8)

For a < 0, ϑOPT solves 
NCX
i=1

mimedian(aτmax
i + b, aτT

i + b+miϑ, aτ
min
i + b)

!
−W = 0, i = 1, . . . , NC ,
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which is equivalent to (4.8) because the median function is invariant to the order of its arguments. Substi-
tuting the definition of W into (4.8) we obtain for ϑOPT

0 =

 
NCX
i=1

mimedian(aτmin
i + b, aτT

i + b+miϑ
OPT, aτmax

i + b)

!
− aQ− b

NCX
i=1

mi

=

 
NCX
i=1

mi

�
amedian(τmin

i , τT
i +mi

ϑOPT

a
, τmax

i ) + b

�!
− aQ− b

NCX
i=1

mi

= a

 
NCX
i=1

mimedian(τmin
i , τT

i +mi
ϑOPT

a
, τmax

i )

!
+ b

NCX
i=1

mi − aQ− b

NCX
i=1

mi

= a

  
NCX
i=1

mimedian(τmin
i , τT

i +mi
ϑOPT

a
, τmax

i )

!
−Q

!
,

where we have used the homogeneity of the median function and its invariance to a scalar shift. This implies 
NCX
i=1

mimedian(τmin
i , τT

i +mi
ϑOPT

a
, τmax

i )

!
−Q = 0,

which is the optimality condition (4.2) with λOPT = ϑOPT/a, where λOPT is the primal optimal solution of
problem (3.5). Combining ϑOPT = aλOPT with (4.3) applied to problem (4.6) we conclude, for i = 1, . . . , NC ,

ςOPT
i = median(ςmin

i , ςT
i +miϑ

OPT, ςmax
i )

= median(aτmin
i + b, aτT

i + b+miaλ
OPT, aτmax

i + b)

= amedian(τmin
i , τT

i +miλ
OPT, τmax

i ) + b = aτOPT
i + b.

5. Numerical studies

We present a set of numerical studies that demonstrate the capabilities of the optimization-based tracer
transport scheme and illustrate the analytical properties described in Section 4. Results are provided for a
one-dimensional compatibility test and several two-dimensional transport tests in a plane and on a sphere
using a cubed sphere grid (Figure 3). The extension of the algorithm to a cubed-sphere grid requires
modifications to the target computation, but does not in any way affect the definition of the constraints or
the optimization algorithm. As in the Cartesian case, the swept regions are defined using piecewise linear
reconstructions and correspond to great circle arcs on the sphere. Higher-order accuracy can be recovered
with higher order edge reconstructions as in [26], but for the second-order acccurate transport demonstrated
here linear reconstructions are sufficient. Formulation of area integrals in curvilinear coordinates on the
cubed sphere grid can be found in [8].

For comparison we also present results from an unlimited (UL) and slope-limited (SL) version of the
generic semi-Lagrangian scheme implemented using the least-squares technique in Section 3.1 to approximate
the gradients of the density and the tracer. We note that the UL version of the generic scheme is equivalent to
taking the target values used in the optimization scheme as the final solution. For the slope limited version,
the least-squares gradient approximations in the linear reconstructions (2.17) and (2.18) are modified by
coefficients α� and α� as

ρhi (x) = ρi + α�g
LS
�;i · (x− xbi

) , (5.1)

τhi (x) = τ i + α�g
LS
�;i · (x− xci

) . (5.2)
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Figure 3: Cubed-sphere grid with 10x10 elements per panel.

The coefficients are defined using a version of multidimensional van Leer limiting [21] from [2] as

α� = min(1, αmin� , αmax� )

α� = min(1, αmin� , αmax� )

where

αmin=max� = max

 
0,

(ρ
min=max
i − ρi)

min/max(ρh(x)|ci
)− ρi)

!

αmin=max� = max

 
0,

(τ
min=max
i − τ i)

min/max(τh(x)|ci
)− τ i)

!
.

In this expression ρ
min=max
i and τ

min=max
i are minimum and maximum values taken from the neighborhood

of cell i as in Equation (2.10).
Given an exact solution τ(x, t) let τei be its density-weighted average on cell ci of the Eulerian grid. We

report the errors between τei and the numerical solution τ i using three different discrete norms defined as
follows:

l2 =

 PNC

i (τ i − τei )
2µiPNC

i (τei )
2µi

!1=2

, l1 =

PNC

i |τ i − τei |µiPNC

i |τei |µi
, l∞ =

maxi|τ i − τei |
maxi|τei |

.

5.1. One-dimensional compatibility test

To demonstrate the ability of the optimization-based tracer transport algorithm to maintain compatibility
between the density and tracer we use a one-dimensional test case from [1]. In this test the initial density
is defined as

ρ0(x) =

8<: 1− x for − 1 ≤ x ≤ 0
1 for 0 ≤ x ≤ 1
0 otherwise,

and the initial tracer mixing ratio is

τ0(x) =

8<: 1 for 0.75 ≤ |x| ≤ 1.0
0.2 for |x| < 0.75
0 otherwise.

Using these expressions the initial tracer mass is defined as ϕ0(x) = ρ(x, 0)τ(x, 0). The initial distributions,
shown in Figure 4, are transported in the velocity field v(x) = −x, resulting in exact solutions at time t

ρ(x, t) = etρ0(xe
t), τ(x, t) = τ0(xe

t), ϕ(x, t) = etϕ0(xe
t).

We evaluate the transport of the initial conditions in the velocity field over a domain [−1.5, 1.5] up to a
final time of t = 1 using time steps ∆t = 0.025, 0.0125, 0.00625 and corresponding spatial discretizations
∆x = 0.05, 0.025, 0.0125.
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Density Tracer Density*Tracer

Figure 4: Initial distributions of density, tracer mixing ratio and product of density and tracer mixing ratio for a mesh resolution
of ∆x = 0:0125

This numerical example presents a challenging test case particularly near the zero density edge of the
distributions and many methods display spread of the tracer into regions as shown in [1]. Results for the
unlimited case (UL), the slope limited case (SL), and the optimization-based transport (OBT) algorithm
are shown in Figure 5. Note that nonpositive values of cell mass are handled as described in Remark 3.3.
As expected the unlimited case violates solution bounds for ρ, τ , and ρτ . The spread of τ in this case is
limited by the fact that negative masses are clipped when computing the tracer from the ratio of tracer
mass to mass as in (3.2). Although not shown here, when the clipping of negative masses is not applied the
UL solution becomes unstable. In the slope limited (SL) case compatibility is ensured by the use of limiting
applied to the gradients of the reconstructions for τ and ρ and depends on using an averaging operator to
compute the cell mean tracer as in [2]. Although this case preserves bounds and conserves ρ and ρτ , it can
result in spread of τ at the edges of the distribution where ρ and ρτ are very small and equal. In contrast,
the OBT algorithm applies limiting and mass conservation constraints directly to ρ and τ and can therefore
better limit spread at the edges of the distribution. Errors at the final time are provided in Table 1.

∆x ∆t min τ max τ l2 error τ l2 error ρ

UL 0.05 0.025 0.0 0.9635 0.9373 0.1503
0.025 0.0125 0.0 1.3937 0.5723 0.1127
0.0125 0.00625 0.0 1.0436 0.3781 0.08745

SL 0.05 0.025 0.0 1.0000 2.557 0.1481
0.025 0.0125 0.0 1.0000 1.398 0.1099
0.0125 0.00625 0.0 1.0000 1.145 0.08693

OBT 0.05 0.025 0.0 0.8599 0.7627 0.1585
0.025 0.0125 0.0 0.9760 0.3871 0.1183
0.0125 0.00625 0.0 1.0000 0.3557 0.09235

Table 1: Comparison of tracer bounds and l2 errors of � and � with respect to the exact solution for the unlimited method
(UL), the slope limited method (SL), and the optimization-based method (OBT) for the one-dimensional compatibility test.

5.2. Tracer transport in a plane

In this section we evaluate the optimization-based tracer transport algorithm on a series of two-dimensional
test cases in the plane. For all test cases we use the following non-divergent swirling velocity field from Lev-
eque [28] with period T = 2.5

u = sin2(πx) sin(2πy) cos(πt/T )

v = − sin2(πy) sin(2πx) cos(πt/T ).
(5.3)

The velocity field is constructed so that after a full cycle when t = T a density or tracer distribution will
return to its initial position thereby facilitating error analysis. Additionally, the velocity field is zero on
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Figure 5: Final distributions of density, tracer mixing ratio, and product of density and tracer mixing ratio for the unlimited
case (top row), the compatible slope limited case (middle row), and OBT (bottom row) for a resolution ∆x = 0:0125 for the
one-dimensional compatibility test.

the boundary of the domain so that boundary conditions can be handled very simply. In all cases we use
the fourth-order Runge-Kutta method to define departure points for the algorithm and assume a constant
initial density distribution equal to one.

5.2.1. Convergence

To test the convergence rate of the OBT tracer algorithm we use a smooth Gaussian distribution

τ = sin(πx)4 sin(πy)4 exp(−β(x− x0)
2 + (y − y0)

2),

centered at (x0, y0) = (0.25, 0.5) with β = 40 as the initial configuration of the tracer mixing ratio. Surface
plots of the tracer mixing ratio at the initial time and at the midpoint of the deformation in the swirling
velocity field are shown in Figure 6.

We transport the Gaussian tracer mixing ratio in the swirling velocity field for four grid resolutions:
32 × 32, 64 × 64, 128 × 128, and 256 × 256. For each case we compute l2 and l∞ errors, and record the
maximum and minimum values of the tracer mixing ratio at the final time, which are shown in Table 2.
Although the unlimited case (UL) has the lowest errors, it violates the lower bound of the distribution for
all resolutions. Plots of the errors in Figure 7 show that the OBT l2 errors are very similar to the UL errors
and better than the slope limited (SL) errors. The l∞ error rates for OBT and SL are reduced from the UL
rates as is typical with most bound preserving methods, but the OBT errors are better than the SL errors
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for this case. A slice along the x-axis through the center of the Gaussian distribution, shown in Figure 8,
illustrates differences in the algorithms. In general, the slope-limited algorithm crops the top of distributions
more than the optimization-based method.

Table 2 also includes computational times, relative to the UL baseline computational times. The
optimization-based algorithm performs well in comparison to the slope-limited and unlimited cases. The
computational times are very similar for all three methods, illustrating the serial efficiency of the global
optimization algorithm used to implement the OBT scheme.

(a) (b)

Figure 6: Plot of the Gaussian tracer distribution for the convergence test at the initial time (a) and at the time of maximum
deformation (b) for the OBT case at 256 � 256 resolution.

Mesh ∆t Rel. Time l2 error τ l∞ error τ min τ max τ

UL 32x32 0.0156 1.00 0.1958 0.2244 -7.80e-3 0.3403
64x64 0.00781 1.00 0.05954 0.07050 -3.16e-3 0.4022
128x128 0.00391 1.00 0.01132 0.01367 -4.13e-5 0.4229
256x256 0.00195 1.00 0.001602 0.002134 -8.76e-12 0.4261

SL 32x32 0.0156 1.05 0.2303 0.3197 0.0000 0.2814
64x64 0.00781 1.06 0.07334 0.1472 0.0000 0.3617
128x128 0.00391 1.11 0.01593 0.05529 0.0000 0.4023
256x256 0.00195 1.19 0.002983 0.01938 0.0000 0.4182

OBT 32x32 0.0156 1.10 0.2054 0.2516 3.20e-6 0.3228
64x64 0.00781 1.08 0.06222 0.08572 5.18e-6 0.3907
128x128 0.00383 1.07 0.01212 0.02257 2.34e-6 0.4164
256x256 0.00195 1.14 0.001836 0.007765 1.30e-6 0.4232

Table 2: Comparison of timing, l2, and l∞ errors in � with respect to the initial conditions for the convergence test case
where a Gaussian tracer distribution is transported in a non-divergent deformational velocity field. The relative computational
time (Rel. Time) is given as the ratio of the computational time and the (baseline) UL computational time for the same grid
resolution.

5.2.2. Combo Test

In order to evaluate the performance of the optimization-based approach for non-smooth distributions,
we consider an initial tracer mixing ratio that consists of a smooth hump given by τ(x1, x2, 0) = 0.25(1 +
cos(πr(x1, x2)), where r(x1, x2) = min{

p
(x1 − 0.25)2 + (x2 − 0.5)2, 0.15}/0.15, and a cone and a slotted
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Figure 7: Plot of the l2 and l∞ error for the convergence test with Gaussian distribution for the unlimited, slope limited, and
optimization-based transport cases. The unlimited case has the highest convergence rates, but does not remain within the
physical solution bounds. The optimization-based transport method maintains a convergence rate close to the unlimited case
for the l2 error and performs significantly better than the slope-limited case for the l∞ error.
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Figure 8: Slice of the Gaussian tracer distribution at the final time for a resolution of 128x128 (a). The slope limited algorithm
exhibits more clipping of the top of the distribution than the OBT algorithm, which can can be seen more clearly when we
zoom in around the maximum (b).

cylinder of radius 0.15 and height 1, centered at (0.5,0.25) and (0.5,0.75), respectively [28]. The slot in the
cylinder is created by removing the region [0.475,0.525]×[0.6,0.85].

We evolve the initial tracer in the swirling velocity field, shown in surface plots of the tracer distribution
at the initial time and final time for the optimization-based transport algorithm (OBT), the slope limited
algorithms (SL), and the unlimited case (UL) (Figure 9). The results for OBT and SL are quite similar in
the surface plots. However differences are more apparent in Figure 10, where slices of the solution along
y = 0.5 are shown. It can be seen that the SL algorithm reduces the maximum and produces higher tracer
values within the cylinder slot.
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(a) (b)

(c) (d)

Figure 9: Initial conditions for swirl test with combo tracer distributions (a) and final configuration for the unlimited case (b),
the slope limited case (c), and the optimization-based transport case (d).

5.2.3. Linear Correlation Test

To illustrate linear correlation preservation we define a tracer τ as a smooth hump centered at (x0, y0) =
(0.25, 0.5)

τ = 0.4(1 + cos(πr(x, y))),

where
r(x, y) = min{

p
(x− x0)2 + (y − y0)2, r0}/r0,

and r0 = 0.15. We then define a linearly correlated tracer ς = −1.2τ + 1.0 and transport the distributions
in the swirling velocity field while computing the difference between ς and −1.2τ + 1.0 at each time step.

Plots of the tracer mixing ratios at the initial time, the time of maximum deformation and the final time
are shown in Figure 11. The algorithm does maintain the linear relationship of the two tracers throughout
the computation as seen in Figure 12, where the l2 error in the difference between ς and (−1.2τ + 1.0) as a
function of time is plotted.
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Figure 10: Slices of tracer mixing ratio along x = 0:5 (top left), x = 0:25 (top right), y = 0:75 (bottom left), and y = 0:25
(bottom right) at the final time for the unlimited case (UL), the slope limited case (SL) and the optimization-based transport
algorithm (OBT).

5.3. Tracer transport on a sphere

In this section we evaluate the optimization-based tracer transport algorithm on a series of test cases
on the sphere. In all test cases we use a non-divergent deformational velocity field from Nair and Lauritzen
[29], which is defined in terms of latitude (θ) and longitude (λ) as

u(λ, θ, t) = 2 sin2(λ) sin(2θ) cos (πt/T )

v(λ, θ, t) = 2 sin (2(λ)) cos(θ) cos (πt/T )

As in the Cartesian case, the velocity field is constructed so that after a full cycle when t = T a density or
tracer distribution will return to its initial position and the initial density distribution is set to a constant of
one. In all cases we use the fourth-order Runge-Kutta method to define departure points for the algorithm.

5.3.1. Convergence

To test the convergence rate of tracer mixing ratio we use a distribution consisting of two smooth
Gaussian hills initially centered at (λ1, θ1) = (3π/2, 0) and (λ2, θ2) = (5π/2, 0) defined by

τ(λ, θ) = exp(−5((X −Xi)
2 + (Y − Yi)

2 + (Z − Zi)
2) i = 1, 2 (5.4)

where Xi = cosλi cos θi, Yi = sinλi cos θi, and Zi = sin θi [30]. Figure 13 displays the tracer distribution at
the initial time (t = 0), the time of maximum deformation (t = 2.5) and the final time (t = 5). Errors are
given in Table 3 and plots of error and shown in Figure 14. As in the Cartesian case the absolute errors are
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(a) (b) (c)

(d) (e) (f)

Figure 11: Surface plots of tracer � at the initial time (a), the time of maximum deformation (b) and the final time (c), along
with surface plots of a linearly correlated tracer & = �1:2� + 1:0 at the initial time (d), the time of maximum deformation (e)
and the final time (f).
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Figure 12: Plot of the l2 error in the difference between �1:2� + 1:0 and & for the two linearly correlated tracers over the
computation time during transport in the swirling velocity field. The error remains on the order of 1 � 10−12 after the first
several time steps.

better for OBT than for the SL scheme, although both bound preserving methods have larger errors than
the UL case. As expected, the SL method exhibits a greater cut-off of the peak of the distribution as seen
in Figure 15.

5.3.2. Notched Cylinder Test

The behavior of the algorithm for discontinuous tracer distributions is tested using two slotted cylinders
with radii r = 1/2, height h = 1, and initial positions (λ1, θ1) = (5π/6, 0) and (λ2, θ2) = (7π/6, 0). The
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t = 0 t = 2:5 t = 5

Figure 13: Latitude-longitude projection of the Gaussian hill tracer distribution in a deformational velocity field at the initial
time t = 0, time of maximum deformation = 2:5 and final time t = 5 on a mesh with 0:75◦ resolution.

Mesh Time Steps l2 error τ l∞ error τ min τ max τ

UL 3◦ 300 1.560e-1 2.051e-1 -2.817e-2 0.7724
1.5◦ 600 4.193e-2 6.471e-2 -4.327e-3 0.9030
0.75◦ 1200 7.044e-3 1.184e-2 1.497e-8 0.9472
0.375◦ 2400 9.516e-4 1.852e-3 1.496e-8 0.9527

SL 3◦ 300 1.959e-1 2.936e-1 1.608e-8 0.6733
1.5◦ 600 6.784e-2 1.327e-1 1.521e-8 0.8290
0.75◦ 1200 1.447e-2 4.914e-2 1.502e-8 0.9094
0.375◦ 2400 2.682e-3 1.704e-2 1.497e-8 0.9402

OBT 3◦ 300 1.635e-1 2.336e-1 3.562e-5 0.7350
1.5◦ 600 4.875e-2 8.964e-2 6.171e-5 0.8717
0.75◦ 1200 9.461e-3 2.961e-2 5.895e-5 0.9281
0.375◦ 2400 1.674e-3 1.121e-2 9.465e-6 0.9458

Table 3: Comparison l2 and l∞ errors in � with respect to the initial conditions for the convergence test case where a Gaussian
tracer distribution is transported in a non-divergent deformational velocity field on the sphere.
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Figure 14: Plot of l2 and l∞ errors for two Gaussian hills transported in a deformation flow field on the sphere for OBT and
the unlimited case.

initial configuration of the notched cylinders may be expressed in latitude-longitude coordinates as

ρ(λ, θ) =

8>><>>:
h if ri < r and |λ− λi| ≥ r/6 for i = 1, 2
h if r1 < r and |λ− λ0| < r/6 and θ − θ0 < −5r/12
h if r2 < r and |λ− λ1| < r/6 and θ − θ1 > 5r/12
0 otherwise.
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(a) (b)

Figure 15: Slice of the final solutions along � = 0 for the case of two Gaussian hills transported in a deformation flow field on
the sphere from the UL, SL and OBT methods (a) and a close up of the maximum (b).

Plots of this tracer mixing ratio distribution transported in the deformational velocity field are shown
in Figure 16 projected onto latitude-longitude coordinates. The discontinuous tracer mixing ratio causes
significant undershoots and overshoots at the final time for the unlimited case. However, the OBT result
maintains exact bounds throughout the computation.

Initial UL SL OBT

min = 0.1 min = -0.020 min = 0.100 min = 0.100

max = 1.0 max = 1.140 max = 0.999 max = 1.000

Figure 16: Plots of the notched cylinder tracer distribution in a deformational velocity field at the initial time t = 0, time of
maximum deformation = 2:5 and final time t = 5 on a mesh with 0:75◦ resolution for the unlimited case, the slope limited case
and OBT. Minimum and maximum values of the tracer at the final time are shown below the plots.

5.3.3. Tracer Correlation Tests on the Sphere

For the tracer correlation test initial tracer mixing ratio distributions of two cosine bells with radii
r = 1/2, height h = 1, and initial positions (λ1, θ1) = (5π/6, 0) and (λ2, θ2) = (7π/6, 0) are used. The
mixing ratio for the first tracer τ can be expressed in terms of the great circle distance ri between a point
(λ, θ) and the center of the cosine bell (λi, θi) as

τ(λ, θ) =

�
1
2 (1 + cos(πri/r)) if ri < r for i = 1, 2
0 otherwise.

The linearly correlated tracer mixing ratio is then defined to be ς = −0.8τ + 0.9. The initial tracer mixing
ratios are shown in Figure 18. The tracer distributions are transported in the deformational velocity field
defined in 5.3. The l2 error in the correlation between τ and ς computed at each time step and shown in
Figure 19 confirms that the linear relationship is preserved throughout the computation.
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