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Abstract
This paper reports and benchmarks a new
implementation of nuclear magnetic resonance
shieldings, magnetizabilities, and J-couplings
for molecules within semilocal density func-
tional theory, based on numeric atom-centered
orbital (NAO) basis sets. NAO basis sets are
attractive for the calculation of these nuclear
magnetic resonance (NMR) parameters because
NAOs provide accurate atomic orbital repre-
sentations especially near the nucleus, enabling
high-quality results at modest computational
cost. Moreover, NAOs are readily adaptable for
linear scaling methods, enabling efficient calcu-
lations of large systems. The paper has five
main parts: (1) It reviews the formalism of den-
sity functional calculations of NMR parameters
in one comprehensive text to make the mathe-
matical background available in a self-contained
way. (2) The paper quantifies the attainable
precision of NAO basis sets for shieldings in
comparison to specialized Gaussian basis sets,
showing similar performance for similar basis

set size. (3) The paper quantifies the preci-
sion of calculated magnetizabilities, where the
NAO basis sets appear to outperform several
established Gaussian basis sets of similar size.
(4) The paper quantifies the precision of com-
puted J-couplings, for which a group of cus-
tomized NAO basis sets achieves precision of
∼ Hz for smaller basis set sizes than some es-
tablished Gaussian basis sets. (5) The paper
demonstrates that the implementation is appli-
cable to systems beyond 1,000 atoms in size.

1 Introduction
Nuclear magnetic resonance (NMR) spec-
troscopy is one of the most widely used ex-
perimental techniques for probing the structure
and dynamics of materials, reactions and mor-
phology. It has found widespread application
in chemistry, medicine and geophysics.1–9 The
NMR chemical shifts and the indirect dipole-
dipole couplings (J -couplings) are highly sen-
sitive to the electronic structure and can serve
as accurate probes of the local chemical envi-
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ronment.10,11 Interpretation of NMR spectra
is often empirical in nature, therefore, first-
principles calculations, particularly density
functional theory (DFT), can help with the as-
signment of chemical shifts and J -couplings to
specific nuclei.12–21 Additionally, first-principles
derived NMR parameters may serve as funda-
mental input to model Hamiltonians22–24 of
the quantum mechanics and time evolution of
nuclear spin systems to simulate NMR spec-
tra and magnetic resonance images. Finally,
machine-learned predictions of NMR parame-
ters based on input from electronic structure
calculations are also gaining traction.25

One factor influencing the quality of calcu-
lated NMR parameters is the quality of the
quantum-mechanical basis set, especially in the
region near the nucleus. All-electron implemen-
tations, which treat the potential in this region
without a priori approximations, exist for sev-
eral widely used basis set types such as Gaus-
sian type orbitals (GTOs),15,26–31 linearized
augmented plane waves (LAPW),32 Slater-type
orbitals (STOs),33,34 and wavelets.35 Close to
all-electron accuracy has also been reported
with projector augmented waves (PAW)20,36,37

and ultrasoft pseudopotentials.38

The purpose of the present work is to investi-
gate the use of numeric atom-centered orbitals
(NAOs)39–43 as all-electron basis sets for three
magnetic response properties: NMR shielding
tensors (and chemical shifts), magnetizabilities,
and J -couplings. NAO basis functions can be
expressed in the form

ϕi(r) = Ylm(Ω)
ui(|r −Ri|)
|r −Ri|

(1)

in terms of the spherical harmonics Ylm, where
l and m are the angular momentum quantum
numbers, and the radial functions ui(r), where
i indexes different atoms, radial functions, and
angular momenta l. r is the position vector,
Ri is the origin of the basis function i, and Ω
is the angular part of the position vector ref-
erenced to Ri. The radial functions ui(r) are
numerically tabulated and evaluated as cubic
splines; therefore, their shape is fully flexible.
Importantly, the correct shape close to the nu-

cleus can be captured with high accuracy for the
density functional employed in a specific simu-
lation.

The present paper focuses on summarizing
a particular computational implementation of
magnetic response properties for molecules.
We then provide benchmarks for the numer-
ical precision (i.e., for the degree of basis
set convergence) that can be expected from
several dedicated NAO basis sets of varying
size. For this purpose, we employ the Perdew-
Burke-Ernzerhof (PBE) generalized gradient
density functional.44 We note that several other
methodological choices, most importantly the
underlying electronic structure method, are im-
portant for accurate magnetic resonance com-
putations as well (see, e.g., Ref.45 for a tuto-
rial review). The accuracy of the PBE func-
tional (or others) is not the focus of this work,
since several broad studies of this aspect exist
in the literature. For example, Schattenberg
and Kaupp46 recently established the NS372
database of 372 shielding constants for 117
molecules, up to coupled cluster theory at the
level of singles, doubles and perturbative triples
(CCSD(T)) and compared the performance of
a wide range of density functionals. For DFT-
PBE and 1H shieldings, a relative mean abso-
lute error of ∼2% is shown. Heavier nuclei show
average deviations of ∼4-6% and deviations
can be significantly larger for individual exam-
ples. For a subset of the NS372 database, even
more density functionals were later assessed by
Liang et al.47 Lehtola et al.48 performed bench-
mark calculations for the magnetizabilities of 27
small molecules, employing 51 density function-
als and building on geometries and CCSD(T)
results established earlier by Lutnæs et al.49

Here, the DFT-PBE functional performs sim-
ilar to other generalized-gradient approxima-
tions, with a relatively large mean average error
of around 9·10−30 J/T2, i.e., a factor of three
worse than the best-performing hybrid density
functionals. The quality of different density
functionals has also been assessed for spin-spin
couplings. For example, San Fabián et al.50

studied 88 1JCH couplings, covering 68 molecu-
lar systems and multiple types of GTO basis
sets and compared to experimental reference
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data. The PBE density functional can yield
mean average prediction errors of a few Hz for
simple one-bond C-H couplings51 although sig-
nificantly larger absolute deviations are possible
for some specialized, complex couplings.52

In this paper, we implement the nonrelativis-
tic formalism for the calculation of NMR shield-
ings, magnetizability, and J -couplings, applica-
ble to molecules in semilocal DFT, in the NAO
based all-electron code FHI-aims.39,53–55 The fo-
cus is on the non-relativistic formalism in or-
der to enable unambiguous benchmarks com-
pared to other codes but a scalar-relativistic
implementation at the level of the atomic zero-
order regular approximation (atomic ZORA) in
the specific version described in Ref.39 has also
been completed. The ability to calculate the
central NMR parameters in FHI-aims, as es-
tablished in this work, also allows for batch
production of NMR parameters for large li-
braries of small molecules, which can be used
for simulations of NMR spectra in other pro-
grams. Here, we compare the performance of
NAO basis sets to several Gaussian type ba-
sis sets that are well established in the com-
munity. In particular, we test three types of
NAO basis sets, referred to as “FHI-aims-09”,39

NAO-VCC-nZ,40 and NAO-J-n (introduced in
the present work), against a group of GTO ba-
sis sets: cc-pVnZ,56 aug-cc-pVnZ,57 cc-pCVnZ
and aug-cc-pCVnZ,58 (aug-)pc-n,59 (aug-)pcS-
n,60 and the re-contracted (aug-)pcJ-n.61,62 For
magnetizabilities, the NAOs show faster conver-
gence than any of the tested GTO basis sets.
For shieldings, the NAOs are on par with the
pcS basis sets. For J -couplings, the new NAO-
J-n basis sets achieve Hz precision for slightly
smaller basis set sizes than the pcJ-n basis sets.
Finally, we demonstrate the applicability of our
implementation for large scale systems by cal-
culating shieldings and J -couplings in a test
system of 1,052 atoms. The test system is a
DNA segment that was used by the authors of
Ref. 29 in a past validation of an NMR imple-
mentation.

2 Computational Background
This section summarizes the specific basis sets
and mathematical expressions used in our im-
plementation and examined in our benchmarks.
We remark that implementation details for
atomic orbital (though not necessarily NAO)
based computations of NMR shieldings, magne-
tizabilities, and J -couplings have also been pre-
sented in other works.14,26–28,33,34,63 However,
including the full set of expressions used in this
specific work allows us to keep the present de-
scription self-contained. Following the back-
ground, results are discussed in Sec. 3.

2.1 Basis Sets Considered in this
Work

The main attributes of each basis set considered
in this work are summarized in Table 1 and are
described in more detail in the following.

The FHI-aims-09 basis sets are general-
purpose basis sets that were created for DFT-
based total-energy calculations,39 covering 102
chemical elements. For each chemical element,
they are grouped into tiers, or levels, of ba-
sis functions, leading to a series of basis sets
of increasing accuracy. In the original con-
struction of this basis set library, successive
basis functions were selected by minimizing the
total energies of non-spin-polarized symmet-
ric dimers using hydrogen-like, cation-like, or
atom-like functions with a variable confinement
potential (see Ref. 39 for details). By conven-
tion, each FHI-aims-09 basis set includes the
occupied core and valence functions of spherical
free atoms as the “minimal basis.” A “tier 1”
basis set retains this minimal basis and adds a
set of additional basis functions. A “tier 2” ba-
sis set adds a second “tier” of basis functions to
the tier 1 basis set, and so on. The FHI-aims-
09 basis sets have proven to be accurate basis
sets for ground state all-electron calculations.64

Accuracy on the order of a few meV/atom or
better for the total energy was demonstrated in
reference to multiresolution wavelets.65 How-
ever, only the DFT total energy was considered
in the construction of the FHI-aims-09 basis
sets. The response of the spin density and
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Table 1: Basis sets tested in this work. “Type” refers to either numeric atom centered orbitals
(NAOs) or Gaussian type orbitals (GTOs). To characterize the size of different basis sets, Nb is
the number of basis functions averaged over the basis size of isolated B, C, N, O, Al, Si, P, and S
atoms (not all basis sets are available for the other elements).Nb = (NB +NC +NN +NO +NAl +
NSi +NP +NS)/8, where NX is the basis size of element X. Nm

b and NM
b are the minimum and

maximum Nb values for the given basis set type.

Basis set Type Levels Nm
b –NM

b Target
FHI-aims-0939 NAO 1,2,3,4 21–86 General purpose DFT
NAO-VCC-nZ40 NAO 2,3,4,5 23–100 General purpose with focus on sums over unoccupied

states for perturbation theory (RPA or MP2)
NAO-J-n NAO 2,3,4,5 29–106 J -couplings
cc-pVnZ56 GTO D,T,Q,5,6 16–142 General purpose
aug-cc-pVnZ57 GTO D,T,Q,5,6 25–191 General purpose and specifically electron affinities
cc-pCVnZ58 GTO D,T,Q,5,6 23–253 General purpose with focus on core states
aug-cc-pCVnZ58 GTO D,T,Q,5 32–199 General purpose with focus on core states
pc-n59 GTO 0,1,2,3,4 11–107 General purpose DFT
aug-pc-n59 GTO 0,1,2,3,4 15–143 General purpose DFT
pcS-n60 GTO 0,1,2,3,4 11–122 Shieldings
aug-pcS-n60 GTO 0,1,2,3,4 15–158 Shieldings
pcJ-n62 GTO 0,1,2,3,4 15–130 J -couplings
aug-pcJ-n62 GTO 0,1,2,3,4 19–177 J -couplings

current density to external perturbations was
not specifically considered. Thus, it is not a
priori clear how well they will capture second
order properties such as the magnetic response
parameters.

The valence-correlation consistent NAO-
VCC-nZ40 basis sets for elements H-Ar (1-18)
were constructed with a similar strategy as
Dunning’s56 GTO cc-pVnZ basis sets. They
were designed to capture the density response
of the valence electrons of small molecules sys-
tematically and were shown to be accurate for
total energy calculations that contain explicit
sums over unoccupied states (e.g., second-order
Møller-Plesset theory66 or the random-phase
approximation53,67).

In this work, we introduce a new group of
specialized basis sets, “NAO-J-n”, which are
designed for J -couplings. They combine the
NAO-VCC-nZ with highly localized Gaussian
s-type functions taken from Jensen’s pcJ-n ba-
sis sets62 (see below), which were optimized for
J -couplings.

For comparison and reference values, we con-
sider the following GTO basis sets. First, the

cc-pVnZ basis sets are general-purpose basis
sets, originally proposed by Dunning,56 and de-
signed by successively constructing levels of ba-
sis functions that minimize the total energies
of isolated atoms relative to reference calcu-
lations, where the occupied orbitals were op-
timized at the Hartree-Fock level and the po-
larization functions were optimized at the con-
figuration interaction with single and double
excitations (CISD) level. The aug-cc-pVnZ57

basis sets add long ranged functions, so-called
augmentation functions, to the cc-pVnZ basis
sets. They were originally developed by tar-
geting electron affinities specifically, but are
more generally expected to increase the accu-
racy of calculations of weakly bound and ex-
cited states. The cc-pCVnZ and aug-cc-pCVnZ
basis sets add additional Gaussian functions to
better capture the correlation effects of the core
electrons.58

We also investigate another class of GTOs
— the general-purpose polarization consistent
(pc-n and aug-pc-n) basis sets developed by
Jensen59 and their respective optimized ver-
sions for shieldings and J-couplings. The pc-n
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basis sets were built by successively adding po-
larization functions to a minimal set, but used
a different construction strategy than the cc-
pVnZ basis sets. Instead of focusing on min-
imizing the energy of isolated atoms, the pc-n
basis sets target the total DFT energy of molec-
ular systems. Building on top of the pc-n basis
sets, the pcS-n60 and pcJ-n62 basis sets were de-
veloped, which are optimized for NMR shield-
ings and J -couplings, respectively. The pcS-n
and pcJ-n basis sets perform very well for their
respective purposes and members of these ba-
sis sets serve as the point of reference in our
work. Note that there exists another group
of re-contracted and computationally more effi-
cient pcSseg-n basis sets68 for shieldings, which
were not tested here since our main focus is to
quantify the convergence properties of NAO ba-
sis sets.

2.2 Definitions

The NMR chemical shielding tensor is defined
as the proportionality between an external mag-
netic field B and the induced magnetic field
Bind at the position of a nucleus:

←→σ A = −Bind(RA)/B, (2)

where ↔ is the tensor notation. The ratio of
induced and external fields is not necessarily
linear in the definition of σA, but all experimen-
tally available magnetic fields are sufficiently
small that the relation can be considered linear
to very good accuracy. The chemical shielding
tensor can be identified with the second deriva-
tive of the total energy with respect to the ap-
plied magnetic field B and a nuclear magnetic
moment µA:69

←→σ A =
∂2E

∂B∂µA

∣∣∣∣
B=0;µA=0

, (3)

where µA is placed at the position of the NMR
active nucleus. The energy expression in Eq. (3)
does not contain the classical Zeeman term.69

In a typical NMR experiment, the measured
quantities are the Larmor frequencies of the
compound of interest, ν, and that of a refer-
ence compound, νref. These define the chemical

shift, which is equivalent to the difference of
chemical shieldings:

δA =
ν − νref

νref
≃ σref − σA. (4)

Thus, two separate calculations (one for the ref-
erence and one for the compound of interest)
are generally required when comparing compu-
tational predictions to experimentally obtained
chemical shifts.

The magnetizability tensor is defined as the
proportionality between an external magnetic
field and the induced magnetic moment of the
electronic subsystem of a molecule:

←→
ξ = mind(B)/B. (5)

Like shieldings, it may be identified with a sec-
ond energy derivative:

←→
ξ = − ∂2E

∂B2

∣∣∣∣
B=0

. (6)

For a closed shell molecule, it describes the low-
est order response of the electronic system to an
external field. A related macroscopic property,
the magnetic susceptibility ←→χ M , is connected
to the magnetizability via the relation

←→χ M = µ0ñ
←→
ξ , (7)

where ñ is the density of molecules (number
of induced magnetic dipoles per unit volume)
and µ0 is the vacuum permeability. Finite mag-
netic susceptibility of the sample can distort
the uniformity of the external magnetic field,
which can affect the resolution and peak posi-
tions of the NMR spectrum (in particular, it is
partly responsible for the residual dipolar cou-
plings).70

The indirect spin-spin coupling tensor,
←→
J AB,

describes the interaction between two nuclear
spins, and it is mediated by the surrounding
electron cloud. In other words,

←→
J AB is defined

as the difference between the total spin-spin
coupling tensor and the classical dipole-dipole
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tensor. It may be evaluated as

←→
J AB =

1

h

∂2E

∂IA∂IB

∣∣∣∣
IA=IB=0

=h
γA
2π

γB
2π

∂2E

∂µA∂µB

∣∣∣∣
µA=µB=0

,

(8)

where IX , γX , and µX are the spin, gyromag-
netic ratio, and the magnetic moment of nu-
cleus X.

2.3 Gauge-including atomic or-
bital shieldings and magneti-
zabilities

Our starting point for taking the energy deriva-
tives (3) and (6) is the total energy expression
of nonrelativistic Kohn-Sham DFT:71,72

E[n(r)] =Ts[n(r)] +

∫
Vext(r)n(r) dr

+
1

2

∫
n(r)n(r′)

|r − r′|
drdr′

+ Exc[n(r)] + Enuc-nuc.

(9)

n(r) = n↑(r) + n↓(r) is the electron density in
both spin channels σ (σ = ↑ or ↓), and Ts[n(r)]
is the associated single-particle kinetic energy.
Vext is the electron-nucleus potential, Enuc-nuc is
the internuclear repulsion, and Exc[n(r)] is the
exchange-correlation energy. The spin densi-
ties in terms of the Kohn-Sham effective single-
particle orbitals ψi,σ are

nσ(r) =
occ∑
i

|ψσ,i(r)|2. (10)

(Our current implementation assumes integer
occupation of the orbitals, i.e., fractional orbital
occupations such as in metallic systems are not
yet supported.) The single-particle Hamilto-
nian to construct the orbitals is

H0 =
1

2
p2 + Vext + VH + Vxc, (11)

where p = −i∇ is the momentum operator,
VH is the Hartree potential, and Vxc is the

exchange-correlation (xc) potential,

Vxc =
δ

δn
Exc[n(r)]. (12)

In semilocal DFT, the exchange-correlation en-
ergy has the form

Exc[n] =

∫
n(r)ϵxc[n](r) dr (13)

and the exchange-correlation energy density
ϵxc[n](r) in a generalized gradient approxima-
tion (GGA) is

ϵxc[n](r) = ϵGGA
xc (n↑, n↓, |∇n↑|, |∇n↓|). (14)

In practice, the magnetic perturbations are
introduced via Eq. (11) and the minimal cou-
pling substitution,

p→ p+A, (15)

where A is the magnetic vector potential. This
yields the full Hamiltonian

H = H0 + pA+
1

2
A2. (16)

In the presence of an external magnetic field
and an NMR active nucleus, the vector poten-
tial may be taken to assume the form

A =
1

2
B × (r −R0) + α2µA × rA

r3A
, (17)

where r is the position vector, R0 is the gauge
origin, rA = r−RA is the position vector rela-
tive to the nucleus A, and α is the fine structure
constant.

The gauge origin is arbitrary and in princi-
ple should not influence any observables. In
practical calculations, with a finite basis set,
some magnetic properties show a strong depen-
dence on the gauge origin and exhibit poor con-
vergence unless a gauge-invariant formalism is
used. This trend arises from the two terms mak-
ing up the shielding tensor, the paramagnetic
and diamagnetic part, which converge at dif-
ferent rates because the former contains a sum
over unoccupied states while the latter does
not.73 The same logic holds for the magnetiz-
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ability. We follow the standard approach of us-
ing gauge-including atomic orbitals (GIAOs),74

where each basis function ϕn is equipped with
a phase factor of the form

ϕGIAO
n (r) = e−iAnrϕn(r) = e−

i
2
(Rn×r)Bϕn(r),

(18)
where An = 1

2
B× (r−Rn) is the vector poten-

tial with the gauge origin shifted to the origin of
the basis function n, which is at Rn. GIAOs are
approximate solutions to a one-electron system
that has been perturbed by an external field,
which motivates their use as basis functions in
magnetic response calculations. The matrix el-
ements of the Kohn-Sham Hamiltonian then be-
come

⟨ϕGIAO
m |H|ϕGIAO

n ⟩

= ⟨ϕm|e
i
2
(Rm×r)BHe−

i
2
(Rn×r)B|ϕn⟩

= ⟨ϕm|e
i
2
(Rmn×r)B

[
H0 + pAn +

1

2
A2

n

]
|ϕn⟩ ,

(19)

where Rmn = Rm −Rn and where A has been
replaced by An, i.e., the dependence on the
gauge origin has been eliminated.

With GIAOs and rewriting Eq. (9) in terms
of the eigenvalues of H, ⟨ψGIAO

m |H|ψGIAO
m ⟩, the

total energy in (3) and (6) is

E =
occ∑
m

⟨ψGIAO
m |H|ψGIAO

m ⟩

− 1

2

∫
nGIAO(r)nGIAO(r′)

|r − r′|
drdr′

−
∫
nGIAO(r)vxc(n

GIAO(r))dr

+ Exc[n
GIAO] + Enuc-nuc,

(20)

where

nGIAO(r) =
occ∑
n

|ψGIAO
n (r)|2 (21)

is the total density,

ψGIAO
n (r) =

∑
i

Cinϕ
GIAO
i (r) (22)

are the molecular orbitals and C the molecular

orbital coefficients.
If the basis functions were independent of the

perturbation, taking the total energy deriva-
tives would be fairly straightforward. With GI-
AOs, however, we must use the general equa-
tion for mixed second derivatives of the total
energy.75 Using the notation

fM ≡ ∂f

∂M
; fMN ≡ ∂2f

∂M∂N
(23)

for first and second derivatives, the second en-
ergy derivative is

EMN =
occ∑
m

∑
ij

CimH
MN
ij Cjm

+
occ∑
m

∑
ij

2ReCN
im

(
HM

ij − SM
ij ϵm

)
Cjm

−
occ∑
m

∑
ij

CimS
MN
ij Cjmϵm

−
occ∑
mn

∑
ij

CimS
M
ij CjmϵNmn.

(24)

C are the unperturbed molecular orbital coef-
ficients,

ψn(r) =
∑
i

Cinϕi(r), (25)

and CN are the first-order orbital coefficients,

ψN
n (r) =

∑
i

CN
in ϕi(r). (26)

ψN
n are the first-order orbitals, HM

ij and HMN
ij

are the first and second derivatives of the
Hamiltonian matrix elements, SM

ij and SMN
ij

are the first and second derivatives of the over-
lap matrix elements, ϵm are the unperturbed
eigenvalues, and

ϵMmn = ⟨ψm|HM |ψn⟩ −
ϵm + ϵn

2
⟨ψm|SM |ψn⟩ .

(27)
In the case of GIAOs, derivatives of the overlap
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matrix elements are

SB
ij =

i

2
⟨ϕi|Rij × r|ϕj⟩ ,

SBB
ij =− 1

4
⟨ϕi|(Rij × r)(Rij × r)T |ϕj⟩ .

(28)

The first-order orbital coefficients are obtained
from density functional perturbation theory
(DFPT),33,63 where the basic ansatz is that
quantities such as the electron density may be
written as a perturbation series in terms of a
perturbation λ:

n = n(0) + λn(1) + λ2n(2) + . . . (29)

We define the perturbed molecular coefficients
CM as

CM
in =

∑
k

CikUkn (30)

in terms of the unperturbed coefficients C and
the U -matrices, where

Umn = −1

2

∑
ij

CimS
M
ij Cjn (31)

if mn is an occupied-occupied or unoccupied-
unoccupied pair, and

Umn =
∑
ij

CimH
M
ij Cjn − CimS

M
ij Cjnϵn

ϵn − ϵm
(32)

otherwise.
In the case of shieldings, the perturbations M

and N are taken to be the nuclear magnetic
moment µA and the magnetic field B. Because
the basis functions do not explicitly depend on
the magnetic moment, SµA = SBµA = 0, the
perturbed overlap matrices vanish in Eq. (24).
In the case of magnetizability, both M and N
correspond to the B perturbation and nothing
vanishes in Eq. (24).

Using Eq. (19) for the Hamiltonian matrix
elements, with the vector potential given by
Eq. (17), we can take the derivatives necessary
for evaluating the second total energy deriva-

tive, Eq. (24):

HB
mn =

i

2
⟨ϕm | (Rmn × r)H0 − rn ×∇ |ϕn⟩

+ ⟨ϕm|V B
GGA|ϕn⟩ ,

HBµA
mn =

α2

2

〈
ϕm

∣∣∣∣ (Rmn × r)(rA ×∇)T

r3A

∣∣∣∣ϕn

〉
+
α2

2

〈
ϕm

∣∣∣∣ rArn − rAr
T
n

r3A

∣∣∣∣ϕn

〉
,

HµA
mn =− iα2

〈
ϕm

∣∣∣∣ rA ×∇
r3A

∣∣∣∣ϕn

〉
,

HBB
mn =

1

4

〈
ϕm

∣∣ 2(Rmn × r)(rn ×∇)T
∣∣ϕn

〉
+

1

4

〈
ϕm

∣∣ r2n − rnr
T
n

∣∣ϕn

〉
− 1

4

〈
ϕm

∣∣ (Rmn × r)(Rmn × r)THLDA
∣∣ϕn

〉
+
〈
ϕm

∣∣V BB
GGA

∣∣ϕn

〉
.

(33)

In Eq. (24), terms containing second-order op-
erators such asHBµA orHBB are usually called
the diamagnetic contribution of the magnetic
property. These require computing expectation
values between the unperturbed orbitals. The
rest is called the paramagnetic contribution,
which requires computing expectation values
between unperturbed and perturbed orbitals.
The paramagnetic and diamagnetic contribu-
tions are sometimes defined differently by vari-
ous authors.27,33,34 This distinction has no phys-
ical consequences as long as their sum is invari-
ant. The matrix elements as shown in Eqs. (33)
are grouped simply to make the computation as
efficient as possible.

With a GGA functional, the first B derivative
of the gradient part of the xc-functional is14

⟨ϕm|V B
GGA,α|ϕn⟩ =

i

2

∫
dr∇(ϕmϕn)

× (Rmn × r)

(
2
∂Exc

∂γαα
∇nα +

∂Exc

∂γαβ
∇nβ

)
+
i

2

∫
dr ϕmϕn

×
[
2
∂Exc

∂γαα
(Rmn ×∇nα) +

∂Exc

∂γαβ
(Rmn ×∇nβ)

]
.

(34)
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The second B derivative is

⟨ϕm|V BB
GGA,α|ϕn⟩ = −

1

2

∫
dr ϕmϕn

×Rmn×
(
2
∂Exc

∂γαα
∇nα +

∂Exc

∂γαβ
∇nβ

)
(Rmn×r)T

− 1

4

∫
dr∇(ϕmϕn)

×(Rmn×r)(Rmn×r)T
(
2
∂Exc

∂γαα
∇nα +

∂Exc

∂γαβ
∇nβ

)
(35)

for spin channel α (for spin population ↑ or ↓).
In the LDA, the V B

GGA and V BB
GGA terms vanish.

With a hybrid density functional, i.e. if
a portion of exact exchange were included in
the exchange-correlation energy, the GIAO for-
malism would lead to additional terms.26 This
would require further modifications to the res-
olution of identity technique that is used to
evaluate the 4-center integrals in FHI-aims.53,76

The complication is that with GIAOs, the 4-
center integrals would have a contribution from
the position vector in the integrand. For shield-
ings and magnetizabilities, Hartree-Fock and
hybrid functionals are therefore not considered
in this study.

In contrast to J -couplings (see below), which
involve real-valued perturbations, the pertur-
bations considered for shieldings and magneti-
zabilities are purely imaginary. For imaginary
perturbations there is no first-order density and
no first-order response from the Hartree or
exchange-correlation potentials that would oth-
erwise need to be computed self-consistently.28

Because the perturbations are imaginary, there
is also no first-order density and first-order
Hartree potential even for open-shell systems.
Thus, our implementation of shieldings and
magnetizabilities covers both closed and open-
shell systems.

2.4 J -couplings

J -couplings are derived within the same for-
malism as above by taking the M and N per-
turbations as magnetic moments µA and µB.
The vector potential now only includes contri-

butions from the two magnetic moments:

A = α2

(
µA × rA

r3A
+

µB × rB
r3B

)
. (36)

Because the GIAOs need not be used for J -
couplings, all first and higher order derivatives
of the overlap matrix vanish. It is then straight-
forward to take the first and second derivatives
that enter Eq. (24):28

HFCµA
mn =

8πα2

3
ϕm(RA)Ŝϕn(RA), (37)

HPSOµA
mn =− iα2

〈
ϕm

∣∣∣∣ rA ×∇
r3A

∣∣∣∣ϕn

〉
,

(38)

HSDµA
mn =α2

〈
ϕm

∣∣∣∣∣ 3(ŜrA)rAr5A
− Ŝ

r3A

∣∣∣∣∣ϕn

〉
,

(39)

HDSOµA,µB
mn =α4

〈
ϕm

∣∣∣∣ rArB − rBr
T
A

r3Ar
3
B

∣∣∣∣ϕn

〉
,

(40)

where Ŝ is the spin operator. The four terms
that make up J -couplings are the following.
The Fermi contact (FC) term, which is eval-
uated at a single point at the nucleus of in-
terest, generally makes up the bulk of the J -
coupling. The other terms, which represent less
localized coupling mechanisms, are the param-
agnetic spin-orbit (PSO), which usually comes
after FC in terms of magnitude, and the spin-
dipole (SD) and diamagnetic spin-orbit (DSO)
terms. The SD term, in particular, is computa-
tionally most demanding because of the scalar
product ŜrA. It is often very small, but can be
considerable in some systems. Because it is dif-
ficult to say a priori in which systems it plays
a role,28 it can never be simply omitted.

In contrast to the imaginary operators used
in the calculation of ←→σ A and

←→
ξ , the FC and

the SD operators represent real-valued pertur-
bations, which give rise to a nonzero first-order
electron density. This produces a first-order re-
sponse of the xc-potential, which itself is a func-
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tional of the first-order density

nµA(r) =
occ∑
m

∑
ij

ϕi(r)
[
CimC

µA∗
jm + CµA

im Cjm

]
ϕj(r).

(41)
The U matrix, defined by Eq. (30), is now given
by

Umn =
∑
ij

CimH
µA
ij Cjn + CimV

µA
xc;ij[n

µA ]Cjn

ϵn − ϵm
,

(42)
where the first-order xc-potential V µA

xc;ij depends
on the first-order density. The xc-kernel ma-
trix elements needed for V µA

xc;ij are computed
using procedures from the LibXC library77

and the full expressions are shown in the Ap-
pendix. Thus, the DFPT cycle, which consists
of Eqs. (30), (42), and (41), must now be per-
formed self-consistently.

In case of an open-shell system, Eq. (42) con-
tains an additional term from the first-order
Hartree potential,

Umn → Umn +
∑
ij

CimV
µA

H;ij[n
µA ]Cjn

ϵn − ϵm
,

V µA

H;ij[n
µA ] =

∫
nµA(r′)ϕi(r)ϕj(r)

r − r′ dr,

(43)

which is also included in our implementation.
While our implementation of J-couplings also

supports Hartree-Fock and hybrid DFT J -
coupling calculations, in principle, the DFPT
cycle has difficulties converging for some of the
small molecules tested below. This behavior
could be related to the known problem of triplet
instabilities associated with the Fermi contact
term.78,79 In our present paper, we exclude hy-
brid functionals from the discussion for this rea-
son.

2.5 Numerical Evaluation of Inte-
grals

The previous expressions were implemented
into the numerical integration scheme used in
FHI-aims.39 We here summarize the salient as-
pects for a self-contained description. All inte-
gration routines are based on the partitioning

of unity.41,80 Each integral is divided into atom-
centered pieces according to∫

ϕm(r)Ôϕn(r) dr

=
∑
A

∫
pA(r)ϕm(r)Ôϕn(r) dr, (44)

where Ô is a general operator and the sum
is over the atom-centered partition functions
pA(r), defined such that

∑
pA(r) = 1 at all

grid points. We use the form given in Appendix
C of Ref. 81 by default. The grid points are
distributed on spherical shells around each nu-
cleus at certain radii r(s) (in the simplest case,
s = 1, . . . , Nr). The radial grids r(s) are deter-
mined by three parameters. Two parameters
define a basic radial grid, given by the radius of
the outermost shell, router, and the number of
points, Nr:82

r(s) = router
log{1− [s/(Nr + 1)]2}
log{1− [Nr/(Nr + 1)]2}

. (45)

The density of this basic grid can be increased
by a third parameter (radial_multiplier),
placing additional points at integer fractions of
the original grid, e.g., at s = 1/2, . . . , Nr +
1/2 for radial_multiplier=2, and similar for
other integer values (see appendix of Ref. 40
for an illustration). The angular distribution of
the grid points distributed on each radial shell is
determined by a modified Lebedev algorithm.83

The number of angular grid points per shell in-
creases with increasing radius r(s).

Furthermore, with confining potential tech-
niques,42,84–90 the radial functions can be cho-
sen to be strictly localized within a given cutoff
radius,39 which allows the otherwise most ex-
pensive parts of the calculations — integrals,
charge density updates, and, for hybrid density
functionals, the exchange operator — to scale
linearly with system size (O(N) scaling). In
FHI-aims, this confinement radius is a config-
urable parameter. By default, the extent of a
radial function is limited to 5 Å (6 Å) for “light”
(“tight”) settings for most elements.

Parallelization is achieved by dividing the
global grid into localized subsets (“batches”) of
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grid points

omn =

Nbatches∑
batch

obatch
mn ,

obatch
mn =

∑
r in batch

w(r)ϕm(r)Ôϕn(r),

(46)

as detailed in Refs. 54,91. w(r) are the inte-
gration weights, which include both radial and
angular integration weights and the partition
functions.39 Generally, each batch contains a
few hundred grid points. Because all basis func-
tions can be constructed so that they go to zero
beyond a cutoff radius, only a certain number of
nonzero functions needs to be considered within
each batch. As the system size is increased, the
number of basis functions relevant to each batch
reaches a plateau. This leads to O(N) scaling
of all integrations for sufficiently extended sys-
tems, where N is some measure of the system
size such as the number of atoms.

Within each batch, the matrix elements obatch
mn

are evaluated by first applying the given op-
erator to a basis function on each grid point,
Ôϕn(r), and then multiplying with ϕm(r) using
a BLAS (basic linear algebra subroutines) level
3 routine for all mn. BLAS level 3 are matrix-
matrix multiplication type operations and thus
very efficient. A complication arises with the
GIAO integrals due to the Rmn factors, which
make the operators ôbatch [ĤM and ĤMN in
Eq. 24] dependent on both sides of the expec-
tation value. Efficient matrix-matrix multipli-
cations can still be performed if the Rmn factors
are taken out of the integrals and later multi-
plied with the result elementwise. For integrals
such as the first-order overlap matrix,

SB
mn =

i

2
Rmn × ⟨ϕm|r|ϕn⟩ , (47)

the working memory usage for the matrix ele-
ments is increased by approximately three times
compared to the case where GIAOs are not used
due to the requirement of keeping all directions
of the position operator in memory. Integrals
such as the second-order overlap matrix, which
contain two cross products of Rmn, may be

rewritten as

SBB
mn =

1

4
Rmn × ⟨ϕm|rrT |ϕn⟩ ×Rmn, (48)

and require approximately 9 times as much
memory, because all components of the rrT

tensor must be available before taking the cross
products. This is seen by explicitly writing
out, e.g., the diagonal components of a tensor←→
X = R×

←→
H ×R:

X11 =R2(H32R3 −H33R2)−R3(H22R3 −H23R2),

X22 =R3(H13R1 −H11R3)−R1(H33R1 −H31R3),

X33 =R1(H21R2 −H22R1)−R2(H11R2 −H12R1).

(49)

Other than a larger prefactor, memory usage
still scales as O(N) with system size and can
easily be controlled with the number of compute
tasks on sufficiently large parallel machines.

3 Results and discussion

3.1 Test cases and numerical
choices

In section 3, we present basis set convergence
studies for the different NMR parameters —
chemical shieldings (and shifts), magnetizabili-
ties, and J -couplings. We compare the isotropic
value or trace of all tensorial quantities. All cal-
culations were performed in the PBE parame-
terization of exchange and correlation. We con-
sider the FHI-aims-09, NAO-VCC-nZ, NAO-J-
n, and the GTO-based (aug-)cc-pVnZ, (aug-
)cc-pCVnZ, (aug-)pc-n, (aug-)pcS-n, and pcJ-
n basis sets. Since GTOs are special cases of the
generic form of Eq. (1), they are readily avail-
able in FHI-aims and can be compared to the
NAOs using the exact same numerical frame-
work.

For the basis set convergence study, we use
a test set of 25 molecules, shown in Fig. 1.
The test set of molecules covers a wide range of
different chemical bonding types and contains
most elements of H through Cl in the periodic
table. Before calculating the NMR parameters,
all geometries were optimized using the PBE
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H2O Li2O HFCO H2C2O Al(OH)3

BeF2 MgCl2 MgF2 BCl3 SiF4

NaCH3 LiCH3 Be(CH3)2 NH3 C6H6

H2SO4 SO2−
4 B2H6 CH3NO2 Al2Cl6

H3PO4 PClF2 CF4 CFCl3 TMS

Figure 1: Test set of molecules for the magnetic
response calculations. The coloring scheme is
as follows: H: white, C: grey, N: blue, O: red,
F: dark green, Li/Be/Na/Mg: purple, B: pink,
Al: light brown, Si: tan, P: orange, S: yellow,
Cl: bright green. Molecules that were used only
for shieldings and magnetizabilities but not for
J -couplings are Be(CH3)2, BeF2, Li2O, LiCH3,
MgCl2, MgF2, and NaCH3. TMS stands for
tetramethylsilane. Geometries used for all cal-
culations are found in the Supporting Informa-
tion.

functional44 with a van der Waals correction92

and the FHI-aims-09 tier 2 basis sets. We cal-
culated an overall number of 57 shieldings, 46
J -couplings, and 24 magnetizabilities for differ-
ent elements, with extensive data provided in
the Supporting Information (SI), Figs. S1–S95
and Tables S1–S75. Although the test systems
used here are closed-shell systems, the actual
implementation also covers open-shell systems.
Numerical consistency is illustrated by compar-
ing to individual literature reference results in
the final section of the SI (Tables S76-S80).

In addition to the set of small molecules, we
test the applicability of our implementation to
two larger systems:

First, the 4-(2-Phenylethynyl)pyridine (PEP)
molecule, shown as an inset in the relevant Fig-
ure, Fig. 5.

Second, the largest molecule in our study is a
DNA segment consisting of 16 base pairs with
a total of 1052 atoms (Fig. 2). The geome-
try is the same as that used by Ochsenfeld and
coworkers in Ref. 29.

For the calculation of shieldings, magnetiz-
abilities and J -couplings we first evaluated the
grid settings required to obtain high-accuracy
numerical results. To that end, we uniformly
increased the number of radial grid shells us-
ing the radial_multiplier parameter as de-
scribed in Sec. 2.5 and in the SI (Tables S1, S2
and associated text).

For shieldings and magnetizabilities calcu-
lated using the FHI-aims-09 and NAO-VCC-
nZ basis sets, we generally find the default
“tight” settings for integration grids estab-
lished in Ref. 39, radial_multiplier=2, to
be sufficient. An exception is the NAO-VCC-
5Z basis set of sulfur in the calculation of
shieldings, for which radial_multiplier=3
was used. The integration of tight primitive
GTOs near the nucleus requires denser grids
than the default grids that integrate NAOs
with high accuracy.40 For the correlation con-
sistent GTO basis sets, we used radial in-
tegration grids with radial_multiplier=6.
Finally, for J -couplings calculated using the
NAO-J-n and pcJ-n basis sets, we employed
radial_multiplier=8. This is due to the in-
clusion of tight Gaussian s functions in the basis
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Figure 2: Geometry of the DNA segment. The
shielding constant was calculated for atom 35
(C). The J -coupling constant was calculated
between atoms 29 and 35 (H and C).

sets designed for J-couplings.
To facilitate a comparison of different ba-

sis sets over a set of test of compounds it is
convenient to introduce the mean average er-
ror (MAE) of the calculated property X (X
= magnetizability, chemical shielding/shift, J -
coupling) defined as

MAER(B) =
N∑
i

|Xi(B)−Xi(R)|
N

, (50)

where Xi(B) is the value of the property cor-
responding to a single calculation (e.g., shield-
ing constant of a specific atom) obtained with
basis set B, Xi(R) is the reference value ob-
tained with basis set R, and N is the total
number of calculations for that property (for
most molecules, more than one shielding or J-
coupling are calculated and included in the av-
erages). The MAE describes the absolute mean
deviation from reference values and thus rep-
resents a hard estimate of the basis set error.
Relative errors, such as the relative position of
two peaks in an NMR spectrum, could be less
than what is suggested by the MAE.

In the figures given below, the MAE is plot-
ted as a function of the basis set size. For in-
dividual molecules, the “basis set size” is a well
defined quantity for each investigated basis set.
However, when averages are taken over multi-
ple molecules in a test set, the “basis set size”
depends on each molecule and is no longer a
uniquely defined metric. We therefore resort to
the following quantity to represent the “average
basis set size” (average number of basis func-
tions per molecule in a test set, Nave) for data
that are averaged over groups of molecules:

Nave =

Nmolecules∑
i

N i/Nmolecules, (51)

where N i is the number of basis functions for
molecule i and the sum is over all molecules in
the test set.

3.2 Chemical shieldings and shifts

In Fig. 3, we investigate the convergence of cal-
culated chemical shieldings for the broader set
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of compounds introduced in Fig. 1 as a function
of basis set size and basis set type. The MAE of
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Figure 3: Mean average errors of DFT-PBE cal-
culated shieldings for the test set of molecules
shown in Fig. 1, using the u-aug-pcS-4 basis set
as a reference. The levels shown for each basis
set are the same as in Table 1.

NMR shieldings is shown for different NAO and
GTO basis sets, using the uncontracted aug-
pcS-4 (u-aug-pcS-4) basis set60 as reference.

For small basis sets (up to about 200 basis
functions per molecule on average), the general-
purpose FHI-aims-09 and NAO-VCC-nZ show
similar performance as the aug-pcS-n basis sets,
which were optimized for shieldings. The GTO
correlation consistent basis sets show a larger
deviation from the reference basis sets. As the
basis set size approaches the converged limit,
the (aug-)cc-pVnZ and (aug-)cc-pCVnZ basis
sets exhibit slower convergence with basis set
size than the NAO-VCC-nZ or FHI-aims-09 ba-
sis sets, which remain close to the (aug)-pcS-n
basis sets to below 1 ppm accuracy. For even
smaller deviations, the exact MAE may reflect
some bias towards the aug-pcS-n basis sets, be-
cause the uncontracted aug-pcS-4 basis set from

the same series serves as reference.
It is also evident that the FHI-aims-09 basis

sets at the tier 3 level show a deviation from
smooth convergence, while tier 2 and tier 4 on
their own would otherwise show a consistent
trend. This behavior reflects fluctuations in a
number of the test systems at the tier 3 level,
e.g., H2O (Fig. S3) and NH3 (Fig. S62). In
these cases, it is possible to trace the fluctua-
tion to the shape of specific basis functions in
the tier 3 basis sets of O and N. Evidently, the
response of the electronic system to the external
perturbation is not adequately captured when
these basis functions are included on their own,
an issue that is alleviated by further enlarging
the basis set at the tier 4 level. Overall, Fig. 3
implies that the NAO-VCC-nZ basis sets are
better suited for systematic convergence stud-
ies of shieldings, which is consistent with their
initial construction targeting unoccupied-state
sums in perturbation theory (Table 1 and Ref.
40).

In Fig. 4, we next inspect the basis set con-
vergence of chemical shifts for the same sys-
tems, a key quantity of interest in liquid state
NMR methods. The chemical shift scale is de-
fined by taking the shielding constant of a nu-
cleus relative to a reference compound, which
defines the “zero-ppm” shift for that nucleus.
As reference compounds we use tetramethylsi-
lane (TMS) (for 13C, 1H, and 29Si), CH3NO2

(15N), SO2−
4 (33S), H3PO4 (31P), H2O (17O) and

CFCl3 (19F). The MAE of the chemical shifts
are therefore affected by the respective errors
of calculated shieldings for the reference com-
pounds and for the test set. Chemical shieldings
also depend on the solvent, but for the present
purpose, solvent effects were neglected and the
chemical shifts are calculated for rigid molecules
in isolation.

As for the shieldings, we find that the NAO-
VCC-nZ basis sets again exhibit good conver-
gence behavior. Both the MAE of chemical
shieldings and shifts have the same magnitude
for a given basis set quality, indicating that
these basis sets yield good stability and relia-
bility. To obtain 1 ppm accuracy for the chemi-
cal shifts, the largest NAO basis sets are needed
(NAO-VCC-nZ with n = 4 and n = 5, or FHI-
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Figure 4: Mean average errors of chemical
shifts (deviations from the values obtained with
the u-aug-pcS-4 basis sets) for the test set of
molecules shown in Fig. 1. Calculations were
performed with the PBE functional. The levels
shown for each basis set are the same as in Ta-
ble 1.

aims-09 tier 4). The more affordable FHI-aims-
09 tier 2 and NAO-VCC-3Z basis sets yield
approximately 3 ppm and 2 ppm, respectively.
Overall, the basis set errors are acceptable in
view of remaining accuracy limits of standard
density functionals.93 As in Fig. 3, the tier 3
level of the FHI-aims-09 basis sets does not fol-
low the same systematic trend as the other basis
sets in this series. In fact, the choice of reference
compounds (particularly the H2O molecule) af-
fects the behavior of tier 3. Finally, the GTO
correlation consistent basis sets converge most
slowly. Once again, for results very close to the
basis set limit, the MAE could be biased to-
wards the (aug)-pcS basis set series, since the
selected reference is the largest uncontracted
version of the same basis sets.

3.3 Influence of system size on ba-
sis set convergence for shield-
ings

Next, we investigate the influence of system size
on basis set convergence for shieldings. We first
compare the chemical shielding of the acetylene
C atom (Fig. 5) in the PEP molecule, where the
basis set size for the PEP molecule is an order of
magnitude larger than for molecules in the test
set of Fig. 1. In Fig. 5, the correlation consis-
tent basis sets were not considered since they
were already shown to be less accurate com-
pared to the other basis sets for a similar basis
set size in Fig. 3. The FHI-aims-09 basis sets
converge rapidly, reaching the same value ob-
tained with the other basis sets at the tier 2
level. The NAO-VCC-nZ basis sets show very
good accuracy (0.5 ppm) for n = 2 and remain
essentially at the converged value for n = 3, 4, 5.

One observation of note is that the aug-pcS-
n basis set shows a minor deviation from the
common converged value for the shielding con-
stant at the highest n. Specifically, for the
aug-pcS-4 basis set (Fig. 5, filled square on
the far right) the obtained value slightly over-
shoots the consensus value of the other basis
sets. This overshooting is likely a consequence
of ill-conditioned94 large basis sets, that is, the
basis functions may become almost linearly de-
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Figure 5: Convergence of the carbon shielding
constant in PEP using the PBE functional. The
levels shown for each basis set are the same as in
Table 1. The aug-pcS-n’ designation indicates
the aug-pcS-n basis sets, but after removal of
any eigenvectors of the system overlap matrix
with eigenvalues below 10−5 from the basis set.

pendent on one other. This near-linear depen-
dence is reflected by very small eigenvalues of
the system overlap matrix S and will eventually
lead to numerically ill-defined results.

In Table 2, we inspect the eigenvalues of the
PEP overlap matrix for four different basis set
types. We see that the smallest eigenvalues

Table 2: Lowest eigenvalues of the overlap ma-
trix for different basis sets. Nbasis is the num-
ber of basis functions for the basis set in the
PEP molecule and L is the level of the basis
set. minλS is the respective minimum eigen-
value of the overlap matrix.

L Nbasis minλS L Nbasis minλS
FHI-aims-09 NAO-VCC-nZ

1 241 1.1× 10−3 2Z 320 1.7× 10−4

2 681 7.0× 10−5 3Z 625 1.5× 10−5

3 1049 7.5× 10−6 4Z 1119 2.6× 10−6

4 1399 7.5× 10−7 5Z 1848 4.4× 10−7

pcS-n aug-pcS-n
0 144 6.0× 10−3 0 209 6.8× 10−6

1 283 4.3× 10−4 1 445 8.0× 10−7

2 588 7.7× 10−5 2 893 1.2× 10−9

3 1328 1.8× 10−6 3 1822 5.6× 10−11

4 2219 6.9× 10−9 4 2948 1.9× 10−12

in the aug-pcS-n basis sets are significantly
smaller than those of the FHI-aims-09, NAO-
VCC-nZ, or pcS-n basis sets. This is largely due
to the presence of extended, diffuse augmen-
tation functions in the aug-pcS basis sets.29 If
no eigenfunctions and eigenvalues are discarded
this leads to numerical inaccuracies that are
enough to influence the value of the shielding
constant, as exemplified by aug-pcS-4 in Fig. 5.
The problem can be partially mitigated by dis-
carding eigenvectors of the overlap matrix that
correspond to eigenvalues smaller than a cer-
tain threshold. For a threshold of 10−5, the
result is shown as aug-pcS-n’ in Fig. 5, indicat-
ing somewhat better numerical stability. How-
ever, as system sizes grow larger, discarding
overlap matrix eigenvectors from the basis in
this fashion introduces inaccuracies of its own,
thus ultimately limiting the numerical precision
that can be reached in a calculation.95,96 We
note that no such threshold was applied to any
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molecule in the test set of small molecules. For
even larger systems, we found that problems as-
sociated with ill-conditioned augmented basis
sets can become more severe. For this reason,
we recommend to refrain from using augmented
basis sets for larger systems, a choice that is
supported by the good convergence properties
of the non-augmented basis sets studied above.
Overall, the NAO (FHI-aims-09 tiers 1,2,4 and
NAO-VCC-nZ) basis sets show similar conver-
gence behavior as Jensen’s dedicated, polariza-
tion consistent basis sets for small molecules for
the calculation of chemical shieldings and shifts.

3.4 Magnetizabilities

The reference values for estimating the magne-
tizability errors were determined using the aug-
pc-4 basis sets.59 Uncontraction of the basis sets
does not lead to any noticeable improvement.
This is expected because the extra flexibility
in the core region should not benefit the mag-
netization across the molecule as much as the
chemical shieldings. It is seen from the MAE
of magnetizability (Fig. 6) that the FHI-aims-
09 basis sets converge the fastest, followed by
the NAO-VCC-nZ, aug-pc-n, and aug-cc-pVnZ
basis sets. The MAEs could again be biased
towards the larger (aug)-pc-n basis sets due to
the chosen reference.

3.5 J -couplings

We next examine the convergence of J -
couplings with basis set size and choice. Our
benchmark studies are conducted using the
PBE density functional since we aim to com-
pare calculations carried out for different basis
sets at otherwise a single, consistent level of the-
ory. In this paper, the objective is not to com-
pare the quality of predicted J-couplings from
different density functionals to experimental
observations. However, benchmark studies in
the literature indicate that the PBE functional
generally predicts J-couplings with reasonable
accuracy, although hybrid functionals such as
PBE0 may perform slightly better.51,52,97 In
previous studies of some non-specialized GTO
basis sets (aug-cc-pVnZ, cc-pCVnZ, pc-n), the
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Figure 6: Mean average errors of calculated
magnetizability (deviations from the values ob-
tained with the aug-pc-4 basis sets) for the test
set of molecules shown in Fig. 1. Calculations
were performed with the PBE functional. The
levels shown for each basis set are the same as
in Table 1.
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convergence of J -couplings with basis set size
was shown to be somewhat erratic.61,98 Fig. 7a
illustrates that the same observation holds for
general-purpose NAO basis sets that do not
contain basis set additions to provide flexibility
very close to the nucleus. For the example of the
17O-1H J -coupling of Al(OH)3, Fig. 7a shows
that the plain FHI-aims-09 and NAO-VCC-nZ
basis sets (called “unamended” in the figure)
do not show any systematic convergence to the
basis set limit, which is here taken to be the
J-coupling obtained with the specialized pcJ-
462 basis set (see below). One possible reason
is the Fermi contact term, whose matrix ele-
ments are evaluated using a single point at the
nucleus [Eq. (37)], which requires extreme flex-
ibility of the basis sets in the core region. For a
highly localized perturbation near the nucleus,
the standard basis sets do not have enough
variational freedom to accurately describe the
first-order response. The portion of the Hilbert
space spanned by a standard general-purpose
basis set may be sufficient to accurately yield
the zero-order orbitals for computing, e.g., the
ground state energy, but insufficient to yield
accurate first-order orbitals.

One solution is to increase the flexibility of
the basis sets by uncontracting and increasing
the number of basis functions – most impor-
tantly, adding tight basis functions close to the
nucleus. Following this recipe, Jensen devel-
oped the pcJ-n basis sets,61 which were later re-
contracted for optimal performance.62 Fig. 7b
demonstrates that the 17O-1H J -coupling, cal-
culated using the pcJ-n basis sets, exhibits
smooth numerical convergence to the apparent
basis set limit. The basis set limit in Fig. 7 is
given by the large uncontracted pcJ-4 (upcJ-4)
basis sets. For the NAOs there is no immediate
analogue to uncontraction. However, we found
that taking the innermost (i.e., the tightest) s-
type GTOs from the uncontracted pcJ-n basis
sets and using them to augment the NAO-VCC-
nZ basis sets results in a working prescription
for most light elements. For hydrogen, we add
all primitive s-type functions with exponents
α > 103 atomic units (a.u.). For B-F and Al-Cl
(the elements considered in the benchmarks be-
low) we add all primitive s-type functions with

Figure 7: Basis set convergence of the 17O-1H
J -coupling of Al(OH)3 using selected NAO and
GTO basis sets. (a) “Unamended” FHI-aims-
09 and NAO-VCC-nZ basis sets, which do not
contain near-nuclear s-type functions to stabi-
lize convergence. (b) NAO-J-n and pcJ-n basis
sets, in which additional near-nuclear Gaussian
functions are included as described in the text.
Specifically, the NAO-J-n basis sets contain s-
type primitive GTO functions taken from the
pcJ-n basis sets.

18



Figure 8: (a) Mean average error of calculated
J -couplings using the NAO-J-n basis sets and
the pcJ-n basis sets, averaged over the 44 J -
couplings listed in Table 3, as a function of basis
set size. J-couplings obtained with the upcJ-
4 basis sets and dense radial integration grids
(radial_multiplier=30) are used as the ref-
erence. Values of mean average percent error
are shown next to the data points. Data for all
individual J-couplings are shown in the Sup-
porting Information (Figs. S74–S90). (b) Mean
average error of calculated J -couplings as in (a),
but omitting the 13 J-couplings including the
elements F and P.

exponents α > 104 a.u. For the example of 17O-
1H in Fig. 7b, this modification leads to drasti-
cally improved convergence behavior, compared
to the original NAO-VCC-nZ basis sets. We did
not add tight p-type or d-type GTOs from the
pcJ-n basis sets to the NAO basis sets since we
did not observe a systematic general improve-
ment of J-couplings from adding functions be-
yond s-type functions in test calculations. We
call the basis sets amended by s-type functions
the “NAO-J-n” basis sets.

In order to systematically benchmark the per-
formance of the NAO-J-n basis sets, we cal-
culated the mean average deviations of 44 J -
couplings as a function of basis set size and
type for the NAO-J-n and the GTO pcJ-n ba-
sis sets, using the large uncontracted pcJ-4 ba-
sis sets (upcJ-4) with dense radial integration
grids (radial_multiplier=30) as a reference.
Table 3 lists all pairs of atoms for which the J-
couplings were calculated. Just like for shield-
ings and magnetizabilities, it is possible that
the use of the uncontracted upcJ-4 as a refer-
ence introduces a slight bias in favor of the other
pcJ basis sets (particularly pcJ-3). Fig. 8 shows
the results of these benchmarks. In Fig. 8a,
MAE values of calculated J couplings are shown
for all 44 tested J-couplings. Both the NAO-
J-n and the pcJ-n basis sets enable numerical
convergence to well below 1 Hz on average, suf-
ficiently accurate for most practical studies es-
pecially in view of remaining uncertainties in
standard density functionals. The pcJ-n ba-
sis sets converge closest to the limit provided
by the upcJ-4 basis sets (to within 0.1 Hz for
pcJ-4). In contrast, the largest NAO-J-n ba-
sis set, NAO-J-5, remains 0.5 Hz away from
the upcJ-4 basis set. In Fig. S92, we show
that this remaining imprecision is not signifi-
cantly affected by radial integration grid preci-
sion (i.e., radial_multiplier=8 in Fig. 8 and
radial_multiplier=16 in Fig. S92 yield very
similar MAE values). In the practically relevant
range of smaller basis sets for reliable produc-
tion calculations, a different picture emerges.
Here, the smallest NAO-J-2 basis sets are on
par in size and precision with the pcJ-1 basis
sets, albeit still considerably (6 Hz and 5 Hz)
removed from the upcJ-4 limit. Interestingly,
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already the slightly larger NAO-J-3 basis sets
reach a 1 Hz MAE in these tests, whereas the
somewhat larger pcJ-2 basis sets do not yet
yield this degree of precision. Thus, for routine
calculations, the NAO-J-3 basis sets appear to
offer a good balance between numerical preci-
sion and computational efficiency.

It is interesting to explore which particular
chemical elements limit the attainable preci-
sion reflected by the J-coupling MAEs reported
here. For both the NAO-J-n and the pcJ-n
basis sets, J-couplings associated with fluorine
and phosphorous stand out, since some of them
assume large absolute values (see Figs. S79,
S80, S86, S87, S89, S90). In Fig. 8b, we
show the MAE values achieved with the 31 J-
couplings in Table 3 that contain neither fluo-
rine nor phosphorous. Remarkably, this reduces
the MAE values attainable with the pcJ-n basis
sets to practically zero (around 0.02 Hz) and to
0.2 Hz for NAO-J-n, well below the precision
needed in view of errors associated with stan-
dard density functionals. In fact, already the
smallest NAO-J basis sets, i.e., NAO-J-2, incur
a MAE of only 2 Hz and the next-largest basis
set, NAO-J-3, yields highly precise J-couplings
(MAE 0.3 Hz). In Fig. 8a, it is also shown that
the mean average percent error (MAPE) values
for all 44 J-couplings tested are in the range of
a few percent or lower, i.e., very good numerical
precision for J-couplings is attained. For com-
pleteness, MAE values as a function of basis
set size are plotted separately in Fig. S93 for
all 11 chemical elements included in Table 3.
The trends are similar to the overall observa-
tions reflected in Fig. 8. MAPE values for all
elements except P and F are shown in Fig. S94.
While the MAE value for F and P containing J
couplings are larger than for the other elements,
the residual errors seen in Fig. S93 are partly
mitigated by the fact that the actual J-coupling
values including F and P are large on an abso-
lute scale. As shown in Fig. S94, the MAPE is
2% or less for the NAO-J basis sets even for F
and P. It would be interesting to perform more
work related to NAO basis sets for F and P in
future work in order to achieve even lower MAE
values, but for production purposes, the present
NAO-J basis sets produce acceptable precision.

Table 3: Test set of molecules defining 44 atom
pairs for which J -couplings were calculated and
averaged over in Fig. 8. Asterisk symbols ∗

identify the thirteen J-couplings that include
a fluorine or phosphorous atom.

Molecule Selected atom pair(s)
Al2Cl6: Al-Cl, Al-Al

Al(OH)3: Al-O, Al-H, O-H
B2H6: B-B, B-H
BCl3: B-Cl, Cl-Cl
C6H6: C-C, C-H, H-H
CF4: C-F∗, F-F∗

CFCl3: C-F∗, C-Cl, Cl-Cl
CH3NO2: C-N, N-O, O-O

H2C2O: C-C, C-O 2J(C-O)
H2O: O-H, H-H

H2SO4: S-O1, S-O2, S-H
H3PO4: P-O1∗, P-O2∗, P-H∗

HFCO: C-F∗, C-O, F-O∗

NH3: N-H, H-H
PClF2: P-F∗, P-Cl∗, F-F∗

SiF4: Si-F∗, F-F∗

SO2−
4 : S-O, O-O

TMS: Si-C
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3.6 Larger scale calculations

We finally describe and validate how shieldings
and J -couplings can be computed efficiently for
very large systems. For many scenarios, it is
sufficient to obtain shieldings and J -couplings
only for a limited number of atoms and atom
pairs in an otherwise much larger system.

As an illustrative example, we calculate a
specific atom’s carbon shielding constant and
a specific atom pair’s CH J -coupling constant
in the DNA segment shown in Fig. 2. In Ta-
ble 4, we show results for the C shielding. Here,
“light” refers to FHI-aims-09 with the minimal
basis and the s, p, and d basis functions of tier
1, and relatively sparse numerical grids. “Tight”

Table 4: Convergence study of the selected C
atom shielding constant in the DNA segment
(see Fig. 2). Calculations were performed with
the PBE density functional. The NAO-VCC-
2Z, NAO-VCC-3Z, NAO-VCC-4Z, FHI-aims-09
based “light”, or “tight” basis sets were used on
all atoms in the calculations.

Basis set Basis size σC
NAO-VCC-2Z 14 972 96.0 ppm
NAO-VCC-3Z 28 930 97.6 ppm
NAO-VCC-4Z 51 672 97.2 ppm

Light 11 230 99.4 ppm
Tight 31 380 96.9 ppm

refers to FHI-aims-09 with tier 1 and, depend-
ing on the element, all or some of the tier 2
basis functions, and tighter settings for the nu-
merical grids. (Full specifics of the light/tight
basis functions for light elements are given in
Ref. 99). According to Table 4, the shielding
constant is essentially converged at the NAO-
VCC-3Z basis set or FHI-aims-09:tight. This
degree of basis set convergence is somewhat
better than indicated by the MAE for small
molecules in Fig. 3. At this point, errors intro-
duced by the overall approximations made at
this level of theory (vibrations, solvent effects,
etc.) are expected to be larger or comparable
to the basis set error.

For the J -coupling calculation, we demon-
strate a “hybrid” basis set approach in Table 5,
using a relatively simple general-purpose ba-

sis set for most atoms while reserving a high-
accuracy, computationally more expensive basis
set only for the specific atoms for which shield-
ings and/or J -couplings are required. Specif-

Table 5: Convergence study of the CH J -
coupling constant in the DNA segment (see
Fig. 2 for positions). In all calculations, the
NAO-J-5 basis set was placed at the C and
H atoms. The other atoms used basis sets
from the NAO-VCC-nZ series or FHI-aims-
09:light/tight.

Basis set Basis size JCH

NAO-VCC-2Z/NAO-J-5 15 108 145.66Hz
NAO-VCC-3Z/NAO-J-5 29 041 145.07Hz
NAO-VCC-4Z/NAO-J-5 51 742 144.98Hz

Light/NAO-J-5 11 373 145.41Hz
Tight/NAO-J-5 31 488 145.18 Hz

ically, we placed the largest J-optimized basis
sets, the NAO-J-5, on the two C/H atoms of
interest, and the NAO-VCC-nZ or FHI-aims-
09 basis sets on other atoms. Interestingly, Ta-
ble 5 shows that the J -coupling constant con-
verges already with the NAO-VCC-2Z/NAO-J-
5 or FHI-aims-09:light/NAO-J-5 basis set, i.e.,
using the smallest members of the NAO-VCC-
nZ or FHI-aims-09 series. Comparing the basis
set sizes between Tables 4 and 5, we note that
the sizes have increased only slightly due the
inclusion of the NAO-J-5 basis sets. Thus, the
calculations are relatively cheap if only a few
J -couplings are required. A similar strategy of
using locally-dense basis sets has been used by
Reid et al.;100 the objective here is to show that
there is no obstacle to using it with NAO-J basis
sets. Furthermore, alternative methods for han-
dling large systems, which are based on frag-
ment methods,101,102 could likely be adopted in
similar ways.

We finally discuss the computational scaling
that can be achieved with our present imple-
mentation, relying on the FHI-aims code and
its software environment103–105 for all standard
pieces of the execution. We document the
code’s performance for the largest system stud-
ied in this work, the DNA segment shown in
Fig. 2, which was used to compute the shield-
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Figure 9: Computational timings for shieldings and J-couplings, as shown in Tables 4 and 5,
respectively, for the 1,052 atom DNA segment shown in Fig. 2. (a) ”Light” computational settings
and basis sets for the shielding, “Light/NAO-J-5” basis set for the J-coupling as described in the
text. (b) ”Tight” computational settings and basis sets for the shielding, “Tight/NAO-J-5” basis
set for the J-coupling. Calculations were executed on NERSC’s Cori supercomputer using between
five and 80 nodes, i.e., between 160 and 2560 CPU cores. Circles: Total wall-clock time for the
unperturbed s.c.f. cycle (prior to calculating any NMR observables). Squares: Wall-clock time for
evaluating the J-coupling. Diamonds: Wall-clock time for evaluating the shielding.

ing and J-coupling in Tables 4 and 5, respec-
tively. In particular, FHI-aims and our cur-
rent implementation are both parallelized based
on the message passing interface (MPI), en-
abling the code to scale across different nodes
of distributed-parallel supercomputers.

In Fig. 9, we show wall-clock times as a
function of number of nodes and CPU cores
used on the National Energy Research Cen-
ter’s (NERSC’s) supercomputer Cori, for In-
tel Haswell-generation processors. The data
in Fig. 9a pertain to wall clock times for
“Light” numerical settings and basis sets for
the shielding. For the J-coupling, “Light/NAO-
J-5” settings are used. Fig. 9b pertains to
“Tight” numerical settings for the shielding
and “Tight/NAO-J-5” for the J-coupling. For
the self-consistent field (s.c.f.) cycle preced-
ing the actual NMR calculations, the times
for “Light” vs. “Light/NAO-J-5” and “Tight”
vs. “Tight/NAO-J-5” are virtually identical.
“Light” wall clock times are about one order of
magnitude lower than those for “Tight” settings.
Residual overall scaling for “Light” extends up
to 1,280 cores and for “Tight” up to 2,560 cores.

The scaling limit for the “Light” case is below
that for “Tight” since communication begins to
dominate over computational workload earlier
for “Light.” We find that the computational
scaling of our present implementation is lim-
ited by the library implementation of parallel
matrix multiplications (pdgemm routine), for
fixed basis set size. The results shown pertain
to the Cray libsci library, version 19.06.1, which
offered the best overall performance for our case
on the Cori supercomputer at the time of exe-
cution. We also note that the computational
cost for a single J-coupling shown in Fig. 9
is close to the evaluation of the unperturbed
s.c.f. cycle (albeit on a logarithmic scale). This
is not unexpected since the perturbed density
is presently evaluated in its own DFPT cycle
across the full basis set and system, similar
to how the unperturbed density is obtained.
Overall execution times are in the hundreds
of wall clock seconds in both Figs. 9a and 9b.
Close to basis set converged large-scale compu-
tations of shieldings and J-couplings in com-
plex systems are thus feasible with our present
implementation, allowing these parameters to
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be obtained, e.g., for use in follow-up parame-
terized spin-physics simulations in the Spinach
code.106 FHI-aims can produce output files in
the SpinXML data format that facilitate this
task.107

4 Conclusions
In this paper, we implement and benchmark
DFT based computations of NMR chemical
shieldings, magnetizabilities, and J -couplings
using numeric atom-centered orbital (NAO) ba-
sis sets. The study targets test sets of small
light-element molecules and compares the NAO
results to several groups of Gaussian-type or-
bital (GTO) basis sets.

For shieldings, two groups of NAO basis sets
are tested, i.e., the “FHI-aims-09” basis sets
used for general purpose DFT calculations in
the FHI-aims code, as well as the NAO-VCC-
nZ basis sets by Zhang et al.40 The NAO-VCC-
nZ basis sets perform slightly more consistently
than the FHI-aims-09 basis sets, on par with
Jensen’s specialized pcS-n GTO basis sets for
shieldings in the same basis set size range.

Magnetizabilities converge quickly using the
FHI-aims-09 NAO basis sets. Especially the
FHI-aims-09 “tier 2” basis sets provide com-
pelling precision for magnetizabilities, outper-
forming the other tested basis set types (both
NAO and GTO) in their basis set size range.

For J-couplings, we construct and assess a
new group of NAO basis sets, called NAO-J-n,
in analogy to the successful recipe of Jensen’s
GTO pcJ-n61,62 basis sets. Specifically, we
add tight s-type functions from the pcJ-n basis
sets to the valence correlation consistent NAO-
VCC-nZ basis sets by Zhang et al.40 We show
that already the moderately sized NAO-J-3 ba-
sis sets can reach approximately 1 Hz numerical
precision, i.e., a quality that is sufficiently ac-
curate for comparisons to experimental NMR
data, which is typically also restricted to about
1 Hz resolution. In terms of size, the NAO
basis sets outperform their GTO counterparts
slightly for this accuracy target. For the NAO-
J-3 basis sets, we also find that the precision is
significantly better than 1 Hz when excluding

J-couplings involving F or P nuclei from our
tests.

We finally show that our implementation can
handle large systems (above 1,000 atoms) for
the computation of individuals shieldings and
J-couplings. We expect that the benchmarks
provided in this work will enable reliable use of
the NAO basis sets in the present implementa-
tion for future production calculations across a
wide range of light-element based systems.
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Appendix

GGA exchange-correlation kernel

Given a GGA exchange-correlation energy as
a functional of the spin densities and the spin
density gradients,

Exc ≡ Exc[nα, nβ,∇nα,∇nβ], (52)

the exchange-correlation potential, for the spin
channel α, can be written as

Vxc,α(r) =
δExc

δnα

+
δExc

δ∇nα

∇

=
∂Exc

∂nα

+ 2
∂Exc

∂γαα
∇nα∇+

∂Exc

∂γαβ
∇nβ∇,

γσσ′ =∇nσ∇nσ′ .

(53)

Before finding the second derivative of Exc, it
is convenient to first express the unperturbed
matrix elements of the xc-potential in terms of
the scalar and vectorial parts, u(0)α and v

(0)
α :

⟨ϕi |Vxc,α |ϕj⟩ =
∫
u(0)α Ωij(r) dr

+

∫
v(0)
α ∇Ωij(r) dr,

u(0)α =
∂Exc

∂nα

,

v(0)
α = 2

∂Exc

∂γαα
∇nα +

∂Exc

∂γαβ
∇nβ,

Ωij(r) = ϕi(r)ϕj(r).

(54)

The matrix elements of the first-order xc-
potential are then given by

V
(1)
xc;ij =

〈
ϕi

∣∣∣∣∣∂Vxc,α∂nα

n(1)
α +

∂Vxc,α
∂nβ

n
(1)
β

+
∑
σσ′

∂Vxc,α
∂γσσ′

∇nσ∇n
(1)
σ′

∣∣∣∣∣ϕj

〉

=

∫
u(1)α Ωij(r) dr +

∫
v(1)
α ∇Ωij(r) dr,

(55)

where, for spin channel α,

u(1)α =E(αα)
xc n(1)

α + E(αβ)
xc n

(1)
β +

∑
σσ′

E(α,σσ′)
xc γ

(1)
σσ′ ,

v(1)
α =2

∑
σ

E(σ,αα)
xc ∇nαn

(1)
σ +

∑
σ

E(σ,αβ)
xc ∇nβn

(1)
σ

+ 2
∑
σσ′

E(αα,σσ′)
xc ∇nαγ

(1)
σσ′

+
∑
σσ′

E(αβ,σσ′)
xc ∇nβγ

(1)
σσ′

+ 2E(αα)
xc ∇n(1)

α + E(αβ)
xc ∇n

(1)
β .

(56)

The short-hand notation for the energy deriva-
tives is

E(σ1σ2)
xc =

∂Exc

∂γσ1σ2

; E(σ1,σ2σ3)
xc =

∂2Exc

∂nσ1∂γσ2σ3

E(σ1σ2,σ3σ4)
xc =

∂2Exc

∂γσ1σ2∂γσ3σ4

.

(57)

First-order density and density gradient are
evaluated according to

n(1)(r) =
∑
ij

ϕi(r)n
(1)
ij ϕj(r),

∇n(1)(r)

=
∑
ij

[∇ϕi(r)n
(1)
ij ϕj(r) + ϕi(r)n

(1)
ij ∇ϕj(r)].

(58)

If the perturbation behind the first-order den-
sity is a magnetic moment, then V

(1)
xc;ij = V µA

xc;ij
as in Eq. (42).

The expressions shown here are applicable in
a spin-polarized calculation using an LDA or a
GGA functional. In LDA, all the gradient con-
taining terms vanish. In case of J -couplings,
if the unperturbed electronic structure is not
spin-polarized, the expressions simplify some-
what and the cost of calculation of the matrix
elements V (1)

xc;ij reduces by up to a factor of one
half. The reason is that, even though we start
with a non-spin-polarized system, the first-
order density is always spin-polarized. This is
in contrast to, e.g., phonons by DFPT, where
a non-spin-polarized system remains non-spin-
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polarized after switching on the perturbation
and the calculation of the matrix elements is
significantly cheaper than in the spin-polarized
case.
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