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Abstract 

Frequently used second-order spectral line width formulae from the projector operator and 

kinetic theory methods have not been formally compared previously. It is shown that a 

systematic second-order expansion of the projection operator expression including initial 

correlations agrees with the second-order kinetic theory result. The agreement assumes a 

common approximation in the projector operator method that introduces a screened radiator-

perturber interaction to account for neglected electron-electron correlations. On the other hand, it 

is shown that the usual width expression from the projection operator approach neglecting initial 

correlations differs from kinetic theory. The differences, however, are third order in the radiator-

perturber interaction. These comparisons suggest using the more compact width expression from 

kinetic theory, which systematically accounts for screening of the radiator-perturber interaction 

and initial correlations, as the starting point for second-order calculations. 
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1. Introduction 
Spectral lines provide a valuable plasma diagnostic tool [Griem (1974)] and various methods 

have been developed to compute line shapes [Gigosos (2014); Gomez et al. (2022)]. The theories 

often express the line width and shift as a mean field term plus a dynamic contribution describing 

momentum transfer between the radiator internal states and the perturbing plasma. The mean 

field leads to level shifts and is all order in the radiator-perturber interaction. The dynamic part 

contributes shifts and widths and has second order as the lowest non-vanishing term. 

Using only the lowest order terms is expected to be valid near line center where the radiator-

perturber interaction is weak. Nevertheless, due to their practicability second-order theories are 

extensively used [e.g., Calisti et al. (1990); Mancini et al. (1991)]. In view of the uncertainty, 

second-order theories were tested using an all-order scattering theory approach that reported 

good agreement for charged radiators but had concerns for neutrals [Gomez et al. (2021)]. The 

problem with neutral radiators is that the strong collision treatment in the Born approximation to 

scattering does not conserve unitarity. Thus, the validity of second-order theories can be 

extended with appropriate strong collision cutoffs [Iglesias (2016)]. Incidentally, second-order 

theories also provide physical insight to line broadening processes. 

This work revisits frequently used second-order expressions for the line width from the 

projection operator [Smith & Hooper (1967)] and kinetic theory formalisms [Hussey et al. 

(1975)]. Although these methods were developed about half a century ago, no detailed 

comparisons exist in the literature. The present analysis introduces several approximations 

common in spectral line broadening by plasmas. Specifically, the system has a single radiator 

(emitting or absorbing atom). The plasma is factored into independent subsystems: an electron 

gas in the external potential of the radiator net electric charge and quasi-static ions interacting via 

an electron-screened potential [Iglesias & Dufty (1983)]. The kinetic theory relies on the 

equilibrium BBGKY hierarchy; thus, the system is in thermal equilibrium at a local temperature. 

The radiator center of mass motion and collisional broadening are assumed independent. Finally, 

exchange between the perturber and radiator bound electrons is neglected. 

The dipole radiation line shape function at photon energy  for the assumed system can be 

written in the form (suppressing the ion contribution to simplify notation) [Smith & Hooper 

(1967); Hussey et al. (1975)] 

!ω
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  (1.1) 

where Tra and Tre respectively denote a trace over the radiator internal states and the electron gas 

degrees of freedom,  is the radiator dipole operator, and 

  (1.2) 

with  the Hamiltonian for the isolated radiator internal states and the square brackets a 

commutator. The reduced distribution function for the radiator internal states is defined by 

  (1.3) 

with r the density matrix for the radiator-electron gas system. The operator  represents 

the perturbing electron gas effects on the radiator. It contains a mean field term producing level 

shifts, which are similar in the projection operator and kinetic theory approaches. The present 

emphasis, however, is on widths given by the imaginary part of . 

The kinetic theory approach is considered in Section 2 and the projection operator method in 

Section 3. Comparisons are provided in Section 4 with conclusions in the last Section 5. In the 

past, widths formulae have often been expressed with additional approximations (e.g., no-lower-

state broadening) significantly simplifying the formulae. Since an additional goal is to present 

the complete second-order line widths formulas from these two formalisms, numerous details are 

included in appendices. 

2. Kinetic theory 

The second-order dynamic contributions from kinetic theory are [Hussey et al. (1975)], 

  (2.1) 

where ne is the free electron number density, the trace is over a single perturber degrees of 

freedom, a and 1 denote radiator and perturbing electron variables, respectively, and  is a 

positive infinitesimal. The Liouville operator for the perturbing electron is 

  (2.2) 

I ω( ) = −π −1 Re dteiωtTra,e ρ
!
d ⋅
!
d t( ){ }

o

∞

∫

= −π −1 ImTra
!
d ⋅ 1

ω − L a( )− M a,ω( ) f a( ) !d⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

!
d

L a( ) = !−1 H a( ),!⎡⎣ ⎤⎦

H a( )

f a( ) = Treρ
M a,ω( )

M a,ω( )

M KT a,ω( ) = neTr1 Ls a1;Δω( ) 1
ω − L a( )− L 1( )+ iε fo a( ) fo 1( )Ls a1( ) fo−1 a( )⎧

⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

ε

L 1( ) = !−1 H 1( ),!⎡⎣ ⎤⎦
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with  the Hamiltonian for the perturbing electron, which includes the kinetic energy and the 

interaction with the net radiator charge. A success of the kinetic theory was a systematic 

derivation of statically and dynamcally screened radiator-electron interactions due to electron-

electron correlations; respectively,  and . It has been noted that the full 

dynamic screening has a small effect on the line shape [Hussey et al. (1977); Boercker, Lee & 

Rogers (1983)]. Thus, taking the vanishing detuning frequency limit 

  (2.3) 

with  a statically screened perturber interaction with the radiator internal states. The 

reduced distribution function for the perturbing electron accounts for the net radiator charge but 

is zeroth order in . The matrix elements between continuum eigenstates are 

  (2.4) 

where the thermal de Broglie wavelength 

  (2.5) 

with me and Te the electron mass and temperature in energy units [O’Brien & Hooper (1974)]. 

The matrix elements for the zeroth-order radiator reduced distribution function are 

  (2.6) 

where the proportionality constant will not be required and  is the energy of the isolated 

radiator eigenstate . 

2.1 Matrix elements 

The Liouville operators in Eq. (2.1) are conveniently treated through double atom [Baranger 

(1958)] or tetradic notation [Smith & Hooper (1967)], 

  (2.1.1) 

H 1( )

Ls a1( ) Ls a1;Δω( )

Ls a1;Δω → 0( ) = Ls a1( )
= !−1 Vs a1( ),!⎡⎣ ⎤⎦

Vs a1( )

Vs a1( )
!
′k fo 1( ) !k = λT

3
!
′k e−H 1( ) Te !k

= λT
3e−"

2k2 2meTeδ
!
′k −
!
k( )

λT = 2π!2 meTe

′µ fo a( ) µ = fo µ( )δ ′µ µ

∝ e−Eµ Teδ ′µ µ

Eµ

µ

µ M a,ω( ) y a( ) ν = Mµν , ′µ ′ν ω( ) y ′µ ′ν
′µ ′ν
∑



 5 

with  an operator in the Hilbert space of the radiator internal states. After lengthy but 

straightforward algebra, the matrix elements of the width and shift operator are 

  (2.1.2) 

where Greek letters represent isolated radiator internal eigenstates, k’s perturber continuum 

eigenstates with energy , and the detuning frequency is given by 

  (2.1.3) 

The results in Eq. (2.1.2) assumed the identity operator 

  (2.1.4) 

which neglects bound states for charged radiators; this effectively becomes a minimum impact 

parameter cutoff common to second-order theories [O’Brien & Hooper (1974)]. 

2.2 Line width 

The dynamic shift and width contributions are given respectively by the real and imaginary 

parts of . Using the identities 

  (2.2.1) 

with p.v. the Cauchy principal value, yields for the width . Applying the results in 

Appendices A and B yields 

y a( )

Mµν , ′µ ′ν
KT ω( ) = ne

!
d
"
k1∫ d

"
k2 δ ′ν ν fo k2( ) µ

!
k1 Vs τ

!
k2 τ

!
k2 Vs ′µ

!
k1

"Δωτν + Ek1 − Ek2 + iε
fo τ( )
fo ′µ( )

⎡

⎣
⎢
⎢τ

∑
⎧
⎨
⎪

⎩⎪
∫

+δ ′µ µ fo k1( ) ν
!
k1 Vs τ

!
k2 τ

!
k2 Vs ′ν

!
k1

"Δω µτ + Ek2 − Ek1 + iε

⎤

⎦
⎥
⎥

− µ
!
k1 Vs ′µ

!
k2 ′ν

!
k2 Vs ν

!
k1

fo k1( ) fo µ( ) fo−1 ′µ( )
!Δω µ ′ν + Ek2 − Ek1 + iε

+
fo k2( )

!Δω ′µ ν + Ek1 − Ek2 + iε

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

⎫
⎬
⎪

⎭⎪

Ek = !
2k 2 2me

!Δω µν = !ω − Eµ + Eν

d
!
k2
!
k2
!
k2 = 1∫

M a,ω( )
1

x ± i0+
= p.v.
x
∓ iπδ x( )

Γ = ImM
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  (2.2.2) 

with e the elemental electric charge, Bohr radius ao,  a sum over products of 3-j symbols 

defined in Eq. (A.2.6) that requires , and thermal average in Appendix B 

  (2.2.3) 

with . The l sum is due to the partial wave expansion of the radiator-

perturber interaction and  in Eq. (A.2.7) is a product of continuum electron radial 

matrix elements of the l term summed over the perturbing electron orbital angular momenta. 

The width expression in Eq. (2.2.2) reproduces previous results [Junkel et at. (2000)] except they 

only considered the first term and omitted the atomic distributions. 

3. Projection operator 

An additional approximation often introduced when applying the projector operator method 

is an ideal Boltzmann electron gas interacting with the radiator through a screened potential to 

account for the neglected electron-electron correlations. With this approximation, the projection 

operator second-order dynamic contributions are derived in Appendix C and give 

  (3.1) 

Γµν , ′µ ′ν
KT ω( ) = neλT

3

!
e2

ao

⎛

⎝⎜
⎞

⎠⎟
π

2λ +1( ) δ ′ν νδ JµJ ′µ
δ MµM ′µ

−1( )Jµ−Jτ fo τ( )
2Jµ +1( ) fo ′µ( )γ µτ ,τ ′µ

λ( ) −Δωτν( )
⎡

⎣
⎢
⎢γ τ Jτ

∑
⎧
⎨
⎪

⎩⎪λ
∑

+δ ′µ µδ Jν J ′ν
δ MνM ′ν

−1( )Jν −Jτ
2Jν +1

γ ντ ,τ ′ν
λ( ) −Δω µτ( )

⎤

⎦
⎥
⎥

−
fo µ( )
fo ′µ( )γ µ ′µ , ′ν ν

λ( ) −Δω µ ′ν( )+ γ µ ′µ , ′ν ν
λ( ) −Δω ′µ ν( )⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
Θµ ′µ , ′ν ν

λ( ) ⎫
⎬
⎪

⎭⎪

Θµ ′µ , ′ν ν
λ( )

Mµ − M ′µ = Mν − M ′ν

γ αβ , ′α ′β
λ( ) ω > 0( ) = dk

k f
e−!

2k2 2meTeDαβ , ′α ′β
λ( ) k,k f( )

o

∞

∫
γ αβ , ′α ′β

λ( ) ω < 0( ) = e−!ω Teγ αβ , ′α ′β
λ( ) ω( )

k f = k 2 + 2meω !

Dαβ , ′α ′β
λ( ) k1,k2( )

M PO a,ω( ) = neTr1 Ls a1( ) 1
ω − L a( )− L 1( )+ iε Ls a1( ) fo 1( )⎧

⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

+neTr1 Ls a1( ) 1
ω − L a( )− L 1( )+ iε f1 a1( ) fo−1 a( )Δω⎧

⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
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The first term is the usual second-order expression [Smith & Hooper (1967)]. The second term is 

a consequence of retaining initial correlations and involves the first order correction, , to 

the radiator-electron reduced distribution function. In principle there are additional terms but 

because of the neglected electron-electron correlations all terms of  cancel. The 

corrections in Eq. (3.1) agree with previous results [Gomez et al. (2018); Comment]. 

3.1 Matrix elements 

To help with the comparisons below, the matrix elements between isolated radiator 

eigenstates are split into two parts corresponding to the two terms in Eq. (3.1), 

  (3.1.1) 

Explicitly, 

  (3.1.2) 

These four terms are the familiar second-order results neglecting initial correlations [Smith & 

Hooper (1967)]. The second term has 

  (3.1.3) 

with initial correlation corrections and matrix elements of  in Appendix A. Although more 

explicit here, this is the same results derived in Ref. [17]. 

f1 a1( )

O ne
2( )

M PO a,ω( ) = M PO1 a,ω( )+ M PO2 a,ω( )

Mµν , ′µ ′ν
PO1 ω( ) = ne

!
d
"
k1∫ d

"
k2∫

× fo k1( ) δ ′ν ν

µ
!
k1 Vs τ

!
k2 τ

!
k2 Vs ′µ

!
k1

"Δωτν + Ek1 − Ek2 + iε
+δ ′µ µ

ν
!
k1 Vs τ

!
k2 τ

!
k2 Vs ′ν

!
k1

"Δω µτ + Ek2 − Ek1 + iε

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥τ

∑
⎧
⎨
⎪

⎩⎪

− µ
!
k1 Vs ′µ

!
k2 ′ν

!
k2 Vs ν

!
k1

fo k2( )
!Δω µ ′ν + Ek2 − Ek1 + iε

+
fo k2( )

!Δω ′µ ν + Ek1 − Ek2 + iε

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

⎫
⎬
⎪

⎭⎪

Mµν , ′µ ′ν
PO2 ω( ) = ne

!
d
"
k1∫ d

"
k2∫

× δ ′ν ν fo k2( ) µ
!
k1 Vs τ

!
k2 τ

!
k2 Vs ′µ

!
k1

"Δωτν + Ek1 − Ek2 + iε
fo τ( )
fo ′µ( )

1− e
Eτ −E ′µ +Ek2−Ek1( ) Te

Eτ − E ′µ + Ek2 − Ek1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥τ

∑
⎧
⎨
⎪

⎩⎪

− fo k1( ) µ
!
k1 Vs ′µ

!
k2 ′ν

!
k2 Vs ν

!
k1

"Δω µ ′ν + Ek2 − Ek1 + iε
fo µ( )
fo ′µ( )

1− e
Eµ−E ′µ +Ek1−Ek2( ) Te

Eµ − E ′µ + Ek1 − Ek2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎫
⎬
⎪

⎭⎪
!Δω ′µ ′ν

f1 a1( )



 8 

3.2 Line width 

Using the results in Appendices A and B yields the width from the projection operator 

method. The widths corresponding to the two terms in Eq. (3.1.1) are 

 (3.2.1) 

the usual width expression neglecting initial correlations and 

  (3.2.2) 

containing the initial correlation corrections that modify the first and third term in Eq. (3.2.1). 

4. Comparison 

This Section first contacts past work by comparing widths from the kinetic theory and the 

projection operator without initial correlations. This is followed by comparisons of the kinetic 

theory and the complete second-order projection operator widths. 

4.1  and  

The second-order dynamic contributions to the line width in Eqs. (2.2.2) and the no initial 

correlations part in (3.2.1) are similar but not identical. Firstly, the kinetic theory width contains 

ratios of the form 

  (4.1.1) 

Secondly, there is an opposite asymmetry with respect to the detuning frequency. Both 

differences occur in the first and third terms of those expressions. That is, 

Γµν , ′µ ′ν
PO1 ω( ) = πneλT

3

!
e2

ao

⎛

⎝⎜
⎞

⎠⎟
1

2λ +1
δ ′ν νδ JµJ ′µ

δ MµM ′µ

−1( )Jµ−Jτ
2Jµ +1( )γ µτ ,τ ′µ

λ( ) Δωτν( )
⎡

⎣
⎢
⎢γ τ Jτ

∑
⎧
⎨
⎪

⎩⎪λ
∑

+δ ′µ µδ Jν J ′ν
δ MνM ′ν

−1( )Jν −Jτ
2Jν +1

γ ντ ,τ ′ν
λ( ) −Δω µτ( )

⎤

⎦
⎥
⎥
− γ µ ′µ , ′ν ν

λ( ) Δω µ ′ν( )+ γ µ ′µ , ′ν ν
λ( ) −Δω ′µ ν( )⎡

⎣
⎤
⎦Θµ ′µ , ′ν ν

λ( )
⎫
⎬
⎪

⎭⎪

Γµν , ′µ ′ν
PO2 ω( ) = πneλT

3

!
e2

ao

⎛

⎝⎜
⎞

⎠⎟
1− e!Δω ′µ ν Te( ) 1

2λ +1λ
∑

×
δ ′ν νδ JµJ ′µ

δ MµM ′µ

2Jµ +1( ) −1( )Jµ−Jτ fo τ( )
fo
−1 ′µ( )γ µτ ,τ ′µ

λ( ) −Δωτν( )
γ τ Jτ
∑

⎧
⎨
⎪

⎩⎪

−
fo µ( )
fo
−1 ′µ( )Θµ ′µ , ′ν ν

λ( ) γ µ ′µ , ′ν ν
λ( ) −Δω µ ′ν( )⎫⎬⎪

⎭⎪

ΓKT ΓPO1

fo α( ) fo−1 β( ) = e− Eα −Eβ( ) Te
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  (4.1.2) 

which used the detail balance property in Eq. (B.6). Similarly for the third term, 

  (4.1.3) 

These differences are at least third order in the radiator-perturber interaction (g’s are second-

order and the detuning Dw is also a measure of the interaction). 

4.2  and  

Collecting results from Eqs. (3.2.1) and (3.2.2) together with Eq. (2.2.2) write 

  (4.2.1) 

and the differnce vanishes after applying the detailed balance property in Eq. (B.6). Thus, both 

approaches formaly lead to the same line widths. 

5. Conclusion 

The spectral line width expansions to second order in the radiator-electron interaction from 

the projection operator and kinetic theory formalisms were revisited. It was shown that a 

systematic treatment of the projection operator expression including initial correlations agrees 

with kinetic theory. On the other hand, the commonly used second-order projection operator 

width neglecting initial correlations (factorization of density matrix) leads to differences with the 

kinetic theory result. The differences, however, are third order in the radiator-electron interaction 

and therefore can be deemed negligible where the second-order theory is valid. 

Γµν , ′µ ′ν
PO1 ω( )− Γµν , ′µ ′ν

KT ω( )⎡⎣ ⎤⎦1st term ∝δ ′ν ν γ µτ ,τ ′µ
λ( ) Δωτ ′ν( )− fo τ( ) fo−1 ′µ( )γ µτ ,τ ′µ

λ( ) −Δωτ ′ν( )⎡
⎣

⎤
⎦

= δ ′ν ν 1− e
E ′µ −Eτ −!Δωτ ′ν( ) Te⎡

⎣⎢
⎤
⎦⎥
γ µτ ,τ ′µ

λ( ) Δωτ ′ν( )
∝O !Δω ′µ ′νVs

2 a1( )( )

Γµν , ′µ ′ν
PO1 ω( )− Γµν , ′µ ′ν

KT ω( )⎡⎣ ⎤⎦3rd term ∝γ µ ′µ , ′ν ν
λ( ) Δω µ ′ν( )− fo µ( ) fo−1 ′µ( )γ µ ′µ , ′ν ν

λ( ) −Δω µ ′ν( )
= 1− e E ′µ −Eµ−!Δωµ ′ν( ) Te⎡
⎣⎢

⎤
⎦⎥
γ µ ′µ , ′ν ν

λ( ) Δω µ ′ν( )
∝O !Δω ′µ ′νVs

2 a1( )( )

ΓKT ΓPO

Γµν , ′µ ′ν
PO ω( )− Γµν , ′µ ′ν

KT ω( ) = πneλT
3

!
e2

ao

⎛

⎝⎜
⎞

⎠⎟
1

2λ +1( )λ
∑

× δ ′ν νδ JµJ ′µ
δ MµM ′µ

−1( )Jµ−Jτ
2Jµ +1

γ µτ ,τ ′µ
λ( ) Δωτν( )− e!Δω ′µ ′ν Te

fo τ( )
fo ′µ( )γ µτ ,τ ′µ

λ( ) −Δωτν( )⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥γ τ Jτ

∑
⎧
⎨
⎪

⎩⎪

− γ µ ′µ , ′ν ν
λ( ) Δω µ ′ν( )− e!Δω ′µ ′ν Te

fo µ( )
fo ′µ( )γ µ ′µ , ′ν ν

λ( ) −Δω µ ′ν( )⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
Θµ ′µ , ′ν ν

λ( ) ⎫
⎬
⎪

⎭⎪
= 0
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It is emphasized that the agreement assumed the ad hoc introduction of a screened radiator-

electron interaction in the projection operator method. This approximation is extraneous in the 

kinetic theory approach since the electron-electron correlations systematically shield the 

interactions. In fact, the kinetic theory justifies to a large degree the use of ideal quasi-particles 

with screened radiator-electron interactions [Hussey et a. (1975)]. Furthermore, the kinetic 

theory second-order width formula accounts for initial correlations. With these advantages, it is 

sensible to use the more compact formula from kinetic theory as a starting point for second-order 

width calculations. 
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Appendix A. Radiator-electron interaction 

The perturber interaction with the radiator internal states can be written in the form 

  (A.1) 

where  is a spherical harmonic, the sum b is over radiator bound electrons, and e is the 

elemental electric charge. For example, a screened Coulomb interaction has coefficients 

  (A.2) 

where I and K are modified Bessel functions and k is an inverse screening length [Abramowitz & 

Stegun (1972)]. Here,  and  are the smaller and larger of  and  where  and  are the 

positions of the perturber and bound radiator electron b, respectively,  is a unit vector in the 

direction of vector , and the origin of the coordinate system is at the radiator nucleus. The oft 

made dipole approximation is briefly discussed at the end of this appendix. 

A.1 Perturber wavefunctions 

The spinless, non-relativistic, one-electron picture is assumed for the continuum electrons 

moving in a central potential  with  the net radiator elecric charge. The wavefunction 

for the perturbing electron is expresses as a sum over partial waves [Johnston (1967)] 

  (A.1.1) 

with  the elastic scattering phase shift and the reduced radial wavefunction satisfies the 

Schrodinger equation 

  (A.1.2) 

with boundary conditions are 

  (A.1.3) 

with k-scale normalization. 

Vs a1( ) = e2 4π
2λ +1( )Yλq

* r̂1( ) V λ( ) rb ,r1( )Yλq r̂b( )
b
∑

q=−λ

λ

∑
λ=0
∑

Yℓm

V λ( ) rb ,r1( ) = 2λ +1( )
rbr1

I
λ+1
2

κ r<( )K
λ+1
2

κ r>( )−δλ0
e−κ r1

r1

r< r>
!r1

!rb
!r1

!rb

r̂
!r

χeU r( ) χe

!r
!
k = kr( )−1 iℓeiσ ℓ k( )wkℓ r( )Yℓm* r̂( )Yℓm k̂( )

m=−ℓ

ℓ

∑
ℓ=0
∑

σ ℓ k( )

d 2

dr 2
−
ℓ ℓ+1( )
r 2

− 2χ
mee

2

!2
U r( )+ k 2⎧

⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
wkℓ r( ) = 0

wkℓ r→ 0( )∝ r ℓ+1

wkℓ r→∞( ) = 2
π
sin kr − ℓπ

2
+σ ℓ

⎛
⎝⎜

⎞
⎠⎟
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  (A.1.4) 

A.2 Matrix elements 

Substituting the expansion in Eq. (A.1) and performing the angular integrations get for the 

matrix elements 

  (A.2.1) 

Here, k’s represent electron continuum eigenstates and Greek letters radiator internal eigenstates 

 with J and M the total angular momentum and magnetic quantum numbers, and 

z denotes all remaining quantum numbers to identify the state. To simplify notation, sums over 

orbital angular momentum start at zero with obvious restrictions for the associated magnetic 

numbers. The result in Eq. (A.2.1) introduced 

  (A.2.2) 

with reduced matrix elements of the Wigner-Eckart theorem 

  (A.2.3) 

where  is the renormalized spherical harmonic [Cowan (1981)]. 

Products of matrix elements integrated over the continuum electron solid angles simplify to 

  (A.2.5) 

with 

  (A.2.6) 

dxw ′k ℓ x( )wkℓ x( )
o

∞

∫ = δ ′k − k( )

α
!
k1 Vs a1( ) β !k2 → e2

k1k2
iℓ2−ℓ1e

i σ ℓ2−σ ℓ1( )Yℓ1m1
* k̂1( )Yℓ2m2 k̂2( )

ℓ2m2
∑

ℓ1m1
∑

λq
∑

× −1( )Jα −Mα +q−m1 ℓ1 λ ℓ2
−m1 −q m2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Jα λ Jβ
−Mα q Mβ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
Tαβ

λ( ) k1ℓ1,k2ℓ2( )

α = ζα JαMα

Tαβ
λ( ) k1ℓ1,k2ℓ2( ) = 2ℓ1 +1( ) 2ℓ2 +1( ) ℓ1 λ ℓ2

0 0 0

⎛

⎝
⎜

⎞

⎠
⎟ drwk1ℓ1 r( )wk2ℓ2 r( )Aαβλ( ) r( )
o

∞

∫

Aαβ
λ( ) r1( ) = ζα Jα V λ( ) rb ,r1( )C λ( ) x̂b( )

b
∑ ζβ Jβ

C λ( ) x̂( )

dΩ
k̂1
dΩ

k̂2∫ α
!
k1 Vs β

!
k2 ν

!
k2 Vs µ

!
k1∫ = e4

k1
2k2
2 2λ +1( )−1

λ
∑

× Tαβ
λ( ) k1ℓ1,k2ℓ2( )

ℓ1ℓ2

∑ Tνµ
λ( ) k1ℓ1,k2ℓ2( )Θαβ ,νµ

λ( )

Θµ ′µ , ′ν ν
λ( ) = −1( )Jµ−J ′ν

Jµ λ J ′µ

−Mµ q M ′µ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

J ′ν λ Jν
−M ′ν −q Mν

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟q

∑



 13 

that vanishes unless . These results used the orthogonality of the spherical 

harmonics and properties of 3-j symbols. 

For the sum over intermediate radiator states again apply properties of 3-j symbols; that is, 

set  in Eq. (A.2.5) and sum over Mt. Collecting results and defining 

  (A.2.7) 

write 

  (A.2.8) 

This result reproduces Eq. (15) of Woltz & Hooper (1984) for hydrogenic radiators and Coulomb 

interaction except for pre-factors associated with the definition of the electron radial 

wavefunctions (for ,  with F the Coulomb wavefunction 

[Abramowitz & Stegun (1972)]) and overall normalization of the electron distribution (the factor 

). Similarly, write 

  (A.2.9) 

for the interference terms. 

A.3 Density matrix correction 

The subsections above deal with the usual terms found in the width and shift operator. The 

expression in Eq. (3.1) has a correction to the density matrix [Boercker & Iglesias (1984)], 

  (A.3.1) 

with matrix elements 

  (A.3.2) 

These terms can then make use of the interaction matrix elements results above. 

Mµ − M ′µ = Mν − M ′ν

β = ν = τ

Dαβ , ′α ′β
λ( ) k1,k2( ) = Tαβ

λ( ) k1ℓ1,k2ℓ2( )T ′α ′β
λ( ) k1ℓ1,k2ℓ2( )

ℓ1ℓ2

∑

dΩ
k̂1
dΩ

k̂2
µ,k1ℓ1m1 Vs τ ,k2ℓ2m2 τ ,k2ℓ2m2 Vs ′µ ,k1ℓ1m1∫∫

Mτ

∑

= δ JµJ ′µ
δ MµM ′µ

−1( )Jµ−Jτ
2Jµ +1

e4

k1
2k2
2

⎛

⎝⎜
⎞

⎠⎟
2λ +1( )−1Dµτ ,τ ′µ

λ( ) k1,k2( )
λ
∑

U r( ) = 1 r wkℓ r( )→ 2 π Fℓ kr( )

neλT
3

dΩ
k̂1
dΩ

k̂2∫ µ
!
k1ℓ1m1 Vs ′µ

!
k2 ′ν

!
k2 Vs ν

!
k1∫ = e4

k1
2k2
2

⎛

⎝⎜
⎞

⎠⎟
Θµ ′µ , ′ν ν

λ( )

2λ +1( )Dµ ′µ , ′ν ν
λ( ) k1,k2( )

λ
∑

f1 a1( ) = − fo a( ) fo 1( ) dτe H a( )+H 1( )⎡⎣ ⎤⎦τ !Vs a1( )e− H a( )+H 1( )⎡⎣ ⎤⎦τ !

o

! Te

∫

α
!
k1 f1 a1( ) β !k2 = !fo α( ) fo k1( ) 1− e

!ωα −!ωβ +Ek1−Ek2( ) Te
!ωα − !ωβ + Ek1 − Ek2

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
α
!
k1 Vs a1( ) β !k2
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A.4 Dipole approximation 

The dipole approximation restricts Eq. (A.1) to  and  for all b. The screened 

Coulomb interaction also requires  [Iglesias (2021)]. Then the screened interaction 

simplifies to 

  (A.4.1) 

with  the electric field at the radiator nucleus due to an electron at . Accordingly, for a 

screened Coulomb interaction 

  (A.4.2) 

defining  and . This leads to 

  (A.4.3) 

the free-free Gaunt factor in the acceleration form [Johnston (1967)]. After some algebra 

together with the change of variables , get 

  (A.4.4) 

the thermally averaged inverse bremsstrahlung Gaunt factor for absorption of a photon with 

energy  [Johnston (1967)]. The steps above outline an alternative derivation for the 

connection between inverse bremsstrahlung and line widths [O’Brien & Hooper (1974)]. 

λ = 1 !x1 >
!xb

κ !xb ≪1

Vs a1( )→ 4πe2

3
Y1q
* r̂1( ) V 1( ) rb ,r1( )Y1q r̂b( )

b
∑

q=−1

1

∑

=
!
d ⋅ !r1 e

∂
∂r1

e−κ r1

r1

⎛

⎝⎜
⎞

⎠⎟
= −
!
d ⋅
!
E r1( )

!
E r1( ) !r1

Tαβ
λ( ) k1ℓ1,k2ℓ2( )∝ α

!
d β δ ℓ2 ,ℓ1±1 −1( )ℓ1+ℓ> ℓ> drwk1ℓ1 r( ) ∂e−κ r

∂r
⎛
⎝⎜

⎞
⎠⎟
wk2ℓ2 r( )

o

∞

∫
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= α
!
d β δ ℓ2 ,ℓ1±1 −1( )ℓ1+ℓ> ℓ>Tℓ1ℓ2 k1,k2( )

Tℓ1ℓ2 k1,k2( ) ℓ> = Max[ℓ1,ℓ2]

Dαβ , ′α ′β
λ( ) k1,k2( )∝ g ff k1,k2( ) = 2 3

π k1k2
ℓ+1( )Tℓ,ℓ+12 k1,k2( )+ ℓTℓ,ℓ−12 k1,k2( )⎡⎣ ⎤⎦

ℓ=0

∞

∑

E = !2k1
2 2me

γ ω > 0( )∝ dk1
Te
k1e

−!2k1
2 2meTe dk2k2g ff k1,k2( )

o

∞

∫
o

∞

∫ δ !ω +
!2k1

2

2me
−
!2k2

2

2me

⎛

⎝⎜
⎞

⎠⎟

= dE
Te
e−E Te g ff k1, k1 +

2meω
!

⎛

⎝
⎜

⎞

⎠
⎟

o

∞

∫ = g ff
abs ω( )

!ω
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Appendix B. Thermal average 

Noting that  (suppressing superscripts and subscripts), there are two 

dimensionless integrals describing the thermal averages over perturber degrees of freedom in the 

second-order widths from the two formalisms in Sections 2 and 3. These are given by  

  (B.1) 

  (B.2) 

with Bohr radius  and  in atomic units. It follows that 

  (B.3) 

It is convenient to treat the cases  and  separately. 

For , use the d-function in Eq. (B.1) to first perform the integral over k2 to get 

  (B.4) 

For , use the d-function in Eq. (B.1) to first perform the integral over k1 to get 

  (B.5) 

Collecting results write 

  (B.6) 

satisfying detailed balance. 

D k2 ,k1( ) = D k1,k2( )

γ ω( ) = e2ao dk1e−!
2k1
2 2meTe dk2D k1,k2( )

o

∞

∫
o

∞

∫ δ !ω +
!2k1

2

2me
−
!2k2

2

2me

⎛

⎝⎜
⎞

⎠⎟

ξ ω( ) = e2ao dk1e−!
2k1
2 2meTe dk2D k1,k2( )

o

∞

∫
o

∞

∫ δ !ω −
!2k1

2

2me
+
!2k2

2

2me

⎛

⎝⎜
⎞

⎠⎟

ao = !
2 mee

2 D k1,k2( )
ξ ω( ) = γ −ω( )

ω > 0 ω < 0

ω > 0

γ ω > 0( ) = e2ao dk1e−!
2k1
2 2meTe dk2D k1,k2( )

o

∞

∫
o

∞

∫ δ !ω +
!2k1

2

2me
−
!2k2

2

2me

⎛

⎝⎜
⎞

⎠⎟

= dk1e
−!2k1

2 2meTe
dk2
k2
D k1,k2( )

o

∞

∫
o

∞

∫ δ k2 − k1 −
2me ω
!

⎛

⎝
⎜

⎞

⎠
⎟ +δ k2 + k1 +

2me ω
!

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

= dke−!
2k2 2meTe

D λ( ) k, k 2 +
2me ω
!

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

k 2 +
2me ω
!

o

∞

∫

ω < 0

γ ω < 0( ) = e2ao dk1e−!
2k1
2 2meTe dk2D k1,k2( )

o

∞

∫
o

∞

∫ δ
!2k1

2

2me
−
!2k2

2

2me
− !ω

⎛

⎝⎜
⎞

⎠⎟

= e−!ω Teγ ω( )

γ −ω( ) = e−!ω Teγ ω( )
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Appendix C. Projector operator method width and shift operator 

The second-order dynamic contributions to the line width and shift operator from the 

projection operator method typically neglect initial correlations [Smith & Hooper (1967); 

O’Brien & Hooper (1974)]. The second order results can be obtained following Dufty (1969) 

without neglecting initial correlations. To proceed, let 

  (C.1) 

with ,  with r the density matrix for the radiator-electron gas system, 

  (C.2) 

Adding an expansion parameter, Eq. (C.1) is rewrite as 

  (C.3) 

Expanding both sides of Eq. (C.2) and equating like terms in l yields . 

C.1 Second-order expansion 

The expansions for the expressions in the LHS of Eq. (C.3) in the parameter l are given by 

  (C.1.1) 

with . Substituting these expansions yields 

  (C.1.2) 

The results used 

Tra
!
d ⋅Tre

1
Δω − Le − LI

⎛

⎝⎜
⎞

⎠⎟
ρ
!
d = Tra

!
d ⋅ 1

Δω − M a,ω( )
⎛

⎝
⎜

⎞

⎠
⎟ ρa
!
d

Δω =ω − L a( ) ρa = Treρ

Le = L j( )
j=1

Ne

∑ = !−1 H j( ),!⎡⎣ ⎤⎦
j=1

Ne

∑

LI = Ls aj( ) = !−1 Vs aj( ),!⎡⎣ ⎤⎦
j=1

Ne

∑
j=1

Ne

∑

Tre
1

Δω − Le − λLI

⎛

⎝⎜
⎞

⎠⎟
ρρa

−1 = 1
Δω − M a,ω( )

M a,ω( )

Δω − Le − λLI( )−1 = Ro 1+ λLI Ro + λ 2LI RoLI Ro +O λ 3( )⎡
⎣

⎤
⎦

ρ = ρa
0( )ρe

0( ) + λρae
1( ) + λ 2ρae

2( ) +O λ 3( )
ρa

−1 = 1
ρa
0( ) 1− λTre ρae

1( ) ρa
0( ) + λ 2 Tre ρae

1( ) ρa
0( )( )2 −Tre ρae2( ) ρa

0( )⎡
⎣⎢

⎤
⎦⎥
+O λ 3( )⎡

⎣⎢
⎤
⎦⎥

Ro = Δω − Le( )−1

Tre
1

Δω − Le − λLI

⎛

⎝⎜
⎞

⎠⎟
ρρa

−1 = Ra + Ra λTre LIρe
0( ){ }+ λ 2Tre LI RoLIρe0( ){ }⎡

⎣
⎤
⎦Ra

+λ 2Ra Tre LI Ro ρae
1( ) ρa

0( ){ }−Tre LIρe0( ){ }RaTre ρae
1( ) ρa

0( ){ }⎡
⎣

⎤
⎦ +O λ 3( )
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  (C.1.3) 

where  because of the assumed thermal equilibrium,  depends on both radiator 

internal states and electron gas variables,  only depends on radiator internal states, and 

. The last two second-order terms in Eq. (C.1.2) come from the initial correlations. 

For the RHS of Eq. (C.3) assume 

  (C.1.4) 

and take advantage of the operator identity 

  (C.1.5) 

to form the Taylor series 

  (C.1.6) 

Equating like powers of l in Eqs. (C.1.2) and (C.1.6) yields 

  (C.1.7) 

The zeroth and first order terms reproduce previous results [Smith & Hooper (1967)]. The 

second-order term has initial correlation corrections that agree with Gomez et al. (2021). 

C.2 Reduced distributions 

The reduced distribution functions for the radiator and plasma quasi-particles are given by 

  (C.2.1) 

TreRog a,e( ) = RaTreg a,e( )
Roρe

0( )y a( ) = ρe
0( )Ra y a( )

Leρe
0( ) = 0 g a,e( )

y a( )
Ra = Δω −1

M = M 0( ) + λM 1( ) + λ 2M 2( ) +O λ 3( )

∂A−1

∂λ
= −A−1 ∂A

∂λ
A−1

Δω − M( )−1 ≈ Δω − M 0( )( )−1 1+ λM 1( ) + λ 2 M 2( ) + M 1( )RaM
1( )( )⎡

⎣⎢
⎤
⎦⎥ Δω − M 0( )( )−1⎧

⎨
⎩

⎫
⎬
⎭

M 0( ) = 0

M 1( ) = Tre LIρe
0( ){ }

M 2( ) = Tre LI RoLIρe
0( ){ }−Tre LIρe0( ){ }RaTre LIρe0( ){ }

+Tre LI Ro ρae
1( ) ρa

0( ){ }Δω −Tre LIρe
0( ){ }RaTre ρae

1( ) ρa
0( ){ }Δω

ne
s fo 1!s( ) = Ne Ne −1( )! Ne − s( )Trs+1!Neρe

0( )

= ne
sΠ j=1

s fo j( )
ne
s f1 a1!s( ) = Ne Ne −1( )! Ne − s( )Trs+1!Neρae

1( )

= ne
s f1 ai( )Π j=1

j≠i

s fo j( )
i=1

s

∑
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with Ne the number of free electrons and ne the free electron number density. Substituting into 

the first order term yields 

  (C.2.2) 

the usual first order mean field term, except here the interaction is screened. 

The four second-order terms in Eq. (C.1.7) are considered individually. The first gives 

  (C.2.3) 

Similar manipulations yield for the second term 

  (C.2.4) 

For the terms containing first order corrections to the density matrix 

  (C.2.5) 

and 

  (C.2.6) 

Collecting results get 

  (C.2.7) 

and all terms of  cancel. 

M 1( ) a,ω( ) = neTr1 Ls a1( ) fo 1( ){ }

Tre LI RoLIρe
0( ){ } = Tre Ls ai( ) 1

Δω − L k( )
k
∑

Ls aj( )ρe0( )
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
ij
∑

= NeTr1 Ls a1( ) 1
Δω − L 1( ) Ls a1( )Tr2!Neρe

0( )⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

+ Ne Ne −1( )Tr1 Ls a1( )Tr2!Ne
1

Δω − L 2( ) Ls a2( )ρe0( )⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= neTr1 Ls a1( ) 1
Δω − L 1( ) Ls a1( ) fo 1( )⎧

⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
+ ne

2Tr1 Ls a1( ) fo 1( ){ }RaTr2 Ls a2( ) fo 2( ){ }

Tre LIρe
0( ){ }RaTre LIρe0( ){ } = ne2Tr1 Ls a1( ) fo 1( ){ }RaTr2 Ls a2( ) fo 2( ){ }

Tre LI Roρae
1( ){ } = neTr1 Ls a1( ) 1

Δω − L 1( ) f1 a1( )⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
+ ne

2Tr1 Ls a1( ) fo 1( ){ }RaTr2 f1 a2( ){ }

Tre LI Roρe
0( ){ }Tre ρae

1( ){ } = ne2Tr1 L1 a1( ) fo 1( ){ }RaTr2 f1 a2( ){ }

M 2( ) a,ω( ) = neTr1 Ls a1( ) 1
Δω − L 1( ) Ls a1( ) fo 1( )+ f1 a1( ) fo−1 a( )Δω⎡⎣ ⎤⎦

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

O ne
2( )
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