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When calculating the spectral opacity of hot dense plasmas one often encounters the need to
generate a list of detailed ionic configurations of bound states for each ion stage in the plasma. We
present here a non-recursive algorithm for the efficient construction of such a list of states.

I. INTRODUCTION

A bound state in a plasma can be described by its configuration

~c ≡ {n1, n2, ..., nm} (1)

which consists of non-negative integer occupations ni for each atomic ”shell”. A ”shell” may refer to one bound
atomic orbital, or to a collections of bound atomic orbitals (termed a ”super-shell”). The occupation of any shell ni
is restricted to a maximum gi given by degeneracy of the orbitals comprising the shell, and the number of orbitals
and thus shells m that can be bound is determined by the plasma environment. The ionicity of the configuration is
given by the total number of bound electrons

N =

m∑
i=1

ni (2)

To systematically generate all configurations of a given ion stage, we must generate all bounded weak compositions
of an integer N into m parts. Recall that a composition of an integer is related to the partition of an integer, but
where the order of the summands is important.1 For our purposes we require weak compositions (i.e. allowing for null
elements) and that the elements be individually bounded.

In the absence of bounds, the number of weak compositions of an integer N into m parts is given by the binomial
coefficient (

N +m− 1
N

)
(3)

while the number of bounded compositions is given by the coefficient of xN in the generating function2–4

f (x) =

m∏
i=1

gi∑
j=0

xj =

m∏
i=1

(
1− xgi+1

)
(1− x)

m (4)

While there is no simple closed for expression for this number5,6 it can be easily exactly calculated in O [N ∗m] time,
and simple approximate and asymptotic exist (see Appendix A). Expressed as the complex contour integral

1

2πi

∮
dz

m∏
i=1

(
1− zgi+1

)
zn+1(1− z)m

(5)

it is easy to establish (by the substitution y ← 1/z ) that the count is symmetric in the number of electrons or
holes, with a maximum about half filling. Casual inspection shows that for large m and/or N the number of bounded
compositions is a small fraction of unbounded compositions7, as illustrated in Fig. 1, and so while simple algorithms
exist for systematically generating unbounded compositions1,8,9, merely rejecting unphysical configurations can be
highly inefficient.

Previously published algorithms for this application2,10–14 were not considered by the authors on the basis of being
recursive or limited to restricted compositions (where all component share a common limit, as opposed to individually
bounded) and others could not be successfully implemented due to their complexity and lack of documentation. Here
we present a simple intuitive algorithm which is easily implemented in FORTRAN77 (see Appendix B). Its speed and
simplicity is partially due to the fact, that for our application, strict lexical ordering of the list of configurations is
not required.
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FIG. 1: Count of configurations consisting of the first 9 non-relativistic atomics shells (1S through 4D) by total electron number.

II. REPRESENTING COMPOSITIONS

To generate unbounded compositions of an integer N into m parts, let N + m + 1 slots be marked on a sheet of
paper, and suppose that in the first slot and last slot we mark a bar, as shown below:

|
1 2 3 4 . . . .

|
N+m+1

(6)

In the remaining N+m-1 slots, distribute N balls with no more than one ball occupying any slot. There are obviously(
N +m− 1

N

)
(7)

ways of doing this. In each of the other m-1 slots which remain, place a vertical bar. We now have the pattern like
the one shown below for N=7 and m=5:

|
1

•
2
•
3
|
4

|
5

•
6
|
7

•
8
•
9
•
10

|
11

•
12

|
13

(8)

Now we think of the vertical bars as representing cell boundaries. Hence, in the above there are 5 cells containing,
respectively, 2,0,1,3,1 balls; a composition of the integer 7.
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III. REPRESENTING BOUNDED COMPOSITIONS

In order to enforce individual bounds on the components of the composition, we use the same visualization as above
but with the added feature of including an imaginary rope, of length gi, between bars ”i” and ”i+1”, which in general
may be slack, but prevents the movement of bars such that the value of the element ni never exceeds the bound.

We start the algorithm with the lexically largest allowed composition, that is, the ground state configuration, where
first encountered shells are maximally filled. As an illustrative example, consider the compositions of N= 5 into m=4
parts, with the maximum of the four parts given by ~g = {2, 2, 6, 2}. The initial composition would then be given by
~c = {2, 2, 1, 0} and represented by the pattern

|
1

•
2
•
3
|
4

•
5
•
6
|
7

•
8
|
9

|
10

(9)

To generate the next composition we move the location of the interior bars {b1, b2, b3} = {4, 7, 9}. Note that our
indexing convention for bars is such that b0 = 1 is always the first slot, and the last bar bm = N +m+ 1 always the
last slot, and the composition component ni = bi − bi−1 − 1.

The movement of the bars is accomplished according to the following rules:
(1) We test, starting with second interior bar i = 2 and increasing

testi = (bi − bi−1 − 1) < gi & bi−1 > i (10)

and find the index ”p” at which the test is first true. We denote this as the ”pivot”. Note that the first part of the
test ensures that the imaginary ropes between bars are not pulled past their bounds, while the second part of the
tests ensures that the bars do not overlap on the left side of the slot diagram.

(2) All bars to the left of the pivot bar are moved as far right as allowed by the constraining ”ropes”. Specifically

bp−1 = bp−1 − 1 (11)

and for bars further on the left

bi = min [bi+1 − 1, bmax
i ] (12)

where

bmax
i ≡ bmax

i−1 + gi + 1 bmax
0 = 1 (13)
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which leads to the following generation of patterns:

|
1

•
2
•
3
|
4

•
5
•
6
|
7

•
8
|
9

|
10

|
1

•
2
•
3
|
4

•
5
|
6

•
7
•
8
|
9

|
10

|
1

•
2
|
3

•
4
•
5
|
6

•
7
•
8
|
9

|
10

|
1

•
2
•
3
|
4

|
5

•
6
•
7
•
8
|
9

|
10

|
1

•
2
|
3

•
4
|
5

•
6
•
7
•
8
|
9

|
10

|
1

|
2

•
3
•
4
|
5

•
6
•
7
•
8
|
9

|
10

|
1

•
2
|
3

|
4

•
5
•
6
•
7
•
8
|
9

|
10

|
1

|
2

•
3
|
4

•
5
•
6
•
7
•
8
|
9

|
10

|
1

|
2

|
3

•
4
•
5
•
6
•
7
•
8
|
9

|
10

|
1

•
2
•
3
|
4

•
5
•
6
|
7

|
8

•
9
|
10

|
1

•
2
•
3
|
4

•
5
|
6

•
7
|
8

•
9
|
10

|
1

•
2
|
3

•
4
•
5
|
6

•
7
|
8

•
9
|
10

|
1

•
2
•
3
|
4

|
5

•
6
•
7
|
8

•
9
|
10

|
1

•
2
|
3

•
4
|
5

•
6
•
7
|
8

•
9
|
10

|
1

|
2

•
3
•
4
|
5

•
6
•
7
|
8

•
9
|
10

|
1

•
2
|
3

|
4

•
5
•
6
•
7
|
8

•
9
|
10

etc

(14)

The pattern generation terminates when no test index is true. In our example this leads to the 26 bounded compositions

{2210} , {2120} , {1220} , {2030} , {1130} ,
{0230} , {1040} , {0140} , {0050} , {2201} ,
{2111} , {1211} , {2021} , {1121} , {0221} ,
{1031} , {0131} , {0041} , {2102} , {1202} ,
{2012} , {1112} , {0212} , {1022} , {0122} ,
{0032}

(15)

The algorithm outlined above can be recast as follows.:

1. Generate ground configuration for N electrons for m orbitals with degeneracies ~g.

2. Find the first shell (pictorially a box or container) that can move one electron to the container immediately to
the right of it.

3. If step 2 is successful, mark the container that could move the electron rightwards as the pivot.

4. For the containers up to and including the pivot p, rearrange the electrons in containers 1 though p into their
ground configuration.

5. A new configuration has been generated. Continue with step 2.

6. If step 2 fails to find a pivot for any of the containers then all configurations have been generated.

Note that Step 2 contains both the conditions that an electron can only move one container over if i) the rightward
container is not fully occupied and ii) the initial container is not empty. Note also that the rightmost container, i.e.,
the last orbital, can not move electrons rightward either.

The next configuration after the ground-configuration shown in Fig. 2 is created as follows: Container 2 (i.e.,
orbital 2S) can move one electron in Container 3 (i.e., orbital 2P) as the latter container is not fully occupied. This
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FIG. 2: Ground-configuration created by instantiating a Configuration-Generation object

FIG. 3: The next configuration generated from the ground-configuration. The red electron marks the electron that moved from
orbital 2 to orbital 3.

marks Container 2 as the pivot. Step 4 is automatically satisfied as the three remaining electrons in Containers 1-2
are already in their ground configuration. The next configuration has been generated and is shown in Fig. 3.

As a last application of the algorithm outlined above, let us consider the initial configuration shown in the left-side
of Fig 4. Container 2 is the pivot as one electron can move into Container 3. The remaining 2 electrons are now put
into their ground configuration for Containers 1-2 resulting in the configuration shown on the right hand side. Note
how each new configuration is generated from a two-step process, moving an electron rightward if possible and then
rearranging the remaining electrons into a ground configuration.

FIG. 4: The next configuration generated from the one on the left side of the diagram is given by a two step process, i) move
an electron from orbital 2 to 3 and then rearrange the two remaining electrons into a ground configuration.

IV. SUMMARY

We have presented a non-recursive and fully general (i.e. not reliant on loop nesting) algorithm for the systematic
enumeration and generation of bound state configurations specified by ion stage and atomic orbital/shell structure,
which is easily programmed and applicable to detailed configuration accounting or super-configuration accounting
opacity codes.
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Appendix A: Evaluating the number of bounded compositions

A straightforward evaluation of the generating functional of Eqn.4 merely requires the multiplication of ”m” poly-
nomials of various degrees. This can be done by pairwise multiplication using only two arrays for the storage of the
integer coefficients of the monomials of the product, and only coefficients up to degree ”N” need be stored. This is
accomplished by the following FORTRAN77 routine:

c:
subroutine count(n,k,m,num,co,cn)
c: ——————————————————————
c: the number of (m1,...,mk) bounded compositions of n
c:
c : input:
c: n - integer of composition
c: k - number of parts
c: m(1:k) - bounds of parts
c: output:
c: num - number of compositions
c:
c: internal work arrays:
c: co
c: cn
c: ——————————————————————
implicit integer (i-m)
integer m(k)
integer co(0:n)
integer cn(0:n)
c: ——————————————————————
do i=0,n
co(i)=0
cn(i)=0
enddo
len=min(n,m(1))
do i=0,len
co(i)=1
enddo
do ik=2,k
do i=0,len
cn(i)=co(i)
enddo
do im=1,m(ik)
do i=im,min(n,len+im)
j=i-im
cn(i)=cn(i)+co(j)
enddo
enddo
len=min(n,len+m(ik))
do i=0,len
co(i)=cn(i)
enddo
enddo
num=co(n)
return
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end
Let us note that using the contour integral representation of Eqn. 5 and discretizing

z = r ei θj θj =
2π

k
(j − 1) j = 0, 1, ..., k − 1 (A1)

will yield correct results (within the nearest integer) given that the number of quadrature points exceeds k >
max (n+ 1, 2 ∗m),but only for low (m ≤ 6) number of parts and number of electrons (n ≤ 18).

A simple asymptotic expression follows from a unit circle z = eiθ contour of Eqn. 5

1

2π

+π∫
−π

dθ

m∏
k=1

(
1− zgk+1

)(
zn gk/G

)
(1− z)

(A2)

where G =
m∑
k=1

gk. As there is a lot of cancellation of the integrand away from θ = 0 we can expand about small

angles (using L’Hospital’s rule) and fit to a gaussian. The integral can be done by hand resulting in

Γ√
πα

e

{
− (G−2n)2

4α

}
(A3)

where

Γ ≡
m∏
k=1

(1 + gk) (A4)

α =
1

6

{
G(2) + 2G

}
G(2) ≡

m∑
k=1

g2k (A5)

One can see that the expression has a maximum at half occupation as expected, and is most accurate (in the relative
but not absolute sense) near that maximum (when the argument of the exponential is small), as illustrated in Fig. 5.

Appendix B: A Subroutine for generating bounded compositions

To systematically generate bounded compositions, the following subroutine can be initially called with the logical
variable ’first’ set to true, and repeatedly called until the logical variable ’done’ is returned with a true value.

c:
subroutine nextcomp(n,k,c,m,b,bx,first,done)
c: ——————————————————————
c: integer n into k parts bounded by m where each m is gt 0
c: ——————————————————————
implicit integer (i-m)
integer c(k) ! the returned composition
integer m(k) ! the maximum occupation of each component/shell
integer b(0:k) ! returns the indices of the pattern boundaries
integer bx(0:k)
logical first
logical done
logical test
c: ——————————————————————
if(first) then
c: initialize with lex largest
nr=n
do i=1,k
c(i)=min(m(i),nr)
nr=nr-c(i)
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FIG. 5: Approximate vrs exact count of configurations consisting of the first 9 non-relativistic atomics shells (1S through 4D)
by total electron number.

enddo
if(nr.gt.0) then
write(*,*) ’input n larger than sum of m’
stop
endif
b(0)=1
do i=1,k-1
b(i)=b(i-1)+c(i)+1
enddo
b(k)=n+k+1
bx(0)=1
do i=1,k
bx(i)=bx(i-1)+m(i)+1
enddo
first=.false.
done=.false.
return
endif
do j=2,k
test=c(j).lt.m(j) .and. b(j-1).gt.j ! test=b(j)-b(j-1)-1.lt.m(j)
if(test) then
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b(j-1)=b(j-1)-1
do i=j-2,1,-1
b(i)=min(b(i+1)-1,bx(i))
enddo
c: construct composition
do i=1,k
c(i)=b(i)-b(i-1)-1
enddo
return
endif
enddo
done=.true.
return
end
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