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Abstract. A key property of the linear Boltzmann semiconductor model is that as the collision
frequency tends to infinity, the phase space density f = f(x, v, t) converges to an isotropic function
M(v)ρ(x, t), called the drift-diffusion limit, where M is a Maxwellian and the physical density ρ sat-
isfies a second-order parabolic PDE known as the drift-diffusion equation. Numerical approximations
that mirror this property are said to be asymptotic preserving. In this paper we build a discontinuous
Galerkin method to the semiconductor model, and we show this scheme is both uniformly stable in
ε, where 1/ε is the scale of the collision frequency, and asymptotic preserving. In particular, we
discuss what properties the discrete Maxwellian must satisfy in order for the schemes to converge in
ε to an accurate h-approximation of the drift-diffusion limit. Discrete versions of the drift-diffusion
equation and error estimates in several norms with respect to ε and the spacial resolution are also
included.
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1. Introduction. Kinetic equations are an established tool for modeling charged-
particle transport in semiconductors, particularly in non-equilibrium settings [18, 26,
29]. However, numerical simulations of such equations are known to be challenging,
due to the size of the space on which they are defined (in general three position,
three momentum variables, plus time) and the multiscale nature of the equations.
With regards to the latter, it is well-known that for large collision frequencies and
long-time scales, the kinetic solution is well-approximated by a drift-diffusion equa-
tion which depends on space and time only. Under reasonable conditions, this limit
was established rigorously for the case of an applied electric field in [28]. The case of
a self-consistent field was later treated in [1, 27].

Because of the drift-diffusion approximation, solving a kinetic model of charge
transport in collisional regimes may be unnecessarily expensive; to ameliorate this
cost, methods which leverage the drift-diffusion approximation, either via domain
decomposition [20] or acceleration [10, 22] are sometimes used. At a minimum, it
is important that a discretization of the kinetic equation recover a stable and con-
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sistent discretization of the drift-diffusion limit as the collision frequency becomes
infinitely large; this is the so-called asymptotic preserving (AP) property [15, 16].
While standard finite volume or finite-difference methods that that rely on upwind-
ing to discretize advection terms are not asymptotic preserving, there are specialized
spatial discretizations [31] and operator splitting techniques [16,17,21] that are.

A different approach for capturing the numerical drift-diffusion limit is to use
discontinuous Galerkin (DG) methods. These methods have been developed both for
kinetic semiconductor equations [6–9, 25] and for the drift-diffusion equations [5, 24].
While not yet rigorously established in the literature, it is reasonable to assume that
DG methods will recover the numerical drift-diffusion limit. Such a conjecture rests on
a similar body of work for kinetic equations of radiation transport. In that setting, col-
lisional dynamics over long time scales lead to a standard diffusion equation [3,14,23].
The asymptotic preserving properties of DG methods for transport equations were
first established in [23] for one-dimensional (slab) geometries and later extended to
the general multi-dimensional setting in [2]. In [13], the work in [2] was re-established
using a rigorous functional analysis framework. The work presented here follows in
the spirit of that framework.

In the current paper, we rigorously prove the numerical drift-diffusion limit for
a DG method applied to a linear kinetic semiconductor equation. In particular, the
collision operator approximates very complicated material interactions with a simple
relaxation model and the electric field is not self-consistent, but rather assumed to be
given. The DG method relies on a reformulation of the kinetic equation in terms of
a weighted distribution function. While such a reformulation is likely not necessary,
partially due to the numerical results in [22], it does make some stability results easier
to prove. Such results are challenging because, unlike the radiation transport case,
the advection operators and collision operator of the kinetic semiconductor equation
are stable in L2 spaces with two different weightings. Even at the analytical level,
this mismatch poses significant challenges [27]. Even so, we expect that the analysis
presented here can be leveraged for “more standard” implementations.

Beyond linearity, there are several other assumptions made in the analysis. Some
of these are technical, but others are quite important. Among these, the most im-
portant is a zero-inflow boundary condition which precludes the development of a
boundary layer. We also assume that the initial data is well-prepared in the sense
that it is consistent with the state of local thermal equilibrium. Removing these three
assumptions—linearity, zero inflow, and well-prepared initial data—will be important
steps in future work. In addition, uniform error estimates independent of the collision
frequency, along the lines of [32] for the radiation transport case, should be considered.
However, the analysis here is already fairly involved and requires more work than the
radiation transport case. The main novelty of this work is the rigorous analysis of
the numerical diffusion limit of a kinetic equation. In contrast to [13] whose work
and novelty closely resembles and inspires the work here, the kinetic equation in the
current setting is time-dependent, involves advection in both the physical and velocity
variables, is defined over an unbounded velocity domain, and has a collision operator
with a kernel (the local thermal equilibrium) that is not contained in a standard finite
element space. Additionally, this work provides several lemmas concerning stability
and control of projecting discontinuous Galerkin finite element functions onto a con-
tinuous Galekrin finite element space. These technical results will aid in the current
and future numerical analysis of AP discontinuous Galerkin schemes.

The remainder of the paper is organized as follows. In Section 2, we introduce
the relevant equations, preliminary notation, assumptions used to construct a discrete
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Maxwellian, and the numerical method for solving the kinetic semiconductor model
given in (2.1) below. We characterize the collision frequency by an asymptotic param-
eter ε > 0 which is inversely proportional to the mean-free-path between collisions,
and in Section 3, we develop stability and pre-compactness estimates that allow us
to take the ε-limit to 0. Additionally, we give several technical results which will aid
in the general analysis of discrete drift-diffusion limits. In Section 4, we show the
numerical density ρεh of the kinetic model converges to the solution of a discretized
version ρ0

h of the drift diffusion system, given in (2.5) below. In Section 5, we show
error estimates for ‖ρεh − ρ0

h‖ in ε and h as well as error estimates for ‖ρ0
h − ρ0‖ in h.

This allows us to build estimates for ‖ρεh − ρ0‖ in ε and h.

2. Background, Preliminaries, and Assumptions. Given ε > 0, a Lipschitz
spatial domain Ωx ⊂ R3, and data f0 prescribed on Ωx, let fε(x, v, t) be the solution
of the following kinetic semiconductor model

ε
∂fε

∂t
+ v · ∇xfε + E(x, t) · ∇vfε −

1

ε
Q(fε) = 0, (x, v) ∈ Ωx × R3, t > 0;(2.1a)

fε(x, v, t) = f−(x, v, t), (x, v) ∈ ∂Ω−, t > 0;(2.1b)

fε(x, v, 0) = f0(x, v), (x, v) ∈ Ωx × R3,(2.1c)

where E ∈W 1,∞([0, T ];L∞(Ωx)) is a given electric field, f− is the inflow data, and

(2.2) ∂Ω− = {(x, v) ∈ ∂Ωx × R3 : v · nx(x) < 0},

with nx(x0) being the normal to Ωx at the point x0, is the inflow component of the
boundary. Additionally the collision operator Q is defined by

(2.3) Q(fε) = ω(Mρε − fε)

where ρε(x, t) =
∫
R3 f

ε(x, v, t) dv is the number density and M(v) = (2πθ)
−3
2 e−

|v|2
2θ

with θ > 0 the (lattice) temperature and ω ∈ L∞(Ωx) with 0 < ωmin ≤ ω on Ωx the
(scaled) collision frequency. The moment Jε = ε−1

∫
R3 vf

ε(x, v, t) dv is the current
density.

If the inflow and initial data are isotropic, that is, f−(x, v, t) = m(x)M(v) and
f0(x, v) = ρ0(x, t)M(v), then as ε → 0, fε converges to M(v)ρ0(x), where ρ0 solves
the drift-diffusion equation [28]:

∂ρ0

∂t
+∇x ·

(
1

ω
(−θ∇xρ0 + Eρ0)

)
= 0, x ∈ Ωx, t > 0;(2.4a)

ρ0(x, t) = m(x), x ∈ ∂Ωx, t > 0;(2.4b)

ρ0(x, 0) = ρ0(x), x ∈ Ωx.(2.4c)

If J0 = 1
ω (−θ∇xρ0 +Eρ0), the pair {ρ0, J0} solves the equivalent first-order system:

∂ρ0

∂t
+∇x · J0 = 0, x ∈ Ωx, t > 0;(2.5a)

ωJ0 + θ∇xρ0 − Eρ0 = 0, x ∈ Ωx, t > 0;(2.5b)

ρ0(x, t) = m(x), x ∈ ∂Ωx, t > 0;(2.5c)

ρ0(x, 0) = ρ0(x), x ∈ Ωx.(2.5d)
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2.1. Notation. Given a measureable open set D ⊂ R3, let L2(D) and W k,p(D)
be the standard Lebesgue and Sobolev spaces of functions on D and let Hk(D) :=
W k,2(D). When D is a volume (a three-dimensional manifold) in R3, we use (·, ·)D to
denote the standard L2 inner product with respect to the Lebesgue measure dx. If D
is a surface (a two-dimensional manifold) in R3, we use 〈·, ·〉D to denote the L2 inner
product with respect to the Lebesgue measure on the surface. These inner products
can be extended to vector valued functions in a natural way by use of the Euclidean
inner product.

To discretize (2.1), we first restrict the domain in v. Given L > 0, let Ωv =
[−L,L]3 and define Ω = Ωx ×Ωv. Given a mesh parameters hx > 0, let Tx,h := Tx,hx
be a mesh on Ωx constructed from open polyhedral cells K of maximum diameter
hx, and let EIx,h be the interior skeleton of Tx,h, i.e., the set of edges e ⊂ ∂K 6⊂ ∂Ωx.

Similarly, given hv > 0, let Tv,h := Tv,hv and EIv,h be a mesh and interior skeleton
for Ωv respectively. We assume that Tx,h is quasi-uniform and shape regular. The
conditions of Tv,h are given in Subsection 2.3.

Given an edge e ∈ EIx,h = ∂K+ ∩ ∂K− for some K+,K− ∈ Tx,h, let z ∈ L2(Ωx)

and τ ∈ [L2(Ωx)]3 be scalar and vector-valued functions, respectively, each with well-
defined traces on K+ and K−. For such functions, we define the average and jump
methods

{{z}} =
1

2

(
z
∣∣
K+ + z

∣∣
K−

)
, [[z]] = z

∣∣
K+n

+
x + z

∣∣
K−

n−x ,(2.6a)

{{τ}} =
1

2
(τ |K+ + τ |K−), [[τ ]] = τ |K+ · n+

x + τ |K− · n−x ,(2.6b)

where n±x are the unit normal vectors pointing outward from K±, respectively. These
definitions can be modified to average and jumps in the v-direction in a natural way
with unit normal vector nv.

For ease of presentation we will use a . b to denote a ≤ Cb where C > 0 is a
constant independent of hx and ε. The constant additionally depends on the data ω
and E (see Assumption 2.8), the final time T , Ωx, L, hx-independent mesh parameters
of Tx,h, and the discrete Maxwellian discussed in Subsection 2.3 which depends on hv,
L, and θ.

Given integers kx ≥ 0 and kv ≥ 0, let

(2.7) Vz,h = {q ∈ L2(Ωx) : q
∣∣
T
∈ Qkz (T ) ∀K ∈ Tz,h}

for z = v, x where Qk(T ) is the set of all polynomials on K with k being the maximum
degree in any variable, and let Vh = Vx,h ⊗ Vv,h be the tensor DG discrete space. For
purposes of this paper, we assume kx ≥ 11 and kv ≥ 1.2 For any function zh ∈ Vh, let
∇xzh ⊂ Vh and ∇vzh ⊂ Vh denote piece-wise gradients defined on K for all T ∈ Th.3

For the discretization in x, some addition notation is needed. Let S0
x,h = V 0

x,h ∩
H1

0 (Ωx) be the continuous finite element analogue to the DG space with zero trace.
Let Sh be an L2-orthogonal projection operator from L2(Ωx) onto S0

x,h. Moreover,

let (S0
x,h)∗ denote the topological dual of S0

x,h and let ⇀ represent convergence in the

1The assumption on kx guarantees that locking will not occur as the discrete limiting density in
ε will be continuous in x; see Theorem 4.1.

2The assumption on kv is to enable the construction of the discrete Maxwellian; see Subsec-
tion 2.3.

3The discrete gradient ignores the jumps in zh across the boundary, but agrees with the standard
definition of gradient for continuous functions.
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weak topology. Additionally, define the discrete dual-norm H−1
h (Ωx) by

(2.8) ‖zh‖H−1
h (Ωx) = sup

qh∈S0
x,h\{0}

(zh, qh)Ωx

‖∇xqh‖L2(Ωx)
,

and a discrete H1 norm on Vh by

(2.9) ‖qh‖2H1
h(Ωx) = ‖∇xqh‖2L2(Ωx) +

1

hx
‖[[qh]]‖2L2(EIx,h) +

1

hx
‖qh‖2L2(∂Ωx).

A discrete Poincaré-Friedrichs inequality [4, Theorem 10.6.12] yields

‖qh‖L2(Ωx) . ‖qh‖H1
h(Ωx).(2.10)

Given a Banach space X, 1 ≤ p ≤ ∞, and the final time T , we let LpT (X) :=
Lp([0, T ];X), C0([0, T ];X), and H1([0, T ];X) be the standard Lp/C0/H1 spaces of
Banach-space valued functions with Bochner integration.

Finally we will often write ∂
∂t as ∂t in order to keep the spacing consistent in

longer estimates. Both will be used interchangeably.

2.2. Alternate form of the PDE. It is easy to show that the collision operator
Q, defined in (2.3), is semi-coercive in the weighted norm ‖M− 1

2 (·)‖L2(Ω). Indeed,
testing Q by M−1fε gives

(2.11) − (M−1fε, Q(fε))Ω = ‖ω 1
2M−

1
2 (fε −Mρε)‖2L2(Ω).

This structure is critical to achieving the drift-diffusion limit. However since standard
discretizations of (2.1) do not allow test functions with an M−1 weight, we instead

rewrite (2.1) in terms of the weighted distribution gε = M−
1
2 fε:

ε
∂gε

∂t
+ v · ∇xgε + E(x, t) · ∇vgε −

ω

ε

(
M

1
2 ρε − gε

)
=

1

2θ
E(x, t) · vgε;(2.12a)

gε(x, v, t) = f−(x, v, t)/M
1
2 (v);(2.12b)

gε(x, v, 0) = f0(x, v)/M
1
2 (v),(2.12c)

where, in terms of gε, ρε = (M
1
2 , gε)R3 and (x, v, t) is defined in (2.4). Since

‖gε‖L2(Ω) = ‖M− 1
2 fε‖L2(Ω), the weighted collision operator

M−
1
2Q(M

1
2 gε) = ω

(
M

1
2 ρε − gε

)
will be L2-coercive and symmetric as a function

of gε. We refer to the function M
1
2 gε as the weighted equilibrium. The cost of this

additional structure is the electric field term on the right-hand side of (2.12a).

2.3. Construction of Discrete Maxwellian. In order to recover the proper
drift-diffusion limit, we need to construct a suitable discrete Maxwellian on the
bounded domain Ωv. This is done via an approximation of the square root of
the one-dimensional Maxwellian. Assume that Tv,h is a tensor product mesh, i.e.,

Tv,h = T 1
v,h ⊗ · · · ⊗ T 3

v,h, and let M
1
2

h,i be a continuous, strictly positive, piecewise-

polynomial approximation of the one-dimensional root-Maxwellian over T iv,h:

(2.13) M
1
2

h,i(vi) ≈M
1
2
i (vi) :=

(
1√
2πθ

e
−v2
i

2θ

)1/2

, i = 1, . . . , 3,

with the following properties:

Assumption 2.1. For each i = 1, . . . , 3, the function M
1
2

h,i satisfies:
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a. (M
1
2

h,i,M
1
2

h,i)[−L,L] = 1,

b. M
1
2

h,i(L) = M
1
2

h,i(−L),

c. (∂vM
1
2

h,i,M
1
2

h,i)[−L,L] = 0.

Define the discrete temperature vector θ∗ ∈ R3, which depends on hv and L, and
its element-wise reciprocal θ−1

∗ ∈ R3 by

(2.14) (θ∗)i = θ∗,i := 1
4 (∂vM

1
2

h,i, ∂vM
1
2

h,i)
−1
[−L,L], and (θ−1

∗ )i = 1
θ∗,i

.

Definition 2.2. The discrete root-Maxwellian M
1
2

h ∈ Vv,h ∩ C0(Ωv) is

(2.15) M
1
2

h (v) =

3∏
i=1

M
1
2

h,i(vi),

and the discrete velocity vh is

(2.16) vh = −2(M
1
2

h )−1(θ∗ �∇vM
1
2

h ) = −2θ∗ �∇v log(M
1
2

h )

where � is the element-wise Hadamard product of two vectors.

Since M
1
2

h > 0 on Ωv, it follows that vh ∈ [L∞(Ωv)]
3. Moreover vhM

1
2

h ∈ [Vv,h]3, even
though vh /∈ [Vv,h]3.

Remark 2.3. In defining the discrete root-Maxwellian:

1. The continuity requirement on M
1
2

h,i is the reason for assumption kv ≥ 1 in
Subsection 2.1.

2. Assumption 2.1.c is not independent, but rather is implied by Assumption 2.1.b.
3. Since each of the 1D discrete root-Maxwellian’s can have a different H1 semi-

norm, we must treat the discrete temperature θ∗ as a vector rather than a
scalar. If each of the θ∗,i’s are equal, then θ∗ can be treated as a scalar and
the Hadamard product in (2.16) and throughout the rest of the paper becomes
a scalar multiplication.

Remark 2.4.
1. To create a discrete Maxwellian that satisfies Assumption 2.1, take M

1
2

h,i to

be the Lagrange piecewise linear nodal interpolant of M
1
2
i and scale it to have

an L2 norm of 1. With mild restrictions on L and hv based on θ, we show in

Lemma B.1, given in the appendix, that M
1
2

h,i is an O(h2
v) approximation to

M
1
2
i in the L2-norm and an O(hv) approximation in the H1-norm.4

2. It is readily seen from Lemma B.1 that θ∗,i is an O(hv) approximation to θ for
i = 1, 2, 3. If kv > 1, then higher order interpolations of the root-Maxwellian
can also be used to improve the asymptotic accuracy of θ∗ provided positivity
of the interpolant is preserved.

2.4. The Numerical Method. We now give our numerical method for (2.12).

4We are neglecting the errors due to the finite velocity domain. See Lemma B.1 for the full
estimate.
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Problem 2.5. Find gεh ∈ H1([0, T ];Vh) such that

ε

(
∂gεh
∂t

, zh

)
Ω

+A(gεh, zh) + B(gεh, zh) +D(gεh, zh)− 1

ε
Q(gεh, zh) = C(gεh, zh) +R(zh),

(2.17a)

gεh(0) := g0,h(2.17b)

for all zh ∈ Vh and a.e. 0 < t ≤ T where

A(wh, zh) = −(vhwh,∇xzh)Ω +

〈
vh{{wh}}+

|vh · nx|
2

[[wh]], [[zh]]

〉
EIx,h×Ωv

(2.18a)

+ 〈vhwh, nxzh〉∂Ω+
,(2.18b)

B(wh, zh) = −(Ewh,∇vzh)Ω +

〈
E{{wh}}+

|E · nv|
2

[[wh]], [[zh]]

〉
Ωx×EIv,h

,(2.18c)

D(wh, zh) =
〈
EM

1
2

h P (wh), nvzh

〉
Ωx×∂Ωv

, P (wh) = (M
1
2

h , wh)Ωv ,(2.18d)

Q(wh, zh) =
(
ω(M

1
2

h P (wh)− wh), zh

)
Ω
,(2.18e)

C(wh, zh) =
1

2
(E · (θ−1

∗ � vh)wh, zh)Ω,(2.18f)

R(zh) = −〈vhg−,h, nxzh〉∂Ω−
,(2.18g)

and where g−,h ∈ Vh and g0,h ∈ Vh are the discrete inflow and initial data respectively.

Definition 2.6. The discrete number density ρεh and current density Jεh are

ρεh = P (gεh) = (M
1
2

h , g
ε
h)Ωv ,(2.19)

Jεh =
1

ε
P (vhg

ε
h) =

1

ε
(M

1
2

h vh, g
ε
h)Ωv .(2.20)

Remark 2.7. In Problem 2.5,
1. The bilinear form A and functional R are the result of upwind discretizations

of the operator v · ∇x with v replaced by vh.
2. The bilinear forms B and D are constructed using standard upwind fluxes for

the Vlasov operator E · ∇v but, due to the velocity boundary domain restric-

tion, we weakly impose the boundary condition gεh = M
1
2

h ρ
ε
h on Ωx×∂Ωv. This

provides two benefits. First, the density gεh will not lose or gain mass out of
the velocity boundary. Second, this boundary condition keeps the restriction of
v to the bounded domain Ωv from polluting the discrete drift-diffusion limit.

3. The bilinear form Q is a standard discretization of the collision operator.
4. The bilinear form C is a standard discretization of the term 1

2θE · vg, with v
replaced by vh and θ replaced by θ∗.

2.5. Assumptions. We collect any other assumptions used in the analysis of
Problem 2.5.

Assumption 2.8. The collision frequency ω and the electric field E in (2.1) are
specified as ω ∈ L∞(Ωx) with 0 < ωmin ≤ ω on Ωx and E ∈W 1,∞([0, T ];L∞(Ωx)).

Assumption 2.9. The inflow data in (2.1) is isotropic, that is,
f0(x, v) = ρ0(x)M(v). Additionally we require g0,h in Problem 2.5 to be discretely
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isotropic, that is, g0,h = ρ0,hM
1
2

h where ρ0,h ∈ Vx,h is defined by (ρ0,h, qh)Ωx =
(ρ0, qh)Ωx ∀qh ∈ Vx,h.

Assumption 2.9 is a common assumption made in the study of the drift-diffusion
limit on the continuous PDE (2.1); see [27, 28]. It follows from Assumption 2.9,
Assumption 2.1.a, and Assumption 2.1.c that

ρεh|t=0 = (M
1
2

h , g0,h)Ωv = (M
1
2

h ,M
1
2

h )Ωvρ0,h = ρ0,h,(2.21)

Jεh|t=0 =
1

ε
(vhM

1
2

h , g0,h)Ωv =
1

ε
(vhM

1
2

h ,M
1
2

h )Ωvρ0,h = 0.(2.22)

Assumption 2.10. The continuous incoming data f− in (2.1b), the discrete in-
coming data g−,h in Problem 2.5 and, consequently, the functional R in Problem 2.5
are identically zero.

Assumptions like Assumption 2.10 are commonly made in the analysis of diffusion
limits to avoid handling complications due to boundary layers.

Assumption 2.11. The inverse Laplacian S : L2(Ωx)→ H1
0 (Ωx) defined by

(2.23) (∇Sq,∇w)Ωx = (q, w)Ωx ∀w ∈ H1
0 (Ω),

is a bounded linear operator from L2(Ωx)→ H2(Ωx) ∩H1
0 (Ωx), that is,

(2.24) ‖Sq‖H2(Ωx) . ‖q‖L2(Ωx) ∀q ∈ L2(Ωx).

Assumption 2.11 is needed for the proof of stability of the L2 projection Sh
in the H1

h(Ωx)-norm (see Lemma 3.5). If Ωx is convex, then Assumption 2.11 is
automatically satisfied [12, Section 3.2].

Assumption 2.12. There is a constant C > 0 such that ε
hx

< C, that is, hx
cannot go to zero faster than ε.

Assumption 2.12 is to improve the readability of the paper. With it, 1 + ε
hx

. 1

and 1 +
√

ε
hx

. 1.

3. A Priori Estimates. In this section we develop space-time stability esti-
mates for gεh, the number density ρεh, and the current density Jεh in Problem 2.5.

3.1. Preliminary Estimates and Identities. In this subsection we list an
inverse and trace inequality, derived from the standard estimates in [30], technical
interpolation and projections estimates, and a useful integration by parts identity.

Lemma 3.1 (Trace Inequality). For any zh ∈ Vh and qh ∈ Vx,h we have

‖[[zh]]‖2L2(EIx,h×Ωv) + ‖zh‖2L2(∂Ωx×Ωv) ≤ CTh
−1
x ‖zh‖2L2(Ω),(3.1a)

‖[[qh]]‖2L2(EIx,h) + ‖qh‖2L2(∂Ωx) ≤ CTh
−1
x ‖qh‖2L2(Ωx),(3.1b)

‖[[zh]]‖2L2(Ωx×EIv,h) + ‖zh‖2L2(Ωx×∂Ωv) ≤ CTh
−1
v ‖zh‖2L2(Ω).(3.1c)

Here CT > 0 is an ε, hx, and hv-independent constant. CT depends on the polynomial
degree of Vh and other hx and hv-independent mesh parameters of Tx,h and Tv,h.

Lemma 3.2 (Inverse Inequality). For any qh ∈ Vx,h we have

‖∇qh‖L2(Ωx) ≤ Ch−1
x ‖qh‖L2(Ωx)(3.2)

where C > 0 is some ε and hx-independent constant that depends on the the polyno-
mial degree of Vx,h.
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Lemma 3.3 (Integration by Parts (IBP)). For any qh ∈ Vx,h and τh ∈ [Vx,h]3,

(3.3) (qh,∇x · τh)Ωx = −(∇xqh, τh)Ωx + 〈{{qh}}, [[τh]]〉EI
x,h

+ 〈[[qh]], {{τh}}〉EI
x,h

+ 〈qhnx, τh〉∂Ωx
.

3.2. Technical Estimates for Drift-Diffusion Analysis. In this subsection,
we present several technical results which are useful both in the analysis in the drift-
diffusion limit to Problem 2.5, and for the future analysis of similar problems.

The first result is an error estimate of an interpolant from Vx,h → S0
x,h. The

result allows us to control a DG function’s distance to S0
x,h, in the H1

h-norm, by the
function’s interior jumps and boundary data. The interpolant onto the conforming
finite element space, Ih, is the KP interpolant from [19, Theorem 2.2].

Lemma 3.4 (Conforming Interpolant). There is an interpolant Ih : Vx,h → S0
x,h

such that for any qh ∈ Vx,h we have

(3.4) ‖qh − Ihqh‖2H1
h(Ωx) .

1

hx
‖qh‖2L2(∂Ωx) +

1

hx
‖[[qh]]‖2L2(EIx,h).

Additionally, we give an H1
h stability estimate for the L2 projection from Vx,h

to S0
x,h. This interpolant, Sh is vital to the analysis of evolution problems and this

estimate is needed to extend the results of the interpolant Ih to Sh; see the proof of
Lemma 3.9. We move the proof of Lemma 3.5 to the appendix.

Lemma 3.5. The projection Sh is stable on Vx,h with respect to the H1
h(Ωx)-norm:

(3.5) ‖Shqh‖H1
h(Ωx) . ‖qh‖H1

h(Ωx) ∀qh ∈ Vx,h.

3.3. Initial Estimates. We first focus on estimates for gεh that will lead to
estimates for ρεh and Jεh.

Lemma 3.6. The bilinear forms defined in Problem 2.5 satisfy the bounds

−Q(gεh, g
ε
h) ≥ ωmin

∥∥∥gεh −M 1
2

h ρ
ε
h

∥∥∥2

L2(Ω)
,(3.6)

C(gεh, gεh) ≤ 1

2

(
2C1 +

ωmin

ε

)∥∥∥gεh −M 1
2

h ρ
ε
h

∥∥∥2

L2(Ω)
+

ε

2ωmin
C2

3‖gεh‖2L2(Ω),(3.7)

A(gεh, g
ε
h) =

〈
|vh · nx|

2
[[gεh]], [[gεh]]

〉
∂Ωx×Ωv

+

〈
|vh · nx|

2
[[gεh]], [[gεh]]

〉
EIx,h×Ωv

,(3.8)

B(gεh, g
ε
h) +D(gεh, g

ε
h) ≥

〈
|E · nv|

2
[[gεh]], [[gεh]]

〉
Ωx×EIv,h

− C2

2hv

∥∥∥gεh −M 1
2

h ρ
ε
h

∥∥∥2

L2(Ω)

(3.9)

where

C1 :=
1

2
‖E · (θ−1

∗ � vh)‖L∞(Ω), C2 := CT ‖E‖L∞T (L∞(Ωx)),(3.10a)

C3 :=
3

2θmin
∗
‖E‖L∞T (L∞(Ωx)), θmin

∗ := min{θ∗,1, θ∗,2, θ∗,3}.(3.10b)

are constants independent of ε, hx, and hv; and CT > 0 is a constant from the trace
inequality (3.1b),

Proof. For (3.6), the definition of ρεh, along with Assumption 2.1.a, implies that

(M
1
2

h ρ
ε
h,M

1
2

h ρ
ε
h)Ωv = |ρεh|2 = (M

1
2

h ρ
ε
h, g

ε
h)Ωv .(3.11)
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Therefore by expansion we see

‖gεh −M
1
2

h ρ
ε
h‖2L2(Ωv) = (gεh, g

ε
h −M

1
2

h ρ
ε
h)Ωv .(3.12)

Using (3.12) gives

−Q(gεh, g
ε
h) =

(
ω, ‖gεh −M

1
2

h ρh‖
2
L2(Ωv)

)
Ωx
≥ ωmin

∥∥∥gεh −M 1
2

h ρ
ε
h

∥∥∥2

L2(Ω)
,(3.13)

which is (3.6). For (3.7), by Assumption 2.1.c,

C(M
1
2

h ρ
ε
h,M

1
2

h ρ
ε
h) = −(Eρεh, ρ

ε
h)Ωv · (∇vM

1
2

h ,M
1
2

h )Ωv = 0.(3.14)

Thus by (3.14),

C(gεh −M
1
2

h ρ
ε
h, g

ε
h −M

1
2

h ρ
ε
h) = C(gεh, gεh)− 2C(gεh −M

1
2

h ρ
ε
h,M

1
2

h ρ
ε
h).(3.15)

Rewriting (3.15) yields

C(gεh, gεh) = C(gεh −M
1
2

h ρ
ε
h, g

ε
h −M

1
2

h ρ
ε
h) + 2C(gεh −M

1
2

h ρ
ε
h,M

1
2

h ρ
ε
h) := I1 + I2.(3.16)

Applying Hölder’s inequality to (3.16) gives

(3.17) |I1| ≤ 1
2‖E · (θ

−1
∗ � vh)‖L∞(Ω)‖gεh −M

1
2

h ρ
ε
h‖2L2(Ω).

Using Hölder’s inequality, (2.16), and (2.14), we bound I2 as

|I2| ≤ ‖E · (θ−1
∗ � vh)M

1
2

h ρ
ε
h‖L2(Ω)‖gεh −M

1
2

h ρ
ε
h‖L2(Ω)

≤ 3

2θmin
∗
‖E‖L∞(Ωx)‖ρεh‖L2(Ωx)‖gεh −M

1
2

h ρ
ε
h‖L2(Ω).

(3.18)

Meanwhile, integrating (3.11) over Ωx gives (with Cauchy-Schwartz)

(3.19) ‖ρεh‖L2(Ωx) = ‖M
1
2

h ρ
ε
h‖L2(Ω) ≤ ‖gεh‖L2(Ω).

Substituting (3.17)-(3.19) into (3.16) and invoking Young’s inequality gives

C(gεh, gεh) ≤ C1‖gεh −M
1
2

h ρ
ε
h‖2L2(Ω) + C3‖gεh‖L2(Ω)‖gεh −M

1
2

h ρ
ε
h‖L2(Ω)

≤
(
C1 +

ωmin

2ε

)
‖gεh −M

1
2

h ρ
ε
h‖2L2(Ω) +

ε

2ωmin
C2

3‖gεh‖2L2(Ω).
(3.20)

which yields (3.7). For (3.8), it follows from Lemma 3.3 (setting qh = gεh and τh =
vhg

ε
h) that

(vhg
ε
h,∇xgεh)Ω = 〈vh{{gεh}}, [[gεh]]〉EIx,h×Ωv

+
1

2
〈vhgεh, nxgεh〉∂Ωx×Ωv

.(3.21)

Direct substitution of this formula into the definition of A gives

A(gεh, g
ε
h) =

〈
|vh · nx|

2
[[gεh]], [[gεh]]

〉
EIx,h×Ωv

+

〈
|vh · nx|

2
gεh, g

ε
h

〉
∂Ωx×Ωv

,(3.22)
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which is (3.8). For (3.9), a formula similar to (3.21) gives

B(gεh, g
ε
h) =

〈
|E · nv|

2
[[gεh]], [[gεh]]

〉
Ωx×EIv,h

− 1

2
〈Egεh, nvgεh〉Ωx×∂Ωv

.(3.23)

Meanwhile, invoking the divergence theorem and Assumption 2.1.c yields

(3.24)
〈
E · nv, (M

1
2

h )2
〉
∂Ωv

= 2E · (∇vM
1
2

h ,M
1
2

h )Ωv = 0.

Therefore applying the polarization identity ab = 1
2 (a2 + b2 − (a − b)2) with a := gεh

and b := M
1
2

h ρh and (3.24) gives the following bound on D:

D(gεh, g
ε
h) =

1

2

〈
E · nv, (gεh)2

〉
Ωx×∂Ωv

− 1

2

〈
E · nv, (gεh −M

1
2

h ρ
ε
h)2
〉

Ωx×∂Ωv

≥ 1

2
〈Egεh, nvgεh〉Ωx×∂Ωv

−
‖E‖L∞T (L∞(Ωx))

2
‖gεh −M

1
2

h ρ
ε
h‖2L2(Ωx×∂Ωv).(3.25)

Applying the discrete trace estimate (3.1c) to (3.25) gives

D(gεh, g
ε
h) ≥ 1

2
〈Egεh, nvgεh〉Ωx×∂Ωv

−
CT ‖E‖L∞T (L∞(Ωx))

2hv
‖gεh −M

1
2

h ρ
ε
h‖2L2(Ω),(3.26)

with CT > 0 a constant independent of ε, hx, and hv. Adding (3.23) and (3.26) yields
yields (3.9). The proof is complete.

Using Lemma 3.6, we derive a space-time estimates for gεh and M
1
2

h ρ
ε
h − gεh. Let

(3.27) εhv :=
ωminhv

4C1hv + 2C2
.

Lemma 3.7. Given hv > 0, hx > 0, and ε ≤ εhv ,

‖gεh(T )‖2L2(Ω) +
ωmin

2ε2
‖gεh −M

1
2

h ρ
ε
h‖2L2

T (L2(Ω)) +

∫ T

0

[
1

ε
〈|vh · nx|[[gεh]], [[gεh]]〉EIx,h×Ωv

+
1

ε
〈|vh · nx|gεh, gεh〉∂Ωx×Ωv

]
dt ≤ ‖g0,h‖2L2(Ω) exp

(
C2

3

ωmin
T

)
.(3.28)

Proof. Setting zh = 2
εg
ε
h in (2.17a) yields the energy equation

(3.29) d
dt‖g

ε
h‖2L2(Ω)+

2
εA(gεh, g

ε
h)+ 2

ε (B(gεh, g
ε
h)+D(gεh, g

ε
h))− 2

ε2Q(gεh, g
ε
h) = 2

εC(g
ε
h, g

ε
h).

Substituting the estimates in Lemma 3.6 yields

d

dt
‖gεh‖

2
L2(Ω)

+
1

ε
〈|vh · nx|[[gεh]], [[gεh]]〉EI

x,h
×Ωv

+
1

ε
〈|vh · nx|gεh, g

ε
h〉∂Ωx×Ωv

+
1

ε
〈|E · nv |[[gεh]], [[gεh]]〉Ωx×EIv,h −

C2

εhv
‖M

1
2
h ρ

ε
h − g

ε
h‖

2
L2(Ω)

+
2ωmin

ε2
‖M

1
2
h ρ

ε
h − g

ε
h‖

2
L2(Ω)

≤
1

ωmin
C2

3‖gεh‖
2
L2(Ω)

+

(
2C1

ε
+
ωmin

ε2

)
‖gεh −M

1
2
h ρ

ε
h‖

2
L2(Ω)

(3.30)
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Dropping 1
ε 〈|E · nv|[[g

ε
h]], [[gεh]]〉Ωx×EIv,h ≥ 0 and collecting like terms gives

d

dt
‖gεh‖2L2(Ω)+

1

ε
〈|vh · nx|[[gεh]], [[gεh]]〉EIx,h×Ωv

+
1

ε
〈|vh · nx|gεh, gεh〉∂Ωx×Ωv

+
1

ε2

(
ωmin − 2εC1 − ε

C2

hv

)
‖M

1
2

h ρ
ε
h − gεh‖2L2(Ω) ≤

C2
3

ωmin
‖gεh‖2L2(Ω).(3.31)

Since εhv = ωminhv
4C1hv+2C2

(see (3.27)), it follows that for any ε ≤ εhv , ωmin−2εC1−εC2

hv
≥

ωmin

2 . Therefore

d

dt
‖gεh‖2L2(Ω) +

1

ε
〈|vh · nx|[[gεh]], [[gεh]]〉EIx,h×Ωv

+
1

ε
〈|vh · nx|gεh, gεh〉∂Ωx×Ωv

+
ωmin

2ε2
‖M

1
2

h ρ
ε
h − gεh‖2L2(Ω) ≤

C2
3

ωmin
‖gεh‖2L2(Ω).

(3.32)

Applying Grönwall’s inequality to (3.32) yields (3.28). The proof is complete.

With Lemma 3.7 in hand, we can obtain stability estimates for ρεh and Jεh as well
as some projection estimates which will be useful in the next section. We first list a
technical lemma whose proof is provided in the appendix.

Lemma 3.8. Let

γI(x) :=
(
|vh·nx(x)|

2 M
1
2

h ,M
1
2

h

)
Ωv

and γB(x) :=
(
vhM

1
2

h ,M
1
2

h

)
{v:vh(v)·nx(x)>0}

(3.33)

for x ∈ EIx,h and x ∈ ∂Ωx respectively. Then there exists γ∗ = γ∗(hv) > 0 such that

γI > γ∗ on EIx,h and γB · n > γ∗ on ∂Ωx for all hx and ε.

Lemma 3.9. Recall the definitions of ρεh and Jεh from (2.19) and (2.20), respec-
tively. For all hx > 0 and every ε ≤ εhv , where εhv is defined in (3.27), the following
space-time stability estimates hold:

‖ρεh‖L∞T (L2(Ωx)) ≤ ‖gεh‖L∞T (L2(Ω)) . ‖g0,h‖L2(Ω),(3.34)

1
ε‖M

1
2

h ρ
ε
h − gεh‖L2

T (L2(Ω)) . ‖g0,h‖L2(Ω),(3.35)

‖Jεh‖L2
T (L2(Ωx)) . ‖g0,h‖L2(Ω).(3.36)

Moreover, given γ∗ is defined in Lemma 3.8, we have

√
γ∗√
ε
‖[[ρεh]]‖L2

T (L2(EIx,h)) +
√
γ∗√
ε
‖ρεh‖L2

T (L2(∂Ωx)) .
(√

ε
hx

+ 1
)
‖g0,h‖L2(Ω)(3.37)

√
hx
ε ‖ρ

ε
h − Shρεh‖L2

T (L2(Ωx)) +
√

hx
ε ‖ρ

ε
h − Shρεh‖L2

T (H1
h(Ωx)) .

(√
ε
hx

+ 1
)
‖g0,h‖L2(Ω)

(3.38)

Proof. Estimates (3.34) and (3.35) follow from (3.28). For (3.36), the definition
of Jεh and Assumption 2.1.c give

(3.39) Jεh = 1
ε (vhM

1
2

h , g
ε
h)Ωv = − 2

ε (θ∗ �∇vM
1
2

h , g
ε
h −M

1
2

h ρ
ε
h)Ωv .

Together (3.35) and (3.39) imply that

(3.40) ‖Jεh‖L2
T (L2(Ωx)) . ε−1‖M

1
2

h ‖H1(Ωv)‖M
1
2

h ρ
ε
h − gεh‖L2

T (L2(Ω)) . ‖g0,h‖L2(Ω).
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We now focus on (3.37). We will only prove the bound on the first term of (3.37)
as the bound on the second term is similar. Using the definition of γI , adding and
subtracting gεh, and using the trace inequality (3.1a) we obtain

√
γ∗‖[[ρεh]]‖L2(EIx,h)≤ ‖

√
γI [[ρ

ε
h]]‖L2(EIx,h) =

∥∥√ |vh·nx|
2 [[M

1
2

h ρ
ε
h]]
∥∥
L2(EIx,h×Ωv)

≤
∥∥√ |vh·nx|

2 [[M
1
2

h ρ
ε
h − gεh]]

∥∥
L2(EIx,h×Ωv)

+
∥∥√ |vh·nx|

2 [[gεh]]
∥∥
L2(EIx,h×Ωv)

(3.41)

. 1√
hx
‖M

1
2

h ρ
ε
h − gεh‖L2(Ω) +

∥∥√ |vh·nx|
2 [[gεh]]

∥∥
L2(EIx,h×Ωv)

.

Integrating (3.41) from 0 to T and using both (3.28) and (3.35) yields

(3.42)
√
γ∗‖[[ρεh]]‖L2

T (L2(EIx,h)) .
(

ε√
hx

+
√
ε
)
‖g0,h‖L2(Ω).

We can divide (3.42) by
√
ε and arrive at (3.37).

We now focus on (3.38). Recall Ih from Lemma 3.4. From (3.4) and (3.37) we
have √

hx
ε ‖(ρ

ε
h − Ihρεh)‖L2

T (H1
h(Ωx)) .

1√
ε
‖[[ρεh]]‖L2

T (L2(EIx,h)) + 1√
ε
‖ρεh‖L2

T (L2(∂Ωx))

.
(√

ε
hx

+ 1
)
‖g0,h‖L2(Ω).

(3.43)

We now extend (3.43) to ρεh − Shρεh using the stability of Sh. By Lemma 3.5 we can
show ‖ρεh − Shρεh‖H1

h(Ωx) . ‖ρεh − Ihρεh‖H1
h(Ωx). Applying this result to (3.43) yields

(3.44)
√

hx
ε ‖(ρ

ε
h − Shρεh)‖L2

T (H1
h(Ωx)) .

(√
ε
hx

+ 1
)
‖g0,h‖L2(Ω).

We can extend (3.44) to the L2
T (L2(Ωx)) norm by (2.10) and arrive at (3.38).

3.4. Time Derivative Estimates. In this subsection, we construct temporal
estimates for ∂tρ

ε
h and ∂tJ

ε
h by determining the evolution equations for ρεh and Jεh. The

evolution equations (see Lemmas 3.10 and 3.12) are formed by choosing a particular
type of test function in Problem 2.5. By adding and subtracting the discrete weighted

equilibrium M
1
2

h ρ
ε
h, we can write the evolution equations (3.45) and (3.58) into the

terms that will build the discretization of (2.5) and the remainder terms Θi where Θi

is uniformly bounded in ε when integrated over time.
We begin with the evolution equation for ρεh:

Lemma 3.10. For any ε > 0, ρεh and Jεh satisfy(
∂

∂t
ρεh, qh

)
Ωx

− (Jεh,∇xqh)Ωx + 〈{{Jεh}}, [[qh]]〉EIx,h +
1

ε
〈γI [[ρεh]], [[qh]]〉EIx,h

+
1

ε
〈γBρεh, nxqh〉∂Ωx

= Θ1(g̃εh, qh) + Θ2(g̃εh, qh),

(3.45)

for all qh ∈ Vx,h, where g̃εh = gεh −M
1
2

h ρ
ε
h and

Θ1(g̃εh, qh) = −1

ε

〈
|vh · nx|

2
[[gεh −M

1
2

h ρ
ε
h]], [[M

1
2

h qh]]

〉
EIx,h×Ωv

,(3.46)

Θ2(g̃εh, qh) = −1

ε

〈
vh(gεh −M

1
2

h ρ
ε
h), nxM

1
2

h qh

〉
∂Ω+

.(3.47)
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Additionally, we have the following bounds:

|Θ1(g̃εh, qh)| . 1

ε
√
hx
‖gεh −M

1
2

h ρ
ε
h‖L2(Ω)‖[[qh]]‖L2(EIx,h),(3.48)

|Θ2(g̃εh, qh)| . 1

ε
√
hx
‖gεh −M

1
2

h ρ
ε
h‖L2(Ω)‖qh‖L2(∂Ωx).(3.49)

Proof. To show (3.45), we let qh ∈ Vx,h and choose zh = M
1
2

h qh ∈ Vh into (2.17a)
and evaluate term by term. First, the time derivative term reduces to

ε

(
∂

∂t
gεh,M

1
2

h qh

)
Ω

= ε

(
∂

∂t
(gεh,M

1
2

h )Ωv , qh

)
Ωx

= ε

(
∂

∂t
ρεh, qh

)
Ωx

.(3.50)

Next, using the definition of Jεh in (2.20), we compute

A(gεh,M
1
2

h qh) = −ε(Jεh,∇qh)Ωx + ε 〈{{Jεh}}, [[qh]]〉EIx,h
+
〈

1
2 |vh · nx|[[g

ε
h]], [[M

1
2

h qh]]
〉
EIx,h×Ωv

+
〈
vhg

ε
h, nxM

1
2

h qh

〉
∂Ω+

.
(3.51)

Adding and subtracting M
1
2

h ρ
ε
h from the last two terms of (3.51) and using the defi-

nitions of Θ1 and Θ2 gives

A(gεh,M
1
2

h qh) = −ε(Jεh,∇qh)Ωx + ε 〈{{Jεh}}, [[qh]]〉EIx,h + ε 〈γI [[ρεh]], [[qh]]〉EIx,h
+ 〈γBρεh, nxqh〉∂Ωx

− εΘ1(g̃εh, qh)− εΘ2(g̃εh, qh).
(3.52)

After division by ε, (3.50) and (3.52) recover (3.45). Thus it remains to show that

(3.53) B(gεh,M
1
2

h qh) +D(gεh,M
1
2

h qh) +Q(gεh,M
1
2

h qh) = C(gεh,M
1
2

h qh).

For B, any edge integral in (2.18c) vanishes because M
1
2

h qh is continuous in v. Thus
by the definition of the discrete velocity vh in (2.16),

(3.54) B(gεh,M
1
2

h qh) = −(Egεh, qh∇vM
1
2

h )Ω =
1

2θ∗
(E · vhgεh,M

1
2

h qh)Ω = C(gεh,M
1
2

h qh).

For D, Assumption 2.1.b implies that D(gεh,M
1
2

h qh) = 0. For Q, because M
1
2

h qh is

isotropic, Q(gεh,M
1
2

h qh) = 0 as well. Thus (3.53) holds and consequently so does
(3.45). The bounds on Θ1 and Θ2 are obtained by applications of Hölder’s inequality
and the trace inequality (3.1a) and are omitted for brevity. The proof is complete.

Using (3.45), we derive an ε-independent bound for ∂tρ
ε
h in various norms.

Lemma 3.11. For any ε ≤ εhv , where εhv is defined in (3.27), and all hx > 0,

‖∂tρεh‖L2(H−1
h (Ωx)) . ‖g0,h‖L2(Ωx),(3.55)

‖∂tShρεh‖L2
T (L2(Ωx)) .

1

hx
‖g0,h‖L2(Ωx),(3.56)

where the H−1
h (Ωx) norm is defined in (2.8).
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Proof. We first focus on (3.55). Choose qh ∈ S0
x,h in (3.45), with qh 6= 0. Due to

the continuity and boundary data of qh, we have

(3.57) (∂tρ
ε
h, qh) = (Jεh,∇xqh)Ωx . ‖∇xqh‖L2(Ωx)‖Jεh‖L2(Ωx).

Dividing (3.57) by ‖∇xqh‖L2(Ωx), taking the supremum over all qh, integrating over
t ∈ [0, T ], and finally applying (3.36) yields (3.55).

To show (3.56), we choose qh = ∂tShρεh in (3.57). Using the inverse inequality
(3.2) and the identity (∂tρ

ε
h, ∂tShρεh)Ωx

= (∂tShρεh, ∂tShρεh)Ωx
we see that the desired

estimate holds. The proof is complete.

We next turn to the evolution equation for Jεh.

Lemma 3.12. For any ε > 0, ρεh and Jεh satisfy

ε2

(
∂

∂t
Jεh, τh

)
Ωx

+ (ωJεh, τh)Ωx + (θ∗ �∇xρεh, τh)Ωx − 〈θ∗ � [[ρεh]], {{τh}}〉EIx,h

− (Eρεh, τh)Ωx = εΘ3(g̃εh, τh) +
√
εΘ4(ρεh, τh) +

√
εΘ5(ρεh, τh),(3.58)

for all τh ∈ [Vx,h]3. Here Θ3 is a remainder that includes several terms that depend

on g̃εh = gεh −M
1
2

h ρ
ε
h; it satisfies the bound

|Θ3(g̃εh, τh)| . 1

εhx
‖gεh −M

1
2

h ρ
ε
h‖L2(Ω)‖τh‖L2(Ωx).(3.59)

The terms

Θ4(ρεh, τh) = − 1√
ε

〈
|vh·nx|

2 M
1
2

h [[ρεh]], [[M
1
2

h vh · τh]]
〉
EIx,h×Ωv

,(3.60)

Θ5(ρεh, τh) =
1√
ε

〈
vh · nxM

1
2

h ρ
ε
h,M

1
2

h vh · τh
〉
∂Ω−

,(3.61)

are also remainder terms satisfying the bounds

|Θ4(ρεh, τh)| . 1√
εhx
‖[[ρεh]]‖L2(EIx,h)‖τh‖L2(Ωx).

1√
εhx
‖ρεh‖L2(Ωx)‖τh‖L2(Ωx),(3.62)

|Θ5(ρεh, τh)| . 1√
εhx
‖ρεh‖L2(∂Ωx)‖τh‖L2(Ωx) .

1√
εhx
‖ρεh‖L2(Ωx)‖τh‖L2(Ωx).(3.63)

Proof. Let vih = vh · ei, where ei is the standard unit basis vector. It follows

(2.16) that vihM
1
2

h ∈ Vv,h. To derive (3.58), we let zh = vihM
1
2

h τh ∈ Vh in (2.17a),
where τh ∈ Vx,h is arbitrary, and evaluate the result term by term. For brevity, we
identify each term that belongs to Θ3 and show that it satisfies the bound in (3.59).

For the time derivative, the definition of Jεh in (2.20) gives

ε(∂tg
ε
h, v

i
hM

1
2

h τh)Ω = ε(∂t(g
ε
h, vhM

1
2

h )Ωv , τhei)Ωx = ε2(∂tJ
ε
h, τhei)Ωx .(3.64)

To evaluate A, we add and subtract M
1
2

h ρ
ε
h from the first argument and write

(3.65) A(gεh, v
i
hM

1
2

h τh) = A(M
1
2

h ρ
ε
h, v

i
hM

1
2

h τh)− εA(gεh−M
1
2
h ρ

ε
h,v

i
hM

1
2
h τh)

ε =: I1 − ε{I2}.
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The term I2 belongs to Θ3. Since I2 contains gεh−M
1
2

h ρ
ε
h, following a similar treatment

to Θ1 in Lemma 3.10, we can show I2 satisfies (3.59). For I1, the definition of A in
(2.18b) implies that I1 = I3 −

√
ε{I4} −

√
ε{I5}, where

I3 = −(ρεh,∇xτh)Ωx · (vhM
1
2

h , v
i
hM

1
2

h )Ωv + 〈{{ρεh}}, [[τh]]〉EIx,h · (vhM
1
2

h , v
i
hM

1
2

h )Ωv

+ 〈ρh, nxτh〉∂Ωx
· (vhM

1
2

h , v
i
hM

1
2

h )Ωv ,

I4 = − 1√
ε

〈
|vh·nx|

2 M
1
2

h [[ρεh]], [[M
1
2

h vh · eiτh]]
〉
EIx,h×Ωv

,

I5 =
1√
ε

〈
vh · nxM

1
2

h ρ
ε
h,M

1
2

h vh · eiτh
〉
∂Ω−

.

The definitions of M
1
2

h and vh in Definition 2.2, combined with Assumptions 2.1.c and
(2.14), imply that

(vhM
1
2

h , v
i
hM

1
2

h )Ωv = (−2θ∗ �∇vM
1
2

h ,−2θ∗,i∂viM
1
2

h )Ωv = θ∗,iei = θ∗ � ei.(3.66)

Substituting (3.66) into the definition of I3 and then applying the discrete IBP formula
from (3.3) gives

I3 = (θ∗ �∇xρεh, τhei)− 〈θ∗ � [[ρεh]], {{τhei}}〉EIx,h .(3.67)

Meanwhile I4 is the only component of Θ4 and can be bounded using the trace in-
equality (3.1b) to obtain

|I4| .
1√
hxε
‖vh‖2L∞(Ωv)‖M

1
2

h ‖
2
L∞(Ωv)‖[[ρ

ε
h]]‖L2(EIx,h)‖τh‖L2(Ωx).(3.68)

Likewise, I5 is the only component of Θ5 and can be bounded in a similar fashion.

To evaluate B, we add and subtract M
1
2

h ρ
ε
h from the first argument and write

B(gεh, v
i
hM

1
2

h τh) = B(M
1
2

h ρ
ε
h, v

i
hM

1
2

h τh)− ε
{

1
εB(gεh −M

1
2

h ρ
ε
h, v

i
hM

1
2

h τh)
}

= I5 + ε{I6}.
(3.69)

Here I6 is a remainder term in Θ3 and satisfies the bound in (3.59) due to the trace
estimate (3.1c) and inverse estimate (3.2). Meanwhile, the upwind penalty term in

B(M
1
2

h ρ
ε
h, v

i
hM

1
2

h τh) vanishes because the first argument is continuous in v; this leaves

(3.70) I5 = − (Eρεh, τh)Ωx
·
[(
M

1
2

h ,∇v(v
i
hM

1
2

h )
)

Ωv
−
〈
M

1
2

h , [[v
i
hM

1
2

h ]]
〉
EIv,h

]
.

From the integration-by-parts identity (3.3) (applied to functions in Vv,h) and conti-

nuity of M
1
2

h ,
(3.71)(

M
1
2
h ,∇v(vihM

1
2
h )

)
Ωv

−
〈
M

1
2
h , [[v

i
hM

1
2
h ]]

〉
EI
v,h

= −
(
∇vM

1
2
h , v

i
hM

1
2
h

)
Ωv

+

〈
M

1
2
h , nvv

i
hM

1
2
h

〉
∂Ωv

The definition of vh in (2.16), along with (3.66), implies that for the first term above,

(3.72) −
(
∇vM

1
2

h , v
i
hM

1
2

h

)
Ωv

= 1
2θ
−1
∗ �

(
vhM

1
2

h , v
i
hM

1
2

h

)
Ωv

= 1
2ei.
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Substituting (3.71) with (3.72) into (3.70) and recalling (2.18d) gives

I5 = −1

2
(Eρεh, τhei)Ωx −D(gεh, v

i
hM

1
2

h τh).(3.73)

To evaluate Q, we use Assumption 2.1.c:

(3.74)
1

ε
Q(gεh, v

i
hM

1
2

h τh) = −1

ε
(ω(M

1
2

h ρ
ε
h − gεh), vihM

1
2

h τh)Ω = (ωJεh, τhei)Ωx .

Lastly, to evaluate C, we add and subtract M
1
2

h ρ
ε
h from the first argument and write

C(gεh, vihM
1
2

h τh) = 1
2 (E · (θ−1

∗ � vh)M
1
2

h ρ
ε
h, v

i
hM

1
2

h τh)Ω

+ ε{ 1
2ε (E · (θ−1

h � vh)(gεh −M
1
2

h ρ
ε
h), vihM

1
2

h τh)Ω} = I7 + ε{I8}.
(3.75)

where I8 is a remainder term of Θ3 that satisfies the bound in (3.59) and

I7 =
1

2
(Eρεh, τh)Ωx

·
(
θ−1
∗ � (vhM

1
2

h , v
i
hM

1
2

h )Ωv

)
=

1

2
(Eρεh, τhei)Ωx ,(3.76)

because of (3.66). Hence we have shown (3.58) for all τhei where τh ∈ Vx,h, and
therefore (3.58) holds for all τh ∈ [Vx,h]3. The proof is complete.

We now use (3.58) to build a space-time bound on ∂tJ
ε
h.

Lemma 3.13. Assume ε ≤ εhv . hx ≤ 1, where εhv is defined in (3.27). Then

‖Jεh‖L∞T (L2(Ωx)) .
1

hx
‖g0,h‖L2(Ω),(3.77)

ε3/2 ‖∂tJεh‖L2
T (L2(Ωx)) .

1√
hx
‖g0,h‖L2(Ω).(3.78)

Proof. We will first prove (3.77) which is an estimate needed to obtain (3.78).
Setting τh = Jεh in (3.58) gives

ε2

2

d

dt
‖Jεh‖2L2(Ωx) + ωmin‖Jεh‖2L2(Ωx) ≤ (−θ∗ �∇xρεh, Jεh)Ωx + 〈θ∗ � [[ρεh]], {{Jεh}}〉EIx,h

+ (Eρεh, J
ε
h)Ωx + εΘ3(g̃εh, J

ε
h) +

√
εΘ4(ρεh, J

ε
h) +

√
εΘ5(ρεh, J

ε
h).(3.79)

The first three terms on the RHS of (3.79) can be bounded with Cauchy-Schwarz and
the inverse inequality (3.2) for the first, a trace inequality (3.1b) for the second, and
the L∞ bound on E for the third. After absorbing ε-independent constants,
(3.80)

(−θ∗�∇xρεh, Jεh)Ωx +〈θ∗ � [[ρεh]], {{Jεh}}〉EIx,h +(Eρεh, J
ε
h)Ωx .

1

hx
‖ρεh‖L2(Ωx)‖Jεh‖L2(Ωx)

Meanwhile, the bounds on Θ3, Θ4, Θ5 from Lemma 3.10 and Lemma 3.12 imply that

εΘ3(g̃εh, J
ε
h) +

√
εΘ4(ρεh, J

ε
h) +

√
εΘ5(ρεh, J

ε
h)

. hx
−1
(
‖ρεh‖L2(Ωx) + ‖gεh −M

1
2

h ρ
ε
h‖L2(Ω)

)
‖Jεh‖L2(Ωx).

(3.81)

Substituting these bounds into (3.79) and dividing by ε2‖Jh‖L2(Ωx) yields

d

dt
‖Jεh‖L2(Ωx) +

ωmin

ε2
‖Jεh‖L2(Ωx) .

1

ε2hx

(
‖ρεh‖L2(Ωx) + ‖gεh −M

1
2

h ρ
ε
h‖L2(Ω)

)
.(3.82)
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According to (2.22), Jεh|t=0 = 0. Thus Grönwall’s Lemma applied to (3.82), along
with the L∞ in time bound in (3.34), recovers (3.77).

We now prove (3.78). As the proof below is quite technical, we first briefly
summarize the process. The idea is to pass the time derivative from Jεh to ρεh for
the terms that are not sufficiently small in ε to bound with the usual techniques.
However, since ∂tρ

ε
h is not uniformly bounded w.r.t ε in L2

T (L2(Ωx)), we will first add
and subtract its projection Shρεh, whose time derivative is uniformly bounded in ε by
Lemma 3.11, before passing the time derivative over. Having an explicit bound on
the size of ρεh − Shρεh by (3.38), we can obtain the ε3/2 scale in (3.78).

Setting τh = ε∂tJ
ε
h in (3.58) gives

ε3 ‖∂tJεh‖
2
L2(Ωx) + ε

2
d
dt‖
√
ωJεh‖2L2(Ωx)

= ε3/2Θ4(ρεh, ∂tJ
ε
h) + ε3/2Θ5(ρεh, ∂tJ

ε
h)− ε(θ∗ �∇xρεh, ∂tJεh)Ωx

+ ε 〈θ∗ � [[ρεh]], {{∂tJεh}}〉EIx,h + ε(Eρεh, ∂tJ
ε
h)Ωx + ε2Θ3(g̃εh, ∂tJ

ε
h).

(3.83)

We then integrate (3.83) over t ∈ [0, T ], use the zero initial condition in (2.22), and
drop the positive term ‖

√
ωJεh‖2L2(Ωx)|t=T . This gives

ε3 ‖∂tJεh‖
2
L2
T (L2(Ωx)) ≤

∫ T

0

[
− ε(θ∗ �∇xρεh, ∂tJεh)Ωx + ε 〈θ∗ � [[ρεh]], {{∂tJεh}}〉EIx,h

+ε(Eρεh, ∂tJ
ε
h)Ωx + ε2Θ3(g̃εh, ∂tJ

ε
h) + ε3/2Θ4(ρεh, ∂tJ

ε
h) + ε3/2Θ5(ρεh, ∂tJ

ε
h)
]

dt.(3.84)

We add and subtract Shρεh (recall Sh is an L2 projection) to several terms of (3.84):

ε3 ‖∂tJεh‖
2
L2
T

(L2(Ωx))
≤
∫ T

0

[{
− ε(θ∗ �∇x(ρεh − Shρ

ε
h), ∂tJ

ε
h)Ωx

+ ε 〈θ∗ � [[ρεh − Shρ
ε
h]], {{∂tJεh}}〉EI

x,h
+ ε(E(ρεh − Shρ

ε
h), ∂tJ

ε
h)Ωx

}
+
{
− ε(θ∗ �∇xShρεh, ∂tJ

ε
h)Ωx + ε 〈θ∗ � [[Shρεh]], {{∂tJεh}}〉EI

x,h

}
+
{
ε(EShρεh, ∂tJ

ε
h)Ωx

}
+
{
ε2Θ3(g̃εh, ∂tJ

ε
h) + ε3/2Θ4(ρεh, ∂tJ

ε
h) + ε3/2Θ5(ρεh, ∂tJ

ε
h)
}]

dt

≤
∫ T

0

[
{I1}+ {I2}+ {I3}+ {I4}

]
dt.

(3.85)

We will bound I1, I2, I3, and I4 independently. For I1, after applying Cauchy-
Schwarz, the trace inequality (3.1b), the projection bound (3.38), Assumption 2.12,
and Young’s inequality, we have, for any ν > 0,

∫ T

0

I1 dt . ε
(
‖ρεh − Shρεh‖L2

T (L2(Ωx)) + ‖ρεh − Shρεh‖L2(H1
h(Ωx))

)
‖∂tJεh‖L2

T (L2(Ωx))

.
ε3/2

√
hx

(√
ε

hx
+ 1

)
‖g0,h‖L2(Ω)‖∂tJεh‖L2

T (L2(Ωx))(3.86)

.
1

hxν
‖g0,h‖2L2(Ω) + νε3‖∂tJεh‖2L2

T (L2(Ωx)).
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For I2, we integrate by parts in time to obtain∫ T

0

I2 dt =

{
ε

∫ T

0

(θ∗ �∇x∂tShρεh, Jεh)Ωx
− 〈θ∗ � [[∂tShρεh]], {{Jεh}}〉EIx,h dt

}
+

{
− ε (θ∗ �∇xShρεh, Jεh)Ωx

∣∣∣∣T
0

+ ε 〈θ∗ � [[Shρεh]], {{Jεh}}〉EIx,h

∣∣∣∣T
0

}
= {K1}+ {K2}.

(3.87)

We first bound K1. Using Cauchy-Schwarz, the inverse inequality (3.2), and the trace
inequality (3.1b), as well as the bound on ∂tShρεh in (3.56) and the bound on Jεh in
(3.36), we have

(3.88) K1 .
ε

hx
‖∂tShρεh‖L2

T (L2(Ωx))‖Jεh‖L2
T (L2(Ωx)) .

ε

h2
x

‖g0,h‖2L2(Ω).

For K2, terms evaluated at t = 0 vanish due to Assumption 2.9. Following a similar
treatment as for K1, but instead using the L∞T estimates (3.36) and (3.34), we obtain

(3.89) K2 .
ε

hx
‖Shρεh‖L∞(L2(Ωx))‖Jεh‖L∞(L2(Ωx)) .

ε

h2
x

‖g0,h‖2L2(Ω).

For I3, the treatment is similar to that of I2. Integrating by parts in time and applying
bounds similar to those used for K1 and K2, we find∫ T

0
I3 dt = −ε

∫ T

0
(∂t(EShρεh), Jεh)Ωx

dt+ ε (EShρεh, J
ε
h)Ωx

∣∣∣∣∣
T

0

= −ε
∫ T

0

[
(Shρεh∂tE, J

ε
h)Ωx

+ (E∂tShρεh, J
ε
h)Ωx

]
dt+ ε (EShρεh, J

ε
h)Ωx

∣∣∣∣∣
T

0

. ε‖ρεh‖L2
T

(L2(Ωx))‖J
ε
h‖L2

T
(L2(Ωx)) + ε‖∂tShρεh‖L2

T
(L2(Ωx))‖J

ε
h‖L2

T
(L2(Ωx))

+ ε‖ρεh‖L∞(L2(Ωx))‖J
ε
h‖L∞(L2(Ωx)) .

ε

hx
‖g0,h‖2L2(Ω)

.

(3.90)

We now focus on each term of I4. To bound Θ3, we use (3.59), (3.35), and Young’s
inequality:∫ T

0

ε2Θ3(g̃εh, ∂tJ
ε
h) dt .

√
ε

hx

(
1

ε
‖gεh −M

1
2

h ρ
ε
h‖L2

T (L2(Ω))

)(
ε3/2‖∂tJεh‖L2

T (L2(Ωx))

)
.

ε

νh2
x

‖g0,h‖2L2(Ω) + νε3‖∂tJεh‖2L2
T (L2(Ωx))(3.91)

for any ν > 0. We treat Θ4 in a similar manner. Using (3.62) and (3.37) with
Assumption 2.12, we have∫ T

0

ε3/2Θ4(ρεh, ∂tJ
ε
h) dt .

1√
hx

(
1

ε1/2
‖[[ρεh]]‖L2

T (L2(EIx,h))

)(
ε3/2‖∂tJεh‖L2

T (L2(Ωx))

)
.

1

νhx
‖g0,h‖2L2(Ω) + νε3‖∂tJεh‖2L2

T (L2(Ωx))(3.92)

for any ν > 0. We treat Θ5 similar to Θ4; cf. (3.92):∫ T

0

ε3/2Θ5(ρεh, ∂tJ
ε
h) dt .

1

νhx
‖g0,h‖2L2(Ω) + νε3‖∂tJεh‖2L2

T (L2(Ωx))
(3.93)
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for any ν > 0. Combining (3.91)-(3.93) yields the following bound for I4:∫ T

0

I4 dt .
1

ν

(
1

hx
+

ε

h2
x

)
‖g0,h‖2L2(Ω) + νε3‖∂tJεh‖2L2

T (L2(Ωx)).(3.94)

for any ν > 0. Combining (3.85)-(3.89) and (3.94) we obtain

ε3 ‖∂tJεh‖
2
L2
T

(L2(Ωx))
.

1

ν

(
1

hx
+

ε

h2
x

)
‖g0,h‖2L2(Ω)

+
ε

h2
x

‖g0,h‖2L2(Ω)
+ νε3‖∂tJεh‖

2
L2
T

(L2(Ωx))
.

(3.95)

Choosing ν, independent of ε and hx, sufficiently small to move ε3‖∂tJεh‖2L2
T (L2(Ωx))

from the right-hand side of (3.95) and applying Assumption 2.12 to the first two terms
on the right-hand side of (3.95) gives us (3.78). The proof is complete.

4. The Drift Diffusion Limit. The bounds in Section 3 facilitate the limit of
ρεh and Jεh as ε → 0. In this section, we show these limits satisfy (4.2), a discrete
version of the drift-diffusion equations (2.5). Recall the definition of εhv from (3.27).

Theorem 4.1. Let hx, hv > 0 be fixed. Then for all ε ≤ εhv , we have ρεh ∈
L2
T (L2(Ωx)), ∂

∂tρ
ε
h ∈ L2

T (H−1
h (Ωx)) and Jεh ∈ L2

T (L2(Ωx)) with bound

‖ρεh‖L2
T (L2(Ωx)) + ‖∂tρεh‖L2(H−1

h (Ωx)) + ‖Jεh‖L2
T (L2(Ωx)) . ‖g0,h‖L2(Ω).(4.1)

Moreover, there exist functions ρ0
h ∈ H1([0, T ];S0

x,h), J0
h ∈ L2([0, T ]; [Vx,h]3), and

subsequences of {ρεh}ε and {Jεh}ε, not relabeled, such that ρεh ⇀ ρ0
h in L2

T (L2(Ωx)),
∂tρ

ε
h ⇀ ∂tρ

0
h, and Jεh ⇀ J0

h in L2
T ([L2(Ωx)]3).

Additionally, ρ0
h and J0

h satisfy the following drift-diffusion system:(
∂

∂t
ρ0
h, qh

)
Ωx

− (J0
h,∇xqh)Ωx = 0 ∀qh ∈ S0

x,h,(4.2a)

(ωJ0
h, τh)Ωx + (θ∗ �∇xρ0

h, τh)Ωx − (Eρ0
h, τh)Ωx = 0 ∀τh ∈ [Vx,h]3,(4.2b)

(ρ0
h(0), qh)Ωx = (ρ0,h, qh)Ωx ∀qh ∈ S0

x,h.(4.2c)

Proof. The proof proceeds in two steps.
Step 1: Existence of Limits. It follows from (3.34), (3.36), and (3.55) that
‖ρεh‖L2

T (L2(Ωx)), ‖Jεh‖L2
T (L2(Ωx)), and ‖∂tρεh‖L2

T (H−1
h,β(Ωx)), respectively, (4.1) holds and

each term is uniformly bounded in ε. Since each of these spaces are Hilbert spaces,
we can extract a subsequence ρεh and Jεh, not relabeled, and limiting functions ρ0

h ∈
L2
T (Vx,h) and J0

h ∈ L2
T ([Vx,h]3) such that ρεh ⇀ ρ0

h in L2
T (L2(Ωx)) and Jεh ⇀ J0

h in
L2
T ([L2(Ωx)]3). We now show ρ0

h ∈ L2
T (V 0

x,h). By (3.37),

(4.3) ‖[[ρεh]]‖2L2
T (L2(EIx,h)) + ‖ρεh‖2L2

T (L2(∂Ωx)) . ε‖g0,h‖2L2(Ω).

Since Vh is finite dimensional, then ρεh ⇀ ρεh in L2
T (L2(∂Ωx)). Because the norm is

weakly lower semi-continuous, (4.3) implies that ρ0
h(t) is continuous in x and 0 on

∂Ωx for a.e. time t; therefore ρ0
h ∈ L2

T (S0
x,h).

By (3.55), ∂tρ
0
h is uniformly bounded in ε in L2

T ((S0
x,h)∗) where (S0

x,h)∗ is the

dual space of S0
x,h. Hence there is a subsequence of ∂tρ

ε
h such that ∂tρ

ε
h ⇀ ζ for

some ζ ∈ L2
T ((S0

x,h)∗). Since S0
x,h is finite-dimensional and thus a Hilbert space with

respect to the L2 inner product on Ωx, we can apply the Riesz representation theorem
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to show there is ζh ∈ L2
T (S0

x,h) such that ζ(t; qh) = (ζh(t), qh(t))Ωx for all qh ∈ S0
x,h

and a.e. t where ζ(t; ·) ∈ (S0
x,h)∗. By a standard density argument (see [11, Chapter 7,

Problem 5]), we have ζh = ∂tρ
0
h. Therefore ρ0

h ∈ H1([0, T ];S0
x,h) ↪→ C0([0, T ];S0

x,h).

Step 2: The Limiting System. We first recover (4.2a). We choose qh ∈ L2
T (V 0

x,h) in
(3.45) and integrate in time to obtain∫ T

0

[
(∂tρ

ε
h, qh)Ωx

− (Jεh,∇xqh)Ωx

]
dt = 0.(4.4)

Note that the right hand side of (3.45) and the interior flux terms vanish since qh ∈
S0
x,h Therefore we can pass the weak limit as ε→ 0 in (4.4) and arrive at (4.2a).

For (4.2b), choose τh ∈ L2
T ([Vx,h]3) in (3.58) and integrate in time to obtain∫ T

0

(ωJεh, τh)Ωx + (θ∗ �∇xρεh, τh)Ωx − 〈θ∗ � [[ρεh]], {{τh}}〉EIx,h − (Eρεh, τh)Ωx dt

=

∫ T

0

εΘ3(g̃εh, τh) +
√
εΘ4(ρεh, τh) +

√
εΘ5(ρεh, τh)− ε2 (∂tJ

ε
h, τh)Ωx

dt.

(4.5)

Since ε3/2‖∂tJεh‖L2
T (L2(Ωx)) is bounded in ε by (3.78), the time derivative term in

(4.5) vanishes as ε → 0. Additionally since
∫ T

0
Θ3(g̃εh, τh) dt,

∫ T
0

Θ4(ρεh, τh) dt, and∫ T
0

Θ5(ρεh, τh) dt are bounded in ε by (3.59), (3.62), and (3.63) respectively, then the
entire right hand side of (4.5) vanishes as ε vanishes. Therefore taking the limit as
ε→ 0 of (4.5) yields

(4.6) (ωJ0
h, τh)Ωx + (θ∗ �∇xρ0

h, τh)Ωx −
〈
θ∗ � [[ρ0

h]], {{τh}}
〉
EIx,h
− (Eρ0

h, τh)Ωx = 0

for all τh ∈ [Vx,h]3 and a.e. 0 < t ≤ T . Since ρ0
h ∈ L2

T (S0
x,h), we drop the interior

flux terms in (4.6) and recover (4.2b). The proof of the projected initial condition
(4.2c) follows the standard arguments shown in [11, Page 379] and is not included.
The proof is complete.

Now we show that the whole sequence {ρεh}ε and {Jεh}ε must converge to ρ0
h and

J0
h respectively. We do this by showing uniqueness of solutions to the drift-diffusion

system (4.2) with the following lemma.

Lemma 4.2. Suppose ρh and Jh satisfy (4.2), then for any hx > 0:

(4.7) ‖ρh‖2L∞T (L2(Ωx)) + ωmin

θmax
∗
‖Jh‖2L2

T (L2(Ωx)) ≤ exp(C4T )‖ρ0,h‖2L2(Ωx).

where C4 :=
‖θ−1
∗ �E‖L∞([0,T ]×Ωx)

ωmin
and θmax

∗ is the element-wise maximum of θ∗. More-
over, the solution pair {ρh, Jh} to (4.2) is unique.

Proof. We first focus on (4.7). Choose qh = ρh and τh = θ−1
∗ �Jh in (4.2). Adding

both equations in (4.2) gives us

1

2

d

dt
‖ρh‖2L2(Ωx) + (ωJh, θ

−1
∗ � Jh)Ωx = (θ−1

∗ � Eρh, Jh)Ωx .(4.8)

Bounding the right hand side of (4.8) by Hölder’s and Young’s inequality, bounding
θ−1
∗ from below, and multiplying by 2 we arrive at

d

dt
‖ρh‖2L2(Ωx) +

ωmin

θmax
∗
‖Jh‖2L2(Ωx) ≤

‖θ−1
∗ � E‖L∞([0,T ]×Ωx)

ωmin
‖ρh‖2L2(Ωx).(4.9)
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Applying Grönwall’s to (4.9) gives us (4.7). Uniqueness of the solution pair follows
from applying (4.7) to the case where ρ0,h = 0. The proof is complete.

Due to the uniqueness result from Lemma 4.2, we attach the additional corollary.

Corollary 4.3. The full sequences {ρεh}ε and {Jεh}ε weakly converge to ρ0
h and

J0
h respectively in the topologies given in Theorem 4.1.

5. Error Estimates. In this section we develop error estimates for ρεh against
the true drift-diffusion limit ρ0 which solves (2.4). The error estimates are created
by comparing both against the discrete drift-diffusion ρ0

h which solves (4.2). This
is summarized in the following theorem whose proof we delay until the end of the
section.

Theorem 5.1. Suppose ρ0 ∈ L2
T (Hs(Ω)) and J0 ∈ L2

T ([L2(Ωx)]3) satisfy (2.5)
for some s ≥ 2, ω ∈W r,∞(Ωx), and E ∈ L∞T (W r,∞(Ωx)) for some r ≥ s− 1. Define

(5.1) Cω,r = ‖ω‖W r,∞(Ωx)‖E‖L∞T (W r,∞(Ωx)) and θ̄ = [θ, θ, θ] ∈ R3.

Then for any ε ≤ εhv where εhv is defined in (3.27) we have the following error
estimate:

‖ρεh − ρ0‖L2
T (L2(Ωx)) .

√
ε

hx
‖g0,h‖L2(Ω) + (hmin{k+1,s}−1

x + |θ∗ − θ̄|)‖ρ0‖L2
T (Hs(Ωx))

+ Cω,rh
min{k+1,s−1}
x ‖ρ0‖L2

T (Hs(Ωx)).(5.2)

5.1. Error Estimates in ε. Here we build estimates comparing ρεh to ρ0
h. Define

eερ = ρεh − ρ0
h and eεJ = Jεh − J0

h. Subtracting (4.2) from the system (3.45) and (3.58)
gives us the following error equations for all test functions τh ∈ [Vx,h]3 and qh ∈ S0

x,h:(
∂te

ε
ρ, qh

)
Ωx
− (eεJ ,∇xqh)Ωx = 0,

(ωeεJ , τh)Ωx + (θ∗ �∇xeερ, τh)Ωx −
〈
θ∗ � [[eερ]], {{τh}}

〉
EIx,h
− (Eeερ, τh)Ωx

= εΘ3(g̃εh, τh) +
√
εΘ4(ρεh, τh) +

√
εΘ5(ρεh, τh) +

√
ε
(
ε3/2∂tJ

ε
h, τh

)
Ωx
.(5.3)

In order to bound the error of eερ, we decompose the ρ error as eερ = ηερ − ξερ :=
(ρεh − Shρεh)− (ρ0

h − Shρεh). Thus ηερ ∈ Vx,h and ξερ ∈ S0
x,h.

Lemma 5.2. For any hx > 0, hv > 0, and ε ≤ εhv where εhv is defined in Lemma
3.7, eερ and eεJ satisfy the following error bound:

‖ξερ(T )‖2L2(Ω)+
ωmin

2
‖eεJ‖2L2

T (L2(Ωx)) .
ε

hx
‖g0,h‖2L2(Ω).(5.4)

Proof. Choose qh = −θ∗ξερ and τh = eε
θ−1
∗ ,J

:= θ−1
∗ � eεJ in (5.3). Adding the two

equations in (5.3) we arrive at(
∂tξ

ε
ρ, ξ

ε
ρ

)
Ωx

+ (ωeεJ , e
ε
θ−1
∗ ,J

)Ωx = −(∇xηερ, eεJ)Ωx +
〈
{{eεJ}}, [[ηερ]]

〉
EIx,h

+ (Eηερ, e
ε
θ−1
∗ ,J

)Ωx

− (Eξερ, e
ε
θ−1
∗ ,J

)Ωx − εΘ3(g̃εh, e
ε
θ−1
∗ ,J

) +
√
εΘ4(ρεh, e

ε
θ−1
∗ ,J

)(5.5)

+
√
εΘ5(ρεh, e

ε
θ−1
∗ ,J

) +
√
ε
(
ε3/2∂tJ

ε
h, e

ε
θ−1
∗ ,J

)
Ωx

+
(
∂tη

ε
ρ, ξ

ε
ρ

)
Ωx
.
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We seek to bound each of the terms on the right hand side of (5.5). As the entries θ∗
do not depend on ε or hx, we will absorb them into the generic constant in .. Let

(5.6) I1 := −(∇xηερ, eεJ)Ωx +
〈
{{eεJ}}, [[ηερ]]

〉
EIx,h

+ (Eηερ, e
ε
θ−1
∗ ,J

)Ωx .

By use of inverse inequalities, trace inequalities, and Young’s inequality, we can bound
I1 for any ν > 0 by

|I1| .
1

ν
‖ηερ‖2L2(Ωx) +

1

ν
‖ηερ‖2H1

h(Ωx) + ν‖eεJ‖2L2(Ωx).(5.7)

We can bound (Eξερ, e
ε
θ−1
∗ ,J

)Ωx with Young’s inequality to obtain

|(Eξερ, eεθ−1
∗ ,J

)Ωx | .
1

ν
‖ξερ‖2L2(Ωx) + ν‖eεJ‖2L2(Ωx)(5.8)

for any ν > 0. We use (3.59) and Young’s inequality to obtain

|εΘ3(g̃εh, e
ε
θ−1
∗ ,J

)| . 1

νh2
x

‖M
1
2

h ρ
ε
h − gεh‖2L2(Ω) + ν‖eεJ‖2L2(Ωx)(5.9)

for any ν > 0. We bound Θ4 and Θ5 by (3.62), (3.63), and Young’s inequality:

|
√
εΘ4(ρεh, e

ε

θ−1
∗ ,J

) +
√
εΘ5(ρεh, e

ε

θ−1
∗ ,J

)| .
1

νhx
‖[[ρεh]]‖2

L2(EI
x,h

)
+

1

νhx
‖ρεh‖

2
L2(∂Ωx)

+ ν‖eεJ‖
2
L2(Ωx)

(5.10)

for any ν > 0. We bound the ∂tJ
ε
h term as

(5.11)
∣∣√ε(ε3/2∂tJ

ε
h, e

ε
θ−1
∗ ,J

)
Ωx

∣∣ . ε

ν
‖ε3∂tJ

ε
h‖2L2(Ωx) + ν‖eεJ‖2L2(Ωx)

for any ν > 0. The term
(
∂tη

ε
ρ, ξ

ε
ρ

)
Ωx

is zero since by definition ηερ is orthogonal to ξερ
in L2(Ωx). Injecting (5.7) through (5.11) into (5.5) gives us

d
dt‖ξ

ε
ρ‖2L2(Ωx) + ‖eεJ‖2L2(Ω) .

1
ν ‖ξ

ε
ρ‖2L2(Ωx) + 1

ν ‖η
ε
ρ‖2L2(Ωx) + 1

ν ‖η
ε
ρ‖2H1

h(Ωx)

+ 1
νhx

(
1 + 1

hx

)
‖M

1
2

h ρ
ε
h − gεh‖2L2(Ω) + ε

ν ‖ε
3∂tJ

ε
h‖2L2(Ωx)

+ 1
νhx
‖[[ρεh]]‖2L2(EIx,h) + 1

νhx
‖ρεh‖2L2(∂Ωx) + ν‖eεJ‖2L2(Ω)

(5.12)

for all ν > 0. Choosing ν, independent of ε and hx, sufficiently small we can move
the last two terms on the right of (5.12) over to the left. Since ξερ(0) = 0, we can then
apply Grönwall’s to obtain (assuming hx . 1)

‖ξερ‖2L∞T (L2(Ωx)) + ‖eεJ‖2L2
T (L2(Ωx)) . ‖η

ε
ρ‖2L2

T (L2(Ωx)) + ‖ηερ‖2L2
T (H1

h(Ωx))

+ 1
νh2
x
‖M

1
2

h ρ
ε
h − gεh‖2L2

T (L2(Ω)) + ε‖ε3∂tJ
ε
h‖2L2

T (L2(Ωx))

+ 1
hx
‖[[ρεh]]‖2L2

T (L2(EIx,h)) + 1
hx
‖ρεh‖2L2

T (L2(∂Ωx)).

(5.13)

Note that the appropriate norms of ηερ = ρεh − Shρεh, ρεh, and M
1
2

h ρ
ε
h − gεh can all be

bounded from Lemma 3.9 while ∂tJ
ε
h can be bounded in L2 by Lemma 3.13. Applying

these bounds to (5.13), recalling Assumption 2.12, and noticing ε2 . ε gives us (5.4).
The proof is complete.
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We can now show the ε-error estimate.

Theorem 5.3. Let {ρ0
h, J

0
h} satisfy (4.2). Then for any ε ≤ εhv , where εhv is

defined in (3.27), we have the following error estimate:

(5.14) ‖ρεh − ρ0
h‖L2

T (L2(Ωx)) + ‖Jεh − J0
h‖L2

T (L2(Ωx)) .
√

ε
hx
‖g0,h‖L2(Ω).

Proof. The L2
TL

2 bound of ηερ and ξερ are provided by (3.38) and (5.4) respectively.
The Jεh error estimate follows from (5.4). The proof is complete.

5.2. Error Estimate in h. We now focus on the error estimates of the limiting
drift diffusion system (4.2). We note that DG discretizations of (2.5) have been studied
for the one-dimensional case in [24]; however, their discretization defines the auxiliary
variable in the system as a scalar multiple of ∇xρ0

h rather than Jεh. Additionally, their
error estimates rely on ρ0

h being discontinuous in space and the fluxes for ρ0
h and J0

h

to be alternating so that the Gauss-Radau projection can be utilized. Since both of
these properties do not hold for (4.2), we include our own error estimates in h.

Lemma 5.4. Suppose ρ0 ∈ L2
T (Hs(Ω)) and J0 ∈ L2

T ([L2(Ωx)]3) satisfy (2.5) for
some s ≥ 2, ω ∈ W r,∞(Ωx), and E ∈ L∞T (W r,∞(Ωx)) for some r ≥ 1. Define
µ = min{r, s− 1} and recall Cω,r and θ̄ from Theorem 5.1. Then

|ρ0
h−ρ0‖L2

T (L2(Ωx)) + ‖J0
h − J0‖L2

T (L2(Ωx))(5.15)

. (hmin{kx+1,s}−1
x + |θ∗ − θ̄|+ Cω,rh

min{kx+1,µ}
x )‖ρ0‖L2

T (Hs(Ωx)).

Proof. We decompose eh,ρ := ρ0
h − ρ0 and eh,J := J0

h − J0 as

eh,ρ = ξh,ρ − ηh,ρ := (ρ0
h − Shρ0)− (ρ0 − Shρ0),(5.16a)

eh,J = ξh,J − ηh,J := (J0
h − PhJ0)− (J0 − PhJ0),(5.16b)

where Ph is the L2-orthogonal projection onto Vh. Because ρ0, J0 also solve (4.2) but
with θ∗ replaced by θ̄, the differences eh,ρ and eh,J satisfy

(∂teh,ρ, qh)Ωx
− (eh,J ,∇xqh)Ωx = 0,(5.17)

(ωeh,J , τh)Ωx + (θ∗ �∇xeh,ρ, τh)Ωx − (Eeh,ρ, τh)Ωx = ((θ̄ − θ∗)�∇xρ0, τh)Ωx .

for all τh ∈ [Vx,h]3 and qh ∈ S0
x,h. Choosing qh = ξh,ρ and τh = θ−1

∗ � ξh,J in (5.17)
gives (

∂tξh,ρ, ξh,ρ
)
Ωx
− (ξh,J ,∇xξh,ρ)Ωx =

(
∂tηh,ρ, ξh,ρ

)
Ωx
− (ηh,J ,∇xξh,ρ)Ωx ,

(ωξh,J , θ
−1
∗ � ξh,J )Ωx + (∇xξh,ρ, ξh,J )Ωx − (Eξh,ρ, θ

−1
∗ � ξh,J )Ωx

= (ωηh,J , θ
−1
∗ � ξh,J )Ωx + (∇xηh,ρ, ξh,J )Ωx

− (Eηh,ρ, θ
−1
∗ � ξh,J )Ωx + ((θ̄ − θ∗)�∇xρ0, θ−1

∗ � ξh,J )Ωx .

(5.18)

As in the proof of Lemma 5.2, we will absorb θ−1
∗ into the constant with the exception

θ∗− θ̄ By properties of the L2-projection. (∂tηh,ρ, ξh,ρ)Ωx
= 0 and (ηh,J ,∇xξh,ρ)Ωx =

0. Adding the equations in (5.18) gives

d
dt‖ξh,ρ‖

2
L2(Ωx) + ‖ξh,J‖2L2(Ωx) . (Eξh,ρ, θ

−1
∗ � ξh,J)Ωx

+ (ωηh,J , θ
−1
∗ � ξh,J)Ωx + (∇xηh,ρ, ξh,J)Ωx

− (Eηh,ρ, θ
−1
∗ � ξh,J)Ωx + ((θ̄ − θ∗)�∇xρ0, θ−1

∗ � ξh,J)Ωx .

(5.19)
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We now bound the terms on the right hand side of (5.17) using a combination of
Cauchy-Schwarz, inverse (3.2), and Young’s inequalities; this yields

d
dt‖ξh,ρ‖

2
L2(Ωx) + ‖ξh,J‖2L2(Ωx) . ‖ξh,ρ‖

2
L2(Ωx) + 1

h2
x
‖ηh,ρ‖2L2(Ωx)

+ ‖ηh,J‖2L2(Ωx) + |θ̄ − θ∗|2‖∇xρ0‖2L2(Ωx)

(5.20)

Since ω,E(t) ∈ W r,∞(Ω), then J0(t) ∈ Hµ(Ωx) where µ = min{r, s − 1}. From
standard finite element interpolation theory (c.f. [4]) we have the projection estimates

‖ηh,ρ‖L2
T (L2(Ωx)) . hmin{kx+1,s}

x ‖ρ0‖L2
T (Hs(Ωx)),

‖ηh,J‖L2
T (L2(Ωx)) . Cω,rh

min{kx+1,µ}
x ‖ρ0‖L2

T (Hs(Ω)).
(5.21)

Integrating (5.20) from 0 to T , applying the bounds (5.21), and invoking Grönwall’s
lemma we have

‖ξh,ρ‖2L∞T (L2(Ωx)) + ‖ξh,J‖2L2
T (L2(Ωx)) . (h2 min{kx+1,s}−2

x + |θ∗ − θ̄|2)‖ρ0‖2L2
T (Hs(Ωx))

+ C2
ω,rh

2 min{kx+1,µ}
x ‖ρ0‖2L2

T (Hs(Ωx)).(5.22)

Thus by (5.22) and a triangle inequality we have (5.15). The proof is complete.

We can now prove Theorem 5.1 as a consequence of Theorem 5.3 and Lemma 5.4.

Proof of Theorem 5.1. Using a triangle inequality and applying Theorem 5.3 and
Lemma 5.4 immediately implies the result. The proof is complete.

Remark 5.5. Consider an H2 solution ρ0 with kx = 1. Then the error in (5.2)
is O(

√
ε/hx + hx) which is optimal if we set hx = ε1/3.

6. Conclusion. We have developed a stable discontinuous Galerkin method for
the a linear Boltzmann semiconductor problem, rigorously showed that it is asymp-
totically preserving, and explicitly showed its limiting discrete drift-diffusion systems
as ε → 0. Future work includes extending the results presented in this paper to a
self-consistent electric field E, non-homogeneous inflow boundary data f−, and non-
isotropic initial data.

Appendix A. Technical Lemmas.

A.1. Proof of Lemma 3.5. We will prove Lemma 3.5 by first showing an
equivalent result. Given γ > 0, Define the DG discrete Laplacian energy on Vx,h via
the symmetric bilinear form

(qh, zh)E := (∇qh,∇zh)Ωx − 〈{{∇qh}}, [[zh]]〉EIx,h − 〈[[qh]], {{∇zh}}〉EIx,h − 〈∇qh, zhnx〉∂Ωx

− 〈qhnx,∇zh〉∂Ωx
+

γ

hx
〈[[qh]], [[zh]]〉EIx,h +

γ

hx
〈qh, zh〉∂Ωx

.(A.1)

Standard DG elliptic theory shows that there exists a γ∗ > 0, independent of h, such
that (·, ·)E is an inner product on Vx,h for all γ > γ∗ [30]. We fix some γ > γ∗ and
therefore (·, ·)E induces a norm ‖·‖E on Vx,h. Moreover, by use of the trace inequality,
Lemma 3.1, we have

(A.2) ‖qh‖H1
h(Ωx) . ‖qh‖E . ‖qh‖H1

h(Ωx)

for all qh ∈ Vx,h. From (A.2), the following lemma immediately implies Lemma 3.5.
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Lemma A.1. The L2-projection Sh is stable on Vx,h with respect to ‖ · ‖E, that
is, there is a constant C > 0, independent of hx, such that

‖Shqh‖E ≤ C‖qh‖E ∀qh ∈ Vx,h.(A.3)

Proof. Let {ψi}Mi=1 ⊂ Vx,h be an orthonormal eigenbasis in L2(Ωx) with associated
eigenvalues λi > 0, in increasing order, for the following eigenvalue problem: find
ψ ∈ Vx,h and λ ∈ R such that

(A.4) (ψ, qh)E = λ(ψ, qh)Ωx ∀qh ∈ Vx,h.

Similarly, let {ϕj}Nj=1 ⊂ S0
x,h be an orthonormal eigenbasis in L2(Ωx) with asso-

ciated eigenvalues µj > 0, in increasing order, for the following eigenvalue problem
on S0

x,h: find ϕ ∈ S0
x,h and µ ∈ R such that

(A.5) (ϕ,wh)E = µ(ϕ,wh)Ωx ∀wh ∈ S0
x,h.

We also define the solution operators Th : Vx,h → Vx,h, and T 0
h : S0

x,h → S0
x,h by

(Thqh, zh)E = (qh, zh)Ωx ∀zh ∈ Vx,h,(A.6)

(T 0
hwh, sh)E = (wh, sh)Ωx ∀sh ∈ S0

x,h.(A.7)

We note that while written using the inner product (· , ·)E , (A.7) is the standard
continuous Galerkin finite element method for the Poisson problem and (A.5) is its
respective eigenvalue problem. Note ψi and ϕj are eigenvectors of Th and T 0

h with
associated eigenvalues λ−1

i and µ−1
j respectively. We also recall the inverse Lapla-

cian S : L2(Ωx) → H2(Ωx) ∩ H1
0 (Ωx) which is given in Assumption 2.11. Standard

continuous and discontinuous Galerkin theory [4, 30] and Assumption 2.11 yield the
following estimates:

‖Thqh − Sqh‖E . hx‖Sqh‖H2(Ω) . hx‖qh‖L2(Ωx) ∀qh ∈ Vx,h,(A.8)

‖T 0
hwh − Swh‖E . hx‖Swh‖H2(Ω) . hx‖wh‖L2(Ωx) ∀wh ∈ S0

x,h.(A.9)

Therefore by (A.8)-(A.9) we have

(A.10) ‖Thwh − T 0
hwh‖E . hx‖wh‖L2(Ωx) ∀wh ∈ S0

x,h.

Given qh ∈ Vx,h, let α ∈ RM be the coefficients of qh w.r.t the basis {ψi} given
by αi = (qh, ψi)Ωx . Similarly, given wh ∈ S0

x,h, let ξ ∈ RN be the coefficients of wh
w.r.t the basis {ϕj} given by ξj = (wh, ϕj)Ωx . Due to the eigenbasis decomposition
we have

‖qh‖2L2(Ωx) =
∑M
i=1 α

2
i = |α|2, ‖wh‖2L2(Ωx) =

∑N
j=1 ξ

2
j = |ξ|2,(A.11a)

‖qh‖2E =
∑M
i=1 λiα

2
i =: |α|2E , ‖wh‖2E =

∑M
i=1 µjξ

2
j =: |ξ|2E ,(A.11b)

Thqh =
∑M
i=1

αi
λi
ψi, T 0

hwh =
∑N
j=1

ξj
µj
ϕj .(A.11c)

Additionally, we define the operator A0
h : S0

x,h → S0
x,h by A0

hwh =
∑N
j=1 ξjµ

1/2
j ϕj .

The fact that {ϕj} is an orthonormal set in L2(Ωx) and (A.11b) yield

‖A0
hwh‖L2(Ωx) = ‖wh‖E .(A.12)
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Also, ϕj is an eigenvector of A0
h with associated eigenvalue µ

1/2
j .

Note that (A.3) is equivalent to uniformly bounding

(A.13) sup
qh∈Vx,h\{0}

‖Shqh‖E
‖qh‖E

= sup
qh∈Vx,h\{0}

sup
wh∈S0

x,h\{0}

(Shqh, wh)E
‖qh‖E‖wh‖E

in hx; thus we seek to bound (Shqh, wh)E . Using (A.5), (A.11b), and (A.12) we have

(Shqh, wh)E =
∑
ij

αi(Shψi, ϕj)Eξj =
∑
ij

αiλ
1/2
i (λ

−1/2
i ψi, A

0
hϕj)Ωxξjµ

1/2
j

≤ |α|E‖C‖2|ξ|E = ‖C‖2‖qh‖E‖wh‖E .
(A.14)

Here C ∈ RM×N with Cij = (λ
−1/2
i ψi, A

0
hϕj)Ωx . To bound ‖C‖2, we use the

decomposition of wh along with (A.11c) and (A.6) to compute show ξT C̄T C̄ξ =
(ThA

0
hwh, ThA

0
hwh)E . Hence.

(A.15) ‖C‖2 = max
wh∈S0

x,h\{0}

‖ThA0
hwh‖2E

‖wh‖2L2(Ωx)

.

Therefore the desired estimate (A.3) holds provided we can show

(A.16) ‖ThA0
hwh‖E . ‖wh‖L2(Ωx) ∀wh ∈ S0

x,h.

To show (A.16), we will add and subtract T 0
hA

0
hwh where T 0

h is given in (A.7) and
apply the triangle inequality to obtain

(A.17) ‖ThA0
hwh‖E ≤ ‖(Th − T 0

h )A0
hwh‖E + ‖T 0

hA
0
hwh‖E .

To bound ‖(Th − T 0
h )A0

hwh‖E , we use (A.10), (A.12), (A.2), and (3.2):

‖(Th − T 0
h )A0

hwh‖E . hx‖A0
hwh‖L2(Ωx) = hx‖wh‖E . hx‖wh‖H1

h(Ω) . ‖wh‖L2(Ωx).

Direct computation of T 0
hA

0
hwh using the eigenvalue decomposition of wh gives us

T 0
hA

0
hwh =

∑N
j=1 ξjµ

−1/2
j ϕj . Using this calculation and (A.11a) we can show

‖T 0
hA

0
hwh‖2E = ‖wh‖2L2(Ωx). Therefore (A.16) holds. The proof is complete.

A.2. Proof of Lemma 3.8. Lemma 3.8 is a result of the following lemma:

Lemma A.2. There exists γ∗ > 0 independent of ε and hx such that

inf
ξ∈Rd
‖ξ‖2=1

(
vhM

1
2

h , ξM
1
2

h

)
{v:vh(v)·ξ>0}

> γ∗,(A.18)

inf
ξ∈Rd
‖ξ‖2=1

(
|vh · ξ|

2
M

1
2

h ,M
1
2

h

)
Ωv

> γ∗.(A.19)

Proof. We first focus on (A.18). We show the function γ : Rd → R defined

by γ(ξ) =
(
vhM

1
2

h , ξM
1
2

h

)
{v:vh(v)·ξ>0}

is lower semi-continuous. Let ξn → ξ. Define

γn : Ωv → R by γn(v) = vh ·ξnM
1
2

hM
1
2

h χ{vh(v)·ξn>0} where χA is the indicator function
for the set A. By Fatou’s Lemma we have

lim inf
n→∞

γ(ξn) = lim inf
n→∞

∫
Ωv

γn(v) dv ≥
∫

Ωv

lim inf
n→∞

γn(v) dv.(A.20)
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We claim

lim
n→∞

γn(v) = vh · ξM
1
2

hM
1
2

h χ{vh(v)·ξ>0}(A.21)

for all a.e. v ∈ Ωv. Let v ∈ Ωv with vh(v)·ξ < 0. Then eventually we have vh(v)·ξk < 0
for all k sufficiently large. Thus the indicator function evaluates to zero and γk(v) = 0;
thus (A.21) holds. Let v ∈ Ωv with vh(v) · ξ < 0. Then similarly vh(v) · ξk > 0 for all
k sufficiently large. Hence the indication function evaluates to 1 and we can pass the
limit to show (A.21) holds. Since the set {v : vh(v) · ξ = 0} is a set of measure zero,
(A.21) holds for all a.e. v ∈ Ωv. Using (A.21) we continue (A.20) to obtain

lim inf
n→∞

γ(ξn) ≥
∫

Ωv

lim inf
n→∞

γn(v) dv =

∫
Ωv

vh · ξM
1
2

hM
1
2

h χ{vh(v)·ξ>0} dv = γ(ξ).

Therefore γ is lower semi-continuous. Since γ > 0 on the compact unit sphere, it
obtains a positive minimum. Thus the first equality of (A.18) holds. For (A.19), we

note that the function ξ →
( |vh·ξ|

2 M
1
2

h ,M
1
2

h

)
Ωv

is Lipschitz continuous. Since it is also
positive on the compact unit sphere, it obtains a positive minimum. The proof is
complete.

Appendix B. Maxwellian Approximation.
Lemma B.1 gives precise bounds for the discrete 1D root Maxwellian constructed

in Remark 2.4.

Lemma B.1. Let L > 0 with L ≥
√
θ, and suppose Ωv = [−L,L]. Furthermore,

assume h2
v ≤ 4√

3
θ. Let Qhv : C0(Ωv) → Sv,hv with kv = 1 be the piecewise linear

nodal Lagrange interpolant. Define Q̃hv :=
Qhvu

‖Qhvu‖L2(Ωv)
. For i = 1, . . . , 3, let M

1
2

h,i =

Q̃h(M
1
2
i ) where M

1
2
i (vi) is defined in (2.13). Then M

1
2

h,i is positive, continuous, and
satisfies Assumption 2.1.a, Assumption 2.1.b, and Assumption 2.1.c. Moreover, we
have the following approximation results:

‖M
1
2
i − Q̃hvM

1
2
i ‖L2(Ωv) ≤ 5

2

(
1− erf( L√

2θ
)1/2

)
+ 5h2

v

√
3

8θ ,(B.1)

‖∂v(M
1
2
i − Q̃hvM

1
2
i )‖L2(Ωv) ≤ 5

2

(
1− erf( L√

2θ
)1/2

)
+ 5

2h
2
v

√
3

16θ3/2 + 5
2

√
3√
2

1
4θhv.(B.2)

Proof. For ease of notation setM(v) = M
1
2
i (v). Direction calculation and L ≥

√
θ

yields

16
25 ≤ erf( 1√

2
) ≤ ‖M‖2L2(Ωv) = erf( L√

2θ
) ≤ 1.(B.3a)

‖∂vM‖2L2(Ωv) = 1
4θ erf( L√

2θ
)− L

2
√

2πθ3
exp

(
−L2

2θ

)
≤ 1

4θ erf( L√
2θ

).(B.3b)

‖∂2
vM‖2L2(Ωv) = 3

16θ2 erf( L√
2θ

)− L(θ−L2)

8
√

2πθ7
exp

(
−L2

2θ

)
≤ 3

16θ2 erf( L√
2θ

)(B.3c)

We can give precise bounds on the interpolation error ‖M− Q̃hvM‖ from the proof
in [4, Theorem (0.4.5)], (B.3c), and (B.3a):

‖M−QhvM‖L2(Ωv)+
1√
2
hv‖∂v(M−QhvM)‖L2(Ωx)

≤ 1
2h

2
v‖∂2

vM‖L2(Ωv) ≤
√

3
8θ h

2
v‖M‖L2(Ωv) ≤

√
3

8θ h
2
v.

(B.4)
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Using the reverse triangle inequality, (B.4), and (B.3a), we obtain

‖QhM‖L2(Ωv) ≥ (1−
√

3h2
v

8θ )‖M‖L2(Ωv) ≥ 4
5 (1− h2

v

√
3

8θ ) ≥ 2
5

(B.5)

where the last inequality follows from the assumed hv restriction.
We now show (B.1). Define αM = ‖QhvM‖L2(Ωv). Using in definition of Q̃hv we

obtain

(B.6) ‖M− Q̃hvM‖L2(Ωv) =
1

αM
‖αMM−QhvM‖L2(Ωv).

Adding and subtracting key quantities and several uses of the standard and reverse
triangle inequalities both yield

‖αMM−QhvM‖L2(Ωv) ≤ |1− αM|‖M‖L2(Ωv) + ‖M−QhvM‖L2(Ωv)

≤ |1− ‖M‖L2(Ωv)|‖M‖L2(Ωv) + ‖M−QhvM‖L2(Ωv)‖M‖L2(Ωv)

+ ‖M−QhvM‖L2(Ωv).

(B.7)

The terms on the right hand side of (B.7) can be bounded using (B.3) and (B.4).
These estimates along with (B.6) and (B.5) yield (B.1). For (B.2), a similar H1

estimate to (B.7) can be formed, namely:

‖∂v(αMM−QhvM)‖L2(Ωv) ≤ |1− ‖M‖L2(Ωv)|‖∂vM‖L2(Ωv)

+ ‖M−QhvM‖L2(Ωv)‖∂vM‖L2(Ωv) + ‖∂v(M−QhvM)‖L2(Ωv).(B.8)

Estimate (B.8) along with the estimates above yield (B.2). The proof is complete.
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