AN ASYMPTOTIC PRESERVING DISCONTINUOUS GALERKIN
METHOD FOR A LINEAR BOLTZMANN SEMICONDUCTOR
MODEL*

VICTOR P. DECARIAT, CORY D. HAUCK?!, AND STEFAN R. SCHNAKES$

Abstract. A key property of the linear Boltzmann semiconductor model is that as the collision
frequency tends to infinity, the phase space density f = f(x,v,t) converges to an isotropic function
M(v)p(z,t), called the drift-diffusion limit, where M is a Maxwellian and the physical density p sat-
isfies a second-order parabolic PDE known as the drift-diffusion equation. Numerical approximations
that mirror this property are said to be asymptotic preserving. In this paper we build a discontinuous
Galerkin method to the semiconductor model, and we show this scheme is both uniformly stable in
€, where 1/e is the scale of the collision frequency, and asymptotic preserving. In particular, we
discuss what properties the discrete Maxwellian must satisfy in order for the schemes to converge in
€ to an accurate h-approximation of the drift-diffusion limit. Discrete versions of the drift-diffusion
equation and error estimates in several norms with respect to € and the spacial resolution are also
included.
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1. Introduction. Kinetic equations are an established tool for modeling charged-ii
particle transport in semiconductors, particularly in non-equilibrium settings [18, 26,
29]. However, numerical simulations of such equations are known to be challenging,
due to the size of the space on which they are defined (in general three position,
three momentum variables, plus time) and the multiscale nature of the equations.
With regards to the latter, it is well-known that for large collision frequencies and
long-time scales, the kinetic solution is well-approximated by a drift-diffusion equa-
tion which depends on space and time only. Under reasonable conditions, this limit
was established rigorously for the case of an applied electric field in [28]. The case of
a self-consistent field was later treated in [1,27].

Because of the drift-diffusion approximation, solving a kinetic model of charge
transport in collisional regimes may be unnecessarily expensive; to ameliorate this
cost, methods which leverage the drift-diffusion approximation, either via domain
decomposition [20] or acceleration [10,22] are sometimes used. At a minimum, it
is important that a discretization of the kinetic equation recover a stable and con-
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sistent discretization of the drift-diffusion limit as the collision frequency becomes
infinitely large; this is the so-called asymptotic preserving (AP) property [15, 16].
While standard finite volume or finite-difference methods that that rely on upwind-
ing to discretize advection terms are not asymptotic preserving, there are specialized
spatial discretizations [31] and operator splitting techniques [16,17,21] that are.

A different approach for capturing the numerical drift-diffusion limit is to use
discontinuous Galerkin (DG) methods. These methods have been developed both for
kinetic semiconductor equations [6-9,25] and for the drift-diffusion equations [5,24].
While not yet rigorously established in the literature, it is reasonable to assume that
DG methods will recover the numerical drift-diffusion limit. Such a conjecture rests on
a similar body of work for kinetic equations of radiation transport. In that setting, col-
lisional dynamics over long time scales lead to a standard diffusion equation [3,14,23].
The asymptotic preserving properties of DG methods for transport equations were
first established in [23] for one-dimensional (slab) geometries and later extended to
the general multi-dimensional setting in [2]. In [13], the work in [2] was re-established
using a rigorous functional analysis framework. The work presented here follows in
the spirit of that framework.

In the current paper, we rigorously prove the numerical drift-diffusion limit for
a DG method applied to a linear kinetic semiconductor equation. In particular, the
collision operator approximates very complicated material interactions with a simple
relaxation model and the electric field is not self-consistent, but rather assumed to be
given. The DG method relies on a reformulation of the kinetic equation in terms of
a weighted distribution function. While such a reformulation is likely not necessary,
partially due to the numerical results in [22], it does make some stability results easier
to prove. Such results are challenging because, unlike the radiation transport case,
the advection operators and collision operator of the kinetic semiconductor equation
are stable in L? spaces with two different weightings. Even at the analytical level,
this mismatch poses significant challenges [27]. Even so, we expect that the analysis
presented here can be leveraged for “more standard” implementations.

Beyond linearity, there are several other assumptions made in the analysis. Some
of these are technical, but others are quite important. Among these, the most im-
portant is a zero-inflow boundary condition which precludes the development of a
boundary layer. We also assume that the initial data is well-prepared in the sense
that it is consistent with the state of local thermal equilibrium. Removing these three
assumptions—Ilinearity, zero inflow, and well-prepared initial data—will be important
steps in future work. In addition, uniform error estimates independent of the collision
frequency, along the lines of [32] for the radiation transport case, should be considered.
However, the analysis here is already fairly involved and requires more work than the
radiation transport case. The main novelty of this work is the rigorous analysis of
the numerical diffusion limit of a kinetic equation. In contrast to [13] whose work
and novelty closely resembles and inspires the work here, the kinetic equation in the
current setting is time-dependent, involves advection in both the physical and velocity
variables, is defined over an unbounded velocity domain, and has a collision operator
with a kernel (the local thermal equilibrium) that is not contained in a standard finite
element space. Additionally, this work provides several lemmas concerning stability
and control of projecting discontinuous Galerkin finite element functions onto a con-
tinuous Galekrin finite element space. These technical results will aid in the current
and future numerical analysis of AP discontinuous Galerkin schemes.

The remainder of the paper is organized as follows. In Section 2, we introduce
the relevant equations, preliminary notation, assumptions used to construct a discrete
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Maxwellian, and the numerical method for solving the kinetic semiconductor model
given in (2.1) below. We characterize the collision frequency by an asymptotic param-
eter ¢ > 0 which is inversely proportional to the mean-free-path between collisions,
and in Section 3, we develop stability and pre-compactness estimates that allow us
to take the e-limit to 0. Additionally, we give several technical results which will aid
in the general analysis of discrete drift-diffusion limits. In Section 4, we show the
numerical density pj, of the kinetic model converges to the solution of a discretized
version p of the drift diffusion system, given in (2.5) below. In Section 5, we show
error estimates for ||p5 — p¥| in € and h as well as error estimates for ||p9 — p°| in h.
This allows us to build estimates for ||p — po|| in € and h.

2. Background, Preliminaries, and Assumptions. Given € > 0, a Lipschitz
spatial domain €, C R3, and data fo prescribed on €, let f.(x,v,t) be the solution
of the following kinetic semiconductor model

(2.1a) 588];5 +v-Vof®+E(x,t) V,f° — EQ(fE) =0, (z,v) € Qp x R3, t > 0;
(2.1b) fe(z,v,t) = f_(z,v,t), (z,v) € 00_, t > 0;
(2.1c) f(x,v,0) = fo(x v), (z,v) € Qp x R3,

where E € W1°([0,T]; L°°(€2;)) is a given electric field, f_ is the inflow data, and
(2.2) 00 = {(x,v) € 0, x R®: v -ny(x) < 0},

with n.(zo) being the normal to €2, at the point xg, is the inflow component of the
boundary. Additionally the collision operator () is defined by

(2.3) Q(f%) = w(Mp® = f)
2

where pf(x,t) = [gs f°(x,v,t)dv is the number density and M(v) = (271’9)%36_ 5
with 8 > 0 the (lattice) temperature and w € L*°(9,) with 0 < wpin < w on Q, the
(scaled) collision frequency. The moment J¢ = e~ [, vf®(z,v,t)dv is the current
density.

If the inflow and initial data are isotropic, that is, f_(z, t) m(x)M ( ) and
folx,v) = po(x,t)M(v), then as € — 0, f¢ converges to M (v ) O(z), where p° solves
the drift-diffusion equation [28]:

0p° 1
(2.4b) °(x,t) = m(x), x € 00y, t > 0;
(2.4c) p°(x,0) = po(z), x € Q.

If JO = %(—vapo + Ep?), the pair {p°, J} solves the equivalent first-order system:

p°
ot
2.5b) W+ 0V, )" —Ep° =0, xe€Q,, t>0;
2.5¢) P2z, t) = m(z), x € 08, t > 0;
2.5d) p°(x,0) = po(z), x € Q.

+V,-J%=0, z€Q,,t>0;



2.1. Notation. Given a measureable open set D C R3, let L?(D) and W*P?(D)
be the standard Lebesgue and Sobolev spaces of functions on D and let H*(D) :=
WH2(D). When D is a volume (a three-dimensional manifold) in R?, we use (-,)p to
denote the standard L? inner product with respect to the Lebesgue measure dz. If D
is a surface (a two-dimensional manifold) in R®, we use (-,-) , to denote the L? inner
product with respect to the Lebesgue measure on the surface. These inner products
can be extended to vector valued functions in a natural way by use of the Euclidean
inner product.

To discretize (2.1), we first restrict the domain in v. Given L > 0, let Q, =
[—L, L] and define Q = Q, x Q,. Given a mesh parameters h, > 0, let T, 5 := To 5,
be a mesh on 2, constructed from open polyhedral cells K of maximum diameter
hs, and let ng’h be the interior skeleton of 7, p, i.e., the set of edges e C 0K ¢ 0Q.
Similarly, given h, > 0, let T, = Ty 5, and Sqfﬁ be a mesh and interior skeleton
for Q, respectively. We assume that 7 5 is quasi-uniform and shape regular. The
conditions of Ty, 5, are given in Subsection 2.3.

Given an edge e € £, = KT NOK ™ for some K*, K~ € Tpn, let z € L?(Q,)
and 7 € [L?(Q,)]? be scalar and vector-valued functions, respectively, each with well-
defined traces on K and K~. For such functions, we define the average and jump
methods

1 _
(2.6a) {{z}}zi(z’K++z|K,), [2] = 2| cond + 2|z,
1 _
(2.6b) {} = §(T|K+ +7|x-), [7] = 7lx+ - nf +7|lx- -0y,
where n are the unit normal vectors pointing outward from K*, respectively. These

definitions can be modified to average and jumps in the v-direction in a natural way
with unit normal vector n,.

For ease of presentation we will use a < b to denote a < Cb where C' > 0 is a
constant independent of h, and . The constant additionally depends on the data w
and F (see Assumption 2.8), the final time 7', Q,,, L, h,-independent mesh parameters
of T », and the discrete Maxwellian discussed in Subsection 2.3 which depends on h,,
L, and 6.

Given integers k, > 0 and k, > 0, let

(2.7) Vo ={q€ L*(Q%) : q|, € Q. (T) VK € T}

for z = v, z where Qi (7) is the set of all polynomials on K with k being the maximum
degree in any variable, and let Vj, =V, 5, ® V,, 1, be the tensor DG discrete space. For
purposes of this paper, we assume k, > 1' and k, > 1.2 For any function zj, € V}, let
Vazn C Vi, and V,z, C Vj, denote piece-wise gradients defined on K for all T € 7p,.°

For the discretization in x, some addition notation is needed. Let Sy, = V), N
H{(£2) be the continuous finite element analogue to the DG space with zero trace.
Let S, be an L*-orthogonal projection operator from L*(f2,) onto S ;. Moreover,
let (527 »)* denote the topological dual of 5’27 , and let — represent convergence in the

IThe assumption on k, guarantees that locking will not occur as the discrete limiting density in
e will be continuous in z; see Theorem 4.1.

2The assumption on k, is to enable the construction of the discrete Maxwellian; see Subsec-
tion 2.3.

3The discrete gradient ignores the jumps in zj, across the boundary, but agrees with the standard
definition of gradient for continuous functions.



weak topology. Additionally, define the discrete dual-norm H; '(,) by

(Zh,Qh)Q,
(2.8) Izl = S ey
S esn oy [Veanlliz )

and a discrete H' norm on Vj, by

1
2.9 lanllZ 0. = IVeanlZz@, + 5- II[[Qhﬂlle £1,) hfz\l%l\%%aam)-
A discrete Poincaré-Friedrichs inequality [4, Theorem 10.6.12] yields

(2.10) lanllzz(0.) S lanllmr .-

Given a Banach space X, 1 < p < oo, and the final time T, we let L1 (X) =
LP([0,T]; X), C°([0,T]; X), and H'([0,T]; X) be the standard LP/C°/H' spaces of
Banach-space valued functions with Bochner integration.

Finally we will often write % as O in order to keep the spacing consistent in
longer estimates. Both will be used interchangeably.

2.2. Alternate form of the PDE. It is easy to show that the collision operator
@, defined in (2.3), is semi-coercive in the weighted norm ||M’%(')||Lz(9). Indeed,
testing Q by M~ f¢ gives

(2.11) — (M7U2,QUf))a = w2 M2 (5 — Mp®)|3q).

This structure is critical to achieving the drift-diffusion limit. However since standard
discretizations of (2.1) do not allow test functions with an M ~! weight, we instead
rewrite (2.1) in terms of the weighted distribution ¢¢ = M~z fe:

(2.12a) e 89156 (z,t) - Vygt — — (M2p —g ) %E(x t) - vg®;
(2.12b) g (z,v,t) = f_(2,0,t)/M?(v);
(2.12¢) g% (x,0,0) = fo(w,v)/M? (v),

where, in terms of ¢°, p° = (M?2,¢%)gs and (z,v,t) is defined in (2.4). Since
92y = ||M_%f€||L2(Q)7 the weighted collision operator
M*%Q(M%gs) =w M%pE — ge> will be L2-coercive and symmetric as a function

of g°. We refer to the function M z g° as the weighted equilibrium. The cost of this
additional structure is the electric field term on the right-hand side of (2.12a).

2.3. Construction of Discrete Maxwellian. In order to recover the proper
drift-diffusion limit, we need to construct a suitable discrete Maxwellian on the
bounded domain €2,. This is done via an approximation of the square root of
the one-dimensional Maxwellian. Assume that 7, is a tensor product mesh, i.e.,

1
Toh = 7:)17h ® - 7:) n, and let M;?. be a continuous, strictly positive, piecewise-
polynomial approximation of the one-dimensional root-Maxwellian over 7;} B

N N 1 2\ /2
2.13 Mp? (v;) = M?(v;) := e , i=1,...,3,
( ) h,i [
' 270

with the following properties:

1
ASSUMPTION 2.1. For each i =1,...,3, the function M}, satisfies:
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1 1 1
Mg ) =1, ¢ (OuMy;, M),y =0.
1
)= Mg, (=L),

a.(

MH Fit\w

Z
mi(L

Define the discrete temperature vector 8, € R3, which depends on h, and L, and
its element-wise reciprocal 0,1 € R3 by

(2.14) (0.)i = 0. := 10, M,fl,a Mf,i)[le’L], and  (0;71); = 4+

1 _
DEFINITION 2.2. The discrete root-Mazwellian M;> € V, , N CO(%,) is

3
(2.15) M (v) = [T M (o
i=1
and the discrete velocity vy, is
(2.16) vh = —2(M2) L0, © Vo M2) = 20, © V, log(M;?)

where © is the element-wise Hadamard product of two vectors.

Since Mh% > 0 on €, it follows that v;, € [L>°(Q,)]3. Moreover Uth% € [Vo.n]?, even
though v, ¢ [V, 5]°.

REMARK 2.3. In defining the discrete root-Mazwellian:

1. The continuity requirement on Méz is the reason for assumption k, > 1 in
Subsection 2.1.

2. Assumption 2.1.c is not independent, but rather is implied by Assumption 2.1.0.1

3. Since each of the 1D discrete root-Mazwellian’s can have a different H' semi-
norm, we must treat the discrete temperature 0, as a vector rather than a
scalar. If each of the 0. ;’s are equal, then 0, can be treated as a scalar and
the Hadamard product in (2.16) and throughout the rest of the paper becomes
a scalar multiplication.

REMARK 2.4.
1. To create a discrete Mazwellian that satisfies Aaaumptwn 2.1, take M}f

be the Lagrange piecewise linear nodal interpolant of Mf and scale it to have

an L? norm of 1. With mild restrictions on L and h,, based on 6, we show in
1

Lemma B.1, given in the appendiz, that M, is an O(h2) approzimation to

1
M? in the L*-norm and an O(h,) approzimation in the H-norm.*

2. It is readily seen from Lemma B.1 that 8, ; is an O(h,) approzimation to 6 for
1=1,2,3. If k, > 1, then higher order interpolations of the root-Mazwellian
can also be used to improve the asymptotic accuracy of 0, provided positivity
of the interpolant is preserved.

2.4. The Numerical Method. We now give our numerical method for (2.12).

4We are neglecting the errors due to the finite velocity domain. See Lemma B.1 for the full
estimate.



PROBLEM 2.5. Find g5 € H'([0,T];V4) such that

(2.17a)

Jg;, 1
(o) Al + Bl 1) + Dlaf 1) — 200 20) = g ) + R,
Q

ot’

(2.17b) 91(0) == go,n

for all zp, € Vi and a.e. 0 < t <T where

(2.18a)  A(wp, zn) = —(vhwn, Vazn)a + <Uh{{w P+ ———
(2.18b) + (vwn, e 2n) g,

(2.18¢c)  B(wn, zn) = —(Ewp, Vozn)a + <E{{wh}} +

(2.18d)

Wh; 2n) = Qu XN,
T
)

DY <
(2.18¢)  Q(wp,2n) = (w(MhéP(wh) wp), 2 )
(2.18f)  C(wp,zr) = %(E (01 © vp)wn, 21n)a,

(2.18¢) R(2n) = = (vhg—hs Nw2n) oo -

‘Uh nw‘

fun], ﬂzhﬂ>gi’hm

1
Eﬂlﬁf’um Zh P(wh =

v

ol )

I
szgmh

Wh)Q,

and where g_p, € Vi, and go,5, € Vi, are the discrete inflow and initial data respectively.

DEFINITION 2.6. The discrete number density p;, and current density J; are

1
(2.19) pi = Plg) = (M}, gi)e,

1 1, 1
(220) J}EL = gP('Uhgi) = E(Mhz ’Uhag]i)Qv.

REMARK 2.7. In Problem 2.5,

1. The bilinear form A and functional R are the result of upwind discretizations

of the operator v - V, with v replaced by vy,.

2. The bilinear forms B and D are constructed using standard upwind fluzes for
the Viasov operator E -V, but, due to the velocity boundary domain restric-

tion, we weakly impose the boundary condition gj = Mh% py, on Qy x 08Y,. This
provides two benefits. First, the density g; will not lose or gain mass out of
the velocity boundary. Second, this boundary condition keeps the restriction of
v to the bounded domain £, from polluting the discrete drift-diffusion limit.

©w

The bilinear form Q is a standard discretization of the collision operator.

4. The bilinear form C is a standard discretization of the term ;—GE -vg, with v

replaced by vy, and 0 replaced by 0,.

2.5. Assumptions. We collect any other assumptions used in the analysis of

Problem 2.5.

ASSUMPTION 2.8. The collision frequency w and the electric field E in (2.1) are
specified as w € L>®(Q) with 0 < wyin < w on Q, and E € WH([0,T); L= (Q,)).

ASSUMPTION 2.9. The inflow data in (2.1) is isotropic, that is,
folz,v) = po(x)M(v). Additionally we require gop, in Problem 2.5

to be discretely



isotropic, that is, gon = p07th% where pop € Viyp is defined by (pon,qn)a, =
(posan)e, Yan € Vi n.

Assumption 2.9 is a common assumption made in the study of the drift-diffusion
limit on the continuous PDE (2.1); see [27,28]. It follows from Assumption 2.9,
Assumption 2.1.a, and Assumption 2.1.c that

1 1 1
(2.21) Prli=0 = (M, go.n)e, = (Mg, My )a,pon = po.n,
1 1 1 1 1
(2.22) Jz|t:0 = g(’l}hM}f 7go7h)Qv = E(Uthz 5 ]\4}12 )va07h =0.

ASSUMPTION 2.10. The continuous incoming data f_ in (2.1b), the discrete in-
coming data g_ j, in Problem 2.5 and, consequently, the functional R in Problem 2.5
are tdentically zero.

Assumptions like Assumption 2.10 are commonly made in the analysis of diffusion
limits to avoid handling complications due to boundary layers.

ASSUMPTION 2.11. The inverse Laplacian S : L*(Q,) — Hg () defined by

(2.23) (VSq, Vw)g, = (¢,w)e, Yw € H(Q),
is a bounded linear operator from L?(Q) — H?*(Q) N HE (), that is,
(2.24) 1Sqll 20,y S llallz,)  Va € L2(2a).

Assumption 2.11 is needed for the proof of stability of the L? projection S
in the H}(Q,)-norm (see Lemma 3.5). If €, is convex, then Assumption 2.11 is
automatically satisfied [12, Section 3.2].

ASSUMPTION 2.12. There is a constant C > 0 such that ﬁ < C, that s, hy
cannot go to zero faster than €.

Assumption 2.12 is to improve the readability of the paper. With it, 1+ ;= <1

and 1+ /7= S 1.

3. A Priori Estimates. In this section we develop space-time stability esti-
mates for g7, the number density pj, and the current density J; in Problem 2.5.

3.1. Preliminary Estimates and Identities. In this subsection we list an
inverse and trace inequality, derived from the standard estimates in [30], technical
interpolation and projections estimates, and a useful integration by parts identity.

LEMMA 3.1 (Trace Inequality). For any z, € V3, and g, € Vi, we have

(3.1a) H[[ZhHHQB(thXQU) + 20ll72 00, x00) < Crhi Hznll72(q);
(3.1b) ”[[Qh]]”Qp(gi,h) +llanll7200,) < Crhy lanlzz (o,
(3.1c) |H[Zh]]||2Lz(meg1{’h) + ||Zh||2L2(waan) < CThJIHZhHQp(Q)-

Here Cp > 0 is an g, hy, and h,-independent constant. Cr depends on the polynomial
degree of Vy, and other hy and h,-independent mesh parameters of Ty n and Ty .

LeMMA 3.2 (Inverse Inequality). For any qn € Vg5 we have

(3.2) IVanll L2,y < Chy Mlanll 2.

where C' > 0 is some € and h,-independent constant that depends on the the polyno-
mial degree of Vy p,.



LEMMA 3.3 (Integration by Parts (IBP)). For any qn € Vap and 11, € [Vin]?,
(3.3)  (qn:Vz - Th)a, = —(Vazqn, ), + ({ar}, [Th]]>g£ LT ([anl, {Th}h;ilh + (qnna, Th)sq, -

3.2. Technical Estimates for Drift-Diffusion Analysis. In this subsection,
we present several technical results which are useful both in the analysis in the drift-
diffusion limit to Problem 2.5, and for the future analysis of similar problems.

The first result is an error estimate of an interpolant from V., — Sx n- The
result allows us to control a DG function’s distance to Sy ;,, in the H,-norm, by the
function’s interior jumps and boundary data. The 1nterpolant onto the Conformlng

finite element space, I, is the KP interpolant from [19, Theorem 2.2].

LEMMA 3.4 (Conforming Interpolant). There is an interpolant Ip, : Vi p — Sgh
such that for any g, € Vy , we have

1 1
(3.4) llan — IthH?LI,IL(QI) S hf”%”%Z(@Q,) + thth]]”iQ(gi,h).

Additionally, we give an H} stability estimate for the L? projection from V. j
to Sg’h. This interpolant, Sy, is vital to the analysis of evolution problems and this
estimate is needed to extend the results of the interpolant I}, to Sp; see the proof of
Lemma 3.9. We move the proof of Lemma 3.5 to the appendix.

LEMMA 3.5. The projection Sy, is stable on Vy, j, with respect to the H}L(Qm)-norm:

(3.5) [Shanllmr .y < lanllar @, Yan € Vi

3.3. Initial Estimates. We first focus on estimates for g; that will lead to
estimates for pj and J;.

LEMMA 3.6. The bilinear forms defined in Problem 2.5 satisfy the bounds

L2
36 _ 67 £ > min g _ M§ 6‘ ,
(3.6) Q(Yh» i) = wmin |95 — M}; pj, L2
wmln L
(37 Clohai) < 5 (201 + ) \gz M o + o CRlE e
v, - nz| |Uh nw|
B8 Al = (" el i1, o] 7
00, ><Qq, EL X
(3.9
|E - nyl Cy L2
B(at. ¢ D(at. f) > € € . € _ MZ2S
(95, 97) + D(g5» 97) = < 5 L9n]: [9h] oo 20, In = M Phl| 1, g
where
1 _
(310&) Cl = §||E . (0* ! O] ’Uh)HLoo(Q), CQ = CT”E”L’%C(LOC(QT))a
3 min :
(310b) 03 = WHEHL%(L"C(SH)% 0 = mln{H*,l,H*,g,O*,g}.

are constants independent of €, hy, and h,; and Cp > 0 is a constant from the trace
inequality (3.1b),

Proof. For (3.6), the definition of p7, along with Assumption 2.1.a, implies that

1 1
(3.11) (Mg p, M p5)ar, = |52 = (M p5, 0o,
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Therefore by expansion we see

1 1
(3.12) g7, = My 51720,y = (950 95 — M7 7)), -

Using (3.12) gives

2

1
2 €

Ih = M pj,

_ £ g\ __ g _ % 2 ) i
(313) Qi) = (w0~ Mipnliaca,)), > wmin iy

which is (3.6). For (3.7), by Assumption 2.1.c,
1 1 1
(1) Mo MER) = ~(Epiupida, - (VuME M), = 0.
Thus by (3.14),
1 1 1 1
(3.15) Clgh — My ph> gi — My pi,) = Clgr, gr) — 2C(g5, — My; p, My pf,)-
Rewriting (3.15) yields
1 1 1 1
(3-16) C(g5, 97,) = Clgi — M2 piy, g5, — M2 p7,) + 2C(g, — M2 pfy, Mg p7y) = Ty + I
Applying Hoélder’s inequality to (3.16) gives
1

(3.17) | < SI1E - (07 © on)llLe @ llgh — M7 pill T2 (0
Using Holder’s inequality, (2.16), and (2.14), we bound I as

1

1
L] < B - (0" © va) M pill 2oy gk — My o5l 2o
(3.18) 3

< -
= gmin

1
1 £ Lo () 125 L2 () |97 — My P3|l 20
Meanwhile, integrating (3.11) over £, gives (with Cauchy-Schwartz)

(3.19) ok N2, = 1M phll2@) < llgillz2@)-

Substituting (3.17)-(3.19) into (3.16) and invoking Young’s inequality gives

1 1
Clgn,97) < Cillgi, = My 1720y + Csllgillzc lgh — Mj7 pill L2 (o

Wmin 1 £
< (0t 52 i = M3 Al + 50— 39

(3.20)

which yields (3.7). For (3.8), it follows from Lemma 3.3 (setting ¢, = ¢5 and 75, =
vpg5) that

1
(3.21) (Vngh> Vagi)o = (vn{gr } [[QZ]DsgythU + ) <Uh9iiv”zgi>aﬂzx9v :

Direct substitution of this formula into the definition of A gives

[vp - ngl U - Nl
) Alkh) = (5" Al ) g (lmnal g g ,
Si’hxﬂv Oy XDy
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which is (3.8). For (3.9), a formula similar to (3.21) gives

£ £ |E TLU| 1 £ £
(3.23) B(g5, 97,) = < h]] h]] ) ( ghvnvgh>ﬂzx89v :
Q. xE!

Meanwhile, invoking the divergence theorem and Assumption 2.1.c yields
1

(3.24) <E Ty, (M,%)2>(99 = 2B (V M2, M7)g, = 0.

Therefore applying the polarization identity ab = $(a® + b? — (a — b)?) with a := gj,
and b := M,? pj, and (3.24) gives the following bound on D:

1 2 1 3 ev\2
D(Qiag}i) = 5 <E * Ny, (gi) >Qm><agzv - 5 <E * Mo, (gi - ]wh2 pi) >Qz><691,
1 1Bl s (£ (2.)) i
(3.25) 23 (Eghsmwdh)a, xo0, f”gh M2 pi 132, xo00.,)-
Applying the discrete trace estimate (3.1c) to (3.25) gives
1 Cr||E|l Lz (o 1
(3.26)  D(g5, 97) = 5 (EGi» m00i) o, xa0, — 5h 95, = M2 pi |1 720

with C7 > 0 a constant independent of ¢, h,, and h,. Adding (3.23) and (3.26) yields
yields (3.9). The proof is complete. |

1
Using Lemma 3.6, we derive a space-time estimates for g7 and M’ pj — g7. Let

Wmin hv

2 = Wminly
(3.27) Sho T 4 e + 205

LEMMA 3.7. Given hy, >0, hy >0, and e < gy,

v/

T
wmm 1 1
g5 (T )||L2 @ 1T 55 o2 g — ;fPZHi%(L%Q)) +/O L (lon - nallgr], [[gi]]k;yhxnv

1 C3
(3.25) + L on il g, o, 00 < lgoalim e (7).

min
Proof. Setting z;, = 2g5, in (2.17a) yields the energy equation

(3:29) $ill9il1Z2)+2Alg5, 97)+2(B(gh 97)+ D95 97)) — 2 295, 97) = 2C(9g5- 97,)-

Substituting the estimates in Lemma 3.6 yields

1 1
N2y + = o ol 01, o, + = (o molgf 0o, xo,
1 Co 1
+o(E- nvltghu 97D, xer , = oI 95 = 9532 )
v

(3.30)

2("Jrnm

1My 65, = 951172 )

201 Wmin i
cs||gh||L2<m+( R LR A

min
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Dropping L (|E - n,|[g5], [[g’slpﬂzxfi,h > 0 and collecting like terms gives

1
thHLZ(Q)+ (lon - nal[g2] [[9hﬂ>51, xQ, T 2 <|Uh ) n$|gzvgz>aﬂm><ﬂv

1 C 2 €112 Cg €112
(3.31) + -3 | Wmin — 2eCh — fh ||Mh Ph — 9nlli2 () < r”gh”L%Q)'
Since gp,, = &% (see (3.27)), it follows that for any € < ¢y, , wmiansles}% >

“min Therefore

d 1 1
a”g}i”%?(ﬂ) + = (lvn - nalg1] [[9}61]]>sg_hxm + - (lon - nm|giagi>anwxﬂv

(3.32) : )
wmm 1 C
2oz 1329k = gilliae) < = lgilZe o).

Applying Gronwall’s inequality to (3.32) yields (3.28). The proof is complete. O

With Lemma 3.7 in hand, we can obtain stability estimates for pj and J; as well
as some projection estimates which will be useful in the next section. We first list a
technical lemma whose proof is provided in the appendix.

LEMMA 3.8. Let

3.33) () = (MM%,M%) and ~vp(z) = (v M? ,M2>
( ) P)/I( ) 2 h h Q. ’YB( ) h™h {vivp, (v) ng (z)>0}
for x € EL n and x € 0, respectively. Then there exists v = Y« (hy) > 0 such that
NI > Y« ON Sijh and yg - n > vy, on 0Q, for all hy, and €.

LEMMA 3.9. Recall the definitions of p5 and Ji from (2.19) and (2.20), respec-

tively. For all hy > 0 and every € < ey, where €y, is defined in (3.27), the following
space-time stability estimates hold:

(3.34) lonllLee (z2(0.)) < Ngnllzsez2()) < lgonllre (),
1

(3.35) 2102 05, = gl 2. 20y S N9o.nll 2 (@),

(3.36) ||J}SLHL2T(L2(QI)) S Hgo,h||L2(Q)-

Moreover, given v, is defined in Lemma 3.8, we have

(3.37)
(3.38)

V21105, = Snonllraracan)) + /2 N0k — Swoillzz i,y < (\/ ot 1) 90,1122 (22)

Proof. Estimates (3.34) and (3.35) follow from (3.28). For (3.36), the definition
of J; and Assumption 2.1.c give

Jg* [[PZ]]||L2T(L2(5;JL)) + %HPZHLQT(LZ(BQm)) S (\/ ﬁ + 1) ||go,h||L2(Q)

1 1 1
(3.39) Tr = (oM, gi)e, = —2(0. © VoM, gi, — My pf)a,

Together (3.35) and (3.39) imply that

(3.40)  [[allzz z2(0.)) 1||M 1 @) 1M pf, — grll Lz (22(0)) < 90,0 ll22(0)-
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We now focus on (3.37). We will only prove the bound on the first term of (3.37)
as the bound on the second term is similar. Using the definition of v;, adding and
subtracting g5, and using the trace inequality (3.1a) we obtain

VIl ez, < IVl ez, = IV 25 DG A e ,
(3.41) < H\/ el nll h§ ~ n HL2 n X2y )7L H = nzlﬂgh HL2 EL L x)
< A I1M 5, — g5l ey + ||\/%—"z'ngzﬂ||L2(g;hxm).

Integrating (3.41) from 0 to 7" and using both (3.28) and (3.35) yields
(3.42) VI s aer o S (o= + VE) lgonllzze.

We can divide (3.42) by /¢ and arrive at (3.37).
We now focus on (3.38). Recall I}, from Lemma 3.4. From (3.4) and (3.37) we
have

V05 = Tnpi) 2. (1 (00)) S Zlloidllz 2 er ) + 2100 L2 200,

S (Vi + 1) lgonllzzo.

We now extend (3.43) to ph Snp;, using the stability of Sp,. By Lemma 3.5 we can
show ||pf, = Supill .y S 195 — Inpf 1 0,)- Applying this result to (3.43) yields

(3.44) V2= 1105, — Shpi) 2 2 (HL () S (\/ﬁ + 1) llgo,nllz2()-

We can extend (3.44) to the LZ(L?(€2,)) norm by (2.10) and arrive at (3.38). d

(3.43)

3.4. Time Derivative Estimates. In this subsection, we construct temporal
estimates for 9, p5, and 9,;J; by determining the evolution equations for pj and J;. The
evolution equations (see Lemmas 3.10 and 3.12) are formed by choosing a particular
type of test funlction in Problem 2.5. By adding and subtracting the discrete weighted
equilibrium M? p5,, we can write the evolution equations (3.45) and (3.58) into the
terms that will build the discretization of (2.5) and the remainder terms ©; where 0;
is uniformly bounded in € when integrated over time.

We begin with the evolution equation for pj:

LEMMA 3.10. For any e > 0, p;, and J; satisfy

(gieiean) = CiTomda. + (WFR Inley, + 2 Oulil Tlber,
(3.45) Q ’ ’

x

1 £ ~ ~E
+ z (YBPR: M2n) g, = ©1(Fh, qn) + O2(Fh, qn),

1
or all g, € Vo 1, where g¢ = g7 — M?p; and
: h h h Ph

- 1 /|vop-n 1
340) e =2 (U - L Dl
< ‘Si,hXQv
~ 1 1
(347 (G an) = — (wnlgh — Migi) naMian)
€ Il
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Additionally, we have the following bounds:

R

1
(3.48) ©1(Jh, an)l S 8\/Ellgi — M pille2 @ llandllzz ez, )

N 1 1
(3.49) 1©2(d5, an)| S ﬁﬂgi — M pi |l 2o llan || 2 02, ) -

1
Proof. To show (3.45), we let g, € V.., and choose z;, = M2 q;, € V}, into (2.17a)
and evaluate term by term. First, the time derivative term reduces to

9 € 5 9 € P 4 H
(3.50) € <atgh,Mh qh)Q =¢ ((%(Q}L’Mh )Qanh>Q = (atpmf]h>ﬂw .

x

Next, using the definition of J; in (2.20), we compute

A(gis My qn) = —(J;, Van)a, +< ({Jh )}, [[%]Dg;h

(3.51) ) . .
(Yo nallofl MEad) o+ (onghmadian)
Ezvhxﬂu

a0,

1
Adding and subtracting M} p; from the last two terms of (3.51) and using the defi-
nitions of ©; and ©5 gives

Algh, M) = —e(J5, Vano, +e Qi [a)er |+ uloil [oer ,

+ (VBOY, N2h) 5, — €O1(F5, an) — €O2(F5 qn)-

(3.52)

After division by ¢, (3.50) and (3.52) recover (3.45). Thus it remains to show that
1 1 1 1
(3.53) B(gi, M;? n) + D(g5. My an) + Qg5 My an) = C(g5, My an)-

1
For B, any edge integral in (2.18c) vanishes because M’ g;, is continuous in v. Thus
by the definition of the discrete velocity v, in (2.16),

1 1 1 1 1
(354) B(gia Mhz qh) = _(Eg;su QhVUM}f )Q = g(E . rUth)MhQ qh)Q = C(g}sm MhZ qh)-

For D, Assumption 2.1.b implies that D(g7, M2 qn) = 0. For Q, because Mg, is

1

isotropic, Q(g5, M?qn) = 0 as well. Thus (3.53) holds and consequently so does
(3.45). The bounds on ©1 and O are obtained by applications of Holder’s inequality
and the trace inequality (3.1a) and are omitted for brevity. The proof is complete. O

Using (3.45), we derive an e-independent bound for d;p5 in various norms.

LEMMA 3.11. For any € < ey, where ey, is defined in (3.27), and all h, > 0,
(3.55) ||atp‘;:LHL2(H’:1(Qz)) S ||90,h||L2(Qw)a

1
(3.56) 10:ShPhll 2. (L200y) S 71900l 22 (00,
x

where the H, ' (Q;) norm is defined in (2.8).
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Proof. We first focus on (3.55). Choose g, € Sy, in (3.45), with g, # 0. Due to
the continuity and boundary data of g, we have

(3.57) 0oy, an) = (Ji, Vaan)a, S IVeanllzzn)llhllL2 )

Dividing (3.57) by [|V2qn|z2(a,), taking the supremum over all g, integrating over
t € [0,T], and finally applying (3.36) yields (3.55).

To show (3.56), we choose ¢, = 0:Sppj, in (3.57). Using the inverse inequality
(3.2) and the identity (005, OtShpi)Qw = (0:Snhp5,, atshp;)m we see that the desired
estimate holds. The proof is complete. 0

We next turn to the evolution equation for J;.

LEMMA 3.12. For any € > 0, p;, and J;, satisfy

0
2 (GIhm) @R, + 0.0 Va o, - 0. 0 [l An ey,
. |

x

(3.58) = (Eph:h)a, = €O3(G5, ™) + VEOa(ph, ) + VEOs (0, h),

for all T, € [vah]?’, Here O3 is a remainder that includes several terms that depend

1
on g; = g5 — M, p;,; it satisfies the bound

~c 1 € 3 e
(3.59) 1©3(7h, )| S g”gh — M pi |l 2o Il 2 (90 -
The terms
(3.60) Oulph ) = ——= (1 A} o], Mo 7))
h> \/g 2 h hl>s h giyhXQv 5
c 1 1 1
(3.61) Os(pf,, Tn) = 7 <vh “ng M7 pp,, M, vp, 'Th>aQ_ ,

are also remainder terms satisfying the bounds

1 1
3.62) |©4(p5 < ——|[p% < ||y
( ) 1©4(ph, )| S Thw||[[Ph]]||L2(s;1h)||Th|\L2(Qz)N \/ghw”ph”L?(Qx)HTh||L2(QI)a

1 1
(3.63) |O5(pf,, h)| < Tﬂﬂpillm(aﬂz)HThlle(QI) N N o5l L2 ) 178 ]| L2 (02, -
xr x
Proof. Let U}L = vy, - e;, where e; is the standard unit basis vector. It follows

(2.16) that v}th% € Vyn. To derive (3.58), we let z;, = UZM}L%Th € Vj in (2.17a),

where 1, € V. is arbitrary, and evaluate the result term by term. For brevity, we

identify each term that belongs to O3 and show that it satisfies the bound in (3.59).
For the time derivative, the definition of J; in (2.20) gives

. 1 1
(3.64) e(0ugs, v M2 )0 = €(0u(gs, v M2 ), Thei)a, = €2 (0uJ5, Thei)a, -

1
To evaluate A, we add and subtract M, pj from the first argument and write

1 X 1
(3.65) A(gE,vi M2 1) = A(MZ pf,, vi M7 7y) — e ZGZMEPLvi M) 1y of )

€
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1
The term I, belongs to ©3. Since I» contains g; — M, p;, following a similar treatment
to ©1 in Lemma 3.10, we can show I satisfies (3.59). For Iy, the definition of A in
(2.18b) implies that I} = Is — \/e{I4} — \/e{I5}, where

1 . 1 1 . 1
Is = = (ph, Vamn)o, - (onMy v M), + (§oi}s [mal)er - (on M7, v Myt ),

1 . 1
+ <ph7nxTh>8Qw : (U}LM}f 3 /U;LMhz)vi

L/ jopma| 1L 1
W= (Lol AE T3], M won - eamal )

1 1 1
=z (on maMifpf, Mo eam)

b
Siyhxﬂv

1
The definitions of M;’> and vy, in Definition 2.2, combined with Assumptions 2.1.c and
(2.14), imply that

1 . 1 1 1
(3.66)  (va M7, vi M7 )q, = (=20, © VM2, —26, 0, M?)q, = 0,6, = 0, © e;.

Substituting (3.66) into the definition of I3 and then applying the discrete IBP formula
from (3.3) gives

(3.67) I3 = (0, © Vaupi, mhes) — (04 © [pf], {{Thei}&)g;ﬁ .

Meanwhile I, is the only component of ©4 and can be bounded using the trace in-
equality (3.1b) to obtain

1 1
(3.68) 4| S \/T—EHUhH%OO(QU)HMﬁ ”%00(91,)”[[pIEzHHLQ(SLh)||ThHL2(Qx)'

Likewise, I5 is the only component of ©5 and can be bounded in a similar fashion.
1
To evaluate B, we add and subtract M p; from the first argument and write

. 1 1 . 1 1 . 1
Blgi vh My ) = BOM i, v M mw) — = { 1B(gh, — My v Myi )}
=I5 +e{ls}-

(3.69)

Here Ig is a remainder term in O3 and satisfies the bound in (3.59) due to the trace
estimate (3.1c) and inverse estimate (3.2). Meanwhile, the upwind penalty term in

1 . 1
B(M,? p5,, v, M2 7,) vanishes because the first argument is continuous in v; this leaves

(3.70) Iy = (Epf,m)q, - {(MI%?V“(”ZM'%))Q -, [[v’iMh%D&f J '

v

From the integration-by-parts identity (3.3) (applied to functions in V;, j,) and conti-
1
nuity of M.,
(3.71)
1 1 L1 ER 1 1
(v vuehneh)) (v wianfl) | == (Vo oanf) o+ (f k)
Qo el n Qa 8,

The definition of vy, in (2.16), along with (3.66), implies that for the first term above,

1 . 1 1 . 1
(3.72) - (VUM;,UZM;)Q =11e (th,f,v}LM,f)Q = Lle,.

v v
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Substituting (3.71) with (3.72) into (3.70) and recalling (2.18d) gives

1 1
(3.73) Is = *i(EPiaThei)Qm = D(g, vi, My ).
To evaluate Q, we use Assumption 2.1.c:
1 e .0 3 1 3 £ € 7 3 £
(3.74) EQ(gh’UhM;f Th) = —g(w(M;f Ph = i) VMg Th)a = (wJg, Thei)q, -

1
Lastly, to evaluate C, we add and subtract M pj, from the first argument and write

C(ghaUhM ™) = 3(E O @Uh)M;meUhM Th)Q
+e{x(E- (6, ©vn)(gh — Mﬁpi),vﬁM,fTh)Q} = I +e{ls}.

(3.75)

where Ig is a remainder term of ©3 that satisfies the bound in (3.59) and

1 _ Lo, 1 1
(3.76) I; = 3 (Ep‘,i,rh)ﬂm . (9* Lo (UhM]_f7’UhMl_f)Qv) = E(Episzhei)Qz,

because of (3.66). Hence we have shown (3.58) for all 7,e; where 7, € V5, and
therefore (3.58) holds for all 75, € [V, 5]®. The proof is complete. 1]

We now use (3.58) to build a space-time bound on 9, J.

LEMMA 3.13. Assume e < ep,, < hy <1, where ey, is defined in (3.27). Then

1
(3.77) I ThllLee (22 (0.)) S 7”90,h”L2(Q )

(3.78) e3/? 10e Tl L2 (122 \ﬁHgo nllzz(0)-

Proof. We will first prove (3.77) which is an estimate needed to obtain (3.78).
Setting 7, = J§ in (3.58) gives
5 dtHJh”Lz )+ wminll T7 1 220,y < (—0x © Vapi, Jp)a, + (6. © [p7], {nb)er
(3.79) + (Epi, Ji)a. +€03(Gh. J5) + VeOa(pf, Jr) + VeOs (pf, J}i)

The first three terms on the RHS of (3.79) can be bounded with Cauchy-Schwarz and
the inverse inequality (3.2) for the first, a trace inequality (3.1b) for the second, and
the L> bound on F for the third. After absorbing e-independent constants,

(3.80)

(~6.0Vapf T+ (0. © LT e, +(Erf T)a, S - Iilliaion | oo

Meanwhile, the bounds on O3, ©4, ©5 from Lemma 3.10 and Lemma 3.12 imply that
£€03(J5, Ji) + VEOi(pi, Ji) + VeOs (03, ;)

(3.81) < ha ™ (15 ey + g = M3 pillaacey ) 15 2o

Substituting these bounds into (3.79) and dividing by &?||Jp||12(q,) yields

d Wmin 1
(3.82) aHJZHL?(Qw) + 22 ||Jﬁ||L2(QI) S 2h (HPZHB )y + ||9h My PhHL2(Q )



18

According to (2.22), J5|;=0 = 0. Thus Grénwall’s Lemma applied to (3.82), along
with the L* in time bound in (3.34), recovers (3.77).

We now prove (3.78). As the proof below is quite technical, we first briefly
summarize the process. The idea is to pass the time derivative from Jj to pj for
the terms that are not sufficiently small in € to bound with the usual techniques.
However, since d;p5, is not uniformly bounded w.r.t € in LZ(L?(Q,)), we will first add
and subtract its projection Sppj,, whose time derivative is uniformly bounded in € by
Lemma 3.11, before passing the time derivative over. Having an explicit bound on
the size of p5 — Sppf, by (3.38), we can obtain the £3/2 scale in (3.78).

Setting 7, = €0, J5 in (3.58) gives

1005122, + 5 EIV@Iilli2 0.
(3.83) = 3204(pfy, 01 T;) + €205 (05, 1 T5) — (04 © Vi, 01T},
+e <9* © [[pi]]’ {at‘]li}DSi " + E(Epf” atJli)Qw + 52@3(927 atj}i)'

We then integrate (3.83) over ¢ € [0,7T], use the zero initial condition in (2.22), and
drop the positive term |[v/wJ5[|72q, le=7. This gives

T
e’ ||at‘]f€l|‘%%([/2(ﬂw)) < /0 {* (0 © Vaph, 0udi)a, +e 0+ © [p3], {{3&]}?}}%&

(3:84) +e(Epi,, OuTi)a, + £203(3i, OuT) + €O, 00T5) + /205 (05, 017 |
We add and subtract Syp5, (recall S, is an L? projection) to several terms of (3.84):

el ||atJZ||i%(L2(QI)) < /OT [{ — (0« ® Vo (pf, — Snpt), 0t J5 ),
+e40- O loi, — Sl Hat‘]i}bsl’,m +e(E(ph, — Snph); 3#2)5200}
(3.85) + { —&(0x © VaSnph, OJy)a, + (0« O [Snpzl, {8tJiB>£u{,h }
| +{e(BSuei, 00 77)0, }

+ {£203(35, 01J5) + £/204(pf, 01 J5) + /205 (05, 01 J7) }] at

< /OT (L1} + (2} + Us) + (12} .

We will bound Iy, I, I3, and I; independently. For I, after applying Cauchy-
Schwarz, the trace inequality (3.1b), the projection bound (3.38), Assumption 2.12,
and Young’s inequality, we have, for any v > 0,

T
| nat e (165 = Sweillasonn + 165 = Surfllisgnyonn) 19:5 g a0
0

53/2 S

(3.86) S N < —t 1) 90,1l L2 19e 5 1| 2. (L2 (2. )

2 3 2
S hml/”go,hHLQ(Q) + v’ |0 il 22 (L2 (o))
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For I, we integrate by parts in time to obtain

T T
/ IQ dt = {6/ (0* @VzatShp,i,Jﬁ)QT — <9* ® ﬂ@tShpi]],{{Jﬁ}}>gzhdt}
0 0 z,
T
).
We first bound K. Using Cauchy-Schwarz, the inverse inequality (3.2), and the trace

inequality (3.1b), as well as the bound on 0;Sppj, in (3.56) and the bound on Jj in
(3.36), we have

T
+{ 0.0 V.S T, |+ e, 0 1AL LD

={K1}+ {K2}.

(3.87)

g
(3.88) K1 < I |\5t5hpz~b|\L2 2@ llz 2.y < h7||90,h||%2(9)~

For Ks, terms evaluated at ¢ = 0 vanish due to Assumption 2.9. Following a similar
treatment as for K, but instead using the LY estimates (3.36) and (3.34), we obtain

(3.89) Ky S 7H‘Shph”L°° (2@l rllL=(r2.)) < 7z “llgo, wll7z(q)-

For I3, the treatment is similar to that of I5. Integrating by parts in time and applying
bounds similar to those used for K7 and K», we find

T
T T

[ mdt=—c [ @(BSu5), T)g, dt+ e (BSwpi T,
0 0 } )

0

T
(3.90) = *5/0 [(Sh/’iatEw]}Ez)Qm + (Eatshpivjﬁ)gw} dt + e (ESpph: Jp)a,
0

Sellphlloz. 2o il Lz 2.y +el0eShonllLz (2. 1kl 2. 2.
+ellprll oo (L2 1Rl Loe (L2 (00 )) S }THgo,hHLz(Q)-
T

We now focus on each term of I,. To bound O3, we use (3.59), (3.35), and Young’s
inequality:

T
\[
/0 293(9h78tjh)dt< *|| hPhHL?T(L‘z(Q)) ( /||8tJhHL2(L2(Q )))

(3.91) < VT?EHgo,hIILz(m + v |0l (12 0)

for any v > 0. We treat ©4 in a similar manner. Using (3.62) and (3.37) with
Assumption 2.12, we have

T
£ 1 & h
/o e¥204(p5,, T At S Vha (51/2||[[Ph]]||L2T(L2(5i,h))> <€3/2HatJhHL2T(L2(Q“)))

(3.92)

—_

3 €112
S (CRAFAETRY

for any v > 0. We treat Oy similar to O4; cf. (3.92):

T
1
(3.93) / e205(p5,, 0y J5) dt < THQO,h”QLQ(Q) +ve’ |05 172 (L2(2.))
0 Vig T
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for any v > 0. Combining (3.91)-(3.93) yields the following bound for I4:

T
1/1 €
(3.94) /0 Iydt s ” (hz + hg) lgo,nll72(q) + V53|\5tJZ\|%2T(L2(Qw))-

for any v > 0. Combining (3.85)-(3.89) and (3.94) we obtain

(3.95)

3 8y JE 2 < 1 1 € 2 € 2 3 8y JE 2

g ” t hHL%(LZ(SZw)) ~ ; E + E ”go,h”LZ(Q) + E”go,h“[ﬁ(g) + ve ” t hHL:‘}(Lz(QI))'
Choosing v, independent of ¢ and h,, sufficiently small to move 53||8tJ§||2LQT(L2(Qw))

from the right-hand side of (3.95) and applying Assumption 2.12 to the first two terms
on the right-hand side of (3.95) gives us (3.78). The proof is complete. |

4. The Drift Diffusion Limit. The bounds in Section 3 facilitate the limit of
p5 and J: as € — 0. In this section, we show these limits satisfy (4.2), a discrete
version of the drift-diffusion equations (2.5). Recall the definition of ep, from (3.27).

THEOREM 4.1. Let hy,hy, > 0 be fized. Then for all € < ep,,, we have pj €
LZ(L* (), 2p5 € LA(H, ' () and J; € LA(L*(Q,)) with bound

(4.1) okl ez 20y + 100kl L2 -2 (00)) T IR E2.(22(00)) S 1190011220

Moreover, there exist functions pj € H'([0,T];S2,), Jp € L*([0,T}; [Van]?), and
subsequences of {p}e and {J5}e, not relabeled, such that p5 — p% in LZ(L?(S)),
op5, — 0upY, and J; — Jp in LZ([L*(Q)]3).

Additionally, p) and JY satisfy the following drift-diffusion system:

0
(4.2a) <8tp2,qh) = (I, Vean)o, =0 Vg €S2,
Qg
(4.2b) (Wi mh)a, + (0. © Vaph, mh)a, — (Epp,Th)a, =0 V7 € [Ven]®,
(4.2¢) (Pn(0), qn)e, = (po.n: an)e, Van € S9 -

Proof. The proof proceeds in two steps.
Step 1: Existence of Limits. It follows from (3.34), (3.36), and (3.55) that
||PZ||L2T(L2(Qm))7 HJ}EL||L2T(L2(slm))7 and HatPi”L;(H;’b(gz))v respectively, (4.1) holds and
each term is uniformly bounded in €. Since each of these spaces are Hilbert spaces,
we can extract a subsequence pj and Jj, not relabeled, and limiting functions p% €
LZ(Vyp) and JP € L2([Vyn]?) such that p§ — p% in L2(La(f2)) and J; — Jp in
LT([L*(22)]*). We now show pj) € L7.(V,,,). By (3.37),

(4.3) ||[[pi]]||i?[‘(L2(5£,h)) + ||P2||i2T(L2(aQI)) S 6||90,h||2L2(Q)-

Since Vj, is finite dimensional, then p5 — p5 in L%(L%*(9€,;)). Because the norm is
weakly lower semi-continuous, (4.3) implies that pf(¢) is continuous in  and 0 on
9, for a.e. time t; therefore p)) € L7(S2 ).

By (3.55), 0;p% is uniformly bounded in ¢ in LQT((Sg)h)*) where (Sg,h)* is the
dual space of Sg’h. Hence there is a subsequence of 0:pf, such that 0,p7 — (¢ for
some ¢ € LQT((Sg,h)*). Since ngh is finite-dimensional and thus a Hilbert space with
respect to the L? inner product on €2, we can apply the Riesz representation theorem
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to show there is ¢ € L7(Sy ;) such that ¢(t;qn) = (Cu(t), qn(t))q, for all g, € SY,
and a.e. t where ((t;-) € (S ,,)*. By a standard density argument (see [11, Chapter 7,
Problem 5]), we have ¢, = 0;p. Therefore p) € Hl([O,T];Sg,h) — C°([0,T7; Sg,h).
Step 2: The Limiting System. We first recover (4.2a). We choose g5 € L7.(V,),) in
(3.45) and integrate in time to obtain

T
(4.4) / [(@efran)q, — (T, Vaqn)a, | dt = 0.
0

Note that the right hand side of (3.45) and the interior flux terms vanish since g, €
Sg)h Therefore we can pass the weak limit as € — 0 in (4.4) and arrive at (4.2a).

For (4.2b), choose 75, € L4 ([V,.5]?) in (3.58) and integrate in time to obtain

T
/0 (@I ma. + (6. © Vaphym)a, — 00 © [7] AnPer, — (Bof o, dt
(4.5)

T
= / £03(J5, Th) + VEO(pf,s ) + VEOs (5, h) — 2 (e Ti, Th) g, dt.
0

Since 63/2||8tjﬁ||LzT(L2(Qm)) is bounded in e by (3.78), the time derivative term in
(4.5) vanishes as € — 0. Additionally since fOT O3(g5, ™) dt, fOT O4(p5, ™) dt, and

fOT O5(p5, ) dt are bounded in € by (3.59), (3.62), and (3.63) respectively, then the
entire right hand side of (4.5) vanishes as € vanishes. Therefore taking the limit as
e — 0 of (4.5) yields

(4.6) (Wi, e, + (0 © Vaph, o, — (0« © [oh], {m})er = (Bpj,mn)a, =0

for all 7, € [V, 4]* and a.e. 0 <t < T. Since pj € L7(SY ), we drop the interior
flux terms in (4.6) and recover (4.2b). The proof of the projected initial condition
(4.2¢) follows the standard arguments shown in [11, Page 379] and is not included.
The proof is complete. 0

Now we show that the whole sequence {p5 }. and {.J; }. must converge to p9 and
J) respectively. We do this by showing uniqueness of solutions to the drift-diffusion
system (4.2) with the following lemma.

LEMMA 4.2. Suppose pp, and Jy, satisfy (4.2), then for any h, > 0:

(4.7) ||Ph||L<x> (L2(2,)) T 9max||JhHL2 (L2(Q.) = exp(C4T)||po, hHLZ(Q )

where Oy := 1= QEHLM( OTIX%a) g fM3X s the element-wise maximum of 0,. More-
over, the solutwn pazr {’ph, Jn} to (4.2) is unique.

Proof. We first focus on (4.7). Choose g, = pp, and 7, = 0;1®J;, in (4.2). Adding
both equations in (4.2) gives us

1d
2dt

Bounding the right hand side of (4.8) by Hoélder’s and Young’s inequality, bounding
67! from below, and multiplying by 2 we arrive at

(4.8) —llonllzz(q,) + @Ih, 0.1 © Jn)a, = (051 © Epn, Jn)a, -

10" © Ell Lo (jo,11x02) 9
”ph”L?(Qm)'

wmln
(4.9) ||Ph||L2 Q) T Jmax o [ Tall 72,y <

Wmin
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Applying Grénwall’s to (4.9) gives us (4.7). Uniqueness of the solution pair follows
from applying (4.7) to the case where pg ;, = 0. The proof is complete. O

Due to the uniqueness result from Lemma 4.2, we attach the additional corollary.

COROLLARY 4.3. The full sequences {p5}e and {Ji}. weakly converge to p} and
Jg respectively in the topologies given in Theorem /.1.

5. Error Estimates. In this section we develop error estimates for pj, against
the true drift-diffusion limit p° which solves (2.4). The error estimates are created
by comparing both against the discrete drift-diffusion p(,)L which solves (4.2). This
is summarized in the following theorem whose proof we delay until the end of the
section.

THEOREM 5.1. Suppose p° € L2.(H*(Q)) and J° € L2.([L*(Qw)]3) satisfy (2.5)
for some s > 2, w e W™>(Q), and E € LFE(W">(Qy,)) for some r > s— 1. Define

(5.1) Cor = |wllwroo @) |Ell g (wre (o)) and 0=1[0,0,6] € R>.

Then for any € < ey, where g, is defined in (3.27) we have the following error
estimate:

o5, — P ||L2 (L2(Q2)) ~ \/ Hgo h||L2 «) + (h?in{kﬂ’s}*l + 10« — §|)HPOHL%(HS(QOC))
(5.2) +C PR 60 s -
5.1. Error Estimates in . Here we build estimates comparing p5 to p?. Define
e5 = pj, — pj and €5 = J; — J;. Subtracting (4.2) from the system (3.45) and (3.58)
gives us the following error equations for all test functions 7, € [V, 4]* and g5 € 59,
(8,562, Qh)QI - (eLE]) VmQh)Q =0,
(weF, mh)a, + (04 © Vaes, -6, ® {[Th}}> — (Ee5, h)a,

(5.3) = €03(g5. ™) + VeOu(pj, ) + \/595(Ph,7h) +e (53/23t<];§77h)9

x

In order to bound the error of ep, we decompose the p error as e, = n; — £ 1=
(05, = Snpi,) — (Ph — Swpj;). Thus 77 € V. p, and & € SO

LEMMA 5.2. For any hy > 0, hy > 0, and € < ey, where ey, is defined in Lemma
3.7, e, and €5 satisfy the following error bound:

wm]n 3
(5.4) 1€5(T)]1 72 @t H€J||L2 (L2(2) S E||90,h||%2(9)

Proof. Choose g, = —0.¢;, and 7, = e =0;'®e5 in (5.3). Adding the two

01"
equations in (5.3) we arrive at

(até.;’g;)gz + (we.ef’eg*—l’])ﬁm = (anpveJ)Q + <{6J}} 77p >51 Enpa 0%, J)Q
(55) - (Efzv 62*—1’1)91 - 663(9}17 9*—1”]) + f®4(pha 9*—1’J)
VEOs (i 5 )+ VE (00T ) |+ (0005 6)
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We seek to bound each of the terms on the right hand side of (5.5). As the entries 0,
do not depend on ¢ or h;, we will absorb them into the generic constant in <. Let

(56) I i= =V e, + (S D e + (Brochr o

By use of inverse inequalities, trace inequalities, and Young’s inequality, we can bound
I, for any v > 0 by

1 1
(5.7) FEIS ;”n;”%Q(QI) + ;”TI;”?{;(QI) + V||63|\%2(Qz)-
We can bound (Eg;, ez,l J)QI with Young’s inequality to obtain

3 (> 1 g £
(5.8) (B¢, e j)a.| S ;||€p|\%2(9$) +vlle7)72q.)
for any v > 0. We use (3.59) and Young’s inequality to obtain
(5.9) €03 (Fhs €51 ) S ||Mh P = illz2i) +vledlia,)
for any v > 0. We bound 04 and O3 by (3.62), (3.63), and Young’s inequality:

(5.10)
1

|\/g®4(p2762; )+ fe5(ph7 97 J)‘ Hleh]]”L2(gI ) ”ph”L2(BSZ )+V”€J“L2(Q )
for any v > 0. We bound the 9,J; term as
€
(511 Ve (SPodieho ) | S SO, + Ve e,

for any v > 0. The term (8,5175, §Z) . s zero since by definition 7 is orthogonal to &7
in L?(Q,). Injecting (5.7) through (5.11) into (5.5) gives us

dt||§s||L2(Q )+ ||€J||L2(Q) H§€||L2(Q %HU;”QL?(QE) + %H’?ZH?{;(QU
(5.12) + o (1+ h—) 1M 55 = 0532y + EIE200Ti 22
+ o IoRdI1 2 £l + o 15l 22 00,y + Vl€T 1220y

for all v > 0. Choosing v, independent of ¢ and h,, sufficiently small we can move
the last two terms on the right of (5.12) over to the left. Since £7(0) = 0, we can then
apply Gronwall’s to obtain (assuming h, < 1)

€511 00 (L2 () + H‘fEJHL2 (L2(0)) ||77,J||L2 (2. t ||77,E,|\%2T(H;(Qm))
(5.13) #HM}?PZ - 9h||L2 r2@) T EHSSatJiH%%(p(Qw))
11,12
||[[Ph]]||L2 (L2(eL,) + o ||Ph||L2T(L2(aQI))-
1
Note that the appropriate norms of 15 = pf, — Sppj,, pj,, and M}’ pf, — gj, can all be
bounded from Lemma 3.9 while 8;.J5 can be bounded in L? by Lemma 3.13. Applying

these bounds to (5.13), recalling Assumption 2.12, and noticing €2 < € gives us (5.4).
The proof is complete. 0
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We can now show the e-error estimate.

THEOREM 5.3. Let {p?, J2} satisfy (4.2). Then for any € < ey, where ey, is
defined in (3.27), we have the following error estimate:

(5.14) 0% = PhllLarz2cn + 195 = TRllezcz@n)) S v/ i 190.mllz2 )

Proof. The L% L? bound of n;, and & are provided by (3.38) and (5.4) respectively.
The J;, error estimate follows from (5.4). The proof is complete. a

5.2. Error Estimate in h. We now focus on the error estimates of the limiting
drift diffusion system (4.2). We note that DG discretizations of (2.5) have been studied
for the one-dimensional case in [24]; however, their discretization defines the auxiliary
variable in the system as a scalar multiple of V p,g rather than Ji. Additionally, their
error estimates rely on pg being discontinuous in space and the fluxes for pg and Jg
to be alternating so that the Gauss-Radau projection can be utilized. Since both of
these properties do not hold for (4.2), we include our own error estimates in h.

LEMMA 5.4. Suppose p° € L2.(H*(Q)) and J° € L2.([L?(2,)]?) satisfy (2.5) for
some s > 2, w € WN>(€Q,), and E € LF(W">(Q,)) for some r > 1. Define
w=min{r,s — 1} and recall C,,, and 0 from Theorem 5.1. Then

(5.15)  [ph—r"lzz 22 + 1 — TNz 220,
S (et b=l 16, — 6] 4 Cop o ™ B L) 00 2 (e,

Proof. We decompose ey, , := p) — po and e, j := Jp) — JO as

(5.16a) €hp = Enp = Mhp = (ph — Snp®) — (p° = Snp),
(5.16b) eng =Eng—nny = (Jp —PpJ%) — (J° - PrJO),

where Py, is the L2—0§thogonal projection onto Vj,. Because p°, J° also solve (4.2) but
with 0, replaced by 0, the differences ey , and ey ; satisfy

(5.17) (Ocn,p,an)g, — (en,s, Vaan)a, =0,
(wen, gy Th)a, + (0 © Vaenp, Th)a, — (Benpmh)a, = (0 — 0.) ® Vaip®, )0, -
for all 7, € [Vy1]® and g5, € Sg,h. Choosing g, = &p,p and 7, = 071 © &, 7 in (5.17)
gives
(0eéhpr€np) o, = (€n,ts Vabhp)a, = (8thh,p:€hp) g, — (0,05 Vabh,p)o,
(W&h, 7,07 @ €n 1)y + (Vabhp €na)a, — (Bén p, 071 @ €n 1),

= (wnh, 7,071 @ &n,0)a, + (Valin,p: En,0)0,
— (B, p, 07 © €, 0)a, + (0 —0.) © Vap®, 07 © €4, 0)a, -

(5.18)

As in the proof of Lemma 5.2, we will absorb 6, ! into the constant with the exception
6. — 0 By properties of the L?-projection. (dynp,, fh)p)Qz =0and (9n,7, Vah,p)a, =
0. Adding the equations in (5.18) gives
SlénolZ2n) + €m0 72000y S (Eéhp: 05" © &n i),
(5.19) + (Wnh, 7,0 @ &n e, + (Vi s €n0)a
— (B1ps 0. O &n)o, + (0= 0.) © Vip®, 07 0 &ni)o, -
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We now bound the terms on the right hand side of (5.17) using a combination of
Cauchy-Schwarz, inverse (3.2), and Young’s inequalities; this yields

(5.20) %Hfh,p”i%m) + ||§h,J||L2(Q ) S I, P||L2(Q )+ h2 ll7n, pHL2(Q )

+ ”nh,J”L?(Qm) +16 — 0.2 V2p” ”%2(9,0)

Since w, E(t) € W™>(Q), then J°(t) € H*(Q,) where y = min{r,s — 1}. From
standard finite element interpolation theory (c.f. [4]) we have the projection estimates
7.l 22, (L2 (00)) S < hipinthetlsh) 50 2.7 (2.))»

5.21
( ) < C hmm{k +1, ;L}Hp ”L2

7, J||L2 (L2(Q2)) ~ (H=(22))"

Integrating (5.20) from 0 to T, applying the bounds (5.21), and invoking Gronwall’s
lemma we have

< (hgminthetlol=2 4 g — §|2)HPO||2L2T(H5(Q$))

(5.22) +CZ UL 002, )

w,r T

1€n0 11255 (L2(2)) + 1€R, 71172 L2000y S

Thus by (5.22) and a triangle inequality we have (5.15). The proof is complete. 0O
We can now prove Theorem 5.1 as a consequence of Theorem 5.3 and Lemma 5.4.

Proof of Theorem 5.1. Using a triangle inequality and applying Theorem 5.3 and
Lemma 5.4 immediately implies the result. The proof is complete. O

REMARK 5.5. Consider an H? solution p° with k, = 1. Then the error in (5.2)
is O(\/e/hay + hy) which is optimal if we set hy, = /3.

6. Conclusion. We have developed a stable discontinuous Galerkin method for
the a linear Boltzmann semiconductor problem, rigorously showed that it is asymp-
totically preserving, and explicitly showed its limiting discrete drift-diffusion systems
as € — 0. Future work includes extending the results presented in this paper to a
self-consistent electric field F, non-homogeneous inflow boundary data f_, and non-
isotropic initial data.

Appendix A. Technical Lemmas.

A.1. Proof of Lemma 3.5. We will prove Lemma 3.5 by first showing an
equivalent result. Given v > 0, Define the DG discrete Laplacian energy on V; ; via
the symmetric bilinear form

(anszn) e == (Van, Van)a, — <{{th}}, [znD)er, — (lan]: '{{Vzh}}k;ﬁ = (Van, znna) 0,

(A1) = (@nna, V), + 7 <[[ AREA <qh,2h>aa :

Standard DG elliptic theory shows that there exists a v, > 0, independent of h, such
that (-,-)g is an inner product on V, j, for all v > ~, [30]. We fix some v > 7, and
therefore (-, -) g induces a norm ||-||g on V; . Moreover, by use of the trace inequality,
Lemma 3.1, we have

(A.2) lanllzr ) S lanlle S lanllmr .

for all g5, € V5. From (A.2), the following lemma immediately implies Lemma 3.5.
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LEMMA A.1. The L?-projection Sy, is stable on V5 with respect to || - || g, that
is, there is a constant C > 0, independent of h,, such that

(A.3) Shanlle < Cllanlle Yan € Van.

Proof. Let {1;}M, C V, 1, be an orthonormal eigenbasis in L*({,,) with associated
eigenvalues \; > 0, in increasing order, for the following eigenvalue problem: find
¥ € Vzp and A € R such that

(A4) (yan)e = AN qn)a.  Yan € V.

Similarly, let {¢; j»vzl C S%h be an orthonormal eigenbasis in L*(Q,) with asso-
ciated eigenvalues p; > 0, in increasing order, for the following eigenvalue problem
on S ,: find ¢ € S, and p € R such that

(A.5) (o, wn)p = p(p,wn)a, Ywy, € Sy,

We also define the solution operators Ty, : V., — Vi p, and T} : Sg,h — S0, by

(A.6) (Than, zn)E = (G, 2n)0,  Y2n € Ve,
(A.7) (Twh, sn)E = (W, sh)a, Vsi € S;g,h'

We note that while written using the inner product (-,-)g, (A.7) is the standard
continuous Galerkin finite element method for the Poisson problem and (A.5) is its
respective eigenvalue problem. Note v; and ¢; are eigenvectors of T} and T? with
associated eigenvalues /\i_1 and uj_l respectively. We also recall the inverse Lapla-
cian S : L?(Q,) — H?(,) N HE () which is given in Assumption 2.11. Standard
continuous and discontinuous Galerkin theory [4,30] and Assumption 2.11 yield the
following estimates:

(A.8) IThan — Sanlle S hellSanlla2) S Pellanllzz.)  Yan € Vin,
(A9) HT;?wh — Swh||E S.; hz”SwhHHz(Q) s hw”wh”LZ(QT) th S Sg,h'

Therefore by (A.8)-(A.9) we have
(A.10) [ Thwn — Thwnlle S hallwnllr2,)  Ywn € Sy

Given g, € Vi p, let @ € RM be the coefficients of g, w.r.t the basis {1;} given
by o; = (qn,%i)q,. Similarly, given wy, € Sg’h, let £ € RN be the coefficients of wy,
w.r.t the basis {¢;} given by &; = (wp, ¢;)q,. Due to the eigenbasis decomposition
we have

M N

(Alla)  anlZog,) = 2iti of = laf?, lwnlZ2(q,) = 2521 & = €7
M M

(A.11b) lanll = 3252, Xiad =t |alz, lwnls = 3020 i€ = (€%,
M . N ;

(Allc) Thqh == Eizl %,(/)’La T}(L)wh = Z]:l %QOJ

Additionally, we define the operator A : Sg’h — S%h by Awy, = Zf;l £j,u;/2g0j.

The fact that {¢;} is an orthonormal set in L?(£2,) and (A.11b) yield

(A.12) AR w2 (., = llwnl -
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Also, ¢; is an eigenvector of A% with associated eigenvalue u}/ 2

Note that (A.3) is equivalent to uniformly bounding

(A13) sup M — sup sup (Shqhv UJh)E

aneve\(0y e gievii\ oy wnese, (o} llanllellwnll e

in hy; thus we seek to bound (Spqn, wr)g. Using (A.5), (A.11b), and (A.12) we have
(Shgn,wn)e = > ai(Suthi07) 66 = 3 ikt 2\ 20, AL ), &y
(A.14) ij ij
< lalellCllzl¢ls = ICl2llanll ellwn |-

Here C € RM*N with Cy; = (Afl/Zwi,Aggoj)Qx. To bound ||C||2, we use the

decomposition of wy, along with (A.11c) and (A.6) to compute show ¢TCTC¢ =
(ThAgwh,ThA%wh)E. Hence.

o T AO 2
(A15) Tl = Wy onlle.
wp€SY ,\{0} ”wh”L?(QI)

Therefore the desired estimate (A.3) holds provided we can show
(A.16) IThAwnlle S lwnllza@,) Ywn € S35,

To show (A.16), we will add and subtract T} AYwj, where T} is given in (A.7) and
apply the triangle inequality to obtain

(A.17) 1T Apwnlle < [(Th = TR) Apwnll e + | T Ajwal &
To bound (T, — TP) AYwp || g, we use (A.10), (A.12), (A.2), and (3.2):

(T — TR) Apwnlle S hal|Apwnll L2 @,) = hellwnlle S Pallwnllm @) S lwallL2 .-

Direct computation of Ty AYwj, using the eigenvalue decomposition of wy, gives us

TP ADwy, = Zjvzl gjugl/Qapj. Using this calculation and (A.11a) we can show

1Ty Apwnl|% = llwnll7z(q,- Therefore (A.16) holds. The proof is complete. 0
A.2. Proof of Lemma 3.8. Lemma 3.8 is a result of the following lemma:

LEMMA A.2. There exists v, > 0 independent of € and h, such that

A18 inf (v MZ, M%) S
(A.18) N S0, fomn()€50) |
léll=1
(A.19) inf ”h'glM}%,Mh%) > e
ger 2 Q,
Iélla=1

Proof. We first focus on (A.18). We show the function v : R? — R defined

by v(§) = (thh%,éMh%){ (0)-650) is lower semi-continuous. Let &, — £. Define
vivp(v)-E>
1 1

Yy = Rby y,(v) = vn - Ea M} M? X {0, (v)-¢, >0} Where x4 is the indicator function
for the set A. By Fatou’s Lemma we have

(A.20) liminf v(&,) = lim inf/ T (v) dv > / lim inf 7, (v) dv.
Qy

n— oo n—oo Q n—oo
v
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We claim

1 1

(A.21) nl;ngo Y (V) = vy, - EM? M, X{vn (v)-£>0}

for all a.e. v € Q,,. Let v € Q, with v, (v)-£ < 0. Then eventually we have vy (v)-&, < 0
for all k sufficiently large. Thus the indicator function evaluates to zero and i (v) = 0;
thus (A.21) holds. Let v € Q, with v, (v) - £ < 0. Then similarly vy, (v) - § > 0 for all
k sufficiently large. Hence the indication function evaluates to 1 and we can pass the
limit to show (A.21) holds. Since the set {v : v, (v) - £ = 0} is a set of measure zero,
(A.21) holds for all a.e. v € €,,. Using (A.21) we continue (A.20) to obtain

liminf (&) > / lim inf 7y, (v) dv = / vy, '§MEM5X{U,L(U).§>O} dv = (8).
Q Q,

n—oo n—oo
v

Therefore v is lower semi-continuous. Since v > 0 on the compact unit sphere, it
obtains a positive minimum. Thus the first equality of (A.18) holds. For (A.19), we

11
note that the function & — (%M o, M2 )Q is Lipschitz continuous. Since it is also
positive on the compact unit sphere, it obtains a positive minimum. The proof is
complete. 0

Appendix B. Maxwellian Approximation.
Lemma B.1 gives precise bounds for the discrete 1D root Maxwellian constructed
in Remark 2.4.

LeEMMA B.1. Let L > 0 with L > /8, and suppose Q, = [—L, L]. Furthermore,

assume h? < %0. Let Qp, : CO(,) — Su.h, with k, = 1 be the piecewise linear

~ 1
nodal Lagrange interpolant. Define Qp, = o Omu = L...,3, let My, =

1QnyullL2(q, )
Qh(MQ) where M (v;) is defined in (2.13). Then Mzi is positive, continuous, and

satisfies A@@umph(m 2.1.a, Assumption 2.1.b, and Aesumpfmn 2.1.c. Moreover, we
have the following approximation results:

~ 1
(B.1) 1M = Qn, M 2o, < 5 (1 exf(55)"/?) +5h2 3,
1
(B2) 10.(MF — Q. MF) 2y < § (1 erf()"/?) + 502 0 + 32 b,

Proof. For ease of notation set M(v) = MZ%( ). Direction calculation and L > /@
yields

(BS&) 16 S erf( ) < ||MHL2(Q ) = erf(\/——) ].
(B3b)  [[0uMI[f2(q,) = 15 erf(55) — Wexf’< 56 ) < 19 erf(55)-
(B’?’C) H83M||2L2(QU) - 1592 erf(ﬁ) Ié(\o}rﬂ[‘;) ex p( g ) S 16392 erf(\/%)

We can give precise bounds on the interpolation error |M — Qp,, M|| from the proof
in [4, Theorem (0.4.5)], (B.3c), and (B.3a):

IM = Qn, Ml L2(0,)+ 5 0]|106 (M — Qn, M)l 12(0,)

< LR2)02M 120, < BRI M| 2e,) < Y3R2.

(B.4)
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Using the reverse triangle inequality, (B.4), and (B.3a), we obtain

V/3h?
(B.5) QM| 120,y > (1 — Yol ) | M| p2(0y) > (1 — h2¥3) > 2

where the last inequality follows from the assumed h, restriction. B
We now show (B.1). Define an = [|Qn, M| 2(q,). Using in definition of Qp, we
obtain

~ 1
(B.6) M = Qn,mllz20,) = @HOZMM = Qn,M||L2(0,)-

Adding and subtracting key quantities and several uses of the standard and reverse
triangle inequalities both yield

lapmM — Qn, Mllr20,) < 11— amllIM|L2@,) + IM = Qn, Ml L2(0,)
(B.7) <L = [Ml[zz@o) M 22(0,) + M = Qrn, M 20, IM]| L2 (0,)
+ M = Qn, M| 20,

The terms on the right hand side of (B.7) can be bounded using (B.3) and (B.4).
These estimates along with (B.6) and (B.5) yield (B.1). For (B.2), a similar H*
estimate to (B.7) can be formed, namely:

00 (@M — Qn, M)l|L2(0,) < |1 = M2, 100 M| L2(0,)
(B.8) + M = Qn, M L2 100 M| L2,y + 100(M = Qr, M) L2(0,)-

Estimate (B.8) along with the estimates above yield (B.2). The proof is complete. O
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