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Abstract 

 

A mathematically transparent and robust experimental method has been developed to estimate 

the yield stress of brittle materials through the analysis of depth-sensing spherical indentation. 

Employing Hertzian contact mechanics, an elastically invariant ratio based on the simple 

equation 𝑆3 𝑃⁄ = 6𝑅𝐸𝑟
2, (where S and P are contact stiffness and indentation load, respectively) 

has been derived that enables more accurate and confident determination of the transition from 

elastic to inelastic deformation; a transition that the yield stress dictates and represents. Using 

two diamond spheres with radii of 3.2 and 8.6 m, the indentation test method and analyses are 

applied to two vitreous silicates: Corning's HPFS 7980 fused silica and Vitro's Starphire soda-

lime silicate. The estimated yield strengths are 8.15 GPa ± 2.5% for the fused silica and 

6.1 GPa ± 3.3% for the soda-lime silicate, and both were independent of indenter radius. 

Verification of this new experimental method is demonstrated with an as-drawn titanium by 

showing equivalence of measured yield stress by its spherical indentation and that from uniaxial 

compression testing. This method will enable easier and more confident estimation of yield stress 

in brittle materials - a property that historically has been elusive to measure for these materials 

using common laboratory mechanical test methods.  
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1.  Introduction 

 

Since the advent of quantitative hardness testing, engineers and scientists have attempted 

to relate the output from these relatively quick and simple tests to the mechanical properties 

determined from conventional experiments performed using uniaxial tension or compression 

testing.[1] Among the properties of interest is the yield strength, an extrinsic material property 

that is essential for design, modeling, and material selection. In the context of basic mechanics, 

yielding refers to a critical threshold in stress that triggers the onset of permanent deformation. 

 

In general, yielding is not a commonly defined characteristic of brittle materials. 

Hardness is a commonly measured characteristic but, its relationship to yield stress is complex 

and varied with brittle materials, so need exists in many applications involving high contact 

stresses (e.g., armor) to directly estimate yield stress instead.[2-7] When brittle materials are 

subjected to localized stress concentrations where the largest principal stress is compressive 

(e.g., machining, contact, impact, and novel applications), yielding becomes critical because it 

can enable stress relief through a permanent shape change rather than triggering stress relief 

through catastrophic failure by fracture.[8, 9] Densification and volume conserving shear are 

thought to be the primary mechanisms of action enabling small-scale, localized inelastic 

deformation in brittle materials.[10, 11] Incorporating these material physics into the design, 

modeling, and selection of brittle materials is desirable, but is hindered by significant gaps in 

knowledge of the loading conditions and structure-property-processing relationships that enable 

the activation of these stress relief mechanisms. Moreover, little is known about the operational 

efficiency of these mechanisms as a function of temperature, strain rate, and length scale. 

 

Filling these knowledge gaps will enable the development of next generation materials 

engineered to control the competition for stress relief by mitigating fracture through microscale 

yielding.[9] To date, experimental investigations targeting these mechanisms through 

instrumented indentation have been stymied by poor sensitivity to the onset of permanent 

deformation because the transition to inelastic deformation is subtle and initiates below the 

surface of the test specimen, making it difficult to detect.[12-17] Here, this problem is explicitly 

addressed by coupling instrumented indentation experiments performed with a spherical indenter 



 

 5 

tip with a simple analysis procedure that, together, deliver a significant increase in sensitivity to 

the onset of permanent deformation. At the point of yielding, closed form analytical Hertzian 

solutions are used to relate the measured mean pressure to the yield strength.[13, 18] The proposed 

analysis does not require input from computational methods. 

 

The proposed test method and analyses are applied to two vitreous silicates - fused silica 

and soda-lime silicate glass. A measure of experimental verification is provided to form of a 

direct comparison between the yield strength of as-drawn polycrystalline titanium, as determined 

by the proposed spherical indentation technique and that measured in uniaxial compression. 

Practical considerations, physical limitations, and potential experimental pitfalls are addressed. 

Collectively, the test method, analyses, and experimental observations presented here 

demonstrate a significant improvement in the ability to detect the onset of permanent 

deformation through spherical indentation. This outcome translates directly into more accurate 

and precise estimates of the yield strength—a property that is very difficult to measure in brittle 

materials using other test methods. 

 

2.  Background 

 

2.1.  Identifying the onset of permanent deformation 

 

The proposed analysis identifies the onset of permanent deformation through a distinct 

change in the measured parameter 𝑆3 𝑃⁄ , where 𝑆 is the measured stiffness and 𝑃 is the applied 

load or force. In the limit of an elastic contact (i.e., completely reversible deformation or no 

hysteresis), 𝑆3 𝑃⁄  is a constant that is directly related to Young's modulus and Poisson's ratio. At 

the onset of permanent deformation, where that specific depth and force combination are defined 

as honset and Ponset, a change in the relative radius of curvature of the contact manifests itself as an 

additional change in the depth-dependent 𝑆, which is then cubed. Coupled with a concurrent 

change in 𝑃, yielding is signaled when 𝑆3 𝑃⁄  deviates from the value of the elastic constant and 

becomes depth dependent with increasing load. 
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A distinct advantage of this approach is that the onset of permanent deformation can be 

identified through two different methods of determining 𝑆 (depending on the capability of the 

measurement system). In this way, the onset of permanent deformation can be signaled by two 

independent indicators rather than one. As will be shown, 𝑆3 𝑃⁄  is much more sensitive to the 

onset of permanent deformation than the conventional approach of graphically examining load-

displacement curves for evidence of hysteresis. 

 

The fundamental utility of 𝑆3 𝑃⁄  is rooted in Hertz’s theory of elastic contact and the 

point loading of an elastic half-space.[13] In the context of spherical indentation, the load-

displacement relationship for a linear elastic contact is,  

 

𝑃 =
4

3
𝐸𝑟√𝑅ℎ3 2⁄    ,                                                              (1) 

 

where 𝑃 is the applied load, 𝐸𝑟 is the reduced modulus, ℎ is the measured depth, and 𝑅 is the 

relative radius of curvature of the spherical indenter (𝑅1) and the surface of the test specimen 

(𝑅2), giving 𝑅 = (1 𝑅1⁄ + 1 𝑅2⁄ )−1, which is taken to be the radius of the indenter tip when 

𝑅2 ⟶ ∞.[13] 

 

The reduced modulus is directly related to Young’s modulus through the finite elastic 

properties of the materials comprising the indenter tip and the test specimen: 

 

𝐸𝑟 = (
1 − 𝜈𝑠

2

𝐸𝑠
+

1 − 𝜈𝑖
2

𝐸𝑖
)

−1

   ,                                                    (2) 

 

where 𝜈𝑠, 𝐸𝑠, 𝜈𝑖, and 𝐸𝑖 are Poisson’s ratio, the elastic modulus of the test specimen, and the 

indenter tip materials, respectively.[19, 20] In addition to the requirement of linear elastic 

deformation, the application of Eq. 1 is subject to additional constraints. Key among them 

includes the following: the test specimen is assumed to be a bulk, homogeneous, isotropic solid, 

able to transfer shear; the contact is taken to be frictionless and topologically smooth (no surface 

roughness); the spherical indenter tip is taken to be characterized by a perfect radius (𝑅 ≠ 𝑓(ℎ)); 
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and the contact geometry must be accurately approximated by a parabola of revolution, thus, 

requiring the condition ℎ𝑅 ≫ (ℎ 2⁄ )2. 

 

Differentiating Eq. 1 with respect to ℎ gives the elastic contact stiffness, 𝑆: 

 

 
𝑑𝑃

𝑑ℎ
 =  𝑆 =  2𝐸𝑟 √𝑅 √ℎ   .                                                        (3) 

 

 

 

Figure 1.  Schematic representation of a generic measured elastic loading and 

unloading response of a spherical indent as represented by Eq. 1 where S is the 

instantaneous or tangent stiffness (𝑑𝑃 𝑑ℎ⁄ ). 

 

 

which is graphically depicted in Fig. 1. Taking Eq. (3) to the third power and dividing it by Eq. 1 

results in the fundamental expression that is crucial to both the analysis and implementation of 

the innovative method proposed here: 

 

𝑆3 𝑃⁄ = 6𝑅𝐸𝑟
2   .                                                         (4) 
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Experimentally, the load (and depth) dependent 𝑆 can be evaluated through two different 

methods. One method determines 𝑆 through the instantaneous slope of 𝑃 versus ℎ. As depicted 

in Fig. 1, 𝑑𝑃 𝑑ℎ⁄  can readily be determined by any indentation system or mechanical test frame 

that continuously and independently controls or measures the force and the depth of penetration 

of the Hertzian contact. The other method determines 𝑆 through implementation of the 

continuous stiffness measurement (CSM) technique, which is a unique capability not employed 

by all indentation systems.[19, 21, 22] In the limit of elastic deformation and subject to the 

constraints described above (and others yet to be addressed), both methods return nominally the 

same load-dependent 𝑆 and, therefore, the same constant value of 𝑆3 𝑃⁄ . With increasing load,

the onset of permanent deformation is signaled by a discernable change in 𝑆3 𝑃⁄ . Specifically, at

yielding, 𝑆3 𝑃⁄  deviates from the expected value of 6𝑅𝐸𝑟
2, albeit with an unavoidable and

expected lag. Following the onset of yielding, 𝑆3 𝑃⁄  significantly becomes depth dependent in a

manner that depends on the source of 𝑆. With increasing load, the observed change in 𝑆3 𝑃⁄  is

negative when 𝑆 is evaluated using the slope of the loading curve (𝑑𝑃 𝑑ℎ⁄ ) and positive when 𝑆 

is evaluated using the CSM technique. Figure 2 schematically illustrates the theoretical behavior 

of 𝑆3 𝑃⁄  versus ℎ up to and following the onset of permanent deformation.
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Figure 2.  Schematic representation of 𝑆3 𝑃⁄  as a function of spherical indenter

depth into a surface. Estimated stiffnesses (S) are identical (i.e., 𝑆3 𝑃⁄ = 6𝑅𝐸𝑟
2 =

constant) using the continuous stiffness measurement (CSM) technique and 

𝑑𝑃 𝑑ℎ⁄  for depths when the deformation is elastic (ℎ <  ℎ𝑜𝑛𝑠𝑒𝑡), but they diverge 

when the material inelastically deforms (ℎ >  ℎ𝑜𝑛𝑠𝑒𝑡).  The corresponding force 

at ℎ𝑜𝑛𝑠𝑒𝑡 is 𝑃𝑜𝑛𝑠𝑒𝑡. 

For both methods of determining 𝑆, the divergence in 𝑆3 𝑃⁄  from the elastic constant,

6𝑅𝐸𝑟
2, is a unique outcome of the initiation of permanent deformation or yielding. The

bifurcation in opposite directions is due to fundamental differences in the physical meaning of 𝑆. 

Following the onset of permanent deformation, the magnitude of 𝑆 derived from 𝑑𝑃 𝑑ℎ⁄  is no 

longer the elastic contact stiffness as the loading is now comprised of both elastic and inelastic 

deformation. The 𝑆 determined from the CSM technique, on the other hand, is still representative 

of the elastic contact stiffness (assuming the CSM technique is properly implemented). Details of 

the CSM technique are beyond the scope the work presented here, but important experimental 

considerations associated with it are addressed later. 
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2.2. Estimating the yield stress 

Per the analysis proposed by Hertz, the mean contact pressure, 𝑝𝑚, is taken to be 

𝑝𝑚 =
𝑃

𝐴
=

𝑃

𝜋𝑅ℎ
 ,   (5) 

where 𝐴 is the projected contact area, 𝐴 = 𝜋𝑎2, 𝑎 is the contact radius, 𝑎 = (2𝑅ℎ𝑐 − ℎ𝑐
2)1 2⁄ ,

and ℎ𝑐 is the contact depth, ℎ𝑐 = ℎ 2⁄ .[13] Assuming 𝑅 ≫ ℎ𝑐, then 𝐴 = 𝜋𝑅ℎ. A schematic

illustration of the contact and the relevant dimensions are shown in Fig. 3. 

Figure 3.  Schematic of a rigid sphere contacting a flat surface. 𝑃 is load or 

compressive force, 𝑎 is contact radius, ℎ is depth, and 𝑧 is the axis parallel to the 

loading direction and distance under the surface.  
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At the onset of permanent deformation, the Tresca and von Mises yield criteria conclude 

that the maximum shear stress occurs at a specified depth below the surface of the test 

specimen.[13] Assuming the shear stress is responsible for initiating the onset of permanent 

deformation (true for most metals), then the emergent picture of the deformed material beneath 

the indenter tip is that of a very small, permanently deformed core physically constrained by a 

surrounding region of elastically strained material. In this context, at the onset of permanent 

deformation, the measured 𝑝𝑚 does not directly equate to the yield stress, 𝜎𝑦, observed in

uniaxial tension or compression. Rather, 𝑝𝑚 is equated to 𝜎𝑦 through a constraint factor, 𝐶, 

giving the well-documented constitutive relation,[1, 13] 

𝑝𝑚 = 𝐶𝜎𝑦   .   (6) 

At the point of yielding, 𝐶 varies from 0.89 to 1.075 as 𝜈 ranges from 0.04 to 0.30 (see Fig. 4). 
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Figure 4.  Curve fits that capture the theoretical relationships between the ratio of 

h/a at max (left axis) and the inverse of the constraint factor at yielding (right axis) 

as a function of Poisson's ratio.  FS is fused silica, SLS is soda-lime silicate, and 

Ti is titanium. 

The value of 𝜎𝑦 in Eq. 6 is theoretically analogous to the proportional limit, which is 

typically lower than the 0.2% offset yield strength often reported in the literature. In practice, 

estimates of 𝜎𝑦 from spherical indentation inherently overestimate the proportional limit (and 

sometimes the 0.2% offset 𝜎𝑦), which is due to an unavoidable lag in detecting the onset of 

inelastic deformation. The magnitude of the lag and resulting overestimation of 𝜎𝑦 is directly 

dependent on the test method’s sensitivity to the onset of permanent deformation. Note that 𝑝𝑚

relates to the value of 𝜎𝑦 measured in uniaxial compression or tension only if the stressed 

volume of material beneath the indenter tip is representative of the bulk material (i.e., 

encompasses the dominant strengthening mechanisms operating at bulk length scales) and is free 

from both intrinsic and extrinsic size effects.[23] 
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In relation to the mechanisms of action thought to control the onset of inelastic 

deformation in brittle materials, it is neither immediately clear that permanent densification, for 

example, is necessarily initiated by the maximum shear stress, nor is it clear how the maximum 

shear stress may or may not be related to traction-separation cohesive zone models. 

Nevertheless, a yield criterion must be assumed. We adopted the Tresca and von Mises criteria 

but acknowledge that those criteria produce engineering estimates for ductile materials that may 

or may not accurately reflect the material physics associated with the onset of permanent 

deformation in brittle materials.  

Based on the loading of an elastic half space and the Hertz pressure distribution, closed-

form analytical solutions for the radial, 𝜎𝑟 , circumferential, 𝜎𝜃, and normal, 𝜎𝑧, stresses along the 

z-axis are

σ𝑟

𝑝0
 =  

σ𝜃

𝑝0
 =  −(1 +  𝜈) {1 −  (

ℎ

𝑎
) tan−1 (

𝑎

ℎ
)}  + 

1

2
(1 + 

ℎ2

𝑎2)

−1

  (7) 

and 

𝜎𝑧

𝑝0
 =  −(1 +  

ℎ2

𝑎2
)−1   ,   (8) 

where 𝑝0 is the maximum pressure and 𝑝0 = 3 2⁄ 𝑝𝑚.[13] Along the z-axis, 𝜎𝑟 , 𝜎𝜃, and 𝜎𝑧 are

principal stresses. Per Tresca’s yield criteria, the maximum shear stress is 

τmax =
1

2
|σ𝑧 − σθ|   =  

σ𝑦

2
  .   (9) 

Combining Eqs. 5 – 9, a practical form of the relationship between 𝜎𝑦 and 𝑝𝑚, that captures the 

dependence on 𝜈, is obtained by first using Eq. 9 to identify the magnitude of ℎ 𝑎⁄  at the point of 

yielding. Making the appropriate substitutions for 𝜎𝑧, 𝜎𝜃, and 𝑝0 gives 
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τmax

3
4

𝑝𝑚

 =  |−
3

2
(1 +  

ℎ2

𝑎2)

−1

+ (1 +  𝜈) {1 −  (
ℎ

𝑎
) tan−1(

𝑎

ℎ
)}|    .  (10) 

Using discrete values of 𝜈, 0.04 ≤ 𝜈 ≤ 0.30, and taking 0.35 ≤ ℎ 𝑎 ≤⁄  0.50, the magnitude of 

ℎ 𝑎⁄  corresponding to 𝜏𝑚𝑎𝑥 is given by the peak observed in a plot showing the right side of 

Eq. 10 versus ℎ 𝑎⁄ . Over the specified ranges in 𝜈 and ℎ 𝑎⁄ , Fig. 4 shows the magnitude of ℎ 𝑎⁄  

at 𝜏𝑚𝑎𝑥 as a function of 𝜈. Linear regression gives 

ℎ

𝑎
= 0.3818 +  0.3300𝜈   .  (11) 

Solving Eq. 10 for 𝑝𝑚 and making the appropriate substitutions for ℎ 𝑎⁄  using Eq. 11, the 

relationship between 𝜎𝑦 and 𝑝𝑚 at the onset of permanent deformation is 

𝜎𝑦 = (1.1544 − 0.8066𝜈 + 0.1966𝜈2)𝑝𝑚   .  (12) 

Cast in relation to the experimentally controlled or measured variables, Eq. 12 becomes 

𝜎𝑦 = (1.1544 − 0.8066𝜈 + 0.1966𝜈2) (
𝑃𝑜𝑛𝑠𝑒𝑡

𝜋𝑅ℎ𝑜𝑛𝑠𝑒𝑡
)    .  (13) 

In various forms, Eq. 13 is well-documented in indentation literature.[13] Coupled with Eq. 4 and 

the analysis procedure illustrated in Fig. 2, their integration represents the culmination of the 

solution presented here. Together, they provide a simple and experimentally robust means of 

determining ℎ𝑜𝑛𝑠𝑒𝑡, 𝑃𝑜𝑛𝑠𝑒𝑡, and 𝜎𝑦. Capitalizing on the method’s mathematical transparency, 

future adaptations in the underlying material physics of brittle solids can readily be integrated 

into the proposed framework.  
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In comparison to the potential sources of experimental uncertainty, the effect of 𝜈 in 

determining 𝜎𝑦 is secondary. Nevertheless, the dependence on 𝜈 is quantified here with the intent 

of tailoring the analysis to brittle materials rather than metals. Note, that rearranging Eq. 12 into 

the commonly presented form of 𝑝𝑚 = 𝐶𝜎𝑦, the well-known constraint factor, 𝐶, at the depth 

where yielding is anticipated to initiate is 

𝐶 = 0.8666 + 0.5976𝜈 + 0.3248𝜈2   ,  (14) 

the inverse of which is shown in Fig. 4.[1, 13, 17] When 𝜈 = 0.30, ℎ 𝑎⁄  and 𝐶 are found to be 0.48 

and 1.075, respectively, which are identical to the values reported by Johnson.[13] Furthermore, 

owing to the axisymmetry of the spherical contact, the von Mises yield criterion gives precisely 

the same numerical result as Tresca. Based on the principal stresses at the depth where yielding 

is anticipated to initiate, the von Mises criterion is 

𝜎𝑦 = √
1

2
[(𝜎𝑟 − 𝜎𝜃)2 + (𝜎𝑟 − 𝜎𝑧)2 + (𝜎𝜃 − 𝜎𝑧)2]   .  (15) 

Substituting Eqs. 7 and 8, the von Mises criterion gives 

𝜎𝑦 = −
3

2
𝑝𝑚(1 + 𝜈) {1 −

ℎ

𝑎
tan−1 ( 

𝑎

ℎ
 )} +

9

4
𝑝𝑚 {1 + ( 

ℎ

𝑎
 )

2

}

−1

 ,  (16) 

which is numerically equivalent to the expression for 𝜎𝑦 derived from Tresca’s criteria through

the combination of Eqs. 7 – 9.  

2.3. Practical considerations, physical limitations, and parasitics 

The proposed test method and analyses work in concert to maximize sensitivity to the 

onset of permanent deformation and, therefore, generate more accurate and confident estimates 

of 𝜎𝑦. From a practical point of view, their successful implementation requires generating data 
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consistent with the assumptions of the proposed analyses and data that are nominally free from 

experimental artifacts. Therefore, the following discussions about the actual indenter radius and 

surface roughness address several critical experimental issues, and those associated with 

potential parasitics specific to indentation systems employing the CMS technique are provided in 

the appendix. 

2.3.1.  Determining the true dimensions of the indenter tip 

Successful implementation of the proposed test method and analyses (regardless of how 𝑆 

is determined) relies on precise knowledge of the true dimensions of the spherical indenter tip 

over the relevant range of contact depths. As previously noted, the Hertzian model implemented 

here assumes the indenter tip is accurately described by a single radius, 𝑅 ≠ 𝑓(ℎ). In addition, 

the contact depth must be small in relation to 𝑅 (small strains) so that the indenter tip can be 

accurately approximated by a parabola of revolution. The indenter tip surface must also be 

smooth, free from contaminants, and devoid of discontinuities such as chipping. The 

manufacturer-supplied values for the radius typically represent the tip’s macroscopic geometry, 

which may or may not be representative over the relevant contact depth of penetration. Although 

diamond’s high elastic modulus and high strength make it ideal for indenter tips, its anisotropy 

leads to uneven polishing rates, which compound the difficulty in forming a constant radius of 

curvature over a wide range of contact dimensions. As the radius of the indenter tip decreases, 

these requirements become increasingly difficult to achieve. 

To quantify the extent to which spherical indenter tips can or cannot meet the requisite 

assumptions over the relevant range of indentation depths and contact dimensions, indirect 

measurements of the tip radius can be made through indentation experiments performed using a 

reference block with a known or measured elastic modulus and Poisson’s ratio (e.g., fused 

silica). Assuming the contact is fully elastic, Eqs. 1 or 3 or both can be used to determine the 

indenter tip radius by fitting the appropriate 𝑃 − ℎ or 𝑆 − ℎ data. To emphasize, the calculated 

radius is only applicable to unknown materials over the same range in contact depths as those 

achieved through the determination of 𝑅 via the reference material (e.g., fused silica). 

Extrapolating the measured radius can introduce a significant source of unexpected experimental 
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error and generate a false-positive measured response. Spherical diamond indenter tips are often 

produced by polishing a rounded shape into the apex of a cone. Because of this, it is important to 

know and not exceed the contact depth at which the tip geometry transitions from that of the 

polished sphere to that of the cone (an easy mistake to make because both leave a circular 

impression). Naturally, that transition dimension is a unique function of the cone angle and the 

true tip radius. 

As described above, the radii of the diamond indenter tips used in this investigation were 

found by applying Eq. 1 to elastic 𝑃 − ℎ data obtained from fused silica. The elastic modulus 

and Poisson’s ratio of the fused silica were taken to be 72 GPa and 0.17, respectively.2 The 

experimentally acquired 𝑃 − ℎ data and the curve fit according to the theoretical relationship 

expressed by Eq. 1 are shown in Fig. 5. Over the indentation depths indicated in Fig. 5, the 5 μm 

and 14 μm radii reported by the manufacturer were found to be 3.2 μm and 8.6 μm, respectively. 

Throughout the experiments in this study, the contact depth at the onset of plastic deformation is 

< 0.1𝑅.  

2 Slight variations in E and  are reported for fused silica and even HPFS 7890; however, those variations 

insignificantly alter the calculated Hertzian contact stresses so chosen values of E = 72 GPa and v = 0.17 are 

defendable.  For example, Oliver and Pharr, Kuwik et al., and Corning's technical data sheet report coupled E 

and  values of 72 GPa and 0.17, 71 GPa and 0.17, and 73 GPa and 0.16, respectively.[19, 28, 29] Arbitrarily 

considering a 10 µm diamond spherical indenter and applied force of 15 mN, the resulting calculated average 

contact stresses are 5.51, 5.46, and 5.54 GPa, respectively, in the fused silica for an average of 5.50 GPa and a 

standard deviation of 0.04 GPa (i.e., less than 1% variation among them). 
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Figure 5.  The load versus depth curves for fused silica indented with nominally 5 

and 10 µm radius indenters establishes a valid account of the actual radii after 

applying them to Eq. 1.  Actual radii were 3.2 and 8.6 µm, respectively.  The 

respective power law fits for their two sizes (3.2 µm: P = 0.00535h1.491 with R = 

0.9999, and 8.6 µm: P = 0.0101h1.473 with R = 1) were bounded by the indicated 

domains. 

2.3.2.  Surface roughness 

Accurate estimates of the yield stress are predicated on the assumption of topologically 

smooth contact (i.e., no asperities). This requirement manifests itself in two important ways: 

first, accurate estimates of 𝑝𝑚 can only be made when the surface roughness is a small fraction

of the contact depth, such as ≤ ~0.1ℎ𝑐 or 0.05ℎ; second, the surface roughness must also be a 

small fraction of the depth corresponding to the onset of permanent deformation, such as 

≤ ~0.05ℎ𝑜𝑛𝑠𝑒𝑡. When these conditions are not met, excessive surface roughness results in an

overestimation of ℎ𝑜𝑛𝑠𝑒𝑡 and, therefore, an underestimation of 𝜎𝑦. For a given 𝑅, the difficulty in
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achieving these criteria is magnified for lower strength materials because the decrease in 𝜎𝑦

naturally forces ℎ𝑜𝑛𝑠𝑒𝑡 to occur at shallower depths.  

In addition to compromising the repeatability of 𝑃 − ℎ curves at shallow depths, surface 

roughness also underestimates the 𝑆 determined from 𝑑𝑃 𝑑ℎ⁄ . This outcome is the direct result of 

the permanent deformation produced by crushing asperities beneath the indenter tip. Under these 

conditions, the parameter 𝑆3 𝑃⁄  determined from 𝑑𝑃 𝑑ℎ⁄  is not representative of the elastic

contact stiffness and, therefore, at shallow depths, 𝑆3 𝑃⁄  is expected to be vertically offset

(lower) until the single point contact criterion is met. 

Reliable estimates of the transition point illustrated in Fig. 2 are predicated on the 

continuous collection of 𝑃, ℎ, and 𝑆 data obtained both before and after the onset of permanent 

deformation. The indenter tip radius must be selected so that the transition occurs at a contact 

depth well below the maximum load capability of the actuator (approximately ≤ 0.3 to 0.5𝑃𝑚𝑎𝑥), 

yet well beyond the depth required to achieve a single point contact. Based on estimates of 𝑅, 𝐸𝑟, 

𝜈, and 𝜎𝑦, Eqs. 1, 5, and 14 can be combined to estimate the depth at the onset of permanent 

deformation: 

ℎ𝑜𝑛𝑠𝑒𝑡 = ( 
3𝜋𝐶

4
 )

2

𝑅 ( 
𝜎𝑦

𝐸𝑟
 )

2

 ,  (17) 

where 𝐶 is that of Eq. 14. The load required to reach ℎ𝑜𝑛𝑠𝑒𝑡 is given by Eq. 1. Note that the most 

accurate estimates of ℎ𝑜𝑛𝑠𝑒𝑡 will typically be achieved by using the experimentally determined 

value of 𝑅 rather than the nominal (and often too inaccurate) value reported by the indenter tip 

manufacturer. This is particularly true for relatively small (𝑅 ≤ ~ 25 m) diamond indenter tips. 
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3. Experimental

The proposed test method and analyses were used to estimate the yield stress of two 

vitreous silicates: fused silica (HPFS® 7980, Corning, Inc., Corning, New York, USA) and soda-

lime silicate (Starphire®, Vitro Architectural Glass, Pittsburgh, Pennsylvania, USA).3 These 

materials are representative of prototypical anomalous glasses and normal glasses, respectively. 

While in-depth discussion of these two vitreous silicate categories is outside the scope of this 

manuscript, high-stress contact in both can cause permanent deformation due to combinations of 

differing amounts of (volume-conserving) shear flow or (volume-non-conserving) densification.  

Densification tends to accommodate permanent deformation more in anomalous glasses that are 

higher in silica content, whereas shear flow is more accommodating in normal glasses that have 

higher contents of alkalis and alkaline earths.[24]  The relative ratios of shear to densification 

deformation in vitreous silicates also have ramifications on the different types of contact-induced 

cracking that can be produced, and the tracking of anomalous to normal vitreous silicate 

behavior trends with higher Poisson's ratio.[25, 26] 

3 Certain commercial vendors, materials, and equipment are identified to adequately describe the 

experimental procedure.  This does not imply their endorsement by the Texas A&M University, the 

University of Tennessee, the Oak Ridge National Laboratory and its managing contractor UT-Battelle 

LLC, and sponsoring agencies the US Department of Defense and the US Department of Energy, nor 

that these vendors, materials, and equipment are necessarily the best choices for these purposes. 
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Following the proposed test method, spherical indentation experiments were carried out 

on each vitreous silicate using the iMicro Nanoindenter (KLA-Tencor, California, USA) 

configured with the CSM option. Spherical indenter tips with vendor-reported and nominal radii 

of 5 and 14 μm fashioned from diamond cones with an included angle of 90° were used. Based 

on the indenter tip characterization and analysis described above in Fig. 5, the measured radii in 

the depth ranges of interest were found to be 3.2 μm and 8.6 μm. Nine indentation experiments 

were performed on each glass using both indenter tips. The loading was controlled through a 

targeted 𝑃̇ ⁄𝑃 value of 0.2 s-1. The peak loads ranged from 10 to 40 mN. The phase lock-in 

amplifier (PLA) was driven at 100 Hz, achieving, and maintaining a constant 3 nm (RMS) 

amplitude at ℎ ≥ 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒𝑙𝑦  30 nm. The loading stiffness was derived using an 

interpolation scheme and the subsequent differentiation of the interpolated load-displacement 

function. All the tests occurred under standard atmospheric conditions. The sample surfaces were 

metallographically prepared in nonaqueous mediums to avoid surface alteration and degradation.

[27]   

Experimental verification of the proposed test method and analyses would ideally be 

performed using a vitreous silicate reference material for which 𝜎𝑦 can be directly measured 

using a non-indentation-based test method. In the absence of a suitable material for that purpose 

(it is extremely difficult to cause vitreous silicates and brittle materials to permanently deform in 

the absence of cracking), the proposed test method and analyses were applied to a metallic 

surrogate, as-drawn, polycrystalline titanium. The cold-worked condition was selected because it 

creates a high density of dislocations and, therefore, minimizes the probability of heterogeneous 

deformation in the form of pop-ins. Along with dislocations comes the potential influence of 

associated indentation size effects that would overestimate the measured 𝜎𝑦 compared to 

macroscopic testing methods, but those effects are largely countered by using a large radii 

indenter (500 μm).[23] A direct comparison of 𝜎𝑦, established by uniaxial compression and the 

proposed indentation technique, is a critical evaluation of the proposed test method’s ability to 

determine the onset of inelastic deformation accurately and precisely. Owing to significant 

differences in the deformation mechanisms operating in titanium and vitreous silicates, the 

authors acknowledge that experimental verification performed with titanium is non-optimal for 
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validating the proposed method’s adaptability to brittle materials; however, viable brittle material 

options do not exist. 

Like for both vitreous silicates, nine indentation experiments carried out on titanium were 

performed using the iMicro, a target 𝑃̇ 𝑃⁄  of 0.2 s-1, a drive frequency of 100 Hz, and a harmonic

oscillation (ℎ𝑜) of 3 nm. Because the substantially lower 𝜎𝑦 of titanium, the experiments were

conductable using a significantly larger diameter indenter (500 m radius sapphire sphere). 

Unlike small diamond spheres, large (𝑅 ≥ ~100 m) sapphire spheres are significantly easier to 

accurately manufacture so their vendor-reported diameter has greater fidelity. For a 500 m 

radius sapphire sphere, a generous estimate of the uncertainty in 𝑅 is ± 5 m. Per Eqs. 5 and 12, 

the corresponding uncertainty in 𝜎𝑦 is 1%, which is significantly less than the experimental error 

achieved in estimating the 𝜎𝑦 of titanium. For this reason, the 500 m radius reported by the tip 

manufacturer has been adopted here. 
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4. Results and Discussion

A summary of the average y results for the tested materials is provided in Table 1. The 

experimental repeatability was good based on the achieved low standard deviations. 

Table 1: Average 𝜎𝑦 determined by spherical indentation and uniaxial

compression. Shown ± values are standard deviations, and values in parentheses 

represent the number of tests comprising those statistics.  

Material E (GPa)  

R (m) 

Measured 

𝝈𝒚

Indentation 

𝝈𝒚

Compression 

Fused Silica 

(Corning HPFS 7980) 

72 

[19, 28, 29]

0.17 

[19, 28, 29]

3.2 

8.6 

8.1 ± 0.2 GPa (9) 

8.2 ± 0.1 GPa (8) 
N/A 

Soda-Lime Silicate 

(Vitro Starphire) 

73 

[30]

0.20 

[30]

3.2 

8.6 

6.1 ± 0.2 GPa (9) 

6.1 ± 0.1 GPa (9) 
N/A 

Titanium 

(Goodfellow, 99.99%, 

as-drawn temper) 

120 

[31]

0.30 

[31]
500 430 ± 30 MPa (9) 380 MPa (5) 

4.1.  Fused silica 

Among the potential methods used to identify the onset of permanent deformation with 

spherical indentation, Fig. 6 attempts to show the transition from completely reversible to 

hysteretic 𝑃 − ℎ behavior in fused silica. The plotted data represent experiments performed using 

the 3.2 m radius sphere and four discrete peak loads: 10, 20, 30, and 40 mN. Hysteresis is 

clearly present in the data obtained from 30 and 40 mN. However, at 10 and 20 mN, it is not 

clear whether hysteresis has developed in either, as there is no clear separation between the 

loading and unloading curves within the experimental uncertainty of the measured displacement. 

Despite the instrument’s high resolution in load and displacement, the experimental uncertainty 
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observed here renders the 𝑃 − ℎ data incapable of precisely determining the onset of permanent 

deformation. This outcome is the direct result of the 𝑃 − ℎ data’s poor sensitivity to yielding, 

which is unsurprising given that the transition is subtle, and it originates below the surface. At 

best, the subjective and imprecise nature of this approach suggests that yielding may have 

occurred between 20 and 30 mN (~250 ≤ ℎ ≤ 325 nm). Although this translates into an upper 

and lower limit for 𝜎𝑦, the lack of precision obfuscates any significant utility in relation to 

design, modeling, and material selection. Additional experiments at multiple peak loads between 

20 and 30 mN could potentially improve the precision, but the benefit is unclear as additional 

experiments may do nothing to address the intractable nature of the gradual transition and, thus, 

the subjective nature of identifying yielding through hysteretic 𝑃 − ℎ curves. 

Figure 6.  Spherical load-depth curves of fused silica at maximum loads ranging 

from 10 to 40 mN showing conclusive development of hysteresis at 30 and 

40 mN. 
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In stark contrast to the analysis of 𝑃 − ℎ curves, Figs. 7 and 8 demonstrate the unique 

ability of 𝑆3 𝑃⁄  to conclusively identify yielding onset in fused silica with significantly higher

precision and accuracy. Experiments performed with both spheres (radii of 3.2 and 8.6 μm) 

confirm the idealized response illustrated in Fig. 2. In the elastic regime, data from the PLA and 

𝑑𝑃 𝑑ℎ⁄  track with each other until yielding, at which point, the two curves diverge in opposite 

directions. As shown in Figs. 7 (b) and 8 (b), the transition point is visually enhanced when 

observing data from a single test. The vertical dashed lines span a ± 10 nm window intended to 

represent the subjective variance in determining the point of divergence and, consequently, the 

uncertainty in 𝜎𝑦. Based on the graphical determination of 𝑃 and ℎ at the point of yielding, the ±

10 nm uncertainty window, and the application of Eq. 13, the 𝜎𝑦 of fused silica is found to be 

8.15 ± 0.2 GPa and, as nominally expected, independent of the tip radius. For the 8.6 m radius 

sphere, we note the evaluation of 𝜎𝑦 (Eq. 13) did require extrapolating the measured 𝑅 beyond

the maximum depth of ~400 nm (Fig. 5) to ~650 nm (Fig. 8). Beyond the increased sensitivity 

and accuracy in determining the onset of inelastic deformation, note that the proposed technique 

is much more efficient than the examination of hysteretic 𝑃 − ℎ curves. The required 

experiments can be performed in far less time and because fewer tests are needed, this technique 

requires significantly less specimen surface area.  



26 

Figure 7. 𝑆3 𝑃⁄  responses for fused silica when spherically indented using 3.2 µm

radius indenter showing (a) repeatability and (b) one test example. At the onset of 

yielding, ± 10 nm uncertainty bounds are applied. 
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Figure 8. 𝑆3 𝑃⁄  responses for fused silica when spherically indented using 8.6 µm

radius indenter showing (a) repeatability and (b) one test example. At the onset of 

yielding, ± 10 nm uncertainty bounds are applied. 
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4.2.  Soda- lime silicate 

Similarly, Figs. 9 and 10 show 𝑆3 𝑃⁄  as a continuous function of ℎ for the soda-lime

silicate glass. Based on the graphical determination of 𝑃 and ℎ at the point of yielding, the 

± 10 nm uncertainty window, and the application of Eq. 13, the 𝜎𝑦 of the soda-lime silicate is

found to be 6.1 GPa ± 0.2 GPa, and independent of 𝑅. For both indenter tips, the evaluation of 

𝜎𝑦 (Eq. 13) did not require extrapolating beyond the depth at which 𝑅 was determined (Fig. 5). 

Beyond the smaller transition depth and lower 𝜎𝑦, it is particularly interesting that, following the

onset of permanent deformation, the rate of change in 𝑆3 𝑃⁄  is significantly faster for the soda-

lime silicate. Rationalizing the rate of change in 𝑆3 𝑃⁄  after yielding is beyond the scope this

work; nevertheless, we speculate the slope is directly related to the growth rate of the contact in a 

manner that reflects the dominant deformation mechanism (e.g., densification versus shear).  
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Figure 9. 𝑆3 𝑃⁄  responses for soda-lime silicate when spherically indented using

3.2 µm radius indenter showing (a) repeatability and (b) one test example. At the 

onset of yielding, ± 10 nm uncertainty bounds are applied. 
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Figure 10. 𝑆3 𝑃⁄  responses for soda-lime silicate when spherically indented using

8.6 µm radius indenter showing (a) repeatability and (b) one test example. At the 

onset of yielding,  ± 10 nm uncertainty bounds are applied. 

Before the onset of inelastic deformation, Figs. 7-10 show varying degrees of depth 

independence in the parameter 𝑆3 𝑃⁄ . The smaller fluctuations are primarily caused by higher

experimental noise, particularly at smaller indentation depths (ℎ ≤ ~75 nm). Larger changes in 

the dual sourced curves suggest inhomogeneity in the near surface properties of the test 

specimen.  
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4.3.  Experimental verification 

Compressive stress-strain curves for the as-drawn, polycrystalline titanium (99.99%, 

Goodfellow, Huntington, England) examined here are shown in Fig. 11 (a). The "wind up" or 

deviation from linearity observed near the origin reflects machine, grip, or both machine and grip 

compliances that have no bearing on the determination of 𝜎𝑦, which is taken to be represented by 

the proportional limit rather than the 0.2% offset yield strength. As shown in Fig. 11 (a), the 

yield stress for all tests is found to be ~380 MPa. 

The 𝑆3⁄𝑃 versus ℎ for the as-drawn titanium indented by the 500 µm radius sphere is 

shown in Fig. 11 (b). The onset of yielding is distinct and, following precisely the same 

procedure as implemented for both vitreous silicates, results in an estimated 𝜎𝑦 of 

430 ± 30 MPa. Taking the actual 𝜎𝑦 to be 380 MPa, the relative error in the estimate from 

spherical indentation is 13%. The overestimation is expected, as the subsurface onset of inelastic 

deformation manifests itself as an unavoidable lag in detecting the transition. It is also possible 

that the size and orientation of the grains supporting the indenter tip could cause the locally 

sampled material properties to differ from that of the bulk compression test. The use of a large 

500 μm radius indenter may also have not eliminated all indentation size effects.  Despite these 

potential sources of experimental error, in the limit of deformation accurately described by the 

continuum mechanics assumed in this study, the relative difference between the value of 𝜎𝑦 

predicted by spherical indentation and the value measured in uniaxial compression is 13%. 

Furthermore, the overestimation can be rationalized among several potential sources of error.  
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Figure 11.  As-drawn polycrystalline titanium: (a) uniaxial compressive response 

and (b) 𝑆3 𝑃⁄  response when spherically indented using 500 µm radius indenter

showing ± 10 nm uncertainty bounds are applied at onset of yielding. 
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5. Conclusions

A new technique to determine the onset of inelastic deformation and the corresponding 

yield stress of brittle materials using load- and depth-sensing spherical indentation has been 

developed and experimentally evaluated. The proposed technique is anchored in the evaluation of 

an experimentally measured parameter that is elastically invariant and yield sensitive: 𝑆3⁄𝑃. 

Direct comparison of this ratio’s depth dependence as evaluated from the slope of the loading 

curve and the stiffness measured by a small amplitude (≤ 8.5 nm peak-to-valley) harmonic 

oscillation shows a clear divergence at the onset of permanent deformation. At this divergence 

point, Hertzian contact mechanics and the mean contact pressure are used to estimate the yield 

strength based on Tresca and von Mises yield criterion. The proposed test method and analyses 

are applied to two vitreous silicates, Corning's HPFS 7980 fused silica and Vitro's Starphire 

soda-lime silicate. Using diamond spheres with radii of 3.2 and 8.6 µm, the estimated yield 

strengths are 8.15 GPa ± 2.5% for the fused silica and 6.1 GPa ± 3.3% for the soda-lime silicate. 

Experimental verification was performed using as-drawn, polycrystalline titanium. Applying the 

proposed technique in conjunction with a 500 µm radius sapphire sphere, the predicted yield 

strength is 430 MPa ± 7.0%, which represents a relative error of 13% in comparison to the 

measured proportional limit. 

The elastic invariant, 𝑆3⁄𝑃, is found to be far more efficient and significantly more 

sensitive to the onset of inelastic deformation than the analysis of hysteresis in load-displacement 

curves. Future improvements to the proposed technique can be made by developing new yield 

criteria that more accurately reflect the physical mechanisms of action enabling microscale 

yielding in brittle materials. Further refinements should also be possible through the development 

of experimental techniques that increase the dynamic signal to noise ratio, particularly at small 

indentation depths (approximately ≤ 100 nm). Within the traditional paradigm of structure-

property-processing and performance, the proposed technique enables future investigators to 

examine cause and effect relationships with more accuracy and precision. The new knowledge 

gleaned from these types of investigations will directly support and improve the design, 

modeling, and selection of brittle materials.  
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Appendix I: 

Potential Parasitics Specific to Indentation Systems Employing the CSM Technique 

The following sections only apply to experiments performed using the CSM technique. 

Systems that are CSM-capable can determine 𝑆 from both the CSM technique and 𝑑𝑃 𝑑ℎ⁄ . 

Systems that are not CSM-capable can only determine 𝑆 through the evaluation of 𝑑𝑃 𝑑ℎ⁄ . The 

system used in the present study is CSM-capable so estimations of 𝑆 using CSM and 𝑑𝑃 𝑑ℎ⁄  are 

enabled. 

AI.1. Configuration and operation of the Phase Lock-In Amplifier 

Accurate estimates of 𝑆 from the CSM technique rely on proper implementation of the 

phase lock-in amplifier (PLA), which is responsible for the signal recovery of the harmonic 

oscillation. This requires the PLA to be configured so that the indenter tip achieves continuous 

contact with the surface of the test specimen, and frequency separation is maintained throughout 

the loading.[22, 32] In addition, the PLA must be configured to operate with a peak-to-valley 

oscillation amplitude of 2√2ℎ𝑜, which is a small fraction of the elastic recovery (ℎ𝑜 is the root-

mean-square or RMS value of the harmonic oscillation). Physically, these constraints require the 

contact area to be nominally constant over the timescale of the measurement being made by the 

PLA (no plasticity) and, the peak-to-valley amplitude of the harmonic oscillation must not 

capture the curvature of the unloading curve. Collectively, these requirements are easier to 

achieve in brittle materials because the ratio of 𝐸 𝜎𝑦⁄  is typically lower than most metals. When

these requirements are not met, the measured 𝑆 is underestimated. 

Achieving and maintaining frequency separation depends on complex interactions 

between experimental factors such as, but not limited to, 𝐸 𝜎𝑦⁄  of the test specimen, the indenter

tip velocity, the drive frequency of the PLA, the PLA’s internal measurement time constant, the 

time constant on the measured displacement, and the magnitude of the harmonic oscillation.[32] 

These interactions can be quite complex and potentially have a profound impact of the reliability 

of the measured 𝑆. Among these variables, users typically prescribe the indenter tip velocity (if 
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not directly, then indirectly through parameters such as 𝑃̇ 𝑃⁄ ) and the magnitude of the harmonic

oscillation (typically the RMS value). 

Subject to the constraints described above, the most accurate and precise measurements 

of 𝑆 are generally obtained through the combination of a higher drive frequency (≥ 100 Hz), 

lower indenter tip velocities (approximately ≤ 100 nm/s), and smaller values of ℎ𝑜 (≤ 5 nm).

However, there are nuanced trade-offs to consider. Lower indenter tip velocities increase the 

potential for thermal drift. Smaller values of ℎ𝑜 translate into small signal-to-noise ratios and,

hence, noisy data. In relation to ℎ𝑜, an idea that is gaining popularity is to operate the PLA so 

that the harmonic force is always a fixed fraction of the normal load, 𝑃.[33] The benefits of this 

technique are threefold: first, the depth dependent magnitude of ℎ𝑜 eliminates intermittent 

contact; second, it minimizes or potentially eliminates the risk of capturing the curvature of the 

unloading curve, and; and third, the increase in ℎ𝑜 with depth continuously increases the signal-

to-noise ratio, thereby increasing the precision in 𝑆 with increasing depth. Although this 

technique was not implemented here, its use could be beneficial to future investigations.  

AI.2. Frame stiffness 

The frame stiffness, 𝐾𝑙𝑓, is a calibration value used to correct the measured displacement 

and the stiffness determined from the CSM technique.[19, 21, 34] In most cases, one value of 𝐾𝑙𝑓 is

applied both ℎ𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 and 𝑆𝐶𝑆𝑀. To be accurately treated as a calibration constant, such as 

independent of the indenter tip and test specimen, both must be rigidly mounted, and the indenter 

tip must be securely tightened into the indenter column. Uncertainty in the frame stiffness 

becomes important as the contact stiffness approaches the magnitude of 𝐾𝑙𝑓, which is typically 

on the order of 1.0 × 10
6
 N/m. Furthermore, the frame stiffness may not extrapolate well,

meaning it may not be accurately applied to contact stiffnesses that exceed the peak stiffness 

used to determine 𝐾𝑙𝑓. The magnitude of 𝐾𝑙𝑓 is typically determined or verified through

experiments performed in fused silica using a geometrically self-similar indenter tip 

(e.g., Berkovich). Spherical indentation can also be used to determine or verify the magnitude of 

𝐾𝑙𝑓, but the analysis hinges on the assumption that 𝑅 is a constant over the full range in 
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displacement, which is not often a reliable assumption, particularly when using small 

(R ≤ ~25 µm) diamond spheres. From a practical perspective, 𝐾𝑙𝑓 can be treated as a calibration 

constant subject to the aforementioned constraints: the test specimen and indenter tip are rigidly 

mounted, the indenter tip is securely tightened into place, 𝑆 ≪ 𝐾𝑙𝑓, and the corrections to 

ℎ𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 and 𝑆𝐶𝑆𝑀 do not require extrapolating 𝐾𝑙𝑓.  

AI.3. Signal-to-noise ratio 

In a manner that depends on the experimental details previously described, noise in the 

stiffness derived from 𝑑𝑃 𝑑ℎ⁄  and the CSM technique tends to increase significantly with 

decreasing indentation depth. The higher noise at small depths makes it harder to observe a 

significant change in the elastic constant (6𝑅𝐸𝑟
2) and harder to precisely identify the point at

which the two 𝑆3 𝑃⁄  curves diverge. From a practical point of view, this creates a depth limit

below in which accurate estimates of 𝜎𝑦 cannot be made. Under the experimental conditions 

implemented here, this limit is approximately 30 nm. 




