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Multi-Principal Element Alloys are a novel class of materials that are formed by combining multiple elements in high
concentrations and show exceptional properties compared to conventional alloys. These alloys have high configura-
tional entropy due to inherent atomic disorder. The Cauchy-Born rule is a popular homogenization method for linking
atomistic to continuum length scales. In this letter, we use ab-initio Density Functional Theory calculations to report
that the Cauchy-Born rule, which holds in conventional alloys in the absence of defects, is not valid in Multi-Principal
Element Alloys. The violation of the Cauchy-Born rule in these alloys is attributed to the presence of atomic disorder
due to which the deformations are inhomogeneous. Our results also show the deviations in deformation are related to

the magnitude of the stretch and shear by power laws. #

The Cauchy-Born rule is a popular homogenization tech-
nique used for bridging between atomistic to continuum
length scales!=. Initially proposed by Cauchy and later re-
fined by Born?, the idea is simple: Suppose a single crystalline
solid is subjected to a prescribed displacement on the bound-
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FIG. 1. Cauchy-Born rule for homogeneous deformation. When a
continuum (shown in grey) is deformed with deformation y and cor-
responding deformation gradient F, the atoms (shown as inset) in the
solid follow the deformation of the continuum. The point X in the
un-deformed configuration is mapped to the point x = y(X) in the
deformed configuration.
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ary, then all atoms of the crystal will follow this macroscopic
displacement*>. For homogeneous deformations, Cauchy-
Born rule simply states that the prescribed macroscopic de-
formation gradient F = j—)y(, (y is the deformation map and X
is a vector in the undeformed configuration) and the defor-
mation gradient seen by the atoms inside the crystalline solid
are the same. Therefore, the new atomic coordinates r; in
the deformed crystal are related to the original atomic coordi-
nates R; in the undeformed crystal by a linear transformation
r; = FR;, where i is the index representing atoms. See Fig 1
for a schematic describing the Cauchy-Born rule.

While the Cauchy-Born rule describes crystal behavior
when the atomistic deformation remains nearly homogeneous,
the assumption does not hold when instabilities and de-
fects are nucleated and the atomistic deformation becomes
inhomogeneous6. For most materials, the failure of the
Cauchy-Born rule is typically related to the magnitude of
the prescribed deformation gradient®®. This is because large
strains, typically beyond a certain critical threshold, can nu-
cleate crystal instabilities in crystalline materials'®, which
make the deformation inhomogeneous, thereby violating the
Cauchy-Born rule.

Several multiscale techniques such as the bridging do-
main method'! the bridging scale method'? and the quasi-
continuum method!, account for defects by introducing full
atomistic resolution at the vicinity of the instability or defect
and spatially coarse-grain away to a continuum description
of the solid further, where the Cauchy-Born rule is used for
prescribing the constitutive law in the continuum region. The
range of deformations for which the Cauchy-Born rule is valid
was investigated in 2D%” and 3D® using atomistic simulations.

Multi-Principal Element Alloys (MPEAS) are a novel class
of materials where a combination of multiple principal ele-
ments in high or sometimes equiatomic concentrations are
used to develop new alloys that have a stable solid solution
phase'3-17. The stability of the solid solution phase is at-
tributed to the increase in configuration entropy of mixing of
multiple elements in almost equi-atomic proportions. This
in turn overcomes the mixing enthalpy, thereby suppress-
ing the formation of secondary phases'>. MPEAs have sev-
eral attractive properties which are atypical in conventional
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alloys. These include simultaneously high strength, high
toughness, and high ductility!>~'7. Additionally, these alloys
also show high hardness, resistance to wear and corrosion,
high thermal stability'®-2!, superconductivity??> and complex
magnetism?3. Potential applications of High Entropy Alloys
include structural®>~!7, radiation-tolerant?*, thermoelectric?®
and soft magnetic?® materials.

Common single-phase solid solution MPEAs are the Face
Centered Cubic (FCC) Cantor alloy class, the Body Centered
Cubic (BCC) refractory alloys, and the rare earth alloys with
Hexagonal Closed Pack (HCP) crystal structures.

While the applicability of the Cauchy-Born rule has been
demonstrated for a wide range of systems such as FCC®%?,
BCC?7, HCP?%2% Diamond-Cubic’*32, nanotubes3>3* and
mass-spring models®, its validity in MPEAs has not been
studied. In this letter, we use first-principles Density Func-
tional Theory calculations to investigate the applicability of
the Cauchy-Born rule in MPEAs.

To evaluate the validity of the Cauchy-Born rule, we con-
sider two atomistic criteria, the first is displacement-based
failure criteria®®?, which takes into account the difference be-
tween the atomic positions obtained from atomic relaxation r;
and the atomic positions under the prescription of a homoge-
neous deformation rl-CB =FR,. This is given by

| A B 2
=\ o EE{(S ) e
j=li=1
where N is the number of atoms. When Ar = 0, the Cauchy-
Born rule is valid. The validity of the Cauchy-Born rule is typ-
ically evaluated using a displacement based criteria instead of
a strain based one. The reasons for choosing a displacement
based criteria is because atomic displacements are naturally
calculated in atomistic simulations. Furthermore, calculation
of strain field from displacements involves employing numer-
ical derivatives which can introduce errors in the analysis.
The second failure criteria is stress-based?, which takes
into account the difference between the stress tensor 62 due
to a prescribed Cauchy-Born deformation, and the stress ten-
sor o as obtained from atomistic simulation. This is given

by
Ao =6 -0a|,, @

where (-) is an appropriate norm. We choose the Frobenius
matrix norm for our work. According to these two criteria,
when either Ar # 0 or Ac # 0, the Cauchy-Born rule is vio-
lated.

‘We consider a supercell as shown schematically in Fig. 2.
It consists of two parts as shown by the shaded and the un-
shaded regions. For the atoms close to the boundary (shaded
region), atomic relaxation is constrained in our simulations
and these atoms are displaced according to the Cauchy-Born
rule. The atoms in the interior (un-shaded region) are allowed
to relax. We choose two alloy systems, CoCrFeNi quater-
nary and CoNi binary. For each alloy system, we choose a
configuration with disorder (i.e. significantly high configu-
rational entropy), and another configuration where the atoms

FIG. 2. Two-dimensional schematic of the cell used for the simu-
lations. The atoms in the gray region are constrained to follow the
prescribed deformation. The atoms in the un-shaded region are un-
constrained and are allowed to relax.
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FIG. 3. Two-dimensional schematic of the two types of lattices con-
sidered for our study for a representative CoCrFeNi system. For the
disordered case, the atoms are randomly arranged, and for the multi-
lattice case, the atoms are ordered.

are arranged in an ordered multi-lattice - a collection of mul-
tiple identical or congruent Bravais lattices shifted from one
another®®3”, Fig. 3 shows a schematic of the two lattice types.

We performed spin un-polarized Kohn-Sham Density Func-
tional Theory3* simulations using the Quantum Espresso
framework®® with a supercell containing 256 atoms. We
choose Gamma point centered 2x2x2 k-point mesh. The plane
wave kinetic energy cutoff was chosen to be 150 Rydberg and
the GGA PBE functional*!*> was employed. The equilibrium
lattice constants were found to be 3.506 Angstrom for CoCr-
FeNi disordered (3.499 Angstrom for CoCrFeNi multi-lattice)
and 3.489 Angstrom for CoNi disordered (3.490 Angstrom for
CoNi multi-lattice) when geometry optimization of supercells
are performed. To calculate the equilibrium geometry, we re-
lax the cell and the atom positions such that the atomic forces
are below 0.02 eV/Angstrom. Under specified deformations,
only the interior atoms (un-shaded region in Fig 2) are relaxed
such that the atomic forces are below 0.02 eV/Angstrom.

‘We consider two classes of deformation: uniaxial extension
and simple shear. For uniaxial extension, the deformation gra-
dient tensor is given by

F=I+(A-1e®e; 3)

where I is the identity, A is the stretch. The strain is given
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FIG. 4. Two dimensional projection of the crystallographic structure
of CoCrFeNi Multi-Principal Element Alloy before and after defor-
mation. On left, the undeformed structure is shown. On top-right, the
deformed structure with stretch of 1.20 is shown and on bottom-right,
the deformed structure with shear of 0.24 is shown. In the deformed
structures, the atoms are noticeably displaced near the center.

by A — 1. When A > 1, the system is under tensile strain and
when A < 1, the system is under compressive strain.
The deformation gradient for simple shear is

F:I-‘r}’(ei@e‘/) (€]

where ¥ is the magnitude of shear. We choose the values of 4
between 0.8 and 1.20 and the value of y from 0 to 0.24. Fig.
4 shows the crystallographic structure of CoCrFeNi with dis-

order before and after uniaxial and shear deformations. The

atomic displacements are visible near the center of the de-

formed structures

Fig. 5 shows the deviation in displacement Ar for a) uni-

axial stretches and b) simple shear. For the case of uniaxial

strains, we see that in disordered configurations, the displace-

ment deviation is non-zero even for small strains in both ten-

sion and compression. Furthermore, an increase in the magni-

tude of strains leads to an increase in displacement deviation.
This non-zero value of displacement deviation implies that
the Cauchy-Born rule is violated for disordered MPEAs un-
der uniaxial strains. In contrast, the displacement deviation in
the multi-lattice configuration under small strains is zero, im-
plying that the Cauchy-Born rule is valid. However, when the
magnitude of uniaxial strain is beyond a critical value, the dis-
placement deviation becomes non-zero and starts to increase
with an increase in uniaxial strain. This observation implies
that for multi-lattice configurations, the Cauchy-Born rule is
not valid for large strains, as the deformation becomes inho-
mogeneous due to nucleation of lattice instabilities and de-
fects. This behavior of the multi-lattice case is similar to that
observed in ordered systems®®°.

Analyzing the data, we find that the non-zero value of dis-

placement deviation is related to the stretch by a power-law
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FIG. 5. The deviation in atomic displacement Ar in Angstroms for a)
uniaxial and b) simple shear deformations for CoCrFeNi and CoNi
MPEAs. Both disordered and ordered multilattice structures have
been considered. For the disordered structures (shown as solid line),
the displacement deviation is non-zero for all ranges of stretch and
shear. For the ordered multilattice structures (shown as dashed line),
the displacement deviation is zero up to a critical stretch or shear,
beyond which it becomes non-zero.

relation. Therefore, for the disordered case, we can write
Ar ~ A" 5)

where from fitting the data, we obtain n = 7.79 (compression),
n = 3.16 (tension) for CoCrFeNi, n = 1 (compression) and
n = 2.83 (tension) for CoNi.

For the ordered multi-lattice case, we can write

C T
Ar ~ {0 7)L‘crit <A< A‘L‘rit (6)

A" otherwise
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FIG. 6. The deviation in stress Ac in GPa versus the norm of the
Cauchy-Born stress o¢p for a) uniaxial and b) simple shear deforma-
tions. In a) the norm is multiplied by the sign of strain to distinguish
between compression (negative values) and tension (positive values).
The CoCrFeNi disordered structure (shown as blue solid line) shows
nonzero stress deviation for all values of uniaxial and shear deforma-
tions. For others (CoCrFeNi and CoNi multilattice as well as CoNi
disordered), the stress deviation is negligible for stresses below a crit-
ical value and increases when stresses exceed the critical stress.

where ACC”-[ and lg,-, are the critical values of stretches be-
yond which the Cauchy-Born rule breaks down. On fit-
ting the data, we find these values (n€,n",1S,,AL,) to be
(1,—34.11,0.84,1.14) for CoCrFeNi and (1,3.47,0.84,1.14)
for CoNi, respectively. Here n® and n” are the values of 1 in
compression and tension, respectively.

Next, we look at simple shear strains as shown in Fig 5b.
We see that for the disordered case, the displacement deviation

first increases linearly with y until a critical shear strain Y, is

reached, beyond which the displacement deviation increases
in a non-linear fashion.

Again, for the case of multi-lattices, the displacement de-
viation is zero for shear strains less than critical shear strains.
This is the regime where the Cauchy-Born rule is valid. When
the shear is increased beyond the critical value, the displace-
ment deviation is positive and the Cauchy-Born rule does not
hold due to the instabilities emanating from large values of
shear strains. Furthermore, the displacement deviation grows
with increasing shear strains. This observation as seen in the
multi-lattice case is similar to the behavior seen in the study
of the Cauchy-Born rule for ordered systems under shear®3*.

Analyzing the data, we see the displacement deviation is
related to the power of the magnitude of the shear strain law
for the disordered system

A~y m =1 for ¥ < Yeri , @)

Upon fitting the data, we find (m, ¥ir) = (2.42,0.18) and
(3.82,0.18) for CoCrFeNi and CoNi, respectively.
For the ordered multi-lattice case, we can write

0 3 V< Yerit
Ar ~ ®)
{VH Y > Yerit

where (m, Yerir) = (3.26,0.15) and (5.94,0.20), for CoCrFeNi
and CoNi, respectively.

Fig. 6 shows the deviation in stress Ac versus the norm of
the Cauchy-Born stress for a) uniaxial and b) simple shear de-
formation. For the case of uniaxial deformation, we see that
for CoCrFeNi alloy with disordered structure, the stress de-
viation is positive for non-zero values of Cauchy-Born stress,
and increases when the magnitude of Cauchy-Born stress in-
creases. This shows that according to the stress-based criteria,
the Cauchy-Born rule is violated for the CoCrFeNi disordered
system. For CoCrFeNi multi-lattice, CoNi multi-lattice, and
CoN:i disordered systems, the deviation in stress is small when
the magnitude of Cauchy-Born stress is small and starts to
increase when the Cauchy-Born stress is increased beyond a
critical threshold.

From Fig. 6b, we see that for applied shear, the stress
deviation for CoCrFeNi disordered system increases with an
increase in stress and a transition to a higher rate of in-
crease in Ao is observed at ~ 45 GPa (and correspondingly
at Yerir = 0.15). For CoCrFeNi multi-lattice, CoNi disordered,
and CoNi multi-lattice systems, we see that the stress devia-
tion is almost zero but is positive beyond a critical value of
Cauchy-Born stress (a corresponding shear strain of Y).

Summarizing, our calculations show that the Cauchy-Born
rule does not hold even for small strains in Multi-Principal
Element alloys where disorder is present. This observation is
contrary to conventional alloys where the Cauchy-Born rule
is valid for small strains but breaks down at large strains due
to the nucleation of instabilities which lead to inhomogeneous
deformations within the material. However, in MPEAs, the
presence of configurational disorder breaks the symmetry*?
thereby making the deformation inhomogeneous - and thus
the Cauchy-Born rule is violated - even when strains are small.
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In this letter, we have employed first-principles Den-
sity Functional Theory simulations to evaluate the validity
of the Cauchy-Born rule in Multi-Principal Element Alloys
(MPEAs). By taking CoCrFeNi and CoNi as representative
systems, we have used displacement-based and stress-based
atomistic criteria to evaluate the applicability of the Cauchy-
Born rule in MPEAs. From our calculations, we have seen
that even in perfect crystals, where the Cauchy-Born rule is
expected to hold, is not valid in MPEAs. This is attributed
to the inherent atomic disorder (i.e. configurational entropy)
of MPEAs which leads to inhomogeneous deformations in
the crystal even under small strains. Our results have also
shown that in MPEAs, the displacement deviation under uni-
axial stretches varies as a power of the stretch, and displace-
ment deviation under simple shear first varies linearly with
the magnitude of stretch, followed by transition to non-linear
dependence due to nucleation of instabilities in the lattice be-
yond a critical value of shear.

Though the present study can also be conducted with clas-
sical potentials using larger cells, we have employed DFT as
our method of choice because of its high fidelity. In this work,
we have used a 256 atom cell for our Density Functional Cal-
culations. It is natural to raise the point of the influence of
cell size on the results obtained in this paper. The effect of
cell size on the validity of the Cauchy-Born rule have been
studied for conventional FCC alloys®®. These studies have
shown that increase in cell-size decreases the magnitude of
the critical stretch and critical shear, but the overall trends
remain unaffected. Noting that simulations of cell sizes be-
yond a few hundred atoms with planewave DFT codes remain
a challenge, however this can be overcome by employing state
of the art real space codes***> which can simulate few tens of
thousands of atoms. This will be investigated in a future study.

We conclude by mentioning some interesting avenues of
inquiry that emerge from this study. Short Range Ordering
(SRO) has been observed in MPEAs which can have a con-
siderable effect on the properties of these alloys*®°. Tt is
thus natural to explore the effect of SRO on the Cauchy-Born
rule. Specifically, is there a certain range of SRO such that
the Cauchy-Born rule is valid? Also, what effect does SRO
have on the critical stretch and critical shear? Another inter-
esting class of materials is High Entropy Oxides (HEOs)*,
where the Cauchy-Born rule can be investigated. Though
the Cauchy-Born rule and the stability of crystalline materials
have been studied with mathematical rigor3'4’28'35'43’51*52, the
results obtained so far are limited to conventional alloys. An
understanding of the rule in MPEAs using mathematical anal-
ysis is open. Finally, we raise the point of atomistic to con-
tinuum scale transition in MPEAs when the Cauchy Born rule
does not hold. This issue can be alleviated by constructing a
map between the continuum deformation gradient tensor and
the atomistic deformations taking into account the changes in
the chemical environment due to disorder. This mapping can
be done by employing machine learning techniques**-33-4,
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