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Multifidelity (MF) Uncertainty Quantification (UQ) seeks to leverage and fuse information from a collection of models
to achieve greater statistical accuracy with respect to a single-fidelity counterpart, while maintaining an efficient use
of computational resources. Despite many recent advancements in MF UQ, several challenges remain and these often
limit its practical impact in certain application areas. In this manuscript, we focus on the challenges introduced by
non-deterministic models to sampling MF UQ estimators. Non-deterministic models produce different responses for
the same inputs, which means their outputs are effectively noisy. MF UQ is complicated by this noise since many state-
of-the-art approaches rely on statistics, e.g., the correlation among models, to optimally fuse information and allocate
computational resources. We demonstrate how the statistics of the quantities of interest, which impact the design,
effectiveness, and use of existing MF UQ techniques, change as functions of the noise. With this in hand, we extend
the unifying Approximate Control Variate framework to account for non-determinism, providing for the first time a
rigorous means of comparing the effect of non-determinism on different multifidelity estimators and analyzing their
performance with respect to one another. Numerical examples are presented throughout the manuscript to illustrate
and discuss the consequences of the presented theoretical results.

KEY WORDS: Uncertainty Quantification, Multifidelity, Non-deterministic/stochastic models, Monte
Carlo

1. INTRODUCTION

Uncertainty quantification (UQ) is widely regarded as a cornerstone of computational science. While tremendous
progress has been made in developing new algorithms to perform UQ, the majority of this effort has focused on
deterministic models where repeated model evaluations at the same input parameter location give the same response.
In contrast, a non-deterministic model is one whose output response will vary even when evaluated for the same inputs
due to an intrinsic and uncontrollable source of variability. Non-deterministic models can be broken into two classes
based on the source on this intrinsic variability. The first class includes models where the outputs are corrupted by
non-determinism directly — for example, emulytics for cybersecurity [1-3], flow through an uncertain porous medium
[4,5], and stochastic modeling of material microstructures [6]. For such models, the intrinsic noise can be categorized
as aleatoric. The second class includes models where the quantities of interest (Qols) are necessarily statistics with
respect to a non-deterministic response — for example, Monte Carlo methods for radiation transport [7] which average
over a finite number of particle trajectories, particle-in-cell methods for plasmas [8], and turbulent flow simulations [9]
which require ensemble- or time-averaging. For these models, the intrinsic noise can be categorized as epistemic since
the noise can be reduced by increasing the computational effort. Formally, these scenarios can be treated equivalently
if the Qols are interpreted as noisy functions of the controllable inputs.

The accurate computation of integrals which depend on a high-fidelity computational model, as required by tasks
such as uncertainty quantification, can easily become intractable due to the model’s cost and the required number of
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samples. One path to alleviating this issue is surrogate construction, which has recently been examined in a single-
fidelity setting for UQ of a non-deterministic model [10-13]. Another path is sampling-based multifidelity (MF)
approaches for uncertainty quantification, which are explored here. MF approaches aim to improve the reliability of
statistics of high-fidelity computational models by leveraging information from different sources that vary in both ac-
curacy and cost. There exists a growing body of literature focusing on MF techniques (see, e.g., [14-23]); however, at
the time of writing this manuscript, little attention has been given to these methods in the context of non-deterministic
models, which introduce challenges that impact the optimal performance of MF techniques. MF methods exploit
correlations between models to estimate statistics of quantities of interest with respect to the uncertain input space
in a more computationally efficient manner. For deterministic models, the resource allocation optimization problem
in MF UQ determines how to distribute samples among a model set given a constraint on accuracy or cost of the
estimator. This step may also include finding the optimal subset of models and the groups which share UQ samples
(i.e., the optimal model graph) given some constraints on the class of estimator; see e.g., [24,25]. Both the correlations
among quantities of interest and the relative computational costs among models are key factors in the design and per-
formance of MF UQ estimators. In the context of non-deterministic models, these factors are directly impacted by the
noise in the Qols. The noise in each model manifests due to an independent source of variability, so the correlations
among models’ responses are always degraded. At least in principle the detrimental effect of noise on correlation
can be mitigated by acquiring more samples for the same, fixed input; however, this directly increases the compu-
tational cost. Moreover, due to the noise the relationships among models cannot be determined a priori as done in
the deterministic context. This is because the optimal model graph expressing the ordering and dependencies among
models is directly affected by the noise level of each model’s response. Without loss of generality, we simply refer
to hierarchical and non-hierarchical estimators according to their need to order the models following a strict model
sequence (former) or not (latter). The interplay among the noise levels, correlations, and computational cost directly
impacts the relationships among models and represents the main challenge characterizing the use of MF UQ for non-
deterministic models. These aspects have not been extensively studied in literature. Preliminary contributions of the
authors [13,26-30] have explored some of these aspects either in the single fidelity case, to identify the corruption of
statistics like variance by the models’ noise, or in a simplified multifidelity setting in which only a single low-fidelity
model is employed. In the present work the formulation is generalized to ensemble of models, i.e., more than one
low-fidelity model, which allows for the study of how several existing estimators are impacted by non-determinism.

For all the reasons introduced above, the presence of non-determinism in the models’ responses further empha-
sizes the need for flexible MF UQ estimators that are capable to encode non-hierarchical relationships among models.
The Approximate Control Variate (ACV) framework [22] was introduced to support the design and analysis of non-
hierarchical estimators while providing a unifying framework that encompasses other existing hierarchical estimators
like multilevel Monte Carlo [14] and multifidelity Monte Carlo [18]. In this paper we adopt the ACV framework to
analyze the effect of non-determinism on the performances of several MF UQ estimators. In particular, we note that
ACYV has been formulated and analyzed only for deterministic models and the role of non-determinism is studied and
discussed here for the first time.

An ACV estimator is obtained by augmenting a single fidelity Monte Carlo estimator based on the high-fidelity
model with low-fidelity control variates with estimated means. In practice, since we deal with low-fidelity models
with unknown statistics, sampling strategies that allow to simultaneously estimate low- and high-fidelity statistics
need to be employed. Herein, we focus on the sampling approach, named ACV-MF (introduced later in the text),
which can be obtained from the same samples of MFMC. Indeed, the acronym ACV-MF has been introduced in [22]
to underscore the similarity with MFMC. The choice to use ACV-MF in the present manuscript is dictated by the
need to provide a straightforward comparison among estimators. We note that the theory we develop applies to any
other flavor of ACV (see [22] for additional details) and, due to the relationship between ACV and other approaches
(e.g., the so-called multilevel Best Linear Unbiased Estimators (ML BLUE) developed in [23,31,32]), we are putting
forth a framework that will aid with the analysis of virtually any MF UQ approach based on control variates.

The novel contributions of this paper are to:

e introduce the relationships between noisy and non-noisy statistics that determine the design and performance
of MF UQ estimators;
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e extend the ACV framework [22] to the case of non-deterministic models by deriving how the effects of non-
determinism propagate to estimator performance;

e leverage the introduced framework to analyze and compare instances of ACV estimators based on more than
one low-fidelity model — namely multilevel Monte Carlo, multifidelity Monte Carlo, and ACV-MF;

e illustrate through numerical examples how several estimators perform against each other and with respect to
single fidelity estimators as a function of the models’ non-determinism.

The remainder of this paper is organized as follows. Necessary preliminary material on non-deterministic models,
the forward UQ task, and key statistics for MF UQ are included in Section 2 along with relationships which show
how the statistics degrade as a function of noise. The single-fidelity Monte Carlo estimator, which constitutes the
building block of all sampling-based MF UQ approaches, is discussed in Section 3. Section 4 briefly introduces the
ACYV framework from [22] and extends it to the case of non-deterministic models. Moreover, three instances of ACV
estimators (multilevel Monte Carlo, multifidelity Monte Carlo, and ACV-MF) are explicitly derived and the effect of
noise is discussed. Numerical experiments shown in Section 5 compare various estimators and examine the effect of
non-determinism on MF UQ in different application scenarios. Finally, Section 6 summarizes and highlights future
work.

2. PRELIMINARIES

Consider the task of sample-based forward propagation of uncertainty through a model f with inputs  which, without
loss of generality, are uncertain. The model output y = f(x) is a random variable or possibly a vector of random
variables, e.g., the vector of solution values over a mesh. We consider a generic functional of the solution as our
quantities of interest, i.e, Q(y(x)), which we simply denote as Q(x). The goal is computing statistics of Q(z) over
the uncertain input space x with a set of realizations {Q(z("))}. In this context, a non-determinstic model is one with
an additional and uncontrollable source of variability such that for a given input sample z(*), the model output is still
a random variable. The presence of non-determinism in the models makes forward propagation more challenging as
its additional variability pollutes the statistics of the Qols — that is, larger statistical errors are incurred compared to
forward propagation through the same model without the additional variability.

2.1 Non-deterministic models and quantities of interest

Let fo : X x Q9 — ) be the mapping from the joint input space X x ) to the output space ) which defines a
non-deterministic, high-fidelity computational model:

Yo = fo(x,wo)- 1))

The vector of input parameters € X are explicitly specified for each model evaluation and, therefore, are deemed
accessible and controllable. In contrast, wy is a vector of inaccessible and uncontrollable random variables which
represent the intrinsic stochasticity of fy and cause the model output to vary for a fixed #(*). Formally, we associate
2 with the probability space Px = {X, Fx,Px} where Fx is the event space and Px the probability measure.
Similarly, Pq, = {0, Fa,, Pa,} is the probability space for wy. The relevant probability space for fj is associated
with the product measure, e.g., the space Px xq, = {X x Qo, Fx X Fa,, Px X Pq,}.

For this work, we define our Qol as the conditional expectation

Qo(l‘) :EQO [fO (‘rva)] EE[fO (‘i’aWO) |;L‘:i’] ) (2)

whose definition also establishes our notation for conditional statistics, e.g., E4 [f (a, b)] indicates marginalizing over
A. Eq, [fo] recovers the underlying deterministic response of fy with respect to . Qo is usually estimated in a Monte
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Carlo fashion from a finite number of replicas. The Monte Carlo approximation of Qy(x) is defined as

Nuy 4
Eq, [fo (z,w0)] ~ Qo(x;Nwo) = NL Zfo (‘Lw(()J)) 3)
wo j=

where N, replicas of fy, obtained by solving the model multiple times at the same location z, are used; see Figure 1
for an illustrative example. Due to the finite number of replicas that is possible to afford in a practical application,

T
-1.0 -0.5 0.0 0.5 1.0

FIG. 1: Monte Carlo sampling of a non-deterministic model f with V,, = 5 replicas. True conditional expectation conditioned
on z shown in black.

this procedure results in noisy observations of the Qol. In our context, noisy refers to variability incurred due to
non-determinism, i.e., ‘@0(55; Ny,) — Qo(:c)’ ~ N (0,02 y/Nu,) where 62 = Vg, [fo(z,wo)] is the variance of
the response for a fixed z. The non-noisy Qol Q) is recovered when N,,, — oo. We use - to distinguish noisy
quantities from their non-noisy counterparts, with a small number of exceptions, herein. To aid the reader, Table A.7
summarizes the nomenclature and key relationships between many of these quantities defined throughout this work.

As mentioned above, the focus of the UQ task is to estimate statistics over the uncertain parameters x of Qols
derived from the high-fidelity model. For deterministic models, this task can be performed more efficiently by lever-
aging multifidelity techniques. Our target will be computing the mean E x [Qo(z)] using multifidelity techniques in a
non-deterministic setting. With this in mind, consider a set of L lower fidelity non-deterministic models fi, ..., fr.*
such that f, for £ = 1,..., L is a map from the input space X x €2y to ) with associated probability space Px xq,,
in direct analogy to the high-fidelity model. The use of {2, implies the stochastic dependence need not be the same
for each model. In any case, due to the uncontrollable nature of the wy, realizations from two different models are
assumed to be independent with respect to their stochastic variability. On the other hand, the accessible input space X
is shared between all models (including the high-fidelity model) so they can be sampled at the same location x € X.
As in Equations (2) and (3), N,,, replicas of f, generate noisy observations @, of the non-noisy Qol Q, = Eq, [f].
We have overloaded the expectation operator and will overload the variance operator with the understanding that the
appropriate probability space can be inferred from their arguments — e.g., V [ f/] is an integral defined with respect to
PX XQp+

Let W, be the cost of a single evaluation of f;(x,w,). We assume Wy is independent of = and wy, e.g., the cost of

the evaluation f, (J:(i),w,gj )> is the same as the cost of the evaluation f, (a:(k), wém)) fori # k, j # m. Additionally,

*Note that no assumptions are made about the ordering of the models.
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we assume that for a given model NV, is fixed, i.e., the same number of replicas are used for each sample () Note
that each model may use a different number of replicas, i.e., N, # N, for m # n. Hence, the effective model
cost, or the cost of obtaining one evaluation of @g, is Wg = N,, W, and the cost of N, Qol evaluations is NgWg. In
other words, the computational cost is linear in both the number of replicas and the number of Qol evaluations. The
results provided in this manuscript leverage this assumption; extensions to this cost model are provided in [33].

In this work, our goal is to study and discuss the effect of non-determinism on MF estimator variance. In or-
der to reach this goal, the first step is to understand the relationship between statistics of the noisy Qols and the
corresponding statistics of the non-noisy Qols. In the next subsection, we summarize a series of results presented
in [26,28,29,34], extending them where appropriate for our multifidelity, non-deterministic context.

2.2 Relationships between noisy and non-noisy statistics

The following propositions highlight relationships between the noisy statistics, which determine multifidelity estima-
tor design and performance, and their non-noisy counterparts. These are the variance of a noisy Qol and covariance
and correlation among noisy Qols.

Proposition 1. The total variance of the noisy Qol @( is denoted V [@ 4 and can be decomposed as

Ex [04,]

V[ Qe M| = Vx Q@) + =5

“

where Vx [Qq(x)] is the parametric variance and o2, = Vg, [fi] quantifies the level of noise from the stochastic
response.

Proof. Equation (4) follows from the law of total variance (see APPENDIX B.1). ]

The parametric variance Vx [Q,], or the variance with respect to the accessible parameters, is not directly ob-
servable. Instead, given N, independent, identically-distributed (i.i.d.) samples of z, x = {J)(l) }, and N, replicas
for each sample, the evaluations of f, can be used to estimate

1. Ex [02,]. by first estimating 02, (")) with the N,,, replicas generated at each location 2(*) and then averaging
w.I.t. X

2.V [@4 , by taking the variance of the N, available samples of @g at the z(9).

Then Vx [Q¢] can be computed from Equation (4). The procedure of breaking the total noisy variance into contri-
butions from the parametric and stochastic variability has been introduced in several contributions [26,28,29,34] and
denoted variance deconvolution.

Proposition 2. The total covariance between two noisy Qols @m and @n for m # n, denoted C [@m, @n} , is equal

to the non-noisy parametric covariance:

C | @i N,,), @ulws Noy,)| = Cx [Qu(@), Qu(@)] )

Proof. By assumption, the stochastic responses of two different models are independent. Hence, any shared variability
between models is due to the parametric response. See APPENDIX B.2 for details of the proof and the precise
definition of the total covariance. O

As discussed in Section 4, it is convenient to express the existing multifidelity methods in the ACV [22] formalism
since many estimators can be derived directly as instances of it (or directly related to it, e.g., in the case of MLBLUE
[23]). The main quantities needed to formulate an ACV estimator are the matrix of covariances among the low-
fidelity Qols and the vector of covariances between low- and high-fidelity Qols. Let C = C(NLF) be the L x L
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matrix of noisy covariances C [@m(x; Ny, )s @,,,(x; N,,.)| = émm between the low-fidelity models and let ¢ =

~ ~ 1T
¢(N,,) = [C’OJ ,-, Co, L} be the vector of noisy covariances between the low-fidelity models and the high-fidelity

model. Since C and ¢ represent extensions of the non-noisy quantities used in ACV, we derive the expression linking
them in the following corollary; these expressions are obtained by identifying and separating the deterministic and
non-deterministic contributions.

Corollary 1. C = C+6C where C is the L x L matrix of non-noisy covariances Cx [Qm, Qn] between low-fidelity
models and §C is a diagonal matrix depending only the noise and number of replicas:

Ex 02 ] .
5Com =14 N, fm=n. (6)
0 else

Furthermore, ¢ = ¢, where ¢ is the vector of non-noisy covariances between the low-fidelity models and the high-
fidelity model.

A simple relationship between the correlation of two non-noisy Qols and the correlation of the corresponding
noisy Qols follows from Propositions 1 and 2.

Corollary 2. Define the (Pearson’s) correlation of two non-noisy Qols as

_ (CX [Q’rn (l‘)a Qn (.13)]
o = X (@ @)] Vx [Qu(@)] "

and the correlation of two noisy Qols as

C [@m(xv No,.), @n(l‘, an)}

P (N > N, ®)

wa) = ’
\/V [ém(ﬂf, Nwm)} \% [én(xa an)}

Let 7y = \/VX Q] /Vx [Qo] andp% =Ex [Uiz] /Vx [Qo]. Then

TmTn

ﬁm,n = Pm,n > > .
2 4 Pm 2, Pn
() (2

It is easy to see the noisy statistics converge to their non-noisy counterparts in the limit of large numbers of
replicas; this is illustrated in the following corollary.

Corollary 3. As N, — oo, V [@4 s Vyx [Qc] and Cyy —s Cyp. Similarly, if both N,, N, —3 oo then

ﬁm,n — pm,n~

3. SINGLE-FIDELITY MONTE CARLO ESTIMATOR

All the MF UQ estimators based on linear control variates [15,35-38] are built from a single-fidelity Monte Carlo
(SFMC) estimator based on high-fidelity model evaluations. Afterwards, unbiased terms based on low-fidelity model
evaluations are added (and weighted) to reduce its variance while maintaining the bias of the high-fidelity model
(see Section 4). In this section we are able to leverage the concepts introduced in Section 2 and establish additional
definitions and notation for the SFMC. These developments will be fundamental for the formulation of multifidelity
estimators, as discussed in Section 4, and will allow the comparison of MF UQ estimators with their single-fidelity
counterpart, which should be considered the baseline in all sampling-based UQ approaches.
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3.1 Definition and estimator variance

Consider the MC estimator for Ex [Qo(x)] for which we use Equation (3) to write

1 = 1 al 1 o i ,(J
Ex [Qo(z)] ~ (Q), (; Nuy) 7ﬁg ( )_N(); Nwoj;fo (xu’wo,m) ©

where  is a set of i.i.d. samples of x of size Ny. For each sample z(¥), f; is evaluated N,,, times, producing realiza-
tions fo(z(i),w(i)’(j)) for j = 1,..., N,,. The total cost of the estimator is WM¢ = NyN,_, W = NOWO. Given the
nested nature of the estimator and the linearity of the expectation operator, it is easy to see that (@), is unbiased.

With Ny samples of the noisy Qol, the estimator variance is V [(Q) (@; Ny,)| = Ny 'V [QO( wo)} which,
using Equation (4), can be decomposed as

1 EX [0’3 ]
V Qo (5 Naw)] = 77 (VX Qo+ =5 |- (10)
Akin to the discussion in Section 2.2, let
@0 (CL‘) :Nlim <Q>0 (w;Nwo) (11)
W0_>OC

be the related non-noisy MC estimator which uses the same parametric samples « but evaluates the Qol exactly and
achieves the minimal possible variance, i.e., V [@0} =N, ly x [Qo]- Then Equation (10) can be written as

V(@ (@3 Noy)] = 511 (1 + ﬁz) = Vx [ Qo] <1 + ﬁi) . (12)

This type of splitting provides one useful way of highlighting the effect of non-determinism and will be extended in
Section 4. The variance in Equation (10) expresses the variability of the mean estimator (Q) (x; N, ) that would
be observed over independent realizations of x and wy. It is important to note that the noise increases the variance
of the non-deterministic SFMC estimator compared to its deterministic counterpart with the same Ny. To maintain
the same level of precision requires either a larger number of Qol evaluations Ny or an increased number of replicas
N, which effectively reduces the noise introduced by non-determinism. Practically, with a constraint on the total
computational budget, these two parameters are optimized to recover the smallest possible estimator variance.

3.2 Optimal estimator under a budget constraint

Under the assumption on the cost introduced in the previous section (the cost of evaluating a model is independent
from the realization of x and w), the SFMC estimator with the lowest variance for a given budget can be obtained
with a single replica, (i.e., N, = 1), as demonstrated in the following proposition; see also [13].

Proposition 3. Assuming the model cost is independent of x and wy (linear cost model) and a fixed computational
budget Wi, the optimal (lowest variance) single-fidelity Monte Carlo estimator is the one with N, = 1.

Proof. Given the budget Wiot, Ny, = Wiot/ (NoWp). Substituting into Equation (10) gives

Vx [Qo] n

V@] = No Wiot

IEX[ .-

The variance V [(Q),] is minimized for the maximum number of evaluations Ny = W;, /W, which corresponds to
N, = 1. O
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Hence, Equation (10) shows that, in the single-fidelity context and under the linear cost assumption, the lowest
variance is obtained with one replica per each sample z(*). Indeed, additional replicas (N, > 1) only serve to reduce
the noise, but additional samples for = (larger Ny) drive down the contribution of both terms. This optimal approach
is equivalent to the so-called “direct” sampling strategy [13] explored in the context of single-fidelity surrogate con-
struction (Polynomial Chaos) for radiation transport models. We note once again that more complex/realistic cost
models would lead to different conclusions; see for instance [33,39].

4. MULTIFIDELITY ESTIMATORS

In this section, we introduce multifidelity estimators which aim at reducing estimator variance by leveraging realiza-
tions from cheaper low-fidelity models. Indeed, if high-fidelity evaluations are expensive, the single fidelity estimator
introduced in the previous section, even with a single replica, could still produce a variance that is too large for prac-
tical purposes. A larger number of low-fidelity simulations can be usually obtained for a fraction of the high-fidelity
model’s cost and, if these models are opportunely correlated, multifidelity estimators can achieve a variance reduction
with respect to SFMC. Unfortunately, non-deterministic models carry uncorrelated stochastic noise which diminishes
their potential for variance reduction. In this section, the approximate control variate framework for multifidelity
uncertainty quantification [22] is extended for non-deterministic models. As discussed in [22], several existing multi-
fidelity approaches are instances of ACV estimators. The goal here is to incorporate the effect of noisy statistics (due
to non-determinism) into ACV and then explore this effect on several instances of ACV estimators (multilevel Monte
Carlo, multifidelity Monte Carlo, and ACV-MF).

4.1 The non-deterministic Approximate Control Variate framework

We first establish the notion of a non-deterministic ACV estimator and identify its variance, then we show how
noise in the Qols affects variance reduction. We note here that all the developments that follow, which involve the
noisy statistics introduced in the previous sections, are novel since the original ACV framework [22] only dealt with
deterministic models. Nevertheless, our presentation and notation is intentionally as close as possible to the original
work for two reasons. First, the reader familiar with the original ACV can easily parse the role played by the models’
noise and recover the original ACV expressions, if no noise is present. Second, by explicitly writing the effect of the
noise as additional terms or corrections with respect to the deterministic ACV baseline, we can easily propagate the
effect of the noisy quantities into the estimator’s performance, e.g., from the degradation of the correlations to the
variance reduction.

4.1.1 Definitions

Let (Q), (x¢; N,,,) be the nested Monte Carlo estimator for model ¢ generated with a batch of samples x,, directly
akin to Equation (9). For each sample :cy), a vector of realizations of the inaccessible variables w of size N, is
generated during replication. An ACV estimator for non-deterministic model sets is an unbiased MC estimator of the

form

L
<Q>ACV (&,@; Nw) — <Q>0 ($O§Nwo) + Zag (<Q>€ (CCwag) - <Q>e (:B%;ng)) (13)
=1

=(Q) (®0; Nuyy) + &7 A (27, NLFY |

where A, = A, (a;é, x?; Nw@) =(Q), (:cé; ng) —(Q), (m%; Nwe) for £ = 1,..., L are differences of estimators
obtained with possibly overlapping sets @} and x?, while & are a set of weights (which can be optimized). The

number of replicas employed for each model are indicated with N, = {N,,, ..., NV, }, whereas the ordered set of
all the samples is denoted as = (a:o, zl,x}, - xb, m%) To simplify the following expressions, we also introduce

the low-fidelity only quantities """ = (x},x{,- - ,@}, @) and NJ¥ = {N,,,...,No, } = No, \ {N,, }. Letting
Ny be the size of oy and N, be the size of mé U m% (i.e., the total number of noisy Qol evaluations of model ¢), we
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introduce the commonly employed sample ratio # where 7, = Ny /Ny for ¢ = 1,..., L; see, e.g., [18]. We assume the
QolIs are such that |pg ¢| > |po,e—1], i.€., the first low-fidelity Qol has the largest noisy correlation with the HF Qol,
and so on. While not necessary for a generic ACV estimator, this is easily done in practice, is often found in the MF
literature, and has advantages when optimizing estimators under constraints (more detail in Section 4.4). Following
[22] closely, the following lemmas express the ACV estimator’s variance.

Lemma 1. (Variance of the noisy ACV estimator). The variance of the noisy ACV estimator in Equation (13) for a
vector of weights & € R is

V(@ (@ No)| =V [@] (1- ) . (14)
S RY) T(C [37 A [ }
where R?>=R*(a;N,)= - |a’—+——a+2a’ . (15)
V(@] V@]
Proof. The proof is provided in [22], however, in the present manuscript, the notation is adapted to our context, i.e.,
~ indicates the noisy quantities (see Section 2.2). O
Lemma 2. (Optimal noisy ACV weights). The noisy ACV variance can be minimized by using the weights a°Pt given
by (see Proposition 2 and Eq. 11 in [22])
-l ~
am = -C[AA] C[A Q)] (16)
which lead to
-1
o claal
2 (&7 No) = C[A, Q)| —r57C A (@) - (17)
( ) 0 v [<Q>0] 0
Proof. For the proof see Proposition 2 in [22]. O

We have introduced the noisy variance reduction term R2, which represents the variance reduction achieved by
the multifidelity strategy compared to its single-fidelity counterpart, specifically the one corresponding to the high-
fidelity estimator with the same Ny and N,,. The noisy variance reduction ratio, defined as

% [<Q>ACV:|
V(@]

can then be used to measure the effectiveness of the ACV estimator.

Finally, different instances of ACV estimators vary by the relationship between the different samples sets that
comprise z. As stated in [22,25], the statistics that impact ACV estimator performance can be written explicitly in
terms of the sampling strategy as

5 —1- R, (18)

C[&.(@)) = 5 ding (F () o€ (VL) (19)
and C [3,5] - NLF(;) o C (NLF) | (20)
0

extended here for non-determinism. We indicate with o the Hadamard (element-wise) product and F'(7) is the matrix
which depends only on 7 and encodes the aforementioned parametric sampling strategy (e.g., the overlap between
the different sample sets in x).
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10 B.W. Reuter, G. Geraci, & T. Wildey

4.1.2 How does noise impact ACV performance?

The previous lemmas have adapted the results of [22] to the non-deterministic model case. Going forward, we gain
additional insights by separating and identifying the effect of noise on the estimator’s performance. This is illustrated
in the subsequent results, which culminate in Theorem 1.

First, we link the noisy and the non-noisy variance reduction in the following lemma.

Lemma 3. (Relationship between the noisy R? and deterministic R* variance reduction). Given the noisy variance
reduction R2, introduced in Lemma 1, the deterministic variance reduction R* (see [22]) is obtained in the limit of
infinite replicas from all models, i.e.,

R? = N}jgmﬁz, 21
where both R
— aTMa + ZOLTM « arbitrary
R — Vx [@0} Vx {@o] 22)
-1
Cx [A7 @or Mcx [A7 @0] o = o’

Vx [@0}
and a’?t = —Cx [A, A]_l Cx [A7 @0} are defined as in [22].

Proof. This result follows from the definition of R? provided in Equation (15) and its optimal value (Equation (17)),
the use of Equation (11), and

A= g;rg Oo&, (23)

where we employed o ‘
Qi) = | Jim Q) (@hiNoy), for =12, 4)
O

In the next lemma, we recognize the high-fidelity model’s noise affects R? only through the normalization term

V [(@)o]-

Lemma 4. (Influence of high-fidelity noise on R? ). R? only depends on the high-fidelity model’s non-determinism
through the term V [(Q),].

Proof. Starting with Equation (19) and employing Corollary 1, it immediately follows that

C[A,(@)| =Cx [A, Q] (25)
i.e., the deterministic term is recovered. Again using Corollary 1, Equation (20) is simplified:
-~ 1 ~ 1 _ ~
C|AA| = - F (7)o (C+0C (NL")) = Cx [A, Al + - F (i) 0 6C (NLF) , (26)
No NO

which shows C [&, 5} only depends on the LF Qols and their noise. Hence, the dependence of R? (Equations (15)
and (17)) on HF non-determinism is only through the denominator V [(Q),]. O

7

wo

Corollary 4. The product <1 + ) R? has no dependence on the high-fidelity noise or N,,.
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Proof. Since V [(Q),] is the denominator of R?, the product V [(Q),] R? will be independent of the high-fidelity
noise. From Equation (12), this product can be rewritten as Vx {@0} (1+ p§/Ney) R2. Vy [@o} is a deterministic
quantity; hence, (1 + p§/Nu,) R? will also be independent of the high-fidelity noise. O

We are now ready to identify the models’ noise effect (from all the high- and low-fidelity models) on the noisy
ACV variance as a degradation with respect to the deterministic variance reduction R?. This is illustrated in the
following theorem.

Theorem 1. (Relationship between the non-deterministic ACV variance and its deterministic counterpart). The vari-
ance of the non-deterministic ACV estimator in Equation (13) for a vector of weights a € R” can be expressed as

V@] = Vi [ Qo] (1 - B + 0B (V) + 0B (NET)) )

where the degradation in variance reduction introduced by the high- and low-fidelity models’ noise is represented by
6R%IF (Nwo) and 5R2LF (N£F>, defined as

2

5 b
ORitr (Naw) = - (28)
~ 2 ~,
SRy (NEF) = R — (1 + - ) R, (29)

respectively.
Proof. This proof starts from the use of Equation (12) in the noisy ACV variance expression (Equation (14)), which
leads to
ACV A P% P(z) 2
V[<Q> }:VX {QO} 1+ 2 (g R . (30)
Nw() NWO

By definition, p§/N,,, depends only on the non-determinism of the HF model, so this can be identified as éﬁﬁl F as

long as the product (l + p% / NWO) R%is independent of the non-determinism of the HF model. This is precisely what
is demonstrated in Corollary 4. Hence, the result follows from addition and subtraction of R>. O

Theorem 1 is central in understanding the role played by the models’ noise. Indeed, it shows that the determin-
istic variance reduction is reduced (i.e., the effectiveness of the estimator with respect to the single-fidelity) by two
independent contributions that separately depend on the high- and low-fidelity noise. As a consequence, it is possible
to obtain an alternative expression for the noisy variance reduction, as shown in the following corollary.

Corollary 5. (Noisy variance reduction ratio). From Equation (27), the noisy reduction ratio is expressed by
5:1—7]%2_5?%?
1+ 6R%,

From the previous corollary it follows that higher noise in the high-fidelity model inhibits the potential for variance
reduction, diminishing the effectiveness of the low-fidelity models even if § k2 1. is small.

€29

Finally, 51§2L r can be further rewritten to emphasize the effect of noisy statistics, as summarized in the following
proposition.

Proposition 4. The impact on variance reduction from the non-determinism of the low-fidelity models § EZL P IS

— 1 {@ } ol {Fo 66’} o o arbitrary

0Vx [&o

e aal (cmar e 58] er[aa]  amaamon
Vx {Qo}

(32)
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12 B.W. Reuter, G. Geraci, & T. Wildey

Proof. The result follows from Equations (25), (26) and (29), and the definitions of R? and R2. Details in APPENDIX
B.3. O

4.2 Examples of ACV estimators

In this section, we discuss three instances of ACV estimators, namely multilevel Monte Carlo (MLMC) [14], multifi-
delity Monte Carlo (MFMC) [18], and ACV-MF [22], in the light of the results introduced in the previous section.

4.2.1 Multilevel Monte Carlo

As shown in [22], this estimator can be obtained within the ACV framework (when the number of levels is prescribed):

L
(@M (o5 Nu) = (Q)g (@0 Nu) = D (@) (@1 Vo) = (@) (@ V) ) (33)
=1
where 7, N x? = () and x? has size Ny ,. This means z} = 7 |, } = @ and oy = —1 V¢ (see Equation (13)).

Proposition 5. Let 1y = Ny /Ny and recall 7o = \/Vx [Q¢] /Vx [Qol, p} = Ex [02,] /Vx [Qo]. The variance of
the MLMC estimator (Equation (33)) can be written in the form of Equation (27) where

2 L
T 1
Ry = —7i +2poum — = — E —— (77 + 71 — 2pee—17eTe—1) (34)
nw = et
ZL ne+ -1 p;
~ ¢+ Me—1

= NeMe—1 Nwe
Proof. Included in APPENDIX B.4. The result follows Equation (32) and the specific partitioning for ML, Fy;r. O

As expected, R3,; is the deterministic result from Eq. (24) in [22] if oy = —1 V¢T. The following proposition
gives a bound on the achievable variance reduction ratio 7 for MLMC.

Proposition 6. In the limit of infinite evaluations of the low-fidelity Qols é@, { > 1, the MLMC estimator (Equa-
tion (33)) has a minimal attainable variance reduction ratio corresponding to

2

‘ —T12+2p0’17'1 — ]51
Ty =1- S (36)
14+ 20
+ N..

Proof. Using Equation (31), this follows since 6R3;, ; » — p}/N,, and R* — —7%+2pg 17 as Ny — co. O

Note that V [(Q)ML} and, in turn, %\"jiL” are suboptimal since the weights are fixed and, in general, differ from the
optimal weights (Equation (16)).

Corollary 6. In the limit of infinite evaluations of the low-fidelity Qols, it is possible to obtain a lower variance
with the MLMC estimator than the single-fidelity MC, i.e., 7% < 1, when the low-fidelity noise, in the first model,
satisfies p} /Ny, < =77 + 2p0.171.

The above proposition illustrates how the presence of noise can have a detrimental effect on the performance of
a multilevel estimator, even in the limit of infinite LF Qol evaluations. MFMC and ACV-MF are partially able to
counteract this negative impact of the noise, however, their performance is also impacted by the models’ noise as
illustrated in the next sections.

T There are typos in Eq. 24 in [22]: 7as should read 73, and the 7?_,77_, term should read o2 _;72_,.
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4.2.2 Multifidelity Monte Carlo

As with MLMC, the multifidelity Monte Carlo strategy can be obtained as part of the ACV framework [22]. The
multifidelity Monte Carlo estimator [18] partitions samples in the following manner: with0 < Ny < N} < --- < N,
one set of i.i.d. samples of size N1, x, is drawn and the first Ny are used to form the partition ot In the ACV
framework, these choices correspond to a:} = xy_; and a:% = xy, which allow to write Equation (13) as

L
(@ (a2 Nu) = (@) (@0i Naw) + D e ((Q) @13 Vo) = Q) (@i Vo) ) - (37
=1

-1
Due to the absence of off-diagonal terms in Cx [A, A} , it is possible to obtain the MFMC optimal weights in
closed-form as

_Cx[@, .
= - X Q0 Qd T (38)
V |:QZ:| ng + NZ[

which results in the estimator variance outlined in the following proposition.

Proposition 7. Using the standard convention ro = 1, the variance of the MFMC estimator (Equation (37)) can be
written in the form of Equation (27) where

L
Te —T¢—1
Riyr=Y ——p (39)
MF ; e Po.e
P
~ L Te —Te—1 2 N
and R} p 1y = Z o P . (40)
=1 ere—1 T2 + pg
14 Nwz
Proof. Included in APPENDIX B.5. The result follows Equation (32) and the specific partitioning for MFMC, Fy; .
O

As done for the MLMC estimator, in the following proposition, we quantify the effect of the noise on the achiev-
able variance reduction ratio 7 of MFMC, under the assumption of infinite low-fidelity evaluations.

Proposition 8. In the limit of infinite evaluations of the low-fidelity Qols @g, { > 1, the MFMC estimator (Equa-
tion (37)) has a minimal attainable variance reduction ratio corresponding to

2
~min T

e =1— p%,l pz pz =1- ﬁ%,l .
14 22 ) <7'2+ 1 )
< Nwo ! Nwl

(41)

Proof. Using Equation (31), this follows since 0R3, . . » — 3, (p?/Nuy) / (77 + p?/N.,) and B2 — p3, as
Ny — oo. O

This bound is the same as that achieved by the optimal control variate estimator which employs only the first (£ = 1),
most highly correlated low-fidelity model (OCV-1). The following corollary illustrates how MFMC is able to always
achieve a variance reduction in the presence of noise if enough low-fidelity evaluations are available.

Corollary 7. In the limit of infinite evaluations of the low-fidelity Qols, the MFMC estimator, excluding the trivial
case with no correlation among high- and low-fidelity models, always achieves a variance reduction, i.e., V'R < 1,
since ﬁ%)l > 0.

TEach subsequent partition is a superset of the previous.
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The above results illustrate a key difference between MLMC and MFMC. While the MLMC variance reduction is
strictly dependent on the low-fidelity models’ noise, the MFMC estimator can always achieve a variance reduction if
enough low-fidelity noisy evaluations are provided.

4.2.3 ACV-MF

In [22], a few convergent multifidelity estimators are introduced. These are ACV estimators which converge to the
optimal control variate estimator (OCV) in the limit of infinite samples of the low-fidelity Qols (see section 2.1 in
[22]). An OCV has a minimal variance reduction ratio

T ~N—1=

S cC 'c
Yoy =1-— — 7 (42)

1+ 20

+ N

where € = ¢/+/V x [Qo]. This last expression, unlike its counterparts for MFMC and MLMC, includes statistics of
the high-fidelity and all the low-fidelity models, rather than only the first low-fidelity model. One convergent estimator
is ACV-MF which, as with MFMC, generates a set of samples size Ny, (x1) and uses the first N, to form m% = @y
but instead always selects mé = xq (rather than x,_1). The optimal weights (Equation (16)) are used. In general, c,

R?, etc. need be computed numerically since C {5, 3} is a full matrix and analytic inversion is not possible.

Proposition 9. If Cis full rank, the ACV-MF estimator with infinite low-fidelity Qol evaluations always acheives
variance reduction.

Proof. This is a property of all convergent estimators. Since C is full rank, it is symmetric positive definite. Hence,
e'C7'e > 0and 73R, < 1. O

4.3 Example: comparing optimal variance reduction

In this section we illustrate via a numerical example the effects of non-deterministic models described in the previous
sections. We augment the monomial example from Section 2.5 in [22], which computes the variance reduction ratio
for a given five model set as a function of low-fidelity Qol evaluations for different ACV estimators, by introducing
centered Gaussian noise with variance aiy , to the models. In the notation adopted in this paper, we can define the ¢th
Qolf as
Nu,
1 - 2

N A (0.02) @)

J=1

Qe (z,w0) = 27" +

where x ~ U(0, 1). Table 5 in [22] provides the correlation matrix and all necessary statistics follow from the models’
definition in Equation (43).
We study the variance reduction ratio v for MLMC, MFMC, and ACV-MF in the two following scenarios:

1. Firstly, as a function of N, for £ > 1, the number of evaluations of the low-fidelity Qols @4, with a given
amount of effective noise p% /N, for all models (including HF);

2. Then, in the limit of infinite low-fidelity sample evaluations (N, for ¢ > 1) and infinite low-fidelity replicas
(N, for £ > 1), such that we effectively sample the non-noisy low-fidelity Qols ()¢ and extract their maximum
potential for variance reduction while the high-fidelity model remains noisy.

Furthermore, it is important to also note that for this example we are interested in the variance reduction ratio without
assuming a constraint on the computational budget. Cases with budget constraints are discussed in Sections 4.4 and 5.

§Before reordering, if necessary.
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With a sample ratio 7¢(k) = 2°**, Figure 2 shows 7 as a function of low-fidelity Qol evaluations under different
stochastic noise scenarios. For simplicity, p7/N,,, (which measures the effective amount of stochastic noise with
respect to the high-fidelity parametric variance) is taken to be the same for all models. We include the deterministic,
non-noisy case, i.e., p% /N, = 0V, for reference. As expected, for large k = log, (¥¢) — ¢, 7 nears its optimal
value ™" for all three strategies because this corresponds to a large number of samples of each model. For the
deterministic case, OCV provides more than four orders of magnitude reduction in variance compared to the single
fidelity MC (SFMC), whereas OCV-1, which corresponds to the use of a single most correlated low-fidelity model,
can attain two orders of magnitude reduction with respect to MC. Note that MLMC is unable to asymptotically reach
OCV-1 due to the fixed coefficients, i.e., &y = —1, as predicted by the theory. The introduction of noise increasingly
decreases the maximum attainable variance reduction while, for large values of k, all methods still converge to their
maximum variance reduction. In particular, OCV provides just ~ 1.2 times more variance reduction than OCV-
1 and the gap between the multifidelity strategies and SFMC is much smaller, Y3%, = .0226,.1455,.2448 for
p3/N,, = .01,.1,.2, respectively. Hence, there is still significant potential for variance reduction compared to a
single-fidelity strategy, but no longer significant differences between an OCV with four LF models or one using @1
alone. The limiting values 7" for OCV and OCV-1 are summarized in Table 1. Finally, note as the effective noise
level grows, fewer number of LF Qol evaluations are needed before the methods converge to their maximum variance
reduction since their performance is dominated by the amount of stochastic noise present.

Now we move to the second scenario and allow N, — oo for all low-fidelity models (¢ > 1) such that
ég — @y. The maximal potential for variance reduction increases for both OCV and OCV-1, as the effective LF
noise is removed (Table 1). However, as the effective noise in the high-fidelity model increases, the gap in variance
reduction between OCV and OCV-1 again decreases. This indicates the three additional low-fidelity models for OCV
are becoming less beneficial even with all noise removed in the limit of infinite low-fidelity samples. Ultimately, the
HF noise limits all correlations po ¢ and, in turn, the efficacy of these MF techniques in this scenario.

ri Rletel’e 16V > VO 1> VOV -1
N,, | All models noisy Only HF model noisy ~ All models noisy ~ Only HF model noisy
0 2.54 x 1073 - 9.98 x 1073 -
.01 .0226 .0099 .0284 .0198
.1 .1455 .0909 1734 .1000
2 .2448 1667 .2993 .1750

TABLE 1: Minimal variance reduction ratio for various amounts of effective stochastic noise, monomial problem
(Section 4.3).

4.4 Optimal ACV estimators under a budget constraint

In a practical scenario, large numbers of LF Qol evaluations with many replicas are not possible, but rather the
available computational budget would need to be allocated between evaluations in the uncertainty space and replicas.
More formally, the aim is to minimize the ACV estimator variance for a given budget W;,;:

argmin (V [(Q)ACV (N, T; Nw)]) st WAY < Wy, (44)
No,7 N,

where WACY = WACV (N, 7, N,,) = Ny (Wo + Zle FgWg) is the achieved cost of the ACV estimator. The

explicit dependence of « is dropped with the understanding that either the coefficients are fixed or &P is used
depending on the estimator.
For simplicity, Equation (44) is solved via a nested approach in this work. The nested approach has an outer loop
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. p7/Nuy =0 p}/Nae = 0.01
101 T 100 E
107 ]
<1024 :
I o
= 1073 . 10 ‘§
1074 1 E oot YNSNSe————
0 10 20 30 0 10 20 30
logy(7¢) — ¢ logy (7¢) — ¢
p%/ij = 01 p?/N%g = 02
100 10° 5 I
1IN | ———xx—
el ——— e ————————————— e
10~1 3 101 3
0 10 20 30 0 10 20 30
logy(7¢) — ¢ logy (7¢) — £
— MLMC MFMC — ACV-MF --- OCV --- 0CV-1 SFMC

FIG. 2: Variance reduction ratio 7 versus number of LF Qol evaluations (measured by r,) for the example in Section 4.3 under
four different effective stochastic noise scenarios. The noise measure pj /N, is the same for all models in each scenario. The
asymptotic %" are shown for the OCV (employing all models), the OCV-1 (using only 1 LF model), and SEFMC (HF only). Note
the three cases with noise share the same axis scaling, while the non-noisy case (upper left) does not.

over replicate profiles IN,, in some search space \/'Y. In the inner loop, the standard ACV optimization problem

argmin (V [(Q)ACV (NO,F;N“,)D ot WACY <., (45)
Ny,7

can be solved since IN,, fixes Wg and C. This is attractive since existing solvers for Equation (45) can be used with
these modified costs and covariances.

For a given IN,,, an analytic solution to the inner loop problem (Equation (45)) always exists for MLMC (see
APPENDIX C). For MFMC, an analytic solution exists if certain constraints are met (see Theorem 3.4 in [18]):

1= [pool > [po,1| >+ >|po| and

Woo1  Pro_i— Do (46)
N /jg,z 1A2/’o,z for{=1,...,L

W, Po,e — Poe+1

where, for notational convenience, pg 1,41 = 0. This, as well as Equation (41), motivates reordering the Qols based on
decreasing |pp ¢|, as has been assumed herein. This guarantees the first constraint in Equation (46) is always met for
MFMC. Reordering can also improve performance for MLMC and robustness for estimators requiring a numerical
solution of Equation (45); hence, it is employed for all estimators tested here. Note the reordering depends on N,
and may differ while searching for the optimal Ny, 7, and IN,,. A numerical solution of MFMC which does not
impose the constraints can also be used. When converged, the numerical solution should match the analytical solution

9For example, A" might be the Cartesian product (1,2, ..., N/**®)L for a given maximum number of replicas N*%®.
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(to numerical tolerances), if the latter exists. However, the solution of Equation (44) may differ for the analytic and
numerical versions of MFMC since the optimal IV, may not permit an analytic solution even with the aforementioned
reordering due to the second constraint on effective Qol costs.

4.5 Optimal number of HF replicas for analytic MFMC

The analytic MFMC is still useful since Equation (45) can be solved at basically no cost and may give comparable
results to its numerical counterpart. Additionally, it is useful for theoretical advancements such as the observation
that, under the assumptions laid forth in [18], N,,, = 1 is optimal for MFMC. For N, fixed, Equation (45) becomes
the same optimization problem as in [18] whose analytic solution, under certain constraints on the model correlations
and costs (Equation (46)), is

Ny = — et e |7 <'5(2) “Fien) @7)
0= =L <~ — Te = >
Ze:o oWy ( pO,l)
The minimized variance is
v[a] (& 2
MF _ ~ =
v (@Y7 (V)] = W (; \/ We (7.0 P0,£+1)> : 48)

Ny, = 1 is optimal for minimizing the MFMC variance, Eqitation (48), with respect to the number of high-fidelity
replicas.

Proof. Included in APPENDIX B.6. It is shown 9V [<Q>MF] JON,, > 0VN,,. O

Recall the optimal single-fidelity estimator (Proposition 3) also has IV,,, = 1.

5. NUMERICAL EXPERIMENTS

In this section, we explore the performance and characteristics of the MF UQ methods from Section 4 under a budget
constraint. As stated in Section 4.4, a nested approach is used to solve Equation (44) since our goal is simply to
investigate the performance of various sampling-based MF UQ estimators in a variety of scenarios defined by the
noise levels associated with the non-deterministic models. An approach focused on obtaining the optimal resource
allocation while limiting the exploration of the search space will be the subject of future studies. Finally, we note that
non-noisy statistics can be obtained directly from their noisy counterparts by employing the relationships derived in
Section 2.2, which effectively provide an avenue for the efficient solution of this problem by only requiring a set of
pilot runs; see, e.g., [30]. To solve the inner loop problem the optimization approach from [22] is used when numerical
solutions are required. For a given inner loop iteration (i.e., N, is fixed), the analytic MLMC and MFMC (if it exists)
solutions are used to generate two initial guesses for the optimization of ACV-MF and the numerical MFMC (without
cost/correlation constraints, labelled here as MEMC-NUM). This process generates two solutions for each of these
estimators and the solution with the lowest variance is then selected. Note that in the following examples the model
covariances are known, not estimated. Additionally, the noise-to-variance ratios p% are also specified, not estimated.

When imposing a budget constraint W;,,, it is most appropriate to compare estimators optimized for the same
total cost. Hence, rather than 7 for which N and N, are fixed between the SFMC and MF estimators, in this section
the ratio of the optimized ACV estimator variance to the optimized SFMC variance for the given W;,; is reported to
describe variance reduction. We will use 7* to distinguish this quantity. For purposes of comparison, v* will indicate
the ratio of deterministic, non-noisy MF and SFMC estimators for the same effective cost.
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5.1 Monomial problem

We first revisit the monomial exemplar from Section 4.3, now imposing a budget constraint. Letting Wy = 1, Equa-
tion (44) is solved for W,,; = 10 with two different cost profiles:

1. W; =10~ for ¢ > 1 (smaller cost gap) — Figure 3;
2. Wy =10=%"" for £ > 1 (larger cost gap) — Figure 4.

For the outer loop, a simple grid search over IN,, € [1,10]° is employed. Figures 3 and 4 plot variance reduction
ratio 7* against stochastic noise level for a budget of Wy, = 103. For each noise scenario, p% is the same for the four
models. The single fidelity MC (SFMC) is implicitly indicated by v* = 1.

In all cases, the multifidelity strategies are preferable to the single-fidelity estimator. In the deterministic, non-
noisy case (included in Table 2 for reference), ACV-MF performs best, achieving slightly less than a two order-of-
magnitude reduction in variance compared to SEMC for cost profile 1 and slightly more than a two order-of-magnitude
improvement for cost profile 2. For the lower noise levels shown in Figures 3 and 4, ACV-MF provides closer to one
order-of-magnitude improvement over SFMC in these non-deterministic scenarios. ACV-MF achieves ~ 4 times
more variance reduction than the second most performant MF strategy for both cost profiles in the deterministic case.
For p, > 1072, all the MF estimators tested except MLMC, i.e., ACV-MF/MFMC/MFMC-NUM, perform similarly.
This indicates that the noise’s negative impact on correlation effectively prevents the efficient use of low-fidelity
evaluations. Finally, as predicted by the theory, MLMC is less robust to noise as its performance degrades more
rapidly than ACV-MF and MFMC with increasing noise for cost profile 1 (Figure 3) and cost profile 2 (Figure 4).
One way to see this is by looking at the point for which 4* > 1 (SFMC is preferred to the MF strategy). Of the
estimators shown, MLMC crosses this threshold first for both cost profiles.

Tables 3 and 4 detail the optimal fo’t for MFMC, ACV-MF, MFMC-NUM, and MLMC for various p% for the
two cost profiles. Additionally, the percentage of invalid optimizations out of the 10° outer loop iterations are listed
(not applicable for MLMC). We note here that the number of invalid optimizations is high for MFMC (e.g., ~ 9%
and 27% for p% = .1 and .2) because we consider MFMC to be invalid when the second constraint of Equation (46)
is not met, e.g., because the correlation/cost trade-off does not follow the second of Equation (46). For the estimators
requiring numerical optimizations (ACV-MF and MFMC-NUM), invalid optimizations (that is, when the optimizer
does not converge) are infrequent: 0.006% at most, for all shown p3. Despite this, the optimized variances for MFMC
and MFMC-NUM differ at most by ~ 2.5% for p} < .2, indicating the optimal MFMC solution is nearby the optimal
MFMC-NUM solution. As the noise level grows further, we observe that it is increasingly more difficult to satisfy the
MFMC constraint and a larger discrepancy appears between MFMC and MFMC-NUM, especially for cost profile 1.
Finally, note NN, f,pt varies from estimator to estimator, as well as for different p% and for the two cost profiles. However,
Ngopt, the number of high-fidelity replicas, is always 1 for ACV-MF, MF-NUM, and MLMC. For cost profile 1 and
p; = 1and 2, Ngg’t is 2 for MFMC, presumably because the second constraint of Equation (46) cannot be satisfied
for N, = 1.

Estimator v v
smaller cost gap  larger cost gap
SEMC 1 1
MLMC 0.048 0.022
MEFMC 0.046 0.019
MFMC-NUM 0.047 0.019
ACV-MF 0.015 0.005

TABLE 2: Ratio of MF estimator variance to SFMC variance for the same cost, non-noisy estimators. Monomial
example with budget constraint: Wy, = 10%. MFMC—NUM is the numerical MFMC solution.

As demonstrated in Section 4.3, high noise scenarios can lessen the gap between an OCV which employs all
LF models and one which uses only one LF model. Hence, we perform an additional study where Equation (44) is
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FIG. 3: Ratio of MF estimator variance to SFMC variance for same effective cost versus stochastic noise level, monomial example

with budget constraint: Wy = 1, W, = 10~ for ¢ > 1and Wit = 10°. The noise measure p% is the same for all models in each
scenario. MFMC—NUM is the numerical MFMC solution.
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FIG. 4: Ratio of MF estimator variance to SFMC variance for same effective cost versus stochastic noise level, monomial example
with budget constraint: Wy = 1, W, = 107 for ¢ > 1and Wiot = 10%. The noise measure p% is the same for all models in
each scenario. MFMC—-NUM is the numerical MFMC solution.

) NPt Inv. Opt. Nert Inv. Opt., Nert, Inv. Opt., Nert,
Py ACV-MF ACV-MF MFMC MFMC MFMC-NUM MFMC-NUM MLMC
ol | [1,1,1,1,7]  0001% [1,1,1,1,1] 0.000% [1,1,1,1,1] 0.000% 1,1,1,1,1]
1 | [1,1,1,4,10]  0000% [1,1,1,1,1] 9.200% [1,1,1,1,1] 0.000% 1,2,3,2, 1]
2 | [1,1,1,3,9  0000% [1,2,1,2,1] 27.200% [1,1,4,4,1] 0.006% 1,2,3,3,2]
1| [1,1,2,2,6)  0.000% [2,2,1,1,2] 76.536% [1.1,2,10,8]  0.000% [1,3,6,8,5]
2 | [1,1,2,2,4]  0.000% [2.2,1,1,1] 89.106% [1,1,2,8,5] 0.000%  [1,3,7,10,8]

TABLE 3: Optimal replicate profiles and percentage of invalid optimizations (out of 10° candidate profiles) for
various amounts of stochastic noise, monomial problem under a cost budget of W;,; = 1000 and cost profile 1
(Section 5.1). MFMC results in an invalid optimization when the constraints (Equation (46)) are not met.
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) Novt, Inv. Opt. Nopt, Inv. Opt., Nopt Inv. Opt., Nopt,
Pe ACV-MF ACV-MF MFMC MFMC  MFMC-NUM MFMC-NUM MLMC
ol | [1,1,7,10,2]  0.004% [1,2,1,1,1] 0.000% [1,2,1,1,1] 0.000% 1,2,1,1,1]
1| [1,2,5,6,100  0.000% [1,4,3,2,1] 5.000%  [1,4,4,2,1] 0.000% [1,5,5,3,1]
2 | [1,2,3,5,100  0.000% [1,3,6,3,1] 11.620%  [1,4,5,4,1] 0.000% 1,6,7,5,2]
1| [1,1,4,7,3]  0.000% [1,7,4,8,4] 57.280% [1,1,10,10,4]  0.000% [1,8,10,10,6]
2 | [1,1,6,9.4] 0.000% [1,6,3,3,9] 73.593% [1,1,10,10,5]  0.000% [1,8,10,10,8]

TABLE 4: Optimal replicate profiles and percentage of invalid optimizations (out of 10° candidate profiles) for
various amounts of stochastic noise, monomial problem under a cost budget of W;,; = 1000 and cost profile 1
(Section 5.1). MFMC results in an invalid optimization when the constraints (Equation (46)) are not met.

solved using only the HF model and a single LF model. Note that, numerical MEMC and ACV-MF are equivalent
in these two model cases. Figure 5 shows 7* versus p? for ACV-MF for the four possible HF/LF pairings and cost
profile 1. Figure 6 shows the same for cost profile 2. In both cases, the ACV-MF solution with all models and SEFMC
are included for reference. For cost profile 2, where the raw model costs are cheaper and more Qol evaluations are
possible, LF2, LF3, and LF4 collapse to the performance of all models for the higher noise levels. For cost profile 1,
this collapse is not seen. Figures 5 and 6 also show as the noise level changes so does the relative performance of the
estimators. The results here include only a simple subset of the possible estimators that can be formed through model
selection (i.e., subselecting from the set of L low-fidelity models) but highlight how variable performance can be as
a function of Wy, p,, », and p% once computational cost must be spread between replication and Qol evaluation.
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FIG. 5: Ratio of two-model ACV-MF estimator variance to SEFMC variance for same effective cost versus stochastic noise level,
monomial example with budget constraint: Wo = 1, W, = 10~ for ¢ > 1land Wi = 10°. The noise measure p% is the same for
all models in each scenario. LF/ indicates () is used as the LF Qol. The solution using all models is included for reference (A11
models).

5.2 Turbulent signals

This exemplar is designed to mimic models whose outputs are dependent on unknown input parameters and fluctuate
in time about a mean as in statistically-stationary turbulent flow. For this case, the Qols (), are obtained by averaging
over N,, equally-spaced snapshots of the time-dependent process (see Figure 7). We consider models which are
time-discretized Ornstein-Uhlenbeck processes with z—dependent means y¢(z) and parameters 6y and s;:

ge(@,tn41) = ge(z, tn) + 0ot (e(x) — ge(m,tn)) + sV AL & (tn) (49)
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FIG. 6: Ratio of two-model ACV-MF estimator variance to SFMC variance for same effective cost versus stochastic noise level,
monomial example with budget constraint: Wy = 1, W, = 10~ for ¢ > 1 and Wit = 10°. The noise measure p% is the same
for all models in each scenario. LE/ indicates ), is used as the LF Qol. The solution using all models is included for reference
(A1l models).

where & ~ N (0,1). For simplicity, all models share the same uniform timestep At = ty; — ty and the same
window between snapshots t,indow = KAt, where K is an integer. Recognizing Equation (49) is a first-order
autoregressive process, the mean and variance are easily computed to be ji¢(z) and U2 = s7At/(20,At — 67 A¢?),
respectively. To ensure stationarity, the initial condition is taken such that g,(z,t) ~ N (e, ¥2). The snapshots

can be viewed as samples of a random variable fy(z,w;) with the same mean and variance, Eq, [f¢o] = pe(z),
Va, [fe] = \IJ%, as the time-varying process. Hence, the theory introduced in this work can be directly applied.
The means
pe(x) = pe(zy, ) =2+ (23:? +223) I, + 3my22 + (27 + 23 + Sx{23) I + 521 + 522 (50)

are adopted from an example in [40]. The uncertain parameters are assumed to be z; ~ U(—1, 1) and independent
and the Z} are set to 1 or 0 to create a four model set (summarized in Table 5). As in the previous example, p? is set
to be the same for all models. The model costs are consistent with cost profile 1 above: W, = 10=¢ and Wy, = 10°.
For this example, we solve the ACV optimization problem (Equation (44)) with a grid search over N, € [1,10]*,
as well as a search over N,, € [5,10]*. The second case reflects a scenario often encountered in practice: the noisy
and non-noisy statistics are only approximately known in practice and will be computed with the samples used to
construct the mean estimator. Hence, a minimum threshold in the number of replicas is necessary. The value of 5 is
chosen for purposes of example, but realistically the threshold is problem-dependent and may also vary from model
to model.

As a baseline, ACV-MF (y* = .075) achieves more than five times the variance reduction of MFMC-NUM and
nearly eight times the variance reduction of MLMC in the non-noisy, deterministic case (Table 6). All non-noisy
estimators are more performant than SFMC. Figure 8 plots variance reduction ratio 7* against p, where the grid
search over N,, € [1,10]* is employed. Figure 9 shows the same quantity but for a search over N,, € [5,10]*.
The trends in each case are similar: ACV-MF achieves 2 — 3 times more variance reduction than MFMC-NUM for
small noise levels (p7 < .1), ACV-MF and MFMC-NUM perform similarly for larger noise levels (p7 > 1), MLMC
lags in performance compared to the other MF estimators. Comparing the two cases, ACV-MF and MFMC-NUM
outperform SFMC for higher noise levels (up to p} ~ 4) for the N, € [5,10]* case, compared to p? ~ .7 for the
case without a lower threshold. For MLMC, the breaking points are p} ~ .7 and p} ~ .1. We remark here that
differences among estimators are expected in the low-noise regime since in this regime the estimators approach their
non-noisy counterparts. On the contrary, for high-noise regimes the degradation in the correlations is so significant
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that effectively no estimator is capable of exploiting low-fidelity information; as a consequence their performance is
similarly poor. This clearly manifests in the estimators attaining a higher variance than SFMC.

1T 7 pos
0 1 1 1

1 0 1 907
2 1 0 792
3 0 0 .679

TABLE 5: Values of Z; which define the means of the four Ornstien-Uhlenbeck processes. The non-noisy correlation
between the resulting four models and the HF model also shown.
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FIG. 7: One trajectory of the discrete high-fidelity Ornstein-Uhlenbeck process (z; = .5, z» = .5, g0 = 1.25,600 = 1, At = .1).
N, = 5 snapshots are indicated with filled circles. The exact and computed time averages, Qo and Qo, are shown as dashed lines.

Estimator y*
SFMC 1
MLMC 0.580
MFMC-NUM  0.387
ACV-MF 0.075

TABLE 6: Ratio of MF estimator variance to SFMC variance for same effective cost, non-noisy estimators. Turbulent
signal example with budget constraint: Wy = 1, W, = 10~¢ for ¢ > 1 and Wy,; = 103. MEMC—NUM is the numerical
MFEMC solution.

6. CONCLUSION

Non-deterministic models have received far less attention that their deterministic counterparts from a UQ perspective.
As a consequence, MF UQ approaches in literature are not as well-developed to efficiently serve this class of applica-
tions/models. In this contribution, we extended the ACV framework introduced in [22] to the case of non-deterministic
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FIG. 8: Ratio of MF estimator variance to SEFMC variance for same effective cost, turbulent signal example with budget constraint:
Wo=1, W, = 10~ for ¢ > 1and Wioe = 10>. N, € 1, 10]4 is explored to find the optimal solution. The noise measure p% is
the same for all models in each scenario. MEMC—NUM is the numerical MEMC solution.
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FIG. 9: Ratio of MF estimator variance to SEFMC variance for same effective cost, turbulent signal example with budget constraint:
Wo=1,W, = 10~ for ¢ > 1 and Wit = 10>. N, € 5, 10]4 is explored to find the optimal solution. The noise measure p% is
the same for all models in each scenario. MEMC—NUM is the numerical MEMC solution.

models. Several theoretical results are presented. First, the effect of noise introduced by the high- and low-fidelity
models in the ACV variance was shown to manifest as separate, additive degradations to the non-deterministic vari-
ance reduction. Second, we analyzed a few instances of ACV estimators, namely MLMC, MFMC, and ACV-MF and
demonstrated that MLMC is intrinsically more susceptible to the presence of noise. MFMC and ACV-MF are more
equipped to handle noise, but their performance can severely degrade, compared to the deterministic case, due to
lower correlations and the need for replication. Finally, it was shown that, under a budget constraint, only one HF
replica is optimal for MFMC.

Numerical results were provided to illustrate the challenges in this space. Two examples were considered, namely
a verification test problem extracted from [22], extended to include non-determinism, and a turbulent signal model
problem. Noise was shown to prevent the most efficient use of LF Qol evaluations. ACV-MF, which is most perfor-
mant in the non-deterministic case for the examples shown, performs more on par with MFMC (i.e., gap between
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OCYV and OCV-1 is much smaller) for large levels of stochastic noise. Additionally, by examining a few different es-
timators created by subselecting models from the available set, the variability of estimator performance as a function
of the noise appeared. Finally, we note the use of a numerical solution for MFMC, which circumvents the analytic
cost constraint was robust to changes in IN,, and was able to find a more optimal solution than the analytic MFMC
for large noise levels.

The goal of this manuscript was not necessarily to provide a numerically efficient approach to deal with the
challenges of non-determinism in multifidelity estimators, but rather to illustrate the main features of this endeavor
and to provide a starting point for subsequent theoretical and algorithmic development. Clearly, selecting the optimal
model graph (see, e.g., [25]) is crucial as carrying additional LF models means introducing additional sources of
noise, which may be detrimental. This pairs with the trade-off between replication and sampling the UQ space,
which can be viewed as a model tuning problem with hyperparameters IV, that set the cost and correlation of the
Qols. An advantage here is these costs and correlations (as well as other statistics) are known functions of IN,,.
This advantage could be leveraged when developing approaches to solve the combined optimization over samples
and replicas (inner and outer loops) [30], potentially building on recent work in this space [24,41,42]. A few key
assumptions could be relaxed in future work. For instance, we assumed a perfect knowledge of statistics that govern
the behavior of the estimators; however, in a realistic deployment these statistics will need to be estimated. Hence,
there exists the challenge of balancing computational resources between exploration of the model ensemble via pilot
runs (to accurately compute the statistics) and the exploitation phase (obtaining samples for the optimized estimator).
In the context of non-deterministic models, this challenge is exacerbated by the need to obtain replicas for each
model to estimate their noise, i.e., the exploration cost is augmented by the need for replication. Strategies focused on
tailoring this exploration to the problem and models at hand, e.g., by targeting a level of precision for noise estimation
rather than employing a fixed number of replicas per model, should be devised to make the approach viable for real-
world applications. Other cost models, such as those explored in [30,33], should be considered to reflect the fact that,
in many applications, replication is much cheaper than evaluating a model at a new location in the UQ space. Finally,
strategies which let the number of replicas varying over the UQ space should be investigated to improve the overall
computational efficiency of the approaches based on the presented framework.
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APPENDIX A. SUMMARY OF NOTATION AND RELATIONSHIPS BETWEEN NOISY AND NON-NOISY
QUANTITIES
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Quantity Noisy ‘ Non-Noisy ‘ Important relationships
Qol Q: Qe Qe = o m Q
wp 7
Cost Wg W, Wg = ng W,
v|Q \Y v {@4 = Vx [Qd + Ex [Uozue] /Ney»
ol variance ~
Q |: Z:| X [Q@] Vx [Qd = lim V |:Q€:|
Nwl—>00
Qol covariance C {@m, Qvn} Cx [Qm,Qn] C [va, @n} =Cx [Qm,Qun]-m #n
ﬁm,n =
Qol correlation P Prmn PmnTmTn/ (72, + P2 /No,) (72 + 2 /N,
P = lim Pm.n
w1 Nw,, —>00
MC estimator (w.r.t. ) (@), @g Q\g = Nlirg (@),
wp OO0
. N V@), =1/No (Vx [Qd] + Ex [02,] /Ne,),
MC variance V@), Vx [Q@} Vi [@4 = lim V[(Q),]
Nw£—><x>
R’= lim R?,
N,—o0
ACV variance reduction R? R? A% [(Q)ACV] =V [(Q),] (1 - }A%z) =
Vx [@0} (1 — R2 4 6RY . + 61§2LF)
V= Jim
ACYV variance reduction ratio ~ ¥ y=1- R?,
F=1- (R =) / (14085,

TABLE A.7: Nomenclature and important relationships for various quantities needed to describe and analyze non-
deterministic MF estimators. Recall 7, = /Vx [Q¢] /Vx [Qo], p} = Ex [02,] /Vx [Qo]. SR} = p§/Nuy
ORLp = R = (14 9§/ Nu) R

APPENDIX B. PROOFS

APPENDIX B.1 Variance of noisy Qol

By the law of total variance and the definition of the noisy Qol (Equation (3)), it follows
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= Vx [Eq, [fd]] + Ex [W} (B.1)
0.2
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APPENDIX B.2 Covariance of noisy Qol

We would like to demonstrate C {@m, Qvn} = Cx [@Qm, @n] for two different models f,,(x,w,,) and f,,(z,w,).

To do so it is necessary to define the product probability space Px xq, xq, and trivially extend f,,, and f,, to X x
Q. x Qp in €, and Q,,, respectively. The covariance C [f,,, f,] is then well-defined on Px . xq, . Let fi =

fm (J:, wgf;,)) be the i*" replica of the m*" model for 2 € X. Then

Num N

-~ 1 | .
C|QmQu] =C | 5= D Fre i D fi
“m =1 “n =1
PR 1
-% 2 elmcta ]
i=1 j=I n
N N 1
=22 v v Clmfil
i=1 j=I m* Wn

By the law of total covariance

C[fh. fl] = Cx [Eq,. xa, [fi]. Eanxa. [f2]] + Ex [Ca,.xa. [fr f2]]
= (CX [vaQn]

where the second term on the first line is zero since w,, and w,, are assumed independent and, since f,,, has no w,,
dependence, Eq,, xa, [ /] = Eaq,, [fi,] = Qm. Finally,

(B.3)

NWTIL NWn 1 Nwrn N"Jn l
= i Neom Non = = NowNo, (B.4)
=Cx [Qm7 Qn]

which proves the result.

APPENDIX B.3 Low-fidelity noise’s impact on variance reduction

For arbitrary coefficients, start with Equation (15) and Equations (25) and (26) to find

()= (e e (e rse) v [al

_ _Vxl[@o} (AIIOQT [F ° 56] a+alCx[A, Ala+2a7Cx [A, @oD (B.5)
= Vxl[@()}]\lfoaT [Fodé} a+ R

The result directly follows.
If the optimal coefficients a°P* are used for the non-noisy estimator and &°P? are used for the noisy estimator,
then

ngjr

(1 + ﬁi) R =Cy [A,@O} Cx [A,@O}

Vx {@o] . (B.6)

— R (1 + ]?2’ )Ez —Cyx [A,@O}T ((CX AA]7 —C [E,A}l) Cx [A,@O}

wo
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APPENDIX B.4 Variance of MLMC

Let 1 = —a be a length-L vector of ones and 1, = Ny /Ny such that 7, = ny_; + 7. Starting with Equation (32)
and

0 B
sym . 0
Fup= | ©  sym Merfet T (B.7)
Nene—1
sym .00
Lsym ... sym . . 0]

NO_l 17 [FML o 56’} 1 is simply the sum of the entries of F,, o §C (which is diagonal due to (56’) scaled by 1/Np.
This means

~ + E
Vx [Qo] SR3pLr = E m;7i77;7[1 ] XA£ o) ; (B.8)
=1 we

which is easily rearranged to get the final result.

APPENDIX B.5 Variance of MFMC

Recognizing that F) r is diagonal with entries (7; — 7p—1)/(T¢7¢—1), it follows that

9T . R ~

cx[aa)] (exlaar -c[Aa] )ex[aal]-
L T Iy gy ~ ~
LZ <7"e - Tz—1> o ( TeTe 1 ) {1 _ 1} (W) ¢
NO =1 FE?E—I :Fé - ?E—l C(Ze é@g ’?ZF@—I (B9)
1y (% - %H) , 0Cu
No i\ Tere— “CuCu’

Recalling 6Cy =Ex [oi} 4 /N, and employing Equation (32) gives

Ex [Uw;z]
Ny 1 77@ — 7“@ 1) o N, Vx [QO]
SR> = — ( c L
e = T 2\ rer ) a0 v 6] V@
B.10
i v (B-10)
Z(ﬁi—ﬁ 1) %z N,
— TeTe—1 p2
- TN

APPENDIX B.6 Optimal number of high-fidelity replicas

Starting with the expression for the optimized MFMC variance given IN,, and a budget W;,; (Equation (48)), we
would like to show 0V {(Q)MF] J/ON,, > 0VN,,. By assumption, 1 > |pg 1| > --- > |po,r| (see Theorem 3.4 in
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[18]) and |po,1| < 1. First, recognize

(9~2 E 2
Poc _ Bx [od] R, forl+1. (B.11)

ON,, N2V [éo} 0.6

Differentiating Equation (48) then gives

oV {<Q>MF} Ex

. 2
ON -, tN {Z\/Wf (Z’Qoz P0,£+1)}
o ° £=0

wo

L
Wtof Z \/Wé (ﬁ%e - ﬁ%,eﬂ)} X

=0 (B.12)
— E
Wo(1-73,) — WOM;%J
N2,V [ Qo) Z \/W j
— ¢ pO/ P0/+1
Wo (1-7%,) TNy Qo
Let
Zszo \/Wf (/3%,12 - /3%,e+1)
¢= =
Wiot\/ Wo (1 = po,1)
then Equation (B.12) becomes
Ex |05, | -
&[] Wa (1 - ) - W sz[wo J
« [o2)] — (&
C N2 W] (1 7p() 1) X Z WZ (po)e 7p01€+l)
o (=1
E L=
—¢ X]\Ef | Wo(l_ﬁ?”)x{ We(,?%@—,?%)ul)}
o =0
. _ Ex [02] -
=(V [QO} Wo (1 - P% 1) - CWO%‘JP?),I (B.13)
wo
R (1) T (1-7%)
= (Vx [Qo] Wo (1-75,) - <Wo%pa. ¢ XN[" o (1 - 2)

=W

Ex [02
Vi (Qo) (1= 72,) — X L8] ﬁal]
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Note when |gp ¢| < 1 then ¢ > 0, so it is sufficient to show the bracketed quantity is non-negative. Then

0'2 ~

Vil (1- 7)) - X %alg vy - Qo] 7%,

= Vx [Qo] — Cx[Qo @

1
(B.14)
> Vi [Q0] - Vx [Qo] Vx [@Q1]
ol
Vx [Qo] Vx [@i] _
>VX[Q0]—W—O'

Since the trivial case where models 0 and 1 are perfectly correlated is ignored, the inequality is strict and the derivative
is always positive. Hence, V,,, = 1 will be optimal.

APPENDIX C. MLMC ANALYTIC SOLUTION TO INNER LOOP OPTIMIZATION PROBLEM

In [14] an analytic solution to a similar optimization problem to Equation (45) is given but in their problem, a target
variance is the constraint rather than the budget. For completeness, the solution to Equation (45) is included here. The
solution procedure parallels that in [14]. For simplicity, the solution is expressed in terms of N, , and, for convenience,
Qr+1=0,Wry =0:

Wiot v {de +V [@”1} —2Cx [Qr, Quy1]
S W;

Ngy =

I — — — (C.1)
where S = Z \/(V [Qz} +V {QE-H] —2Cx Qe Qe+1}) Wy
£=0

and W} = Ny, W + No,. Wesr -

241

Note that Ny, = Ny and Ny = Ny_y  + Ny for ¢ > 1s0 7 = Ny/Ny is easily computed from Equation (C.1).
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