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ABSTRACT
A new variable Eddington factor (VEF) model is presented for nonlinear prob-
lems of thermal radiative transfer (TRT). The VEF model is data-driven and acts
on known (a-priori) radiation-diffusion solutions for material temperatures in the
TRT problem. A linear auxiliary problem is constructed for the radiative transfer
equation (RTE) whose emission source and opacities are evaluated at these known
material temperatures. The solution to this RTE approximates the specific intensity
distribution in phase-space and time. It is applied as a shape function to define
the Eddington tensor for the presented VEF model. The shape function computed
via the auxiliary RTE problem will capture some degree of transport effects within
the TRT problem. The VEF moment equations closed with this approximate Ed-
dington tensor will thus carry with them these captured transport effects. In this
study, the temperature data comes from multigroup P1, P1/3, and flux-limited dif-
fusion radiative transfer models. The proposed VEF model can be interpreted as a
transport-corrected diffusion reduced-order model. Numerical results are presented
on the Fleck-Cummings test problem which models a supersonic wavefront of radi-
ation. The VEF model is shown to improve accuracy by 1-2 orders of magnitude
compared to the considered radiation-diffusion model solutions to the TRT problem.

KEYWORDS
Boltzmann transport equation; variable Eddington tensor; radiation diffusion;
model order reduction; nonlinear PDEs

1. Introduction

The modeling and simulation of thermal radiation transport is an important consider-
ation for many applications. Such phenomena can be found in a wide array of different
fields, including: high-energy density (HED) physics, astrophysics, plasma physics, fire
and combustion physics, and atmospheric and ocean sciences (Zeldovich and Razier
1966; Mihalas and Weibel-Mihalas 1984; Shu 1991; Thomas and Stamnes 1999; Faghri
and Sundén 2008; Drake 2018). Multiphysical models of these phenomena comprise
complex systems of partial differential equations (PDEs) which must be solved by
means of numerical simulation. Some challenges are associated with the numerical
simulation these systems. The involved equations are characterized by tight coupling,
strong nonlinearities and multiscale behavior in space-time.
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Since radiative transfer (RT) is an important mechanism for energy redistribution
in these phenomena, a photon transport model must be included in the systems of
equations to model RT effects. The equations of RT are high-dimensional, their solu-
tion typically depending on 7 independent variables in 3D geometry. Thus along with
the aforementioned challenges, a massive number of degrees of freedom (DoF) must
be used in calculations to adequately describe the overall solution. For a simulation
that discretizes each independent variable with an x−point grid, x7 DoF are required,
making it reasonable to reach trillions or quadrillions of DoF. The resulting compu-
tational load and memory occupation can become intractable for large simulations
without the use of exascale computing resources.

A common approach to develop models for simulation of RT phenomena in multi-
physics problems is to apply methods of dimensionality reduction for the RT compo-
nent. This will significantly reduce the required computational resources in exchange
for some level of approximation and modeling error in the resulting solution. The
goal for an RT model is to find balance between computational load with the desired
fidelity of solutions. There exist many well-known RT models based on moment equa-
tions with approximate closures which have seen extensive use in application, such as
MN methods that use maximum entropy closure relations, the P1 and P1/3 models,
and flux-limited diffusion models (Olso, Auer, and Hall 2000; Morel 2000; Simmons
and Mihalas 2000; Hauck 2011; Alldredge, Hauck, and Tits 2012; Murchikova, Abdika-
malov, and Urbatsch 2017). Variable Eddington factor (VEF) models makeup another
such class of RT models (Eddington 1926; Pomraning 1969; Levermore and Pomraning
1981). VEF models are constructed by reformulating the radiation pressure tensor in
terms of the Eddington tensor which brings closure to the moment equations. There
exist many ways to construct approximation for the Eddington tensor. Some com-
monly used VEF models apply Wilson, Kershaw and Levermore closures (LeBlanc
and Wilson 1970; Kershaw 1976; Levermore 1984, 1996; Murchikova, Abdikamalov,
and Urbatsch 2017). Numerical methods for solving the Boltzmann transport equa-
tion have been developed based on the first two angular moment equations with exact
closure defined by the Eddington tensor (Gol’din 1964; Auer and Mihalas 1970; Gol’din
and Chetverushkin 1972; Gol’din et al. 1986; Winkler, Norman, and Mihalas 1985).

The anisotropic diffusion (AD) model has been developed for thermal radiative
transfer (TRT) and other particle transport applications (Trahan and Larsen 2009;
Johnson and Larsen 2011a; Trahan and Larsen 2011; Johnson and Larsen 2011b).
A diffusion equation is constructed which is closed by means of an AD coefficient.
The AD coefficient is defined via the solution to an auxiliary transport problem which
takes the form of an angular and spatially dependent shape function. The special shape
function accounts for some degree of transport effects in the TRT problem. This yields
the tensor-diffusion moment equations with transport-corrected AD coefficients. The
AD model uses just one transport solve to compute the auxiliary function.

A new approach based on data-driven reduced-order models (ROMs) has been gain-
ing popularity in recent years which make use of data-based methodologies to dimen-
sionality reduction. Data-driven models have been developed for (i) linear particle
transport problems (Buchan et al. 2015; Tencer et al. 2017; Soucasse et al. 2019;
Behne, Ragusa, and Morel 2019; Hardy, Morel, and Ahrens 2019; Prince and Ra-
gusa 2019a,b; Dominesey and Ji 2019; Peng, McClarren, and Frank 2019; Peng and
McClarren 2019; Pozulp 2019; Peng, McClarren, and Frank 2020; Pozulp et al. 2021;
Peng and McClarren 2021; Behne, Ragusa, and Tano 2021; Choi et al. 2021; Elhareef,
Wu, and Ma 2021; Peng et al. 2022; Hughes and Buchan 2022; Huang et al. 2022)
(ii) nonlinear RT problems (Pinnau and Schulze 2007; Qian et al. 2015; Fagiano and
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Gati 2016; Alberti and Palmer 2018; Coale and Anistratov 2019b,a, 2021; Girault
et al. 2021; Alberti, Palmer, and Palmer 2022; Coale and Anistratov 2023d,c,b), and
(iii) various problems in nuclear reactor-physics (Cherezov, Sanchez, and Joo 2018;
Alberti and Palmer 2019; German et al. 2019; German, Ragusa, and Fiorina 2019;
Alberti and Palmer 2020; German, Tano, and Ragusa 2021; Elzohery and Roberts
2021b,a,c; Phillips et al. 2021; Dominesey and Ji 2022). The fundamental idea behind
these ROMs is to leverage databases of solutions to their problems of interest (known
a-priori) to develop some reduction in the dimensionality for their involved equations.
By nature, these models are problem-dependent since they are formulated using chosen
datasets, and this allows for higher levels of accuracy than displayed by other types of
ROMs (within the regime of parameters covered by the datasets).

In this paper we present a data-driven VEF model for the fundamental TRT prob-
lem. This kind of TRT problem models a supersonic flow of radiation through matter
and neglects hydrodynamic motion of the underlying material and heat conduction
(Moore et al. 2015). Note that the TRT problem is characterized by the same funda-
mental challenges as the more general class of problems (e.g. radiation-hydrodynamics
problems) and serves as a useful computational platform for the development of new
models. There exist several pathways to obtain an approximate Eddington tensor by
data-driven means if data on the RT solution for a subset of problem parameters can
be obtained (Coale and Anistratov 2019b, 2021, 2023d,c,b). For the model developed
here, the Eddington tensor is computed from approximate solution data to the TRT
problem generated with radiation-diffusion models. When the scattering source of the
Boltzmann transport equation is evaluated by a diffusion model, the resulting solution
has been shown to produce a sufficiently accurate shape function for approximating
the Eddington tensor in linear problems (Anistratov and Stehle 2012; Stehle, Anistra-
tov, and Adams 2014). An extension of this idea to the nonlinear TRT problem is to
use the material temperatures evaluated with a radiation-diffusion model to compute
the opacity and emission source in the radiative transfer equation (RTE). This step of
the new model uses only one transport solve to calculate a shape function accounting
approximately for transport effects, and to generate the Eddington tensor for the TRT
problem.

The remainder of the paper is as follows. The TRT problem is described in Sec.
2, along with definitions for several classical moment-based RT models applied to
generate data for computation of the auxiliary shape function. The new data-driven
VEF model is formulated in Sec. 3. Numerical results are given in Sec. 4, followed by
conclusions in Sec. 5.

2. Thermal Radiative Transfer and Models Based on Moment Equations

The TRT problem is formulated by the multigroup RTE

1

c

∂Ig
∂t

+Ω ·∇Ig + κg(T )Ig = κg(T )Bg(T ), (1a)

Ig|r∈∂Γ = I ing for Ω · nΓ < 0, Ig|t=0 = I0g , (1b)

r ∈ Γ, t > 0, Ω ∈ S, g = 1, . . . , G,
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and the material energy balance (MEB) equation

∂ε(T )

∂t
=

G∑
g=1

(∫
4π

IgdΩ− 4πBg(T )

)
κg(T ), T |t=0 = T 0 , (2)

where r is spatial position, t is time, g is the frequency group index, Γ is the spatial
domain, ∂Γ is the boundary surface of Γ, nΓ is the unit outward normal to ∂Γ,
Ig(r,Ω, t) is the group specific photon intensity, T (r, t) is the material temperature,
κg(r, t;T ) is the group material opacity, ε(r, t;T ) is the material energy density, and
Bg(r, t;T ) is the group Planckian function given by

Bg(T ) =
2

c2h2

∫ νg

νg−1

ν3

e
ν

T − 1
dν. (3)

c is the speed of light, h is Planck’s constant, ν is photon frequency.
There are several TRT models which apply moment equations for the group radia-

tion energy density

Eg =
1

c

∫
4π

Ig dΩ, (4)

and flux

F g =

∫
4π

ΩIg dΩ, (5)

to approximate the RTE. The P1 model is defined by the multigroup P1 equations for
radiative transfer, given by

∂Eg

∂t
+∇ · F g + cκg(T )Eg = 4πκg(T )Bg(T ), (6)

1

c

∂F g

∂t
+

c

3
∇Eg + κg(T )F g = 0, (7)

F g|r∈∂Γ =
1

2
Eg|r∈∂Γ + 2F in

g , (8)

Eg|t=0 = E0
g , F g|t=0 = F 0

g. (9)

The hyperbolic time-dependent P1 equations are derived from the RTE by taking
its 0th and 1st angular moments. Closure for the moment equations is formulated by
defining the highest (2nd) angular moment

Hg =

∫
4π

Ω⊗ΩIg dΩ (10)

with the expansion

Ig =
1

4π
(cEg + 3Ω · F g) . (11)
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This approximation yields

Hg =
c

3
E . (12)

The P1/3 model for radiative transfer is formulated by the balance equation (6) and
the modified first moment equation given by (Olso, Auer, and Hall 2000; Morel 2000)

1

3c

∂F g

∂t
+

c

3
∇Eg + κg(T )F g = 0 , (13)

The factor 1
3 at the time-derivative term in Eq. (13) produces the correct propagation

speed of radiation in vacuum.
The flux-limited diffusion (FLD) models are defined by the time-dependent multi-

group diffusion equations (Levermore and Pomraning 1981; Krumholz et al. 2007;
Kuiper et al. 2010; González et al. 2015; Tetsu and Nakamoto 2016)

∂Eg

∂t
+ c∇ · (−Dg∇Eg) + cκg(T )Eg = 4πκg(T )Bg(T ), (14)

nΓ · (−cDg∇Eg)|r∈∂Γ =
1

2
Eg|r∈∂Γ + 2F in

g , Eg|t=0 = E0
g , (15)

and

F g = −cDg∇Eg , (16)

whereDg is the group diffusion coefficient. In this model, the time derivative of the flux
in the first moment equation is neglected. This leads to a parabolic time-dependent
equation for Eg with the diffusion coefficient defined by

Dg =
1

3κg(T )
. (17)

In general, the solution of the diffusion equation (14) with Dg defined by Eq. (17) does
not satisfy the flux-limiting condition

|Fg|
cEg

≤ 1 , (18)

stemming from definitions of the radiation density and flux (Eqs. (4) and (5)). The
FLD models introduce modifications of the diffusion coefficient to meet the condition
in Eq. (18). In this study, we consider the coefficient proposed by E. Larsen (Olso,
Auer, and Hall 2000)

Dg(T,Eg) =

[ (
3κg(T )

)2
+

(
1

Eg
∇Eg

)2 ] 1

2

. (19)

In summary the P1, P1/3 and FLD models for radiation transport are defined by
the following equations:

• P1: Eqs. (6) - (9)
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• P1/3: Eqs. (6), (13), (8), (9)
• FLD: Eqs. (14), (15), (19)

3. Variable Eddington Factor Model for TRT with Diffusion-Based
Shape Function

The Variable Eddington factor method is defined by the balance equation (Eq. (6))
and the first moment equation

1

c

∂F g

∂t
+ c∇(fgEg) + κg(T )F g = 0 , (20)

where closure is defined with

Hg = cfg[Ĩ]Eg, (21)

by means of the Eddington tensor given as

fg[Ĩ] =

∫
4π Ω⊗ΩĨgdΩ∫

4π ĨgdΩ
. (22)

Here Ĩg is an approximation of the photon intensity. There exist a group of VEF
models which use an approximation of the Eddington tensor defined via the first two
moments of the photon intensity (Kershaw 1976; Minerbo 1978; Levermore 1984; Su,
Fried, and Larsen 2001; Swesty and Myra 2009; Skinner and Ostriker 2013; Klassen
et al. 2014; Tetsu and Nakamoto 2016; Zhang et al. 2013; Murchikova, Abdikamalov,
and Urbatsch 2017).

To define the Eddington tensor, we formulate a model in which the material tem-
perature distribution T̃ for a TRT problem is calculated with one of the radiation-
diffusion models described in Sec. 2. A linear RTE is then defined by available T̃ (r, t)
for t ∈ [0, tend] and r ∈ Γ

1

c

∂Ĩg
∂t

+Ω ·∇Ĩg + κg(T̃ )Ĩg = κg(T̃ )Bg(T̃ ), (23a)

Ĩg|r∈∂Γ = I ing for nΓ ·Ω < 0, Ĩg|t=t0 = I0g , (23b)

r ∈ Γ, t ∈ [0, tend], Ω ∈ S, g = 1, . . . , G.

The solution of the auxiliary RTE problem (23) is an approximate radiation intensity
distribution Ĩg. It gives an account of transport effects contained in the TRT problem
and is used as a shape function to compute approximate Eddington tensor (22). The
boundary conditions for the VEF moment equations are defined in terms of Ĩg as
follows (Gol’din 1964; Gol’din and Chetverushkin 1972):

nΓ · F g|r∈∂Γ = cCg[Ĩg](Eg|r∈∂Γ − Ein) + F in
g , (24)
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where

Cg[Ĩg] =

∫
nΓ·Ω>0ΩĨg dΩ∫
nΓ·Ω>0 ĨgdΩ

. (25)

The RTE (23) defined with the given temperature requires at each time step only a
single transport solve. To solve the Eqs. (23) ray tracing techniques (aka the method
of long characteristics) are applied (Gol’din 1960; Takeuchi 1969; Askew 1972; Brough
and Chudley 1980; Askew and Roth 1982; Edenius et al. 1993; Zika and Adams 2000;
Coale and Anistratov 2023a). In sum, the data-driven VEF model for TRT is con-
structed with:

• Radiation-diffusion solution data for material temperatures T̃ ,
• The RTE with opacity and Planckian source evaluated with T̃ (Eqs. (23)),
• The VEF equations (Eqs. (6) & (20)), where the Eddington tensor is defined via
Eq. (22) and boundary conditions given by Eq. (24).

Hereafter we refer to this model as the data-driven VEF model (DD-VEF).

Algorithm 1: Offline phase of DD-VEF model

Input: {T̃ (tn)}Nn=1

n = 0
while tn < tend do

n = n+ 1
T̃ (tn)⇝ Ĩg(t

n) (Eqs. (23))

Ĩg(t
n)⇝ f̃g(t

n) (Eq. (22))

end

Output: { f̃g(t
n)}Nn=1

Algorithm 2: Online phase of DD-VEF model

Input: {f̃g(t
n)}Nn=1

n = 0
while tn < tend do

n = n+ 1
f̃g(t

n)⇝ {T (tn), Eg(t
n), Fg(t

n)} (Eqs. (6), (20), (24))

end

Output: { T (tn), Eg(t
n), Fg(t

n)}Nn=1

The process of solving TRT problems with the DD-VEF model can be explained as
a two-phase methodology, which is outlined in Algorithms 1 and 2. The first (offline)
phase demonstrated by Algorithm 1 represents the ‘data-processing’ operations to
prepare the Eddington tensor closure data. The input required for this algorithm is
an a-priori known material temperature distribution T̃ defined by an approximate
model for the TRT problem over the whole temporal and spatial intervals of interest.
If we define a simulation with X spatial grid cells and N time steps, then this input
data is the set {T̃ (tn)}Nn=1 where T̃ (tn) ∈ RX . At each nth time step, Eq. (23) is

solved using T̃ (tn) for the vector of discrete radiation intensities in phase space Ĩg,
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which give rise to the approximate Eddington tensor on the discrete grid f̃g(t
n) via

Eq. (22). The discrete Eddington tensor values at each time step can be collected and
stored in a dataset for later use with the DD-VEF model. The data set at tn consists of
components of the Eddington tensor in all spatial cells and energy groups. This process
of preparing the Eddington tensor data is referred to as the offline-phase because it only
must completed once per temperature distribution T̃ , and the calculated Eddington
tensor data can be stored away for later use. The computational cost of the offline
stage is defined by just one transport solve per time step.

The second (online) phase is outlined in Algorithm 2 and represents the operations
required to solve a given TRT problem with the DD-VEF model. Taking as input the
Eddington tensor data calculated in Algorithm 1, The DD-VEF equations are solved
at each time step to generate vectors for temperature T (tn), radiation energy densi-
ties Eg(t

n) and radiation fluxes Fg(t
n) over all phase space. In this configuration of

offline/online phases, only Algorithm 2 must be completed for any given TRT sim-
ulation, assuming Algorithm 1 was completed some time in the past to prepare the
required datasets. The computational cost of solving the DD-VEF equations during
the online phase is comparable to the costs associated with any of the P1, P1/3 and
FLD models (see Sec. 2). It is important to note that both phases can be combined
to save on storage requirements. In this case given the input for {T̃ (tn)}Nn=1, at each
time step the approximate Eddington tensor is calculated and immediately used with
the DD-VEF equations to generate the TRT solution for the time step.

4. Numerical Results

The DD-VEF model is analyzed with numerical testing on the classical Fleck-
Cummings (F-C) test (Fleck and Cummings 1971) in 2D Cartesian geometry. This
test takes the form of a homogeneous square domain with sides 6 cm in length, whose
material is defined with spectral opacity

κν =
27

ν3
(1− e−ν/T ). (26)

Here ν and T are measured in KeV. The left boundary is subject to an isotropic,
black-body radiation source at a temperature of T in = 1 KeV. All other boundaries
are vacuum. The initial temperature of the domain is T 0 = 1 eV. The material energy
density of the material is a linear one ε = cvT where cv = 0.5917aR(T

in)3. The problem
is solved on the interval t ∈ [0, 6 ns] with 300 uniform time steps ∆t = 2×10−2 ns. The
phase space is discretized using a 20×20 uniform orthogonal spatial grid, 17 frequency
groups (see Table 1) and 144 discrete directions. The Abu-Shumays angular quadrature
set is used (Abu-Shumays 2001). The implicit backward-Euler time integration scheme
is used to discretize all equations in time. The BTE is discretized in space with the
method of conservative long characteristics (Coale and Anistratov 2023a), and all low-
order equations use a second-order finite-volumes scheme (Ghassemi and Anistratov
2020).

Note the full-order model (FOM) for this TRT problem is formulated as the RTE
coupled with the MEB. Three radiation diffusion models are considered to generate
T̃ : multigroup FLD, P1 and P1/3 (see Sec. 2). T̃ will contain an array of embedded
physics which will vary with the types of diffusion models used. Some elements of
physics which will change considerably between the FLD, P1 and P1/3 models include
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the propagation speed of the radiation wavefront and its spectral makeup (Olso, Auer,
and Hall 2000). Both of these parameters of the wavefront will affect the rate and
location of radiation energy deposition in the material of the F-C test, thus altering
the material temperature as a function of space and time.

Table 1. Upper boundaries for each frequency group

g 1 2 3 4 5 6 7 8 9
νg [KeV] 0.7075 1.415 2.123 2.830 3.538 4.245 5.129 6.014 6.898

g 10 11 12 13 14 15 16 17
νg [KeV] 7.783 8.667 9.551 10.44 11.32 12.20 13.09 1×107
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Figure 1. Relative errors in the 2-norm for T̃ , Ẽ produced by the FLD, P1 and P1/3 models, and for T , E

found with the DD-VEF model generated using each T̃ , plotted vs time. Errors are calculated vs the FOM.

In Figure 1, the relative 2-norm errors (calculated over space w.r.t. the FOM so-
lution) in the total radiation energy densities and material temperatures are plotted
at each time step within t ∈ [0, 6 ns]. The DD-VEF model and considered diffusion
models are plotted on separate curves. The DD-VEF solution for T and E is more
accurate than each of the radiation diffusion solutions for all time steps by roughly an
order of magnitude. It is shown that the DD-VEF model applied to the FLD solution
is the most accurate, which can be attributed to the fact that the FLD model is the
most accurate of the different diffusion models.

Next we investigate the DD-VEF model’s performance in capturing the radiation
wavefront as it propagates through the spatial domain. Note that the F-C test mimics
the class of supersonic radiation shock problems and experiments (Moore et al. 2015;
Guymer et al. 2015; Fryer et al. 2016, 2020). One measurement of importance in
these experiments concerns the time it takes for the radiation wavefront to reach
the radiation-drive-opposite side of the test material (Moore et al. 2015; Fryer et al.
2016, 2020). A measurement of accuracy based on this wavefront-arrival metric can
be derived by comparing the TRT solution at the right boundary of the F-C test,
where the radiation wavefront propagates towards. The boundary-averaged material
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Figure 2. FOM solution for data located at and integrated over the right boundary of the domain.
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Figure 3. Relative error for the FLD, P1 and P1/3 models, and the DD-VEF model generated with each

diffusion model solution, for data located at and integrated over the right boundary of the domain.

temperatures and radiation energy density and flux are defined as

F̄R =
1

LR

∫ LR

0
ex · F (xR, y) dy, (27)

ĒR =
1

LR

∫ LR

0
E(xR, y) dy, (28)

T̄R =
1

LR

∫ LR

0
T (xR, y) dy, (29)

where LR = xR = 6cm. The FOM solution for these three quantities vs time is plotted
in Figure 2. If the DD-VEF model can reproduce these integral quantities to acceptable
levels of accuracy, they can be said to correctly reproduce the shape and propagation
speed of the radiation wavefront. This is especially important to investigate given that
the considered radiation diffusion models are known to produce nonphysical effects
(Olso, Auer, and Hall 2000; Morel 2000; Simmons and Mihalas 2000). Figure 3 plots
the relative error of the diffusion and DD-VEF produced values of F̄R, ĒR and T̄R.
The DD-VEF model is shown to decrease relative errors in all quantities by one or two
orders of magnitude at most time steps. There are several time intervals where the
errors for a model ‘spike’ downwards and then come back up. These occur when there
is a change of sign in the error. The largest observed increase in accuracy is for the
radiation flux F̄R from the FLD model, whose relative error is decreased by roughly
three orders of magnitude. It can be seen that the FLD solution for F̄R is the least
accurate of the three diffusion solutions, while F̄R provided by the DD-VEF model
which uses the FLD solution is the most accurate of the DD-VEF models. This stems
from the earlier observation that the FLD model finds the most accurate material
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temperatures of all considered diffusion models. Since the DD-VEF model only acts
on the material temperatures, it is only the diffusion models ability to capture T which
is reflected in the DD-VEF solution.
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Figure 4. Radiation energy density spectrum located at two points on the right boundary of the domain of
the F-C test, taken at several time instances.

Finally, we consider the spectrum of radiation present on the right boundary of
the test domain. The FOM radiation energy densities located at two points of the
right boundary face (x = 6 cm) are plotted against photon frequency in Figure 4. The
spectrum of radiation present at the midpoint of the right boundary (y = 3 cm) is
shown on the left, and the radiation spectrum present at the corner of the test domain
(y = 0 cm) is displayed on the right. Select instants of time are plotted to demonstrate
how the radiation spectrum evolves. Points are plotted on the frequency-axis of each
graph at energy group centers. The value of each point is the group-averaged radiation
energy density computed as Ēg = Eg/(νg − νg−1). The plots have been ‘zoomed in’
to the spectrum peak, which leaves off the final frequency group. However, this point
does not deviate significantly from the position of the second to last frequency group.
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Figure 5. Relative errors (in the temporal 2-norm) of the radiation spectrum located at (i) the center of the
right boundary and (ii) the bottom corner of the right boundary.

Figure 5 plots the errors of each model in the radiation energy densities vs photon
frequency at the midpoint of the right boundary. Errors have been collected in the
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relative temporal 2-norms

∥x(t)∥t2 =
(∫ tend

0
x(t)2dt

)−1/2

, (30)

w.r.t. the full-order solution. The DD-VEF model reduces the error in low-frequency
energy groups by about an order of magnitude at both points in space on the right
boundary. In energy groups beyond a frequency level of ν = 3 KeV, the increase in
accuracy improves significantly. The Planckain radiation spectrum has its peak at ν =
2.82T , and so the peak of non-local radiation appearing from the left boundary drive
is located at just this tipping point in frequency. This makes sense, since the higher
frequency groups are closer to the streaming regime and should be better approximated
by the transport-effects correction provided within the VEF model. The same errors
calculated in the ∞−norm are close to those shown in the 2-norm, indicating that
these results well represent the overall errors produced by these models in the radiation
spectrum at all instants of time. Note that although the last frequency group has not
been included in the plots, its error value is close to that of the last shown frequency
group for all models.

5. Conclusion

In this paper a data-driven VEF model is introduced for nonlinear TRT problems.
An approximate Eddington tensor is constructed with a transport correction method
applied to radiation diffusion-based solutions to the TRT problem. Three multigroup
diffusion models were considered: a FLD model, and the P1, P1/3 models. Compared
to each diffusion solution, the DD-VEF model increased the accuracy of the mate-
rial temperatures and radiation energy densities by one to two orders of magnitude.
Multigroup quantities were shown to have increased accuracy with the DD-VEF model
for the entire frequency spectrum, with the largest error reductions occurring in the
high-frequency range where transport effects are strongest. Possible future extensions
of this DD-VEF model include parameterization via interpolation between diffusion
solutions for a series of TRT problems, or the use of other approximate models for
TRT in place of radiation-diffusion.
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