
LA-UR-23-25246
Accepted Manuscript

Verification and validation of detonation-shock-dynamics
relations for explosives described by general equation of
state and chemical reaction models

Andrews, Stephen Arthur

Provided by the author(s) and the Los Alamos National Laboratory (2024-05-03).

To be published in: Combustion Theory and Modelling

DOI to publisher's version: 10.1080/13647830.2024.2346648

Permalink to record: 
https://permalink.lanl.gov/object/view?what=info:lanl-repo/lareport/LA-UR-23-25246

Los Alamos National Laboratory, an affirmative action/equal opportunity employer, is operated by Triad National Security, LLC for the National Nuclear Security
Administration of U.S. Department of Energy under contract 89233218CNA000001.  By approving this article, the publisher recognizes that the U.S. Government
retains nonexclusive, royalty-free license to publish or reproduce the published form of this contribution, or to allow others to do so, for U.S. Government purposes.
Los Alamos National Laboratory requests that the publisher identify this article as work performed under the auspices of the U.S. Department of Energy.  Los Alamos
National Laboratory strongly supports academic freedom and a researcher's right to publish; as an institution, however, the Laboratory does not endorse the
viewpoint of a publication or guarantee its technical correctness. 



Verification and validation of detonation-shock-dynamics relations

for explosives described by general equation of state and chemical

reaction models

Stephen A. Andrewsa

aLos Alamos National Laboratory; XCP-8 Verification and Analysis; Los Alamos, NM,
87547, U.S.A.

ARTICLE HISTORY

Compiled March 20, 2024

ABSTRACT

Detonation shock dynamics is a powerful method to model the behavior of High
Explosives (HE). However in order to use this method, the underlying relationship
between the local radius of curvature and the detonation speed must be known. Pre-
vious work has developed methods to calculate this effect using simple,single-step
Arrhenius and polytropic gas, models for the chemical reaction and the equation of
state, respectively. In recent years, more complex models for both reaction rates and
equations of state have been developed which show better agreement with experi-
mental data than these simple models, especially when considering condensed phase
explosives.. This work presents the governing equations for solving these problems
in a way that is generalized to use arbitrary equations of state as well as reaction
models which may have more than a single step and multiple product species. This
implementation is verified against exact solutions, demonstrating that the equations
were implemented properly. The verified algorithm is then validated against exper-
imental data and high fidelity simulations, showing that it is able to make accurate
predictions in a regime where the underlying assumptions of the governing equations
are valid. This approach has many applications: from creating equivalent detonation
shock dynamics models for existing reactive burn calibrations for HE; to developing
new functional forms and calibrations of reactive burn models for condensed phase
high explosives.

KEYWORDS
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1. Introduction

Combustion in condensed phase High Explosives (HE) is a complex problem. The
physical mechanisms which dominate the reaction rate are meso-scale phenomenon
which occur at length and time scales which remain too small to resolve when exam-
ining typical engineering applications[1]. For these reasons, many models of reaction
rates have been proposed which model HE detonation problems in a semi-empirical
manner [2–5]. Though many of the parameters in these models have a physical mean-
ing, they cannot be inferred directly from knowledge of the chemistry of the explosive
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but must rather be calibrated to experimental data. Performing such a calibration re-
quires problems be simulated dozens or hundreds of times for a range of experimental
conditions.

Though using semi-empirical macro-scale models of chemical makes direct simula-
tion of detonation phenomenon for engineering-scale problems practical, it still im-
poses a significant computational overhead due to the requirement of resolving a nar-
row ≈ 100µm, reaction zone [6]. This presents a challenge when calibrating models for
new explosive materials or when developing new functional forms for HE burn models.
Detonation Shock Dynamics (DSD) has long been known as an accurate approxima-
tion to the behavior of shock waves which satisfy the conditions that the both the
size of the charge and radius of curvature of the shock front are large relative to the
reaction zone length [7, 8]. In these cases, the local normal velocity of the detonation
front, Dn, is equal to the thermodynamically derived Chapman Jouguet (CJ) detona-
tion speed plus a correction based on the local curvature, κ [9]. ThisDn(κ) relationship
can then be used to solve problems such as computing front shapes [7, 10, 11], rate
stick detonation speed [7, 9, 10, 12] and arc test breakout profiles [10, 11]. Given a
Dn(κ) function, these problems can be solved significantly faster than direct numerical
simulation of the problem, (i. e. seconds compared to multiple hours).

However, identifying the underlying Dn(κ) relationship from a given burn model
is complex. Research codes have been written to solve for this relationship given the
unique details of complex burn models for condensed high explosives[2, 5, 13], and the
details of solving these equations for Arrhenius type rate laws are well known for both
ideal EOS [14, 15] and realistic EOS models[16]. However, the governing equations and
solution methodology for determining the Dn(κ) relationship have not been described
for arbitrary burn models which could potentially include multiple steps and more than
a single product species. Many explosives, such those containing the energetic molecule
TATB 1, are characterized by a fast reaction driven by the initial decomposition of the
molecule, followed by a slow reaction driven by carbon clustering. Such a reaction can
be more accurately described as a two-step process. This paper will present the set of
equations and the process for identifying a Dn(κ) relationship for arbitrary equation
of state models and arbitrary, multi-step, rate laws.

Previous work has considered multi-step models for chemical reactions in condensed
phase high explosives, Asay et.al [17] modeled a two step reaction in the aluminized
explosive PBXN-1132. The SURFPlus [5] model of Menikoff implicitly models the
intermediate reaction but, is formulated to be a single step reaction. Multi-step models
also exist for mixtures of ideal gases with multi-step Arrhenius reactions [18]. These
Arrhenius reaction models will be used to demonstrate that the governing equations
and thermodynamic models can be extended to cases with multiple reactions and
product species. Future work will use these tools to develop novel functional forms
and calibrations for multi-step combustion in condensed phase explosives.

The equations and the process of solving for the Dn(κ) relationship will be described
in Section 2. Details of the various burn models considered in this study will be given in
Section 3. A verification study on the convergence of these equations against available
exact solutions is given in Section 4. Finally, validation against Dn(κ) data is shown
in Section 5.

1triaminotrinitrobenzene
2A composite high explosive containing 45% HMX (1,3,5,7-Tetranitro-1,3,5,7-tetrazocane), 35% aluminum,

and 20% binder by mass
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Figure 1.: Diagram of a curved shock front in (r, z) coordinates, showing the decompo-
sition of the velocity along the shock front, and the shock-attached coordinate system
(ξ, η)

2. Governing equations

Though the true problem of modeling detonation waves is a three-dimensional un-
steady problem, DSD seeks to reduce the dimensionality of the problem by modeling
the propagation of a shock front using a shock-attached coordinate system shown in
Figure 1. Authors have shown that the velocity normal to the shock Dn is a function
of several important terms[6, 19].

Dn = f

(

κ,
∂Dn

∂t
,
∂2Dn

∂ξ2

)

(1)

Most implementations of DSD theory reduce this dependency to Dn = f(κ)[7].
However, both Yao and Stewart[19] and Aslam et al.[6] have extended this theory to
model the effects of these additional acceleration terms, and there have been some
codes developed which can account for these effects[20, 21]. Alternatively, other codes
have been developed to solve the Euler equations in a shock-attached frame of ref-
erence with no further assumptions [22]. Such approaches, however, are extremely
computationally expensive so the present paper focuses on equations for the simpler
case where detonation speed Dn is a function of only the local curvature κ, alone.

2.1. Equations

The governing equations for reactive flow in a one dimensional coordinates with con-
stant curvature, κ, are based off the Euler equations. Simplified versions of the Euler
equations have been derived by both Menikoff et al. [14] and Yao and Stewart [15]
for cases of steady traveling detonation waves in a one dimensional, slightly curved
coordinate system.

Menikoff et al. begin by assuming the flow is in a streamtube. Flow enters and
exits the streamtube at both ends but no flow can exit along the upper and lower
boundaries, i. e. ~u · n̂ ≡ 0. This stream-tube geometry is shown in Figure 2.

The Euler equations can then be re-written for one-dimensional flow in a stream

3



n̂

ρi, ui, eiPi− 1

2

, Ai− 1

2

Pi+ 1

2

, Ai+ 1

2

dz

z

r

Figure 2.: Differential stream-tube element

tube of varying area:

∂ (ρA)

∂t
+

∂ (ρAu)

∂x
= 0

∂ (ρuA)

∂t
+

∂
(

ρA
[

u2 + P
ρ

])

∂x
= P

∂A

∂x

∂
(

ρA
(

1
2u

2 + e
))

∂t
+

∂
(

ρAu
[

(

1
2u

2 + e
)

+ P
ρ

])

∂x
= 0 (2)

∂ (ρAλ1)

∂t
+

∂ (ρAuλ1)

∂x
= ρAr1

...

∂ (ρAλk)

∂t
+

∂ (ρAuλk)

∂x
= ρArk

The effects of curvature can be accounted for by making the assumption that curvature
is large compared to the size of the domain so that:

∂A

∂x
= κA, (3)

∂A

∂t
= 0. (4)

(5)

These unsteady, one dimensional equations can be further simplified by performing
a Galilean transformation from the laboratory coordinate (z, r, t̂) to shock-attached
coordinates (η, ξ, t).
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η = Dt− z (6)

t = t̂ (7)

The velocity in this shock attached coordinates system becomes:

∂η

∂t
= D − u, (8)

∂t

∂t̂
= 1. (9)

and in the steady-traveling reference frames, the unsteady terms, ∂
∂t

can be eliminated.
Performing these substitutions and invoking several thermodynamic identities yields

a set of governing equations for the flow:



















(D − u) −ρ 0 0 . . . 0
0 (D − u) −1

ρ
0 . . . 0

−c2(D − u) 0 (D − u) 0 . . . 0
0 0 0 (D − u) . . . 0
...

...
... 0

. . . 0
0 0 0 0 . . . (D − u)


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
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



=
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−ρκu
0

ρc2
∑k

n=1 σnrn
r1
...
rk



















.

(10)
Solving this system the governing equations into a set of coupled ordinary differen-

tial equations in the variables {ρ(D − u),D − u, P, x, λ1, . . . , λk} yields equations with
(

c2 − (D − u)2
)

in the denominator. As the flow becomes locally sonic this quantity

approaches zero, making it challenging to integrate the equations to a complete reac-
tion.

To address this, Menikoff [5] proposes further transforming these equations from

spatial dimension dη to the spatial dimension dζ = −dη/
(

c2 − (D − u)2
)

. These

transformed equations are shown in (11). The main difference between this repre-
sentation and that of Menikoff is that this formulation has been generalized for the
advection of k reaction mass fractions rather than a single reaction progress variable.
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−ρSuκ
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S
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


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
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

(11)
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where R is referred to as the rate parameter and R ≡ ∑k
i=1 σiri − uκ and S is the

sonic parameter and S ≡ c2 − (D − u)2.
The thermicity, σ is the property which relates the change in thermodynamic state

to the change in the mixture composition resulting from a reaction. The thermicity of
a single species is:

σi =
∂P

∂mi

1

ρc2
. (12)

The derivative ∂P
∂mi

can either be evaluated analytically or numerically. Appendix
A gives the derivation for evaluating the thermicity analytically for a multi-species
mixtures of gasses.

2.2. Initial conditions

The system of equations given in (11) are integrated from the point immediately
downstream of the shock to the stopping condition described in the following section.
This initial state downstream of the shock was determined by the intersection of a
Rayleigh line, for a given Dn and the Hugoniot of the reactant equation of state.
This point is commonly referred to as the Von Neuman point. The density, pressure
and particle speed at this point were used as the initial conditions for the system of
differential equations

2.3. Stopping conditions

The equations are integrated until one of the three stopping conditions have been met:
the flow has become locally subsonic, the rate term R has become negative, or the
equations have been integrated until the mass fraction of final products was 1. The
first stopping condition is a function of the formulation of the governing equations.
The equations have a singularity at the point where the flow is locally sonic and the
integration cannot proceed past it.. The second stopping condition represents when the
energy production of the chemical reaction balances the energy loss to the diverging
geometry. The third condition is required for cases of negative curvature, where there
can be cases where neither of the preceding conditions are met.

2.4. Integrating the equations

The equations were integrated in the transformed coordinate system ζ until one of
the stopping conditions was met. A fourth order Runge-Kutta method was used based
on [23]. A custom integration method was needed as the rate laws for condensed phase
explosives returned not only the rates of change of the various reacting species mass
fraction but also various auxiliary variables, as described in Appendix C. Some of these
auxiliary variables were given as rates but some were returned as absolute values so
the integration routine had to be modified to handle this special case.

To handle the evolution of the rate law parameters which were returned as absolute
values rather than rates, the standard Runge-Kutta algorithm was modified slightly, in
a manner similar to that used in [24] to achieve high-order convergence. When taking
the two half-steps required to compute the final fourth order Runge-Kutta step, the
average of the initial and final state was taken for these variables.
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The detonation front, especially for Insensitive High Explosives (IHE) such as
TATB-based explosives, is characterized by a rapid reaction followed by a slow re-
action. Such problems presented a challenge for a fixed step size integration as the
fine time steps required for the early part of the detonation wave drove up the overall
computational cost. An adaptive time step algorithm using the methods of [23] was
implemented to maintain accuracy in the regions of rapid reaction while efficiently
integrating through the slow reaction zone.

2.5. Finding the Detonation speed

The above equations and stopping conditions give a detonation wave structure for a
specified value of D and κ. However, for a given value of κ, there can be a value of
D which corresponded to a steady detonation in the curved coordinate system. This
was the value Dn and it was characterized by two properties: first, at the end of the
reaction zone, the rate parameter, R was zero and second, the minimum value of the
sonic parameter S over the entire integration was zero. However, for large values of κ
there may be no value of Dn which meets these conditions. Additionally, there may be
more than one value of Dn which meets these conditions [15]. However, for calibrating
DSD models to predict experiments such as rate-sticks and front shapes, the largest
compatible value of Dn at a given κ is most important.

A bracketing method was used to find Dn for a given κ. The algorithm for deter-
mining if D should be increased or decreased to find Dn is given in Algorithm 1.

Algorithm 1 Algorithm for finding the critical value of D

1: Solve for a given D and κ. Get R, Smin, and termination reason;
2: if Integration terminated because of sonic condition then

3: if R > 0 then

4: Increase D;
5: else

6: Decrease D;
7: end if

8: else

9: if Smin > 0 then

10: Decrease D;
11: else

12: Increase D;
13: end if

14: end if

3. Burn models

3.1. Ideal models

The simplest burn models are Arrhenius type with polytropic gas EOS models. Though
such models are note state-of-the-art for representing condensed phase HE materials;
some exact solutions exist which can be used for verification.

The polytropic gas EOS with an energy offset is defined in Appendix B.1 and
the single-step Arrhenius rate model with zero activation energy is defined in Ap-
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pendix C.1.1. A set of constants for these models which mimic the behavior of the
TATB based IHE, PBX 9502, are given in Appendix D.1.1. Using the strong-shock
relations from [25], we can obtain D =

√

2q (γ2 − 1) = 8mm µs−1.
For the special case where ν = 1

2 a simple analytic solution is possible using equa-
tions from [26]:

P (λ) =
D2
(√

1− λ+ 1
)

ρo

γ + 1
, (13)

u(λ) =
D
(

γ −
√
1− λ

)

γ + 1
. (14)

Knowing x(λ) =
∫

u(λ)dt =
∫ λ

0 u(λ)
(

dλ
dt

)−1
dλ, the following solution can be derived

to solve for P and x on an arbitrarily fine grid of λ.

x(λ) =
2γD

√
1− λ+Dλ

γk + k
(15)

3.2. Multi-step ideal models

A Multi-step model for detonation of hydrogen and air through a two-step process is

given in [18] for the reaction A
λ1−−→ B

λ2−−→ C. The same ideal gas model, described
in Appendix B.1 is used as the EOS and the multi-step reaction model is described in
Appendix C.1.2, a set of constants for these models intended to be representative of
detonation in a hydrogen-air mixture is given in Appendix D.1.2.

The author presents the solution as an differential equation in the first reaction
progress variable. As this is an polytropic gas model, properties such as thermicity
can be evaluated analytically. Though this is not an exact solution, the equations can
be integrated using significantly finer steps than the Dn(κ) equations.

3.3. Single step models for condensed phase HE

Two single step models for HE are considered: Wescott-Stewart-Davis (WSD)[2], and
Arrhenius Wescott-Stewart-Davis (AWSD) [3]. Each of these burn models tracked
some shock property which the burn model returns as an absolute value, rather than a
rate, in addition to other auxiliary variables which were integrated in time along with
the mass fractions of the reacting species. The WSD model tracked the characteristic
density and the AWSD model tracked the shock temperature. For both models, these
values increased until they reached some maximum and then remained constant.

Both models used the Davis Reactants model, described in Appendix B.2 for the
reactants EOS, and the Davis Products model, described in Appendix B.3 for the
products EOS. The details of the functional form of the WSD and AWSD burn models
are given in Appendices C.2 and C.3, respectively. Calibrations of these models for the
HE PBX 9502 and PBX 9501 are given in Appendix D.2.
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4. Verification

Before using the set of equations defined in (11) the equations and the integration
algorithm must be verified to ensure that the expected order of convergence is observed.
When κ = 0, the solution reduces to the Zeldovich-von Neuman-Doerning (ZND)
structure which has many exact and high resolution solutions, which can be used for
code verification. Though the ODE integration method could use an adaptive step
size, the verification analysis used a fixed step size for integration in order to assess
the rate of convergence of the method. The validation study presented in Section 5
used the adaptive step integration.

The measure used to assess the convergence of the numerical solution to the exact
solution is the L-1 average in pressure,

L1
P =

∑n
i=1 |Pi − Pexact(xi)| δx

∑n
i=1 δx

(16)

The characteristic length scale of the simulation is given as,

h =
w

n
, (17)

where w is the width of the one-dimensional domain and n is the number of nodes
across the domain.

The observed rate of convergence can be computed as,

p̂ =
ln
(

L1
P (h1)

L1
P (h2)

)

ln
(

h1

h2

) , (18)

where h1 > h2 [27].
The error between the observed rate of convergence and the theoretical order of

convergence is given as,

χ =
|p̂− p|

p
. (19)

For verification problems with exact solutions, there is no commonly accepted
threshold for proving that the algorithm is converging at the expected rate. For “so-
lution verification” other authors [27] have suggested that values of χ < 0.1 indicate
that the solution is converging at the expected rate. This is the threshold that the
subsequent studies will use for determining if the code is converging at the expected
rate

4.1. Single step polytropic gas models

The convergence of the L1
P metric across the domain for the polytropic EOS and simple

burn model is shown in Figure 3. The theoretical order of convergence of this algorithm
is 4, giving a value of χ = 0.008, showing the numerical integration is converging at the
expected rate. This was the simplest case as the rate law did not include any auxiliary
variables.
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(a) PBX 9502 with simple rate law

∆x/µm L1
p/GPa conv

155.42 1.833 × 10−4 -
83.56 1.514 × 10−5 4.018
43.34 1.143 × 10−6 3.935
22.08 7.862 × 10−8 3.969

(b) χ = 0.008

Figure 3.: Convergence of the ZND structure for PBX 9502 using a polytropic gas
EOS and simple rate law for cases with κ = 0 and Dn = Dcj. At the finest resolution
χ = 0.008, showing the algorithm is converging at the expected rate.

4.1.1. Asymptotic convergence of the Dn(κ) relationship

An asymptotic analysis of the relationship between Dn and κ for this EOS and rate
law was performed by [26] and gives an exact solution to the Dn(κ) relationship as in
the limit of κ → 0.

Dn(κ) = DCJ − D2
CJ

k

2γ2

(γ + 1)2

[

1

2 (1− ν)
+

2

3− 2ν
+

1

2 (2− ν)

]

κ (20)

The convergence of the computed relationship to the theoretical asymptotic approx-
imation is shown in Figure 4. Though there is no quantitative measure of convergence
in this analysis, the computed value of Dn approaches the asymptotic limit as κ → 0
from both positive and negative values of κ. This comparison to the exact solution
verifies both the integration methods as well as the stopping conditions and Algorithm
1 for finding Dn.

4.2. Two step models

The convergence of the simulation using the two step model, to the high resolution
simulation are shown in Figure 5. The ZND structure shows the flow exhibits an
exothermic reaction followed by and endothermic reaction, which was a challenging
problem to model as the flow passed through a sonic point. This was the motivation
for tracking the minimum sonic parameter throughout the flow rather than the final
sonic parameter in Algorithm 1 as the ZND structure terminated in a subsonic point
after passing through a sonic point. All the single-step reactions terminated at a sonic
point.

The code converged at near fourth-order, with an error of χ = 0.082, showing that
the governing equations could model a complex multi-step rate law.
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Figure 4.: Comparison of the observed Dn(κ) relationship compared to the asymptotic
limit as κ → 0. The calculated Dn converges to the asymptotic value at small values
of |κ|
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(a) H2-Air Two-step Arrhenius[18]
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0.54 8.660 × 10−2 -
0.29 1.266 × 10−2 3.010
0.15 2.920 × 10−3 2.194
0.07 2.191 × 10−4 3.816

(b) χ = 0.046

Figure 5.: Convergence of the ZND structure for two-step reactions for H2 air deto-
nation for cases with κ = 0 and Dn = Dcj. The ZND solution converges to the exact
solution at the expected rate.
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(a) PBX 9502 AWSD[3]
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(b) χ = 0.006
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(c) PBX 9502 WSD[2]

∆x/µm L1
p/GPa conv

19.23 3.079 -
11.33 3.944 × 10−1 3.102
7.70 7.680 × 10−2 4.141
5.76 2.440 × 10−2 4.075

(d) χ = 0.019
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(e) PBX 9501 AWSD[28]
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p/GPa conv

10.24 2.108 -
5.16 2.908 × 10−1 2.891
3.44 7.733 × 10−2 3.266
2.95 4.495 × 10−2 3.525
2.58 2.706 × 10−2 3.810

(f) χ = 0.048

Figure 6.: Verification of the ZND structure for the HE PBX 9502 and PBX 9501 using
the AWSD and WSD reactive burn models for cases with κ = 0 and Dn = Dcj. The
solution converges to the exact solution at the expected rate.
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4.3. Realistic burn models for condensed phase high explosives

As described in Section 3, the burn models for condensed phase high explosives were
more complex than the Arrhenius rate and included auxiliary variables and variables
which were returned as absolute values and not rates. The latter of these requiring
special treatment to achieve high order convergence. All these features meant that the
convergence of each of these burn models was checked to ensure that the integration
algorithm was sufficiently robust to see the expected order of convergence for these
more complex rate models.

Unlike the Ideal models in Section 4.1 there was no analytic solution for these models
which used more complex functions to represent both the EOS and reaction rate. A
much higher resolution solution was obtained by solving the Rankine-Hugoniot jump
from reactants to some intermediate product stats and using the rate law to integrate
the mass fractions. This process could solve the ZND structure on arbitrarily fine grids.
Though this was not a true exact solution, just a different kind of integration, the exact
solution was solved on a regular grid with 8000 points while the finest convergence
studies shown used, at most, 960 points.

The results of the verification study for models of PBX 9502 and PBX 9501 are
shown in Figure 6. For each model the computed value of χ was less than 0.1, verifying
that the ZND structure converged at the expected rate for both reactive burn models.

5. Validation

The verification section focused on the special case of κ = 0 where exact, or high reso-
lution, solutions are available. For complex EOS and burn models, no exact solutions
are available for the Dn(κ) relationship other than the asymptotic analysis shown in
Section 4.1.1.

Furthermore, the Dn(κ) relationship cannot be measured directly. The local curva-
ture of a detonation front is changing continuously in any real experimental observa-
tion of HE. However, previous work has sought to invert the Dn(κ) relationship from
experimental observations and these results exist for both PBX 9501 [29] and PBX
9502[30]. It is important to note that these data were used in the calibration of the
various reactive burn models.

Unfortunately, no data exists for the Dn(κ) relationship for H2-Air detonation so
the results of the search method for this multi-step rate cannot be validated.

For the remaining burn models, there are two approaches to validation: comparison
against existing DSD calibrations and comparison against higher fidelity codes which
make no simplifying assumptions about the underlying Euler equations and implicitly
account for the additional terms shown in (1). Both approaches have advantages and
shortcomings. Using DSD calibrations has the advantage that they are tied to real
experimental data, however they have the disadvantage that DSD models are func-
tions of only curvature and are insensitive to the other terms in (1). As the radius
of curvature becomes comparable to the reaction zone, the DSD models become less
accurate as they seek to account for the effects of the additional terms in their fixed
functional form. Using the high fidelity code has the advantage that these additional
effects are accounted for but with the disadvantage that the verification is not directly
connected to experimental data.

The high fidelity code is described in [22] and solves the Euler equations in a shock-
attached frame of reference without making further assumptions. The effects of shock
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acceleration in time and along the shock front are modeled by this code. However,
they are minimal along the plane of symmetry, where the shock-normal velocity Dn is
the same as the propagation speed Do, and the radius of curvature is changing most
gradually in the direction parallel to the shock. At this point, the speed Dn can be
calculated and, in a slab-geometry, the local curvature is given as[12].

κ = −
∂2z
∂r2

(

1 +
(

∂z
∂r

)2
)

3

2

, (21)

where the (z, r) points are the locus of points along the shock front.
The high fidelity code computes the slope of the shock, ∂z

∂r
, as part of the solu-

tion methodology of shock fitting. The second derivative term in the numerator is
approximated by finite differences.

The high fidelity code could only model the AWSD rate law and could only model
a single step reaction. Simulations were run until the detonation propagation speed
Do ceased changing in time. A range of slab geometries of varying thicknesses were
run for PBX 9501 and PBX 9502, the data for the centerline for each simulation was
extracted and compared to the results of the bracketing method.

Each high fidelity simulation was run in parallel on 30 AMD EPYC 7452 2.3GHz
processors. Depending on the size of the slab geometry, simulations took between two
to 45 minutes. The method described in Section 2.5 to find Dn for a given value of
κ took on the order of two minutes on a single processor, though the time that each
search took increased with increasing curvature.

5.1. PBX 9502

Two different burn models were examined for PBX 9502: AWSD, and WSD. Compar-
ison of the computed Dn(κ) points from both models to existing DSD calibrations and
the high fidelity code are shown in Figure 7. The high fidelity solver (sf2d) was only
able to model the AWSD burn law. There were many different historic DSD calibra-
tions for this material and it is important to understand how each reactive burn model
was calibrated to assess its agreement to DSD models. The AWSD model was cali-
brated to rate stick data from [31] which used lot LANL 79-04 [32]. A lot-specific DSD
calibration for this HE lot is given in[10]. The WSD model was calibrated to a DSD
function rather than rate stick data. This function is given in[30] and this function
had been fit to data from[30] which used material taken from Lot HOL88H891-008[32].
Over time, between when these two calibrations were performed, the best estimate of
the detonation speed of PBX 9502 changed from 7.730 km s−1 [2] to 7.8 km s−1 [3].
This made the two DSD functions notably different at small curvatures.

The four pairs of Dn and κ points calculated by sf2d agree very closely with the
AWSD calibration. Both the AWSD and WSD calibrations also agree closely with the
DSD calibrations until near the critical curvature of 0.166mm−1. At this point, the
radius of curvature was equal to the reaction zone width, and beyond this point, the
solution began to diverge from the DSD calibration.

The good agreement between theDn(κ) calculations with both the high fidelity code
and the experimentally derived DSD models over the range where the equations are
valid provides strong evidence that the search method has been implemented correctly
and that the AWSD calibration is a good representation of reactive burn in this HE.
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where the underlying assumptions of the theory break down. sf2d is the high fidelity
simulation code
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model. The vertical dashed line shows the critical curvature where the assumptions of
the theory break down. sf2d is the high fidelity simulation code.

5.2. PBX 9501

A comparison of existing DSD calibrations for PBX 9501 to the computed Dn(κ)
points are shown in Figure 8. A single DSD calibration for PBX 9501 is shown[12] as
well as results from the high fidelity (sf2d) simulation. The data used for these DSD
calibrations were the same data which were used to calibrate the AWSD model [28].
The computed Dn(κ) points agree well with the sf2d calculations until near 1mm,
where the radius of curvature was as large as the width of the reaction zone shown. Ad-
ditionally the slab geometry which yielded the sf2d point with the largest curvature,
had a thickness less than 1mm−1, breaking the second assumption underpinning DSD
theory[7]. The results of the Dn(κ) calculations and the high-fidelity code began to dis-
agree notably from the DSD model beyond around 0.1mm−1. The agreement between
the high fidelity code and the Dn(κ) solution indicates that the search method has
identified the correct detonation speed implied by the reactive burn model. However,
the current AWSD calibration does not follow the DSD model beyond this curvature.
It is important to note that for rate sticks of near one-inch diameter (25.4mm), the
local curvature remains less than 0.1mm−1 for the majority of the charge so the Dn

at larger curvatures is most influential for modeling smaller rate sticks.
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6. Conclusions

This paper presented a system of equations for modeling the detonation in a curved
coordinate system as well as algorithms for finding a steady detonation speed for a
given radius of curvature. These equations were verified for a range of equation of
state models and reaction rate models and all were shown to converge at the expected
rate. A relationship for the detonation speed as a function of radius of curvature was
computed for different burn models for the condensed phase high explosives PBX 9501
and PBX 9502 and both relationships showed good agreement with the results from
a high fidelity simulation of the problem.

These results give strong evidence that the governing equations have been correctly
implemented in the code and that the code is capable of accurately modeling the effects
of local curvature on detonation speed so long as the assumption holds that the radius
of curvature is much larger than the reaction zone width. This tool will have important
applications in future work identifying new functional forms and calibrations to model
single- and multi-step reactions for detonation in condensed-phase high explosives.
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Nomenclature

Symbols

Γ Grüneisen gamma [−]
η Coordinate normal to the shock [m]
κ Curvature [m−1]
χ Order of convergence tolerance [−]
ρ Density [kgm−3]
σ Thermicity [−]
ξ Coordinate paralell to the shock [m]
ξ Transformed coordinates ξ ≡ x

S
[s]

Variables

A Stream-tube cross-sectional area [m2]
c Isentropic sound speed [m s−1]
ct Isothermal sound speed [m s−1]
Cv Specific heat capacity at constant volume [J kg−1 K−1]
D Detonation speed [m s−1]
Dn Detonation speed normal to shock front [m s−1]
Do Propagation speed of the shock front [m s−1]
e Specific energy [J kg−1]
h Characteristic length scale of problem [m]
k The number of reaction variables [−]
L1 The L-1 norm (absolute value) of a quantity [−]
m Mass fraction [−]
n Number of grid points [−]
P Pressure [Pa]
P Pressure [Pa]
p Theoretical order of convergence [−]
p̂ Observed order of convergence [−]
R Rate parameter [s−1]
r Radial coordinate [m]
r Reaction rate ri ≡ ∂mi

∂t
[−]

S Sonic margin S ≡ c2 − (D − u)2 [m2 s−2]
T Temperature[K]
u Velocity [m s−1]
V Specific volume V ≡ ρ−1 [m3 kg−1]
w Width of computational domain [m]
x Position [m]
y Compression factor
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z Streamwise coordinate [m]

Appendix A. Appendix A: Calculation of thermicity for multi-species

mixtures

This section expands on the thermodynamic calculations presented in [36] which pre-
sented a method to compute sound speed and specific heat capacity in a mixture of
gasses.

A.1. Calculating Grüneisen Gamma of a Mixture

The Grüneisen gamma of a mixtire, given by [37]

Γmix =
1

Cvmix
ρ

∂P

∂T

∣

∣

∣

∣

Vmix

(A1)

Where

∂P

∂V

∣

∣

∣

∣

Tmix

=

[

k
∑

i=1

−mi

ctiρ
2
i

]−1

(A2)
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∣

∣

∣

∣

Vmix

=
∂P

∂V

∣

∣

∣

∣

Tmix

k
∑

i=1

−mi
ρiΓiCvi

ctiρ
2
i

(A3)

The isothermal sound speed for a species is given as ct = c− Γ2CvT .

A.2. Calculating thermicity

From [25], there are several ways of expressing thermicity,

σi =
1

ρc2
∂P

∂mi

∣

∣

∣

∣

ρ,e

,

= ρ
∂V

∂mi

∣

∣

∣

∣

T,P

− α

Cp

∂H

∂mi

∣

∣

∣

∣

T,P

. (A4)

Note that V =
∑k

i=1 miVi so
∂V
∂mi

= Vi. Similarily e =
∑k

i=1 miei so
∂e
∂mi

= ei.

Expanding H = e+ PV , and using thermodynamic relations to show that α
Cp

= Γ
c2

we get

σi = ρmixVi −
Γmix

c2mix

(ei + PVi) (A5)
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Relations for computing the specific heat and sound speed of a mixture of gasses
are given in [36].

Appendix B. Equation of State models

There were three equation of state models considered in the verification and validation
studies in this paper. Each equation of state provided functions for the pressure and
temperature as a function of the density and mass-specific internal energy.

B.1. Ideal Gas

The ideal gas equations of state was

P (ρ, e, λ) = ρe (γ − 1)− λq (B1)

T (ρ, e, λ) =
e (γ − 1)

R̄
(B2)

B.2. Davis Reactants

The Davis Reactants EOS is described in [3]. The two main relations are:

P (ρ, e) = Pr(ρ) + ρΓ(ρ)(e− er(ρ)), (B3)

T (ρ, e) = Tr(ρ)

{

1 + αst

CvTr(ρ)
[e− er(ρ)] + 1

}
1

1+αst

. (B4)

The EOS has the reference isentrope pressure defined by:

Pr(ρ) =
ρ0A

2

4B

{

exp(4By)− 1 y < 0
∑3

j=1
(4By)j

j! + C (4By)4

4! + y2

(1−y)4 y ≥ 0
(B5)

with y = 1− ρ0/ρ.
The energy on the reference curve is,

er(ρi) =

∫ ρi

0

Pr(ρ)

ρ2
dρ+ eo. (B6)

The temperature along the reference isentrope as,

Tr(ρ) =


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




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

T0

(

ρ
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)(Γ0
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T0 exp(−Zy)
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ρ ≥ ρ0

(B7)
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The Grüneisen parameter is defined as,

Γ(ρ) =

{

Γo ρ < ρ0

Γo + Zy ρ ≥ ρ0
. (B8)

B.3. Davis Products

The description of the Davis Products equation of state follows the description in[3].

P (ρ, e) = Ps(ρ) + ρΓ(ρ) (e− es(ρ)) (B9)

T (ρ, e) = Ts(ρ) +
1

Cv
(e− es(ρ)) (B10)

The functional form of the reference curve is:

Ps(ρ) = Pc

(

(ρvc)
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2 + (ρvc)
n

2
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n
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, (B11)

where,

F (ρ) =
2a (ρvc)

n

(ρvc)
−n + (ρvc)

n . (B12)

The energy on the reference curve can be obtained by integrating (B11):
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. (B13)

The Grüneisen gamma from (B9) is modeled as being a function of density only

Γ(ρ) = k − 1 + (1− b)F (ρ) (B14)

The temperature on the reference curve is given as:

Ts(ρ) =

(

2
−ab

n
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, (B15)

which assumes a constant specific heat capacity
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Appendix C. Reaction rate models

C.1. Arrhenius

C.1.1. Single step

The single step Arrhenius model was taken from [26].

R = k (1− λ)
1

2 (C1)

C.1.2. Two-step

This two-step combustion model was taken from [18]

R =
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∣

∂mr

∂t
∂mi

∂t
∂mp
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−rAmr

rAmr − rBmi

rBmi

∣

∣

∣

∣

∣

∣

(C2)

rA = kAT
βA exp

(

− EA
R̄T

)

(C3)

rB = kBT
βB exp

(

− EB
R̄T

)

(C4)

C.2. Wescott-Stewart-Davis

The Wescott-Stewart-Davis (WSD) was a semi-empirical model for reactions in con-
densed phase high explosives. It had separate terms for ignition (I), growth (G), and
reaction completion (B)

R (ρ, p, λ) = rISI(λ) + rgSg(λ) + rB [1− Sg(λ)] (C5)

The functions which switched between the rates were:

SI(λ) =
1

2
{1− tanh [200 (λ− 0.025)]} (C6)

SG(λ) =
1

2
{1− tanh [30 (λ− 0.9)]} (C7)

W (ρSH) =
1

2

{

1− tanh

[

50

(

ρSH
ρc

− 1

)]}

(C8)

Note that the function W (ρSH) required the shock density, ρSH , which was an
additional auxiliary variable tracked by the reaction which was set to the highest
density experienced by the cell.

ρSH = max (ρSH , ρ) (C9)
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This is an example of an auxiliary variable computed by the reaction as an absolute
value rather than a rate.

The rates for ignition and reaction completion were:

rI = kI

(

ρ

ρo
− 1− a

)7

(1− λ)
2

3H

(

ρ

ρo
− 1− a

)

(C10)

rB = kB

(

p

pCJ

)

(1− λ)
1

2 (C11)

where H(.) is the Heaviside function
The rate for the reaction growth was more complex with and switched between a

rate for shock initiation and a rate for full detonation.

rG = rIGW (ρSH) + rDG (1−W (ρSH)) (C12)

rIG = kIG

(

p

pcj

)4.5

λ
1

3 (1− λ) (C13)

rDG = kDG

(

p

pcj

)2

λ
1

3 (1− λ) (C14)

C.3. Arrhenius-Wescot-Stewart-Davis

The Arrhenius Wescott Stewart Davis model (AWSD) was a shock-temperature sensi-
tive rate law described in [3]. Like the rate was made up of several different components.
The pressure sensitive rate Fp, the low temperature rate F1, the high temperature rate
F2 and the reaction completion rate Fλ

R(p, T, λ) = Fp(F1 + F2)Fλ (C15)

These four rates are given by

Fp =

{

exp
(

−
(

ps

p

)np
)

ifp > pζ

0 otherwise
(C16)

F1 = k1 exp

(

− T1

TSH

)

(λ+ a1Fp) (1− λ)b1 (C17)

F2 = k2 exp

(

− T2

TSH

)

(1− λ)b2 (C18)

Fλ = fs +
1

2
(1− fs)

(

1− tanh

(

λ− λc

δλ

))

(C19)

These rates were dependent on the shock temperature, TSH . Like the shock density
in the WSD model, this was a property which was evolved by the rate law as an
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absolute value rather than a rate. The shock temperature is defined as:

TSH =

{

max (TSH , T ⋆) λ < 1
2andζ < 1

TSH otherwise
(C20)

Where T⋆ was computed based on the auxiliary variable ζ which was evolved in
time along with the other reaction progress variables,

ζ̇ = kζH(p− pζ). (C21)

T ⋆(T, λ) = T

[

1− aTλ exp

(

Tc

T

)]

(C22)

Appendix D. Calibrations

This section contains tables of calibration data used for the various models

D.1. Ideal Gas

D.1.1. Single step

Table D1.: Parameters for single step reaction law meant to mimic PBX 9502
behavior[6]

Parameter Value Units

γ 3
ρo 2 g cm−3

R̄ 397.58 J kg−1K−1

q 4× 106 J kg−1

k 2.5147 µs−1

D.1.2. Multi step

D.2. Realistic HE Models

D.2.1. Equations of State

D.2.2. Rate laws
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Table D2.: Parameters for multi step reaction law meant to mimic PBX hydrogen-air
detonation[18]

Parameter Value Units

γ1 = γ2 1.4
E1 = E2 3.080471 J kg−1

k1 = k2 5000 µs−1

R̄1 = R̄2 397.58 J kg−1 K−1

q1 7.58265 J kg−1

q1 -5.68698 J kg−1

ρo 0.85521 kgm−3

Table D3.: Davis Reactants Calibrations

PB
X
95
01
AW

SD
[2
8]

PB
X
95
02
AW

SD
[3
]

PB
X
95
02
W
SD
[2
]

units

A 2.30 1.8 1.75 mm µs−1

B 3.3 4.6 5.2
C 0.2 0.34 0.1
ρo 1.836 1.890 1.895 g cm−3

To 297 297 293 K
eo 5.60208 4.1156 3.731 kJ g−1

Z 0 0 0.3093
Γ0 0.838 0.56 0.8168
αst 0.3662 0.4265 0.7331
Cv 0.001067 0.001074 0.000979 kJ g−1 K−1

Table D4.: Davis Products Calibrations

PB
X
95
01
AW

SD
[2
8]

PB
X
95
02
AW

SD
[3
]

PB
X
95
02
W
SD
[2
]

units

a 0.68431 0.798311 0.8592
n 1.58683 2.66182 2.521
k 1.62149 1.35 1.3
vc 0.745829 0.75419 0.9884 cm3 g−1

pc 5.38897 3.2 1.307 GPa
b 1.25 0.58 0.58
Cv 0.000730 0.000725 0.000725 kJ g−1 K
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Table D5.: AWSD rate law Calibrations

PB
X
95
01
[2
8]

PB
X
95
02
[3
]

units

kζ 20 20 µs−1

at 0.08 0.327
Tc 400 971 K
pζ 0.6 0.6 GPa
np 0.6787 0.5471
ps 14.8 27.60 GPa
k1 94.51 336 µs−1

T1 635.51 1724 K
a1 0.2897 0.06081
b1 2.419 2.122 kJ g−1 K
k2 3288 10200 µs−1

T2 6187 6278 K
b2 0.9 0.9
fs 0.0115 0.03587
λc 0.98 0.8764
δλ 0.013 0.02168

Table D6.: WSD rate law calibrations for PBX 9502 from [2]

parameter value units

pcj 28 GPa
ρc 2.74 g cm−3

a 0.214
kI 10× 105 µs−1

kIG 29 µs−1

kDG 70 µs−1

kB 0.85 µs−1
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