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Abstract: We focus on simulating the consequences of material interpenetration and mixing
arising from perturbations at shocked material interfaces, as vorticity is introduced by the im-
pulsive loading of shock waves, e.g., as in Inertial Con nement Fusion (ICF) capsule implosions.
The ow physics is driven by ow instabilities such as Richtmyer-Meshkov, Kelvin-Helmholtz,
Rayleigh-Taylor, and vortex stretching; it is capturable with both, classical large-eddy simulation
(LES) and implicit LES (ILES) { where small-scale ow dynamics is presumed enslaved to the
dynamics of the largest scales. Beyond the complex multiscale resolution issues of shocks and
variable density turbulence, we must address the di cult problem of predicting ow transitions
promoted by energy deposited at the material interfacial layers during the shock interface inter-
actions. Transition involves unsteady large-scale coherent-structure dynamics resolvable by the
coarse grained simulation but not by Reynolds-Averaged Navier-Stokes (RANS) modeling based
on equilibrium turbulence assumptions and single-point-closures. We describe a dynamic blended
hybrid RANS/LES bridging strategy for applications involving variable-density turbulent mixing
applications. We report progress testing implementation of our proposed computational paradigm
for relevant canonical problems, in the context of LANL’s XRAGE Eulerian hydrodynamics and
BHR unsteady RANS code. Proof-of-concept cases include the Taylor-Green vortex { prototyp-
ing transition to turbulence, and a shock tube experiment { prototyping shock-driven turbulent
mixing.

Keywords: shock driven turbulence, Large Eddy Simulation, Implicit LES, Reynolds-Averaged
Navier-Stokes, hybrid LES/RANS .

1 Introduction

The mixing of initially separate materials by the small scales of turbulent motion is a critical element in
many applications such as inertial con nement fusion (ICF) capsule implosions, where predictive simulations
of complex convectively-driven multi-physics are needed to capture the late-time states of interest. We
are interested in understanding the detailed mixing consequences of material interpenetration and hydro-
dynamical instabilities arising from perturbations at shocked/accelerated material interfaces. Transition to
turbulence in such applications exhibits extreme geometrical complexity and broad range of length and time
scales driven by ow instabilities such as Richtmyer-Meshkov (RM), Kelvin-Helmholtz (KH), Rayleigh-Taylor
(RT), Bell-Plesset, and vortex stretching { e.g. [1, 2],

A prototypical laboratory shock-tube experiment of interest for ICF involves transitional non-equilibrium



ow at rst-shocked and subsequently reshocked material interfaces, relaxing to quasi-equilibrium decaying
turbulence between shock events. While RM is the main instability driver of a rst-shocked thin material-
interface, shocked driven mixing becomes much more involved at reshock, where shock-accelerated material
interfaces are highly corrugated and stochastic { and complex balance of various di erent instability mecha-
nisms (beyond just RM) drives the ow dynamics [3]. The three-dimensional (3D) hydrodynamics of interest
depends on initial conditions (IC) and involves transition to turbulence, non-equilibrium turbulence devel-
opment, and late-time relaminarization. Such ow physics can be captured with a coarse grained simulation
paradigm (CGS) [4], presuming the spectral cascade rate of energy (the rate limiting step) is determined
by the initial and boundary condition constrained large-scale dynamics, and using mixing transition criteria
and e ective turbulence Reynolds numbers (Re) for macroscopic convergence metrics [5]. As late-time states
depend on IC, and because of variability associated with IC (characterization and modeling) uncertainties
[3], ensemble averaging deterministic CGS over a suitably complete set of realizations covering the relevant
IC variability for question and quantities of interest becomes the (computationally expensive) strategy of
choice.

Classical LES uses explicit subgrid scale (SGS) models, while both Navier-Stokes (NS) and Euler based
ILES [6] rely on SGS modeling implicitly provided by physics-capturing numerics. Because shocks and
turbulence are involved, resolving all relevant physical scales in shock-driven turbulence simulations becomes
prohibitively expensive. ILES addresses the seemingly unsurmountable di cult issues posed by under-
resolution [11] by combining shock and turbulence emulation capabilities based on a single numerical model
[4]. Depending on relevant characteristic non-dimensional numbers { e.g. Re, Schmidt (Sc), Damkohler
{ explicit and implicit SGS models may need to be combined to address non-convective physics such as
di usive mixing and combustion.

On the engineering end of computation capabilities, unsteady RANS involving ensemble-averaged ow
on coarser than LES grids are preferred for faster turnaround for engineering and design purposes. RANS
paradigms typically presume equilibrium turbulence and enstrophy production slaved to kinetic energy pro-
duction, and reduced dimensional computations (1D / 2D) are often involved { e.g. [12]. There are out-
standing problems using such RANS for shock-driven turbulence, speci cally: 1) transitional 1C-dependent

ow physics is 3D and non-equilibrium; 2) enstrophy generation is inherently very di erent from energy
production. Similar di culties in RANS simulations with shocks have been noted when modeling shock
/ boundary-layer interactions [13]. Crucial to note here is the fact that transition to turbulence is driven
by large-scale coherent vortical-structure dynamics, which can be captured with CGS, but not by a RANS
strategy based on single-point-closure modeling [14].

Notwithstanding its shortcomings, RANS can be e ectively used following each shock-triggered transi-



tional event with suitable initialization, but it cannot capture well the consequences of a subsequent such
transitional ow event. It is thus very timely to explore the possible impact of hybrid LES/RANS paradigms

for shock-driven multi-material mixing.

1.1 Why Hybrid LES/RANS for Shock Driven Turbulent Mixing?

Hybrid LES/RANS methodologies exploiting the structural similarity of equations for computed RANS and
LES velocity solutions [15, 37] are the aerospace / automobile industrial standard to reduce computational

costs in full-scale con gurations for single-material wall-bounded ow applications.

In mainstream hybrid LES/RANS for detached / near-wall ow, modeling transitions are largely based
upon wall distance metrics { which do not have relevant analogs for shock-driven turbulent ows.
Suitable hybrid strategies for the compressible multi-material mixing applications are needed to enable

accurately capturing the complex 3D unsteady hydrodynamics at scale on coarser grids.

Having the ability to activate LES again in some fashion after rst-initialized RANS is needed when
multiple shock events are involved as in the ICF problem. We propose such capability in terms of a

blended hybrid LES/RANS strategy based on the Flow Simulation Methodology [28, 29, 30].

With subgrid modeling for LES being primarily empirical activity within pragmatic practice, the Flow
Simulation Methodology (FSM) framework provides an attractive way to systematically generate LES

subgrid models based on RANS turbulence models developed for the class of problems of interest.

Hybrid bridging approaches blending LES and RANS models provide a computationally feasible way to
represent ensemble averaging while addressing additional degrees of freedom associated with unsteady

small-scale dynamics and multiple-shock driven transitional ow physics.

2 Filtering, Averaging, Grid Resolution, and Modeling

In LES we are constrained to simulate a ow with resolution cuto wavelength determined by a spatial-
Itering process. Formal analysis of LES can be based on modi ed equation analysis { MEA [10, 11], a
technique for generating approximate equations for the computed solutions { the actual solutions of the nu-
merical algorithm underlying the simulation model. Detailed discussion of MEA (including compressibility)
can be found elsewhere [63, 64].
To simplify discussion and conceptualization, consider incompressible ow with scalar mixing. After
applying a spatial Itering operation to the ow equations, and discretizing in physical space, we end up

with the modi ed equations { satis ed by the computed numerical solutions,
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In the equations above, commas indicate di erentiation, e.g. ujx  @u;=@Xk, and overbars denote the
Itering operation q = R q(x)G(x"; x)dx"dy’dz’ characterized by prescribed kernel G(x’;x). Moreover, u
is a (solenoidal) velocity eld and c is a conserved material scalar concentration, p is the pressure, and
D denote momentum and material di usivity, respectively, , =u U u wuand =CuUu <CTU are
explicit SGS models used to close the equations in Itered unknowns. Finally,  and . are terms due to
potential non-commuting di erentiation and Itering, and t, and t; denote implicit SGS models associated
with discretization truncation. Implicit SGS model contributions associated with nite-volume discretization

{ preferred for ILES [4] { can be cast in divergence form as their explicit counterparts in (2) and (1).

Turbulent mixing of material scalars can be usefully characterized by the length scales of the uid physics
involved: 1) large-scale entrainment in which advection brings relatively large regions of the pure materials
together, 2) an intermediate length scale associated with the convective stirring due to velocity gradient

uctuations, and, 3) much smaller scale interpenetration resulting from molecular di usion. Large-scale
vortices and their interactions play a crucial role in controlling transitional growth and entrainment at
moderate and high Re and for Sc = =D 1 { when convective time-scales are much smaller than those
associated with molecular di usion. In this limit, the primary concern is with the numerical simulation of the

rst two processes above { advection and stirring. Both NS and Euler based ILES are capable of capturing
the high-Re-dominating stirring (convectively) driven mixing with implicit SGS models provided implicitly
with a well designed numerics [43]. For lower Re or far-from-unity Sc, explicit SGS models  and . may
be also needed to ensure accurate solutions.

Analysis of the ensemble averaged ow equations would formally yield analogous modi ed equations
to those above for LES, with substituted ensemble-averaging and spatial- Itering operations on the ow
variables, and substituted RANS and LES (explicit and implicit) SGS stresses and commutation terms.
This similarity re ects the fact that (spectral) e ects of ensemble averaging and spatial Itering on the
velocity solutions inherently resemble each other in their nature. However, a key di erence between LES
and RANS equations relates to their limiting behavior as the grid size T 0, when only the equations
associated with a properly designed LES approach the Direct Numerical Simulation (DNS) limit { where all

relevant space and time length scales are resolved.



2.1 Coarse Grained Convergence

Convergence issues vs. resolution in turbulent ow simulations are typically problem dependent and di cult
to address in general. Grid independence can be in principle achieved with DNS. Otherwise, inherent to any
CGS approach, is the fact that the smallest characteristic resolved turbulence scale is determined by the
resolution cuto wavelength prescribed by an explicit or implicit spatial- Itering process.

Ideally, LES is NS based and the smallest resolved length scale is xed by a chosen characteristic (grid
independent) Iter length [44], on which results are still dependent. However, resolution requirements for
such LES are typically not achievable for problems involving complex geometries and moderate-to-high Re
{ for which under-resolved conditions are unavoidable. In this context, the e ective cuto is most likely
determined implicitly by discretization. Most typically, well established practical LES relies on grid Itering
{ e.g., [45]. LES models generated with blended LES/RANS hybrids are also grid (or Iter length) dependent.

Transition can lead to an inertial range exhibiting Kolmogorov’s -5/3 wave-number power-law in the
turbulent kinetic energy spectrum for su ciently high Reynolds number (Re) [7, 8] above Dimotakis’ mixing
transition threshold, Remix 1 2 10 based on the integral scale (or Re 1 1:4 102 based on the
Taylor microscale) [7]. Our proposal in [5] was to characterize the simulated turbulence with an e ective
(grid resolution dependent) turbulence Re for Euler (or under-resolved NS) based ILES { and decide that

ne-enough resolution is achieved once Reers > Remix. A higher threshold, Re  1:6 10° , is needed
to achieve Zhou’s minimum turbulent state [8] { proposed as having enough large/small scale separation to

ensure robustness of macroscopic ow characteristics.

2.2 Blended Hybrid LES/RANS

Blended hybrid LES/RANS such as FSM are built on taking advantage of the structural similarity of equa-
tions for RANS and LES, by scaling the closure terms on the RANS modi ed equations by a contribution
function 0 < f( =L) < 1 { where s the local grid size and L is a physical resolution scale, f( =L) is
prescribed to be 0 in the high delity limit ( ¥ 0), and is prescribed to be 1 at the low resolution limit
(pure RANS). How much dissipation is modeled and how much is computed is decided based on having the
RANS stress model ANS Jocally morph into an LES stress SGS model [ES,

ij ij

iIJTES f( :L) il}(ANS;

where the relation above between ensemble-averaged RANS and spatially- Itered LES is interpreted in a
generalized function (integral) sense. Historically, the FSM approach was rst proposed by Speziale [28] and

subsequently pursued in various forms by others { e.g., [29, 38, 39, 40], to locally bridge direct numerical



simulation (DNS) and RANS as function of grid resolution. More generally, FSM can be used to locally
blend a high delity computational strategy with RANS { depending on how much of the turbulence is
resolved at given resolution { providing a sophisticated LES strategy in-between. The contribution function
enforces realizability of the LES thus generated through this scaling in the high delity limit ¥ 0, when
LES ¥ DNS (if NS based), or LES ¥ Euler based ILES (if Euler based).

In [28, 29] the contribution function was proposed on a phenomenological basis of the following form,

f( =L)=0[ exp( =L)"

using = 0:001 and n = 1, where n controls the steepness of the function and e ectively determines at
what grid resolution the model contribution becomes negligible. Such contribution factors have been used
for compressible aerospace applications [29].

Similarly, another proposal [38] used,

f( =L)=[1 exp( ° A7

without explicit reference to the physical length-scale L but still retaining ad hoc parameters ° and m, and

the proposal in [39] was,

f( =L) = LEes= rans 2=g2

where rans denotes eddy viscosity, Srans is a turbulent length scale, and | gs 2 is typical choice for
a Smagorinsky LES SGS model.

The role of the contribution factor is to damp the contribution of the RANS model, as part of the unsteady
turbulence becomes resolved in the intermediate (LES) regime. The issue of interest is the computation of
the dissipation which, when under-resolved, has to be complemented by the model in the hybrid context.
For su ciently ne resolution the entire dissipation range is resolved and the RANS contribution should
switch itself o {i.e.,, f( =L) ¥ 0 as T 0. Hence, the original idea in [28] to estimate the distance to

DNS by computing the factor =L with L being the Kolmogorov length.

2.3 Plan of the Paper

We use a strategy proposed by Germano [31] to solve for f dynamically, based on decomposing the full stress
into modeled and resolved components, and using a di erential Iter as secondary Itering operation [32]

to de ne the resolved part. Relevant multiscale aspects and convergence issues of coarse grained simulation



models have been outlined in Section 2. The XRAGE-BHR blended hybrid governing equations are introduced
in Sec. 3, followed by presentation of our main strategy to formulate a dynamic contribution function for
variable-density FSM in Sec. 4. Next, we present proofs of concept of our hybrid simulation model in terms
of assessments for appropriate canonical test cases in Sec. 5. Summary remarks are presented in Sec. 6, and
for completeness, a possible local dynamic contribution function approach is proposed in the Appendix in

Sec. 7.

3 XRAGE-BHR Blended Hybrid Governing Equations

ILES based on the XRAGE Eulerian adaptive mesh re nement code [17] has traditionally solved the single-
uid, compressible, multi-material Euler equations by using a directional-split, second-order, nite-volume
(FV) Godunov scheme. The default xRAGE production hydrodynamics algorithm relies on Strang splitting
and solving directional sweep with a Lagrange{plus{Remap formalism [18, 19] that includes an acoustic
Riemann solver, a tensor arti cial viscosity and a variety of slope limiters. To model miscible material
interfaces (Sc 1) and high-Re convection{driven ow, this code uses a van Leer limiter, with or without
arti cial viscosity, and no material interface treatments [57, 60]. Computational cells containing more than
one material use the assumption of pressure and temperature equilibrium as a mixed cell closure model.

A new directional-unsplit hydrodynamics method implemented in xRAGE [20] relies on standard, Godunov-
type FV schemes [21, 22] with higher-order reconstruction (2nd or 3rd order) options and includes a variety of
Riemann solvers. By avoiding the Strang splitting into directional sweeps, the unsplit hydrodynamics method
is better suited for modeling other multiphysics applications, such as magnetohydrodynamics. Directionally
unsplit strategies are needed when distortions introduced by directional split schemes are unacceptable: for
incompressible or nearly incompressible ows and for the magnetohydrodynamic systems { where solenoidal
conditions must be captured, and for ows involving a high degree of symmetry as in the ICF spherical
capsule implosion problem { where accurate resolution of 3D initial conditions (IC) e ects is crucial.

In addition to having more-accurate spatial resolution capabilities, the new directionally-unsplit hydro-
dynamic method in XRAGE also includes an optional low Mach number (Ma) correction (LMC) [23] to
address the well known problem of excessive dissipation associated with shock-capturing (e.g., Godunov-
type) schemes at low Ma [24]. The latter is a serious concern in cases of interest such as the said ICF
capsule implosions, involving transitional non-equilibrium ow at rst-shock and subsequent reshocks and
quasi-equilibrium decaying turbulence between shock events. Even though RM mixing is associated with
strong shocks, most of the mixing actually occurs between shock events and after reshock { where the turbu-

lence Ma is relatively low (< 0:3) and the ow is weakly compressible [25]. The e ects of vortex stretching,



KH, and RT instabilities must be accurately captured in the low-Ma regimes. Thus, suitable numerics for
these applications must provide both, adequate treatment for shocks, and good behavior at low Ma.

XRAGE solves the single- uid, multi-material, compressible conservation equations for mass density
material concentrations Y, , momenta u; and total energy E { equations immediately following below with
fs f = 0, with spatial- Itering (overbars) and Favre averaging (tildes) reducing to grid- Itered and
simply-scaled values, respectively. We use the Besnard-Harlow-Rauenzahn (BHR) multi-equation RANS
framework [46] in the BHR3.0 version [12, 60]. BHR3.0 includes the e ects of turbulence development in the
presence of density and pressure gradients, based on ensemble-averaging the said equations, which results
in a new set of equations for the ow variables and material concentrations { the equations below with
fs T =1, including closure models and additional transport equations for the turbulent turbulence length
scale, turbulent mass uxes, density-speci c-volume covariance, and Reynolds stress transport. Similar
hybrid extensions with the more recent BHR3.1 [47] version are expected to be straightforward.

We believe fs = T is a reasonable choice for Sc 1. For now, we conveniently use the contribution
function T as a formal place-holder scaling factor to be revisited further below when discussing blended
hybrid FSM in the xRAGE context { extending FSM for compressible ow [29] for the multiple-species
variable density regimes.

Governing equations for the mean ow are modi ed by scaling the turbulence model terms by the con-

tribution function f, as follows,

e _, _
s )y =0 ©)
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The Favre-averaged Reynolds stress is de ned as

Rij = —; @



where ul = u; u;, the speci ¢ turbulent kinetic energy is K = R;;=2, MD:T: and V:T: denote multi-species
di usion and mixture viscous terms. Multi-species molecular, viscous, and thermal di usivities are neglected
in the present proof-of-concept scope { i.e., MD:T = 0and V:T: = 0. The above equations are supplemented
with appropriate equations of state.

The closure equations are given by the second-moment closure BHR model { see [12, 47, 60] for speci ¢

details, and have not been modi ed in the present hybrid formulation. The closure equations are given by

d _ _
gt Ru TR =0 CrolaiPyj + Pl +7(Crz - D[Riktjx + Rjibli]
S pK 1
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Depending on the system of equations XxRAGE-BHR falls back to in the high-resolution limit ¥ = 0, there
are two di erent blended hybrids to be considered. Firstly, we consider the high-Re limit with negligible
viscosity e ects (V:T: = 0) , and we have xXRAGE-BHR falling back to nominally-inviscid Euler-based
XRAGE ILES for f = 0. In this case, a useful local physical (small scale) characteristic length-scale of
the simulated turbulence can be a computed Taylor-microscale length [5]. When viscosity e ects are not
negligible, NS-based xRAGE ILES can be correspondingly generated, and a viscous resolution length scale
can be an estimated Kolmogorov length scale as in [28, 29]. Other choices for physical reference length scale
L in the de nition of the contribution function f = f( =L) can be useful depending on problem speci ¢

requirements.
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3.1 BHR Initial Conditions

In addition to primary ow variables initialized with the solutions of XRAGE clean at BHR start time,
speci ¢ turbulent kinetic energy K, turbulent length scale S, turbulent mass ux a, Reynolds stress R;j,
and density-speci c-volume covariance b must be initialized [60]. The diagonal components of the Reynolds
stress tensor are initialized as isotropic with o -diagonal components initialized to zero. Initial turbulent
mass uxes are set to zero. The initial density-speci c-volume covariance is set to characteristic two- uid
unmixed values representing the least mixed extrema of the eld for the material con guration of interest.
Ideally, the initial turbulence intensity should be zero, however, this initialization is di cult to implement
numerically and therefore it is customary to start with a reasonably low non-zero value. The initial turbulent
length scale is based on material interface characteristics such as surface perturbations or surface nish. The
established BHR running procedures prescribe single initial values Ko, Sg, and turbulent mass ux with

suitable uniformly distributed constant values.

4 A Dynamic Contribution Function

Our approach to nding a contribution function f [28, 29] for variable density turbulence simulations is

largely based on [31]. De ne the generic Favre average of a ow quantity q as

h qi
e= ﬁ (12)
The Favre averaged Reynolds stress is de ned as
h ululi
full _ .
Ry = 7h' i’ ; (13)
or
h uju;ji
full
Riju - hliJ 1] (14)

where h i denotes an averaging operation { e.g., ensemble average, or an average in a subspace of statistical

homogeneity in a space - time domain. Next, we de ne the SGS Favre average of a quantity q as
q.
b= —: (15)

where the overbar — denotes the (primary) implicit grid Itering operation, and e.g. b; is the resolved

velocity in a simulation at a given resolution. Using this Iter we can obtain an expression for the SGS Favre

11



averaged Reynolds stress,
_  Uiy;
Risj =

bi bj . (16)
To derive an expression for the full stress, multiply (16) by —, and average to obtain
h Ry =hTugi - h~ b b;i; 17

from which we solve for

h Uini = hiRiSji + h™ b bji; (18)
where we have assumed statistical consistency of the LES [41], i.e.
—i=h i (19)

which is a requirement if we want to smoothly transition from LES to RANS.

Replace (18) in (14), to obtain

Ry h—bibji  hbyi hbyi

_f_uII — ij 1Y) 1 4

RS Y e T b (20)
We make the following assumptions:

We interpret R5; as the hybrid model stress RE} that we are after, envisioned as function of an LES

SGS model stress and a RANS closure model stress, as in [49, 48].
In our context, t = @ is a primitive variable in the resolved ow.

We assume that the RANS model can be used as a function of resolved variables in the LES context
{ where eddies are permitted, to represent RANS quantities. RANS models are derived to do this by
representing the physics of closure terms as a function of the mean ow in ensemble averaged ows,

where eddies are averaged out. Calculating R{}' with resolved LES quantities may need to be constrained.

We de ne the resolved Favre averaged stress as

_ h™b; bj i h=h;i hfbj i .

Ti = =5 i 1)
where, the Iter hi corresponds to a Helmholtz di erential Iter [32, 50],
2
O=hgi r Trhqi: (22)

12



We use ILES as high-resolution limit strategy, so there is no explicit LES SGS model. In this way,
the hybrid stress is directly related to the RANS model stress R{i' { here R{{' = Rjj de ned by (7) {

through the contribution function f by
RS = RO +RL F( =L)R]: (23)

Recalling the Favre-averaged SGS stress as

h~RS. i
R = h*;J : (24)
the full stress becomes
R:}ull = Rf‘] + Tij: (25)

Equation (25) is the form that the Germano identity takes in variable density turbulent ows. It states that
the full Favre-averaged Reynolds stress RiF}ANS is equal to the sum of the modeled and resolved stress.

In order to solve for f using (25) and (23), we argue (for consistency) that we should require

full

that Ty; ® R["' as =L ¥ 0, and enforce it by assuming that R{}""' can be approximated by a resolution-

dependent weighted-average of the modeled and resolved stresses,

R RP+@ )Ty (26)

where =( =L)!,and| 1.
We substitute equation (23) into (25), use (26), and after contracting with a generic tensor quantity g;;,
we can formally solve for the contribution function to get,

Gij Tij

f( =L)= [1 %R

I @7

Introducing the dependence explicitly enforces the required limiting behavior of the contribution function
(f = 0) at the high resolution limit (pure ILES) in (27). For further consistency we also require f 1
for 1.

Classical FSM asymptotically involved | =1 [28, 29] and | =2 [38, 39] as =L ¥ 0. Here, the choice of
I controls how the numerics-based ILES SGS model is supplemented by the explicit SGS model generated
by the blended hybrid strategy for intermediate resolutions { e.g., in (4) through (6) above. For XRAGE

numerics { rst-order near shocks and second-order in smooth regions of the ow, | 2 is a suitable choice.

13



. . . full
In the original formulation in [31], the proposal was to assume, Rij“ Rij { rather than (26), when

substituting equation (23) into (25) to solve for ¥ { which lead to an expression,

Gij Tij .

f( =L) =1 :
(=L Gij RiY

(28)

This was used in [49, 48] in conjunction with the RANS model strain rate, ¢;; = S{' { and reported use of
(time) Itered resolved ow variables [48].

Our recent initial tests [42] bridging ILES and RANS based on the LANL XRAGE code in its ILES (clean)
and RANS (BHR) versions identi ed shortcomings of the original strategy [31] tested using RTJ-“" R{} and
gij = Rjj (modeled contributions would not vanish as =L ¥ 0), which led to the present formulation
improvements explicitly enforcing the limiting behaviors of f. Both, implicit and explicit dependencies of
the contribution function on grid size  are introduced in our present dynamic blended hybrid context. This

is in contrast with the classical blended hybrid strategies above de ning the contribution functions explicitly

in terms of local in empirical fairly ad hoc fashion.

5 Dynamic Hybrid Assessments

Many choices for g;j in (27) are possible, e.g., gij = Tij { which we use below in conjunction with | = 2. In
order to assess the behavior of this dynamic contribution function, we diagnose the turbulent kinetic energy.
We take the trace of the full stress in (25), after replacing the expression for the hybrid SGS in equation
(23), to obtain

KTull = f( =L)K™ + K resolved (29)

where KTl js the full turbulent kinetic energy, K"WPrid = f( =L)K™ is the SGS (modeled) turbulent
kinetic energy, and Kes°lved js the resolved turbulent kinetic energy.

Given the expected behavior of £, KUl will be dominated by the resolved Kesoved at high resolution
simulations with small grid size, while the RANS contribution f( =L)K™ should be more signi cant at low
resolution (relatively large grid size). Alternatively, we also focus on comparing resolved quantities from pure
RANS, the hybrid-generated LES, and ILES. Test cases discussed in what follows include the Taylor-Green
vortex { prototyping transition to turbulence, and a shock tube experiment { prototyping shock-driven

turbulent mixing.
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5.1 Proof of Concept I: Taylor-Green Vortex

The TGV has been used as single-material, ideal-gas prototype for vortex stretching, instability and pro-
duction of small-scale eddies to examine the dynamics of transition to turbulence based on DNS [51]. The
DNS of Brachet et al. [51], was based on the solution of the incompressible NS equations using spectral
methods, and exploited the spatial symmetries of the TGV to signi cantly reduce the e ective computational
costs. The simulations were originally performed using up to 2562 modes in 1983 [51] { to resolve Re up to
Re = 3000, and repeated with 8643 modes nearly a decade later [52] { to resolve Re= 5000.

The TGV case has also been used to demonstrate how the convective numerical di usion of certain
algorithms can be used to emulate the dominant SGS physics of transition to turbulence for high (but- nite)
Re ows [53] in the ILES context. Given its inherently transitional nature, stand-alone RANS strategies
involving equilibrium (developed turbulence) assumptions and single-point closures have not been previously
used for TGV simulations.

The TGV con guration considered here involves triple-periodic boundary conditions enforced on a cubical
domain with box side length 2 cm using evenly spaced computational cells. The ow is initialized with
four counter-rotating vortices modulated in the z-direction. Initial conditions are explicitly de ned in terms

of the components of a solenoidal velocity eld,
u = Ugsin(koX)cos(koy)cos(ko2);

v = Ugcos(koX)sin(koy)cos(koz);
w =0;

and the pressure given by a solution of the Poisson equation for the above given velocity eld, i.e.,
p=7po+( U§:16)[2 + c0s(2ko2)][cos(2koX) + cos(2keY)];

where we further select p, = 1:0 bar, mass density, = 1:178kg=m?3, U, = 100m=s and an ideal gas equation
of state for air (corresponding to low Ma, Ma = 0:28). Convenient non-dimensional units are t = kyU,t,
X = KkoX; ko = 1 was selected.

For the present TGV analysis the kinetic dissipation rate dK =dt involves the non-dimensionalized
volumetric mean integrated kinetic energy:

_ }h ujuii

K
2 hi'’

(30)
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where the operator hi is de ned for a generic quantity q as

z
hqi = Vl q dxdydz: (31)

The TGV mean enstrophy can be de ned by:
=hl; i (32)

Asymptotic equilibrium (Re independent) dissipation is suggested by Brachet’s TGV Kkinetic energy
dissipation results included in Figure 1 [51, 52]. The DNS data in Figure 1 shows consistent dissipation
peaks near t 9, for Re=800, 1600, 3000, and 5000, and the almost indistinguishable results for Re=3000
and 5000 suggest that they may be close to a viscosity independent limit [55]. Whether or not this nite-time
singularity exists for the purely inviscid case remains unsettled and controversial [56]. Characteristic times
at dissipation peaks (as well as wider peaks) are predicted by the DNS results as Re is lowered.

Instantaneous visualizations of the TGV ow dynamics are shown in Figure 2. The snapshots are based on
vorticity magnitude (15,000s 1) isosurfaces colored with velocity. The images display the initial transition
to increasingly smaller-scale (organized) vortices and then to the fully developed (disorganized) decaying
worm-vortex dominated ow regime characteristic of developed turbulence. The peak dissipation peak at t*

9 in Figure 1 depicts the onset of the inviscid TGV instability and is also associated with peak enstrophy.

CGS strategies have been veri ed in the TGV context, for a wide range of classical LES and ILES [53].
The mathematical ow simulation model was based on the conservation equations of mass, momentum,
and energy. ILES models tested in [53] examined Euler based nominally inviscid ow (as considered here)
or NS based linear viscous ow. Results of the TGV studies indicated that a Re independent regime is
asymptotically attained with ILES with increasing grid resolution. The observation of earlier transition times
of the dissipation peaks, as well as lower and wider peaks, were predicted by the coarser-grid ILES, a trend
consistently exhibited by the DNS results as the Re is lowered. We also found a consistent correlation between
non-dimensional pro les of mean kinetic energy dissipation rates and mean enstrophy  [53, 57]. Peak mean
enstrophy values increase with grid resolution, and the correlation between mean kinetic energy dissipation
and mean enstrophy expected for an incompressible NS uid with Reynolds number Re is e ectively satis ed
{ re ecting on the unsteady physical dissipation being captured with ILES.

We use our dynamic hybrid xRAGE/BHR to run simulations on uniform resolution meshes with 643,
1283, and 256° total number of grid points { corresponding to having =L = 0:99; 0:5; 0:25, respectively for

a xed chosen value of L (L = initial vortex diameter). Long wavelengths (compared to grid size) are
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initially involved and smallest generated length scales are constrained by grid size, so the initial turbulent
length scale S, in BHR is initialized at the smallest grid size of the corresponding mesh, S, = , whereas
the initial BHR speci ¢ turbulent kinetic energy is set to Ko =1 10° cm?/s?> 1% of the peak initial TGV
kinetic energy K.

Veri cation assessments of the dynamic contribution function implementation were carried out for | =1
and I = 2. In Figure 3 we exemplify comparisons of centerplane distributions of the contribution function
at time=3ms { representative of late-time fairly-developed TGV ow, as function of grid resolution. Cor-
responding ILES visualizations are also included for reference. Given that TGV initial conditions involve
uniform mass-density, the shown mass-density distributions are very relevant in depicting evolution and res-
olution of the ow spectral content characteristics though the TGV transition to turbulence. Clearly, having
enough resolution is crucial for emulating some sort of cascade process: no signi cant population of small
scales is apparent for the two coarsest resolutions. An order of magnitude analysis of the dynamic contribu-
tion function vs. resolution indicates its correct expected dimensional behavior, namely, being reduced by
1=2 and (1=2)?, respectively, for | =1 and | = 2 as the resolution is doubled.

In Figure 4 we compare full, resolved, and modeled TGV kinetic energy for | = 2. For all resolutions, before
the onset of turbulence (t < 0:5ms), the full K is dominated by the resolved K of the 4 vortices prescribed by
the initial conditions. As turbulence develops and enstrophy peaks at t  0:9ms, small scale structures get
populated, resolved K diminishes and modeled K increases. After enstrophy has peaked, at times t roughly
between 0:9ms and 1:5ms, modeled K is a signi cant fraction of the full K at the lowest resolution, while at
the highest resolution, modeled K becomes smaller as turbulent features develop. Corresponding K results
from ILES included for reference indicate that full K approaches ILES K with grid resolution re nement.

In Figure 5, we show corresponding behaviors of the full TGV kinetic energy dissipation dK=dt, and for
reference, we show the available DNS predictions. Given that only grid Itering is involved, dynamic hybrid
XRAGE predictions are characterized by grid resolution dependent e ective turbulence Reynolds number
[5]. For the nest resolution considered, 256, the full dissipation is very consistent with the Re=1600 DNS
results; for the 1283 the full prediction appears associated to lower e ective Re values consistent with the
Re = 800 DNS, whereas the 642 full prediction and Re = 400 DNS are comparable but show relatively more
pronounced disagreements { which are attributed to unaccounted viscous e ects in the present simulations.
Our previous comparisons with high-Re LES and DNS demonstrated that unresolved viscous e ects by Euler
based ILES tend to be more important in the neighborhood of the dissipation peak [53], and less so with ner
resolution (or more accurate) Euler based ILES [62] { further supporting the view that cascade mechanisms

in the high-Re limit are driven by Re-independent dissipation [9].
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5.2 Proof of Concept Il: AWE Shock Tube

We revisit here the inverse chevron shock-tube laboratory experiments at AWE [58] involving high (SF¢) and
low (air) density gases initially separated by membranes and wire mesh as indicated schematically in Figure
6. ILES computations simulating these experiments have been previously reported [59, 60]. The growth of
the Richtmyer-Meshkov (RM) instability and characteristic turbulent mixing measures were studied using
interface perturbations involving prescribed spectral content and standard deviation s:d:

As in [59, 60], the SFg and air are assumed to be initially in temperature and pressure equilibrium at
1 bar, with densities of 6.34 kg=m® and 1.184 kg=m?3, respectively, yielding = 1:4 and = 1:076. A
shocked air region is created upstream in terms of a higher-density higher-pressure region chosen to satisfy
the Rankine-Hugoniot relations for a Ma = 1:26 shock. The simulations are carried out in a reference
frame in which the air-SFg interfaces are initially at rest. The shock propagates in the (x) direction through
the contact discontinuity and re ects at the right (re ective) boundary. By design, the location of the left
boundary is chosen to ensure that potential re ections of the primary shock moving back upstream are
unable to a ect the mixing region during the reported times of interest. Re ecting boundary conditions are
applied in the y-and z-directions. For closure, an ideal equation of state was employed with ratios of speci ¢
heats appropriate for each material as a function of and P. The ratio of speci c¢ heats for mixtures is

computed using a volume-fraction weighted average of the ratio of speci ¢ heats for each gas, i.e.,

X
( D= z=(i 1

where zj and ; respectively are, volume fraction and ratio of speci ¢ heats of species ’i’. Actual e ective Sc
in these models is locally varying based on the characteristics of the ows and concentrations, but Sc 1.

Miscible gas-material interface modeling strategies have used various superpositions of perturbation
modes [4] in the simulation of shock driven turbulence. Here, the particular choices involved superim-
posing modes [59, 60] with s:d: = 0:01lcm, characteristic length scales ranging between 0.5 - 5 cm, and
random initial interface deformations weighted as a function of a 2D (transverse) wavenumber, with power
spectra k 2 as in typical surface perturbations in ICF capsules [61].

Figure 7 shows representative results from our simulations in terms of instantaneous visualizations of the
SFe mass density. Over the times in the gure, the primary shock traverses the SFg band, re ects o of the
end-wall and reshocks the mixing layers. Growth of the mixing layers is strongly a ected by the interactions
of the shocks with the material interfaces; there are distinct imprints of the initial shape and perturbations
of the contact discontinuities at the early times, and signi cant e ects after the mixing layers are perturbed

by subsequent reshocks. The particular results shown on Figure 7 were generated using XRAGE on uniform
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grids involving 880 320 160 cubic cells with a spacing of 1/16 cm { our baseline calculation.

Following [59, 60], uniform cartesian gridding with grid sizes 1/16 and 1/32 cm were employed for the
present simulations { here corresponding to having =L = 0:21; 0:10, respectively for a xed chosen value
of L=0:3cm 10% of mixing width to be captured after second reshock [62]. AMR with coarsest starting
resolution set to =L = 1/4 was also used with virtually indistinguishable corresponding results.

Based on the 3D simulation data, quantitative analysis can be carried out based on the total spatially-

integrated mixing (TMX) and speci ¢ turbulent Kinetic energy (K), de ned as follows,
TMX =h *YsreYairi; (33)

1 D h , ) 2iE
K=_— vx &)+ @) +(v; &) ; (34)
in terms of the SFg and air mass fractions Ysg, and Yair, and where mean reference quantities for velocity

uctuations involve z-averaging, with data planes for di erent z regarded as independent realizations,

Z
g=-— qdz: (35)

In our previous BHR assessments simulating this shock tube problem [60] we found that starting BHR too
early (or late) relative to rst reshock time can have the overall e ect of signi cantly over-predicting (or under-
predicting) turbulent kinetic energy and turbulent mixing, relative to their counterparts based on averaged
ILES data. Improved match with the averaged ILES data { albeit with noticeable BHR over-predicts after
second reshock { was achieved by starting BHR just before rst reshock (Fig. 8). Sensitivities to BHR S,
and K, choices were also noted in [60]. Results were found to be less sensitive to Ky, and fairly sensitive
to actual choice of Sy, with BHR results approaching the spanwise averaged ILES for S, ¥ = 1=16cm.
For the shock-tube case, it is natural that S, and s:d: should be related (e.g., at least proportional) given
that larger initial interface perturbations are capable of producing more turbulent ows and Sg is inversely
proportional to the TKE decay rate in the BHR equations.

Revisiting (4) through (6) above, we note that BHR source terms a ecting pure ILES are controlled in
the momenta and energy equations through f, and through fsS:pK appearing also in the species’ mass-
fraction equations in (4). Detailed choices have not been a serious concern for the single-material TGV case,
but need to be carefully addressed in variable density regimes as in the shock tube test case examined here.
Control through the global contribution function f is the one we have been largely focusing on here. However,

additional choices o ering separate control of the species’ mixing SGS modeling are possible depending on :
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1) fs { we have chosen here fs T, and, 2) the actual choices for BHR IC K, and S, and their dependence on
grid size  { which remain to be systematically tested and for which suitable constraints must be identi ed.
As for the TGV case above, we recognize smallest generated length scales being constrained by grid
resolution, and choose the initial turbulent length scale S, in BHR to be initialized at the smallest grid size
of the corresponding mesh, S, = , in conjunction with the historical [60]choices of K, =1 10° cm?/s?, and
BHR start just before rst-shock. Instantaneous visualizations from the 1=32cm case in Figure 9 are discussed
rst. The selected snapshots correspond to three representative times: 1) after rst reshock and before 2nd
reshock (when only the mixing layer on the right has been reshocked) , 2) after 2nd reshock when multiple
shock re ections between mixing layers occur, and 3) later time after 2nd reshock when turbulence has had
a chance to develop at the mixing layers (and larger scale vortices started to develop on the top/bottom and
near the wall on the right). As observed for the TGV case, modeled K { Khrid = (= )K™ { appears
to consistently increase as turbulence develops and small scale structures get populated, and then decreases
as turbulence develops.

Results in Figures 10, and 11, clearly show consistency of the various predictions with the de ning
dynamic hybrid paradigm { with grid re nement modeled K vanishes, resolved K approaches full K, and
full K converges. Moreover, with this choice S, = , mixing predictions with standalone (plain) BHR in Fig.
11 appear also consistent with each other and fairly independent on grid resolution { still over-predicting
compared to ILES; a mixing correction provided by the hybrid LES { when compared with ILES is also
apparent.

For completeness and reference, it is helpful to also examine the corresponding plain (standalone) BHR
mixing predictions resulting from choosing, the historical best-practices choice involving xed S, = 0:01 cm
(IC s.d.) { thought to be the physically meaningful initial length-scale in the current shock-tube hybrid
implementation [60]. Figure 12 shows total integrated mixing TMX results from these earlier tests. We note
signi cantly over-predicted plain BHR mixing results after second reshock { relative to ILES { becoming
more pronounced with grid resolution re nement in Fig. 12. Moreover, we also found (not shown) that
the dynamic hybrid predictions associated with the choice S; = 0:01 cm were inconsistent with expected
paradigm behavior { e.g., modeled K would grow and full K would not converge with grid re nement { in

contrast with Fig. 10 for S, =

5.2.1 Convergence as Function of Grid Resolution

For reference, regarding achievable ILES grid resolution independence on this test case, Figures 13 and
14 showing globally integrated turbulent kinetic energy and total integrated mixing TMX (from ILES in

[62]), respectively, suggest some convergence with nest (1/16 cm and 1/32 cm) resolutions can be achieved
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only when using the new higher-order hydrodynamics schemes in XRAGE { which have not been used
here. Compared to their corresponding 2nd order (default) counterparts, and for each resolution considered,
our higher-order results [62] exhibit transition to turbulence with higher enstrophy production and higher
small-scale population { resulting into signi canly more late-time mixing and suggesting higher simulated
turbulence Re [62] (for time > 2.6ms). Sensitivities to IC speci cs such as detailed spectral content [60],
resolution [57], as well as dimensionality [16] have been previously noted; IC resolution dependencies are
apparent in Figures 13 and 14, and have been extensively discussed separately { see, e.g., Chapter 8 in [4].

Figure 15 exempli es representative visualizations of SFg mass-fraction distributions from ongoing inverse-
chevron shock-tube studies, comparing dynamic hybrid results with default (2nd order) and higher-order (3rd
order low-Mach corrected) XRAGE { con rming that improved scale-resolving leading to much higher tur-
bulence and mixing on coarser grids becomes possible with the higher order discretization schemes. Figure
16 shows the corresponding quantitative comparisons, showing reasonable consistency of the results through
second reshock (up to time 2.6ms) ; late-time results after second reshock exhibit previously noted [60]
extreme sensitivities to resolution of the (left) mixing layer conditions at reshock, as well as to resolution of
multiple shock re ections between mixing layers following the said second reshock. Shocked driven mixing
is fairly insensitive to ICs before reshock { but very sensitive after reshock. We have argued [3] that shocked
driven mixing becomes much more involved at reshock, where shock-accelerated interfaces are not at but
highly corrugated and stochastic { and complex balance of various di erent instability mechanisms (beyond
just RM) drives the ow dynamics.

Because of variability associated with unavoidable uncertainties of presumed IC, it may be impossible
even within a mathematically well-posed dissipative ow simulation framework to provide realistic late-time
solutions good enough to address speci ¢ questions of interest. The impossibility of very-long-range weather
forecasting comes appropriately to mind here; we nd similar challenging issues when attempting late-time
predictions of shock driven turbulent material mixing very sensitive to initial material interface conditions
[3]. This leads to very important questions regarding late-time predictability with typically under-resolved
simulations and an incomplete set of IC metrics, and of course, leads to the question of what a complete
set of metrics might be to assure predictability. Because of variability associated with IC uncertainties and
resolution sensitivities, ensemble averaging deterministic CGS over a suitably complete set of realizations
covering relevant IC variabilities, sensitivities, and inherent uncertainties remains a strategy of choice {

computationally expensive for most practical ows.
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6 Summary and Final Remarks

We proposed a dynamic blended hybrid RANS/ILES bridging strategy for applications involving variable-
density turbulent mixing applications. The bridging approach considered is based on the FSM [28, 29],
locally blending a high resolution computational strategy with RANS modeling { depending on how much of
the turbulence is resolved at given resolution, and providing a sophisticated LES strategy in-between. How
much dissipation is modeled and how much is computed is decided based on having the RANS model locally
morph into an LES SGS model, in terms of contribution function f : 0 < f < 1. Our simulation paradigm
involves ILES at the high resolution limit, ¥ = 0, and a pure RANS at the low resolution limit, f =1, and we
reported progress testing implementation of our self-consistent dynamic bridging computational paradigm
for relevant canonical problems, in the context of the XRAGE Eulerian hydrodynamics and BHR unsteady
RANS code. We expect the present dynamic hybrid strategy to be also applicable for converging geometries.
The hybrid paradigm is expected to be applicable as well as with other single- uid RANS approaches { e.g.,
[65].

Our bridging strategy follows a proposal by Germano [31] to solve for f dynamically, based on decom-
posing the full stress into modeled and resolved components, and using a di erential Iter as secondary

Itering operation [32] to de ne the resolved part. Both, implicit and explicit dependencies of the contri-
bution function on grid size  are introduced in our dynamic blended hybrid context. This is in contrast
with the classical FSM de ning the contribution functions explicitly in terms of local  in empirical fairly
ad hoc fashion. We reported progress testing implementation of our dynamic bridging approach for relevant
canonical problems for which proofs of concept were presented. Test cases included the Taylor-Green vortex
{ prototyping transition to turbulence, and a shock tube experiment { prototyping shock-driven turbulent
mixing. Improved scale-resolving with Low-Mach-Corrected xXRAGE hydro was also demonstrated, enabling
higher simulated turbulence levels and mixing on coarser grids.

An important remaining open research question relates to improving on the current BHR intialization
practice. We have noted that separate control of the species’ mixing SGS modeling is possible depending on
the actual single-value choices for BHR IC K, and S, and their (eventual) dependence on grid size . Ina
3D hybrid framework, it would be desirable to have BHR IC to be 3D and prescribed self-consistently using
the 3D available (LES) ow information { rather than through empirically provided prescribed single initial
values. This would be the natural (physics based) way to provide much needed physics constraints to the
BHR IC prescription process in the hybrid context { particularly important when varying actual I1C choices

can lead to very di erent late-time behaviors, e.g., as in the shock driven turbulence applications of interest.
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7 Appendix: A Local Dynamic Contribution Function

As remarked in the paper the dynamic modeling approach is more a multiscale strategy than a speci ¢
model. As such it can be readily extended to di erent RANS models and can be applied both globally and
locally. For completeness, in this Appendix an alternative way to generate the value of the contribution
function is presented. We remark that due to the averaging invariance of the Itering approach [33] the
relations derived in the previous section are valid not only for an ensemble average but also for a generic
local average. In this case the notation h i corresponds to an explicit local Iter, a Gaussian or a top-hat

Iter, characterized by a Itering length ¢. As such, the equation (25) reads as
RhES = [QISJ + Tjj: (36)

where now Tj;, always given by equation (21), has the meaning of a local resolved Favre averaged stress and

Iﬁisj, always given by equation (24), represents the local SGS-Favre average of the SGS stress Rj; given by

equation (16). Obviously the full RANS stress R{j“" is now substituted by the local full LES stress R5=S
that represents the subgrid stress at the Itering length ¢ of the test Iter.

In strict analogy with (23) we now assume that
i =f( =LR{ (37)

and

RS =f( ¢=L)R] (38)

where < ¢ is the local grid resolution.
In order to apply the dynamical approach to this local version we have to make some additional assump-

tions on the contribution function. We can write that

RLES n
b - f (39)
or equivalently that
n
f( =)= — f( =L) (40)

where n is a scaling exponent. In the simple case of an eddy viscosity model this exponent is equal to 2
for the Smagorinsky scaling [34], and 4=3 for the Kolmogorov scaling [35], but obviously di erent scaling

exponent can be suggested by the numerics, as in the previous section. By applying the dynamic approach
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in the least squares form to the equation (36) we have nally

RITij
f( sL)=—m — (41)
—_t 1 RYRY
or more generally by contracting the equation (36) with a generic tensor quantity gi; we have
f( =)= — “2)

— 1 iR}

A theoretical comparison of the two dynamic methods, the rst exposed above and the second presented
here, is not so easy. We remark that now T;; and R?j have the meaning of local values extracted by an
explicit test Iter, as is common in the classical dynamic procedure [36]. As usual in turbulence modeling,
theory is useful but accurate validations are required.

Historically we have to recall that Speziale was critical about the dynamic approach. As remarked by
Speziale in the original paper [30] "Any test Iters or double- Itered elds must be absent from the subgrid-
scale models that can signi cantly contaminate the large scales”, and one of the present authors (MG)
recalls some passionate discussions at the APS/DFD meetings. Obviously the need of a test Iter introduces
a source of arbitrariness, but also a given empirical form of the contribution factor is unsatisfactory, and a

dynamic procedure seems worthwhile to explore.
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Figure 1: TGV kinetic energy dissipation rate from DNS [51, 52].
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Figure 2: Instantaneous TGV visualizations from 256% xRAGE ILES simulations in terms of isosurfaces of
the vorticity magnitude (15,000s ') colored by velocity { courtesy of Bob Greene.
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1.

Figure 6: Schematic of inverse-chevron shock tube con guration.
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Figure 7: Representative visualizations of SFg concentrations from inverse-chevron shock-tube studies before

(a) and after (b) second reshock: from split-xRAGE ILES and AWE experiments at times a) t = 1:97 ms
and b) t = 3:97 ms.
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Figure 9: Representative instantaneous visualizations of the mass density and 'modeled’ K for the AWE

shock tube around reshock time, for the 1/32cm case.
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Figure 10: K pro les for resolved, hybrid model, and full = hybrid model + resolved, from present dynamic

hybrid studies of the inverse-chevron shock tube, with 3D BHR start at t=1.3ms and S, = , where is
the smallest grid size involved in each case.
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Figure 11: Resolved TM X pro les from present dynamic hybrid studies of the inverse-chevron shock tube,
with 3D BHR start at t=1.3ms and S, = , where is the smallest grid size involved in each case. ILES
results correspond to those for split XRAGE case with 1/16cm (1/32cm) resolution and hb=0.25 in Figure
14 .
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Figure 12: Resolved TM X pro les from present studies of the inverse-chevron shock tube with standalone
3D BHR start at t=1.3ms and S,=0.01cm (s.d. of the initial material interface perturbations) and ILES.
ILES results correspond to those for split XRAGE case with 1/16cm (1/32cm) resolution and hb=0.25 in
Figure 14.
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Figure 13: Resolved K pro les from XRAGE ILES studies of the inverse-chevron shock tube [62].
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Figure 14: Resolved TM X pro les from XRAGE ILES studies of the inverse-chevron shock tube [62].
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Figure 15: Representative visualizations of SFg mass-fraction distributions from AWE shock tube experi-
ments, comparing results with default (2nd order) and higher-order (3rd-order low-Mach corrected) xRAGE,
at time=3.1ms.
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Figure 16: K pro les for resolved, hybrid model, and full = hybrid model + resolved, from present dynamic
hybrid studies of the inverse-chevron shock tube, with 3D BHR start at t=1.3ms and S, = , where
is the smallest grid size involved in each case; comparing results with default (2nd order) and higher-order

(3rd-order low-Mach corrected) XRAGE.
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