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ABSTRACT

The MSCG/FM (multiscale coarse-graining via force-matching) approach is an efficient
supervised machine learning method to develop microscopically informed coarse-grained (CG)
models. We present a theory based on the principle of maximum entropy (PME) enveloping the
existing MSCG/FM approaches. This theory views the MSCG/FM method as a special case of
the matching the thermodynamic forces from the extended ensemble described by the set of
thermodynamic (relevant) system coordinates. This set may include CG coordinates, the stress
tensor, applied external fields, etc. and may be characterized by non-equilibrium conditions.
Following the presentation of the theory, we discuss the consistent matching of both bonded and
nonbonded interactions. The proposed PME formulation is used as a starting point to extend the
MSCG/FM method to the constant strain ensemble, which together with the explicit matching
of the bonded forces, is better suited for coarse-graining anisotropic media at a submolecular
resolution. The theory is demonstrated by performing the fine coarse-graining of crystalline
1,3,5-triamino-2,4,6-trinitrobenzene (TATB), a well-known insensitive molecular energetic
material which exhibits highly anisotropic mechanical properties. The MSCG/FM model of
TATB in tabulated formats for use in the DL_POLY and LAMMPS molecular dynamics
simulation packages is provided in the Supporting Information.



1. INTRODUCTION

In molecular modeling, machine learning (ML) is a modern strategy for bottom-up

coarse-graining of condensed matter environments. The objective of coarse-graining a system

of n microscopic particles (e.g., atoms) moving on the potential energy surface u(r") with n-
tuple r" z(rl,...,rn) denoting the system configuration coordinates, is to find the effective
potential energy surfaces (PESs) U (RN ) governing the evolution of the microscopic system on
the reduced coordinate space R" =(R,,...,R,) with (in general) nonlinear map r" — R"

(typically N[J n). The coordinates R" are referred to as “relevant” [or coarse-grained (CG)]
coordinates, for example, describing the translational degrees of freedom (d.f.) of clusters of
atoms, and the rest of the coordinates are considered as “irrelevant”. The first application in this
modeling direction has been the extraction of classical atomistic PESs from QM calculations,*

6 and can be viewed as the coarse-graining of electronic coordinates. At lower resolutions, the
PES U (RN) is not unique in general, and is determined by the target properties in the reduced
description; this is referred to as the representability paradigm.”  Models based on the CG free
energy (FE) PESs, for example the R" -restricted Helmholtz FE A(RN,V,T)[EU(RN)],

gained much popularity due to their ability to predict the statistics and thermodynamics

consistently with the underlying microscopic models.®'¢ The R" -restricted FE PESs can be

interpreted as multidimensional potentials of mean force (PMFs).-2?



One widely used ML optimization strategy for finding microscopically informed CG
FE potentials is multiscale coarse-graining through force-matching (MSCG/FM).8 16 18, 23-42
Coarse-graining through force-matching, a term first coined by Ercolessi and Adams* in their
seminal work, was presented as a non-parametric force-matching approach to develop a simple
pair potential for liquid water from Car-Parrinello ab initio molecular dynamics (MD)
simulations.** %> The success of this development led to the realization that this kind of force-
matching can be viewed as a coarse-graining in which the electronic d.f. are effectively
eliminated. This resulted in the formulation of the MSCG/FM method.? 25 26.37. 46 Sjnce then,
numerous multiyear efforts have been devoted to further development of this method, with the
majority concentrated in four main directions: (1) theoretical fundamentals of the method,'> 1"
18,20, 22,25,33, 37, 41 (2) new variants and extensions of the method aimed at expanding the sphere
of its applicability,?® 3031, 39.40,47-4 (3) related algorithmic and software developments,2?: 35 36,50,
L and (4) the numerous specific applications ranging from simple liquids'® 3% 3. 46. 52 gnd
amorphous solids®® to complex macromolecular,*¢ liquid crystal,” 58 and biological
systems,?3 245966 and even crystals of complex symmetry.#? 53:67-70 |n addition to the MSCG/FM
method, there is an assortment of other methods for the bottom-up learning of CG FE surfaces
based on a variety of training sets of the microscopic data: energy,”*"® entropy,’*"" particle

distribution functions,* 7® and structure,’® & or microscopic and macroscopic properties in the

hybrid ML approaches,? as well as different computational methods to extract the U (RN ) from

these data.?? Altogether these methods may be regarded as systematic strategies since they all

follow rigorous statistical mechanics principles to incorporate microscopic information into the



CG potentials, although at different levels of transferability (performance in a wider range of
thermodynamic conditions and phases) and representability (ability to predict a wider range of
physical properties) of the models.” & These different levels of transferability and
representability partly reflects the larger challenges of coarse-graining versus atomistic
modeling.

An emerging view is that the MSCG/FM strategy is a type of supervised learning of

the potential A(RM,V,T) 22 %L 8 with the goal of finding the optimal pairwise or (less
commonly) many-body’” ® representation of the thermodynamic forces F" ={F},
F (RN):—(aA/aR, ), ; (in this context the RN are viewed as thermodynamic coordinates

conjugate to the F" ). This is accomplished by minimizing the objective function, which is the
thermodynamic expectation of the loss function associated with the use of the model
nonparametric forces to match instantaneous thermodynamic forces sampled from the reference

microscopic ensemble. The MSCG/FM approach naturally incorporates matching the scalar
(isotropic)  pressure  force P(RN):—(aA/av )RN . and the entropic force
S(RN ) :—(aA/aT )RN , (respectively, these forces are interpreted as the pressure and entropy

of the microscopic irrelevant d.f.), which is a general requirement for both better transferability

and better representability. For example, from the P-matching approach, accurate NPT

simulations are possible even with a pair MSCG/FM U (RN) matched to NVT training data.

Ultimate transferability of the MSCG/FM models can be achieved with the U having explicit



V -dependency (often in the form of dependency on the CG particle density or p-dependency®*
67.86,87) and T-dependency?® as well as accounting for the many-body effects'® in R" .

Despite numerous efforts toward ultimate transferability, a general theory applicable
to a wider range of ensembles, for instance, constant stress or strain tensors, applied external
fields, etc. is still not available. Another important gap which needs to be addressed is that the

role of the state of equilibrium is unclear. Specifically, it has been shown?®3 25 4. 8 that the

equilibrium statistics and thermodynamics of the particle system with the A(RN ,V,T) in lieu

of the interparticle potential exactly matches the equilibrium CG statistics and thermodynamics

of the microscopic system. Meanwhile, the theory that puts forward the criteria with regard to

the applicability of the FE-based potentials U (R“ ) to model out-equilibrium states’” is lacking.

The related criteria are needed to access an accuracy in sampling of the microscopic relevant

statistics in the CG MD on finite-time scales considering that in the CG MD the coordinates

RN (t) evolve in time while the dynamics of irrelevant d.f. is not explicitly integrated and

treated effectively.

The purpose of this paper is twofold. First, we aim to address the above gaps by putting
forward a theory that envelops the existing MSCG/FM methodology while providing a path
toward a formulation of MSCG/FM-like approaches for other ensembles and the
thermodynamic states away from equilibrium, for example, arising in open systems. Similar
topics have been addressed in several prior studies. Chorin® has demonstrated quite generally

that the least-square (LS) optimization such as the force-matching provides a variational



principle for calculating conditional expectations such as thermodynamic forces. A number of
optimization-type approaches have been put forward to formulate CG models suitable for out-
equilibrium conditions.”™ 7+ 8 % Two approaches to coarse-graining via relative entropy
minimization—by Shell and co-workers®® which is a Hessian-based optimization using the
Fisher information metric and by Pretti and Shell®> which is gradient-based optimization using
a structure-based metric—are similar in spirit to the thermodynamic force-matching formalism
we introduce.

Second, we seek an extension of the MSCG/FM method that is better suited for coarse-
graining of structurally complex anisotropic media, e.g., molecular crystals, which often exhibit
highly directional effective intermolecular interactions. Several recent studies have adopted the
force-matching-based optimization approaches to obtain complex force-matching-based
potentials for the explicit purpose of modeling anisotropic media, including the work of VVoth
and co-workers® °* on ultra-coarse-graining, the work of John and Csanyi*® on ML Gaussian
approximation potentials, the study by Nguyen and Huang,®® as well as studies on neural
network potentials.** The recent work in this vein is comprehensively reviewed by Noid.®
Furthermore, there have been constant efforts to improve the CG description of the directional
interactions. A general discussion pertinent to these efforts is based on the Gay-Berne
potential.®® Following this line of discussion, a number of generalizations and extensions of the

Gay-Berne interaction model aimed at the bottom-up coarse-graining have been pursued.® °"

102



The theory we formulate herein can be described as thermodynamic force-matching
and is based on the variational approach to the rationalization of the statistical mechanics that
follows the principle of maximum entropy (PME) initiated by Shannon'® and developed
explicitly by Jaynes®1% following the Bayesian principle.**% 1! That is, the Gibbs’ statistical

entropy

Sg =K Tr[ P IN Py | 1
of a probability density p,, over the exhaustive set of interdependent relevant variables
(descriptors) {A, } defined on the phase space of the microscopic dynamics is to be maximized

over all possible probability densities subjected to constraints expressed as expectation values

(A,)=Tr[p4A,] and the normalization condition Tr[p, ]=1 (Tr is ensemble trace).***1¢
The variational minimization of the S, under these constraints give rise to conjugate
thermodynamic parameters {/1,} as Lagrange multipliers that determine the considered
ensemble and hence can be viewed as its thermodynamic state variables. The probability density
P, adopts a generalized canonical form with the partition function Z ({4, }) =Tr[efz';"A' :|
The PME essentially arises in the time-dependent projection operator formalism (such as based

on the operators by Robertson,'*" 118 Kawasaki-Gunton,'*° and Grabert'?*-!?2) and is reviewed in

detail in the seminal book by Grabert.!?®> We put forward a generalization of conventional

MSCG/FM as the method to approximate the FE potential @ ({4, })=InZ ({4, }) under constant

{4} by matching the thermodynamic force field {-6®/04 }. When viewed from this



perspective, the MSCG/FM approach is a special case of the above strategy aimed at the
extended ensemble in which the coordinates R" are interdependent thermodynamic state

parameters. The set {/1, } may include order parameters describing certain phase—an extension

of the MSCG/FM method to include order parameter-dependent states has been discussed by
Voth and co-workers.*° The thermodynamics description from PME viewpoint theory of Jaynes
is applicable to non-equilibrium states. Indeed, there is nothing in the PME, other than

constraints, that restricts it to time-independent p,,, and hence only means that the p, can
evolve in time is through time-dependence of the {/1, (t)} This prescription reflects the

assumed existence of a time scale in which non-equilibrium averages of relevant variables (and
hence their conjugate fields) hardly change, and a local equilibrium state is reached with respect
to varying irrelevant d.f. Consequently, the PME formalism provides a consistent information

theory-based path to extend the thermodynamic force-matching to systems in non-equilibrium,

as well as to formulate criteria for applicability of cI)({/lI }) potentials derived from equilibrium

force-matching to non-equilibrium states. Similar in spirit, the path-space information theory
based on the relative entropy minimization to coarse-grain extended systems in non-equilibrium
has been formulated by Katsoulakis and co-workers.’" 124

As mentioned previously, the second purpose of our paper focusses on the application
side, where our goal is to obtain an extension of the MSCG/FM method better suited for coarse-
graining of structurally complex anisotropic media, e.g., molecular crystals, which are often

featured with highly directional effective intermolecular interactions. There are a handful of



successful CG models targeting molecular crystals at molecular and submolecular resolutions.
Notably, for an isotropic one-site representation of the 1,3,5-trinitro-1,3,5-triazinane (RDX)

molecule, which has a low symmetry and multiple conformations, the MSCG/FM potential
A(R",V,T) obtained by matching the field {FN (R"),P(R" )} for the configurations R"

sampled from crystal and liquid phases is capable of correctly predicting the Pbca symmetry of
a-RDX crystal phase (the only stable phase near room temperature and pressure).*> © The
transferability of this model to high-pressure states was extended through explicit p-dependency
(or V -dependency) and the model has been used to simulate the shock-compressed crystal. The
submolecular-resolution models, having a considerably smaller loss of information on the
molecular structure, are in general preferable as they are expected to be transferrable across
different states and phases without resorting to a computationally expensive p-dependency.
Furthermore, due to a larger set of irrelevant (averaged out) d.f., the coarse-graining at lower
resolutions reduces the representability of the resulting models in the context of describing
dynamics (viscosity, diffusion) and energy transport. For one-site models of molecular
compounds, extended dynamics frameworks such as those based on the DPD or DPDE
equations’® 12° are more likely needed to model the dynamical phenomena. To our knowledge,
the only successful application of the MSCG/FM method to coarse-grain a molecular crystal at
submolecular resolution is a two-site model of the nitromethane crystal, which has been

developed by using the configurations sampled from the liquid phase, and involved matching

the P(RN) field.3? However, reported successes of MSCG/FM models of molecular crystals
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matched to isotropic P(RN) forces'® 4% 70 are rather atypical due the anisotropicity of the

effective intermolecular interactions in these crystals. As such, a potentially useful extension of
the conventional MSCG/FM method toward anisotropic systems could be via thermodynamic

force-matching in the constant strain ensemble when the set of reference forces is extended with

the stress field o, (RN ) = —(6A/65ij )RN . » Where second-rank tensors & /¢ are the stress/strain

conjugate pair (e.g., Cauchy stress and Almansi strain). The resulting Helmholtz FE potential

A(RN gT) is positioned to better capture the directionality of the effective CG interactions

and may lead to more accurate properties such as crystal structure and mechanical properties.
Therefore, in the present paper we seek to apply a generalized formulation of thermodynamic
force-matching to extend the conventional pair-additive MSCG/FM approach to constant &

conditions.

Considering the importance of the many-body contributions to the A(RN,é,T) at

lower resolutions even for microscopic systems with purely pair interactions,®* the pair non-
parametric (spline) representation of the thermodynamic forces adopted in conventional MSCG
force-matching might be a major decrement to the quality of the CG models. Nevertheless, it
has been demonstrated on many occasions that the pairwise spline hypothesis for nonbonded
interactions performs fairly well in approximating the CG PESs of many complex condensed
matter systems in which the many-body effects are expected to be significant.® 27 56 64,126, 127
For submolecular scales as considered in the present work, coarse-graining requires matching

the microscopic intramolecular PES which often include three- and four-body terms.

11



Consequently, we also aim to identify different ways to explicitly treat the intramolecular PES
at a pairwise level.’

The presented PME-based extension of the MSCG/FM method toward constant &
ensemble is demonstrated by coarse-graining an energetic crystalline molecular compound,
1,3,5-triamino-2,4,6-trinitrobenzene (TATB, CsHsNsOs), at a submolecular resolution. The
TATB molecule has a planar rigid structure with complexity similar to benzene, toluene, or
perylene. The latter three compounds have been studied to assess the ability of new force-
matching-based approaches involving center of symmetry mapping*? and torque matching® in
treating directionality of effective intermolecular interactions in the liquid state. However, the
TATB crystal has a fairly complex structure which is comprised of graphitic-like layers of nearly
planar molecules that form a highly resilient 2D hydrogen bonding network,*?*3? leading to a
strong anisotropy in its mechanical'®*'% and thermal**"-14° properties. Due to its exceptional
chemical stability, TATB is a popular energetic material used in applications requiring its
insensitivity to thermal or shock insult and its coarse-graining at submolecular resolution is of
significant practical importance. In this study, we explore different connectivity schemes to treat
the intramolecular PES of TATB at a pairwise level and correspondingly introduce and validate
different MSCG/FM models. The effective interactions captured by the MSCG/FM models are
known to be phase and thermodynamic state dependent, which limits their transferability. To
counter this undesirable consequence of single-phase matching, a number of approaches have
been put forward: the ultra-coarse-graining approach by Voth and co-workers assigns a series

of internal states to CG sites; Mullinax and Noid**! introduced an extended-ensemble framework

12



by augmenting the standard MSCG force-matching with averaging over the potentials U (RN)

for multiple state points. Kanekal et al.’*? argued that a presence of multistate averaging in the
model optimization improves the model fidelity by “regularizing” the CG potential. Such a
regularization-like effect is found to be universal for supervised ML strategies by limiting the
norm of the regression coefficients hereby reducing overfitting and improving the transferability
of the models.** This finding motivated us to explore in parallel a dependence of the MSCG/FM
models on the source of the reference configurations; in particular we considered samplings
from crystal and liquid simulations and their combination.

The reminder of this article is organized as follows. Section 2 presents the PME theory
in the context of a generalization of the conventional MSCG/FM method to an arbitrary
ensemble, and concludes with the formulation of the MSCG/FM method for the isothermal-
isostrain ensemble. Section 3 presents an application of isostrain force-matching to TATB.
Conclusions from this study are given in Section 4.

2. THEORY
2.1 PME and Reduced Description of the Open System

In this section, we review the relevant aspects of the PME formalism which provides a
unifying description of open systems in the thermodynamical sense (for comprehensive reviews
see Refs 107 112,116,123, 144, 145) " The PME formalism we discuss is the basis for a number of
modern powerful methods for nonequilibrium systems such as the time-dependent projection

operator method,120-123, 146, 147

13



We consider the open classical system with energy-exchanging interactions with the
external reservoir and external field sources, which may vary in time, and assume that the system
may exchange particles with the external reservoir. The non-equilibrium processes in the open
systems may be split into two camps: those which may be regarded as due to external field
sources (an open system coupled to external field is always in non-equilibrium), and transport
processes caused by inhomogeneities.'*® The relaxation toward the homogenous equilibrium
state is due to the energy dissipation by the reservoir. In his original paper,'® Jaynes discussed
application of the PME to open systems with particle exchange leading to the generalized grand
canonical ensemble. 4 149

The n-particle replica of an isolated classical system consisting of particles having

masses {m,,...,m } with the phase space spanned by (r”, p”), where r" are the positional

coordinates and the n-tuple p" E(pl,..., pn) are momentum coordinates conjugate to r" is
described by the microscopic [or fine-grain (FG)] Hamiltonian
p2
H (r",p")=>) ——+u(r" 2
2 (rp") ; o T
where the scalar u is an interparticle interaction potential. If the system is brought in contact

with the external reservoir and external field sources, it becomes open due to the energy and

particle exchange. For a replica of the open system for which the dynamics is described by the

combined Hamiltonian H +u, +U,, (t)+H., where H, is a free Hamiltonian of the reservoir
and ug, U, (t) are terms describing couplings of the system to (respectively) the reservoir and

external fields, the secular Hamiltonian H, is not a constant of motion. We assume that apart

14



from the equilibrium, when the statistics is described by the explicit time-dependent probability

density p(t)zp(r“, p”,t), there exist quasi-constants of motion: a set of relevant variables
{A, (rmp" )} with slowly varying time-dependent averages

(A ) =Tr[p(t)A, ] 8
where Tr is the classical grand canonical trace

= 1

Tr= dr"dp” 4
; h3ngn I p

(g, isan overcounting correction factor). With a proper choice of the relevant variables {AI } ,

the time-dependent probability density p(t) can be partitioned into slow-varying p,, (t) and

fast-varying dissipative gp(t) parts,''5*1 150

P(t)=pu (t)+3p(t) 5
when

Tr[p(t)]=0, Tr[op(®A,]=0 6

The slow relevant dynamics allows for variables {AI } to be used as descriptors of the system
macroscopic state. Following the decomposition in eq 5, we seek p,(t). The zero-
normalization property of the dissipative dp(t) results in the following (relevant) normalization

condition Tr[prel (t)] =1. Supposing that we know the functions {(AI >t} , then this information

along with the relevant normalization condition leads to the following estimate for the location

P Of a maximum S, [p,, |=max, S, [p] of the Gibbs entropy in eq 1 of the generalized

canonical form

15



1) - B 7

with

o(t)=Inz(t), z(t):Tr[e*Z"“)“'} 8

where the Lagrange multipliers {/II } are thermodynamic parameters conjugate to the variables

{A,}, and are determined by the following self-consistency conditions (constraints):

Tr[prel (t)AI]E<AI>:e| =(A) 9
®(t) is the Massieu—Planck function, needed as a Lagrange multiplier for normalization

constraint Tr[,oreI (t)] =1 and playing the role of a thermodynamic potential. The Gibbs relevant
entropy S, =Sg [Pm] is then given by

S (1) =k | () + T4 (0)(n, ) | 10

and the following relations hold
o0 (t)
AN =(A) =——2 11
< |> < |>rel aﬁl (t)
Equation 11 designates <AI )‘ as the thermodynamic forces conjugate to the thermodynamic
state parameter 4, . In equilibrium, &p(t)=0, the probability density pZ, has no time
dependence, and hence (A ) =(A,), 4 (t)=A" are constants. The set A° E{A,O} of the

thermodynamic variables describes the equilibrium ensemble with the partition function Z (AO)

, the FE potential (D(io) , and the thermodynamics is given by

16



dd=->(A,)dA’ 12

A similar equation can be used to describe the thermodynamics of steady states which may arise

in the open systems when u,,, = 0. In the steady state 4, (t)=4 are constants and hence p,,

ext
has no time dependence similar to equilibrium, but 5p(t) may fluctuate. For systems with
particle exchange, the grand canonical distribution arises when A, =n, is the number of

indistinguishable particles of certain type I, then 4, = 4, is a conjugate chemical potential.'%*
From this point further in the manuscript, we denote the average of the observable O (r”, p”)

inthe A° ensemble as
(©), =Tr[p20 ] 13
The determination of 5p(t) which can be viewed as a contribution due to irrelevant
d.f. and which is necessary to describe non-equilibrium states, is equivalent to solving the

Liouville equation for full p(t) and thereby is far more difficult. The existence of the

representation in eq 5 for out-of-equilibrium states is the basis for major non-equilibrium
statistical mechanics methods (hot necessarily involving the information theory approach) such
as linear response theories,'>* the methods based on solving the Fokker-Planck equation,*®
projection operator formalisms,'!* 121-123.145,146 NSO (nonequilibrium statistical operator),6: 10
152 or GENERIC (general equation for the nonequilibrium reversible-irreversible coupling)**>

153 methods.

17



In a Heisenberg (or Lagrangian) picture, the time evolution {ﬂ, (t)} follows the

generalized Langevin equation (GLE) dynamics which, as it can be shown using the Mori-
Zwanzig projection operator formalism, is an exact equivalent of the microscopic Hamiltonian
dynamics. As discussed in Ref.!%’, the GLE by Kinjo and Hyodo'** is a first attempt to derive
particle-based GLE with the Mori-Zwanzig approach but contains a flaw resulting in an

incomplete memory term, - this flaw was remedied in works by other authors.® 1. 12, 15,122, 147, 155
The conservative part of the GLE dynamics is governed by the forces {—6(1) (t)/o4, (t)} and are
consistent across all published derivations. In a Schrodinger (Eulerian) picture, the Mori-
Zwanzig theory leads to corresponding conservative and dissipative parts of the dynamics
represented by p,, (t) and p(t), respectively, which satisfy the Fokker-Planck equation.*'”
120,123, 146, 150 These results clarify both a physical meaning and criteria for transferring of the

potential cD(iO) force-matched to the equilibrium ensemble to the out-equilibrium conditions.

Namely, the d)[/l(t)] governs the conservative part of the dynamics in non-equilibrium states

and the dissipative part of the dynamics can be neglected in the quasi-equilibrium states for
which dpll p,, .**° The related criteria must be fulfilled to ensure the accuracy of the CG MD
in which the irrelevant dynamics is treated effectively (see discussion in the Introduction). Such

criteria can be deduced from eq 6: the characteristic time-scales of relevant A(t) and irrelevant

dynamics are well separated or equivalently the irrelevant dynamics is much faster than the CG

dynamics.

18



2.2 Thermodynamic Force-Matching

Following the concluding discussion in the previous Section 2.1, we can limit ourselves
to the equilibrium case of the thermodynamic force-matching. We describe the equilibrium
thermodynamic force-matching approach as supervised ML of the thermodynamic forces (eq 11
)

od(A°)

0 = 14
< I >A 82,0
based on the regression with the following objective function

(cr.2°) <Z“A AT (20,0 )| > 15

where A,™* (ﬂO,a,) are hypothesized model forces, which depend on the subset of model

A

K N .
parameters ¢, = {a, k} ' ,and a ={e, },_, isacomplete set of model parameters we seek. One
k=0 1=1

possible way to achieve the non-parametric paradigm of the regression is to expand the A,™*
into basis functions (feature mappings) {Bl,k (10)}:10 with weights ¢, :

A|rnOdeI (/loyoﬂ):;aLkBl,k(lo)’ I=1..,N* 16

In this case, an approximate (based on the LS metric) minimization of »*(a)= z° (a,/lo) can

be carried out using a block-averaging scheme combined with the QR solving of the LS problem

for each block of the input training data.?® 2% 3684 |n this method, the set S of configurations

(r”, p") sampled from the ensemble are partitioned into sufficiently small training sets

S= U S (often a few configurations in the sets S, is sufficient). The function y*(«) is

19



S

first minimized over each set S, by finding a solution vector & = ° of the corresponding

linear overdetermined system of equations:
> @B (A7) =A (r"p"), 1=1...,N*

(r“,p”)eS,

The system of eq 17 can be made sufficiently small such that its numerical LS solution ¢, can

17

be efficiently computed using the QR decomposition method. The mean ¢, = NLS_lzlozlLS
is an approximation to a location of the min(rn )es 2° () . Alternatively, the »* () function

can be minimized over entire S using the normal equation method; however, for large S (e.g.,
S=S, when N'° =1) the normal system may become ill-conditioned. The block-averaging
may be seen as an alternative method for the regularization of an ill-posed LS problem such as
kernel ridge regression or Gaussian process regression.' *. 8 The choice of the basis {B,} is
dictated by the particular problem, but in general may be any base of the C” defined on the
thermodynamic parameter space. Following the non-parametric paradigm, the B-spline basis

{B\%,} . where B, is a B-spline of order p+1 for the kth knot from the knot sequence
A={A} (notation is similar to Ref.'®), is adopted in the existing MSCG/FM
implementations.?® 157 160. 161 The potentials ®(A°) are commonly multivariate functions that

require the use of the multivariate basis. The N* -variate B-spling® B%{p' , 1 =1L N* can

!
Kibidt

be constructed as a product of univariate B-splines for each variable A:

20



Byl (2°)=TT,By, (&) (here 4, denotes the set of knots in the Ith dimension, i.e., we

At
assume that the I1th member A’ of the variable set A° is a scalar). In the basis expansion in eq
17, the summation is over a composite index k = {kI } . B-splines of low order (e.g., cubic when
p, =2 for every I ) typically pose a lesser danger of overfitting,**—undesirable behavior of
multiparametric ML optimization algorithms which may lead to spurious physics. Furthermore,
the dimensionality of the force-matching N* can be reduced for many practically important
cases for which the instant thermodynamic forces, e.g., the instant pressure or stress are

expressed through the CG effective interactions. The approximation of the potential ®(A°) can
be obtained by path-integrating the force field {A,mde'} inthe A° parameter space.

2.3 MSCG/FM as a Thermodynamic Force-Matching Method

The MSCG/FM method for particle-based coarse-graining is a special case of the

thermodynamic force-matching method described in Section 2.2. In the MSCG/FM method, the

A° parameter set includes the position-momentum coordinates R" =(R,...,R,) and
pN E(Pl,..., PN) for specific N non-overlapping clusters of atoms into which the system is
partitioned in r space. To make the theory specific, we consider the constant-temperature
ensemble: S e A° [from here on, we will use the inverse temperature S = (kBT )_1], which is of
most interest. The (RN , P“) coordinates span the reduced (relevant) phase space. A common

choice is a linear mapping for which the Ith cluster is given by a conjugate pair describing the

translational [center-of-mass (c.m.)] d.f. of the cluster:
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Ru(r”)=Mime: R(p")=2p, 18

| el iel

where M, = Ziel m; is the cluster mass. In general, the mappings can be any (not necessarily

linear) functions R, (r”), R (p”). For instance, locations R" (r”) that differ from the cluster

c.m. locations can be used to perform mappings such as in the center of geometry,6: 162 163
charge,® or symmetry*?® mappings, or in the mappings determined from principal component

analysis to preserve key dynamical properties.'®* The convenience of the c.m. coordinates in eq

18 is a simple expression for the conjugate forces A, : for A =R, A, is a generalized force
BF,
F(rmt)=R=f 19

iel

with easily computable linear mappings of the particle forces f, =p,. For A =P, the
corresponding A, is a generalized velocity AV, = BM;'P, (we denote V" E{V,}). The
coordinates in eq 18 are part of the Jacobi coordinates (RN,X<, PN, pj) with subset (x<, pj)

denoting the coordinates for the intracluster (irrelevant) d.f. The Jacobi coordinates are

canonical and hence preserve the quadratic form of the Hamiltonian, the canonical form of the

microscopic dynamics, and the volume element of the phase space: dr"dp" =dR"dP"dx"dp; .
The coordinates (x<, pj) are averaged out in the MSCG/FM learning. To describe the statistics,

for example, in the NVT ensemble we may select the remaining A’ parameters to be: volume,

Asna =V (the conjugate is A,,,, = P , where P is the system instantaneous pressure for
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which <P >: P is the thermodynamic pressure) and the inverse temperature, A, ., =/ (the
conjugate to A, =H, ). # *:2 The respective potential B'd(A°) is the CG Helmholtz
FE A(RN ,P" ,V,ﬁ) . Similar considerations hold for the other ensembles, and if we denote A’
as the ensemble state variables other than {R",P" |, e.g., 47 ={V,} for the NVT ensemble,
(correspondingly, we denote the conjugate forces as A°) then the function
H (RY,P")=—g"d(R",P",47) plays the role of an effective Hamiltonian for the CG
system. This observation follows from the expression for the microscopic partition function:

Z(4

e

)= —— [ dR"dpe ) 20
h3N gN
(g, isanovercounting correction factor for the clusters, e.g., N! for equal-sized clusters of the

same composition). We note that, in accordance to eq 20, the variables 4’ can be also viewed

as the state variables for the (RN ,P" ) -restricted ensemble on the phase space of irrelevant

coordinates (x<, pj) 5 In eq 20, we took into account that at equilibrium, the set A° describes

the unrestricted microscopic ensemble as well. For the Jacobi CG momenta in eq 18, the

diagonal quadratic form of the CG Kkinetic energy term is preserved:

T (PY) =20 (2™, )" P?, and we may partition:

H (RY,PM) =T (P")+U(R", Z) 21

where the configuration FE U is viewed as the A° state-dependent CG interaction potential 2

We can easily verify that the thermodynamic force 6H®/aP, =V,, and hence P, V, are
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conjugate in the sense of classical mechanics. In addition to /3, the parameters A’ may include
the volume, strain tensor, applied electric or magnetic fields, gravitational potential, etc. It

follows from eq 20 that the simulation of the system with interactions described by the H“®
reproduces reference atomistic detailed statistics and thermodynamics.

It is clear from the concluding discussion in Section 2.1 that the generalized canonical

ensemble p,, (t) ineq 7 has to be associated with the “quasi-equilibrium” state'** characterized
by slow evolving variables {/1, (t)} This emphasizes that for the CG dynamics with the
potential U (RN ﬂf) to accurately represent the underlying microscopic system, it must satisfy
at a minimum the following two conditions: (1) R" (t), P"(t) trajectories must sample the

equilibrium or near-equilibrium constant {/lf} ensemble; (2) the irrelevant microscopic
subsystem must evolve on much shorter characteristic scales than the relevant subsystem such
that Tr[ gp(t)R" |=0,Tr[ 5p(t)P" |=0. From this perspective, the fine coarse-graining is

expected to better satisfy these conditions as it is characterized by a smaller irrelevant
subsystem. For coarse-graining at the supramolecular scale, the slow rotational molecular modes
are more likely to cause a violation of condition (2).

2.4 |sothermal-Isostrain Ensemble and Bonded Interactions

A choice of the variables A =(&,8), A®=(B6,H,) (where & is instantaneous

stress) instead of 4] =(V, ), A®=(pBP ,H,) to maximize the generalized Gibbs entropy (eq

7) for the relevant ensemble is deemed to be more appropriate for anisotropic media. The
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instantaneous Cauchy stress & =[o,,| and the conjugate Almansi strain &=[g,] tensors

(second-rank, 3x3 tensors) can be readily evaluated in atomistic (e.g., MD) simulations, and

thus may be a better choice for practical applications. Hence, we have

2°={R",P". 2,5} (E{RN,PN,/ieO}) with conjugate A ={AF", A", B6,H,}. The
isothermal-isostrain ensemble is described by the Helmholtz free energy A(RN,PN,é,ﬂ).

Following eq 21, we introduce A(RN gﬂ) (=U ), which we refer to as the CG configuration

(excessive) Helmholtz FE.
The MSCG/FM coarse-graining approach for the isothermal-isostrain ensemble is

carried out by learning the following thermodynamic forces

N R =
<FI >RN,é,ﬁ'_ (5R| 1/} ’ <O_>RN'é'ﬁ - [aéjRN,/f ’ <Hn>RNvéVﬂ [aﬂjRN,é #

which are conditional thermodynamic averages over (x<, pj). In a majority of the existing
MSCG/FM developments the entropic force field —(6A/9f3),. . is left aside, which likewise
we follow in this work and ignore the entropic force. The ramification of the missing entropic
forces in the ML procedure is that the heat capacity and the thermal expansion properties, that

rely on the derivatives (6“A/a,8") _, may not be accurately reproduced. Lebold and Noid*®®

RN,
have developed a MSCG/FM framework that treats the entropic contribution to the CG potential
and reproduces the heat capacity. This approach and also the work of Pretti and Shell®? allow

one to estimate atomic energies and also predict the temperature-dependence of the CG
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potentials. Alternatively, Voth and co-workers'®® employed ultra-coarse-graining to treat the
entropic component of the CG potential and have also demonstrated that the temperature-
dependence of the CG potential can be used to model atomic entropies*®* and presumably also
energetics.

The coarse-graining of molecular compounds at submolecular resolution must properly
handle the intramolecular (bonded) and nonbonded interactions at the relevant scales. The
potential U appears to be essentially a many-body PMF, even for a microscopic system with

pure pair interactions.®* Therefore, we can always write an arbitrary FE U in eq 21 involving

at most k-body terms™® as the following sum of the s-body terms U_, s<k:
URY A =2 U (R )+ X Uy (R R, A )+ 2 U (R, R LA 23
1 {Iy,15) A

The two-body contribution U, can be separated into purely bonded U} and nonbonded U}°

terms, although in general, the higher order contributions cannot be similarly separated. In the
pairwise paradigm of the MSCG/FM ML that we employ, this justifies an approximation of the

mean force <F,> by a pair and central force field with a separate representation of the

RN, 22

bonded and nonbonded terms
<FI>RN,;£ ”z fTZ(bI,J)(RIJ’aT(I,J))ﬁIJ 24
J=l

where R, =|R, —R,|, A, =(R, —R,)/R,; and the result of function T (1,J) is a composite

index (t1J,tb): The function t1J(1,J) e {1 Kpair} labels the type of the 1J pair determined
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by the types of the I and J sites; and index tb =b,nb indicates where the I1J pair is bonded or
not. Collectively, we will refer to index T as a site pair type. The set {(tIJ 1,9), b)}IJ ={1,3},

of all bonded pairs is referred to as a “linkage scheme” while its nonbonded complement
{(t13(1,3),nb)} s denoted by {I,J} . A variational LS minimization of the objective

2b
t1J,nb

2b

function »*(a) may lead to intermixing of the model f, 19'0)

) and f( even with explicit

linkage schemes and when t1J =tlJ". A degree of such intermixing may be a function of the
training data and MSCG/FM hyperparameters (e.g., a size of the S, sets in eq 17). For schemes

f2b

{1,3}, with insufficient numbers of bonds (non-explicit linkages), the { (t3,nb)

} always
1
contains contributions originating from microscopic intramolecular PES. These artifacts in the

force field {f(f,’jvnb)}m may degrade performance of the MSCG/FM models in simulations due

to inaccurate descriptions of the intramolecular CG PES, for example, in simulations with

constrained (rigid) molecular geometries, an issue which will be discussed in Section 3.2.

Next, we will resort to a fourth-order B-spline basis {nyT (R)}k , which is equivalent
to using cubic splines

£ (R ) =23, (R) £ +b (R) f2, +¢ (R) f2 +d (R) 2., R{ <R<R[,, 25

:‘b'" for each pair type T [the coefficients are

defined on a separate distance grid ' = {RJ} -

a =(R(,-R)AR", b =1-a, ¢ =6"(a-a)AR?, d =67(b}-b)AR?, where
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AR, =R[,,—R! is kth bin of the grid]. The union @ =| J, @, of subsets a; = { £2 be"}k"“

Tk
=1

is selected as the adjustable parameter set [which are interpreted as f? = f(R,),

f2" = £ (R, )]. The corresponding approximated CG stress (stress due to forces (F, )., . p

) is

. 1 P®P 1 . .
O'CG(RN,PN):V|:Z IM ! +Z{E}ff(?J)(R,J,aT(,YJ))R,Jn” ®n”} 26
| )

It is convenient to use the objective function ;gz(a,ﬂo) in eq. 15 being averaged over

Fo(r) = 155 (Ruvarg )

(RN PN ) e (a,ﬁf) = <;(2 (oz,}f’)>%0 . The objective function then becomes
J#l

)
(¢.8) 27
glotron)-o=(rpf)

We point out that due to the relation in eq 27, the basis used to expand the forces —(aA/aé)

f<w:>=<ﬁi

1=1

RN, 8
is composed of the same cubic splines used to expand the forces —(aA/aR, )g s that reduces the

dimensionality of the parameter space. We can write the following pairwise additive

approximation to

A(RY,2,B)~ A®(R",2,8) =2 uZt | (Ry.8.B)+ A (& B) 28

1<J
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where u(, (R, 6, 8)= f"' dRf ) (R.é,8) and A’ (&,p3) isthe term that can be determined

A

by integrating the work <&>A§ dé.

Oa N _»0 0oC

N)\ T‘j/.(& NCJ.;/r.k
TLT oY ke 22

i| iOCNC bond short OC-NC bond longé l é

2 bonds per CG site 4 bonds4per CG site 5 bonds per CG site

Bondless

Figure 1. TATB molecule (top left) and its coarse-graining with the large spheres denoting the c.m.
locations of the molecular groups as outlined in the Panel “Bondless” (top middle). Superposition of the
atomistic and CG unit cells is shown in the Panel “Unit cell” (top right). The bottom row of ball-stick
graphics illustrate different intramolecular CG site pair linkage schemes used in the MSCG/FM approach
to describe intramolecular PES with explicit separation of bonded and nonbonded forces. The MSCG
force-matching of only nonbonded forces is equivalent to using a “bondless” scheme (top middle).

3. APPLICATION TO A MOLECULAR CRYSTAL

We evaluated the isothermal-isostrain extension of the MSCG/FM method with the
consistent treatment of the inter- and intramolecular PESs by developing transferrable CG
models of TATB at a submolecular resolution. The TATB molecule has a simple planar ring

structure (Figure 1) of exceptional stability caused by its resonance structure. TATB crystallizes

in the triclinic space group P1 with two molecules per unit cell*?® (Figure 1, top right). Though

29



evidence for “weak structural phase transitions” has been reported for crystallites at high
pressure’® along with potential temperature-induced transitions,*”- 67 there are only two
confirmed polymorphs and both adopt similar layered structures.'®> The crystal structure of
TATB is highly anisotropic and consists of planar layers of nearly planar TATB molecules
stacked in a graphitic-like motif (Figure 2). Structural studies of the TATB crystal carried out
by Cady and Larson*? have revealed a number of unusual properties, such as an extremely long
C—C bond in the benzene ring, a very short C—N bond, and six bifurcated hydrogen bonds. The
extreme insensitivity of TATB is posited'®® to be caused by the graphite-like layered crystal
structure with its intralayer intra- and intermolecular hydrogen bonds'®® and weaker interlayer
n-stacked interactions.*’® The pleochroic TATB crystal exhibits pronounced anisotropy in many
properties, including thermal expansion,**’-1%° hydrostatic compression,'> 171172 and tensorial
elastic mechanical response.’** 17317 The MSCG/FM procedure under constant £ is expected

to better capture the reference highly anisotropic interactions pertinent to the TATB crystal.

30



Figure 2. Snapshot of the [010] view of the orthorhombic atomistic supercell [(a)] for the TATB crystal
at 300 K, 0 GPa and its coarse-graining [(b)] used to generate C300 data for the MSCG/FM procedure. (c)
Snapshot of the supercell in (a), (b) after MD simulation under constant stress (NsT) conditions with a fully
flexible supercell geometry and constrained molecular bonds using the C300/A300/b0 model.
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3.1 All-Atom System Setup and MSCG/FM Calculations
The Helmholtz FE A(RN, é,ﬂ) and the resulting MSCG/FM models approximating

it are functions of the reference thermodynamic phase and conditions. This potentially may

hamper transferability of the models without an explicit (RN,é,,B) dependency. The

transferability across phase boundaries and thermodynamic states can be controlled by merging
the reference configurations sampled from the different phases and thermodynamic conditions.
In general, this is necessary when force-matching the crystal phase using the localized (piece-

wise) basis functions such as cubic splines due to large unsampled regions in the R, grid. In

the present work, we obtained several MSCG/FM models by matching the combined reference
trajectories sampled at ambient pressure (0 GPa) for the crystal at 300 K (referred to as the C300
data), and one of the disordered phases (either an amorphous system at 300 K, labeled the A300
data, or a liquid phase system at 1000 K, labeled the L1000 data). Accuracy of different CG
intramolecular bonding schemes and geometry constraints was also considered when generating
MSCG/FM models.

Each all-atom system contained N =260 molecules and was simulated using MD with
the quantum chemistry-based all-atom non-reactive force field (FF) by Bedrov et al.**® which is
based on the Atomistic Polarizable Potential for Liquids, Electrolytes, and Polymers
(APPLE&P) model.*’® We note that the form of the TATB FF allows for a rigorous separation
of inter- and intramolecular terms and includes well-vetted modifications for fully flexible

molecules™® and an intramolecular repulsion term*”” between the nitro and amine O and H
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atoms. For the crystal, a nearly orthorhombic simulation supercell (Figure 2a,b) was prepared
using the generalized crystal-cutting method'’® starting from the triclinic P1 TATB crystal
structure®® with lattice parameters determined with the TATB FF at 300 K and 0 GPa (Table
1). The A300 and L1000 systems had cubic supercells, and were prepared as described in
Section | of the Supplemental Material to Ref.“2. Isothermal and constant stress (NsT) or constant
pressure (NPT) conditions were simulated using the Nosé-Hoover thermostat and barostat for
both the atomistic and CG systems. The atomistic system was integrated with time steps At of
0.5 fs (flexible molecules) and 1 fs (rigid molecules), the CG systems were integrated with
At=2 fs, while the thermostat relaxation time was set to 100xAt. The atomistic MD

simulations were carried out using the LAMMPS simulation package'” 8 while the DL_POLY

simulation package®* was used for the CG MD simulations with tabulated nonbonded (R, )

and u? (R, ). LAMMPS implementation of the TATB FF and trajectory integration details

closely follow Ref.*%, We note that the MSCG/FM models developed below are compatible
with any molecular simulation package accepting tabulated format for the forces and the

potentials.

For each system, 1000 microscopic configurations {r.} , forces { f,} , and instantaneous

stress & equidistant in time were sampled along constant NVT MD trajectories integrated for 1

ns. The all-atom {r}, {p;},and {f.} were mapped into the respective CG quantities: {R, },
{P}.,and {F} following eqgs 18, 19. Mixed trajectories to be used as training sets for force-

matching were obtained by combining two individual trajectories into chronological sequences
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of (RN JEN TS, &) data. The first combined trajectory used the C300 and A300 configurations
(denoted as the C300/A300 trajectory), and the second used the C300 and L1000 configurations

(denoted as the C300/L1000) trajectory. The set {f(f,'jvnb) (Ry )}tIJ has been obtained using a

uniform distance grid with uniform R, =125 A and AR™™ =0.05 A; for the bonded

interactions the spline grid boundaries varied depending on the bond length distribution, where

tJ,b

the bin size was set to AR™® =0.01 A; the training sets S, in eq 17 each contained two

configurations. A MSCG/FM model was trained for each of the L1000, A300, C300/A300, and
C300/L1000 trajectories, using one of four intramolecular linkage schemes: one bondless and
three bonded, with 2, 4, or 5 bonds per CG site—as visualized in Figure 1— resulting in sixteen
different CG models. We will refer to these models using names constructed by appending the
labels for the training data sets: L1000, A300, C300/L1000, C300/A300, and the linkage scheme
labels: “b0” for the “bondless” scheme, and “b2”, “b4” and “b5” for the bonded schemes, e.g.,
L1000/b5 and C300/A300/b0 models. The MSCG/FM models were evaluated through CG MD
simulations using the flexible and constrained molecular geometries. The intramolecular PES in

the former simulations was represented by the pairwise harmonic bonds approximating the

fiaow (R ) from the force-matching with the complete intramolecular linkage scheme. More

accurate representations can be obtained with nonharmonic pair or many-body analytic

potentials as well as tabulating the f(ffjvb) (R, ). For the crystal, the setups in DL_POLY*®* and
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LAMMPS!® 180 formats with tabulated CG potentials and constrained molecular geometries are

provided in the Supporting Information.
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Figure 3. f° (R, ) calculated for liquid TATB at 1000 K and 0 GPa using: (a) the “bondless” linkage

scheme (L1000/b0 model) and (b) the “2 bonds per CG site” linkage scheme (L1000/b2 model). The
linkage schemes are illustrated in Figure 1. The dashed lines labelled as “core” are constant extrapolations
of the nonbonded forces to short-range unsampled regions, as adopted in the CG simulations. Labels
“short” and “long” indicate the type of the OC-NC bond as indicated in Figure 1. The black dotted line at
0 is a guide for the eye only.
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Figure 4. Similar data and labeling as in Figure 3, but for: (a) the “4 bonds per CG site” linkage scheme
(L1000/b4 model) and (b) the “five bonds per CG site” (complete) linkage scheme (L1000/b5 model). The
linkage schemes are illustrated in Figure 1.
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Figure 5. Potentials UZ (R, ) (eq 28) for the L1000/b0 [(a)] and L1000/b5 [(b)] models. The

corresponding fT2b (RI ; ) are shown (respectively) in Figures 3a and 4b. Labeling are same as in Figures
3and 4.
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Figure 6. Comparison of TATB RDFS Jococ» Joene Inene from atomistic and CG simulations: (a)

Liquid phase simulated at 1000 K. The CG simulation is for the L1000/b5 model, where the molecular
geometry is fully flexible. The CG bonds are described by harmonic forces which are LS approximations

to the L1000/b5 numerical fﬁ;’ b) . (b) Liquid phase simulated at 1000 K. The CG simulation is for the

C300/A300/b0 model, where the molecular geometry is rigid. The black dotted curve at short R; outlines

the under-sampled segments of the atomistic RDFs. (c) Same model as in (b) but for the crystal. The dotted
vertical lines in (a) mark locations of constrained bonds in (b) and (c).
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3.2 MSCG/FM Models

Shown in Figures 3 and 4 are the set of f*’(R,,) obtained using the L1000 trajectories

and the b0, b2, b4, and b5 linkage schemes. The potentials u*(R,,) for the representative
L1000/b0 and L1000/b5 models (of the sixteen generated models) are displayed in Figure 5. As

can be seen in by cross-inspection of the figures, the bonded f(jjb) matched to the L1000 data

look similar for all linkage schemes indicating an accurate separation of the bonded and
nonbonded contributions. As clearly seen from Figures 3b, 4, and 5, the L1000 bonded
interactions are close to harmonic, as one might expect for such a sturdy molecule. This is further
supported by the good performance of the L1000/b5 model in which the flexible bonds are
modelled by the harmonic potentials approximating (based on the LS metric) the raw numerical

data for the bonded branches of the u?’(R,). The accuracy of the MSCG/FM bonded

interactions is particularly evident in Figure 6a, where we show excellent agreement of the RDFs

Oococ » Joene + Inene When comparing the L1000/b5 model with the same RDFs obtained by

coarse-graining the reference atomistic simulations. However, the same flexible model used in
a simulation of the crystal (300 K, 0 GPa) led to slowly growing structural instabilities. These
instabilities are clearly linked to unphysical molecular conformations and indicate problematic
transferability of the intramolecular CG interactions. Similar transferability problems arose for
the rest of the models based on the complete b5 linkage scheme. Therefore, for the CG crystal,
we resorted to a constrained molecular geometry. Although not shown here, force-matching the

C300/A300 trajectories with explicit (b5) linkage schemes show a greater intermixing of the
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bonded fg;., and nonbonded fg;  forces. The stronger intermixing is due to a denser

packing of the CG sites when, if compared to the liquid phase, a larger number of bonded and
nonbonded pairs are within similar separation distances, which as discussed in Section 2.4, poses
a difficulty for a distinct partitioning of F" into bonded and nonbonded contributions in the

2°(ar) variational minimization in eq 27. The resultant £, u® appear to be much less

interpretive compared to the L1000-based models.

A representative comparison of the L1000/b0, L1000/b2, C300/A300/b5, and
C300/A300/b0 models in predicting some of the key properties for the TATB crystal and liquid
states from MD simulations with constrained bonds is given in Table 1. Lattice parameters were

determined from NsT simulations of a supercell comprised of 6x6x6 unit cells (432

molecules). The energy of formation for the crystal was calculated as E, = N <Ucryst > ~(Upar)

where U_ and U__ are, respectively, the potential energies of the crystal supercell and an

cryst mol

isolated molecule. (Note that the enthalpy of sublimation available from experiment reduces

to'® AH_, =E, +k,T as the contribution from the PV term is negligible). The energy of
formation E,  for the liquid was calculated in a similar fashion. The isothermal bulk modulus

B, and volumetric thermal expansion coefficient ¢, were calculated using, respectively,

pressure and temperature differentiation of the volumetric strain from simulations under

constant NsT conditions. Estimates of the melting temperature T, were determined from
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simulations of surface-initiated melting carried out on a 2D periodic slab formed of 144 lattice
(001) planes in contact with vacuum.

Comparison of the above data clearly highlights a dependency of the model
representability and transferability on the source of the configurations and linkage scheme. In
general, the model transferability is better if the reference configurations sample multiple phases
(A300/L1000, C300/L1000, C300/A300 trajectories) while the representability correlates with
the weight of the configurations for the phase and thermodynamic conditions of interest in the
reference data (e.g., for the crystal, the C300/A300 models outperform the C300/L1000 models).

The L1000/b0 model overestimates the OC-NC attraction at short R, due to the OC-NC (short)

bonded contributions which are included into nonbonded terms i), (Figures 3 and 5). This

is likely one of the major reasons for the poorer performance of the model for the liquid phase,

e.g., p_ is too high (2033 kg m? at 700 K, 0 GPa), and the model predicts a variety of

deficiencies in the crystal properties, ranging from defects in the crystal structure to
deteriorated mechanical and thermodynamic properties. Another major factor contributing to
observed performance of the L1000/b0 model for simulating the crystal is isotropic effective
intermolecular interactions in the L1000 configurations. However, the resulting deficiencies are
also expected for the L1000 models obtained with the linkage schemes, which is supported by

the properties predicted by the L1000/b2 model.
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Figure 7. Snapshots from atomistic and MSCG/FM (C300/A300/b0 model) MD simulations of the TATB
crystal at 300 K, 0 GPa with a constrained molecular geometry. The simulation supercell contained 1500
molecules. The CG MD simulation with the MSCG/FM model employed the fully flexible supercell
geometry under constant NsT conditions. The atomistic MD was under NVT conditions and orthorhombic
equilibrium supercell shape. The [100] and [010] views are similar (see Figure 2c).
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Surprisingly, the best performance is shown by the (rigid) C300/A300/b0 model. The

analysis of the C300/A300/b0 nonbonded f{; \, (Ryy), Uiy ) (Ry) profiles indicates that the

artifact due to the contribution of the attractive OC-NC bond is mitigated by a repulsive barrier

originating from the C300 configurations; the system with the C300/A300/b0 interactions
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seldomly samples this region under ambient pressure leading to better crystal and liquid
properties. In particular, the C300/A300/b0 model predicts a stable crystal with accurate
structural parameters (by the standards of coarse-graining). Comparative visualization of the
structures from the atomistic and CG simulations are given in Figures 2 and 7, which augment
a comparison of the RDFs shown in Figure 6. The symmetry of the crystal is preserved by the

C300/A300/b0 model and the p. is within 1.7% of the atomistic value. Figure 7 shows a

difference between the atomistic and CG crystal structures, as a slight in-plane shift of the
molecules in the adjacent (001) sheets. Further assessment of the C300/A300/b0 model as a

good representation of the atomistic crystal can be seen from its ability to reproduce the B, and
T, . As expected, the ¢, appears to be less accurate for all models since we did not match the
entropic forces. We note that the ¢, is on the order of that reported for a one-site model of a-
RDX crystal.*> %85 The C300/A300/b5 model exhibits a slight decrease in the densities p,
p., smaller E;, E; (accordingly lower T ), and softer B, compared to the reference
atomistic system. This is likely due to the less attractive nonbonded interactions associated with

2b
t1J ,b)

2b

the intermixing of the f W.nb)

and f(

In conclusion, we found that the C300/A300/b0-like model developed using the force-
matching with the conventional (pressure) P -matching instead of the (stress) & -matching
shows a similar spectrum of deficiencies in the modelling of the TATB crystal as that found for
the L1000/b0 and C300/L1000/b0 models, pointing to an inadequate representation of the

directionality of the intermolecular forces.
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Table 1. Unit cell parameters a, b, ¢, a, S, y (Figure 1), crystal density p., energy of formation E,,
isothermal bulk modulus B, , volumetric thermal expansion coefficient ¢, , melting temperature T = of

the TATB crystal (300 K, 0 GPa), and liquid density p, , energy of formation E; of the TATB liquid

(700 K, 0 GPa) from the various MSCG/FM models with the constrained intramolecular geometry, the
atomistic model, and experiment. The molecular geometry is rigid and the MSCG/FM models that are

more accurate are on the right side of the Table.

Property  L1000/b0 L1000/b2 C300/A300/b5 C300/A300/b0  Atm. Exp.
a(A) 8.92 8.92 8.92 8.92 9.02 9.01'%°
b (A) 8.96 9.01 8.92 8.96 9.07 9.03
¢ (A) 8.93 8.22 7.52 7.37 7.07 6.81
o (deg) 1200  120.3 119.9 119.7 114.1 108.6
/2 (deg) 85.2 75.2 79.0 77.0 80.8 91.8
y (deg) 1211 1213 115.9 115.1 120.1 120.0
pe (kgm?) 1656 1756 1838 1849 1881 1930
B, (GPa) 34.3 26.0 15.6 19.5 19.2  17.1,17124.9'72
E (kkmol?) .1360 -128.1 -144.6 -155.2 -158.7 -165.7'%
a, (105K 40 5.8 2.0 2.3 26.1 20.11%
T, (K) 480 445 512 560 85177 623, 6941%
p. (kgm?) 2033 1252 1495 1580 1490
E,. (kJmol?) -1334  -741 -97.0 -102.2 -110.1

4. CONCLUSIONS

Considerable efforts have been expended searching for a rigorous methodology that
leads to microscopically informed particle-based CG models with predictive power for the

statistics and thermodynamics. One such approach is the MSCG/FM method which is ML of
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the CG Helmholtz free energy PES through force-matching of the instantaneous generalized
forces. The method has been used to quite successfully coarse-grain an exceptionally wide range
of condensed matter, soft matter, biological, and crystal systems. In this paper, proceeding from
the Jaynes PME, we attempt to give a general picture of the MSCG/FM approach as a
thermodynamic force-matching approach that allows for the reconstruction of the free energy
PES for an arbitrary ensemble. The MSCG/FM development in the constant strain ensemble
(i.e., when the conjugate thermodynamic force is the stress) is expected to produce a better
MSCG/FM model representation of highly anisotropic crystals. Therefore, we applied the
MSCG/FM method extended within the proposed framework to constant strain conditions to
coarse-grain TATB at a submolecular resolution (six beads per molecule) with a special focus
on the crystalline phase. The development involved explicit force-matching of the bonded
(intended to represent the intramolecular part of the CG PES) and nonbonded effective
interactions using pairwise model forces in a cubic spline basis for both. For disordered phases,
all flexible models obtained by combining the L1000, C300/L1000, or C300/A300 nonbonded
forces with analytic harmonic fits of the L1000/b5 bonded terms demonstrated good
performance. For the crystal, the flexible models led to slowly growing structural instabilities
clearly associated with the unphysical molecular conformations pointing to the problematic
interphase transferability. The observed poor transferability is a manifestation of the strong
disparity in the directionality of the pairwise effective interactions across different phases and
could be generic to other anisotropic molecular crystals. Therefore, we resorted to (rigid) CG

models with a constrained molecular geometry.
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The rigid-molecule CG model with the interactions matched to both crystal and
amorphous configurations at a consistent temperature and without an explicit matching of the
bonded forces (i.e., the C300/A300/b0 model) showed the best performance: lattice structure,
volumetric mechanical responses, and melting properties of the crystal were all captured with
reasonable accuracy. This C300/A300/b0 model also demonstrated a good transferability to the
disordered phases (L1000 and A300) which is further improved with the flexible molecular
geometry described by the L1000/b5 bonded potentials. The success of the C300/A300/b0
model can be attributed to both matching the anisotropic stresses as prescribed by the extended
MSCG/FM protocol developed here, and from use of the multiple phase (C300 and A300)
averaging. By comparison, the rigid-molecule C300/L1000/b0, A300/L1000/b0, and L1000/b0

models were all progressively deficient in the ability to predict the crystal properties. For

example, simulations of the crystal with the L1000/b0 model developed multiple {001} in-plane

extended defects due to parts of the crystal layers gliding in-plane, while it also underpredicted
the crystal density and exhibited a particularly low melting temperature. We attributed these
deficiencies to the use of structurally isotropic L1000 and A300 configurations, which exhibit
less directional effective intramolecular interactions as observed in the crystal. The conventional
MSCG force-matching of the C300/A300 data with the isotropic P -matching led to a similar
spectrum of deficiencies as for the models obtained with the & -matching to the more isotropic
L1000, A300, L1000/A300 data. This clearly relates the deficiencies in the MSCG/FM models

obtained with the P -matching to an inadequate representation of the directionality of the
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intermolecular interactions in the crystal and, as such, highlights the importance of the & -
matching for strongly anisotropic media.

We conclude that the MSCG/FM coarse-graining is tailored to specific ensembles and
consequently its accuracy is a matter of two main factors: (1) matching an appropriate set of the
thermodynamic forces and (2) sufficiently sampling effective interactions pertinent to the phase
of interest. On the methodology side, the PME theory of the MSCG/FM method allows a better
understanding of the applicability of the MSCG/FM models. In general, the MSCG/FM

potentials are deemed to be accurate for the CG systems when the PME holds for the underlying

microscopic system; e.g., when the CG system is in quasi-equilibrium p,, 0 dp(t) and when

the underlying microscopic system exhibits a strong separation between characteristic time

scales for the slow relevant and fast irrelevant dynamics such that Tr[5p(t)R| ] =0. Viewed

from this perspective, submolecular resolution MSCG/FM models are expected to exhibit
improved transferability across different thermodynamic conditions because they do not project
out slow molecular rotational modes. Furthermore, the PME theory can be used to judge the
transferability of the MSCG/FM models to the non-equilibrium conditions as well as facilitate
design of force-matching-based methodologies which lead to models performing desirably
under non-equilibrium conditions. Finally, this theory provides guidance toward a rigorously

grounded coarse-graining following bottom-up principles.
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The Sl includes ready-to-run input files for the DL_POLY*®! and LAMMPS!’® 180 MD
simulation packages to simulate the TATB crystal with the MSCG/FM C300/A300/b0 model
potential in tabulated form and rigid molecular geometry. The SI also includes VMD*
visualizations of the crystal simulation supercell and superposition of all-atom and CG
representations of the TATB unit cell.
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