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Numerical improvements in magnetohydrodynamic,
pulsed power simulations of near-target plasmas

W. A. Farmer, C. L. Ellison, J. H. Hammer, K. R. LeChien, N. B. Meezan, K. S. Raman, V. Svidzinski, K.
Tummel

Abstract—Magnetohydrodynamic (MHD) simulations of
pulsed power experiments frequently result in unphysical
runaway heating when extended to low values of mass density.
Traditionally, this has been addressed by the use of conductivity
floors below which the plasma is given an arbitrarily low
conductivity value. Here, a low-density treatment is presented
that allows for low-density material to carry current while
maintaining a stable temperature. This treatment is implemented
in the Ares multiphysics code. Numerical modifications to the
conventional vacuum treatment include an energy-conserving
density floor, a modified averaging procedure to determine
the thermal conductivity at the edge of adjacent zones, and
a modified averaging procedure for determining the thermal
conductivity in mixed zones that contain material from differing
regions. Additionally, anomalous resistivity and Bohm diffusion
models are implemented as simplified models for microphysics-
induced enhancement of collisonal transport. The advantage
of these various improvements are illustrated in a simple 1D
pulsed power target where the combined changes result in stable
temperatures within the lower density regions.

I. INTRODUCTION

Pulsed power experiments have significantly enhanced the
ability to probe and understand high-energy density physics
regimes. Examples include the measurement of opacities [1],
[2], the pursuit of ignition and high fusion gain [3]–[6], the
production of bright x-ray sources [7], the study of hydrody-
namic instabilities [8], and dynamic material experiments [9].
To create these high-energy density conditions on the Sandia
Z machine, current flows from Marx capacitor banks along
a set of magnetically insulated transmission lines (MITLs)
through a load. Stacks of MITLs are connected through
a post-hole convolute; a post connects the anodes through
small azimuthally spaced holes in the cathodes. This post-
hole convolute radially divides the outer MITL region from
the inner MITL region where the current density from each
transmission line is combined. It has been observed that
continuum emission associated with plasma formation occurs
in the post-hole convolute with electron densities exceeding
1017 cm−3 [10], [11]. This contaminant plasma has been
modeled with relativistic particle-in-cell simulations [12]–[14],
and mass densities of 3 × 10−7 g/cm3 (or electron densities
of roughly 1017 cm−3) are predicted. However, simulations of
this type are expensive and not practical for load simulations
of the solid-density target region. Mechanisms for the genera-
tion of this contaminant plasma include space-charge limited
emission, water desorption, and the evaporation of metallic
surfaces.

Modeling the volume adjacent to the load in radiation-
hydrodynamic simulations is challenging due to non-fluid

effects introduced by low-density plasma sourced from the
MITLs. This plasma is swept toward the load with the power
flow where it can deposit energy and influence magnetic field
diffusion into the imploding target. Because there is minimal
experimental data on the near-target vacuum conditions of
high-current Z facility shots, kinetic simulations of inner
MITL power flow can provide the best descriptions of these
contaminants [14]. Including plasma in MHD simulations at
the conditions given by the kinetic simulations in a fluid
target simulation requires a reasonable estimate of the elec-
trical conductivity. In a conventional vacuum treatment, the
background is simply modeled as resistive through the use
of a density threshold, ignoring the presence of the plasma
altogether. Ablated metal that falls below this threshold will
also become unphysically infinitely resistive. In reality, the
plasma sourced from the MITLs and the ablated metal near
the load will spread the current over a larger volume, reducing
drive and compression. If the low density material is instead
treated as a classical plasma [15], the electrical conductivity
is unphysically large and a dramatic current response will be
induced, shielding the load almost entirely. In the low-density
limit, microinstabilities will occur and correspondingly limit
the magnitude of the drift velocity to be on the order of either
the ion or electron thermal velocities. These microinstabilities
drive small-scale turbulent fluctuations from which electrons
will scatter, enhancing the effective collisionality of the plasma
and leading to an anomalously high resistivity that reduces cur-
rents. In early theta-pinch work, several of these instabilities
were considered such as the Buneman, ion acoustic, lower-
hybrid-drift, electromagnetic ion cyclotron and ion cross-field
instabilities as outlined in the review article of Davidson and
Krall [16]. Further work used models of a subset of these
instabilities to determine the anomalous transport coefficients,
and the fluid equations were numerically solved with these
modified coefficients [17], [18]. These simulations matched
the gross behavior observed in these early experiments. The
inclusion of anomalous resistivity into a fluid code was later
used to model fiber Z pinches [19], and most recently to
obtain agreement between simulation and measurement of a
laser-produced plasma plume expanding in a 20 T magnetic
field [20].

Another approach resulting in enhanced diffusion of the
magnetic field includes the Hall term in a generalized Ohm’s
law,

E′ = ηj +
j × B
enec

, (1)

where E′ is the electric field in the frame moving with
the ion flow, η, the plasma resistivity, e, the elementary
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electric charge, ne, the electron number density, and c, the
speed of light. From the above equation, it is clear that as
the electron density vanishes, the current density orthogonal
to the magnetic field must also vanish so that the electric
field remains finite. Inclusion of Hall physics into a resistive
magnetohydrodynamic (MHD) simulation is fraught with both
numerical difficulty and the possibility that terms present in a
two-fluid treatment are also necessary [21]. One approach to
Hall-MHD adopted by the Perseus code involves implementing
a relaxation model that includes the Hall term, displacement
current, and electron inertia [22]. In magnetized liner inertial
fusion (MagLIF) experiments, a helical structure was observed
in a partially imploded liner that could not be reproduced using
the MHD Gorgon code without introducing an unrealistically
large helical perturbation [23], [24]. Hall-MHD simulations
with the Perseus code could reproduce the helical structure
without a helical perturbation by allowing the plasma around
the liner to carry current and compress the preimposed axial
field [25]. These simulations were also able to reproduce
the helical structure with traditional MHD simulations, but
the simulations encountered a serious thermal runaway in-
stability when the plasma density was too low. To obtain
stable behavior, they defined a buffer region above the floor
density within which the plasma current was zeroed. While
this prevented a runaway temperature, it is not a satisfying
physical treatment for the low-density plasma near the density
floor. In multi-component single-fluid MHD codes often used
in integrated design work, we have observed similar behavior:
the vacuum tends to over-heat, the conditions are sensitive to
a multi-material treatment, and the long mean-free-path of the
electrons leads to the conclusion that the classical transport
coefficients are invalid.

To address this problem, this paper presents an alternative
treatment for low-density plasmas in resistive MHD simula-
tions that does not exhibit spurious heating. This treatment
would enable the coupling of a kinetic model of the MITLs
with a single-fluid treatment of the load through the use of a
mass-flux source as described in [14]. This code coupling is
beyond the scope of this work, but the removal of the spurious
heating enables such a coupling to be performed. The general
approach is to address the most prominent pathologies that
emerge when taking the low density, high temperature, mag-
netized limit of a single-fluid MHD model. Issues can arise
in the physics models being used, the numerical discretization
of the equations, and the treatment of multimaterial effects.
Specifically, the proposed modifications include implementing
an energy-conserving density floor, careful definition of the
boundary conditions, and modifying the averaging of thermal
conductivity near interfaces and in mixed zones. Further, some
combination of anomalous resistivity [26], [27] and Bohm
diffusion are necessary to enhance magnetic diffusion beyond
the classical prediction. These modifications result in and
better behavior of the plasma conditions in the low-density
regime. We further illustrate the impact of these changes in a
test problem utilizing a 1D description of a notional MagLIF-
like liner [28] with the hydrodynamics frozen to isolate the
evolution of both heat and magnetic field. When all of the
modifications are included, the low density plasma is well

behaved and the magnetic field diffuses in a reasonable way.
This paper is organized as follows. Background information
on the Ares multiphysics code is presented in Sec. II. The al-
ternative low-density plasma treatment is presented in Sec. III.
The test problem is defined and the impact of the plasma
treatment is shown in in Sec. IV. Finally, major conclusions
are summarized in Sec. V.

II. BACKGROUND

Ares is a multiphysics code that has been used in the model
and design of various high-energy-density experiments[29]–
[31] and physics studies[32]–[34]. In the Ares simulations
presented here, the resistive MHD equations are solved,

∂ρ

∂t
+∇ · (ρv) = 0, (2)

∂

∂t
(ρv) +∇ ·

[
ρvv − BB

4π
+ I

(
p+

B2

8π

)]
= 0, (3)

∂B
∂t

−∇× (v × B) = −∇×
(
c2η

4π
∇× B

)
, (4)

where ρ, v, B, p, and η are the mass density, the flow velocity,
the magnetic field, the total pressure, and the resistivity,
respectively, and I is the rank two identity tensor. The electric
field is eliminated from Faraday’s law in Eq. (4) with an
Ohm’s law which includes the dynamo and resistive terms.
The pressure gradient term in Ohm’s law is ignored because
the majority of our application is low plasma β. The thermo-
electric term is also ignored due to it contributing only through
weak gradients in the coefficient itself. Consideration of the
Hall term is outside the scope of this work. The inclusion
of anomalous resistivity potentially reduces the importance of
the Hall term, and this is discussed more in Sec. V. Finally,
the electron inertia or acceleration term is ignored because the
electron velocity equilibrates on time scales much faster than
the problem, consistent with the MHD approximation. A three
temperature model is typically used for integrated simulations
with different energy equations for the electrons, ions, and
radiation field. Here, we ignore the radiation coupling terms.
Then, the total pressure is simply the sum of the electron
and ion pressures, p = pe + pi. The electron and ion energy
equations are given by

ρ
dϵe
dt

+ pe∇ · v = ηj2 −Qi + ρ
cve
τ ϵei

(Ti − Te)−∇ · q, (5)

ρ
dϵi
dt

+ pi∇ · v = Qi + ρ
cve
τ ϵei

(Te − Ti) . (6)

Here, ϵe and ϵi are the specific energies for the electrons and
ions, respectively. The pressures and energies for the ions and
electrons are given by the equation-of-state (EOS) specified
at the beginning of the simulation. The material derivative is
given by d/dt = ∂/∂t+v ·∇. The total ohmic heat dissipated
is ηj2. When using anomalous resistivity models, the energy
can be partitioned between the ions and the electrons. The
heat transferred to the ions via microturbulence is Qi, and
by conservation of energy, Qe = ηj2 −Qi. The next term is
the collisional relaxation of the electron and ion temperatures
when not in thermal equilibrium with each other with cve, τ ϵei,
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Te, and Ti being the specific heat, the electron-ion collision
time, and the electron and ion temperatures, respectively.
The form of τ ϵei used is given by Brysk [35], though other
options are available within Ares [36], [37] . The electron
heat flux is given by q which in the local limit is given by
q = −κ⊥∇Te. Because the simulations here are axisymmetric
with the magnetic field in the ignorable direction, only the
perpendicular component of the thermal conductivity tensor,
κ⊥, is retained. Ion viscosity is not included, but an artificial
viscosity is included in the numerical implementation.

Ares solves the single-fluid-velocity, multi-material, multi-
component MHD equations using a staggered-mesh arbitrary
Lagrangian-Eulerian (ALE) predictor-corrector scheme [38].
In this mesh and in 2D, density, magnetic field, temperature
and specific energy are zone-centered variables, while velocity
is defined at the nodes of the mesh. This scheme performs a
primary Lagrange step with nodes translating with the fluid
motion, then performing a secondary relaxation and remap
step toward the initial position. This relaxation governs how
Eulerian the ALE prescription is with a full relaxation to
the initial position representing a purely Eulerian treatment
and no relaxation representing a purely Lagrangian treatment.
This relaxation requires all mesh variables be interpolated
(remapped) from the post-Lagrange mesh to the relaxed mesh
using conservative, finite-volume, total variation diminishing
flux-limited advection schemes. In remapping the magnetic
field, the finite volume advection preserves magnetic flux.
Ares evolves a single-fluid velocity with multiple material
densities and temperatures present within any multi-material
zone. Each material allows for multiple components (EOSs)
which are required to be in pressure and temperature equi-
librium with the other components within a given material.
Ares uses a linear solve process to achieve this pressure and
temperature equilibration of a multi-component material zone.
Ares handles multiple-material dynamics with a volume-of-
fluid approach. A volume fraction, Vi, is assigned to each
material present within a given zone. Along with sub-zonal
volume, each material can have its own sub-zonal thermody-
namic state (density, temperature, and pressure). These sub-
zonal quantities are updated through a pressure relaxation
process of volume fractions which differs from the pressure
and temperature equilibration that occurs between multiple
components. For mixed-zone thermal conductivity, the default
in Ares uses a volume-fraction-weighted average of the inverse
coefficient. This is performed for the thermal conductivity by

1

κeff
=

∑
i

V f
i

κi
, (7)

where κi is the thermal conductivity of constituent i, V f
i is

the corresponding volume fraction, and κeff is the effective
thermal conductivity in that zone.

When the “vacuum” zones within the domain are treated
as a conducting plasma, care must be taken when injecting
magnetic flux into the interior of the problem to ensure
that nonphysical behavior does not occur. The following
prescription gives appropriate behavior near the boundary, and
violations of this prescription resulted in pathological behavior

in 2D integrated simulations. First, the node at the boundary
and the first interior node are set to be purely Eulerian. Next,
the outermost nodes are fixed at their initial position, which is
equivalent to setting v = 0 at the boundary. In the simulations
reported here, the total current through the load is specified in
time as a current source. Through Ampère’s law, the magnetic
field at the boundary is specified exploiting the axisymmetry to
ensure the specified total amount of current is enclosed within
the Ampèrian loop whose outer radius intersects the boundary.
Additionally, the code allows specifying an arbitrary voltage,
which may originate from a driving circuit or a specified
function of time, in which case the appropriate amount of
magnetic flux is injected in some number of insulating vacuum
zones to induce the driving voltage across the simulation
domain. Both of these treatments require the zones in which
the magnetic flux is specified / injected to be insulating to
achieve the desired enclosed current / driving voltage. To
ensure this, the conductivity in the boundary zones is set to an
arbitrarily low value so that no Ohmic heating occurs there.

III. LOW-DENSITY PLASMA MODEL

A. Floors

In solving the fluid equations, there are two density floors
often used in MHD codes that are relevant to this discussion.
The first is the minimum density that a zone can have
over the course of the simulation, ρm. This can be material
specific, but in the simulations reported here, every material
is set to have the same ρm. Second, when ρ falls below the
conductivity floor, ρσ , the material is treated as vacuum with
small conductivity, σvac, to enhance diffusion of the magnetic
field,

σ =

{
σvac, ρ < ρσ

σ, otherwise
. (8)

The purpose of the treatment given here is to permit choosing
ρσ < ρm within various regions of the problem so that low-
density regions are conducting plasma. When adopting this
approach, ρσ no longer acts as a density floor with only the
mass floor, ρm present. Doing this will remove abrupt tran-
sitions in the numerical treatment when the density becomes
low. The only consideration in lowering ρm to arbitrarily low
values will be the Courant condition on the time step due
to the explicit numerical solution to the momentum equation.
This treatment would allow for a mass flux source from the
boundary that injects plasma into the simulation domain at
densities above the floor. So long as ρm is below the mass
density of the incoming flow, the floor could potentially no
longer affect the dynamics of the problem.

When the mass density of a zone falls below the value, ρm,
mass is injected into the system. The modified mass of the
zone, ρ′, is

ρ′ = max(ρ, ρm). (9)

Injecting mass into a zone without modifying the specific
energy has the consequence of increasing the energy within
the system: the initial energy density is ρϵ, and the modified
energy density becomes ρ′ϵ. Adding energy to these specific
zones can be particularly problematic for thermal runaway
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because the density floor is often encountered while a zone is
undergoing a thermal expansion due to being heated in excess
of its neighbors. Therefore, respecting the density floor while
not aggravating runaway temperatures in low density zones
requires modifying the specific energy so that ρϵ = ρ′ϵ′, or

ϵ′s =
ρϵs

ρ′
, (10)

where s = i, e labels the ion or electron species. While the
mass will not be conserved by definition of the floor treatment,
energy will be. For this reason, we call this an energy-
conserving density floor. In effect, this amounts to injecting
zero-energy mass to sustain the density floor as opposed to
injecting mass of the same temperature of the zone. The
corresponding temperature after applying the floors is given
by the EOS. We have found this to be beneficial in integrated
2D simulations, thohugh we do not discuss it further here.

B. Anomalous resistivity and heating

The electrical resistivity η is determined by the material
model specified by the user for the materials present in the
simulation. The material model can be in tabular or analytic
form. From the value for the resistivity, a characteristic ion-
electron collision time, τei, can be determined and is given
by

τei =
me

ηe2ne
. (11)

To modify the resistivity to account for the possibility of
microturbulence, an effective resistivity is defined by

ηeff = η + ηar = η (1 + τeiνar) . (12)

The effective resistivity ηeff is then used in place of the material
resistivity η in Eqs (4) and (5). Here, ηar is the anomalous
resistivity and νar is the characteristic scattering frequency
of the electrons due to the small scale turbulent fluctuations.
In determining the unmodified resistivity, η, electron-neutral
collisions are included so that this effective τei will remain
finite in all cases. To that end, this expression is precisely
the electron-ion collision time only when considering ionized
plasmas. In situations where the zone represents material that
is partially ionized or neutral, τeiνar ≪ 1 for parameters rel-
evant to current experiments. Many instabilities are known to
generate anomalous resistivity. We primarily adopt anomalous
resistivity models based on the lower-hybrid drift instability
(LHDI) because this resistivity has been validated under
experimentally relevant conditions [27], because these modes
do not have the restrictions that ZTe ≫ Ti or J/nevte > 1 and
are thus more broadly active, and because they are very rapidly
growing and saturating on timescales relevant to experiments
at the Z facility.

For illustration, here and in the following subsections we
consider a simplified, static configuration representative of
the Z-pinch systems of interest. The configuration is the
interface between a 3-mm radius, room temperature, solid
density aluminum rod and a 100 eV (Te = Ti), 10−6 g/cm3

hydrogen plasma. Further, the rod carries 10 MA of current
in its interior, leading to a 6.6 MG azimuthal magnetic field
at the interface.

Fig. 1. Anomalous resistivity enhancement (relative to Spitzer resistivity) of
a 100 eV, 10−6 g/cm3 hydrogen plasma immersed in a 6.6 MG magnetic
field for three lower-hybrid instability models described in the text.

Figure 1 shows the effect of including anomalous resistivity
in the hydrogen plasma of this test configuration for three
different LHDI-based anomalous resistivity models. The three
models include the Tummel model [27], a model based on that
described by Davidson and Krall [16] (labeled the Hammer
model in the figure), and a closely related model presented by
Tanaka and Soto [26], with all effective resistivities normalized
to the classical Spitzer resistivity. Anomalous resistivity is a
strong function of the current density, and here we scan a range
of current densities corresponding to 10 kA to 1 MA carried
by a 1-mm hydrogen annulus with an inner radius of 3 mm.
Clearly, anomalous resistivity has a large effect on such low
density plasmas and significantly alters the diffusive evolution
of the magnetic field.

When using an anomalous resistivity model, Ohmic heating
should no longer be deposited solely into the electrons, and is
instead partitioned with the electron and ion heating defined
as Qe and Qi, respectively. Davidson and Gladd [39] derive
expressions for both momentum and energy transfer for the
LHDI. These are given in Eqs. (24), (25), and (26) of their
manuscript. In the LHDI dispersion relation given by Davidson
and Gladd, it is assumed that |γ/ω| ≪ 1 in the small drift
velocity regime, where ω and γ are the real and imaginary
part of the complex frequency. Using this approximation, the
energy transfer rates can be expressed as,

Qe = ηj2 + ηarj
2
(
1 +

ω

ku

)
, (13)

Qi = ηarj
2
(
− ω

ku

)
, (14)

where the momentum transfer rate has been related to the
anomalous resistivity which contains the same integral expres-
sion as the energy transfer equation. The term that accounts
for the growth of electric field fluctuations is not included
in the heating expressions given above because the LHDI
fluctuations are assumed to be in their saturated state. Here,
u is the relative drift between the ions and electrons, and the
dispersion relation of the LHDI is used to determine ω and
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k for the most unstable mode. The full expression requires a
sum over the spectrum of unstable LHDI wavelengths, but we
approximate this sum by taking ω and k of the fastest-growing
modes. An analytic approximation [39] of the dominant LHDI
frequency is incorporated into the heating rates to implement
this anomalous heating into the fluid simulation,

ω ≃ −
1 +

ω2
pe

Ω2
e

(
1 + ZTe

Ti

)
1 +

ω2
pe

Ω2
e

(
1 + 2ZTe

Tik2ρ2
e

)kvdi, (15)

where Z is the charge state of the ions, and ωpe and Ωe are the
electron plasma and cyclotron frequencies, respectively. Here,
vdi and vde are the respective ion and electron diamagnetic
drift velocity as described in Ref. [39], and relate to u through
the expression, u = vdi−vde = vdi(1+ZTe/Ti). In Eq. (15),
the Bessel function in the electron response is approximated
as I0(k

2ρ2e/2)exp(−k2ρ2e/2) ≃ 1− k2ρ2e/2 with kρe ≃ 1 for
the dominant modes. Here, ρe is the electron Larmor radius.
Further, we assume ω2

pe/Ω
2
e ≫ 1, which for B ∼ 1 MGauss

requires that the electron density satisfy ne ≫ 1017 cm−3, or
for a hydrogen plasma ρ ≫ 10−7 g/cm3. For densities below
this limit, the resulting expressions for the heating rates will
be modified. With these assumptions,

ω ≃ − 1

1 + 2τ
ku, (16)

with τ = ZTe/Ti. Incorporating this result into the heating
expression yields

Qi = ηarj
2 1

1 + 2τ
, (17)

Qe = ηj2 + ηarj
2 2τ

1 + 2τ
. (18)

These expressions are substituted into Eqs. (5) and (6) when
using the Tummel model [27] for anomalous resistivity. Fig-
ure 2 shows the fraction of Ohmic heat deposited in the
ions for the same test configuration used in Fig. 1. At large
current densities, 1/3 of the heat is deposited into the ions for
this Ti = Te example. Such an energy partitioning can lead
to reduced electron temperatures and less runaway heating,
especially given the feedback of the electron temperature on
the material resistivity.

C. Bohm Diffusion

In addition to anomalous resistivity, one may include an
effective collisional enhancement based on an empirically
derived Bohm scaling. It has been observed that in certain
systems [40] transport processes exhibit an enhanced collision
rate relative to classical magnetized transport theory. To re-
cover the observed scaling, we implement Bohm transport by
replacing the collision times in the transport coefficients as:

τBohm
ei =

τei

1 + Ωeτei/16
(19)

For thermal conduction, in the strongly magnetized limit
(Ωeτei ≫ 1) this has the effect of replacing the Braginskii
thermal conduction coefficient

κBraginskii
⊥ ∼ neTeτei

me(Ωeτe)2
(20)

Fig. 2. Fraction of Ohmic heating deposited to ions according to Eq. (18) for
a 100 eV, 10−6 g/cm3 hydrogen plasma immersed in a 6.6 MG background
magnetic field.

Fig. 3. Magnetized conduction coefficients for a 100 eV, 10−6 g/cm3

hydrogen plasma immersed in a 6.6 MG background magnetic field. Thermal
conduction coefficients normalized to room temperature aluminum thermal
conductivity 2× 107 erg/cm-s-K.

with the Bohm thermal conduction coefficient

κBohm
⊥ ∼ neTe

16meΩe
. (21)

The modified temperature dependence induced by the Bohm
transport scaling has a significant impact on thermal con-
duction in representative parameters for vacuum contaminant
plasmas as shown in Fig. 3. Here we again consider the 10−6
g/cm3 hydrogen test configuration defined in Section III-B to
show thermal conduction for Spitzer, Braginskii and Bohm
scaling. The Bohm thermal conduction exceeds the Braginskii
conduction by factors of 10-1000 at relevant temperatures.
Ultimately this has a damping effect on potential runaway
heating in the low density region through the significantly
enhanced thermal conduction.

In addition to modified thermal conduction, an enhanced
effective collision rate would also increase magnetic diffu-
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Fig. 4. Electrical conductivity of a 100 eV, 10−6 g/cm3 hydrogen plasma
immersed in a 6.6 MG background magnetic field using Braginskii and Bohm
transport scaling. Conductivities normalized to room temperature aluminum
conductivity 3.2× 1017 s−1.

sivity via the collisional electrical conductivity. In classical
Braginskii theory the perpendicular electrical conductivity is
only weakly dependent on the level of magnetization Ωeτei:

σBraginskii
⊥ = 0.51σ0 = 0.51

e2neτei

me
(22)

Replacing the classical collision period with the Bohm colli-
sion period Eq. (19) yields

σBohm
⊥ = 0.51

e2ne

16meΩe
(23)

so the plasma becomes increasingly resistive with increasing
magnetic field strength.

When using tabular models for these transport processes, the
collisional enhancement may be incorporated by calculating a
representative collision period from the table-defined transport
coefficient, e.g.:

τ tab
ei =

κtabme

neTe
(24)

and then proceeding to re-calculate the transport coefficient
after modifying the collision period as defined above.

D. Thermal and Electrical Conduction Spatial Discretization

In finite volume schemes like the one employed in Ares,
the spatial diffusion of temperature due to thermal conduction
requires an evaluation of the heat flux at the face (2D:edge)
adjoining two zones. Because the hydrodynamic state variables
that the thermal conduction coefficient depends on are known
at zone centers, evaluating the heat flux at the face between
two zones requires some method of combining the zone-
centered thermal conduction coefficients into an effective face-
centered conductivity. Standard techniques for calculating such
a face-centered average can lead to poor behavior at sharp
interfaces (such as the one between a solid density liner and
a hot, low-density plasma) even if they are well behaved in

smoothly varying systems. Here we explore one such issue and
propose an alternative face-centering interpolation method.

The heat flux is given by q = −κ∇T with κ having a strong
temperature dependence κ = KT p

e for some constant exponent
p. The weaker dependencies on charge state and Coulomb
logarithm are captured in the coefficient, K. Without loss of
generality, we consider a one-dimensional configuration where
the x axis is assumed to pass through the two zone centers.
With these assumptions, T p

e dTe = −(q/K)dx. Integrating the
right-hand side of this expression through the two zone centers
results in, (∆x1 + ∆x2)/Kedge = (∆x1/K1) + (∆x2/K2).
Here ∆x1,2 are the distance from the respective zone center to
the edge adjoining the two. Next, the temperature at the edge
is computed using the assumed power law for the thermal
conductivity. This can be done by finite differencing the
relation, T p

e = [1/(p+1)](dT p+1
e /dTe). Assuming a p = 5/2

Spitzer dependence for the conductivity,

Kedge =
∆x1 +∆x2

(∆x1/K1) + (∆x2/K2)
, (25)

T
5/2
edge =

2

7

T
7/2
2 − T

7/2
1

T2 − T1
=

2

7

6∑
n=0

T
3−n/2
1 T

n/2
2

T
1/2
1 + T

1/2
2

, (26)

from which the thermal conductivity at the edge is constructed.
This interpolation for the thermal conductivity is used in other
publications[29]–[31] and is exact in an unmagnetized, fully-
ionized, steady-state thermal profile.

The p = 5/2 assumption used in the unmagnetized in-
terpolation method is invalid both in the cold, solid-phase
liner material and in the strongly magnetized contaminant
plasma regions of pulsed power simulations. When calculating
the heat flux from the low density plasma to the cold, high
density liner, the unmagnetized interpolation scheme yields an
effective conductivity that strongly favors the liner’s smaller
effective K and dramatically reduces the heat flux into the
cold material, ultimately leading to runaway heating occurring
at interfaces. To fix this problem, we propose implementing
a different face-centered averaging procedure. Because this
procedure needs to work for all values of the magnetic field
that occur throughout the simulation, it is instead assumed that
the ionization state of the plasma scales as

√
Te, reducing the

exponent to p = 2. In this case,

T 2
edge =

1

3

(
T 2
1 + T1T2 + T 2

2

)
. (27)

Further, we construct κedge via the procedure:

κedge =
1

3
(κ1 +

√
κ1κ2 + κ2) . (28)

This averaging procedure has the consequence that the face-
centered coefficient cannot be less than a third of the larger
of the two coefficients. Empirically, this procedure behaves
well for magnetized plasmas and does not suffer from an
unphysical restriction of heat flux when hot, under-dense
plasma is adjacent to a cold, dense liner.

Figure 5 compares the effective face-centered thermal con-
duction coefficient using these two schemes. Here we again
consider the static test configuration defined in Section III-B.
The 3-mm solid-phase aluminum cylinder is assumed to
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Fig. 5. Edge-based thermal conduction coefficients calculated using the
default Ares interpolation method of Eq. (26) and the newly proposed scheme
of Eq. (28). One zone is considered to be solid density aluminum at 0.1 eV
and a thermal conductivity of 205 W/m K, and the other is 10−6 g/cm3

hydrogen in a 6.6 MG magnetic field with Spitzer-Bohm thermal conductivity
and temperature given along the x-axis of this figure. The resulting edge-based
conduction coefficient is normalized to the thermal conduction coefficient of
the hydrogen zone, κplasma.

have a temperature of 0.1 eV and a thermal conductivity of
205 W/mK. For the hydrogen zone’s conductivity, we use the
Bohm thermal conductivity of Eqn. (21) The temperature of
the hydrogen zone is varied as the independent variable of the
figure, revealing the p = 2 averaging scheme significantly
enhances the effective thermal conductivity relative to the
p = 5/2 method even up to extremely high temperatures.

The problem of runaway heating of zones adjacent to sharp
interfaces between different materials in Ares arises from the
discontinuity in resistivity and thermal conduction across the
interface. Because the adopted finite difference approximation
of the diffusion operator [41] does not separately treat this dis-
continuity, it introduces a numerical error to j = c/4π∇×B
near the interface, which can cause an overestimate of the
Ohmic heating ηj2 in these zones. The discontinuity in thermal
conduction and its ambiguity at the face of the interface
can cause significant underestimate of heat flux across the
interface, and the zones overheating.

In Ares, the discretization of magnetic diffusion operator in
2D, by analogy with Eq. (25), uses

1

σedge
=

△x1 +△x2

△x1σ1 +△x2σ2
.

Ohmic heating uses the edge current, calculated by finite
differencing of zone centered magnetic field, and depositing
the heating power between adjacent zones as

P1 ∝ σ1△x1

σ1△x1 + σ2△x2
Pedge , Pedge =

1

σedge
j2edge

Such selective heat deposition reduces heating of a highly
resistive zone when it is in contact with a highly conductive
zone. Additionally, when density falls below the conductivity
floor, ρσ , the Ohmic heat is not deposited. This model reduces
the possibility of zones overheating in Ares when ρ > ρσ ,

but it does not completely eliminate it. One of the goals
of this paper is to provide a recipe, based on the physical
and numerical arguments presented, which eliminates the
nonphysical effect of runaway heating.

E. Multi-material Thermal Conduction

The default averaging process shown in Eq. (7) works
well in most cases, and the given expression can be derived
assuming a homogeneous plasma mixture and a weakly cou-
pled plasma model for thermal conductivity, i.e., the thermal
conductivity is linear with the collision period, so Eq. (7)
volume-fraction-averages the collision frequency. In magne-
tized situations, however, the thermal conductivity is no longer
proportional to the collision period, and it can lead to small
thermal conduction at the interface between two very different
materials where mixed zones contain both low-density and
high-density materials. Here, the diffusion model is likely
inappropriate, but rather than abandon the diffusion model
entirely, minor modifications can be made to enhance the
thermal conductivity. Three options were explored. The first is
a mass fraction weighted average of the inverse conductivity
coefficient,

1

κeff
=

∑
i

mf
i

κi
, (29)

where mf
i is the mass fraction of material i present in the

zone. The second is a volume-fraction-weighted average of
the coefficient,

κeff =
∑
i

V f
i κi, (30)

and the final option, a mass-fraction-weighted average of the
coefficient,

κeff =
∑
i

mf
i κi. (31)

The four prospective averaging techniques are compared in
Fig. 6 for the test configuration similar to the one defined
in Section III-B. Here, instead of considering adjacent non-
mixed zones, we examine a single mixed zone containing solid
density aluminum and 10−6 g/cm3 hydrogen plasma with the
volume fraction of the aluminum given by V f

Al. The hydrogen
plasma is assumed to have a thermal conduction coefficient 13
orders of magnitude larger, which is reasonable from Fig. 3.
The mixture averaging method has a massive impact on the
effective conductivity of this zone containing such disparate
materials. Both the inverse volume-fraction method of Eq. (7)
and the inverse mass-fraction method of Eq. (29) heavily favor
the high density, relatively non-conductive aluminum material.
The volume-weighted average method of Eq. (30) favors the
more highly conducting plasma zone to an extreme degree; so
extreme that it is expected to give inaccurate results in mixed
zones where the constituents are both in the plasma regime.
The direct mass-fraction weighted method of Eq. (31) both
maintains a larger conductivity and incorporates the presence
of the aluminum to a more significant degree, so we advocate
using this method in pulsed power simulations. This method
has been found to reduce runaway heating at interfaces and is
adopted in the simulations presented in Sec. IV.
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Fig. 6. Effective thermal conductivity in a mixed zone of volume fraction V f
Al

of solid-density aluminum and a 10−6 g/cm3 hydrogen plasma with thermal
conductivity 13 orders of magnitude larger.

IV. RESULTS

The changes are now demonstrated in a simple one-
dimensional simulation of a Z-scale MagLIF-like liner im-
plosion. The problem is initialized as shown in Fig. 7 where
dimensions have been motivated by Ref. [28]. The gray region
shown in the figure is configured with a large, constant vacuum
resistivity to allow effectively instantaneous magnetic field
diffusion through this layer. The orange, water layer carriers
current as determined by the physical models chosen. The
aluminum and deuterium layers use standard tabular EOS
and conductivities used elsewhere [42]. The water is defined
using Livermore EOS table 2010 with an analytic four-phase
electrical conductivity model [43]. The hydrodynamic motion
of the problem is frozen so that the dynamic evolution of
the temperature and magnetic field does not depend on the
implosion itself. Although hydrodynamic motion of course
has a significant impact on the energy balance in actual sim-
ulations, removing this potentially confounding factor serves
to highlight the influence of the presented vacuum models.
The inner most zone of the orange water region is initialized
as a mixed zone containing a small amount of aluminum
material so that the mixed zone averaging is relevant. In
two-dimensional simulations of liner implosions, these mixed
zones would typically occur over the course of the problem
when mesh motion is not purely Lagrangian. The drive current
is given by I = I0 sin

2(t/τ) with I0 = 20 MA and
τ = 100 ns. The figures that follow are made at t = πτ/2,
the time of peak current, so as to show the total heating and
magnetic diffusion that has taken place over the course of
the problem. Because the motion is frozen, the amount of
Ohmic heating is somewhat overstated due to the lack of E×B
motion within the simulation, but similar features are observed
when performing 2D simulations of experiments performed
on Z, e.g., [42]. This problem should exclude current (and
Ohmic heating) from the gray region in Fig. 7. In order to
prevent runaway heating, the current carried in the orange

Fig. 7. One-dimensional, MagLIF like simulation setup. The aluminum liner
is 70 µm thick with a 3 mm outer radius. The orange water layer is 1 mm
thick and is present to illustrate the impact of low-density material within the
simulation. The gray water layer is initialized as insulating to spatially isolate
the runaway heating effects.

region should be modest with heat flux penetrating into the
aluminum liner. If Ohmic heating heats the water faster than
the heat is carried away, the temperature will runaway.

To illustrate the impact of the model presented in this
manuscript, temperature profiles are plotted at the time of
peak current as shown in Fig. 8. The baseline case, as shown
by the blue curve, uses all of the modifications suggested in
this manuscript: the p = 2 thermal conduction discretization,
the mass-fraction averaging in mixed zones, and the inclusion
of an anomalous resistivity model (Tanaka in this case) and
Bohm diffusion. In this case, the low density material gets
heated to roughly 4 keV. If the ρ = 10−6 g/cc water is given
an artificially high resistivity, then the orange curve results
with little heating occurring in this region. Altering from
the baseline settings so that either the p = 5/2 temperature
discretization or the inverse-volume fraction averaging is used,
then the green and red curve result, respectively, with the
plasma heating to roughly 70 keV. If the baseline case were
simulated with the same settings but with no mixed zone (i.e.,
the mesh is conformal with the region boundary), the net effect
is simply to shift the temperature profile slightly to greater
radii. This shift can be understood by viewing the mixed zone
as a lack of resolution at an infinitely sharp boundary.

Figure 9 presents a series of runs examining the impact of
modeling settings on the magnetic diffusion of the 1-D test
problem. The baseline case shown here is the same vacuum
settings as those used above, and the magnetic profile for all
the cases in Fig. 8 looks nearly identical to the blue curve in
Fig. 9. The green and red curves correspond to the respective
Tummel and Tanaka anomalous resistivity models without
Bohm diffusion. The lack of penetration of the magnetic field
below 0.4 cm where the water layer begins illustrates the more
conductive nature of the Tummel model as initially shown in
Fig. 1. To illustrate the impact of Bohm diffusion, a simulation
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Fig. 8. Temperature versus radius for the simulation defined in Fig. 7. The
blue curve includes the low-density treatment suggested here with a Tanaka
anomalous resistivity model and Bohm diffusion. The orange curve is the
result when the water layer adjacent to the target is not allowed to carry
current. Finally, the green and red curves show uncontrolled heating when
the respective p = 5/2 interpolation model and the inverse volume fraction
mixed zone averaging are used.
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Fig. 9. Magnetic field versus radius for the simulation defined in Fig. 7. All
simulations use the prescription to remove runaway heating. The orange and
green curves use the Tummel and Tanaka LHDI anomalous resistivity models,
respectively. The blue and dashed orange curves use Bohm diffusion with and
without the Tanaka model respectively and overlay each other.

is performed with Bohm diffusion but no anomalous resistivity
(dashed orange) and with the Tanaka model (blue baseline
curve). The magnetic field for these two simulations lie on top
of each other, showing the enhancement of magnetic diffusion
through the low-density water. When using Bohm diffusion,
then, the models will primarily differ in the heating that occurs
in the low-density regions. The corresponding temperature
profiles are given in Fig. 10. Temperature differences are seen
between the different models. These differences are primarily
due to differences in magnetic diffusion and the associated
Ohmic heating.
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Fig. 10. Temperature versus radius corresponding to the plots shown in Fig. 9.
The temperature profile varies for the different cases and is primarily due to
differences in magnetic diffusion.

V. DISCUSSION AND CONCLUSION

Here, we present a low-density plasma treatment in a single-
fluid radiation-hydrodynamic code that behaves reasonably at
low-densities. The essential ingredients of this model include
an energy-conserving density floor, an anomalous resistivity
treatment, Bohm diffusion, and modifications to how ther-
mal conductivity is determined at interfaces and in mixed-
zones. In absolute terms, such modifications will never be
able to fully capture kinetic effects that will emerge as the
density is extrapolated to zero due to the failure of the fluid
approximation altogether. Nevertheless, these limitations may
not be important for the dynamic evolution of the load. This
treatment could potentially allow for a “floorless” model. In
such an approach, a plasma-flux source could be injected from
the boundary with conditions determined either via kinetic
simulations [12], [13] or from measurement. If the mass-
density floor is set such that ρm is smaller than the mass of
the injected plasma, then due to the cylindrically converging
nature of the flows, the density of the injected plasma will
stay above ρm. In such a situation, the density floors will no
longer be dynamically significant.

In situations where there is no low-density plasma sur-
rounding the load and a true vacuum is more appropriate,
the standard approach for resistive MHD simulations in the
literature is to simply treat that region with a large resistivity
when the density falls below some threshold. Depending on
the important observables in the experiment, this can poten-
tially work well, e.g. [42]. However, as the metallic surface
vaporizes, there is the potential for the resultant plasma to
be mixed in with the vacuum region. This could result in
highly conducting zones adjacent to highly resistive zones
when in reality, the two regions will interpenetrate. Such
problems may be overcome through multi-fluid models, but
accurately modeling the resistivity and of the plasma will still
be important and some of the work presented here may bear on
that problem. Fully kinetic modeling would of course address
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all of these concerns but is computationally expensive.
This treatment is illustrated in a test problem which con-

tains a low-density conducting layer of water surrounding a
MagLIF like load with the motion of the target frozen. In
this simple test problem, it is shown that the plasma heats to
roughly 70 keV without various ingredients of this approach,
whereas, with the modifications, the low density plasma is
reduced to roughly 4 keV. Further, it is shown that Bohm
diffusion significantly enhances diffusion of the magnetic field
beyond predictions made with an anomalous resistivity model.
Physically, diffusion of the magnetic field will be primarily
dependent on the plasma conditions of the material near the
load. This will, of course, be influenced by low-density plasma
that is sourced from the post-hole convolute and vaporization
of the metallic surfaces of the load itself. This low-density
material will rapidly be accelerated to the E × B speed,
reducing its ability to carry current, and near the load, it
will be compressed to higher densities where the classical
predictions are of greater validity. It is impossible to determine
the physically correct approach without both experimental
measurements characterizing this low-density material and
kinetic simulations that provide an a priori way of predicting
this plasma.

The proposed low-density treatment raises many questions.
First, can this prescription capture the observed helical struc-
ture [23], [24] in MagLIF experiments? Since this allows
for the low-density plasma to carry current, it should allow
low-density plasma to compress the axial magnetic field.
Ref. [25] showed that the helical structure can be captured
in a resistive MHD treatment but is prone to runaway heating.
The low-density model presented here addresses this criticism.
Second, to what extent is Hall physics relevant in these
pulsed-power plasmas when microinstabilities should enhance
resistive diffusion of the magnetic field? The Hall electric
field dynamically impacts magnetic diffusion when Ωeτei ≳ 1,
where Ωe is the electron cyclotron frequency. In the presence
of enhanced magnetic diffusion due to microinstabilities, the
classical electron-ion collision time should no longer be used
and should be replaced by 1/νar so that the limit is now
Ωe/νar ≳ 1. Due to the strong current densities that are driven
in pulsed-power systems, it is possible that magnetic diffusion
will instead be dominated by microturbulence with Ωe/νar ≪
1. Finally, while a LHDI anomalous resistivity model is used,
it is not clear that this is the appropriate model at all times
and for all plasma conditions. Other processes may be present,
e.g., the ion-acoustic wave instability and Buneman instability,
and the ad hoc inclusion of Bohm diffusion suggests that it
is likely that other processes are enhancing diffusion of the
magnetic field. Further thought should be given to a unified
treatment of these phenomena. These questions are all deferred
to future work.
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