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ABSTRACT

Highly refined capabilities of the shape-controlled solution-phase synthesis of metal
nanocrystals (NCs) allow generation of NCs with facetted non-equilibrium shapes which
optimize properties for target applications such as catalysis and plasmonics. Often for
such applications, and also for TEM analysis, the NCs are removed from the solution-
phase environment. We explore post-synthesis evolution of these metastable NCs in a
high-vacuum TEM environment. Specifically, we analyze their reshaping towards the
equilibrium Wulff shapes mediated by surface diffusion, where such reshaping degrades
the above-mentioned optimized properties. Typical sizes for these NCs range from 5-30
nm or 103-108 atoms, and reshaping often occurs on the time scale of minutes for
temperatures around, say, 400 °C. We discuss the development of predictive stochastic
atomistic-level models for NC evolution with a realistic description of surface diffusion.
These models, in contrast to Molecular Dynamics, can naturally address the relevant
time and length scales for these systems. KMC simulation results for the stochastic
models are described focusing on the reshaping of slightly elongated nanorods, and of
mildly truncated octahedra and nanocubes. In addition, we review appropriate
theoretical formulations for reshaping, which involves the nucleation and growth on 2D
islands or layers on outer facets of the NC. We note the limitations of classical
nucleation theory in some scenarios, and demonstrate the successes of a more
fundamental and general master equation based analysis.

1. INTRODUCTION

Analysis of the reshaping of um-sized metal particles goes back to the 1950’s
when the founders of modern metallurgy and materials science, Herring,! Mullins,? and
others, explored phenomena such as sintering. For metal particle size below ~1 um,
surface diffusion was proposed to constitute the dominant mechanism of mass transport
during reshaping, and a theoretical framework for observed evolution was provided by
the continuum surface diffusion equation.® Recent interest and efforts have focused on
the surface diffusion mediated reshaping of metal nanocrystals (NCs) including:*
evolution of non-equilibrium shapes back to equilibrium Wulff shapes; coalescence or
sintering of pairs or larger ensembles of NCs; and pinch-off of sufficiently elongated
nanoscale rods, bars or wires. A particular driver of these efforts is tremendous
advances in the capability of solution-phase nanosynthesis to produce metallic NCs with
well-defined non-equilibrium facetted convex polyhedral shapes such as nanocubes,
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octahedra, tetrahedra, etc. These shapes are often tailored to optimize properties for
applications to catalysis or plasmonics.® In this contribution, we consider only the
reshaping of NCs synthesized with such convex facetted non-equilibrium shapes back
to their Wulff shapes. We model this reshaping process when occurring out-of-solution,
e.g., in a high-vacuum Transmission Electron Microscopy (TEM) environment. The
typical linear dimension of these NCs is 5-30 nm, roughly N = 3x103- 5x10° atoms.

The focus of this review is on developments in theory and predictive atomistic-
level modeling for reshaping. These reshaping processes for NCs in the above-
mentioned size range generally occur on a time scale of 10’s of sec to 10’s of min for
typical temperatures, T, of say 300 — 700 °C. Thus, standard Molecular Dynamics (MD)
simulation, which has often been utilized to assess the fluxional dynamics®’ and
sintering®® of small metal clusters of several 10’s - 100’s atoms, cannot assess the
relevant time scale for the phenomena of interest here. Furthermore, MD is not the
optimum vehicle to assess NC evolution which results from a vast number of surface
hopping events, each a “rare event” from a MD perspective, and where the associated
multiple activation barriers for diverse local environments of the hopping atom are
ideally captured with ab-initio DFT level of precision. Instead, given that only crystalline
nanoclusters are considered in this review, stochastic atomistic lattice-gas models* are
more appropriate. It should however be noted that this lattice-gas formalism cannot
readily handle features such as substantial strain effects, surface pre-melting, or
crystalline defects.

Below in Sec. 2, selected TEM studies are reviewed. In Sec. 3, stochastic lattice-
gas (LG) models are described as well as generic versus realistic choices of surface
diffusion barriers. Appropriate theoretical formulations for reshaping are presented in
Sec. 4. Kinetic Monte Carlo (KMC) simulation and complementary analysis of the
reshaping of facetted nanoclusters with roughly equal size facets are described in Sec.
5, and of slightly truncated octahedra and nanocubes are described in Sec. 6. A
fundamental master equation based treatment of NC reshaping for stochastic LG
models is presented in Sec. 7. Further discussion and conclusions are provided in Sec. 8.

2. SELECTED TEM STUDIES OF NC RESHAPING

We briefly describe here a few selected experimental studies of the reshaping of
facetted fcc metal NCs. An early TEM study of EI-Sayed and co-workers'® explored
cubic and tetrahedral Pt NCs of ~10 nm linear dimension revealing no shape change up
to ~250 °C, a small degree of truncation between 350 °C and 450 °C, but a dramatic
transformation above ~500 °C. A recent high-resolution (HR) TEM study by Xia and
coworkers'' compared the reshaping of Rh nanocubes and octahedra. Temperature (T)
was rapidly raised above 400 °C in increments of 100 °C, and held fixed after each
incremental increase for 1 hr. The main observation was that NCs primarily retained
their shape up to 700 °C for nanocubes, but only up to 500 °C for octahedra. See
Figure 1. An analogous study was performed for Pd@PtaL core - 4 layer shell
nanocubes and octahedra,'? but here nanocubes were observed to undergo significant
reshaping at 500-600 °C versus octahedra at ~900 °C. The origin of the contrasting
behavior from Rh NCs is not clear, although there could perhaps be some influence of
chemisorbed impurities impacting surface diffusion or of crystalline defects.
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Figure 1. HRTEM analysis of reshaping of: (a) Rh nanocubes; and (b) Rh octahedra.
Reproduced with permission from Ref. 11. Copyright 2021 American Chemical Society.

Rather than just probing the onset temperature for reshaping, a more
comprehensive and quantitative analysis of reshaping is desired which, e.g., elucidates
the effective energy barrier, Ees, for reshaping. This can in principle be obtained by
quantifying reshaping kinetics, and specifically reshaping rates, at fixed T, and then
comparing rates over a range of T. Such a HRTEM study was recently performed for
~20 nm Pd nanocubes.'® See Figure 2. To quantify reshaping, the ratio of the
maximum “diameter” (caliper length), dmax, to the minimum, dmin, was tracked, where the
former corresponds to directions 2 or 4 and the latter to 1 or 3 in Figure 2. From results
shown in Figure 3 for T ranging from 410° C to 440 °C, the T-dependence was
extracted for a reshaping time, freshape, corresponding to the time when dmax/dmin
decreases from its initial value of ~1.30 to a threshold value of 1.15. Arrhenius analysis
of the corresponding rate oc 1/freshape yields an effective barrier of Eeff ~ 4.6 €V, a value
which does not correspond to any single-atom hopping barrier. We also caution that this
effective barrier is determined for and potentially applies only over a limited range of T.
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Figure 2. HRTEM images of reshaping of Pd nanocube at 430 °C. Reprinted with permission
from Ref. 13. Copyright 2020 American Chemical Society.
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Figure 3. HRTEM analysis of reshaping of Pd nanocube from 410 °C to 440 °C. Adapted with
permission from Ref. 13. Copyright 2020 American Chemical Society.

3. STOCHASTIC ATOMISTIC MODELS AND SURFACE DIFFUSION BARRIERS

A fundamental understanding of NC reshaping, and development of appropriate
theory and simulation strategies, derive from a realistic atomistic-level description of the
process. As noted above, MD is not the natural framework for NC reshaping
phenomena occurring in the time scale of minutes, but rather stochastic lattice-gas (LG)
modeling. In these models, atoms are confined to the sites of the appropriate crystalline
metal lattice, where below we consider specifically a fcc lattice. Atoms in the NC can
hop to adjacent unoccupied lattice sites connected to the cluster with Arrhenius rates, h
= v exp[-BEact], where B = (ksT)™! and v is the prefactor or attempt frequency for hopping.
A key complicating feature is that the activation barrier, Eact, depends on the local
environment of the hopping atom, and adopts a large number of distinct facet-
dependent values for terrace diffusion, multiple step edge diffusion and interlayer
transport processes, etc.*'415 The Eact are necessarily selected to satisfy detailed-
balance, and often a universal value of around v ~ 1025 s*! is adopted. Detailed-
balance ensures evolution to the appropriate equilibrium structure, as determined by the
LG Hamiltonian. Behavior of such models can be precisely assessed by Kinetic Monte
Carlo (KMC) simulation. Note that at metallic surfaces, sometimes concerted processes
rather than single-atom hopping, can underlie mass transport, e.g., two-atom exchange
for terrace or interlayer diffusion.'® For single-component NCs, the end result is identical
to that for single-atom hopping, and behavior can be effectively captured by choosing
the rate for hopping to match that for the concerted process. Note that evolution in these
models depends on vt (rather than v and t independently).

Regarding NC energetics, i.e., the LG Hamiltonian, a quite effective description
of surface thermodynamics and kinetics can actually be provided by assuming just an
effective attractive interaction of strength ¢ between nearest-neighbor (NN) atoms in the
NC. This is confirmed by extensive modeling of nanostructure evolution at the surfaces
of homoepitaxial metal thin films,*'41% and by DFT analysis.'” If Econ denotes the
cohesive energy of the bulk metal, it should be emphasized that the value of ¢, which
can be estimated from surface energies, is far below ¢ouk = Econ/6 (a choice which would
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recover bulk thermodynamics).# The key remaining requirement in developing stochastic
LG models is to prescribe the dependence of Eact on local environment. Below, ni (nr)
denotes the initial (final) coordination of the hopping atom before (after) the hopping
event. Next, we compare common and generic versus realistic prescriptions.

3.1. Common generic prescriptions of Eact. The most commonly used
prescriptions, all of which satisfy detailed-balance, are as follows:

(i) Initial Value Approximation (IVA) or bond-breaking prescription: Eact = g0 + ni ¢.

The great majority of previous stochastic atomistic modeling of NC shape evolution has
utilized the IVA.'820 |t incorporates the seemingly natural (but not generally correct) idea
that the more highly coordinated is the atom before hopping, the higher the associated barrier.

(ii) Symmetric Bronsted-Evans-Polyani (BEP) or Butler-Volmer: Eact = gs + Y2(ni — n¢)¢.
The symmetric BEP choice has been used for surface diffusion on a single facet in both
ultra-high vacuum and electrodeposition systems, where &s is the terrace diffusion
barrier for an isolated adatom on that facet.?'-23

(iii) Metropolis: Eact = em + max|0, (ni — nr)o].
This choice is traditionally and appropriately used only when the focus is on describing
equilibrium structure?* rather than on evolution out-of-equilibrium.

(iv) Nanjing formalism: Eact = gn + AE + o™ ns ¢, where AE = (ni— nf)p and 0 < oM< 1,
Thus, AE gives the energy change between initial and final states, and o™ is intended
to reflect the location of the transition state. However, the form of o™, including in
general dependence on ni and ns, must be selected to ensure satisfaction of detailed-
balance. A family of possibilities have been identified as:?®

a® =1 (recovering IVA); o) = ni/(ni + nf); a® = ndl(ni + nf) x nl(ni? + ne?);
a® = nd(ni + ne) x nfl(ni? + n?) x ni*/(ni* + ni*); etc.

Smaller o™ for larger n purportedly reflects later transition states. Confirmation of
detailed-balance is less trivial than for the above cases and relies on a polynomial
factorization identity. See the Supporting Information (Sl). This formalism has recently
been developed for and employed in simulations of NC reshaping and of other NC-
related processes.2527

All the above formalisms have one free parameter € = o, €s, em or en, which is
typically selected to set the time scale to match experimental observations, i.e., such
treatments do not predict the absolute time scale. Alternatively, ¢ might be selected,
e.g., to recover terrace diffusion barrier on one specific facet, but then the formalism
generally fails to accurately capture the terrace diffusion barrier for other facets.

We emphasize, however, the little appreciated serious failure of all the above
formalisms to reliably capture the relative values of barriers for diffusion across terraces
versus along step edges versus between layers, etc., in addition to the failure to
simultaneously describe behavior on different facets (as already indicated above). The
latter is key for analysis of the evolution of facetted fcc NCs, where different facets are
simultaneously exposed, particularly {111} and {100} facets. Insight into the
relationships between these various diffusion barriers has come from extensive
experimental and theoretical studies of homoepitaxial metal thin film growth (where
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nanostructured growth morphologies can be exquisitely sensitive to these distinct
barriers),'*1% and also from studies of post-growth relaxation or coarsening in these
systems.#2829 Of course, insight into these various barriers can also be obtained more
directly from periodic plane-wave Density Functional Theory (DFT) analysis typically
using periodic slab geometries oriented to describe various low-index facets. Such
analyses have been used to assess not just terrace diffusion,’®3% but also step edge,
interlayer, etc. processes'#'% in numerous studies.

The shortcomings the above generic formalisms are illustrated in Table | where
we compare realistic Eact values for various diffusion processes (as elucidated below)
with predictions from IVA, etc., and list actual estimated values for Pd and Ag. Some
clarifying comments are appropriate. First, edge diffusion barriers refer to close-packed
step edges. Also, it is not generally appreciated that the local structure of close-packed
steps on {100} facets is the same as that of {100}-microfacetted type A steps on {111}
facets, thus explaining the near-identical edge diffusion barriers. Barriers for diffusion
along step edges on {100} facets are well below those for terrace diffusion on {100}
facets, contrasting the generic algorithms which all predict higher barriers for edge
diffusion. Second, detach barriers are for detachment from close-packed steps. The
barrier for detachment from steps on {100} facets is recovered not just by IVA, but
effectively by other formalisms due to detailed-balance. For example, the detachment
(and attachment) barriers of E4'% + %2 ¢ (and E4'% - 1% ¢) for symmetric BEP together
recover the same behavior as the realistic barriers of E4'® + ¢ (and E4'°). Third, the
kink ES barriers refer to the additional barrier above that for step edge diffusion to round
a kink. Similarly, the 2D ES barriers refer to the additional barrier beyond terrace
diffusion to cross a step edge. Fourth, the value of the effective NN interaction ¢ can be
quite reliably estimated from surface energies, v, for different facets.3! For the relations
in Table 1, y are energies per atom. Table | also compares ¢ and ¢vuk values.

TABLE 1. Comparison of realistic values for Eact with IVA, symmetric BEP (SBEP), and n = 1
Nanjing formalisms. Also shown are fairly reliable explicit estimates for Pd and Ag (in eV) from
Ref. 13 SM for Pd, and Ref. 15 for Ag. See the text for definitions of barriers. *Uncertain value.

realistic IVA SBEP Nanjing 1 | Pd Ag
100 terrace | E4'® go+4¢ = E4'° gs en + 20 0.71 0.425
111 terrace Ei""~ 17 E4'® | g0+3¢p = E4'®- ¢ | &5 en+3/2¢ | 0.11 0.06
100 edge E0~ 172 E{% | g0450 = E{®+§ | gs ent52¢ | 045 |0.275
111A edge EJ'"MAx 100 €0+bd = Eq'0+¢p | &s EN+5/2 ¢ 0.45 0.275
111B edge E., "B~ E,100 g0+50 = E4'®+¢ | s en+5/2¢ | 042 0.30
100 detach | £,/ + ¢ E0t50 = ES+) | s+ b | ent25/9¢ | 1.03 | 0.65
111 detach Eq" + 24 g0+50 = Eq'+p | gs + ¢ en+25/8 ¢ 0.75 0.51
100 kink ES [ 6:0'™@~23¢ |0 s ¢ 5/18 ¢ na |017
111 kink ES | §1p'" ...small 0 X0 5/18 ¢ n/a 0.06
2D ES (100) | 55010 0 0 2/3 ¢ 0.22* | 0.07
2D ES (111B) | 8,0''™® 0 0 3/4 ¢ 0.22* | 0.08
2D ES (111A) | 80" 0 Y5 b 3/10 ¢ 0.22* |0.16
eff. NN int. ¢ | 72 y100 = 2/3 y111 0.32 0.225
bulk eff NNint | doux = Econ/6 0.65 0.49




3.2. Realistic prescriptions of activation barriers, Eact. Such prescriptions
should capture the relationships indicated in Table I. One approach refines the above
generic prescriptions to divide all possible surface hops into multiple subclasses, a. To
ensure detailed-balance, if a hopping process is included within a specific class (e.g.,
detachment from step edges), then so is the reverse process (e.g., attachment to step
edges). Four basic classes are: a = 100TD and o = 111TD [terrace diffusion (TD) on
{100} and {111} facets including attachment and detachment from step edges]; a =
100TD = 111aED and a = 1118ED [edge diffusion (ED) along closed packed steps on
{100} facets or A-type steps on {111} facets, which have identical local atomic structure,
and along B-type steps on {111} facets]. See Figure 4. To date, this approach has just
been implemented in a refined symmetric BEP formulation where one writes3?

Eact = & + Ya(ni — ni)o,

where &, = E¢'%0, Eq"1, Ec'00, Eo"1B for o. = 100TD, 111TD, 100ED = 111AED, 1118ED,
respectively. The values for & and for ¢ for Pd and Ag are provided Table I. In addition,
separate classes of hops can and have been identified for intralayer versus interlayer
transport, where the latter incorporate the 2D ES barriers also listed in Table I. This
refined symmetric BEP formulation has been utilized in our previous simulations of NC
reshaping.#13.32.33

(a) a=100TD (b) o =111TD

Figure 4. Key classes of hops in the refined symmetric BEP formulation. The black atom is
hopping between NN fcc sites as indicated by the red arrow. Reproduced with permission from
Ref. 4. Copyright 2019 American Chemical Society.

The above formalism is focused on precisely describing diffusion on the
dominant perfect and/or stepped {111} and {100} facets, but the algorithm specifies
barriers for any local surface geometry, e.g., including {110}, {211},... facets. However,
our approach is not tuned to optimize the description of diffusion (i.e., to recover precise
values of barriers, e.g., obtained from DFT) on these other facets.



There are other formalisms which could capture the relationship between
different diffusion barriers. One approach would extend a formalism which has been
utilized to model growth, reshaping, sintering and intermixing for 2D epitaxial metal NCs
on single-crystal metal surfaces, and has been referred to as multi-site LG modeling.34-37
This formalism would determine Eact based upon both “conventional” interactions
between atoms at fcc crystalline sites (i.e., the effective NN interaction ¢ above), but
also a separate set of “unconventional” interactions between a hopping atom at the
transition state “site” and other nearby atoms at fcc sites. We are currently implementing
such a formalism for reshaping of and intermixing in 3D fcc NCs.

There is one caveat to the above critique of generic prescriptions failing to
reliably describe the relationships between various diffusion barriers, and thus the
details of surface diffusion kinetics. For processes which are dominated by system
thermodynamics (which we shall argue can sometimes apply for nucleation-mediated
reshaping), basic behavior is not so sensitive to details of kinetics but rather system
energetics which is encoded in the detailed-balance constraint.

Finally, we note that precise behavior of any of the above stochastic LG models
can be determined by Kinetic Monte Carlo (KMC) simulation which implements various
hopping processes with probabilities proportional to their physical rates. For each KMC
step, time is advanced by an amount which is inversely proportional to the total rate of
all hopping processes. Often such simulation is computationally demanding, and it is
more efficient to run KMC at high T and then extrapolate results to lower experimental
T. Note that while the KMC time step is longer at lower T (due to lower hop rates), the
reshaping process itself is also far slower. Thus, to track the NC for the same degree of
reshaping should not be expected to incur less computational cost (roughly measured
by the number of KMC steps) at lower T. In fact, the evolving NC system tends to get
trapped in regions of NC configuration space with lower energy (“wasting” many KMC
steps without significant NC evolution), and it is easier to escape these regions at higher
T. Thus, effectively, simulation is more efficient for higher T.

At high T, the LG model may not be entirely realistic due to the presence of
cooperative many-atom processes, pre-melting, etc. However, since the goal is to
elucidate behavior at lower experimental T where these processes or features are not
active or present, one can argue that extrapolation will actually be more reliable using
the LG model without cooperative many atom processes, etc. versus a more realistic
model (where for the latter one would have to account for transition behavior in the T-
regime below which these processes become inactive). Finally, we note that while KMC
can provide precise quantitative results, complementary and possibly deeper insight into
the reshaping process can come from developing and applying appropriate theoretical
formalisms. See Sec. 4.

4. THEORETICAL FORMALISMS FOR RESHAPING OF FACETTED NCs

Below, we let teq denote the characteristic time for NC reshaping, L denote the
linear size of the particle or NC which is reshaping, and Eeff the effective barrier for
reshaping where teq oc exp[+Eefi/(ks T)]. A corresponding NC reshaping rate can be
simply defined as R = 1/teq oc exp[-Eefi/(ks T)]. Note analysis below indicates a rough
proportionality between the overall barrier, Eesr, for NC reshaping and ¢.



We have already noted traditional studies of the shape evolution of um-sized
metal particles staring in the 1950’s utilized a continuum surface diffusion equation.’3 A
simple dimensional analysis of this equation reveals that teq ~ L*. The formulation also
implies that Eeft = Edift + Eform, Where Eudiff is an appropriate diffusion barrier for a mobile
surface adatoms, and Eqm is the formation energy to create such an adatom (where Eef
converges as L— to a value controlled by bulk thermodynamics). See Ref. 4.
However, it has long been suggested that the process of 2D nucleation, which provides
“resistance” to the film growth of “singular” surfaces (i.e., perfect facets),3 also applies
for the reshaping of faceted particles.?® In particular, the reshaping of facetted NCs
should be mediated by the 2D nucleation and growth of new layers on outer facets.
Such reshaping is a cooperative many-atom process, so the associated effective barrier
is not tied to any single-atom hopping barrier (consistent with the experimental results
for Pd nanocube reshaping described in Sec. 2). Below, we describe some theoretical
formulations which aim to describe such behavior.

Classical nucleation theory (CNT) picture:*° CNT focuses on the free energy
profile during the relevant nucleation process, e.g., here the change in free energy,
AF(q), as a function of the number, q, of atoms transferred into a new 2D island or
cluster which is being formed on an outer facet of the NC. See Figure 5. Then, the
characteristic time, teq, for reshaping is controlled by the free energy barrier, AFmax =
maxq AF(q) = AF(qc) for critical size gc. CNT sets Eeff = Editt + AFmax, Where Ediff is again
a suitably selected surface diffusion barrier (see Sec. 7 and the Sl), so Eeff has both
thermodynamic and kinetic parts. If AFmax far exceeds Edir, then thermodynamics
dominates the reshaping process. This CNT formulation was first applied to reshaping
of facetted particles by Combe et al.'® and by Mullins and Rohrer.#' The former'®
performed simulations of a stochastic LG model with IVA kinetics supporting the above
picture, as described in Sec. 5. The latter* utilized a coarse-grained (CG) “continuum
step dynamics” formulation®® to assess the nucleation barrier. A key observation is that
Eet ~ AFmax ~ L, where L denotes the characteristic size of facets, so that teq oc
exp[+cL/(ksT)] for some constant ¢ and large L (i.e., an exponential increase in teq with
L, in marked contrast to the continuum diffusion equation prediction).

Determination of the free energy profile AF(q) versus q for stochastic LG models
can be achieved by constrained equilibrium Monte Carlo (MC) simulations where q is
constrained to a selected range or multiple ranges.'®4? Simulations extract the
equilibrium population, Peq(q), of configurations with a specific g facilitated by umbrella
sampling, which is converted to a free energy via*3® AF(q) = -(ksT) In [Peq(q)] + const.

We caution that CNT is generally applied in systems with large critical sizes and
large nucleation barriers. The implicit assumption is that the system is locally
equilibrated before crossing the nucleation barrier. However, for our focus on the
reshaping of mildly truncated nanocubes, octahedra, etc. (cf. Figure 5), this condition is
not generally satisfied. This prompts development of other formalisms described below.

Minimum energy profile/path (MEP) analysis: One can also analyze the change
in energy, AE(q) (rather than free energy) as a function of the number of atoms, q,
transferred to a 2D island on an outer facet. Then, a key parameter controlling
reshaping with be the energy barrier, AEmax = maxq AE(q). For the minimum energy
profile, for each atom transferred, one minimized the number of bonds broken on
extracting the atom from another facet, edge, or vertex, and maximizes the number of
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bonds formed upon incorporation into the 2D island.'333 If B, denotes the number of
bonds broken, and Cq the number of bonds created upon transfer of the g atom
(consistent with the above min/max requirement), then one has that AE(q) =X .1<¢<q (By —
Cq)d. This formulation corresponds to a “low temperature” analysis since entropic
effects are neglected. However, this approach has the advantage that for simple initial
NC configurations, AE(q), and thus AEmax, can be calculated exactly analytically for the
atomistic model. This facilitates understanding of trends in reshaping barriers and rates,
e.g., with the degree of truncation.

Figure 5. Transfer of g atoms from vertices and/or edges to form a new 2D island on a side
facet of a slightly truncated Pd octahedron with N = 8,113 (a), or nanocube with N = 34,201 (b).
Inset in (b): initial nanocube configuration highlighting the slight corner/vertex and edge
truncation. Images are from KMC simulation. Red adatoms were not present in the initial
configuration. Atoms have been removed from grey colored locations in the initial configuration.
(a) Adapted with permission from Ref. 13. Copyright 2020 American Chemical Society. (b)
Adapted with permission from Ref. 33. Copyright 2021 American Chemical Society.

To provide further elucidation, e.g., of the shape of the MEP profile, it is possible
to perform a coarse-grained step dynamics type analysis (cf. Ref. 41) where the energy
change upon transferring g atoms is evaluated in terms of changes in step energy of the
growing 2D island rather than at the atomistic level by bond-counting.'333 Such an
analysis has been shown to effectively capture the key features of AE(q) versus q
determined from a more detailed exact atomistic-level analysis.

One does not in general expect that quantitative predictions can be achieved
from a MEP analysis ignoring entropic effects noting, e.g., that at finite T, the system
accesses many “excited” states with energies above those on the MEP. However, we
do find that MEP predictions are instructive in some regimes.

Master equation (MEQ) based formalism: An exact analytic formulation of
reshaping or other phenomena described by stochastic LG models (which correspond
to Markov processes) is in principle provided by the master equations for such
models.** This formulation avoids the assumption of local equilibrium as in CNT, or the
neglect of entropic effects as in MEP analysis. The master equations describe the time
evolution of the probabilities to find the NC in various configurations, where the key
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input is the rates for transitions between these configurations (which occur via surface
diffusion). However, a major complication is that it is not viable to account for the vast
number of configurations which can be accessed by reshaping NCs. So significant
simplification is required to implement this approach combining sets of configurations,
and focusing on the most significant configurations, i.e., those “close to” the MEP.#?

5. RESHAPING OF NCs WITH FACETS OF COMPARABLE SIZE

This class of reshaping processes was explored in a key early simulation study of
reshaping using a stochastic LG model with IVA kinetics by Combe, Jensen and
Pimpinelli.'® In this study, facetted NCs were distorted by “mild” elongation from their
equilibrium Wulff shapes to have an initial aspect ratio of about 2.5 to 4.5. See Figure 6.
These small aspect ratios mean that all facets of the NC have comparable size.
Reshaping involves transfer of atoms from the end facets to the side facets which
facilitates evolution to the non-elongated Wulff shape. KMC simulation for the reshaping
time reveals that the continuum prediction for size scaling, teq ~ L%, only applies at high
T where the NC is not facetted. Equilibrium MC simulations for AF(q) versus q reveal a
form compatible with CNT, as is an increase in AFmax with NC size. See Figure 6¢. The
IVA kinetics did not include an explicit diffusion barrier and identification of the
appropriate Ediff is unclear. See the Sl. However, comparing Eeff from KMC and AFmax
from equilibrium, one finds Eeff = 0.77 €V and AFmax = 0.51 eV for the smallest N = 1728
versus Eerf = 0.85 eV and AFmax = 0.87 eV for a larger N = 8624. Again, the CNT picture
is expected to be more appropriate for larger AFmax corresponding here to larger NC size.

(a) 5’09‘3 -~ ‘ 100b

111a
111b

1728 (2.3)

10 20 q 30 40

Figure 6. (a) Schematic of reshaping of mildly elongated fcc NCs, (b) initial configuration in
atomistic simulations for small N = 1728, and (c) results for AF(q) vs q, from simulations at 400
K by Combe et al.’® The curves in (c) are labelled by NC size N, and by the initial NC aspect
ratio (in parenthesis). (a) Reproduced with permission from Ref. 42. Copyright 2023 American
Institute of Physics. (b,c) Reproduced with permission from Ref. 18. Copyright 2000 American
Physical Society.
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A MEP analysis is perhaps instructive to provide some insight into the above
behavior. Here, we first consider a simple scenario where atoms are pealed off a
rectangular {100} end facet and form a near-square 2D island on a sufficiently wide
{100} side facet. In this case, the sequence of the number of bonds formed on transfer
of the ¢*" atom is C, = 4,5,5,6|5,6,5,6,6|5,6,6,5,6,6,6|5,...,'® where the vertical lines
indicate completion of consecutive perfect 2x2, 3x3,... square islands. Recall that this
growth sequence maximizes the number of bonds formed. The number of bonds broken
starting with a perfect L-x L™ atom rectangular {100} end facet with L~ < L* is Bq =
6,6,6,...,6,5 (for g=L"),6,6,.... Recall that this sequence minimizes the number of bonds
broken. It follows that AE(q)/¢ = 2,3,4,4|5,5,6,5,5|6,6,6,7,... forg = 1,2,... with L~ >13.
This analysis reveals the strong initial increase in AE(q) analogous to that of AF(q).
More complete analysis (see the Sl) reveals that AE(q) would peak when roughly half
the atoms in the end facet have been transferred to the 2D island on the side facet and
thereafter decrease, again analogous to AF(q). A CG step dynamics analysis further
elucidates the form of AE(q). The energy change reflects the decrease in step edge
length of the end {100} facet and the increase in step edge length of the growing 2D
island. Note that the total number of atoms in the end facet plus the 2D island is
constant, so there is no “2D bulk” contribution to the energy change. Note that the step
energy for {100} close-packed steps on {100} facets is 72 ¢ per atom. For simplicity,
assuming a square Lo x Lo atom {100} end facet with a total of gt = (Lo)? atoms, this CG
analysis yields (see the Sl)

AE(q) = 29[q" + (gt — )2 - (qtot) 2], for q < qot,

which encapsulates the above mentioned features being symmetric about and peaking
at g = quwt/2. Also, one finds that AEmax = 2(2"%-1)¢(qtot) "2 = 2(212-1)¢pLo grows linearly
with increasing linear facet size. This CG result is compared with and is consistent with
those from exact atomistic-level MEP analysis in Figure 7 for Lo = 6.
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Figure 7. AE(q) versus q from atomistic and coarse-grained (CG) MEP analysis for Lo = 6 and
Qtot = 36.
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More complex processes underlie the overall form shown in Figure 6¢ as
multiple layers of atoms must be transferred from both {100} and {111} end facets to
side facets. Note that transferring atoms from a {111} end facet, it is at least initially
energetically more favorable to create a 2D island on a {100} rather than a {111} facet.

It is natural to also consider the reshaping of single-crystal fcc nanorods which
can be readily formed via solution-phase synthesis.*® A typical nanorod morphology,
which differs from the elongated NC structure considered by Combe et al., is shown in
Figure 8. Again, we restrict attention to slightly elongated nanorods with moderate
aspect ratios, so all facets have a similar size. Note that highly elongated nanorods can
pinch-off under evolution mediated by surface diffusion.* As in the above example,
reshaping will involve transfer from {100} and {111} end facets to side facets. In contrast
to the above example, it is clear that one must transfer atoms from end facets to {110}
side facets in order to eliminate those facets by formation of successive adlayers on
them. The sequence of the number of bonds formed on transfer of the g atom to a
{110} side facet is Cq = 5,6,6,...,6 (9 = L110- 1)|5,6,6,...,6 (q = 2{L110- 1})|5,6,6,... where
L110 is the width (in atoms) of the {110} side facet. The vertical lines reflect completion of
successive rows of adatoms spanning the width of this facet. Comparing with the Cq
above for transfer to a {100} facet, it is clear that there is an energetic advantage to
transferring atoms to {110} versus {100} side facets. This feature will facilitate removal
of the {110} facets during reshaping.

{100}
{110} (113 »
{100} {100}

\ 110) {111}
{ . {111}

{111} | {100}

Figure 8. Reshaping of fcc nanobars with a typical initial synthesized shape. Atomistic structure
reproduced with permission from Ref. 45. Copyright 2021 American Chemical Society.

6. RESHAPING OF MILDLY TRUNCATED OCTAHEDRA AND NANOCUBES

Even the most refined synthesis procedure cannot produce perfect “complete”
octahedra and nanocubes. There is always some degree of truncation at vertices and
possibly at edges. Thus, we naturally consider reshaping behavior as a function of the
degree of truncation of the “initial” synthesized structure. For octahedra, truncation TR;j
of order j removes from a complete octahedron j {100} layers from all vertices. (A
complete octahedron has a single atom at each vertex, so TR1 removes these single
atoms exposing a 2x2 {100} facets, TR2 also removes these 2x2 atom {100} facets
exposing 3x3 atom {100} facets, etc.) Octahedra edges are not truncated as those
atoms have a high coordination number of 7. For nanocubes, truncation TRj of order |
removes from each edge of a complete nanocube j layers creating {110} facets of width
j+1 atoms. (A complete nanocube has a single row of atoms along each edge, so TR1
removes these exposing a 2-atom wide {110} facets, TR2 also removes these {110}
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layers exposing a 3-atom wide {110} facets, etc.) Together with edge truncation, there is
also an asociated truncation of the nanocube vertices exposing {111} corner facets. See
Ref. 13 for details of this non-trivial vertex truncation.

The simulations below use the refined symmetric BEP prescription for a realistic
description of surface diffusion barriers choosing parameters for Pd. lllustrative
examples of reshaping of Pd octahedra and nanocubes are shown in Figure 9 for small
NC sizes N ~ 1.6-1.8 x10° atoms just to highlight the atomistic details of structure, but
subsequent analysis will consider larger sizes of N ~ 8-34 x103. Below, we analyze the
reshaping of Pd octahedra3? and Pd nanocubes? providing more detail for the former.
Motivated by the CNT picture in Sec. 2, we define a characteristic time, teq, for (the
initial stage of) reshaping of ocatahedra or nanocubes based upon the time for
formation of the first 2D island on a side facet which achieves a critical size, qc, as
estimated based upon MEP analysis. See Figure 5. (The simulations actually just track
the total number of adatoms, g, on side facets, and are terminated when g reaches the
critical value, gc.)

Pd
Octahedron
N = 1828
T=1300K
TR1

tv=5x10* tv=5x10° tv = 10° tv =4 x 107

KMC Simulations of Reshaping

Pd
Nanocube
N =1584
T=900K

TR1

Figure 9. Reshaping of Pd octahedra and nanocubes with initial TR1 truncation. Adapted with
permission from Ref. 42. Copyright 2023 American Institute of Physics.

6.1. Reshaping barrier versus initial truncation order and NC size. For Pd
octahedra choosing qc = 19, Figure 10 shows KMC results for the Arrhenius behavior of
Teq foOr truncations TR1 — TR4 and for three different sizes N ~ (8, 15, and 34) x 103
labeled as small (S), medium (M), and large (L). It is clear that the effective barrier,
E#(KMC), for reshaping (the slope in the Arrhenius plot) increases strongly with the
degree of truncation, j, but depends only weakly on the total NC size, N. (Eett generally
decreases slightly with increasing N in contrast to the scenario described in Sec. 4 and
Sec. 5.) These features are captured and elucidated by a MEP analysis showing that
AEmax increases strongly with truncation order j, but is independent of N.33 For Pd
nanocubes choosing gc = 9, analogous behavior and trends are observed. Table 2
compares Eef(KMC) values for Pd octahedra and nanocubes for larger sizes N ~ 34 x
103. As an aside, we suggest that the high experimental value of Eett ~ 4.6 eV for the Pd
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nanocubes described in Sec. 2 reflects a high-order initial truncation of j ~ 10. Also
shown in Table 2 are values for AEmax from an MEP analysis. We caution that the
Eef(KMC) values apply for a “narrow” T-range with AT = 200-300 K centered on “high” T
= 1150, 1250, 1350, 1500 K for TR1-TR4 octahedra, respectively,33 and with AT =150-
200 K centered on lower T = 700, 825, 1000, 1025 K for TR1-TR4 nanocubes,
respectively.' Higher T were selected in part for efficiency in KMC simulations which
becomes more demanding for higher-order truncations. However, this analysis is
misleading in that Eeff varies significantly over a broader T-range. See Sec. 6.2.

One might anticipate that NCs with low-order truncation evolve through higher-
order truncations during reshaping, suggesting that Eeff could be controlled by the latter.
For example, an initial TR1 octahedron with initial 2x2 facets at vertices evolves to
expose 3x3 facets (just like TR2) after removal of 4 atoms from each of the 6 vertices
when g = 24 atoms. However, reshaping is controlled by the low Eet for TR1 rather than
the higher values for TR2, etc. for two reasons: (i) when q = 24, AE(q) in an MEP
analysis has already dropped well below AEmax, actually to negative values; (ii) when g
= 24, the vertices of the octahedron have exactly the structure of a TR2 truncation;
however, in contrast to analysis starting with an initial TR2 structure, there is already a
2D island on a side facet which facilitates AE(q) retaining low values. See the SI.

V1T TR4 TR3
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TTRZ
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3
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104 ¥ o
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1000 V/(ksT
7 8 9 10 11 1o SV/ksD)

Figure 10. Arrhenius behavior of the reshaping time, teq, for Pd octahedra for truncations TR1-
TR4 and three different size regimes (S,M,L). See the text. Reproduced with permission from
Ref. 33. Copyright 2021 American Chemical Society.
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TABLE 2. Comparison of KMC results for E« from “narrow” T-ranges for octahedra and
nanocubes with N ~ 34 x 103. Values for AEmax from MEP analysis are also shown (the two
values are explained in Sec. 7). Note that ¢ = 0.32 eV for Pd. Note: KMC results are affected by
the higher T-range analyzed for octahedra than for nanocubes (see the text).

(Eeff in V) TR1 TR2 TR3 TR4
Oct Eef KMC 0.93 2.02 2.56 3.36
Oct AEmax MEP | 40=1.28 (6¢) | 7¢=2.24 (9¢) | 99=2.88 (11¢) | 11¢=3.52 (13¢)
Cube Est KMC | 1.27 1.90 2.27 2.67
Cube AEmax MEP | 30=0.96 (4¢) | 4¢=1.28 (6¢) | 50=1.60 (74) | 66=1.92 (8¢)

A complementary perspective is that instead of performing reshaping analysis
starting from perfect initial TRj truncated structures, one could chose initial structures
which include a 2D island on the side facet of the otherwise perfect TRj structure. Then,
effective barriers would be lower than those reported above. A simple MEP analysis
quantifies this reduction which is greater if the 2D island includes a kink site (increasing
the number C4 of bonds formed) versus a perfect convex hexagon on a {111} facet or
square on a {100} facet.

6.2. Reshaping behavior for a broad range of temperature. As indicated
above, the reported Eeff values above were determined for a “narrow” T-range. Thus, in
Figure 10, we present KMC results for Eeff for smaller Pd octahedra and nanocubes for
a much broader range of T, but just for the TR1 truncation. A systematic decrease in Eef
with increasing T is evident. The decrease is strong for octahedra around, e.g., 900 K
(where BEeff ~ 26), and is expected to be stronger for nanocubes for lower T below 750
K (once BEefr exceeds its lower value of 20 at 750 K). See Sec. 7. This behavior is
compared with predictions from a CNT analysis described below, and elucidated
through a MEQ analysis in Sec. 7. Recall that the Eeff in Table | come from a narrow
range of higher T for octahedra than for nanocubes. From Figure 11, it is clear that if
the same lower T range was used for both, then Eeff values for octahedra would be
consistently above those for nanocubes.
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eff ‘
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Figure 11. KMC results for the temperature-dependence of the effective barrier for reshaping
for a TR1 Pd octahedron with N = 8113 and a Pd TR1 nanocube with N = 1584.
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To assess the capability of a CNT picture to describe the above reshaping
processes, one can determine AF(q) versus @, and thus AFmax, from a constrained
equilibrium MC analysis*? analogous to that in Combe et al.® The key observations
from such an analysis for Pd TR1-TR4 octahedra and nanocubes is that these AFmax
decrease strongly with increasing T, and the actual values (even boosted by a suitably
estimated Edirr) are well below the above Ee#(KMC). This severe failure of CNT will be
attributed to a lack of local equilibration of the system before crossing the effective
barrier for reshaping due to the relatively low values of these barriers (although these
barriers are well above the thermal energy of, e.g., 0.09 eV at 1000 K). See Sec. 7.

All of the above analysis in Sec. 6.1 and 6.2 has focused on the effective barrier,
Eerr, for reshaping. A more complete analysis also considers the prefactor for the
reshaping rate. We write the reshaping time teq as ® v teq = exp(+pEef), or equivalently
the reshaping rate as R = 1/teq = ® v exp(-BEef). Here, Eef is the effective barrier for
reshaping as discussed and characterized extensively in the text, v ~ 10'2° s is the
universal attempt frequency for single atom hopping, and o is an additional component
of the prefactor for reshaping (which we shall see can vary strongly). The feature that ®
varies is not surprising from the perspective that we are describing a complex
cooperative many-atom reshaping processes with a single effective barrier, Eefr, which
we have shown varies significantly with T. Given this significant variation in Eer, it might
be expected that there is a “compensation effect” wherein as Eeff increases (e.g., with
decreasing T), which would dramatically reduce the rate R, the prefactor o increases to
at least somewhat offset the decrease in R.

Our analysis of reshaping via KMC simulation determines the reshaping time (or
more precisely the product v teq), and from an Arrhenius analysis of this data one
obtains Ees. Given both v teq and Eef, one can immediately determine the prefactor
component, . Table 3 shows results of such an analysis for TR1 Pd octahedra and
nanocubes revealing a significant increase in o (as well as a significant increase in Eef)
as T decreases. This might be regarded as reflecting a compensation effect. It also
appear that the higher Eest for octahedra relative to that for nanocubes (which would
induce slower reshaping for octahedra) can be at least partly compensated for by a
higher prefactor for the reshaping rate. See, e.g., prefactor results in Table Il for 750 K
where Eeff = 2.47 eV for octahedra, versus Eeff = 1.30 eV for nanocubes. Table Ill also
shows results from a master equation based analysis described in the Sec. 7.

Table 3. Results for Log1o of the prefactor o for reshaping of TR1 Pd octahedra & nanocubes.

Log1o o values 550 K 750 K 1000 K 1250 K 1500 K
Octahedra KMC +7.67 +1.76 +0.52 -0.92
Octahedra MEQ +6.28 +3.38 +2.72

Nanocube KMC +3.88 +1.44 +0.46 +0.13 +0.015
Nanocube MEQ +5.23 +3.68 +3.15 +3.05
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7. MASTER EQUATION BASED ANALYSIS

Noting the shortcomings of the CNT picture assuming local equilibration, and of the
MEP analysis neglecting entropic effects, one is motivated to explore a more
fundamental formulation of evolution during the reshaping of mildly truncated octahedra
and nanocubes. This formulation is provided by a master equations (MEQ) based
analysis,** as indicated in Sec. 4. MEQ can in principle provide an analytic description
of the evolution in any stochastic LG model by determining the time evolution of the
probabilities to find the system in various discrete configurations or states.* As an
example, one class of models involves tracking the diffusive hopping of a single particle
on a discrete array of lattice sites, possibly in the presence of trap sites.*¢ In a related
application, MEQ have been applied to assess transit times of diffusing surface
adatoms between facets during the growth of metallic NCs (where periphery sites of the
target facet are designated as trap sites), thereby elucidating non-trivial facetted NC
growth shapes.*”#° In our application, however, the discrete states of the system are
entire configurations of the NCs (which might be regarded as elements of a high-
dimensional space). In addition, the essential stochastic dynamics which must be
assessed is not just transitioning irreversibly into adsorbing trap states, but rather
surmounting a “nucleation barrier”. From this perspective, one might regard the MEQ
considered here as a high-dimensional analog of the Becker-Doering equations.>°

7.1. MEQ formalism for NC reshaping. Given the vast number of possible NC
configurations, implementation of the MEQ in practice requires identifying and explicitly
incorporating only a subset of these which are most prominent during reshaping. These
naturally include configurations along the MEP where g atoms have been transferred
from vertices and/or edges to form a single 2D island on one NC side facet. However,
for the system to evolve from the MEP configuration with a 2D g-atom island on a side
facet to one with a (g+1)-atom island, it is necessary to go through a configuration
where the (g+1)st atom has detached from a vertex and/or edge to the side facet, but
has not yet joined the 2D island to increase its size. We denote such configurations by q
@ 1 which could also be regarded as part of the MEP. (Note that g @ 1 is actually a
collection of states with different locations of the atom on the side facets, which we
group into a single pseudo-state and assign an appropriate degeneracy.) However,
evolution during reshaping at finite T > 0 also accesses a large number of higher energy
states, e.g., with multiple atoms and islands on the side facets. For a TR1 octahedron,
Figure 12 illustrates the above-mentioned configurations, and the possible transitions
between them. Selected states above the MEP are chosen to have the smallest
additional energy cost and the maximum degeneracy, thus maximizing the probability
that they are occupied (at least based upon the Gibbs distribution which assumes some
degree of equilibration).

As an aside, in specifying AEmax, one might consider only states with all g
extracted atoms in a single 2D island (the lowest row in Figure 12), or instead also
include states q @ 1 in the higher row (which would give a higher value of AEmax). Both
values are reported in Table Il. When estimating Eeft ~ Edift + AEmax for the former
choice, Edir would account for bonds broken upon extraction of the diffusing atom from a
more highly coordinated site as well as a terrace diffusion barrier.'333 For the latter
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choice, Editt would just correspond to the terrace diffusion barrier, Eq,*? so both
approaches consistently give the same value for Eef.
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Figure 12. Top: schematic of key NC configurations incorporated into the MEQ for reshaping of
TR1 octahedra. Bottom: energies along the MEP. AE give the energy of configurations (relative
to g = 0), and Q their degeneracy, where A is total number of adsorption sites on side facets.

In addition to identifying the NC configurations or states to be incorporated, the
key input to the master equations is specification of the rates for transitions between
those states.*?44 For “detachment” transitions where atoms detach from vertices and/or
corners of the NC, or from 2D islands onto side facets, these rates have the form kdetach
= v m exp[-B(Ed + n)], where v is the universal prefactor for hopping (cf. Sec. 3), Eq is
the terrace diffusion barrier across side facets, n is the magnitude of the decrease in
coordination of the atom as a result of detachment (where atoms selected for
detachment have the minimum coordination and thus the lowest possible n), and m is
the number of such atoms which could detach. For example, for the transition of the
TR1 octahedron from q = 0 to g = 1, one has that n = 3 (the coordination changes from
6 for corner atoms on the {100} vertex facet to 3 for an adatom on a {111} facet), and m
= 24 (for any of 4 corner atoms on any of 6 2x2 {100} facets). Rates, Kattach, for the
reverse “attachment” transitions are determined by detailed-balance, and thus reflect
the energy difference and degeneracies of initial and final configurations (both of which
are indicated in Figure 12 for the TR1 octahedron). Degeneracies account for both the
number of locations of adatoms or islands on side facets (reflecting the total number of
adsorption sites, A, on side facets), as well as in the number of possible locations for
removing atoms from vertices and/or edges, and the rotational, etc. degeneracy of
islands on side facets.

Integration of the master equations starts with the t = 0 initial conditions where
the NC is in the perfect truncated TRj structure with probability 1. As t increases, this
probability decreases and the probabilities of configurations with g atoms transferred to
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side facets progressively increase. To further limit the number of configurations explicitly
treated, we specify a “terminal” q = g* at which point AE(q*) is well below AEmax, so that
there is negligible probability that the system will return to small g states.*? States with
q* transferred atoms are assigned as “absorbing” states from which the system cannot
escape. Then, a characteristic time, teq, for reshaping is defined as the time when the
probability for the system to be in the absorbing states has increased to a threshold
value of, say, 2. From these teq, one can perform and Arrhenius analysis to determine
Ee(MEQ) versus T.

7.2 Results from MEQ (versus KMC & CNT) analysis for reshaping. Based
on the above definition of teq, MEQ results for Eeff versus T for TR1 Pd octahedra are
shown in Figure 13 (setting g* = 12 where AE(q*) = 0, and explicitly retaining 79 distinct
NC configurations or states). These Eeff are compared with those from KMC simulation
and CNT. The MEQ are quite effective in capturing the T-dependence of Eert determined
precisely from KMC simulation, and they also reasonably capture the actual values,
certainly far better than CNT.

The artificially low CNT values extracted from constrained equilibrium MC
simulation were mentioned above, and are elucidated by the following simplified
analysis.*? The difference in free energy between some set of states S labeled by s, and
the initial TRj state (where AE = 0 and Q = 1) has the form

AF(S) = -(ksT) In[Q(S)], where Q(S) = 2sa Q(S«) exp[-AE(sa)/(ks T)].

Then AFmax follows from choosing § as the transition state (TS) for reshaping. One
could choose, e.g., §={2® 1,1 ® 1 ® 1} for the TR1 octahedron, but just choosing TS
= 2 @ 1 for simplicity (with little change in AFmax), yields

AFmax = AEmax — (kBT) In[Q(2 @ 1)], where AEmax = 6¢.
The corresponding Eef(CNT) = Eq""" + AFmax is shown in Figure 13.
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Figure 13. Comparison of predictions for Ee« versus T for a TR1 Pd octahedron from KMC,
MEQ, and CNT. The horizontal dashed line shows the result from MEP analysis which
corresponds to CNT as T — 0. Adapted with permission from Ref. 42. Copyright 2023 American
Institute of Physics.
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Above we have provided a schematic for the master equations and shown results
only for the case of TR1 octahedra. However, an analogous treatment can be
developed for TRj octahedra with j > 1, and for nanocubes where the transfer of atoms
from edges to form islands on side facets during reshaping is a key component of
reshaping.*? In Table 4, we just show results for Eesf versus T from a MEQ analysis for a
TR1 Pd nanocube, and compare these with precise KMC results and with approximate
CNT predictions. As for octahedra, MEQ captures well the T-dependence of Eeff and
reasonably describes actual values whereas CNT values are far lower. Additional MEQ
analysis shows that Ee#(MEQ) increases dramatically to 1.71 eV at lower T = 450 K
suggesting a strong variation of Eett for TR1 nanocubes for lower T (below 550 K) similar
to that found for TR1 octahedra from 750 to 1100 K. This behavior was suggested
above in the discussion of Fig. 11.

Table 4. KMC, MEQ, and CNT results for Ee (in eV) for TR1 Pd nanocubes with N = 1584.
*This MEQ analysis just retains states on the MEP, and sets q* = 16 where AE(g*) = 0.

TR1 Pd nanocube | 550 K 650 K 750 K 850 K
Eet(KMC)in eV | 1.44 1.37 1.30 1.25
Eet(MEQ)* ineV | 1.36 1.18 1.09 1.02
Eei(CNT)ineV | 0.92 0.74 0.56 0.38

As mentioned at the end of Sec. 6.2, more complete analysis of reshaping
considers the variable prefactor, o, for the reshaping rate as well as Eefr, where we
define the prefactor o via teq as ® v teq = exp(+BEef). MEQ results for ® shown in Table
lll satisfyingly exhibit same trend as the KMC results. Note, however, that the MEQ
treatment is expected to be less reliable at high T where the system can access many
“‘energetically excited” states which are not explicitly included in the MEQ analysis.
Consistent with KMC results, those from MEQ suggest that the higher Eet for octahedra
(Eeff = 2.08 eV at 750 K) relative to that for nanocubes (Eet = 1.09 eV at 750 K), which
would induce slower reshaping for octahedra, can be at least partly compensated for by
a higher MEQ prefactor for the reshaping rate. See Table IlI.

8. DISCUSSION AND CONCLUSIONS

This study focusses on the reshaping of fcc metal NCs synthesized with faceted
non-equilibrium shapes in a post-synthesis high-vacuum environment such as applies
for TEM analysis. Our analysis supports the view that surface diffusion mediated
reshaping should be regarded as a cooperative many-atom nucleation-mediated
process. Specifically, the reshaping process is inhibited by the formation (i.e., the
nucleation and growth) of new 2D islands or layers of atoms on outer facets. This
feature is reflected in the effective barrier, Eef, for reshaping which does not correspond
to any single-atom hopping barrier, but is generally substantially larger. The
presentation in the previous sections focused on Eeff which was obtained from an
Arrhenius analysis of the characteristic time, teq, for (the initial stage of) reshaping, or
equivalently an Arrhenius analysis of the reshaping rate R = 1/teq. A significant
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observation is that Eeff can vary strongly with 7. A more complete analysis also
considered the variable component, o, of the prefactor of R defined by R =

o v exp(-BEeft) where v ~ 10'2% s is the (assumed) universal attempt frequency single-
atom hopping. Such an analysis revealed a compensation type effect where an increase
in Eeff for decreasing T is accompanied by an increase in .

Given the feature that reshaping of facetted NCs is a nucleation-mediated
process, it is natural to assess whether the reshaping rate can be described by
Classical Nucleation Theory (CNT). We argue that this is the case for NCs bounded by
large facets of comparable size since the effective barrier for nucleation increases
linearly with linear facet size. CNT is applicable for sufficiently large barriers where the
system can be regarded as locally equilibrated before crossing the barrier. We describe
results from the study of Combe et al.’® for the reshaping of slightly elongated nanorods
where CNT is effective at least for larger sizes. On the other hand, for solution-phase
synthesized NCs with near-perfect (i.e., mildly truncated) convex polyhedral shapes
such as nanocubes and octahedra, the effective barrier for reshaping is low. In this
scenario, CNT can greatly underestimate the effective barrier for reshaping as
determined by precise KMC simulation studies. We attribute this feature to a lack of
local equilibration of the system before crossing the barrier. Thus, instead of CNT, an
appropriate framework for analysis of reshaping in this regime is a master equation
(MEQ) treatment of the relevant stochastic LG model.*? This formulation is shown to be
effective in capturing behavior as determined precisely by KMC simulation. In fact, even
a simpler “low-T” Minimum Energy Path (MEP) analysis ignoring entopic effects, is
effective in elucidating basic trends in Eef;, €.g., as a function of the degree of initial
truncation of the convex polyhedral NC.1333

We do wish to emphasize that despite its success, the MEQ treatment is
necessarily oversimplified compared to the actual reshaping process. Of necessity, only
a small proportion of the NC configurations which can be accessed during reshaping
are explicitly incorporated. In particular, we have not included configurations where
multiple 2D islands below the critical size have formed on side facets of the NC.
Undoubtedly such higher energy configurations are accessed to some extent, although
perhaps the associated combination of higher energies and greater configurational
entropy, mean that their neglect does not so greatly impact results.

We emphasize that our modeling framework can be directly applied for any fcc
metal, and for the reshaping of other mildly truncated polyhedra such as tetrahedra.*
Furthermore, the modeling framework directly applies for more diverse NC reshaping
phenomena such as sintering or coalescence of pairs of NCs, and pinch-off of highly
elongated nanorods or nanobars.* However, we our modeling to date has been
restricted to NC reshaping in a post-synthesis high-vacuum environment. Thus, there is
the question of whether this modeling strategy can be extended to in operando
environments for applications, e.g., with chemisorbed reactant species in the case of
applications to gas-phase catalysis, or where the NC is in the solution phase. Certainly,
a stochastic LG modeling framework is applicable in such non-vacuum environments
where the NC retains its single crystal form. Indeed, a LG formalism®'%? has been
applied to assess the effect of chemisorbed species on NC structure, noting a well-
recognized impact on equilibrium shapes due to modified surface energies.?”53-55
However our focus is on the description of non-equilibrium reshaping phenomena with
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realistic kinetics for the surface diffusion of metal atoms. This is a significantly greater
challenge. Input to the model would now require a much more extensive set of
activation barriers for surface diffusion of metal atoms in the presence of chemisorbed
species. An explicit treatment of the latter would also require input on their
chemisorption energetics and diffusion kinetics. If the chemisorbed species were
regarded as equilibrated, then potentially each barrier in our high-vacuum treatment
could be replaced with a single effective barrier in the presence of the equilibrated
chemisorbed species. Similar comments apply to the modeling of NC reshaping in a
solution-phase environment. However, it would be a significant challenge to obtain an
adequate and realistic set of effective barriers for surface diffusion of the metal atoms.
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