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1 Introduction

It has been recently appreciated that four-dimensional quantum field theories, possibly

coupled to gravity, on asymptotically flat spacetimes have classical asymptotic symmetries

which organize into chiral algebras [1, 2]. The operator product on algebra elements arises

from certain collinear limits of scattering amplitudes of massless states. Utilizing the

standard map between 4d null momenta and points on the sphere at asymptotic null infinity



invites a possible interpretation of the chiral algebra as the holomorphic symmetry algebra
of an exotic two-dimensional conformal field theory supported on the celestial sphere, which
is proposed to be holographically dual to the four-dimensional “bulk” theory.

The impact of quantum corrections on these classical chiral algebras, and their four-
dimensional origin, has been recently explored by several groups, e.g. [3-9]. It was observed
in [7] that in a formulation of self-dual Yang Mills (SDYM) theory, the chiral algebra of
asymptotic symmetries, when deformed to include the theory’s one-loop collinear splitting
amplitude, failed to be associative. This “quantum” failure of associativity was directly
related to an obstruction to lifting the four-dimensional theory to a local holomorphic
theory on twistor space. Such an obstruction manifests as a gauge anomaly in the six-
dimensional holomorphic theory [10]. Conversely, one can couple SDYM to a certain scalar
field with a quartic kinetic term, which cancels the 6d gauge anomaly via a Green-Schwarz-
like mechanism on twistor space and obtain an associative chiral algebra, including loop
effects [6-8]. In this work we focus on theories with associative chiral algebras: either
self-dual theories at tree-level or, when we wish to move beyond classical physics, such
integrable “twistorial” 4d theories, with lifts to local, non-anomalous holomorphic theories
on twistor space, guaranteeing chiral algebra associativity. Such theories can sometimes
be uplifted to genuine topological string theories [11], and produce integrable toy models
of flat space holography [12], along the lines of the twisted holography program [13, 14].
It will be interesting to understand if associativity can be restored by other means, or if
such chiral algebra axioms can be somehow relaxed to accommodate an exotic CF'T dual,
perhaps along the lines of [15].

Among the many open questions relating to the physics of celestial CFTs and their
associated chiral algebras is how to formulate the 2d avatar of magnetically charged states
in four dimensions. Soft theorems in (abelian) gauge theories with magnetically charged
objects have been studied in [16, 17]. In this work, we will instead emphasize the chiral
algebraic formulation of conformally soft modes of such states, leveraging the twistorial
construction of [6]. Along the way, we will unearth a host of novel or under-explored
phenomena in the representation theory of non-unitary 2d chiral algebras.

To proceed, let us recall part of the basic setup of [6]. Twistor space is a complex
manifold given by the nontrivial fibration

PT := O(1) ® O(1) — CP* (1.1)

i.e. PT is the total space of two copies of the line bundle O(1) — P!, and as a real manifold
is equivalent to
PT ~ R* x CP!. (1.2)

We may study various local, anomaly-free holomorphic theories on PT, which reduce to the
4d theories of interest upon dimensionally reducing along the CP!. In particular, we focus
on the 6d theories studied in [10] given by holomorphic BF theories with particular gauge
algebras g, each coupled to a free limit of the Kodaira-Spencer theory of “gravity” (complex
structure deformations) [18] via a holomorphic Chern-Simons term with a carefully chosen
coefficient. These reduce to non-unitary CFTs in 4d, given by SDYM theories coupled to a



quartic axion-like field. The 2d chiral algebra of asymptotic symmetries was constructed
by twistorial methods explained in [6], and is supported on the zero section of the twistor
fibration, which in turn can be identified with the celestial sphere at null infinity.

An alternative view of this chiral algebra presented in [6], which is well-suited to our
present purposes, is as follows. Consider IP”]I“\(CIP’1 ~ §3 x Rsg x CP!, where we remove the
sphere corresponding to the origin of R*. We consider an alternative compactification of the
6d theory, down to 3d dimensions, by reducing along S3; in contrast to the usual reduction
along CP!, there is an infinite tower of KK modes that must be included to access all the
(infinitely many) states in the vacuum module of the chiral algebra. Compactifying a 6d
holomorphic “gravitational” theory in this manner yields a 3d holomorphic-topological non-
gravitational theory on Rsqx CP!, where the chiral algebra furnishes the algebra of boundary
local operators supported on the holomorphic CP! at infinity in the radial coordinate. 3d
holomorphic-topological theories are known to arise from certain supersymmetric twists of
3d N = 2 theories [19] and in fact, it is easy to identify “downstairs” which 3d N/ = 2 theory
can be twisted to yield the resulting holomorphic-topological theory with the “celestial”
chiral algebra as its boundary chiral algebra [6]. This 3d perspective will be our primary
window into the physics of magnetic states and their impact on the chiral algebra.

On the other hand, three-dimensional N' = 2 gauge theories have long been intense
objects of study. They often flow to strongly interacting superconformal field theories
and enjoy a host of infrared dualities, as well as qualitative similarities to their non-
supersymmetric cousins with useful applications to condensed matter physics. Monopoles
in these 3d theories have been studied from many points of view (see, e.g., the classic
papers [20, 21]). Particularly important for our purposes, 1/2-BPS boundary conditions of
these theories have been studied extensively in [22-25], and in [25] it was shown that Dirichlet
boundary conditions on the gauge field support nontrivial boundary monopole operators as
well. Such 1/2-BPS boundary conditions are compatible with the holomorphic-topological
twist, and may be studied directly in the first-order formalism from this point-of-view [26].
Further, the resulting bulk (associative, commutative) chiral algebras of local operators,
including monopoles, and boundary (associative, non-commutative) chiral algebras, which
may also include monopoles, were explored in [26]. In non-abelian gauge theories, boundary
monopoles remain difficult to work with directly! but 3d abelian bulk and boundary
monopoles can be accessed concretely in the twisted formalism [27]. The primary purview
of this note is to study monopoles in 3d holomorphic-topological theories which support
“celestial” chiral algebra boundary conditions. By pulling these states back to twistor
space and then “pushing” them back down to four-dimensions, we can explore various
aspects of the flat space holographic dictionary including the corresponding nonperturbative
field configurations.

The plan for the rest of this note is as follows. In section 2, we review the physics of 3d
monopoles in holomorphic-topologically twisted theories, and how monopoles localized on
holomorphic boundaries implement spectral flow automorphisms in perturbative boundary

!Geometrically, one must exhibit a chiral algebra structure on the Dolbeault homology of the affine
Grassmannian Grg associated to the gauge group G, with values in a certain line bundle; for non-abelian G,
the non-trivial geometry of Grg makes it difficult to make the chiral algbra structure explicit.



chiral algebras, at least in the abelian setting. We also emphasize how boundary monopoles
enforce integrality of the charge of modules of the perturbative chiral algebra (in appropriate
conventions), and impose relations among such modules. Classes of such modules are realized
physically in 3d theories with boundary via Wilson lines ending on the boundary chiral
algebra plane, and we construct, via Koszul duality, the analogous (holomorphic) Wilson
line modules on twistor space associated to the perturbative celestial chiral algebra in 3.1.4.
These modules will interact with, and be constrained by, the celestial boundary monopoles
that generate the spectral flow automorphisms.

In section 3 we review the uplift of 4d self-dual gauge theories to 6d local holomorphic
theories, and in turn recall how the latter can also be viewed as 3d holomorphic-topological
theories with boundary, with an infinite number of fields, following [6]. We discuss possible
nonperturbative extensions of perturbative 3d boundary algebras (in this context, equiv-
alently, 4d celestial chiral algebras) in self-dual QED, and we further discuss 4d abelian
self-dual magnetically charged states and some puzzles that arise when trying to map
such states to 3d boundary algebras. Finally, in section 4 we study self-dual non-abelian
gauge theories, and show how 4d magnetically charged states lead to spectral flow automor-
phisms on the celestial chiral algebra. The spectral flow automorphisms on the celestial
chiral algebra (and their inverses) arising from the insertion of a 4d self-dual magnetically
charged state are presented in (4.31), (4.32). We then conclude with open questions and
future directions.

To aid in readability, we include the following table of relevant mathematical symbols.
In this table M is a 3-manifold with a THF structure; G is an algebraic group (over C);
and X is a complex manifold with Dolbeault operator 0 and £ is a holomorphic vector
bundle over X.

2 Monopoles in 3d gauge theories

We begin by reviewing basic aspects of monopoles in 3d N = 2 gauge theories, focusing
mostly on abelian gauge theories, as well as aspects of boundary monopoles on Dirichlet
boundary conditions. For more details on the latter, see [25, 26].

Local operators in 3d gauge theories have a natural flavor symmetry, called the topo-
logical flavor symmetry, with an associated conserved charge called monopole number. This
monopole number is determined by surrounding the given local operator by a sphere S?
and measuring the topological type of the gauge field sourced by this operator. If G, is
the (compact, connected) gauge group, a topological classification of principal bundles on
S? is given by 71(G.): if we cover S? with two charts covering the northern and southern
hemispheres, the transition function on the overlap is topologically equivalent to a map
from the equatorial S to G.. Local operators with non-trivial monopole number are known
as monopole operators.?

2We note that there are local operators with trivial monopole number in non-abelian gauge theories
that still warrant the name monopole operator, e.g. monopoles in gauge theories with simply connected
gauge group.



Q =Q(M)/(dz) DG algebra of forms on M modulo forms proportional to dz
Q) Q twisted by dz/
nv parity shift operator of a super vector space V
0 =C[7] algebra of formal series in a variable z
D = SpecO the formal disk
G, maximal compact subgroup of G
Go = Maps(D, G) O-valued elements of G
K =C(2) algebra of formal Laurent series in a variable z
]]3) = SpecKk the formal punctured disk
Gk = Maps(]]%), G) K-valued elements of G
B=D Uf)) D the formal bubble
P n-dimensional projective space
O(m) = P" invertible line bundles on P"
PT = O(1) ® O(1) — P! 4 dimensional twistor space
H3(X.€) = @®; H; : 5(X,€) Dolbeault cohomology of X with values in £
5( &) =@, H, 8(X &) Dolbeault homology of X with values in £

Table 1. Collection of commonly used mathematical symbols and their meaning.

2.1 Monopoles in HT-twisted N = 2

A particularly important class of monopoles for our later applications are those that arise
in twisted N’ = 2 gauge theories. Recall that the 3d N = 2 supersymmetry algebra has two
fermionic generators Qq, @, that transform as spinors with respect to Spin(3) & SU(2);
their anti-commutators (in the absence of central charges) take the form

P +iP —P3 > (2.1)

{Qa, Qp} = (0")apPu = ( -P; —P+iP

where (0#)®g are the Pauli matrices and we raise and lower SU(2) indices with the Levi-
Civita tensor €44, with the convention that e, = e~ =1, as xo = eagxﬁ and x* = Xgeﬂa.
The U(1)g R-symmetry rotates Q, (resp. Q,) with weight —1 (resp. 1). We note that
Qur :=Q . is a square-zero supercharge and, moreover, the momenta P; = %(Pl +iP) =

{Qur, 5Q+} and P, = P3 = {Qur,
Q. In particular, we can consider the Qur twist (i.e. @ur-cohomology) of our 3d N = 2

—Q_} belong to the image of the twisting supercharge

theory and the resulting twisted theory behaves holomorphically in the z!-z? plane and
topologically along the remaining 3 direction; the twist by Qur is correspondingly called
the holomorphic-topological (HT') twist.

Due to the holomorphic-topological nature of the twisted theory, we can expect to
naturally put it on a 3-dimensional manifold M that locally looks like C,z x R; with
transition functions (z, z,t) — (w(z),w(2), s(t, 2z, 2)) compatible with the complex structure.

Manifolds with this structure, compatible with the HT twist, are said to admit a transverse



holomorphic foliation (THF) [19]. To perform the twist, we need to use the U(1)g R-
symmetry to define a twisted spin Spin(2)’ rotating C, > under which the supercharge Qpr
is a scalar; this choice is called a twisting homomorphism, and we take J = %R — J3. With
this choice, the various fields of the A/ = 2 theory will have their transformation properties
modified to reflect their twisted spin; for example, a scalar of R-charge r will become a
section of the r/2-th root of the canonical bundle K"™/2, i.e. it naturally comes with a
factor (dz)™/2.

We will focus on N/ = 2 theories of gauged chiral multiplets, often coupled with a
superpotential. The data of such a theory is: a choice of compact gauge group G, (with
complexification GG) and unitary (complex) representation R of G. (G); a choice of Chern-
Simons levels k € H*(BG..), whose precise quantization depends on the choice of R (roughly,
k is a collection of integers or half-integers for each simple factor of G.); and a choice of
gauge-invariant holomorphic function W : R — C, the superpotential. We will further
require that the theory realizes the U(1)r R-symmetry of the N/ = 2 algebra. This implies
that there is an R-charge assignment of the chiral multiplets R = @, R,, where R, is the
subrepresentation chiral multiplets of R-charge r € Z, so that W has R-charge 2.

The work [19] provided a remarkably compact description of the HT' twist of this class
of N = 2 gauge theories in the Batalin-Vilkovisky (BV) formalism; see also the more recent
work [26]. To write down the theory, we need to introduce some notation. Let 2 denote the
differential graded algebra of forms on M. The THF on M implies that there is a natural
subalgebra of differential forms proportional to dz; we denote by €2 the quotient of all
differential forms by those proportional to dz. The THF on M also gives us a distinguished
line bundle K, the canonical bundle on the complex plane C (or, more generally, the complex
leaves of the THF), and we denote by Q) the quotient of all differential forms with values
in K7 by those forms proportional to dz. There is a natural product Q) x QU — QU+
induced by the wedge product of forms as well as a natural integration map | : o - .
In local coordinates, sections of Q) look like elements of C*°(R3)[d¢,dz] dz?, where dt
and dz are treated as fermionic variables and dz a bosonic variable. We denote by d’ the
fermionic differential on Q) induced by the de Rham differential; in local coordinates it
takes the form d’ = 9; dt + 95 dz. Similarly, we denote by 9 the natural bosonic derivation
mapping Q) — QUFD: in local coordinates d = 9, dz.

With this notation, we can finally state the model of [19] for the HT twist of the N = 2
gauge theory above. First, a chiral multiplet ® of R-charge r turns into a bosonic field
® € Q/2) and a fermionic field ¥ € INQE-"/2) where II denotes a parity shift — the
lowest component of W is a fermion whereas the lowest component of ® is a boson.? In
terms of the components with homogeneous form degree, we can write ® = ¢ + n* + ¢*
and ¥ = ¢ + 1+ ¢*; ¢ and ¢ are identified with the complex scalar in the chiral multiplet
and a component of the fermion in the anti-chiral multiplet, respectively. The higher
form fields are the holomorphic-topological descendants of ¢ and 1. For example, the

3Somewhat more precisely, the fields ® and ¥ have homogeneous Grassmann parity (bosonic vs fermionic),
but their components do not. For example, the O0-form and 2-form parts of ® are bosonic differential forms
(the components are bosonic) whereas the 1-form part is a fermionic differential form (the components
are fermions).



components of 7 are identified with derivatives on the conjugate scalar ¢. In the same
vein, a vector multiplet V turns into an adjoint-valued fermionic field A e IIQ©®) @ g and
a coadjoint-valued bosonic field B € Q) @ g*; we expand these fields in components as
A=c+ A+ B*and B= B+ A* + ¢*. In this expansion, the 1-form A = A;dt + Azdz is
identified with components of the physical gauge field (A4; is actually complexified by the
real scalar o), ¢ is the BRST ghost, and B is identified with F; up to Chern-Simons terms.
In pure Chern-Simons theory, or the HT twist of its N = 2 supersymmetric enhancement,
B = B,T“ is identified with K,A%, for K, the pairing used in the Chern-Simons action,
cf. [19, section 2.3]. The HT-twisted theory is described by the following action:

S = / BF/(A) + LTi(AOA) + Td\& + W (2.2)

In this expression, d’y, = d’4A is the covariant exterior derivative and F'(A) = d’A+A? is its
curvature. We have suppressed the natural gauge-invariant pairings of a representation and
its dual; Tr denotes the non-degenerate bilinear form on g used for the Chern-Simons terms,
e.g. the Killing form with a suitable normalization, with k the (possibly vanishing) level.
In the BV formalism, the equations of motion are encoded in a square-zero super-

charge @Q:
QA = F'(A) QB =dyB — pu+ £0A
W (2.3)
QP =d,® Q\I’zdk‘l’—k%tﬁ

In the present context, the supercharge () is a combination of two supercharges: the
BV/BRST supercharge of the physical theory @Qpyv as well the HT supercharge Qur.
Finally, we note that this theory has a natural Z grading, traditionally called ghost number,
but actually contains a contribution from the R charge r and form degree; the vector
multiplet fields A and B are degree 1 and 0, respectively, while the fields ® and ¥ in a
chiral multiplet of R-charge r are in degree r and 1 — r, respectively. The ghost numbers of
the component fields are uniquely determined by the convention the differential forms dt¢,dz
are given degree 1 whereas dz is given degree 0. We note that this grading is cohomological,
i.e. the supercharge () has ghost number 1.

Perturbative local operators in the HT twist can be realized by )-cohomology classes
of G-invariant operators built from the lowest components ¢, v, dc, B of the fundamental
fields and their 0 derivatives.* In order to access the full, non-perturbative algebra of local
operators it is useful to use a state-operator correspondence to relate these operators to
states of the theory on a sphere P'. The space of such states can be obtained from the
above twisted description via geometric quantization of the moduli space of solutions to the
equations of motion on P!.

4The fact that one should consider dc and not c¢ itself is due to the fact that its covariant derivative
D.c is cohomologous to a gaugino A_; local operators should not include an anti-derivative of this gaugino,
cf. [26, section 3.2]. Although this seems ad hoc, it turns out to be quite natural from the perspective of
taking gauge invariants in a derived fashion, i.e. in a way compatible with taking @) cohomology — unlike
taking gauge invariants for infinitesimal gauge transformations, i.e. considering Lie algebra cohomology,
taking gauge invariants for constant, finite G gauge transformations is an exact functor and, in particular,
should not be done with a ghost. The group of all gauge transformations G takes the form of a semi-direct
product of G and a unipotent group; since a unipotent group is equivalent to its (nilpotent) Lie algebra,
taking derived G invariants involves taking G invariants by hand and using ghosts for the rest.



Consider a spacetime of the form P' x R;. The ghost number 0 part of the equation of
motion F'(A) =0 reads 9;Az = 0 in a gauge where A; = 0. Thus, the covariant derivative
Ds = 05 + As is a connection on a holomorphic G bundle E on P! and this bundle is locally
constant in t. One salient feature of this analysis is that the moduli space of solutions
naturally fibers over the moduli space Bung(PP') of holomorphic G bundles on P* — many
interesting aspects of local operators are encoded in this simple fact.

It is worth noting that it is common to use a slightly different moduli space of G
bundles. Instead of considering a finite sphere P!, it is more convenient to work with the
“formal bubble” or “raviolo” B. Roughly speaking, the formal bubble is the non-Hausdorf
space obtained by gluing two infinitesimally small disks (alias “formal disks”) away from
the origin. The formal bubble naturally arises upon consideration of the state-operator
correspondence in any mixed holomorphic-topological quantum field theory: states on the
formal bubble B are expected to be identified with local operators at the center of the
bubble. In essence, any sufficiently small neighborhood in a THF 3-manifold takes the
form of a small cylinder D x I; the holomorphic-topological nature of the QFT implies
that field configurations away from operator insertions are holomorphic on D and constant
along I. In particular, the size of the interval I is inconsequential and the data of the field
configuration is encapsulated by data on D. In the presence of a local operator, however,
this holomorphic data on D can jump. This jump cannot be arbitrary and should reflect
the local nature of the operator: the holomorphic data should be equivalent away from
the insertion point of the local operator. Putting this together, field configurations on the
boundary of this infinitesimal cylinder can be identified with two copies of the necessary
holomorphic data on D and an isomorphism of this data away from the origin. See e.g. the
discussion just before section 3.1 of [27] for more details.

The formal bubble can be constructed in an analogous manner to P! by gluing two
open sets to one another. One first replaces the complex plane C, with its algebra of
functions given by polynomials in a single variable C[z], by the formal disk D, with algebra
of functions given by formal series in a single variable @ = C[z]; one should think of D as
an algebro-geometric avatar of the above infinitesimally small disk. Just as P! is realized
by gluing two copies of C over C*, the bubble B is realized by gluing two copies of the

formal disk D over the “formal punctured disk” ]13) The algebra of functions on the formal
punctured disk is given by formal Laurent series in a single variable I = C((z)), cf. functions
on C* are Laurent polynomials. Aside from working with series over polynomials, the main
difference between the formal bubble is that the transition function relates the two formal
disks D, and D, via w = z, rather than the more familiar w = 1/z used for Pl

The convenience of working with the formal bubble B is to provide a rather concrete
realization of the moduli space of holomorphic bundles as a particularly nice coset. If we
first trivialize the bundle on the two formal disks, it suffices to give the transition function,
a gauge transformation on the formal punctured disk ]f)); the moduli space of holomorphic
bundles is then realized as a quotient by changes of trivialization (gauge transformations on
the two patches or formal disks). The group of gauge transformations on ]B) will be denoted
Gx; when G is a matrix group, elements of G are simply matrices with Laurent series



entries. Similarly, the group of gauge transformations on D will be denoted Gp; this is the
group with Taylor series entries. Together, we see that the moduli space of G bundles on B
is a double coset

Bung(B) = Go\Gr/Go = Go\Grg (2.4)

where the single coset Grg = Gx/Gp is known as the affine Grassmannian. The two factors
of Gp act on the left and right of Gi: (h1,h2) - g = hlghz_l.

Practically speaking, this moduli space is much easier to manage than its P! counterpart
simply due to the fact that formal series are easier to handle than Laurent polynomials.
For example, ensuring that a matrix of Laurent polynomials is invertible is much harder
than ensuring a matrix of Laurent series is invertible — in the example of G = C*, the
group G|z, z_l] only contains the elements z", whereas G contains all nonzero Laurent
series. Geometrically, this difficult arises from the fact that the transition function defining
the bundle must be invertible everywhere except at 0 and oco; in a sense, the formal bubble
B only contains those points, i.e. we don’t have to worry about singularities at finite values
of z, and so the choice of transition function is much less constrained.

2.1.1 Abelian monopoles

Consider the case G. = U(1),G = C*; the inequivalent holomorphic C* bundles on B are
labeled by integers m € Z. For any non-zero Laurent series g(z) = az™+... € C¢ there is an
invertible Taylor series of the form h(z) = a+ ... € C} (invertible implies it has a non-zero
constant term) so that g(z)h(z)~! = 2™.5 In particular, the moduli space of solutions to the
above equations of motion has disconnected components EOM = @ EOM,,, where EOM,,
denotes the component of the space of solutions for which the underlying gauge bundle
has transition function z™. The states arising from EOM,, correspond to operators with
magnetic charge (or, better, monopole number) m. The integer m is naturally identified
with a cocharacter of C*.

We note that from the perspective of P!, the above bundles are identified with the
line bundles O(m). This line bundle is characterized by the requirement that sections o
transform as o — A™o under the homogeneous scaling of projective coordinates z% — Az®.
In terms of the affine coordinates z,w = 1/z, this corresponds to saying a section of O(m)
transforms as 0,(z) — o, (w) = w™o,(1/w) under the change of coordinates z — w. The
line bundle O(m) over P! is the holomorphic avatar of the famous (charge m) monopole
bundle over S2.

For more general abelian gauge group 7, = U(1)" the story is nearly identical; the
moduli space of equations of motion has disconnected components labeled by r-tuples of
integers which give rise to states of the associated monopole number. Recent work of
Zeng [27] described an explicit geometric quantization of the moduli space EOM on P!
for the HT twist of abelian N' = 2 theories, thereby realizing (the vector space of) local
operators in these twisted theories.

Before moving on, we note that the collision of monopole operators is inherited from
the group structure on Gx. We consider two bubbles B, corresponding to two monopole

5Tf we were to treat the above double coset properly, we should keep track of the fact that there are non-
trivial gauge transformations that preserve this transition function — since the group is abelian, this transition
function is preserved if we perform the same gauge transformation on both disks (h,h) - g = hgh™ = g.



operators, and stack them on top of one another; the moduli space of bundles on the
double-bubble is then the double coset

Go\Gk XGo Gr/Go (2.5)

where Gk X¢g, Gk denotes equivalence classes of pairs of gauge transformations [g1, g2]
up to the action of Go, i.e. [g1,g2] ~ [g1h™!, hga]; this equivalence corresponds to gauge
transformations on the shared disk. We can then form the following convolution diagram:

Bun(;(B) X Bung(IBB) [PIalb G@\G;C XGo GK/G() L} Bung(IBB) (2.6)

where the 7; are (the maps on the quotient coming from) the natural projection maps from
Gk *XaG, Gk to Gk /Gp and Go\Gk and p is (the map on the quotient coming from) the
natural multiplication map [g1, g2] — g192.

An important consequence of the above convolution structure is that monopole operators
act by modifying the gauge bundle at the point of the monopole operator. For the simplest
monopole operators, this corresponds physically to performing a large gauge transformation
(mathematically this process is called a Hecke modification). For example, we could perform
a meromorphic gauge transformation of the form g = z™; such a gauge transformation maps
a section s of O(n) to a section gs of O(n 4+ m), defined in terms of affine coordinates as

(g5).(z) = 2™s,(2).0

2.1.2 Non-abelian monopoles

The story for general gauge group G, is somewhat more complicated. We choose a maximal
torus T, C G¢. Any holomorphic G bundle is equivalent to a T' = (7})c bundle of the
above form. (We can always perform a G gauge transformations on the two disks to bring
the transition function to the chosen maximal torus.) In particular, for every magnetic
charge/cocharacter m € Hom(C*,T) = Z", where r is the rank of G, we get a holomorphic
G bundle whose transition function is again g = z™.” Two such cocharacters m, m’ yield
equivalent G bundles when m and m’ differ by the action of the Weyl group. If we choose a
collection of positive roots, we can therefore label such bundles by a dominant cocharacter
— one that pairs non-negatively with all positive roots. Passing from the magnetic charge m
to the monopole number v € m1(G.) corresponds to taking its image under the quotient
map Ay eiene — Aveight/Aroot = T1(Ge)-

weigh roo
To orient readers, we note that, for G. = U(r) and T, = U(1)" the diagonal torus,
cocharacters of T' can be identified with r-tuples of integers m = (my,...,m,), dominant

cocharacters have m; > m; if j > 4 (for the standard choice of positive roots), and the

5Strictly speaking, this gauge transformation doesn’t give us a map on sections. Indeed, generic smooth
sections of O(n) are mapped to singular sections of O(n + m): when m > 0 (resp. m < 0), the section o
must vanish to order m at w = 0 (resp. z = 0) for go to be smooth. A more precise statement is that g
defines a correspondence between sections of O(n) and sections of O(n 4+ m). See, e.g., [28] for a discussion
of correspondences in the context of monopole operators.

If G, is a matrix group and 7T the diagonal torus, z™ simply denotes the diagonal matrix with entries

m;

z™i. More generally, it denotes the composition of the C*-valued large gauge transformation described

above with the cocharacter m : C* — T to get a T-valued large gauge transformation.
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monopole number is simply the sum m; + ...+ m, € Z. Similarly, for SU(r) (with its
dialgonal torus) cocharacters are identified with r-tuples satisfying m; + ...+ m, = 0 and
for PSU(r) = SU(r)/Z, (with its diagonal torus) are identified with r-tuples (my,...,m;)
modulo shifts by (1,...,1). Monopole number is trivial for SU(r) since it is simply connected,
whereas monopole number for PSU(r) is simply m; + ...+ m, mod r.

A description of holomorphic GG bundles in terms of dominant cocharacters as a discrete
set of points is inadequate to capture the intricacies of non-abelian monopoles; it is possible
to describe a sequence of holomorphic G bundles with a given magnetic charge m (a
dominant cocharacter) such that the limit bundle has a magnetic charge m’ different from m,
a phenomenon known as monopole bubbling. As an example of this phenomenon, consider
the GL(2,C) bundle with transition function g(z) = 2(*% corresponding to a monopole
operator with magnetic charge m = (2,0), i.e. g is the diagonal 2 x 2 matrix with entries 22
and 1. We can pre- and post-compose with any non-singular gauge transformation to arrive
at an equivalent bundle; for example, we can consider the family of holomorphic GL(2)
bundles given by the transition function

2% az 1az 220
(0 1) - (0 1) (0 1) 27)

which simply differs form the above bundle by a gauge transformation on the top disk. If
we take the limit a — oo, we find the gauge bundle with magnetic charge m’ = (1,1): away
from a = 0 we can perform the following gauge transformation on the lower disk

2% az 1 —a\ . 0
(O 1) <(1—2)/a Z>_<(1—z)/a z) (2.8)

from which the a — oo limit is straightforward. In particular, we arrive at a gauge
bundle with magnetic charge m’ = (1,1). More generally, the magnetic charge m’ is
always dominated by m (i.e. m — m’ is dominant) and projects to the same monopole
number v = [m] = [m']. To contrast this with the abelian case above, the moduli space
of holomorphic G bundles for general G has disconnected components labeled by m (G) —
monopole number, and not magnetic charge, is a good quantum number for local operators
in 3d.

One of the primary obstacles to the study of monopole operators in HT-twisted N' = 2
theories with non-abelian gauge groups is having to contend with the highly non-trivial
structure of the moduli space of bundles. A related problem arises in the topological A-twist
of standard N = 4 theories, but the increased amount control offered by the topological twist
makes it possible to progress — the full, non-perturbative algebra of local operators in these
theories was be described explicitly by Braverman-Finkelberg-Nakajima [29, 30]; see [31] for
a physical analysis of this algebra, related to the work of Braverman-Finkelberg-Nakajima
via fixed-point localization in equivariant cohomology.®

8In reality, it is not the moduli space of bundles Go\Crg itself that causes the difficulty. Rather, it
is the fact that there is generally very little control over the moduli space EOM as one moves around in
the moduli space of bundles. The fact that the moduli space of bundles is particularly simple for abelian
G offers one way to understand the moduli space EOM in those settings. The fact that one can handle
non-abelian gauge groups for the topological A-twist is entirely due to the relative simplicity of EOM.
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2.2 Boundary monopoles

Although monopole operators in the bulk of a 3d gauge theory are themselves quite
fascinating, we will be more interested in their appearance in the algebra of local operators
on boundary conditions of these gauge theories. In 3d N = 2 gauge theories, the BPS
equations F' = xDo and D x o = 0 for the gauge field strength F' and real scalar o admit
non-trivial, monopole solutions when the vector multiplets are given half-BPS Dirichlet
boundary conditions; see e.g. section 3.4 of [25] for more details. Local operators on this
Dirichlet boundary condition can be obtained in a similar fashion to bulk local operators;
we can realize them via a state-operator correspondence as states on a hemisphere attached
to the boundary. Again, this space of states can be determined via geometric quantization
of a suitable space of equations of motion. We note that the chiral algebras studied in [32],
realized as algebras of local operators on an interval compactification of 3d N = 2 theories
rather than on a boundary, share many of the features we describe below.

It is convenient to work with an infinitesimal version of the hemisphere, i.e. a formal

disk D with the boundary conditions imposed on its boundary formal punctured disk IFD; the
Dirichlet boundary conditions require that the holomorphic gauge bundle is equipped with
a trivialization on the boundary. Following the argument above, we see that the moduli
space of solutions to the equations of motion naturally fibers over the affine Grassmannian
Grg, which parameterizes such bundles. In particular, we again see that these equations of
motion have disconnected components labeled by monopole number 71 (G) — this is again
a good quantum number for boundary local operators. The fact that we arrive at the affine
Grassmannian, rather than its quotient by G, is due to the fact that we are not required
to impose gauge invariance of local operators on Dirichlet boundary conditions.

The fact that the space of solutions to the equations of motion fibers over the affine
Grassmannian Grg can be a powerful conceptual tool, but the full, non-perturbative algebra
of local operators can still be quite difficult to describe. The work [26] provided a conjectural
description of the algebra of local operators as follows; see section 7 of loc. cit. for more
details. Suppose the algebra of local operators in the absence of gauge fields realizes some
vertex algebra V (it need not have a holomorphic stress tensor); V necessarily admits an
action of Go. We can then use this action to construct an interesting vector bundle Vg,
over the affine Grassmannian as the product Va,, = Gk Xg, V; for a given holomorphic G
bundle P, the fiber Vp over P should be thought of as V coupled to the bundle P. The
algebra of local operators on this Dirichlet boundary condition is then conjectured to be
the Dolbeault homology of Grg with coefficients of this vector bundle twisted by a certain
power of the determinant line bundle L:

H, 5(Grg, Varg © L77) = @ H, 5(Cra, Varg ® L77) (2.9)

where, for a complex manifold X, Hnﬁ(X ,£) is defined to be the linear dual of the Dolbeault
cohomology valued in the dual bundle H, 5(X,€) := HZ(X, &%), cf. eq. (7.13) of loc. cit.
See, e.g., [33, section 1.5] for a detailed description of the line bundle £ — Grg. The power
k denotes the effective Chern-Simons level, cf. [25, eq. 3.32], and encodes the anomaly for
the G flavor symmetry on the boundary. Practically speaking, the effect of the correction
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L7" is to give magnetically charged operators (boundary monopoles) a non-trivial electric
charge in the presence of a Chern-Simons term. It is important to note that eq. (2.9) is
merely a description of the vector space of local operators. Equipping this vector space
with the structure of a vertex algebra is far from trivial; this is sketched in [26, section 7.2]
in the absence of matter fields.

2.2.1 Boundary monopoles in abelian gauge theories and spectral flow

The relative simplicity of the affine Grassmannian Grp for abelian gauge group 1" once
again implies that the description of boundary local operators in eq. (2.9) can be made
fairly concrete. Recall that Grr is essentially the lattice Z" associated to the holomorphic
T = (C*)" bundles with transition function 2™; the vector space H, 5(Grr, Var, ® L) is
thus graded by magnetic charge/monopole number Z". 7

Local operators with vanishing magnetic charge are simply the perturbative local
operators V built from the fundamental fields; since magnetic charge is additive, the
full, non-perturbative algebra furnishes a module for this perturbative subalgebra. By
construction, this subalgebra has abelian currents J,, a = 1,...,r that generate the action
of the T flavor symmetry on the boundary. The statement this flavor symmetry has an
anomaly k translates to the OPEs

Kab

Ja(Z)Jb(w) ~ m

(2.10)

The OPEs of these currents with a perturbative local operator O built from the matter
fields simply measures it charge g, under 7

Ja(2)O(w) ~ —2_ O(w). (2.11)

zZ—Ww

Given the OPEs with J,, we can immediately write down the result of coupling to the
gauge bundle with magnetic charge m € Z" by performing the large gauge transformation
z™. Let m® € Z denote the components of the magnetic charge. If a local operator O has
charges ¢, then it transforms as @ — z{@™ O, where (g, m) =" gom? is the natural pairing
of the weight ¢ € Hom(7,C*) and cocharacter m € Hom(C*,T'). The currents J,, on the

RgpMm
z

transforms as a connection. Indeed, this is no mistake: the current J, can be identified

other hand, transform as J, — J, — ; if Kgqp is non-degenerate, one could say that KW@ Jy
with the boundary value of the field B, appearing in section 2.1, which itself is identified
with component A% of the gauge field as B, = kAL,

It is important to note that the transformations just described are automorphisms oy,
of the (mode algebra of the) perturbative subalgebra known as spectral flow automorphisms;
for every abelian current J, there is a lattice of such automorphisms. More generally, if B
is an abelian current, then there is a family of automorphism of its mode algebra that sends
B — B+ %; if this is a current subalgebra of a larger vertex algebra V), it need not lift
to an automorphism of all of V, cf. section 2.4 of [34]. For example, if O € V is a current

9Strictly speaking, this is the OPE of J, with a so-called primary operator. A general operator can be
realized as a (linear combination of) derivatives of primary operators.
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algebra primary of weight ¢ then we need A\q € Z. The inverse of oy, is simply o_y. Given
the automorphism oy, and a module M, we can construct a new module o,,(M ), called the
spectral flow of M, by pre-composing with the automorphism: the action of an operator O
on the module o,,(M) is given by the action of o_n(O) on M:

Oow(|1)) = ou(o-n(O) 1)) (2.12)

In the present situation, we are interested in the spectral flows of the vacuum module V; we
claim that, as a module for the perturbative algebra V, the full, non-perturbative algebra
of local operators is simply the direct sum over all such spectral flows: @ ez om(V). It is
worth noting that the notion of spectral flow and spectral flow modules is totally independent
of the presence of a 3d bulk; for example, (the symmetry algebra of) a 2d free boson ¢(z, %)
has spectral flow automorphisms and the resulting modules are generated by the usual
vertex operators :e¥:. When a vertex algebra V with spectral flow automorphisms o,, is
realized as the boundary vertex algebra for a 3d TQFT, the spectral flows of the vacuum
o, (V) are identified with vortex line operators and generator of a 1-form symmetry of the
3d TQFT, cf. Physics Proposition 6.2 of loc. cit.

To illustrate how this works in practice, consider the simplest case of a single abelian
current J at level k € Z~¢ without any matter fields. The vacuum module of this current

algebra is generated by the vacuum vector |0) on which the modes J,, of J = J,z7 "1
act as
0 n>0
Jn [0) = - (2.13)
Jn0) n <0

The vacuum module V is then spanned by vectors of the form J,, ... Jy,,, [0) where n; <
... <np < 0. The spectral flow automorphism oy, takes the form o (J)(2) = J(z) — “2*
and is simply a shift in the zero mode Jy. This implies that the spectral flow of the vacuum
module o, (V) is generated by the spectral flow of the vacuum vector oy (|0)), on which the
modes act as

0 n>0
Jnow(l0)) = om(0—m(Jn) [0) = { kmaw(]0)) n=0 (2.14)
om(Jn|0)) n <O

The spectral flow of the vacuum vector oy (]|0)) corresponds to an operator V,(0), the
boundary monopole of magnetic charge m; this action of the modes J, corresponds to

the OPE
Km

Vi (w). (2.15)

J(2) Vi (w) ~

y —
As claimed above, the effect of a non-trivial level k is to give the magnetically charged
operator Vi, (w) a non-trivial electric charge km.

The above analysis readily generalizes to more interesting examples. That said, it
is important to note that the precise OPEs of the boundary monopole operators is not
encoded in the action of the perturbative algebra on the sectors of non-trivial magnetic
charge. It is believed that the spectral flow morphisms o, are compatible with the fusion
of modules for the perturbative algebra V; given two modules M7, M> it is expected that
Omy (M1) X 0y (M2) >~ Oy +my (M1 X Ma). In particular, since V x V =V, the fusion of the
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modules oy, (V') respects the grading by magnetic charge m. The direct sum over the o (V)
is thus a simple current extension of the perturbative algebra V.

In practice, the precise OPEs of the fields in oy, (V) and o, (V) are determined by a
free-field realization of V. In the above example of the abelian current J, we can realize it as
J = 0y for a chiral boson ¢(z); the boundary monopole operators Viz(z) are then identified
with the vertex operators :e™?:. The full, non-perturbative algebra in this example is
thus identified with a lattice VOA. See e.g. [34-36] for examples of how this process can
be implemented in more interesting examples; the work [35] studies the algebra of local
operators on a Dirichlet boundary condition in the (topological) B-twist of 3d ' = 4 SQED,
whereas the more recent [34, 36] apply these same techniques to study yet more involved
abelian N' = 4 gauge theories. The much earlier work [37] studies related simple current
extensions from a purely VOA perspective.

Before moving on, we note that the sorts of simple current extensions that arise from
spectral flows of the vacuum module have an important physical role to play. General
aspects of these simple current extensions were described in [38, 39], which we now sketch.
For starters, given any module M of the perturbative algebra we can consider the direct sum
@D om(M). Importantly, not all @,, om(M) will yield a module for the full non-perturbative
algebra: the OPE of a monopole of magnetic charge m and a weight ¢ operator O takes

the form
VO ~ (z —w)™on(0) + ... (2.16)

To ensure we get an honest module for the simple current extension, rather than a twisted
module, requires the exponent gm must be integral for all m, i.e. ¢ is integral. In particular,

1. boundary monopoles will disallow the modules M that do not have integral weights

Moreover, given a perturbative module M that induces a module for the non-perturbative
algebra, the map M — @, om(M) is not injective: the modules M and oy (M) will
both yield the same non-perturbative module. If we wish to describe modules for the
non-perturbative algebra in terms of modules for the perturbative algebra, we see that

2. boundary monopoles identify perturbative modules that differ by spectral flow

One often phrases this phenomenon physically as “Wilson line are being screened by gauge
vortex lines.”

To make this more explicit, consider again the case of U(1); Chern-Simons theory. The
perturbative algebra is simply a Heisenberg algebra at level k; the full non-perturbative
algebra obtained by extending by spectral flows of the vacuum can be identified with the
lattice VOA based on vkZ. There is a Fock module F, for the perturbative Heisenberg
algebra for each infinitesimal weight ¢ € C, viewed as a Wilson line for a representation
of weight ¢; spectral flow acts by shifting the weight ow(F;) = Fy4m. A straightforward
computation shows that @ o (Fy) defines a module for the lattice VOA so long as ¢ € Z,
i.e. we can only consider Wilson lines of integer charge. Finally, since F, and Fj{;n induce
the same module for the lattice VOA, we see that gauge vortex lines screen Wilson lines
with charge a multiple of k, i.e. that modules for the lattice VOA are labeled by integers
mod k.
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2.2.2 Boundary monopoles in non-abelian gauge theories

Perhaps unsurprisingly, boundary monopoles in non-abelian gauge theories are notably more
difficult than the case of abelian gauge theories. This increase in difficulty is directly tied to
the non-trivial geometry and topology of the affine Grassmannian for non-abelian groups.

Even in the case of a lone current algebra, i.e. in the absence of the matter VOA V), the
story of boundary monopoles is not well understood. To illustrate the difficulty, consider
for simplicity SU(2) Chern-Simons theory at level k, a positive integer. Perturbatively, the
algebra of boundary local operators on the above Dirichlet boundary condition is generated
by three holomorphic currents Jy, Jg, Jr (labeled by the three Chevalley generators of
s[(2) denoted by H, E, F'), with singular OPEs

#WNAMNQ?bz @@MW%%%QV ﬁﬁ? (2.17)
2.17
et~ 22t~ 20

On the other hand, the full, non-perturbative boundary algebra is expected to be a
WZW current algebra [25, 26]; this is a simple VOA obtained by removing singular
vectors, essentially : Jg"t!: and its descendants, from the perturbative current algebra. We
immediately see a dramatic difference from the abelian setting: the full, non-perturbative
algebra is a quotient of the perturbative algebra, rather than the simple-current extension
appearing in the abelian setting. More generally, when the gauge group G isn’t simply
connected, the non-perturbative algebra is an extension of the simple quotient by simple
currents furnishing the fundamental group m(G) — the simple-current extension is thus
graded by the (abelian) group 71 (G) capturing the decomposition into sectors of a given
monopole number.

With this said, we note that there are still spectral flow automorphisms o, which can
be thought of as considering perturbations around the holomorphic SL(2) bundle with
transition function z(™~™): equivalently, we can think of this as performing a large gauge
transformation on the perturbative algebra by the diagonal matrix

9(z) = (Zm ! ) (2.18)

0 z7™
We again identify the J, with the boundary values of the gauge fields A? via J, = kK, AY,
where K, = Tr(t,tp) is the Killing form. Thus, the currents transform as

Tn(2) = on(Ju(2)) = Ju(z) — 2“7‘“

Je(2) = on(JE(2)) = 22" Jg(2) (2.19)
Jp(2) = on(Jr(2)) = 22 Jp(2).

We note that there is a square root oy, of the spectral flow automorphism oy. This square
root should be thought of as performing a large gauge transformation by the diagonal
matrix z(19 ~ 2= in a related SO(3) = PSU(2) gauge theory.
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Although we will not address the full problem here, we note that there are hints
that it is possible to connect the two perspectives: it should be possible to extend the
perturbative subalgebra by modules &, labeled by cocharacters m together with a differential
encoding the geometry of the affine Grassmannian Grg. The modules &, should be thought
of as contributions from the torus fixed points on Grg (the torus action arising from
left multiplication on Gx) with the differential encoding how these fixed points fit into
honest homology classes. We are unaware of a description of the &y, but mention that
the spectral flows of the vacuum are likely submodules thereof: the index computations
of [25, section 7.1] illustrate that, upon analytic continuation, the characters of the full
non-perturbative algebra can be matched with the direct sum of these spectral flows.

The fact that they only match after analytic continuation is an indication that the
spectral flow modules are extended by modules whose characters vanish upon analytic
continuation. For a simple illustration of this fact, consider the algebra C[X] of polynomials
in a bosonic variable X and the module M, = X™C[X]. If we count powers of X with a
fugacity ¢, the character of M, is simply

X(Mp) = i gt (2.20)
=0

So long as |g| < 1 this character converges to the rational function ¢™/(1 — g); upon analytic
continuation to |¢| > 1 and then expansion as a series in powers of ¢ yields —1 times the
character of the quotient module C(X)/My:

X(Mm) \q|:<1 1qm anal&cont. —C]mill |q\:>1
—q l—q

—iqul’i = —X(C(X)/Mn) (2.21)
=0

Of course, the modules My, and C(X)/M,, are very different, but they fit into the following
exact sequence of C[X]-modules:

0— My — C(X) = C(X)/Myu — 0 (2.22)

In particular, we see that the module My, is a submodule of a resolution 0 — My — C(X)
of the module C(X)/My, obtained by analytically continuing its character; the character of
C(X) is the formal delta function 6(q) = 3",z ¢* and vanishes upon analytic continuation
to |g| > 1.

Translating this lesson to the case of interest, we arrive at the expectation that the
spectral flows of the vacuum oy (V) are themselves submodules of the &, used to resolve
the non-perturbative algebra. Even though the 0y (V) do not constitute the entirety of the
non-perturbative algebra outside of abelian gauge theories, they are still an important part
to understand.

3 Twistorial monopole operators

We now apply the above analysis to the 3d theories arising from compactifying holomorphic
BF theory on twistor space PT as described in [6]. See appendix A for our twistorial
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conventions. We will be principally interested in the effect of non-perturbative monopole
operator insertions on the 3d boundary chiral algebra. We remind the reader that precisely
this chiral algebra is the asymptotic symmetry algebra of (conformally) soft modes [1],
supported on the celestial sphere at asymptotic null infinity from the perspective of the 4d
BF theory [6].

3.1 Self-dual gauge theory from PT

We start with a brief reminder of the realization of self-dual 4d gauge theory in terms of
a holomorphic field theory on PT; we mostly follow [6]. Our goal for this subsection is
to relate these self-dual gauge theories to 3d theories reminiscent of the twisted theories
described in section 2.1 whereby the celestial chiral algebras of asymptotic symmetries are
realized as boundary chiral algebras of the 3d theory, cf. section 6 of loc. cit.

Consider self-dual gauge theory with gauge Lie algebra g. This is the 4d theory of a
gauge field A € Q'(R*, g) and self-dual 2-form B € Q?(R?*, g*)_ with a BF action:

Siq = /R BF(A)_ (3.1)

where F(A)_ is the anti self-dual part of the curvature F'(A). The Penrose-Ward correspon-
dence relates this self-dual gauge theory to a 6d field theory on twistor space PT; the fields
of the 6d theory include a (0,1) gauge field A € QO (PT, g) together with a (3,1)-form
field B € QGD(PT, g*) with a holomorphic BF action given by

Sﬁd :/ BF(O’Q)(.A) (3.2)
PT

where F(02)(A) = A+ A% is the (0,2) part of the curvature of .A. When formulated in the
BV formalism, we can account for the anti-fields, ghosts, and anti-ghosts by extending A
and B to QO*)(PT, g)[1] and QG*)(PT, g*)[1], respectively. We denote the extended fields
by the same characters and use the convention that integration is only non-vanishing on
top forms; with this choice, the BV action takes the same functional form as above.

3.1.1 Anomaly on PT

It is important to note that the above 6d holomorphic theories suffer from perturbative
anomalies [10, 11]. These anomalies do not say that the 4d self-dual gauge theory is
ill-defined. Rather, they imply the Penrose-Ward correspondence fails to hold quantum
mechanically. Consequently, we should not expect the 3d theory obtained by reduction from
6d to describe the corresponding 4d self-dual gauge theory beyond tree-level computations.

As shown in [10], it is possible to remedy this anomaly via a Green-Schwarz-like
mechanism for certain special choices of gauge Lie algebra g. In particular, when the
gauge Lie algebra is sl(2), s[(3), so(8), or an exceptional algebra one can introduce a
Kodera-Spencer-like field (and its BV partners) n € Q3 (PT) satisfying dn = 0 with full
6d action

_ A
Sed = / BFOD(A) + 1ano—ln+ — 20 Tr(A9A 3.3
6d - ( )+2 n 77+4(27rz)3/2\/§77 I‘( ) ( )
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where )\ is a g-dependent constant.!” From the 4d perspective, the new field 1 introduces
an axionic field with a quartic kinetic term. Since a majority of our computations are at tree-
level, we will mostly ignore the contributions from this axionic field — the classical theory
with the Kodera-Spencer field is inconsistent, as the 1-loop anomaly of the holomorphic BF
theory is canceled by a tree-level anomaly involving 7.

3.1.2 Reduction to 3d

In order to connect the above 4d and 6d theories to the discussion of section 2, we consider
a radial slicing on R*\{0} and compactify the 6d theory on PT\P! ~ R*\{0} x P! along
the radial S? slices. The resulting 3d theory on R~ x P! remains holomorphic on P! and
becomes topological along R+; the Kaluza-Klein modes along the S® organize themselves
into representations of the SU(2) isometry of S2. The field content of this mixed holomorphic-
topological 3d theory can be determined in many ways, see section 6 of [6] for a slightly
different approach to the one presented below. Our approach will be to mimic the algebraic
reduction outlined in [40] in the context of higher-dimensional Kac-Moody algebras; the
recent paper [41] of Zeng describes how this reduction can be done in a smooth, rather
than algebraic setting; as usual, the algebraic classes are dense in the smooth classes, cf.
appendix B of loc. cit. We use the notation of section 2.1.

We start by (locally) placing the theory on the open set C x (C2\{0}) c C3. The
ring of functions, i.e. the cohomology of the structure sheaf, on this open set has support
in nonzero cohomological degree, reflecting the fact that C*\{0} is not affine. Indeed, a
standard computation shows that

degree 0 degree 1
CICH\{0}] =~ C[v?] @ (v'v?)~'C[(v*) 7] (3-4)

The fact that the degree 0 part of this ring of functions agrees with the ring on functions
on all of C? is a manifestation of Hartog’s Lemma that states any holomorphic function on
C™\{0} extends to a holomorphic function on C", so long as n > 1. Note that the degree
1 subspace can be identified with the dual space to the degree 0 part using the residue
pairing. When we reduce to 3d by compactifying around the S2 inside C2\{0} ~ R+¢ x S3,
each of these cohomology classes will produce a 3d field. For example, the gauge field A
reduces to two towers of fields:

A ~ Almy,ms] and ®[mq, mo] (3.5)

where m1, mg > 0; the 3d fermionic field A[mq,ms] corresponds to the coefficient of the
degree 0 cohomology class (v!')™ (v2)m2 and the 3d bosonic field ®[m1,ms] corresponds to
the degree 1 cohomology class (v!)=(1+m1)(y2)=(1+m2)  Importantly, these fields inherit a

OExplicitly, the constant Ag satisfies
Tr(X?) = Aotr(X?)?

for Tr the trace in the adjoint representation and tr is the trace in the fundamental representation. The
existence of a non-zero solution implies the above restriction on the gauge Lie algebra g.
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non-trivial 3d spin from the fact that the coordinates v transform a sections of O(1) — P!,

. m
i.e. the coordinate v® has 3d spin % Correspondingly, A[m] € 0

mi+m
% and ®[m] € Q-1 ®g has spin —1— w In a similar fashion, B produces
towers B[], A[mi] (spins 1 — 2132 and 2 4 ™3™M2) The KK modes with fixed my + mo
transform in the spin W representation of the SU(2) rotating the S® slices.

mo )
2 ® g has spin

Passing the action Sgq through this compactification, we arrive at a theory of the
form described in section 2.1, albeit with an infinite number of fields coming from the KK
modes. In order to write it down concisely, it is convenient to collect the KK modes into
generating functions

AWY) = 3 @)ME)AL] @) = Y @) M) T el (3.6)

and similarly for the towers coming from B, cf. eq. (6.2.3) of [6]. With this notation, we
can write the action of the 3d theory in a remarkably compact form:

/j{ 27i j{ 27 ( F(A@0Y) + A7) di&(vd)q)(”d» (3.7)

where we view A(v%) as a partial connection for the infinite-dimensional Lie algebra
g[v®], with covariant exterior derivative dk(vd) and curvature F'(A(v%)). In terms of the
component fields, this action takes the following form:

S3q = Z /B mg,ml]dA [ml,mg]—l—A [mg,ml]di’ [ml,mQ]

mi,m2

£ fuBema+nomy 4 A mal A ] (3)

mi,mz2,n1,n2

+ Y Feap®®[ma + na, my1 + n1]A%my, ma)Ac[na, na

mi,m2,n1,n2
3.1.3 The celestial chiral algebra as a boundary chiral algebra

With this reduction from 6d to 3d, it is a straightforward task to realize the celestial chiral
algebra of asymptotic symmetries as a boundary chiral algebra for the above 3d theory
using the tools outlined in section 2. This phenomenon is quite general: the work [6] says
that the celestial chiral algebra of asymptotic symmetries of any twistorial theory can be
realized as the boundary chiral algebra of a suitable 3d mixed holomorphic-topological
theory. The celestial chiral algebra controlling (tree-level) scattering amplitudes is realized
by imposing Dirichlet boundary conditions on the gluon “vector multiplets” (A,B) and
imposing Neumann boundary conditions on gluon “chiral multiplets” (®,A). In analogy
with [26, section 7.1], the perturbative algebra of local operators is generated by the boundary
values of the bosons B[], ®[m]. We denote B, ¢ by J,J to match the notation of [6]. Tt
is convenient to reorganize the perturbative local operators as follows: for f € C[v“], we
denote by J[f] the pairing of the currents {J[/7]}, which are valued in C[v®]*, with f:

F= 3 frm @)™ @)™~ Jf) = 3 foymJma,mo] (3.9)

m1,mz2>0 m1,m2>0
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and similarly for J. The generating functions J[\] used in [6, 7] correspond to f = ewAav®

With this notation, the non-trivial OPEs of these generators take the following form:

c b T
T pinsle) AP ~ LT )
(3.10)

The OPEs with J,[f] are particularly important: they encode the action of infinitesimal,

Jalf1](2) D[ fo) (w) ~

holomorphic (bosonic) gauge transformations.!! Recall that the Lie algebra of constant
(from the 3d perspective), infinitesimal gauge transformations is the ring of holomorphic
maps from C?\{0} to g, whose bosonic subalgebra is simply g[v]. The group of constant,
finite gauge transformations is simply the group G = G[v?] of series-valued group elements.
With this, it is straightforward to verify that the infinitesimal action of gauge transformations
is captured by the simple poles in the above OPEs.

This can be straightforwardly generalized to holomorphic (from the 3d perspective)
bosonic gauge transformations: the Lie algebra of infinitesimal, holomorphic gauge transfor-
mations can be identified with go = g[z;v%] and the group of finite, holomorphic gauge
transformations is the group of invertible series Go = G[z;v%]. As with constant gauge
transformations, the above OPEs are invariant under the action of holomorphic gauge
transformations.

3.1.4 Wilson line modules from Koszul duality

We can engineer modules for the (celestial) chiral algebras by introducing additional defects
transverse to the chiral algebra plane, as suggested in section 5.3 of [6]. In that work

it was noted that a holomorphic Wilson defect of the form |, A supported on a

1—Avg=—c¢€
noncompact surface of the form v — Avy+e€ = 0 sources a state on twistor space of conformal
1
Z=20 v1+Avate”
conformal dimension are anticipated to be related to Goldstone modes conjugate to the

dimension 1'? of the form dz§ (More generally, operators of positive integral
conformally soft tower and have been discussed from a 4d perspective in e.g. [42, 43]). In
this subsection, we will study a closely related family of modules arising from holomorphic
Wilson lines. These differ from the Wilson “defects” of [6] because of the presence of a
nontrivial integral kernel, which is essential for constructing a partial connection on a
complex manifold like twistor space (see, e.g. [44-46] for more details on the construction
of holomorphic Wilson lines and Wilson loops in twistor space).

We will derive the action of the chiral algebra elements on modules corresponding to
6d holomorphic Wilson lines using the technique of Koszul duality; for related analyses of
modules by way of Koszul duality,'? see e.g. [47-49]. Here, we will describe the modules
realized by Wilson lines from both 3d and 6d realizations of these chiral algebras; in brief,

"1t is worth noting that the current J is not a current for gauge transformations. There is no analog
of J for the remaining (fermionic) gauge transformations — the corresponding gauge fields A were given
Neumann bonudary conditions.

12This can be easily verified by acting with the generators of the Virasoro algebra represented as vector
fields on twistor space, e.g. Lo = —z0, — %viavi.

13For the Wilson defects of [6], we need to instead use curved Koszul duality [14].
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6d (holomorphic) Wilson lines will reduce to 3d Wilson lines, with the representation of
g[v?] in 3d encoding both the 6d representation and the support of the Wilson line.!*

We will warm up with the 3d Wilson line computation and then generalize to the
case of modules arising from a 6d holomorphic Wilson line. Consider a Wilson line
intersecting/ending on a universal holomorphic defect in one of the 3d mixed holomorphic-
topological gauge theories described in section 2. Focusing on the gauge fields, the universal
holomorphic defect has local operators J,(z) and J%(z) coupling to the bulk fields A, B as

/JaAa + JB,. (3.11)
We then consider a local operator M* on the holomorphic defect that is also attached to a

Wilson line Wx extended in the topological direction.'® Requiring this configuration to be
gauge invariant then constrains the OPEs of .J, J® with the local operator M%:

0=@Q

(1+ / (Ja(z)A“(z,z,O)+j“(z)Ba(z,z,0))—i—...)
zF£w

x (1 + /Aa(w,w, )pa+ - .)MR(W)]
0

X

z

/(Ja(z)(aA“—i—...)+f“(z)(8Ba+...))—i—...)MR(w)
#w (3.12)

[e.o]

+< (tha_'_...)pa—f—...)MR(UJ)
/

where p, are the representation matrices for the g action on the representation R; we used
integration-by-parts and Stokes’ theorem in the last equality. We see that the OPE of
Ja, J* and MP take the following form:
Jo(2) M (w) ~ LMR(w) j“(z)MR(w) ~ 0. (3.13)
z—w
Namely, M% is necessarily a primary operator for the g current algebra generated by .J,
that has non-singular OPEs with J.

We now turn to the 6d analogue of this computation. There are two important
differences. First, unlike the above example, there is a non-trivial choice of support for the

1We thank A. Sharma for informing us that these modules have also been studied independently by

A. Sharma, E. Casali, and W. Bu in work to appear.
15We could similarly consider a local operator in the defect plane connecting two Wilson lines, one on
either side of the defect plane; we will only consider the case where one of the two Wilson lines is trivial.
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6d Wilson line: along with the location w on the chiral algebra plane, we must choose a
holomorphic curve in the transverse C2. Additionally, we must include a tower of junction
local operators that couple to the fluctuations of the Wilson line in the directions mutually
transverse to the chiral algebra plane and the defect. For simplicity, consider placing the
Wilson line along the vl plane at v? = 0. The coupling between the junction local operators
and the Wilson line is then given by

> " DoyWrMEn] = ME[0] + 3 /

n>0

dot

2mivl

D(Om)Aa,oaMR[n] +... (3.14)

1
m1!lms!

wedge the gauge field with an appropriate meromorphic differential, which results in a

where Dy, ) = 9{"19;". Notice that to define a holomorphic Wilson line we must
nontrivial integral kernel depending on the support of the Wilson line.

We can derive the module structure by imposing gauge invariance of this coupling
together with the universal defect coupling

3 / T[] DAY + JO[i7] Dy Ba. (3.15)
mi,m2
Due to the similarity to the above computation, we simply state the result: the non-trivial
OPEs are given by
Jo[m] (2) M [n)(w) ~ %MR[TL + ma](w) Jm) (z) M E[n](w) ~ 0. (3.16)
We see that the tower of operators M*[n] can be identified with primary operators for
the g[v%] currents Ju[m1, ms] induced by the representation R[v%]/(v!). More generally, if
we place the Wilson line along the curve vl — M? = 0 we find the module induced from
R[v¥]/(Av! —v%). We will denote the more general module elements ME*[n]; the parameter
A naturally lives on the Riemann sphere P! with the above case corresponding to A = oo.
In terms of the notation introduced above, we can write this action as follows:

T M ARl w) ~ LM ) FUEM P plw) ~0, (37)
where p € C[v®]/(A! — v2) and fp denotes the natural action of f € C[v%] on p €
Cv?]/ ()\vi —UQ). As mentioned above, we arrive at the conclusion that these 6d holomorphic
Wilson lines reduce to Wilson lines in the 3d theory obtained by reduction on S3.

Before moving on, we note the quantum numbers of the operators M®*[n]. For starters,
the local operator M*[n](w) has spin —% and scaling dimension —n; this follows from the
spin and scaling dimension of the J,[m] together with the fact that the Wilson line is
rotation invariant. The action of the SU(2) rotating the v® as a doublet does not preserve
these modules; geometrically, this is because the locus vl — A2 = 0 isn’t invariant. Instead,
this SU(2) rotates these modules into one another via its natural action on P!. The module
at A = 0o (resp. A = 0) is compatible with the diagonal torus that rotates J,[rm], J[m)]
with weight 3(mq — ms), with M°°[n] (resp. M®[n]) given weight —n (resp. n). The
modules associated to other points of P! also admit a grading coming from the U(1) C SU(2)
stabilizing X, but the operators J,[r], J%[/] will no longer be weight vectors.
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3.2 Celestial monopole operators

In this subsection, we will describe non-perturbative corrections to the celestial chiral
algebra. From the perspective of the above 3d theory, we find such corrections arise from
boundary monopole operators. To simplify the discussion, and to avoid the difficulties of
non-abelian monopoles described in section 2, we will restrict our attention to self-dual
abelian gauge theory; to make it somewhat more interesting, we introduce electron and
positron fields to realize a self-dual version of QED.

As a holomorphic theory on twistor space, the field content of self-dual QED consists of
the gauge fields A € QOD(PT) and B € QO (PT, O(—4)) ~ QGD(PT) (the components
of each are bosonic) as well as the “electron” X € QOD(PT, O(-1)),Y € QOV(PT, O(-3))
and “positron” X € QOD(PT, O(-1)),Y € QOD(PT,O(-3)). The action for the theory
takes the particularly simple form

Seq = /BEA +VOUX +Y 04X, (3.18)

It is important to note that this theory suffers from the above anomaly and, moreover, this
anomaly cannot be cured by a Green-Schwarz mechanism as in the case of the non-abelian
gauge theories studied in [6, 7]. In particular, we should only expect our non-perturbative
boundary chiral algebra to reproduce tree-level results.

3.2.1 Reduction to 3d and the celestial chiral algebra

The reduction of the 6d gauge fields A, B to 3d is the same as in pure self-dual gauge
theory. The electron fields produce four towers: the fields arising from ) will be denoted
W(my,ma], Y[mi, mo] (spins 1="4="2 and 3tmtm2) and the fields arising from X will
be denoted II[m1,ma], X[m1,mo] (spins —IH4M2 ang LEmitma)  The decomposition of
the positron is identical. The fields ¥, II, ¥ IT are fermionic and the fields X,Y,X,Y

are bosonic. The 6d action in eq. (3.18) reduces to the following action (we suppress the

dependence on v?%):

sgd_/y(Q 742 <Bd'A+Ad'<1>+\pdgx+nde+xpdgx+ndey>
’/TZ 7TZ

+/7{2mf2m( YX_YX))

The generalization of the above boundary conditions corresponds to imposing Dirichlet

(3.19)

boundary conditions on the photon “vector multiplets” (A, B) and the electron/positron
“chiral multiplets” (X, ¥), (Y,II), (X, ¥), (Y,II) while imposing Neumann boundary
conditions on photon “chiral multiplets” (®,A). In analogy with [26, section 7.1], the
perturbative algebra of local operators is generated by the boundary values of the bosons
B[m], ¢[m] (corresponding to positive/negative helicity gluons) and the fermions W[mi],
O[], ®[m], T[] (corresponding to positive/negative helicity electrons and positrons). As
before, we denote B, ¢ by J, J to match the notation of [6]. Using the notation described
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| J|J| v |o| v | T
glolol—-1]1]1]=1
galolo|—1|1]-1]1
alo|1| 1]0| 1] o0

Table 2. Electric charge (g), axial charge (ga), and auxiliary grading (a) of the generators of
perturbative celestial chiral algebra for tree-level self-dual QED.

in the previous section, the non-trivial OPEs of these generators take the following form:

TAIEUILIw) ~ ——Wlfiflw) TR L) ~ Tl
TRIEAIw) ~ ——TlAflw) IR ~ T flw) (320
MAEURIw) ~ —— Tl fl)  BLAIETILw) ~ —— Tkl w)

The Lie algebra of constant (from the 3d perspective), infinitesimal (bosonic) gauge

transformations is simply g = C[v%]. The group of constant, finite gauge transformations
is simply the group of invertible series G = C[v*]*, where the group structure comes from
multiplication of series; a series g(v®) € C[v?] is invertible if and only if g(0) # 0. With
this, it is straightforward to verify that the action of the constant gauge transformations
g(v¥) € G is

g-JIf) = Jf] g-JIf1 = JIf)
g-9[f] =Yg f] g-Y[f]=Tgf] (3.21)
g-1[f] =g f] g -T[f]=Tlg~'f]

The Lie algebra of holomorphic, infinitesimal gauge transformations can similarly be
identified with go = C[z;v%] and the group of holomorphic, finite gauge transformations is
the group of invertible series Go = C[z;v%]*. As before, a series g(z;v%) is invertible if
it is non-vanishing at z = v® = 0. The action of this holomorphic gauge transformation
follows from the above. For example, the action on II[f] takes the following form:

9(zv%) = gn(v)2" ~ g L[f] = 3 2"[gn f] (3.22)

n>0 n>0

As with constant gauge transformations, the above OPEs are invariant under the action of
holomorphic gauge transformations.

We note that this tree-level chiral algebra has two gradings beyond spin and electric
charge ¢: there is the axial charge ¢4 and the auxiliary Z grading a of BF-like theories that
scales the cotangent directions with weight 1 (this is the “number of Js” grading used in [6,
Lemma 9.0.1]). Note that the latter grading does not survive the deformation away from
self-dual gauge theory.

3.2.2 Celestial spectral flow in self-dual QED

We now move to non-perturbative operators in the celestial chiral algebra. From the
perspective of this chiral algebra as living on the boundary of a 3d theory, these non-
perturbative corrections will correspond to boundary monopole operators.
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As mentioned above, the group of holomorphic gauge transformations in our 3d incar-
nation of self-dual Maxwell theory is the group of invertible series in the three coordinates
z,v*. From the perspective of the celestial chiral algebra, these holomorphic gauge trans-
formations preserve the vacuum module. That said, the algebra of modes is invariant
under a larger symmetry group: the group of meromorphic (from the 3d perspective) gauge
transformations Gx = C((2))[v®]*; such a Laurent series g(z;v%) is invertible so long as
the coefficient of the lowest power of z is an invertible series in v®.

The quotient of the group of meromorphic gauge transformations by the group of
holomorphic gauge transformations is the affine Grassmannian Grg = G /Gpo. It is fairly
straightforward to see that the (closed points of the) affine Grassmannian for G = C[v%]*
can be identified with Z: let g(z;v%) € G be any meromorphic gauge transformation and
let mg by the smallest power of z with a non-vanishing (and necessarily invertible) coefficient.
It follows that g(z;v%) and 2™ differ by the holomorphic gauge transformation ¢’ = 2~™0g
and, moreover, there are no non-trivial elements in G» that preserve z™°, whence the
quotient is Z.

In analogy with the discussion in section 2.2, the point z™ in the affine Grassmannian
Grg gives a spectral flow operation o,. The action of this spectral flow is realized by
applying the meromorphic gauge transformation z™:

om(J[f]) = JI/] om(J[f]) = J[/]
om(V[f]) = 27 0[f] om(¥[f]) = 2" V(] (3.23)
ow(I[f]) = z"11[f] om(I[f]) = 2 "1I[f]

We will denote the local operator arising from spectral flow of the vacuum vector by Vi;
the integer m encodes the 3d magnetic charge/monopole number of the monopole. We
take as our ansatz that the full, non-perturbative chiral algebra is realized by extending
the perturbative celestial chiral algebra by these modules. Once we extend the celestial
chiral algebra by these generators, we gain another Z grading by 3d magnetic charge m; the
perturbative chiral algebra corrresponds to the subalgebra of charge 0.

We expect these boundary monopoles to serve two roles in the same way as outlined in
section 2.2.1. First, they should enforce the quantization of electric charge: modules for the
full, non-perturbative celestial chiral algebra must have integral electric charges, whereas the
perturbative analysis described in section 3.1.4 allows Wilson lines with arbitrary complex
charge. At the level of OPEs, we find

Vaa2) MO p] () ~ (2 — w) ™0 (M [p](w)) + ... (3.24)

whence gm must be integral. Second, these celestial monopoles will identify modules for the
perturbative algebra that differ from one another by spectral flow. We note that because the
abelian currents in the celestial chiral algebra have vanishing level the boundary monopoles
have vanishing electric charge and therefore do not identify modules with different electric
charges as in 3d Chern-Simons theories.
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3.2.3 4d interpretation

We attempt to understand the interpretation of the 4d states corresponding to these spectral
flow modules by way of the 6d bridge established in [6]. We start by noting that the states
in the mth spectral flow of the vacuum are in 1-to-1 correspondence with the states in the
vacuum module, but their spins are shifted: for example, we saw o (V[f]) = 27 ™¥[f] and
so the spin of this field, and hence its modes ¥[m;, ma], and the states they generate, are
shifted by m — the field ¥[m, mg] has spin 1*””%’”2 whereas its mth spectral flow has spin
m+ H”%m The quantum numbers mq, meo are unchanged — our spectral flow morphisms
only alter the quantum numbers for the half of the 4d spin group Spin(4) ~ SU(2) x SU(2)
rotating the twistor sphere.

Importantly, we see that the resulting states are precisely those arising from reducing
a 6d field o ()) valued in O(—2m — 3), corresponding to a massless 4d field of helicity
—% — m. More generally, spectral flow will take a 6d field Z valued in O(2h — 2) with
electric charge ¢ to another 6d field o, (Z) valued in O(2h — 2 4 2gm). Thus, the states in
the mth spectral flow module can be identified with states resulting from perturbing around
the holomorphic gauge bundle O(2m) — PT in 6d.'® Coupling to this bundle results in an
apparent shift in helicity h — h + qm.

The shift in helicity due to the presence of a non-trivial gauge bundle is a familiar
phenomenon: this is exactly the shift in angular momentum experienced by a electrically
charged particle in the presence of a magnetic monopole [50-52]! Somewhat more precisely,
one should say that a 2-particle state of an electrically charged particle and a magnetically
charged particle has a non-trivial “pairwise helicity.” We understand this as follows, see,
e.g., [51, section 2] for a detailed discussion of these notions.'” If we boost to the center of
momentum frame, or any frame where the momenta of the particles point towards antipodal
points on the celestial sphere, it is easy to see that any such configuration is preserved by
an SO(2) little group rotating a transverse plane; 2-particle states are thus labeled by a
pair of 1-particle data as well as an additional quantum number describing its possible
transformations under this “pairwise little group.” Namely, under such a rotation by angle
¢, a general 2-particle state acquires a phase eilsits2thi2)é where s; are the spins/helicities
of the two particles and his is the aforementioned pairwise helicity. The case of his = 0

describes the direct product of two 1-particle states. More generally, if particle 1 has electric

\

charge q € Ayeight and particle 2 has magnetic charge m € Aweight,

hi2 = $(m, q).
In the present setting, we interpret the insertion point of the operator V4, as a point

then one finds exactly

on the celestial sphere; placing a another operator of electric charge g at z, we see that
the shift in spin by gm precisely accounts for the expected additional phase accrued when
rotating the celestial sphere. Curiously, the natural spectral flows o, appear to realize
even magnetic charges, corresponding to the fact that they realize a coupling to O(2m).
There are spectral flow morphisms for the remaining magnetic charges, corresponding to

16Rather, we perturb around the principal C* bundle Pay for which ((2m) is the line bundle associated
to the charge 1 representation O(2m) = P X¢x C.

17This reference uses a convention where the pairing of electric and magnetic charges is half-integral, i.e.
our charge m is twice their charge g.
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coupling to the bundles O(2m + 1), but these lead to twisted modules, cf. the spectral flow
maps exchanging Ramond and Neveu-Schwarz sectors in 2d superconformal theories, and
hence cannot be used to extend the celestial chiral algebra. It would be interesting to see if
these twisted modules can be related to the twisted sectors proposed by [53] to describe
out-states in the scattering of charged particles off of heavy monopoles.

Absent this shift in helicity, the 4d interpretation of our celestial chiral algebra generators
Vi is not immediately clear. An interesting and immediate question raised by our 3d
magnetically charged operators realized by spectral flow is whether there are magnetic
analogs JV of the currents J that implement Strominger’s magnetic soft theorem [16] (or the
non-abelian extension proposed in [17]). In the case of pure abelian self-dual gauge theory,
it is clear that there can be no such operator without adding additional generators to the
chiral algebra: the operators Viy(z) corresponding to the states o (|0)) have regular OPEs
with everything. A tantalizing possibility is that there is such an operator after the inclusion
of suitable Goldstone fields that are canonically conjugate to the J’s, cf. section 3 of [54].
As seen in [55], suitable coherent states of these Goldstone fields form interesting modules in
the gravitational celestial chiral algebra realizing self-dual Kerr Taub-NUT backgrounds. In
the case of pure self-dual abelian gauge theory, there are analogous Goldstone fields S that
are canonically conjugate to the Js; the modules realized as coherent states of these fields
lead to Faddeev-Kulish dressings factors [56, 57], cf. section 3.3 of [58]; see also [59]. Our
monopoles V;, serve a complementary role where the monopole modules are coherent states
built from J, cf. 3d monopoles are vertex operators e™? for the current J = 0y, rather than
from S. As the Goldstone modes S are canonically conjugate to the J’s, there is an OPE

SI0.01(:)T10.0) ~ (3.25)
and hence
S10,0](:) V() ~ ") (3.26)

We see that the Vi, (w) are charged under the symmetry generated by Goldstone boson
S[0,0]. Such Goldstone modes'® in gauge theory generate a large gauge transformation at
null infinity, resulting in a shift of the 4d vacuum. The nontrivial action on the spectral
flow vertex operator is natural, as the Vi, should interact with the nontrivial 4d background
of QED created by the Goldstone.

Although these operators carry 3d magnetic charge, they are not the right candidates
for constructing the dual “magnetic” soft currents in 4d. As pointed out by Footnote 16
of [58], further incorporating the magnetic soft theorem seems to require a further extension
or doubling of the algebra generated by J,.S; how this could arise in a twistorial set-up is
an open question.

18 An infinite tower of such modes of positive integer conformal weight, symplectically paired with the
conformally soft modes comprising the perturbative chiral algebra, has been explored recently in [43]. There
it was shown that suitably constructed Goldstone-dressed states trivialize the full tower of conformally soft
theorems. It will be interesting if these properties can help us better understand the 4d interpretation of the
spectral flow of the 2d vacuum.
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Another perspective on our monopoles Vi, comes from reducing the 6d gauge bundles
down to 4d. If we start with the bundle O(m) — PT, we can attempt to pass it to 4d
through the correspondence between PT and (complexified) spacetime. We consider the
correspondence space F = P! x R* (or P! x C*); this space fits into a natural diagram:

PT & F 22 RY (3.27)

where 71 ([24], 2%%) = [2%%24, 24] and 7a([24], 29%) = (2%). Tt is straightforward to check
that pulling back O(m) — PT to the correspondence space F simply results in the product of
the trivial bundle on R* and the bundle O(m) — P!. Pushing forward this bundle along o is
somewhat more delicate: we to compute the pushforward along 7 : P — point of the bundle
O(m), which naively computes the space of global sections. Of course, because P! isn’t
affine, we should really consider the derived pushforward, which computes sheaf cohomology.
We conclude that the pushforward of m3O(m) along m; produces H*(P', O(m)) copies of
the trivial bundle on R*. A straightforward computation shows that this cohomology is

cmt! i=0,m>0
H'(P', O(m)) =qC =1 m<0 (3.28)
0 else

Translating this computation to the twistor correspondence, the 6d bundle O(m) on
PT becomes (a suitable symmetric power of) the positive chirality spin bundle S or its
dual Sj‘;:lg

Sym™S m>0
mx(m30(m)) = § Sym™ 1T m < -2 (3.29)
0 m=—1

The easiest way to see this is to note that sheaf cohomology of O(m) for non-negative m is
identified with degree m polynomials in z,; Serre duality says O(m) for m < —2 is the dual
of O(—m — 1); and the bundle O(—1) has no cohomology and hence reduces to a rank 0
vector bundle, i.e. the constant sheaf 0 whose fiber is the 0-dimensional vector space 0.
Our results have so far been at the level of associated bundles to the principle U(1)
bundle, and we would like to understand things directly in terms of the principle bundle.
A major difficulty in relating this bundle to a familiar 4d gauge field configuration per
the usual twistor correspondence is the fact that this gauge bundle has nonvanishing
Chern class over the twistor sphere at each point in spacetime. Sparling [60] has explored
extensions of the twistor correspondence in the non-abelian case, and where the Chern class
is nonvanishing at isolated points in spacetime, which he calls jumping points. There, he
finds singularities in the gauge field, which lead to a breaking of the Yang-Mills symmetry.2°
In such cases, Sparling shows that one can obtain solutions to the Yang-Mills equations for
symmetry subgroups of the original gauge group, plus certain on-shell massless matter fields.

19We thank L. Mason for explaining the identification with the spinor bundle to us.
20Tn our case, the configuration may therefore be singular at every point in spacetime, and it is not clear
to us whether such a solution exists or is stable.
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For instance, simple jumping loci for SU(2) result in solutions to two self-dual Maxwell
equations plus additional charged fields under the two gauge groups. It is unclear to us
how to generalize his reasoning to our situation, but we might hope that our principal
U(1) bundle emerges by a similar “symmetry breaking” phenomenon, and perhaps could be
obtained by reducing the structure group of the spin bundle to the diagonal U(1) C SU(2).

3.2.4 Self-dual monopoles

Before moving on, it important to mention that there have already been investigations into
self-dual field configurations with 4d magnetic charge. Magnetic monopoles in self-dual
abelian gauge theory cannot solely have magnetic charge: the self-duality equation implies
that there must be an accompanying electric charge so that E + iB = 0. Thus, it is
reasonable to ask for a holomorphic line bundle on (an open set of) twistor space PT that
realizes such a 4d “self-dual” monopole. Thankfully, such a line bundle is known by work of
Penrose and Sparling [61]; see also chapter 8.4 of [62] and references therein.?!

We start with a self-dual monopole with worldline along the z* a)ids. The corresponding

v

field strength can be realized by taking the twistor function ln(v2 — %); passing this twistor

function through the Penrose transform yields a field strength with self-dual part

1 iz 3
F.. == r3 r3
aB 4 z3 xl—ix?

3 73

(3.30)

where r? = (21)? + (22)? + (23)?, as desired. This twistor function admits a natural
generalization to arbitrary momentum p,s by replacing the twistor function with

fp(z,0%) =Tn ((pza - m)vd) (3.31)
z
The corresponding self-dual field strength then takes the form
(p1+ip2) (P +iz®) +(pa+ipa) (a1 +iz?) i(p122 —paat +psat—psa?)
ip? (172172—(1»3:)2)3/2 (172272—(10~ﬂﬂ)2)3/2

i(p1 22 —pox!+pzat fp4x3)

(o)

(p1—ip2) (x®—iz*)+(p3 —ips) (x! —iz?)
(0222 —(pz)2) "

This field strength is invariant under scaling p — Ap for A € R+, so it only depends on the
worldline and not the momentum, and vanishes if we choose a null momentum p? = 0.

We would like to ask how the insertion of one of these self-dual monopoles alters
the celestial chiral algebra. The twistor function f, above should be interpreted as the
logarithm of a single transition function describing an underlying line bundle £, on PT;
although we will not describe them, the line bundles £, are constructed explicitly in [61].
The construction of the bundle in [61] works twistor sphere by twistor sphere: for each
twistor sphere away from the worldline, they introduce a four-set open cover and glue them
with certain holomorphic transition functions.

21We thank A. Sharma for explaining aspects of the so-called “twistor quadrille” to us.
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Unfortunately, we do not expect the line bundle £, admits an algebro-geometric
description. Indeed, it is a (complex) line bundle over a non-complex submanifold of PT:
it is defined on the complement of R x P! in PT. Although this manifold is not complex,
it inherits a structure from the holomorphic structure on twistor space. The transition
functions of the quadrille are compatible with this inherited structure. Because of the
compatibility between the transition functions for £, and the inherited complex structure,
it is possible to define Dolbeault cohomology with values in L,,.

Reducing this 6d field configuration to 3d would involve computing tangential Cauchy-
Riemann cohomology of S3\{N, S} C PT\(R x P!) with values in £,, cf. [41]. We expect
this should introduce some sort of module for the celestial chiral algebra whose structure
depends on the precise insertion point of the module on the chiral algebra plane, thereby
encoding the 4d support of the self-dual monopole. We expect that this module, arising from
the insertion of a charged source in spacetime, will have similar features to the configuration
in self-dual gravity studied in [63]; in both gauge theory and gravity, it would be desirable
to have a description of the module that allows us to write down the action of all modes of
the perturbative chiral algebra.

One structural aspect of this module is that it should not be preserved by either
the SU(2) rotating the twistor sphere or the SU(2) rotating the KK modes. Indeed, the
worldline of the self-dual monopole isn’t invariant under all of Spin(4) ~ SU(2) x SU(2): it
is only invariant under a Spin(3) ~ SU(2) subgroup thereof that fixes the worldline (i.e. the
subgroup rotating the linking sphere). Correspondingly, this should be a feature for any
module associated with a 4d line operator. In the example where the worldline is along
the 2* axis, we should only expect to preserve the diagonal SU(2) subgroup. As a result,
elements in such a module would need a compensating translation in the fiber directions
v to be invariant under translations in the chiral algebra z plane: the worldline is only

invariant under 9, —1—11281, corresponding to the translation (z, vi, 112) - (z—w, v —wv?, v?).
Similarly, the action of rotations is modified so that v' has spin 1 and v? has spin 0; if we
expand an element of this module into modes M |[ni], the difference in spin between M [

and M([0] is —my, rather than the usual —™1Em2,

4 A first step towards non-abelian monopoles

We saw in the previous section that there are interesting non-perturbative corrections to
the celestial chiral algebra corresponding to unusual 4d helicity-shifting field configurations
or 3d boundary monopoles. Of course, the discussion in the previous section was restricted
to tree-level, self-dual abelian gauge theories. This restriction was entirely technical: we
do not currently have the tools to perform the full, non-perturbative analysis of boundary
chiral algebras on Dirichlet boundary conditions in 3d non-abelian gauge theories, let alone
when the gauge group is an infinite-dimensional beast like G[v®]. That said, if we are
interested in going beyond tree-level computations, we must consider these non-abelian
gauge theories.

In this section, we provide a first pass at the non-perturbative corrections present in
the celestial chiral algebras of non-abelian theories, focusing on the case of g = s[(2), with
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the hope that a more thorough analysis can be performed once the necessary 3d tools are
developed. We introduce a family of spectral flow automorphisms that, upon lifting to PT
and passing through the Penrose-Ward correspondence, realize 4d field configurations with
non-trivial 4d magnetic charge. These automorphisms are labeled by a 4-vector p identified
with the momentum of a 4d monopole, and we provide several consistency checks of this
identification.

4.1 Monopoles from holomorphic bundles on PT

We now briefly review the construction of 4d monopoles from holomorphic bundles on
twistor space, in the simplest example. We will focus on the case of G = SU(2).

Consider a 4d monopole with magnetic charge 1 with worldline along the z* axis; the
corresponding holomorphic bundle on PT is described in Example 8.4.1 of [62] and we
closely follow the discussion in chapter 8 of loc. cit. The holomorphic transition function is

a1z 0g) = (ze“*‘1 Y4t (e - e‘”“)) 7 (4.1)

given by

0 27 lemm

where 4 = £( 2 _y1/2). We now review how to extract a gauge field from this transition
function.

First, we restrict the above gauge transformation to the P! in twistor space above
the point z# by imposing the incidence relation. If this is to define a non-singular gauge
field at x*, the corresponding bundle over P! must be trivial, i.e. there must be gauge
transformations g (holomorphic away from z = oo) and g (holomorphic away from z = 0)
so that g4 = gg—! (at a#).

The splitting matrices for a wide class of examples, including the present one, are
derived in section 8.2 of [62] but we do not need the precise form. Instead, we describe the
conditions for the existence of such a splitting. Note that upon restriction to the P! above
x#, the exponent 4 becomes

=12tz +2"N2® - Lz — 272!, (4.2)

which is independent of z*. We start by choosing a splitting 4 = ha — ﬁ4 into a part ha
holomorphic away from z = co and a part h4 holomorphic away from z = 0, say

hy = 32° + (2t —iz®)z71, hy = 127 + L(a! +ia?)z. (4.3)

The existence of the desired splitting matrices then depends on the coefficient of 2" of the
Laurent series expansion of

~ o~ E4—/ﬁ4 _ /77\,4—77:4 —2/54 _ —27';4 —_" n—1 N —
eih‘rh‘le _ E _ € _ E _ Z ( ') Z h4mh4nfm71. (4'4)
hg — hg hg — hg L —,

n>1

In particular, the points z* where this series coefficient vanishes are exactly where the
splitting matrices do not exist or, equivalently, where the 4d gauge field is singular.
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It is straightforward to extract this series coefficient: it is given by

(—=2)%+1 9 2sinh(r)
Pr= =Y R ) = 2 (4.5)
= (204 1)! r
where 72 = (21)2 + (22)? + (23)2. Note that this never vanishes for real x!', 2% 2 and so
this holomorphic bundle on PT induces non-singular gauge fields in 4d. In terms of this
series coefficient, the 4d gauge field can be expressed in R-gauge as follows:

1 (D Fy 0 | (~Dy F, 2D; F,
ia = 5 “ Aﬁa ~ 5 . “ (46)
9F, \2D,, Fy —Di, F) 2F, \ 0 Dy Fy

In these expressions D, denotes the covariant derivative for the holomorphic line bundle
with transition function €, i.e. D, = 0, — 0,4.

Note that, because v4 and Fj are independent of 2%, it follows that the corresponding
4d gauge field A4, is independent of 2*. Plugging this into the self-duality equations, it
follows that

By = SeapeF* = Dy Aq, (4.7)

where D, = 0, — A, is the covariant derivative for A,, a = 1,2,3. These are the equations
for a BPS monopole (with A, identified with the Higgs field)! Explicitly, we find

Ay = #(r cothr — 1)egpex®o® + %Ua7 Ay = #(r cothr — 1)z, . (4.8)

4.2 Celestial spectral flow

We saw in the previous section how to encode a monopole with worldline given by the z*
axis into a certain holomorphic bundle on twistor space with transition function g4. The
states in the presence of the above holomorphic gauge bundle can be obtained by simply
applying the above gauge transformation g4.

For example, consider the state corresponding to the field configuration

A(Ud) = 5(2 - ZO)f(Ud)ta A A[mla m2] = 6(2 - ZO)fml,mzta (49)

for t,, a = 1,2,3, a basis of s[(2); gauge transformations act on this state by conjugating
this field configuration. It will be convenient to consider the Chevalley basis t, = {E, F, H}.
The state with t, = EF has the easiest transformation:

502 — 20)fE — 6(2 — 2) <(z0)26274 f)E. (4.10)
The next easiest is that of t, = H:
_ 274
50z — 20)fH — 8(= — 2) {fH + (220]“(1;7)>E} (4.11)

Finally, the most involved transformation is that of ¢, = F"
—2 -2 (=)
§(z—20)fF = 0(z—20) [ ((z0) 2 M f)F + ((20) f—= |H

N (f (2_62742_6_2%))]3] 4 (4.12)
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We now translate this transformation of states into a statement about the transformation
properties of the (perturbative) generators of the celestial chiral algebra associated to the
SU(2) holomorphic BF theory on twistor space (equivalently, self-dual Yang-Mills theory
in 4d).?2 Because the propagator connects A%[mq,ms] and Bg[ma,m1], the above field
configuration is sourced by a boundary insertion of

Ba[f] = Z fm1,m2Ba[mla m2] (4.13)

As above, we denote the 0-form component of this local operator by J,[f]. (The higher form
components are never (Q-closed and trivialize the ¢ and z dependence of this operator in
cohomology.) The remaining 1-particle states of interest correspond to boundary insertions of

] =Y frnyma ®[ma, Mo (4.14)

which sources the fields A,[m1, ms]. The O-form component will be denoted by J,[f] to
match the above. Translating the above action of large gauge transformations on states to
the generators J, J results in a spectral flow automorphism o4 of the perturbative chiral
algebra. For brevity, we only write down the action on J; the action on J can be obtained
by replacing J — J.

First, the generator Jg[A] is mapped as

Jelf] = oa(Jp)lf] = 20° Jele® f1, (4.15)

where we have suppressed the dependence of the current J and 74 on the insertion point zg.
Similarly, the spectral flow of Jg[f] is given by

aa(Ju)[f] = Julf] + 220 T5[ya~ (1 — 1) f]. (4.16)
For Jp[f] we find

aa(Jp)[f] = 20 2 Tple™ ]+ 25 gt — e D) ]+ Tplya (2 — 0 — 721 f].
(4.17)
Although we have presented a relatively compact expression for the above spectral flow
morphism, it is important to note that it has a rather non-trivial expression in terms of the
component fields J,[m1,ms]. Even the simple action on Jg[f] involves an infinite number
of fields when expressed in term of the component fields (conformally soft modes):
M‘]E [m1 +ny,meo + TLQ] (4.18)
ni-no:

oa(Jp[mi,ma)) = (20)* D

n1,n2>0

We note that if we set to zero J,[mq, ma] with mq,mg # 0 (this is equivalent to restricting
to v¥ = 0) we see that the spectral flow morphism takes the following form:

o4(Jp) = 20°JE
Ud:()w U4(JH) :JH—4ZOJE (4‘19)
O'4(JF) = Z0_2JF + 2ZO_IJH —4Jg

22We work at tree-level in this section; see [6, 7] for details on the failure of associativity in this chiral
algebra at loop-level, and how to remove this failure by cancelling the 1-loop twistor space gauge anomaly [10].

~ 34—



This is the usual spectral flow automorphism in section 2.2 combined with a holomorphic

94(2;0) = (S ;21> = (é _12Z> <S Z01> (4.20)

4.3 Scaling and rotations of the twistor sphere

gauge transformation:

Note that the spectral flow o4 has neither a definite scaling dimension nor a definite spin,
but this should be no surprise — the 4-momentum p = (0,0, 0, 1) parameterizing the chosen
holomorphic bundle is not preserved by scaling R* or rotating the twistor P!. More generally,
we find bundles parameterized by a general momentum

—p3 — ips —p1 +ip2
Pac = Pu(0")ac = < ) , ) (4.21)
—P1 — P2 P3 — P4
where we replace 4 by
Y = 50%(P16/2 — P2a) - (4.22)

The corresponding spectral flow operation o), is obtained by simply replacing v4 by 7,.

It is straightforward to check that the o, have the desired transformation rules with
respect to scaling and rotations. For example, performing a scale transformation x#* — Ax#
sends v* — Av® and therefore J,[f] — Ju[A - f], where

(A %) = FAT10%) = DA f ) (0] (07)7 (4.23)
It follows that conjugating the spectral flow o, by such a scale transformation g, results
in O'A—lp
OA-1p = GAOPIA (4.24)
compatible with the expected scaling of momenta.

0

Rotations of the twistor sphere z — ez are coupled with rotations of the fiber

coordinates v® — €?/2y4. Since these currents correspond to positive helicity gluons,
they have spin 41 and so the generating function transforms as J,[\](z0) — e~%.J,[e? -

f1(z0e™), where
(€ F)(0) = e ) = 3o (e MmO ) (o)) () (4.25)
Thus, conjugating o, by such a rotation is the same as rotating the momentum as p14 —
e/2p14 and pag — e/ 2pyq
Oity = ggapggfl . (4.26)

4.4 Pairwise helicity

In the presence of the above monopole, the notion of helicity/spin of the gluons must be
refined; this is reflected in the fact that o,(J,[m1,m2]) does not have a definite 3d spin.

From a 4d perspective, an insertion of the current J,[m1,ms](zp) corresponds to a
positive helicity gluon with null momentum parameterized by the energy w and the point
2o on the twistor sphere P! via

p(w, z0) = w( — (20 + 20), (20 — 20),1 — |z0]?, i(1 + |Zo\2)) ) (4.27)
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If we consider the spectral flow operator for this momentum (or any scalar multiple thereof),
we find that +, vanishes at the antipodal point z = —1/zy (and only at z = —1/zp)

V(o) () = i(z0 + 27w (Z00® — 0'). (4.28)

In particular, the spectral flow oy, _1/;,) acts on the currents J,[f](20) in a particularly
simple manner:

Op(w,—1/20) (JEL])(20) = 20° JE[f](20)
Op(w,—1/20) (Jrf])(20) = Ju [f](20) (4.29)
Jrlf])(20) = 202 Jr[f](20)

Tp(w,~1/20)
We see that, in the presence of such a operator, the generating function J,[f](z0) has
an apparent shift in spin/helicity proportional to its weight with respect to the Cartan
generator Jg[0, 0].

For the above, we see that the apparent shift in helicity is exactly reproduced by taking
¢=0a € Moot =27 C Ayeight =Z and m =1 € Avvveight & 7. In particular, we expect that
correlation functions with this celestial monopole operator (obtained by the spectral flow
op) should correspond to scattering amplitudes in the presence of a 4d conformal primary
of magnetic charge m = 1, i.e. a 4d monopole. Moreover, scattering amplitudes involving
states of non-trivial electro-magnetic charge (in the presence of some 4d local operator Q)
should be captured by correlation functions of the full, non-perturbative celestial chiral

algebra (in the conformal block associated to O).

4.5 Celestial OPE of gluons and monopoles

Now that we have identified monopole operators in the celestial chiral algebra, e.g. states
in the spectral flow of the vacuum module of the perturbative algebra, with magnetically
charged scattering states, we expect that the OPEs of the currents J, J and the operator
M,, associated to the state o,(|0)) should encode the singularities of form factors involving
scattering of gluons and a magnetic monopole with momentum p. We will be particularly
interested in the case where the momentum p = p(w, w) is null. Following the analysis of
section 4.1, it is straightforward to determine the 4d gauge field associated to such a null

momentum:
1+ip-z)(1+2cot(p-x
Ay, = (p )2( (p )) (Eabcabpc - p40a)
P (4.30)
Lti(p-a)(l+icot(p-a),
Ay = % ( — Pa0 )
ip-x

where, as above, a = 1,2,3. Note that this gauge field is singular at points = € R* where
p - x is a non-zero integer multiple of .
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We will denote the corresponding spectral flow operation for the momentum p(w,w) by
ow. This spectral flow automorphism acts on the currents J,[m1, ms] as

el = Tt X 37 G2 (10n)

1>0 m>0n=0 "
x Jg[mi + 1+ m —n,ma + nl(zo)

ow(Jrlmy, mal(20)) = Ju[mi, ma](zo0)

l+m l+m l—|— l—|—
—2221 lzz +m+1 < nm>< lm>
>0 m>0 n=0

X Jg[mi +1+m —n,ma + n](z)

l+m
2l+m l+ m (431)
(JF{ml?mz ZO ZZO - ZZZ l+mw—:LU'n'< n >

1>0 m>0n=0
X Jplmy + 1+ m — n,mg + n(z0)

l+m

—1—1 oltm g™ l+m l+m

Sayy s () (1
>0 m>0 n=0

xJH[m1+l—|—m—n ma + n)(2o)

2m n, 2m—1 [ 9
_8ZZO Z Z2l+m+1 (:L

1>0 m>[1/2] n=0

N————

X Jg[mi +2m —n,ma + n](20)

We will also need the inverse spectral flow automorphism o, !:

I+m
I+m m l+ m
—92-1 2 w"w
(JE[mth 20)) Zzo ZZ l+m—n'n'< n
>0 m>0 n=0

X Jgp[mi +1+m —n,ma +n](z0)

o' (Ju[mi, m)(z0)) = Julma, ma](z0)

—1—1 oltmpnym l+m l+m

Say sy Y (1) (1)
>0 m>0 n=0

x Jg[mi + 1+ m —n,ma + nl(z0)

Hm 2)1+m l+m
-1 2-1 whw™ 4.32
(Jp[mhmg Zo E 20 § E : (l+m_nlnl ( n ) ( )
>0 m>0 n=0

X Jp[m1+l+m—n ma + n](2o)

11 2)lHm g l+m\ [(l+m

B SRR B (n l
1>0 m>0n=0

xJH[m1+l+m—nm2—|—n](zo)

92m 5, 2m—l 2m 2m

—8> 20 ) Z (+m+1) <n><g>
1>0 m>[1/2] n=0

X Jgp[mi + 2m — n,mg + nl(z0)
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We can now describe the OPE of the generators J,[m] of the (perturbative part of
the) celestial chiral algebra and the celestial monopole operator V,, as before. The natural
vacuum module is generated by the vacuum vector |0) that is annihilated by all non-
negative modes of the currents J,[ni]; the spectral flow module o, (V) should then encode
the celestial monopole operator V,, (as well as those operators related to it by the action of
the perturbative currents).

Proceeding as in section 2.2, we find the following OPEs of the monopole operator
M,,(0) and the currents J,[m]. First, the OPE with Jg[m] is given by

Je[m1,mz](2)Vy(0) ~ (4.33)
+m 514m - I+1
2 [
Z Z 0 wr w' '<+m>z,z k—2- l(aw(JE[ml—i-l—b—m n,ma—+n|_x_110) )) 0).
1,m>0n=0 (l+m—mn)ln k=0
Similarly, the OPE with the current Jg[mi,ms] takes the form
Jr[my,msa](2) Vi (0) ~ (4.34)
+m l+m l
2 I+m\ [(l4+m
-2 w l _
SEGE ()7L i)
and the OPE with the current Jp[m,ms] is
l+m )H-mw wr [1+m
Selmmsl Va0~ Y Y 3 2 (1
[>3m>0n=0
-3
% ZZOkfl+2 <gw(JF[m1+l+m—n,m2+n]_k_1 |0>)> (0)
k=0
l+m “”"w w™ (l4+m l+m
_QZZZ (I+m+1)! ( n >< I )
1>2m>0n=0

(4.35)

-2

X Z zoF L <aw (Ju[mi+l+m—n,ma+n]_x_1|0) )> (0)
k=0

22m ymg,2m—l 2m 2m
Sy S () ()
1>1m>[1/2] n=0

-1
X Z,Zokil (Uw (JE[m1 +2m—n,m2+n]_k_1 |0>)) (0)

k=0
The above discussion can be generalized to other gauge Lie algebras in a fairly straightforward
manner. Namely, there is an analogous g bundle on PT resulting in a magnetically charged
excitation for any embedding s[(2) < g and hence spectral flow of the corresponding celestial
current algebra. The gauge bundles arising from conjugate embeddings are equivalent to
one another, as are the corresponding spectral flow modules.

It is an open problem, in both mathematics and physics, to understand how these
families of spectral flow automorphisms, labeled by monopole momenta, help organize the
module categories of perturbative celestial chiral algebras, as well as how these spectral
flows play with the possible action of dualities.

— 38 —



5 Conclusions & speculations

We conclude by highlighting some major open questions and future directions raised by
the investigation presented here. We have argued that it is fruitful to view celestial chiral
algebras that admit twistorial uplifts as boundary chiral algebras of certain 3d holomorphic-
topological theories. Our hope is that the 3d perspective, reviewed in section 2, may
shed some light on outstanding mysteries in the celestial holography program (at least for
twistorial theories).

In this work we have focused on studying certain (spectral flow) modules and OPEs of
celestial chiral algebras, related to the addition of magnetically charged states in 3d and,
variously, in 4d. The 4d and 3d perspectives on self-dual gauge theories are complementary,
and isomorphic by the twistorial correspondence of [6], though as we have seen in this
note it can be difficult to establish explicit isomorphisms between certain (magnetically
charged) 3d and 4d states. In particular, in the case of self-dual QED for example, one
important outstanding question is: what is the 4d interpretation of the spectral flows of
the vacuum module @,,, 0,,|0)? As described in section 3.2.3, these modules are charged
under the symmetry generated by the Goldstone field S[0, 0] canonically conjugate to the
generator J[0, 0] of the conformally soft photon theorem, which is distinct from Strominger’s
soft magnetic photon theorem. In a sense, these modules are canonically conjugate to
the Faddeev-Kulish dressing factors, cf. [58, 59], which are gauge-theoretic analogs of the
modules described recently in [55], Better understanding these operators will be the key step
towards applying our 3d algebraic reasoning to potential celestial holographic interpretations
or, more generally, the implications for asymptotic symmetries in flat spacetime.

There are a natural line defects in the self-dual abelian gauge theory, cf. section 3.2.4.
We expect to them realize yet more modules for the celestial chiral algebra, but these are
still out of reach. The main technical obstruction arises when one lacks a description of
the corresponding 6d bundles on twistor space that is amenable to the requisite sheaf (or
Dolbeault) cohomology computation. Perhaps these bundles can be studied explicitly in
relative cohomology, following Bailey [64] or using some form of tangential Cauchy Riemann
cohomology as in [41]; we leave such computations to the future.

Another important element of this correspondence is the map between local operators
in 4d and conformal blocks of the celestial chiral algebra. A choice of conformal block
is necessary in order to recast simple tree-level scattering amplitudes of electric and
magnetically charged states as correlators in our chiral algebras, which depend on the choice
of conformal block. The space of conformal blocks (on a surface ) of a vertex algebra of
boundary local operators is expected to be realized as Hilbert space of the bulk 3d theory
(on X). These state spaces are relatively well understood in simple examples of twisted 3d
N = 2 theories, cf. [65], but they have yet to be described in the examples of interest to
this paper. In future work, we plan to study the spaces of conformal blocks relevant to our
abelian examples in the presence of nontrivial monopole bundles, realized as holomorphic
bundles on twistor space, and the corresponding spaces of states, particularly in the context
of self-dual QED where we can use the analysis in [27] and where a free-field realization of
the celestial chiral algebra is possible.
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Another fascinating application of the 3d perspective is the possibility to generate
conjectures about nonperturbative enhancements of /corrections to the (classical) asymptotic
symmetry algebras of conformally soft modes by magnetically charged states. In the abelian
case, we showed that the extended celestial chiral algebra can be realized as a simple current
extension, being a direct sum over spectral flow modules. In the non-abelian case, following
the result for ordinary Chern-Simons theory at positive level, it is natural to anticipate from
3d reasoning that the nonperturbative celestial chiral algebra can be realized as a simple
current extension of a quotient module, where one removes singular vectors. However, the
analogous result for zero-level Chern-Simons theory, which arises in the celestial setting, has
not yet been determined; moreover, in the case of zero-level abelian Chern-Simons theory,
using the standard vertex algebra inner product, all states in the perturbative chiral algebra
are null although the vacuum module character is non-vanishing. From a spacetime point
of view, there are singular vectors in the perturbative algebra, and their removal is crucial
for the implementation of Ward identities for soft theorems [66, 67], but it is important
to note that the relevant conjugation operation on the celestial currents is not the same
as the natural one for a vertex algebra and instead reflects the pairing of incoming and
outgoing scattering states, cf. section 3 of [68]. The definition of this pairing for integer
conformal dimension, which is the case for the twistorial celestial chiral algerbas discussed
in this paper, is particularly subtle and still being developed [43].

We expect that many of these issues can be resolved by a more concrete description of
3d non-abelian monopoles supplementing the abstract proposal of [26]. This is an active
area of research in derived algebraic geometry and in the representation theory of vertex
algebras. It is our hope that such mathematical conjectures will ultimately be translated,
via the twistorial correspondence, into concrete selection rules for four-dimensional physics
— with a better understanding of the boundary chiral algebras for non-abelian gauge theories
as well as their conformal blocks, the perspective of [6] offers a direct window into the
scattering of 4d states with general electric and magnetic charges.

For twistorial theories, one can also characterize celestial chiral algebras at the quantum
level [7-9]. It would be interesting to explore quantum deformations of the full nonperturba-
tive chiral algebras (i.e. including 3d boundary monopole operators); such a characterization
will necessarily include the generators E[r, s|, F'[r, s], associated to the anomaly-cancelling
axion of [6, 10] which restores associativity. At the classical level, these generators are
gauge-invariant and should be unchanged by the spectral flow morphism.

The twistorial studies discussed above are in fact recent contributions in a long history
of work exploring the quantization of holomorphic BF and Chern-Simons theories on twistor
(and ambitwistor) space, recently summarized in [69]; see also [70] for earlier connections
to asymptotic symmetries. It will be fascinating to flesh out further connections between
twisted holography, celestial holography, and (ambi)twistor string theory, as well as the 3d
holomorphic-topological perspective espoused in this note.

Finally, it will be very interesting to explore, from this 3d perspective, possible nonper-
turbative enhancements of the celestial chiral algbebra for self-dual gravity, whose twistorial
uplift has been recently studied in [9, 71]; for further progress on understanding the celestial
symmetries of gravity from a twistorial point of view, see [72, 73]. For instance, the twistorial
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“quadrille” construction for self-dual dyons reviewed in 3.2.4 has long been known to admit
Schwarzschild or Kerr-like analogues in the nonlinear graviton theory of Penrose [74] (they
can be thought of perhaps more precisely as self-dual Taub-NUT solutions, with a fixed
relationship between the Schwarzschild mass and NUT charge). It would be very interesting
to study the 3d HT and chiral algebraic interpretations of such configurations along the
lines of this work, and perhaps connect to the recent work of [55, 63]; the higher-spin
multipole moments encoded in the charges under the wi o, algebra for the self-dual black
hole solutions studied in loc. cit. may admit a geometric realization in terms of relative
cohomology in a non-Hausdorff twistor space.
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A Twistor space conventions

Twistor space PT is the total space of the vector bundle O(1)®O(1) — P!, where O(1) — P!
is the line bundle on P! whose sections transform homogeneously with weight 1; i.e. if z, are
homogeneous coordinates on P! and o (z,) is a section of O(1) — P!, then 0(\zq) = Ao (2a)-
It can be viewed as an open subset of P? as follows. Let Z4 be homogeneous coordinates
on P3, and split them as Z4 = (1%, 24), where @ = 1,2 and & = 1,2. Twistor space PT
can then be identified with the open set z, # 0; the z, are identified with homogeneous
coordinates on P! and p fiber coordinates.

We will often work with the affine coordinate z = z1/2z2 on P! and corresponding fiber
coordinates v* = u%/zy. Under the transition function to the other affine patch z — w =
29/71 = 1/z, we find that the fiber coordinates transform as v® — u® = pg/21 = v/ 2.
To summarize: ) )

w=1/z ut =v%/z,
. . (A.1)
z=1/w v =u/w.

For every point x# € C* there is a (linearly) embedded P! given by the following
incidence relation:

i = a(0,) "z (A.2)

where the g, are essentially the Pauli matrices

w0 () 60 () e
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With this choice, we find that the determinant of the matrix

3_ 4 1 2
: : x° —ix® T —aw
200 — ol Yoo A4
(9) (ml +ix? —23 — im4> (A4)
is the negative of the Euclidean norm, detz = — 3 H(m“)Q. In terms of the affine coordinates,

the above incidence relations takes the following form:

ol = 2%+ ix! + z(zt +ix?), v? = 2t —iz® 4 2(—2? + izt

i 2 3"

(A.5)
ut = w(z? +ixd) + 2 + gt u? = w(—2? +iz') + 2t —iz

We follow the convention that SU(2) indices are raised and lowered as X? = X,e*? and
X, = eaﬁX’B with €19 = 1 = €'2. A standard argument shows that restricting to real z*,
this gives us an identification

PT = P! x R* (A.6)

as real manifolds.

A.1 Rotating twistor space

The action of the Euclidean rotation group SO(4) = (SU(2)4+ x SU(2)_)/Zs is represented
as usual: the index « (resp. ) is an index for the fundamental representation of SU(2)_
(resp. SU(2)4).

The diagonal torus in SU(2)_ sends the homogeneous coordinate z, = [z : 1] on P! to
[e=%0/22, /2] and hence acts as a rotation of the z plane z — ze~* together with a rotation
of the fiber coordinates v® — e~®/2¢9% In terms of our real foliation, we see that this acts
on the « index of the coordinates % as expected — the 24! rotate as 241 — /2241 and
the 292 rotate as x%? — e~ 0/2242,
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