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Abstract  

The flow field within the mesopores of sorbent particles plays a crucial role in radionuclide diffusion and ion uptake kinetics, 

thus, impacting the overall performance of porous nuclear waste form materials. To fundamentally understand the influence of 

microstructures and material properties on the radionuclide absorption and retention processes requires a coupled multi-physics 

model that considers the advection and diffusion within the flow field, the reaction at liquid-solid interfaces, and finally, the 

solid-state diffusion within a complex nanoporous medium. This study employs the volumetric lattice Boltzmann method 

(VLBM) to accurately and efficiently calculate the steady state velocity field inside the mesopores of sorbent particles. The 

obtained velocity field is then utilized to calculate the advection of ions in the steady flow. A phase field (PF) model of ion 

uptake is used to describe the reaction occurring at the solid-liquid interface and diffusion inside the porous medium. The 

integrated PF-VLBM model is verified in terms of the mass conservation and numerical efficiency and validated qualitatively 

with experimental observation data. Then, it is applied to study the influence of thermodynamic and kinetic properties, as well 

as flow field conditions on the ion uptake kinetics. The numerical results demonstrate that the ion uptake kinetics in porous 

particles has three distinct stages, which is in agreement with the observations in continuous flow experiments. In the first stage, 

the kinetics is predominantly controlled by the flow field and ion diffusivity in the liquid phase. The kinetics in the second 

stage is primarily governed by ion diffusivity in the solid phase. In the third stage the system reaches a dynamic equilibrium 

with a net zero uptake flux at the interface. It is also found that porous structures significantly affect the efficiency and capacity 

of ion uptake. The simulation results can help to understand the physics behind the observed ion uptake kinetics in experiments 

and to facilitate the development of constitutive equations that can account for heterogeneous microstructures in engineering 

performance codes. 
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1. Introduction  

Solid sorbents are widely used to decontaminate nuclear waste gases or solutions in the nuclear industry. For instance, at the 

Fukushima site, zeolite-polymer composite fibers and Prussian blue hybrid nanocomposites are employed to extract Cesium 

(Cs) from contaminated water through ion exchange processes [1], [2]. A number of solid sorbents have been developed 

specifically for selectively extracting radionuclides from different waste streams. Among these, ferrocyanide compounds were 

shown to be excellent candidates for Cs entrapment while zeolitic structures can readily entrap strontium (Sr) and, to a lesser 

extent, Cs; silver-nitrate phases target iodine species. All of these materials have the capability for the selective extraction of 
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the targeted radionuclides [3]–[6]. However, a significant challenge is how to achieve high loading capacity and absorption 

kinetics by designing the microstructures of these waste form materials because the fast ion exchange occurs on the surface of 

materials while further ion exchange requires long-range diffusion. 

Experiments demonstrate that sorbents in the form of nano particles and/or porous structures, characterized by a high ratio of 

surface area to volume, will not only increase the capacity but also improve the kinetics of absorption [7], [8]. Our center (the 

Center for Hierarchical Waste Form Materials, DOE, https://science.osti.gov/bes/efrc/Centers/CHWM) focuses on developing 

hierarchical waste form materials which have macro-, meso- and micro-pore structures, such as KCu-PBA nanoparticles 

inserted into porous silica materials and zeolite particles inserted into porous geopolymer [3]. In engineering applications of 

the nuclear waste form materials, the waste solution runs through the sorbent columns that are filled with sorbent monoliths or 

particles [5], [7]. The solution flows through the macro-pores (the region between the particles) as well as through the meso-

pores inside the particles. The effect of meso-pores inside the particles on the ion uptake/exchange process in the batch mode 

have been studied through experiments and computer simulations [8][9]. In batch experiments, a certain volume or weight 

fraction of radionuclide absorption particles were added into a container with nuclear waste solution resulting in ion exchange 

which is driven by the electrochemical potential difference of ions inside the particles and in the solution. In this experimental 

setup, the impact of the fluid field in the meso-pores of particles on radionuclide transport is ignored. It is supposed that the 

heterogeneous meso-pore structure inside the particles such as pore sizes, pore volume fraction, and their spatial distribution 

affects radionuclide transportation and diffusion thus the ion uptake kinetics in flowing stream modes [8]. Therefore, it is crucial 

to develop a modeling capability for understanding and predicting the effect of heterogeneous pore structure on the ion 

exchange performance and for guiding the design of advanced waste form materials. In our previous work [9], [10] we have 

developed phase field (PF) models of ion uptake/exchange by taking the electro-chemical potentials, anisotropic diffusivity, 

and porous structure into account, enabling the investigation of the effect of the waste form microstructures and thermodynamic 

properties on ion exchange kinetics in batch mode conditions. In those models, it is assumed that the radionuclide concentration 

in the solution is uniform, i.e., the diffusivity of radionuclide in the solution is much larger than that in solid absorbents. 

However, in reality, there exists a concentration gradient in the solution due to the finite diffusivity in the solution, especially 

inside the particles with meso-pores. Furthermore, in continuous flow experiments and engineering applications, the fluid 

velocity in macro- and meso-pores is non-uniform. The advection inside pores affects the radionuclide transport, hence the ion 

exchange/uptake kinetics.  

In this work, we extend the PF models of ion exchange to consider the effect of the fluid field and radionuclide diffusivity in 

the solution on ion uptake kinetics.  We use the volumetric lattice Boltzmann method (VLBM) to calculate the fluid velocity 

field in complicated porous structures and use the PF model to describe the diffusion, advection, and interface reaction. Our 

main objective in this study is to develop an integrated model (PF-VLBM) of ion uptake in porous particles under a continuous 

flow and to assess the model capabilities in capturing the effect of porous structures, flow field, and inhomogeneous 

thermodynamic and kinetic properties on the ion uptake kinetics. 

2. Description of the integrated model 

Figure 1(a) shows the porous geopolymer which is being developed for Cs entrapment [3], [8]. The molar composition of the 

geopolymer (denoted as GP-3) is 3SiO2: 1Al2O3: 1Na2O: 15H2O. The material was obtained by mixing a metakaolin powder 

(METAMAX, Lavollée SA) with an alkali activator solution composed of a sodium silicate solution (Betol 39T, Wöllner 

GmbH, 28 wt.% SiO2, 8 wt.% Na2O and 63.9 wt.% H2O), NaOH (pellets, Merck) and distilled water. After one hour of mixing, 

the solution is let to rest for 28 days at ambient temperature before characterization. A zoom-in of the porous structure is shown 

in Figure 1(b) which was generated from Focused Ion Bean (FIB) and Scanning Electron Microscope (SEM) images with a 

resolution of 3 nm. In sorbent column experiments, a waste solution flows through porous geopolymer monoliths or particles. 

The radionuclides in the solution transport by advection and diffusion processes and are adsorbed at the interface between the 

solution and the solid geopolymer. From there, the radionuclides diffuse inside the solid geopolymer, driven by an 
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electrochemical potential gradient and gradually reach their equilibrium concentration (the maximum absorption capacity). 

Assuming the fluid velocity quickly reaches a steady dynamic field, then, the model of ion uptake can be described in a 

representative volume of the porous geopolymer particle with the steady dynamic flow field.  

To accommodate computational demands, we selected a simulation domain with 64 × 64 × 256 uniform cubic grids, 

corresponding to a material domain with a physical size of 192nm × 192nm × 768nm. Although this size is significantly 

smaller than the micrometer-level particles or centimeter scale monoliths used in actual column experiments, it adequately 

captures the general characteristics of the microstructure. To minimize the impact of the model size, we imposed periodic 

boundary conditions in the X and Y directions, while allowing non-periodic boundary conditions along the flow direction (Z 

direction). Consequently, the three-dimensional (3D) microstructure extracted from FIB/SEM imaging, as depicted in Figure 

1(b), cannot be directly employed due to the lack of periodicity in the X and Y directions. Nonetheless, the FIB/SEM data 

provides valuable information, such as the pore volume fraction and channel size, which can be utilized to generate an 

appropriate 3D microstructure via a phase field model of phase separation. Figure 1(c) illustrates a representative volume 

obtained using the numerical approach described in Subsection 2.1. This approach incorporates representative pore volume 

fractions and flow channel sizes observed in the FIB/SEM image analysis shown in Figure 1(b).  

 

 

Figure 1. Acquisition of a 3D porous waste form material for simulating nuclear waste stream treatment. (a) high resolution 3D 

2252×2297×1300 microstructure obtained from FIB-SEM with a pixel resolution of 3nm, (b) a 3D porous structure with 

64×64×256 pixels extracted from the FIB-SEM data, (c) a 3D porous structure with 64×64×256 pixels generated by 

performing phase field simulations of phase separation. The flow direction is set as Z-direction. 

 

Our previous simulations of ion exchanges [9-10] show that charge neutrality is maintained when the diffusivity of Na ions is 

significantly larger than the radionuclide ions within the solid sorbent material. This condition exists when the atom size of the 

radionuclides is much larger than that of Na atoms. For the sake of simplicity, the radionuclide diffusion ignores the effect of 

the electrical potential associated with ion accumulation. As a result, the uptake kinetics of radionuclides ion is equivalent to 

ion exchange kinetics. The radionuclide ion uptake process mainly refers to the following physics: 1) the fast diffusion and 

advection of radionuclide ions in the liquid solution driven by the liquid chemical potential gradient and dynamical flow, 2) the 

ion absorption on the solid/solution interface, and 3) the slow diffusion of radionuclide ions in the solid absorbent driven by 

the solid-phase chemical potential gradient. To capture these main physics, the integrated model can be described by the 

following governing equation, 

𝜕𝑐𝑖(𝒓, 𝑡)

𝜕𝑡
= 𝛻 ∙ (𝐷𝑖𝛻 (

𝜇𝑖

𝑅𝑇
)) − 𝛻 ∙ (𝒖𝑐𝑖) + 𝑅̇𝑖, 𝑖 = S in 𝑠𝑜𝑙𝑖𝑑 and 𝑖 = L in 𝑙𝑖𝑞𝑢𝑖𝑑 𝑝ℎ𝑎𝑠𝑒, (1) 

where 𝒓 = (𝑥, 𝑦, 𝑧) is the spatial coordinate and t is the time. 𝑐𝑖 is the instantaneous radionuclide ion concentration, and 𝐷𝑖  is 

the inhomogeneous diffusivity of radionuclide ions. The diffusivity 𝐷𝐿  in the liquid phase is much larger than diffusivity 𝐷𝑆 in 

the solid phase. 𝒖 is the liquid steady velocity field inside the pores of sorbent particles and is defined to be zero in the solid. 
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The boldfaced letters represent vectors in this work.  𝑅̇𝑖 is the absorption rate on the solid/liquid interface. 𝑅 and 𝑇 are the gas 

constant and temperature in K, respectively. 𝜇𝑖 is the chemical potential which can be expressed, for simplicity, as 

𝜇𝑖 = 𝜇𝑖(𝒓, 𝑡) = 𝐴𝑖(𝑐𝑖(𝒓, 𝑡) − 𝑐𝑖
𝑒𝑞

),    𝑖 = 𝑆 𝑎𝑛𝑑 𝐿,                                                                              (2) 

where 𝑐𝑆
𝑒𝑞

 and 𝑐𝐿
𝑒𝑞

 are the equilibrium concentrations in the solid and liquid phases, respectively. 𝐴𝑖  is the free energy 

coefficient associated with the second derivative of the chemical free energy with respect to the concentration 𝑐𝑖  at the 

equilibrium concentration 𝑐𝑖
𝑒𝑞

.  

The first term in the right-hand side of Eq. (1) describes the ion diffusion controlled by the chemical potential gradient, which 

drives the concentration 𝑐𝑖  towards the equilibrium value 𝑐𝑖
𝑒𝑞

. The second term describes ion advection in the liquid phase. And 

the third term describes the ion absorption rate at the solid/liquid interface. 

Overall, the framework of the integrated model consists of three key components, as illustrated in Figure 2. The first component 

is the generation of 3D porous structures, either by a reconstruction of 2D SEM images of experimental samples or by a 

numerical method that leverages phase segregation modeling informed by experimentally measured pore sizes and volume 

fraction. The second component is the calculation of the steady velocity field in the liquid as the waste solution flows through 

a given 3D porous structure. The VLBM is used in this work. With the input of the 3D porous structure and the steady velocity 

field, the third component is to solve Eq. (1) which describes the transport and absorption of radionuclide ions in the porous 

structure under continuous flow. The detail of each component is provided in the following subsections. 

    

Figure 2 Flowchart of the integrated ion uptake model in porous structure under continuous flow. 

 

2.1 Generation of porous microstructure using phase separation modeling 

The typical porosity in geopolymer is about 30%~50% [11]. For simulations, a porous structure can be generated by the 

reconstruction from a series of 2D high resolution images of an experimental sample. However, it will be challenging if the 

pore size is smaller than the FIB/SEM resolution, say around several nanometers. An alternative method to generate 3D porous 

structures is via a numerical method that leverages the features of the medium. The formation of porous geopolymers could be 

a complex process as described in recent review paper [12]. For example, during direct foaming route, agents with extremely 

low solubility added into the slurry through chemical and physical approaches might cause phase separation and since the 

geopolymer (GP-3) fabrication is a kind of phase separation process, using a phase-field model of phase separation to generate 

3D porous structures, [10],[13] is naturally chosen in this work. The final porous structure depends on many factors such as the 

kinetics of agent addition and the amount of agent as well as the thermodynamic and kinetic properties of the agent. For 
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simplicity, we focus on the final porous structure such as the porous volume fraction and pore morphology while ignore the 

real physical and chemical process. In this work, we employed a phase-field model of phase separation to generate the 3D 

porous structure for given the features of porous geopolymer [13],[14]. In the framework of phase field models, to simulate a 

phase separation in a binary system (e.g. vacancies or agent and GP-3), a single order parameter, 𝑐(r), to represent the volume 

fraction of GP-3, is taken as the phase field variable. A simple polynomial function is used to describe the chemical free energy 

density of the binary system as 

𝑓𝑐ℎ𝑒𝑚(𝑐) = ℎ𝑠(𝑐 − 𝑐𝛼)2(𝑐 − 𝑐𝛽)
2

(3)                                                                       

such that 𝑓𝑐ℎ𝑒𝑚 is a symmetric double-well with minima at 𝑐𝛼 = 0 (the pore) and 𝑐𝛽 = 1 (GP-3) and ℎ𝑠 controlling the height 

of the double-well. The evolution of 𝑐 is governed by the Cahn-Hiliard equation: 

𝜕𝑐

𝜕𝑡
= ∇ ∙ {𝑀∇ (

𝜕𝑓𝑐ℎ𝑒𝑚

𝜕𝑐
− 𝜅∇2𝑐)},                                                                    (4)  

where 𝑀 and 𝜅 are the mobility and gradient coefficient of c. For a given pore volume fraction 𝑉𝑝0, we can set an initial value 

of c as 𝑐0 = 1 − 𝑉𝑝0. Then, the phase separation simulation generates a porous microstructure with porosity 𝑉𝑝0. The pore size 

can be adjusted by the gradient coefficient 𝜅. The pore structure used in the simulations as shown in Figure 1 has a pore volume 

fraction of 0.5. These pores are all connected thus regarded as open channels which will be filled with the inflowing waste 

solution with radionuclide ions for ion uptake simulations. Different pore structures can be generated by changing 𝑉𝑝0 and 𝜅. 

 

2.2 Calculation of steady velocity field using VLBM 

Although the Naiver-Stokes (N-S) equations are commonly used in computational fluid dynamics (CFD) to solve dynamic 

flow, solving the fluid dynamics in a 3D porous microstructure is relatively hard. First, to seamlessly integrate with the proposed 

ion uptake model, the N-S equation must be solved with a uniform grid. It is challenging to accurately represent the complex 

3D porous structure with a uniform grid, causing inaccurate numerical solutions. Second, the computation cost is high to solve 

the N-S equation in a 3D porous microstructure with fine grids.  

Lattice Boltzmann method (LBM) is a class of CFD methods for fluid simulation [15]. Unlike the conventional CFD methods 

that solve the N-S equations directly for the macroscopic properties including velocity and pressure, it solves the (simplified 

and discretized) Boltzmann equation. The LBM models the fluid composed of fictive particles that perform consecutive 

propagation and collision processes over a discrete lattice. The macroscopic flow properties are the collective behavior of the 

particle motion. Because of its particulate nature and local data structure, the LBM has significant advantages over the 

conventional CFD methods, especially in dealing with complex boundaries, incorporating microscopic interactions, and 

implementing parallel computing.  In this study, we use the Volumetric Lattice Boltzmann Method (VLBM) [15] specially 

developed for flows in arbitrarily complicated geometries with proven high-performance computation through GPU (Graph 

Processing Unit) parallelization [16]–[18].  

The detailed description of the VLBM can be found in references [15] and [19]. Here we concisely introduce it for the 

completion of this work. The VLBM is implemented on lattice cells, as opposed to grid nodes of conventional LBM, to handle 

the complicated flow domain. A volumetric parameter 𝒫(𝒓, 𝑡), defined as the occupation of solid volume in the cell which is 

exactly the same as the order parameter in the phase filed model described in section 2.1, is introduced to distinguish fluid, 

solid, and boundary cells, as illustrated in Figure 3 (a). The VLBM solves the time evolution of fluid particle population 

(𝑛𝑖(𝒓, 𝑡), 𝑖 = 0,1,2, … , 𝑏, being b directions of molecular movement on a selected lattice model) as  
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𝑛𝑖(𝒓 + 𝒆𝑖𝛿𝑡, 𝑡) − 𝑛𝑖(𝒓, 𝑡) = −
1

𝜏
[𝑛𝑖(𝒓, 𝑡) − 𝑛𝑖

𝑒𝑞(𝒓, 𝑡)],  𝑖 = 0,1, 2, ⋯ , 𝑏,                                          (5) 

where 𝒆𝑖 , 𝑛𝑖(𝒓, 𝑡), 𝑛𝑖
𝑒𝑞(𝒓, 𝑡), and 𝜏 are the particle velocity in the i-th direction, the particle population, the equilibrium particle 

population, and the relaxation time due to fluid-particle collisions, respectively, in cell r at time t. We use D3Q19 lattice model, 

in which the spatial lattice is cubic and the local velocity distribution is discretized into Q = 19 discrete velocities, thus 𝑏 = 18. 

It is noted that 𝜏 is associated with the kinetic viscosity of fluid. As presented in [19] for rigid flow domain, Eq. (5) consists of 

two operations: (1) collision considering the momentum exchange between the moving boundary and the flow, and (2) 

streaming accompanying a volumetric bounce-back procedure in boundary cells. These operations are self-regulated by the 

volumetric parameter 𝒫(𝐫, 𝑡). The resulting velocity field of the flow system[15], [19] is obtained as 

 𝒖(𝒓, 𝑡) =
∑ 𝒆𝑖𝑛𝑖(𝐫,𝑡)18

𝑖=0

∑ 𝑛𝑖(𝐫,𝑡)18
𝑖=0

 .                                                                                          (6) 

VLBM can deal with complex boundaries and structures naturally with a uniform grid while maintaining mass conservation in 

evolution. It has been applied and validated for simulating porous media flows [16], [20] and pulsatile blood flow in human 

vessels [21], [22]. 

 

 

Figure 3 (a) Illustration of the cell-based lattice involving solid ( 𝒫 = 1, gray), fluid (𝒫 = 0, white), and boundary (0 < 𝒫 < 

1, red) cells, and (b) the setup of simulation cell and boundary conditions.  

 

2.3 Interface reaction model 

The interface reaction model describes the transport process of radioactive ions from the liquid phase to the solid phase at the 

solid/liquid interface. This reaction process is represented as a Pseudo-Second-Order reaction [23]. 

We assume that the interface reaction only occurs when the ion concentration in the liquid exceeds the equilibrium value, i.e., 

𝑐𝐿(𝑡) > 𝑐𝐿
𝑒𝑞

, and when the concentration in the solid is below its equilibrium value, i.e., 𝑐𝑆(𝑡) < 𝑐𝑆
𝑒𝑞

. To account for this, we 

modify the Pseudo-Second-Order reaction rate as 

𝑅̇ = 𝑘𝑓𝐿𝑓𝑆                                                                                (7) 

with the parameters 𝑓𝐿 and 𝑓𝑆 being 

𝑓𝐿 = {
0,                        𝑎𝑠 𝑐𝐿(𝑡) ≤ 𝑐𝐿

𝑒𝑞

𝑐𝐿(𝑡)−𝑐𝐿
𝑒𝑞

𝑐𝐿
𝑒𝑞 ,          𝑎𝑠 𝑐𝐿(𝑡) > 𝑐𝐿

𝑒𝑞                                                            (8) 
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𝑓𝑆 =
𝑐𝑆

𝑒𝑞
−𝑐𝑆(𝑡)

𝑐𝑆
𝑒𝑞 .                                                                         (9) 

These factors, 𝑓𝐿 and 𝑓𝑆, control how the reaction rate depends on the instantaneous concentration in the liquid and solid phases. 

The reaction rate is zero, i.e., 𝑅̇ = 0, when the solid phase reaches its absorption capacity reflected by 𝑐𝑆
𝑒𝑞

 because the factor 

𝑓𝑆 = 0 as 𝑐𝑠 = 𝑐𝑆
𝑒𝑞

, as seen in Figure 4a. If the concentration in solid 𝑐𝑆 is smaller than 𝑐𝑆
𝑒𝑞

, the value of 𝑓𝑆 will be positive, 

meaning net absorption of concentration into the solid phase. Otherwise, negative 𝑓𝑆 implies release of concentration from the 

solid phase when the solid has a concentration higher than its absorption capacity. The reaction rate is also zero (𝑅̇ = 0) when 

the liquid has a concentration lower than its equilibrium value 𝑐𝐿
𝑒𝑞

 because 𝑓𝐿 equals zero as 𝑐𝐿(𝑡) ≤ 𝑐𝐿
𝑒𝑞

, as shown in Figure 

4b. Additionally, the reaction rate is proportional to the instantaneous concentration in liquid over 𝑐𝐿
𝑒𝑞

 and to the solid’s 

instantaneous remaining absorption capacity represented by (𝑐𝑆
𝑒𝑞

− 𝑐𝑆(𝑡)). 

The reaction rate constant 𝑘 in Eq. (7) can be temperature-dependent, as shown in the widely used Arrhenius equation [24]:  

𝑘 = 𝐴𝑒
−

𝐸𝑎
𝑘𝐵𝑇,                                                                                  (10) 

where 𝐴 is a pre-exponential factor, 𝐸𝑎 is the activation energy representing the energy that an ion needs to move from liquid 

to solid, 𝑘𝐵  is the Boltzmann constant, and 𝑇  is the absolute temperature. In our study with a constant temperature, the 

temperature-dependent 𝑘 in Eq. (10) becomes a fixed parameter, and we assign a predefined value to the reaction rate constant 

𝑘 directly.  

 

 

Figure 4 Factors 𝑓𝑆 and 𝑓𝐿 as a function of concentration in solid and liquid, respectively. 

 

In practical implementation, a one-layer sharp interface on a uniform grid is used to represent the solid/liquid interface. For a 

given porous structure, two sets of interface nodes are identified: one in the solid phase and the other in the liquid phase, as 

shown in Figure 5. The reaction rate of concentration, 𝑅̇, defined in Eqs. (7)-(9) corresponds to the change rate of concentration 

on the identified solid nodes, while change rate of concentration on the identified liquid nodes is the minus of 𝑅̇,  meaning 

 𝑅̇𝑆 = 𝑅̇, 𝑅̇𝐿 = −𝑅̇                                                                             (11) 
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Figure 5 Illustration of the sharp interface employed in simulations. 

 

2.4 Numerical treatments 

We employ the explicit 2nd-order accurate central finite difference (FD) scheme to numerically solve the diffusion-advection-

reaction equation in Eq. (1) with the velocity field obtained from the VLBM approach. This explicit FD solver is easy to 

implement and can handle the inhomogeneous diffusivity and complex boundary conditions while maintaining a strict 

adherence to concentration conservation. In addition, it explicitly tracks the transport of ions in the six surrounding directions 

for each 3D node, allowing us to precisely calculate the total concentration that enters and exits the domain through the inlet 

and outlet boundaries, respectively. Thus, the explicit FD solver can be an ideal choice for model validation purpose, without 

placing excessive computational demand.  

In the simulations, the initial concentration of radionuclides is zero in both solid and liquid phases. The radionuclides enter the 

porous structure accompanying with the solution which has a steady state velocity and a constant concentration (𝑐𝑖𝑛𝑙𝑒𝑡) at the 

left inlet boundary. The radionuclides are allowed to leave the porous structure through the pores at the right boundary with a 

free concentration releasing boundary condition on the liquid nodes at the right outlet boundary. Specifically, when 

approximating the concentration gradient with the Finite Difference Method at the outlet boundary, the concentration of outlet 

nodes at last time step is assigned to the layer of nodes beyond the outlet. This boundary condition enables the model to simulate 

scenarios where the concentration of the substance in the liquid phase is not fixed at the boundary but can release based on 

local conditions and gradients within the system. A no-flux boundary condition of concentration is applied to the solid nodes 

at left and right boundaries, meaning no concentration exchange in the solid phase on the left and right boundaries. To alleviate 

the impact of model size on the ion uptake kinetics, periodic boundary conditions are applied in X and Y directions. The same 

boundary condition is assigned to the chemical potential 𝜇 as the concentration 𝑐. 

 

3. Model Verification and Validation 

3.1 Verification of VLBM simulation of steady state velocity 

To compute the steady state velocity field in the 3D porous structure with VLBM, we first extend a free flow region at the inlet 

and the outlet of the flow domain, as shown in Figure 3 (b). The VLBM model boundary conditions are as follow: a uniform 

velocity condition at the inlet, a fully developed flow velocity boundary condition at the outlet, and no-slip (velocity = 0) 

condition on the solid surface. Water flow is simulated with density and kinematic viscosity of 103 𝑘𝑔/𝑚3 and 10−6 𝑚2/𝑠, 

respectively. Initially, we assume the fluid is at rest. The inlet velocity drives the flow into to the 3D porous structure until a 

steady state is achieved. All the numerical and physical parameters for VLBM simulations are listed in Table 1.  



Journal of Nuclear Materials Z. Mao et al  

   
 

9 

Table 1 Numerical and physical parameters for the liquid employed in the VLBM simulation. The width W, height H, and 

length L are the geometry size in X, Y, and Z direction, respectively, as shown in Figure 3. 

Mesh size Width W (m) Height H (m) Length L (m) Velocity at inlet 𝑢𝑖𝑛𝑙𝑒𝑡  (m/s) Relaxation time τ  

6464342 1 1 5.34 (1,3,9) × 10−5 0.53 

 

Figure 6 shows the time evolution of the fieldwise maximum velocity magnitude normalized by the fieldwise maximum velocity 

magnitude after the flow reaches a steady state. The velocity field attains a steady state after 10000-time steps. The velocity 

field at steady state is divergence-free, i.e., ∇ ∙ 𝒖 = 0 , implying that the flow is incompressible as expected. A careful 

examination of the steady state velocity field (time step > 10000) also reveals that only the pore phase within the porous 

structure has a non-zero velocity while the velocity in the solid phase is zero, which verifies the efficacy of the no-slip boundary 

treatment employed in the VLBM simulations. 

 

 

Figure 6 Time history of the fieldwise maximum velocity magnitude normalized by the fieldwise maximum velocity 

magnitude after the flow reaches a steady state. The inserts are the flow velocity distributions at a Y-Z cross section of X = 0 

at 3 different time points, respectively. The inserted contours of velocity field correspond to the boundary’s settings of 

𝑢𝑖𝑛𝑙𝑒𝑡 = 1 × 10−5 𝑚/𝑠 at inlet boundary.  

 

3.2 Verification and validation of the integrated PF-VLBM model 

The effectiveness of the integrated PF-VLBM model (ion uptake model) is evaluated from three aspects: i) whether the 

concentration is conserved during evolution, ii) whether the total amount of concentration absorbed by the solid is consistent 

with its capacity, and iii) whether the model can capture the absorption kinetics observed in experiments.  

Normalized parameters are used for numerically solving Eq. (1). The parameters are normalized as 𝑟∗ =
𝑟

𝑙0
, 𝑡∗ =

𝑡𝐷0

𝑙0
2 , 𝑐∗ =

𝑐

𝑐0
, 𝐷∗ =

𝐷

𝐷0
, 𝐴∗ =

𝐴

𝑅𝑇
, 𝑢∗ =

𝑢𝑙0

𝐷0
, where the superscript * indicates the normalized quantities and 𝑟 is length, 𝑡 is time, and 𝑢 is 

velocity. The characteristic length, concentration, and diffusivity are given respectively as  𝑙0 = 15.625 𝑛𝑚, 𝑐0 =

2 × 10−3 𝑚𝑜𝑙

𝐿
, and 𝐷0 = 6.25 × 10−12 𝑚2/𝑠. The normalized model parameters for the baseline case described herein is given 

in Table 2. The values chosen for model parameters in Table 2 is associated with the characteristic values of length, 

concentration, and diffusivity. While these characteristic values could be determined with thermodynamic and kinetics 

properties of materials and experimental setup [25], [26], the values in Table 2 are designed as model parameters for the model 

verification in this work. More quantitative simulations with batch and continuous experimental setups will be presented in the 
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application of the developed model in our future work. The fast diffusivity in the liquid phase and interface reaction kinetics 

are two important physics which might affect the radionuclide absorption kinetics in geopolymer-zeolite wasteform materials. 

In the simulations, the diffusivity in solid and liquid phases and the interface reaction rate are selected such that the diffusivity 

in liquid is 103 larger than that in solid while the interface reaction is even significantly faster than the diffusion process in 

liquid. For given materials, it is challenging to accurately measure these kinetics properties. With the parametric studies varying 

the model parameters and measured ion uptake kinetics, the developed model can be used to identify the dominant physics of 

ion uptake kinetics as well as determining the material properties. 

The initial conditions for the ion uptake model are the liquid concentration, 𝑐𝐿, throughout the absorbent material (within the 

pores) is set to zero, the inlet liquid concentration, 𝑐𝑖𝑛𝑙𝑒𝑡 , is set to 0.05, and the initial outlet concentration is defined to be zero. 

 

Table 2 Normalized model parameters of the baseline case study. 

𝑐𝑖𝑛𝑙𝑒𝑡  𝑐𝐿
𝑒𝑞

 𝑐𝑆
𝑒𝑞

 𝐴𝐿
∗  𝐴𝑆

∗  𝐷𝐿
∗ 𝐷𝑆

∗ 𝑢flow
∗  𝑘 Porosity 𝜙 

0.05 0.01 0.5 1.0 1.0 1.0 0.0025 7.5 × 10−2 0.05 50% 

 

For analysis ease, in the following results, let 𝑄𝑆(𝑡) and 𝑄𝐿(𝑡) be the instantaneous total concentration of radionuclide ions in 

the solid and liquid, respectively, across the computational domain, 𝑄(𝑡) = 𝑄𝑆(𝑡) + 𝑄𝐿(𝑡)  be the instantaneous total 

concentration in the computational domain, 𝑄𝑖𝑛  be the accumulated total concentration entering the domain from the inlet 

boundary, and 𝑄𝑜𝑢𝑡  be the accumulated total concentration leaving the domain from the outlet boundary. The maximum 

absorption capacity of the solid, denoted as 𝑄𝑆
𝑒 , is defined as 𝑄𝑆

𝑒 = ∑ 𝑐𝑆
𝑒𝑞

𝑖=1,𝑁𝑆
 where 𝑁𝑆 is the total number of solid nodes. If 

we scale the total concentration in the solid phase with 𝑄𝑆
𝑒 , the scaled total concentration in the solid should approach unity as 

the solid reaches its absorption capacity. Similarly, a quantity,  𝑄𝐿
𝑒 = ∑ 𝑐𝑖𝑛𝑙𝑒𝑡𝑖=1,𝑁𝐿

 with 𝑁𝐿 being the total number of liquid 

nodes, is used to scale the total concentration in the liquid phase. This will lead the scaled total concentration in the liquid to 

converge to 1.0 because the concentration in the liquid phase will eventually be uniform and equal to the inlet concentration 

𝑐𝑖𝑛𝑙𝑒𝑡 .  

The results from the baseline case model parameters are plotted in Figure 7 and demonstrate the functionality of the ion uptake 

model. The exact overlap of 𝑄𝑖𝑛(𝑡) − 𝑄𝑜𝑢𝑡(𝑡) and 𝑄(𝑡) in Figure 7a clearly indicates that the integrated model solved with the 

explicit FD solver ensures the mass conservation throughout the liquid and solid regions. The evolution of the total amount of 

radionuclide ions absorbed into the solid is plotted in Figure 7b. These results demonstrate that the absorbed radionuclide ions 

in the solid phase gradually increase and eventually reach the maximum absorption capacity, as expected. Figure 7c plots the 

evolution of the averaged concentration in the liquid phase at the outlet boundary. Results show that, in early stage, no 

concentration is detected at the right boundary. The delay in the liquid concentration increasing above zero is the result of two 

steps. First is the movement of zero concentration liquid traversing the model domain as it is pushed out and second is the 

absorption of ions into the solid phase. The result is that it takes time for radionuclides to transport from the left inlet boundary 

to the right outlet boundary along with the absorption on solid/liquid interfaces. The delay time shown in Figure 7c corresponds 

to about 2-3 volume flushes of liquid through the model. The evolution curve in Figure 7c aligns with the typical breakthrough 

curve observed in column experiments [27]. By comparing the uptake kinetics curves in Figure 7b and the breakthrough curve 

in Figure 7c, we can divide the absorption process exhibited in Figure 7b into three stages, i.e., the first stage with almost a 

constant absorption rate, the second stage with a gradually decreasing absorption rate, and the third stage with a zero absorption 

rate. The almost linear absorption rate at the first stage indicates that radionuclides are completely absorbed by pore surfaces 

when the solution flows through the channel so that the radionuclide concentration at the outlet is zero. The process in second 

stage, characterized by a decreasing absorption rate, is controlled by the diffusion in solid phase. During this stage, radionuclide 

ions absorbed at the interface gradually diffuse into the bulk of the solid phase while the concentration of radionuclide ions at 
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the interface reaches to its equilibrium concentration. Both long-range diffusion in the bulk and lower reaction rate due to high 

concentration at solid side slow down the ion uptake kinetics. The final stage with a zero-absorption rate is corresponding to 

the dynamic equilibrium state when the solid reaches its capacity and no further absorption occurs at the interface (𝑅̇ = 0). All 

three stages are observed in the absorption kinetic curves in column experiments. It is difficult to make a direct comparison 

between a flow through experiment, which captures the effect of both macro-pore among particles and meso-pore inside 

particles on the breakthrough curve, and the numerical modeling, which only captures the effect of meso-pore inside particles. 

But the qualitative agreement shows the capability of the integrated model in capturing the competition among rapid diffusion 

and advection of radionuclide ions in meso-pores and reaction on the liquid and solid interfaces.  

 

 

 

Figure 7 (a) Conservation of concentration in evolution, (b) ion uptake kinetics into the solid, (c) averaged liquid 

concentration at the outlet in baseline case with the parameters listed in Table 2. The insets in (b) display the concentration 

spatial distributions at 3 different time steps. The color bar in the top inset is different from the other two inserts. It takes a 

time span of 𝑡∗ = 3407 to expel a volume 𝑉𝑐ℎ of liquid from the domain in (c), where 𝑉𝑐ℎ is the channel volume in the 

microstructure. 

 

4.  Results 

Experiments show that the first and second stages strongly depend on the pore structure, particle size, particle aggregation in 

space, thermodynamic and kinetic properties of the system [3], [5], [7]. The system with the model parameters listed in Table 

2 was designed with a significantly faster ion transport in the liquid than in the solid while the ion uptake at the interface was 

even faster than the ion transport in the liquid. In such a case, the ion uptake kinetics should be primarily controlled by the ion 

transport in the solid and liquid rather than by the interface absorption. We set the simulation with the parameters listed in the 

Table 2 as a baseline case. In the following case studies, we vary only one model parameter (or thermodynamic and kinetic 

property) while keeping all other parameters unchanged. This allows us to evaluate how the developed model can capture the 

effects of different properties on the ion uptake kinetics and to gain valuable insights into the underlying absorption mechanisms 

for designing higher-performance treatment strategies of nuclear waste solution. 

4.1 Effect of flow rate 

Figure 8 compares the ion uptake kinetics under three different flow rates associated with the fast diffusion process in liquid as 

given in Table 2. It reveals that the flow rate has a significant impact on the ion uptake kinetics. As the flow rate increases, the 

ions enter the domain and transport in the liquid at a faster rate, resulting in an acceleration of the ion uptake process in the first 

stage. Conversely, when the flow rate is low, the uptake process slows down. The results also show that at a high flow rate the 
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three stages become distinguishable while at a low flow rate the interface uptake and bulk diffusion are comparable, leading to 

undistinguishable first and second stages. The strong flow rate dependency of the uptake kinetics suggests that the flow rate 

can be one of the dominant factors controlling the ion uptake kinetics, and a faster flow can greatly improve the treatment 

efficiency of nuclear waste solution for diffusion-controlled ion uptake process. 

 

  

 

Figure 8 Comparison of ion uptake kinetics in solid (a) and breakthrough curves (b) under different flow rates 𝑢𝑓𝑙𝑜𝑤
∗ . It takes 

time spans of 𝑡∗ = 3407 and 𝑡∗ = 10221, respectively, for 𝑢𝑓𝑙𝑜𝑤
∗ = 7.5 × 10−2 and 𝑢𝑓𝑙𝑜𝑤

∗ = 2.5 × 10−2 to expel a volume 

𝑉𝑐ℎ of liquid from the domain in Figure 1 (c), where 𝑉𝑐ℎ is the channel volume in the microstructure. 

 

4.2 Effect of diffusivity 

For a given flow rate, the ion transport in the liquid also depends on the ion diffusivity. Figure 9 illustrates the dependency of 

the ion uptake kinetics on the ion diffusivity under the stagnant flow condition (𝑢𝑓𝑙𝑜𝑤
∗ = 0), while other parameters take the 

same values given in Table 2. The results in Figure 9 show that a larger diffusivity in the liquid accelerates the ion uptake 

process, as expected.  

In the solid phase, the ion transport is controlled solely by the ion diffusivity, and the ion diffusivity in solid is much smaller 

than that in liquid, as listed in Table 2. Figure 10a illustrates breakthrough curves, revealing that a higher diffusivity within the 

solid leads to a delayed breakthrough time (the moment when radionuclide concentration becomes detectable at the outlet) and 

accelerates ion uptake kinetics in both initial and subsequent stages with the given chemical potential functional. A smaller 

diffusivity in the solid causes slower ion uptake kinetics, as seen in Figure 10b, because it takes a longer time for the solid 

phase to reach its maximum absorption capacity. Meanwhile, a slow ion diffusion process in the solid will impede the uptake 

of ions from the liquid to the solid, leading to a longer residence time of ions in the liquid phase and thereby increasing the 

amount of ions in liquid in the early stage as shown in Figure 10c and resulting an earlier breakthrough time as shown in Figure 

10(a).  
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Figure 9 Comparison of ion uptake kinetics in solid (a) and liquid (b) under different 𝐷𝐿
∗ without flow. 

 

 

 
Figure 10 The breakthrough curve (a) and the evolution of total concentration in solid (b) and liquid (c) under different 𝐷𝑆

∗ and 

the inlet flow rate of 7.5 × 10-2. 

 

4.3 Effect of reaction rate   

For the selected baseline case, the interface reaction is assumed to be significantly faster than the ions transport in both the solid 

and the liquid. As a result, the reaction rate isn’t the limiting factor in the ion uptake process, which is evidenced by the identical 

kinetics obtained from the simulations with the baseline and a higher reaction rates, as shown in Figure 11 with k = 0.05 and k 

= 0.5, respectively. However, a significantly slower reaction rate is supposed to limit the ion uptake process. To prove this 

statement, we simulate the impact of a considerably smaller reaction rate on the ion uptake process. The results show that such 

a low reaction rate slows down ion uptake kinetics in both first and second stages, as indicated in Figure 11a. The low reaction 

rate of ions at the interface impedes the transport of ions from the liquid into the solid phase, resulting in a slow ion uptake and 

a higher amount of ions remaining in the liquid phase in the first stage, as observed in Figure 11b. Due to the higher amount of 

ions in liquid, the ions will be detected earlier at the right outlet boundary, meaning an earlier breakthrough as shown in Figure 

11c. The low reaction rate consequently slows down the long-range diffusion process in the solid phase, hence, causes a slower 

uptake kinetics.  

In summary, it turns out, based on the comparative analysis, that the flow rate is the limiting factor of the first stage in the 

baseline case, while the ion diffusivity in the solid can be the primary limiting factor of both the first and the second stages.  

 



Journal of Nuclear Materials Z. Mao et al  

   
 

14 

 
Figure 11 Comparison of ion uptake kinetics in solid (a) and liquid (b) as well as the breakthrough curves (c) under different 

reaction rates. 

 

4.4 Effect of porosity 

In addition to the rate-related factors, the microstructure of waste form materials may impact the ion uptake efficiency and 

capacity as well. In this section, we examine the impact of the porosity on the ion uptake kinetics. Two microstructures are 

considered with porosities of 42% and 50%, respectively. To generate a similar pore structure but lower porosity, the 

microstructure with a porosity of 42% was created by narrowing the channels in the microstructure with a porosity of 50%. 

Figure 12a illustrates the evolution of the total concentration in the solid phase. As expected, the microstructure with higher 

porosity exhibits a lower absorption capacity, as evidenced by the lower value of 𝑄𝑆 towards which it converges. This is because 

of the reduction of the solid phase volume, while the equilibrium concentration in the solid phase is the same for both 

microstructures. Figure 12b shows the evolution of the averaged concentration at the outlet. It reveals that ions reach the outlet 

boundary earlier but the ion uptake kinetic is slower in the low-porosity microstructure. The microstructure characteristics 

apparently influences the ion uptake kinetic as widely observed in experiments. 

 

 

 
Figure 12 Comparison of ion uptake kinetics in solids with different porosities. (a) the evolution of total concentration in solid 

and (b) the average concentration at outlet. It takes time spans of 𝑡∗ = 3407 and 𝑡∗ = 3210, respectively, for microstructures 

in (a) and (b) to expel a volume of 𝑉𝑐ℎ liquid from the domain, where 𝑉𝑐ℎ is the channel volume of the two microstructures. 

 

5. Discussion 

The ion uptake kinetics in porous nuclear waste form materials involves a complex coupling of multiple physical processes, 

including ion transport along the flow in porous structures, reactions at the solid/liquid interface, and long-range diffusion in 

the solid phase. This study introduces an integrated PF-VLBM model to capture this multiphysics coupling. The model utilizes 
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an accurate and efficient VLBM for calculating the flow field in intricate porous structures. The interface reaction model, based 

on the thermodynamic properties of solid and liquid phases, describes the ion uptake rate at the interface. Ion diffusion in the 

solid is described by a phase-field model, using the system's thermodynamic properties (such as equilibrium concentration and 

electrochemical potential of ions) to precisely capture the diffusion driving force and ion uptake capacity. Through parametric 

studies, the model predicts the impact of microstructure, thermodynamic and kinetic properties, and operational conditions on 

ion uptake kinetics and breakthrough curves. The comparison of simulation results with experimental data aids in understanding 

the dominant physics behind the ion uptake process. For instance, the findings reveal that, as illustrated in Fig. 10, the duration 

of stage 1 increases with higher diffusivity in the solid phase, while the duration of stage 2 decreases. Additionally, the 

breakthrough time increases with higher diffusivity in the solid phase and decreases with a reduced reaction rate at the interface. 

Microstructure characteristics, such as porosity and channel size, exert influence by altering the transport conditions of ions in 

the solid and liquid. The low-porosity microstructure has narrower channels, resulting in a faster velocity in the channels as 

calculated from VLBM simulation in Figure 13. Relatively, it takes a shorter time for the low porosity microstructure to expel 

a volume 𝑉𝑐ℎ of liquid from the domain. Moreover, the lower porosity has lower volume fraction of solid surface layer. When 

the concentration in the surface layer reaches the equilibrium concentration the interface reaction rate decreases so that 

radionuclides are left in the liquid. It is confirmed by the earlier breakthrough time and larger value of  𝑐𝐿(𝑡)/𝑐𝑖𝑛𝑙𝑒𝑡  at the earlier 

stage shown in Figure 12b. However, the faster channel velocities do not necessarily translate to accelerated ion uptake kinetics, 

as shown in Figure 12b. This is because, at the first stage, more radionuclides are released by the solution stream, while, at the 

second stage, the longer diffusion distance in the low-porosity structure (meaning higher volume of solid) requires a longer 

diffusion time of ions in solid, eventually causing the slower uptake kinetics. Both porosity and pore size (channel size) are 

identified as critical factors influencing ion uptake kinetics. 

 

 

 

Figure 13 Comparison of velocity contours on a slice of Y-Z plane (at X = 0) within the two microstructures obtained from 

VLBM simulation. (a) 𝜙 = 42%, (b) 𝜙 = 50%. The velocity is normalized with 𝑢𝑚𝑎𝑥, where 𝑢𝑚𝑎𝑥 is the maximum velocity 

as steady in the microstructure with 𝜙 = 50%. 

Note that, when solving the diffusion processes given in Eq. (1), the time step depends on the largest diffusivity in the liquid 

phase. For affordable computation load, we deliberately set the diffusivity in the liquid to be 3 order magnitude higher than that 

in the solid. However, in some practical applications, the ratio of diffusivity in the liquid and solid might be higher than 3 orders 

of magnitude [3], [7], which might cause the dependencies of the ion uptake kinetics on the potential limiting factors different 

from those observed in the current simulations. Achieving higher-fidelity modeling for such complex, strongly inhomogeneous 

processes would necessitate a more efficient numerical solver for handling the fastest diffusion process effectively.  

In our simulations, the porous structures were generated by tailoring the volume fraction and average channel size. The 

microstructural features such as channel size, the spatial connection and surface area might importantly impact the performance 

of geopolymers. To generate more accurate structure of the porous geopolymers, the generation model of microstructures needs 

to capture these microstructure features. From FIB/SEM images, it is possible to obtain the color function which describes the 

spatial distribution and morpholgy of pores. The color function could be used to introduce the concentration fluctuation and 
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generate more complex and accurate microstructures. The effect of closed channels on ion uptake kinetics should be considered. 

Furthermore, this is a mesoscale model which can capture the effect of complex structures, inhomogeneous thermodynamic 

and kinetics properties on material response. The simulation results can help to understand the kinetics behavior observed in 

experiments such as the general dependence of ion uptake kinetics on pore structures, and kinetics properties of diffusive 

species and flow fields. However, it is challenging to make a quantitative comparison between mesoscale simulation results 

and experimental data because the macroscale structures such as the particle size distributions, particle aggregation, and 

macroscale flow field also affect the ion uptake kinetics. Therefore, for engineering applications, the simulation results from 

mesoscale simulations in the representative volumes should be used to develop macroscale thermodynamic and kinetics 

properties of the system such as effective diffusivity, effective interface absorption rate, effective flow fields in terms of pore 

structures inside the particles. These macroscale thermodynamic and kinetic properties are the input of macroscale performance 

model.  In our future work we will focus on these challenging issues to enhance the predictive capability of the model.   

 

6. Conclusions 

In conclusion, we have developed an integrated PF-VLBM model to investigate the effect of porous structures, thermodynamic 

and kinetic properties of ions, reaction rate at interface and flow field on ion uptake kinetics in porous materials.  The simulation 

results revealed that the ion uptake process can be divided into three distinct stages with different kinetic characteristics. In 

stage 1, ions enter the pores along with the flow and transport towards the outlet boundary while being fully or partially absorbed 

by the solid/solution interface. This stage exhibits the fastest ion-uptake kinetics with a linear absorption rate. In stage 2, the 

rate of ion uptake gradually slows down, primarily governed by the slow diffusion in the solid phase. Eventually, the system 

approaches an equilibrium state, designated as stage 3, where the total amount of absorbed ions reaches the capacity. This 

general ion uptake kinetics aligned with the observations from the column experiments.  

The unique capability of the developed model is in studying the individual and/or coupling effect of thermodynamic and kinetic 

properties of system on ion uptake kinetics. The results demonstrated that a higher flow rate and/or a larger ion diffusivity in 

the liquid significantly accelerate the ion transport in the liquid phase, and thus the ion-uptake kinetics, particularly in stage 1. 

Increasing the diffusivity in solid phase, pore volume fraction, and reaction rate at interface shortens the period of stage 2 and 

increases the time of breakthrough. Additionally, it is found that unlike the flow rate effect, although a narrow channel in a 

lower porosity structure causes a faster flow velocity the microstructure with higher porosity (larger channel) exhibits a faster 

ion uptake kinetics due to the larger volume faction of solid surface layer and the shorter diffusion distance in the solid phase.  

Overall, the developed model allows one to assess and identify the primary factors that limit the ion uptake kinetics, provide 

insights crucial for the design of high-performance waste form materials and treatment strategies. 
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