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Abstract
We review the various aspects of the 3D Einstein gravity theory with a neg-
ative cosmological constant and its boundary description. We also explore
its connections to conformal field theories (CFTs), modular symmetry, and
holography. It is worth noting that this particular theory is topological in
nature, which means that all the physical degrees of freedom are located on
the boundary. Additionally, we can derive the boundary description on a torus,
which takes the form of a 2D Schwarzian theory. This observation suggests
that the relevant degrees of freedom for the theory can be described using
this 2D theory. Because of the renormalizability of the 3D gravity theory, one
can probe the quantum regime. This suggests that it is possible to investigate
quantum phenomena. Unlike the conventional CFTs, when considering the
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AdS3 background, the boundary theory loses modular symmetry. This repres-
ents a departure from the usual behavior of CFT and is quite intriguing. The
Weyl transformation induces anomaly in CFTs, and we indicate that apply-
ing this transformation to the 2D Schwarzian theory leads to similar results.
Summing over all geometries with the asymptotic AdS3 boundary condition
is equivalent to summing over a modular group. The partition function is one-
loop exact and therefore an analytical expression from the summation. This
theory holds potential applications in Quantum Information and is a recurring
theme in the study of holography, where gravitational theories are connected
with CFTs.

Keywords: gauge formulation, 2D Schwarzian theory, AdS3,
modular symmetry, and holographic entanglement entropy

1. Introduction

Black hole entropy [1] is a concept that assigns a measure of entropy to a black hole. This
idea emerged from efforts to satisfy the laws of thermodynamics [2] with the physics of black
holes. The black hole’s entropy depends on its mass, electric charge, and angular momentum.
These parameters are crucial in defining a black hole’s properties. The entropy of a black
hole is related to the area of its event horizon, indicating that entropy should be a monotonic
function of the event horizon [3]. Black hole entropy has profound implications in theoretical
physics. One of the notable consequences is theHolographic Principle [4, 5]. The Holographic
Principle is a concept in theoretical physics that suggests that the information and degrees of
freedom of Quantum Gravity can be encoded or represented on a lower-dimensional boundary
surrounding it [4, 5].

The realization of the holographic principle is motivated by String Theory, which describes
the dynamics of one-dimensional objects (strings). The particular example is a duality in the-
oretical physics that connects two seemingly different theories: the gravitational theory in a
(d+ 1)-dimensional Anti-de Sitter (AdSd+1) space and a d-dimensional conformal field the-
ory (CFTd). This duality establishes a connection between gravity and field theories called
AdS/CFT correspondence. String Theory is a candidate for a theory of Quantum Gravity. It
has the potential to naturally include the graviton, which is the hypothetical quantum particle
related to gravity. Additionally, it is considered ultraviolet (UV) complete, making it prom-
ising evidence for the AdS/CFT correspondence conjecture. Einstein gravity in four dimen-
sions is not renormalizable, which is why the AdS/CFT correspondence is valuable. However,
the issue of renormalizability can be overcome in the context of quantum field theory (QFT),
which is another reason why the AdS/CFT correspondence is important. As a result, research-
ers can use the AdS/CFT correspondence to examine gravity within the framework of QFT,
providing a distinct perspective on quantum gravity. Recently, Quantum Information goes into
the AdS/CFT correspondence beginning from the Ryu–Takayanagi (RT) conjecture [6, 7],
which connects the entanglement entropy (EE) of CFTd to the minimum area of surfaces (co-
dimension two surfaces on a given time slice) in AdSd+1 space [6, 7]. This connection sug-
gests that Quantum Entanglement plays a role in generating spacetime, supporting the idea
of Emergent Spacetime. For a spherical entangling surface, a conformal transformation maps
EE to thermal entropy [8]. Consistent results were obtained between the holographic method
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(minimum surface) and field theory. The replica trick is a mathematical technique used to cal-
culate EE in field theory [9]. When applied to bulk gravity theory, the result also gives the
co-dimensional two surface [10–12]. Introducing the Hayward term [13] to the gravity theory
is an equivalent approach to avoiding the use of the replica trick at the classical level [14].
Rényi entropy also has a similar holographic formulation through the cosmic brane [15] and
the Hayward term [16]. Hence, the minimum surface approach provides various pieces of evid-
ence at the classical level. The concept of excitation EE is introduced to illustrate the difference
between the EE of general excitation and their arbitrary descendants [17]. This observable is a
finite quantity independent of the cutoff and can be computed by the holographic formula [17].
The holographic formula is a tool that simplifies the study of many-body physics by reducing
the complexity of computations related to EE. Because we hope to have the gauge invari-
ant measure, the bipartition becomes subtle if a holographic system has the gauge symmetry.
However, from the operator algebra point of view, we can define gauge invariant measures with
consistent results in the p-form gauge theory [18, 19]. In AdS3/CFT2 case, the RT conjecture
can have the simplified interpretation of the relationship between the length of the geodesic
line and the EE by the differential entropy [20, 21] or kinematic space [22, 23].

Because it is hard to have the complete Lagrangian description for the bulk gravitational
theory and CFT simultaneously, we only have a few examples to establish concrete AdS/CFT
correspondence by comparing results between the bulk and boundary theories. One of the most
well-known examples of the AdS/CFT correspondence involves String Theory in AdS5 × S5,
where S5 is a five-dimensional sphere manifold, is dual to N = 4 Super Yang–Mills (SYM)
theory in four dimensions. In String Theory, there is a clear correspondence between perturb-
ation computations and integrability techniques in SYM theory. However, we do not have a
direct way to derive SYM theory from String Theory. In the realm of 3D Einstein gravity, there
are no propagating gravitational degrees of freedom in the bulk. Instead, the physical degrees
of freedom reside on the boundary. This allows for direct derivation of the boundary theory.
Moreover, the system is simple enough to compute the stress tensor n-point correlators with
ease [24]. The most general solutions to the AdS3 Einstein gravity with Brown–Henneaux
boundary conditions can also be classified [25–27]. The doubled Chern–Simons theory with
SL(2) gauge groups reformulates the 3DEinstein gravity theory and resolves the issue of renor-
malizability with a dimensionless coupling constant [28]. Because the functional measure of
the metric formulation is only over the non-singular vielbeins, the metric formulation differs
from the gauge formulation non-perturbatively [29]. However, the Chern–Simons description
[30] provides a simple way to treat the quantum correction of 3D Einstein gravity. When con-
sidering a negative cosmological constant in 3D Einstein gravity, the conformal symmetry
corresponds to the bulk gauge symmetry (or SO(2, 2) gauge group). According to the theory,
the boundary is expected to be a CFT2 [31]. However, research has found that pure 3D Einstein
gravity does not possess a physical CFT description [32, 33]. The summation over the asymp-
totic AdS3 boundary condition results in a negative density of states [32, 33]. This negative
density is associated with a non-unitary CFT. The error approximating the discrete spectrum
to a continuous spectrum that is not sensitive to the spin [34, 35] and the generalization of
the usual Cardy formula [36] help the CFT computation to support the same conclusion [37,
38]. The boundary theory of AdS3 Einstein gravity has been a subject of study. It was initially
proposed as Liouville theory [39, 40], but this proposal was not acceptable due to issues with
the non-normalizable vacuum. Recent work has shown that the correct boundary on the torus
manifold (asymptotic boundary for the Euclidean case) has SL(2) gauge symmetry with the
Schwarzian form [41], leading to what is called 2D Schwarzian theory. This theory is dual to
chiral scalar fields [42–44], and the classical limit is the Liouville theory [45].
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The partition function of 2D Schwarzian theory on the torus manifold is one-loop exact [41,
46]. This suggests that an analytical solution for the partition function can be obtained without
considering higher-loop contributions. It can be generalized to an n-sheet covering and related
to EEwith the bulk dual, known as theWilson line [47–49]. Even though 2DSchwarzian theory
lacks a covariant Lagrangian description, theWeyl transformation acting on the torus case gen-
erates the Liouville theory [50]. This allows for simplifications using Liouville theory or Weyl
anomaly, similar to CFT2 [50, 51]. The 2D Schwarzian theory is a simple quantum system
for studying the bulk/boundary correspondence. When considering the AdS/CFT correspond-
ence on a wormhole manifold, introducing an ensemble to the boundary theory is a common
approach [52]. However, this ensemble averaging does not provide a smooth description of N
to the Hamiltonian HN describing a black hole state [53], which implies differences between
the boundary dual of Einstein gravity and String Theory in this context [53, 54].

1.1. Outline

The outline of this review is as follows. This section introduces the gauge formulation of 3D
Einstein Gravity in section 2. It covers the basic concepts and equations related to this topic.

We explore the boundary description of AdS3 Einstein Gravity in section 3. It includes
discussions on the 2D Schwarizna theory, the equivalence between chiral scalar fields and the
boundary theory, and the examination of theWeyl transformation. Additionally, we will calcu-
late the partition function by summing over all manifolds with the asymptotic AdS3 boundary
condition.

We introduce the concept of holographic EE in section 4. We plan to demonstrate the RT
conjecture using the AdS3 geometry or an exact solution. Furthermore, we will apply the gauge
formulation to find the dual of EE using the bulk Wilson line. We discuss potential future
research directions or areas of study related to the topics in section 5.

2. 3D Einstein gravity

We first introduce the second-order and first-order formulations of 3D Einstein Gravity and
then rewrite it to get the gauge formulation, SL(2) doubled Chern–Simons [29]. Because the
coupling constant in the gauge formulation is dimensionless, it is easier to treat the quantum
fluctuation. The path integration is over the singular and non-singular vielbeins. We can find
the difference at the non-perturbative level.

2.1. Second-order formulation

The Lagrangian description of metric formulation (or second-order formulation) for 3D
Einstein Gravity with the Lorentz signature (−1,1,1) is

S3DS =
1

16πG3

ˆ
d3x

√
|det−gµν |(R− 2Λ) , (1)

where G3 is the 3D gravitational constant, and Λ is the cosmological constant. The gµν rep-
resents the metric that is used to define the spacetime interval. This interval can be determined
by the formula

ds2 = gµνdx
µdxν . (2)
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We denote the bulk spacetime indices by µ,ν, . . .. The Ricci curvature tensor Rµν is defined
by

Rµν ≡ ∂δΓ
δ
νµ − ∂νΓ

δ
δµ +Γδ

δλΓ
λ
νµ −Γδ

νλΓ
λ
δµ, (3)

where Christoffel symbol Γµ
νδ is

Γµ
νδ ≡

1
2
gµλ (∂δgλν + ∂νgλδ − ∂λgνδ) , (4)

The Ricci scalar is a mathematical object defined using the metric tensor and the Ricci tensor.
It is given by the expression

R≡ gµνRµν , (5)

where gµν is the inverse of the metric tensor and Rµν is the Ricci tensor.

2.2. First-order formulation

The action (1) can be rewritten as the first-order formulation from the vielbein

eµ ≡ eµ
aJa (6)

and spin connection

ωµ ≡ ωµ
aJa (7)

S3DF =
1

16πG3

ˆ
d3x e

(
Rµν

abeµae
ν
b− 2Λ

)
, (8)

where

Rµν
ab = ∂µων

ab− ∂νωµ
ab+

(
ωµ

acων
bd−ων

acωµ
bd
)
ηcd;

ed ≡
√
det(−eµ,aeaν). (9)

The ωµ
bc is defined by the spin connection

ωµ
a =

1
2
ϵabcωµ

bc. (10)

The Ja are SL(2) generators:

J0 ≡
(
0 − 1

2
1
2 0

)
; J1 ≡

(
0 1

2
1
2 0

)
; J2 ≡

(
1
2 0
0 − 1

2

)
, (11)

which satisfies the commutation and the trace relations:

[Ja,Jb] = ϵabc; Tr
(
JaJb

)
=

1
2
ηab. (12)

The Lie algebra indices are raised or lowered by

η ≡ diag(−1,1,1) . (13)

5



Class. Quantum Grav. 41 (2024) 023001 C-T Ma

The metric now can be rewritten in terms of vielbein as

gµν = 2Tr(eµeν) . (14)

We will reformulate 3D Einstein Gravity via the gauge fields (gauge formulation) [28].

2.3. Gauge formulation

We reformulate 3D Einstein Gravity with a negative cosmological constant from the
Chern–Simons theory [28]

S3DG = SCS (A)− SCS (Ā) , (15)

where

SCS =
k
4π

ˆ
d3x Tr

(
ϵµνρAµ∂νAρ +

2
3
ϵµνρAµAνAρ

)
, (16)

The constant k is defined as [28]

k≡ l
4G3

, (17)

where

1
l2

≡−Λ. (18)

The gauge fields are defined by the vielbein and spin connection [28]:

Aµ = Ja

(
ωµ

a+
1
l
eµ

a

)
, Āµ = Ja

(
ωµ

a− 1
l
eµ

a

)
. (19)

We substitute the vielbein and spin connection to the gauge fields, and then we obtain that:

ϵµνρAµ∂νAρ = ϵµνρJaJb

(
ωµ

a∂νωρ
b+

1
l
ωµ

a∂νeρ
b+

1
l
eµ

a∂νωρ
b+

1
l2
eµ

a∂νeρ
b

)
;

ϵµνρĀµ∂ν Āρ = ϵµνρJaJb

(
ωµ

a∂νωρ
b− 1

l
ωµ

a∂νeρ
b− 1

l
eµ

a∂νωρ
b+

1
l2
eµ

a∂νeρ
b

)
;

2
3
ϵµνρAµAνAρ =

2
3
ϵµνρJaJbJc

(
ωµ

aων
bωρ

c+
1
l
ωµ

aων
beρ

c+
1
l
ωµ

aeν
bωρ

c+
1
l
eµ

aων
bωρ

c

+
1
l2
ωµ

aeν
beρ

c+
1
l2
eµ

aων
beρ

c+
1
l3
eµ

aeν
beρ

c

)
;

2
3
ϵµνρĀµĀν Āρ =

2
3
ϵµνρJaJbJc

(
ωµ

aων
bωρ

c− 1
l
ωµ

aων
beρ

c− 1
l
ωµ

aeν
bωρ

c− 1
l
eµ

aων
bωρ

c

+
1
l2
ωµ

aeν
beρ

c+
1
l2
eµ

aων
beρ

c− 1
l3
eµ

aeν
beρ

c

)
. (20)

From equation (20), we obtain the action:

6
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S3DG = SCS (A)− SCS (Ā) =
k
4π

ˆ
d3x ϵµνρTr

[
JaJb

(
1
l
ωµ

a∂νeρ
b+

1
l
eµ

a∂νωρ
b

)
+ JaJb

(
1
l
ωµ

a∂νeρ
b+

1
l
eµ

a∂νωρ
b

)
+

2
3
JaJbJc

(
1
l
ωµ

aων
beρ

c+
1
l
ωµ

aeν
bωρ

c

+eµ
aων

bωρ
c+

1
l3
eµ

aeν
beρ

c

)
+

2
3
JaJbJc

(
1
l
ωµ

aων
beρ

c+
1
l
ωµ

aeν
bωρ

c

+
1
l
eµ

aων
bωρ

c+
1
l3
eµ

aeν
beρ

c

)]
. (21)

Now we compute the first two terms of the last equality in equation (21):

k
4π

ˆ
d3x Tr

[
ϵµνρJaJb

(
1
l
ωµ

a∂νeρ
b+

1
l
eµ

a∂νωρ
b

)]
=

k
4π

ˆ
d3x

[
1
2l
ϵµνρ (∂µων

a− ∂νωµ
a)eρ,a

]
;

− k
4π

ˆ
d3x Tr

[
ϵµνρJaJb

(
1
l
ωµ

a∂νeρ
b+

1
l
eµ

a∂νωρ
b

)]
=

k
4π

ˆ
d3x

[
1
2l
ϵµνρ (∂µων

a− ∂νωµ
a)eρ,a

]
. (22)

The above equalities are up to a total derivative term. Hence we obtain that:

k
4π

ˆ
d3x Tr

[
ϵµνρJaJb

(
1
l
ωµ

a∂νeρ
b+

1
l
eµ

a∂νωρ
b

)]
− k

4π

ˆ
d3x Tr

[
ϵµνρJaJb

(
1
l
ωµ

a∂νeρ
b+

1
l
eµ

a∂νωρ
b

)]
=

k
4π l

ˆ
d3x

[
ϵµνρ (∂µων

a− ∂νωµ
a)eρ,a

]
. (23)

Due to the following identity

ϵµνρϵabc = ed
(
eµ[aeν beρc]

)
, (24)

we obtain that:

ϵµνρ∂µων
aeρ,a =

1
2
ϵµνρϵabc (∂µων,bc)eρ,a

=
1
2
ed
(
eµ[aeν beρc]

)(
∂µων

bc
)
eρ

a

= ed (e
µ
ae

ν
be

ρ
c)
(
∂µων

bc
)
eρ

a+ ed (e
µ
ce

ν
ae

ρ
b)
(
∂µων

bc
)
eρ

a

+ ed (e
µ
be

ν
ce

ρ
a)
(
∂µων

bc
)
eρ

a

= ed (e
ν
be

µ
c)∂µων

bc+ ed (e
µ
ce

ν
b)∂µων

bc+ 3ed (e
µ
be

ν
c)∂µων

bc

= ed (e
µ
be

ν
c)∂µων

bc, (25)

in which we used

eµaeµ
b = ηba (26)
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in the fourth equality. Hence we obtain

k
4π

ˆ
d3x

[
1
2l
ϵµνρ (∂µων

a− ∂νωµ
a)eρ,a

]
=

k
4π l

ˆ
d3x ed (e

µ
be

ν
c)
(
∂µω

bc
ν − ∂νω

bc
µ

)
. (27)

We regulate the remaining terms of equation (21) as

k
4π l

ˆ
d3x ϵµνρTr

[
2
3
JaJbJc

(
ωµ

aων
beρ

c+ωµ
aeν

bωρ
c+ eµ

aων
bωρ

c+
1
l2
eµ

aeν
beρ

c
)

+
2
3
JaJbJc

(
ωµ

aων
beρ

c+ωµ
aeν

bωρ
c+ eµ

aων
bωρ

c+
1
l2
eµ

aeν
beρ

c
)]

=
k

4π l

ˆ
d3x ϵµνρTr

[
4
3
JaJbJc

(
ωµ

aων
beρ

c+ωµ
aeν

bωρ
c+ eµ

aων
bωρ

c+
1
l2
eµ

aeν
beρ

c
)]

.

(28)

Now we rewrite the first term of equation (28):

k
4π l

ˆ
d3x Tr

(
2
3
ϵµνρJaJbJcωµ

aων
beρ

c− 2
3
ϵµνρJaJcJbωµ

aων
beρ

c

)
=

k
4π l

ˆ
d3x Tr

(
2
3
ϵµνρJa[Jb,Jc]ωµ

aων
beρ

c

)
=

k
4π l

ˆ
d3x Tr

(
2
3
ϵµνρϵbcdJaJ

dωµ
aων

beρ
c

)
=

k
4π l

ˆ
d3x

(
1
3
ϵµνρϵbcaωµ

aων
beρ

c

)
, (29)

then we can get

k
4π l

ˆ
d3x ϵµνρTr

[
4
3
JaJbJc

(
ωµ

aων
beρ

c+ωµ
aeν

bωρ
c+ eµ

aων
bωρ

c
)]

=
k

4π l

ˆ
d3x ϵµνρϵbcaωµ

aων
beρ

c. (30)

By the following equalities:

ϵµνρϵbcaωµ
aων

beρ
c = 3ede

µ
ae

ν
bωµ

aων
b− 3ede

µ
be

ν
aωµ

aων
b+ ede

ν
ae

µ
bωµ

aων
b

− ede
ν
be

µ
aωµ

aων
b+ ede

µ
be

ν
aωµ

aων
b− ede

µ
ae

ν
bωµ

aων
b

=−1
4
ede

µ
be

ν
aϵ
a
cdϵ

b
efωµ

cdων
ef+

1
4
ede

µ
ae

ν
bϵ
a
cdϵ

b
efωµ

cdων
ef

=−edeµbeνafabcd efωµ
cdων

ef, (31)

where

f abcd ef =
1
4

(
ϵacdϵ

b
ef− ϵbcdϵ

a
ef
)
, (32)

we can obtain

k
4π l

ˆ
d3x ϵµνρϵbcaωµ

aων
beρ

c =− k
4π l

ˆ
d3x ede

µ
ae

ν
b
(
ωµ

acων
db−ων

acωµ
db
)
ηcd. (33)

8
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The last term of equation (28) can be rewritten as the cosmological constant term:

k
4π l

ˆ
d3x Tr

(
4
3l2
ϵµνρJaJbJceµ

aeν
beρ

c

)
=

k
4π l

ˆ
d3x Tr

(
2
3l2
ϵµνρϵabdJ

dJceµ
aeν

beρ
c

)
=

k
4π l

ˆ
d3x

(
1
3l2
ϵµνρϵabceµ

aeν
beρ

c

)
=

k
4π l

ˆ
d3x ed

2
l2
, (34)

in which we used:

Tr
(
ϵµνρJaJbJceµ

aeν
beρ

c
)
=−Tr

(
ϵµνρJbJaJceµ

aeν
beρ

c
)

=
1
2
ϵµνρTr

(
[Ja,Jb]Jceµ

aeν
beρ

c
)

=
1
2
ϵµνρϵabdTr

(
JdJceµ

aeν
beρ

c
)

(35)

in the first equality. By combining equations (27), (33) and (34), we show the equivalence
between the gauge formulation and the first-order formulation [28]

S3DG = S3DF, (36)

up to a total derivative term. Because G3 is not a dimensionless constant but k is, the gauge
formulation is more convenient to treat the quantum fluctuation [28]. The path integration is
only over the non-singular vielbein in the metric formulation

ˆ
Dgµν , (37)

but the measure of the gauge formulation

ˆ
DADĀ (38)

is also over the singular one. Therefore, the metric and gauge formulations are distinct from
the non-perturbative effect, as stated in [29].

3. Boundary description

Because the gauge formulation has the SL(2)×SL(2) gauge symmetry [29], the boundary the-
ory has the conformal symmetry. Therefore, we first review the conformal symmetry. We then
derive the boundary description of AdS3 Einstein gravity theory, 2D Schwarzian theory [41],
which is also dual to chiral scalar fields [42], and discuss the loss of modular symmetry [41].
We cannot apply the CFT2 result of the Weyl anomaly directly to the 2D Schwarzian theory
due to covariance loss in the Lagrangian [41]. Nevertheless, we perform a direct calculation on
the torus manifold to demonstrate the Liouville theory resulting from the Weyl transformation
[50]. Finally, we present the analytical expression for the partition function when summing
over all manifolds with the asymptotic AdS3 boundary condition [32].

9
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3.1. CFT

We first introduce the conformal transformation and then the conformal algebra in CFTd. We
then discuss the correspondence between the gauge symmetry of the gauge formulation and the
conformal symmetry. Because the gauge symmetry is preserved even with quantum correction,
the boundary description of gauge formulation is from CFT2.

3.1.1. Conformal transformation. A conformal transformation is an invertible coordinate
transformation

xµ → x̃µ (39)

with a transformation of a metric field

g̃µν (x̃) = Ω(x)gµν (x) . (40)

When d ̸= 2, a conformal transformation of the field ϕ is

δϕ(z) = ϵ∂ϕ(z)+∆(∂ϵ)ϕ(z) , (41)

where

∂ ≡ ∂

∂z
. (42)

The ϵ is a holomorphic transformation parameter, and ∆ is a conformal dimension of the
holomorphic part. When d= 2, a conformal transformation of the field ϕ needs to include the
anti-holomorphic part

δϕ(z, z̄) = ϵ∂ϕ(z, z̄)+∆(∂ϵ)ϕ(z, z̄)+ ϵ̄∂̄ϕ(z, z̄)+ ∆̄
(
∂̄ϵ̄
)
ϕ(z, z̄) , (43)

where

∂̄ ≡ ∂

∂z̄
. (44)

The ϵ̄ is an anti-holomorphic transformation parameter, and ∆̄ is a conformal dimension of
the anti-holomorphic part.

3.1.2. Conformal algebra. The conformal transformations are given by the following
generators:

• Translation Pµ =−i∂µ;
• Lorentz rotation Mµν =−i(xµ∂ν − xν∂µ);
• Dilaton D=−ixµ∂µ;
• Special conformal transformation Kµ =−i

(
2xµ(xν∂ν)− x2∂µ

)
.

10
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The conformal algebra is in the following:

[Mµν ,Pρ] =−i(ηνρPµ − ηµρPν) ;

[Mµν ,Kρ] =−i(ηνρKµ − ηµρKν) ;

[Mµν ,Mρσ] =−i(ηνρMµσ − ηµρMνσ + ηνσMµρ − ηµσMρν) ;

[D,Pµ] = iPµ;

[D,Kµ] =−iKµ;

[Kµ,Pν ] = 2i(ηµνD+Mµν) , (45)

where

ηµν = diag(−1,1, . . . ,1) . (46)

The group associated with the above algebra is isomorphic to SO(2, d). Therefore, the number
of generators are

Cd+2
2 =

(d+ 2)(d+ 1)
2

(47)

in CFTd. When d= 2, the conformal symmetry group SO(2, 2) is isomorphic to the gauge
symmetry group SL(2)×SL(2) of the gauge formulation. Due to the non-breaking of gauge
symmetry by quantum effects, the gauge formulation’s boundary description is CFT2.

3.2. AdS3 solution

The AdSd+1 solution can be immersed in a (d+ 2)-dimensional flat spacetime

ds2d+1 =−dX2
1 − dX2

2 +
d+2∑
j=3

dX2
j , (48)

in which the embedding coordinates satisfies

−X2
1 −X2

2 +
d+2∑
j=3

X2
j =

d(d− 1)
2Λ

. (49)

The AdSd+1 solution can be parametrized in the global coordinate:

X1 =

√
−d(d− 1)

2Λ
cosh(ρ)cos(τ) ;

X2 =

√
−d(d− 1)

2Λ
cosh(ρ)sin(τ) ;

Xj =

√
−d(d− 1)

2Λ
sinh(ρ) x̂j, (50)

where

d+2∑
j=3

x̂2j = 1, (51)

11
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and Poincaré coordinate:

X1 =−d(d− 1)
4rΛ

[
1+

4r2Λ2

d2 (d− 1)2

−d(d− 1)
2Λ

+

d+1∑
j=3

x2j

− t2

];
X2 =

√
− 2Λ
d(d− 1)

rt;

Xj =

√
− 2Λ
d(d− 1)

rxj;

Xd+2 =−d(d− 1)
4rΛ

[
1− 4r2Λ2

d2 (d− 1)2

−d(d− 1)
2Λ

−

d+1∑
j=3

x2j

+ t2

]. (52)

In the global coordinate, the range of parameters is:

−∞< τ <∞; ρ > 0. (53)

The range of parameters in the Poincaré coordinate is:

−∞< t<∞; r> 0. (54)

We first introduce the properties of the AdS3 metric in the Poincaré and global coordinates.
We then demonstrate the AdS3 metric in the global coordinate from the gauge formulation.

3.2.1. Poincaré coordinate. We introduce the parameter

z≡− 1
Λr
, (55)

and then the AdS3 metric becomes

ds23P =− 1
Λz2

(
dz2 + dx23 − dt2

)
. (56)

Due to z> 0, the Poincaré coordinate only covers the upper half region. The asymptotic
boundary of AdS3 is at z→ 0.

3.2.2. Global coordinate. We introduce the parameters:

r≡
√
− 1
Λ
sinh(ρ) ; t≡

√
− 1
Λ
τ, (57)

and then the AdS3 metric becomes

ds23G =−
(
1−Λr2

)
dt2 +

1
1−Λr2

dr2 + r2dθ2, (58)

where 0< θ ⩽ 2π. This coordinate covers the entire AdS3 spacetime, and is referred to as the
global coordinate. The AdS3 boundary is located at r→∞ and takes the form of a cylinder.

12
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The cylinder manifold is isomorphic to a sphere manifold by removing the top and bottom
points. After doing the Wick rotation with the Euclidean time

ψ ≡ it (59)

and the identification

zt ≡ θ+ iψ ∼ zt+ 2πτ, (60)

where τ is a complex structure, the boundary becomes a torus manifold.

3.2.3. Gauge formulation. The equations of motion for Aµ and Āµ in the gauge formulation
(S3DG) are:

0= Fµν ≡ ∂µAν − ∂νAµ + [Aµ,Aν ];

0= F̄µν ≡ ∂µĀν − ∂ν Āµ + [Āµ, Āν ]. (61)

We can write the solutions in terms of the SL(2) transformations, g and ḡ:

A= g−1ag+ g−1dg; Ā= ḡ−1aḡ+ ḡ−1dḡ. (62)

The field strength F̃µν associated to a is zero:

F̃µν ≡ ∂µaν − ∂νaµ + [aµ,aν ] = 0. (63)

We choose the solution of the gauge fields with Fµν = F̄µν = 0:

lA=
√
−Λr2 + 1J0dx

+ +
√
−ΛrJ1dx

+ +
dr√

−Λr2 + 1
J2;

lĀ=−
√
−Λr2 + 1J0dx

− +
√
−ΛrJ1dx

− − dr√
−Λr2 + 1

J2, (64)

where x± ≡ t± θ, for obtaining the AdS3 solution in the global coordinate. The vielbein can
be determined by A and Ā or equation (19):

e=
l
2
(A− Ā)≡ e+dx

+ + e−dx
− + erdx

r. (65)

We can obtain the AdS3 metric in the global coordinate by substituting the components of the
vielbein to equation (14).

3.3. Boundary term in gauge formulation

To derive a non-trivial boundary description, we introduce a boundary term (at r→∞) to the
gauge formulation. The Lagrangian description is

13
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SG =
k
2π

ˆ
d3x Tr

(
AtFrθ −

1
2
(Ar∂tAθ −Aθ∂tAr)

)
− k

2π

ˆ
d3x Tr

(
ĀtF̄rθ −

1
2
(Ār∂tĀθ − Āθ∂tĀr)

)
− k

4π

ˆ
dtdθ Tr

(
E+
t

E+
θ

A2
θ

)
+

k
4π

ˆ
dtdθ Tr

(
E−
t

E−
θ

Ā2
θ

)
(66)

when the boundary zweibein E is:

E+
t =−E−

t = E+
θ = E−

θ = 1. (67)

The gauge fields satisfy the boundary conditions:(
E+
θ At−E+

t Aθ

)
|r→∞ = 0;

(
E−
θ Āt−E−

t Āθ

)
|r→∞ = 0. (68)

The boundary metric can be rewritten in terms of E,

gµ̃ν̃ ≡ 1
2

(
E+
µ̃E

−
ν̃ +E−

µ̃ E
+
ν̃

)
. (69)

The indices of boundary spacetimes are labeled as µ̃= t,θ. When utilizing the Euclidean sig-
nature, the boundary condition corresponds to the torus manifold. The boundary condition of
other manifolds can be derived from the Weyl transformation [50].

3.4. 2D Schwarzian theory

Wederive the 2DSchwarzian theory from theAdS3 Einstein gravity in this section. The asymp-
totic AdS3 boundary condition provides the boundary constraint [41]. We then use the bound-
ary description of Einstein gravity to show the 2D Schwarzian theory and discuss the modular
symmetry. We demonstrate the dual of the 2D Schwarzian theory using chiral scalar fields.

3.4.1. Boundary constraint. The asymptotic behavior of the gauge fields is that:

A|r→∞ =

(
dr
2r 0
rE+ − dr

2r

)
; Ā|r→∞ =

(
− dr

2r −rE−

0 dr
2r

)
. (70)

We first parametrize the SL(2) transformations:

gSL(2) =

(
1 0
F 1

)(
λ 0
0 1

λ

)(
1 Ψ
0 1

)
;

ḡSL(2) =

(
1 −F̄
0 1

)(
1
λ̄

0
0 λ̄

)(
1 0

−Ψ̄ 1

)
. (71)

By identifying the SL(2) transformations with the gauge fields:

g−1
SL(2)∂θgSL(2)|r→∞ = Aθ|r→∞, ḡ−1

SL(2)∂θḡSL(2)|r→∞ = Āθ|r→∞, (72)

we obtain the boundary constraint [41]:

λ=

√
rE+

θ

∂θF
; Ψ =− 1

2rE+
θ

∂2θF
∂θF

, λ̄=

√
rE−

θ

∂θF̄
; Ψ̄ =− 1

2rE−
θ

∂2θF̄
∂θF̄

. (73)
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3.4.2. SL(2) measure. The boundary constraint (73) has the symmetry generated by the
composition of two SL(2) transformations:

gSL(2) → hSL(2) (t)gSL(2),

hSL(2) ≡
(
a1 (t) a2 (t)
a3 (t) a4 (t)

)
, a1 (t)a4 (t)− a2 (t)a3 (t) = 1. (74)

The new transformation can be written explicitly

hSL(2)gSL(2) =

(
a1λ+ a2Fλ a1λΨ+ a2

(
FλΨ+ 1

λ

)
a3λ+ a4Fλ a3λΨ+ a4

(
FλΨ+ 1

λ

)) . (75)

Hence we obtain the transformation:

λ→ a1λ+ a2Fλ, λΨ→ a1λΨ+ a2

(
FλΨ+

1
λ

)
,

Fλ→ a3λ+ a4Fλ, FλΨ+
1
λ
→ a3λΨ+ a4

(
FλΨ+

1
λ

)
. (76)

This transformation implies that the transformed fields are given by:

λ̃= a1λ+ a2Fλ,

Ψ̃ = Ψ+
a2

(a1 + a2F)λ2
,

F̃=
a4F+ a3
a2F+ a1

, (77)

We compute the SL(2) measure from the followings:

∂gSL(2)
∂λ

=

(
1 Ψ
F FΨ− 1

λ2

)
,

∂gSL(2)
∂F

=

(
0 0
λ λΨ

)
,

∂gSL(2)
∂Ψ

=

(
0 λ
0 Fλ

)
, (78)

g−1
SL(2)

∂gSL(2)
∂λ

=

(
1
λ +ΨλF −Ψλ
−λF λ

)(
1 Ψ
F FΨ− 1

λ2

)
=

(
1
λ 2Ψ

λ

0 − 1
λ

)
,

g−1
SL(2)

∂gSL(2)
∂F

=

(
1
λ +ΨλF −Ψλ
−λF λ

)(
0 0
λ λΨ

)
=

(
−λ2Ψ −λ2Ψ2

λ2 λ2Ψ

)
,

g−1
SL(2)

∂gSL(2)
∂Ψ

=

(
1
λ +ΨλF −Ψλ
−λF λ

)(
0 λ
0 Fλ

)
=

(
0 1
0 0

)
, (79)
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Gλλ ∼ Tr

(
g−1
SL(2)

∂gSL(2)
∂λ

g−1
SL(2)

∂gSL(2)
∂λ

)
=

2
λ2
,

GλF = GFλ ∼ Tr

(
g−1
SL(2)

∂gSL(2)
∂λ

g−1
SL(2)

∂gSL(2)
∂F

)
= 0,

GλΨ = GΨλ ∼ Tr

(
g−1
SL(2)

∂gSL(2)
∂λ

g−1
SL(2)

∂gSL(2)
∂Ψ

)
= 0,

GFF ∼ Tr

(
g−1
SL(2)

∂gSL(2)
∂F

g−1
SL(2)

∂gSL(2)
∂F

)
= 0,

GFΨ = GΨF ∼ Tr

(
g−1
SL(2)

∂gSL(2)
∂F

g−1
SL(2)

∂gSL(2)
∂Ψ

)
= λ2,

GΨΨ ∼ Tr

(
g−1
SL(2)

∂gSL(2)
∂Ψ

g−1
SL(2)

∂gSL(2)
∂Ψ

)
= 0. (80)

Hence the determinant of the matrix Gµν gives −2λ2 term. The SL(2) measure is given by:

ˆ
Dgµν ∼

ˆ
dλ∧ dF∧ dΨ

√
−detGµν ∼

ˆ
dλ∧ dF∧ dΨ λ. (81)

Including the boundary constraint into the measure, we obtain the following result

ˆ
dλ∧ dF∧ dΨ λδ

(
λ2 (∂θF)− rE+

θ

)
δ

(
1

2rE+
θ

∂2θF
∂θF

+Ψ

)
∼
ˆ

dF
1
∂θF

. (82)

We can also show that the measure is invariant under the SL(2) transformation

dF
∂θF

=
dF̃

∂θF̃
, (83)

where F̃ is the field F after the transformation. This result also implies that the boundary
constraint (73) is invariant under the SL(2) transformation. Another SL(2) transformation ḡ
has a similar result.

3.4.3. 2D Schwarzian theory. Because the At and Āt only has a linear coupling term in SG,
we first integrate out the At, which is equivalent to using [41]:

Frθ = F̄rθ = 0;

g−1
SL(2)∂θgSL(2) = Aθ, g

−1
SL(2)∂rgSL(2) = Ar,

ḡ−1
SL(2)∂θḡSL(2) = Āθ, ḡ

−1
SL(2)∂rḡSL(2) = Ār; (84)
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SG1 =− k
4π

ˆ
d3x ϵtrθTr

(
−g−1

SL(2)

(
∂rgSL(2)

)
g−1
SL(2)

(
∂tgSL(2)

)
g−1
SL(2)∂θgSL(2)

+g−1
SL(2)

(
∂rgSL(2)

)
g−1
SL(2)

(
∂θgSL(2)

)
g−1
SL(2)

(
∂tgSL(2)

))
+

k
4π

ˆ
d3x ϵtrθTr

(
−ḡ−1

SL(2)

(
∂rḡSL(2)

)
ḡ−1
SL(2)

(
∂tḡSL(2)

)
ḡ−1
SL(2)∂θḡSL(2)

+ḡ−1
SL(2)

(
∂rḡSL(2)

)
ḡ−1
SL(2)

(
∂θḡSL(2)

)
ḡ−1
SL(2)

(
∂tḡSL(2)

))
+

k
2π

ˆ
dtdθ Tr

(
g−1
SL(2)

(
∂θgSL(2)

)
g−1
SL(2)

(
D−gSL(2)

))
− k

2π

ˆ
dtdθ Tr

(
ḡ−1
SL(2)

(
∂θḡSL(2)

)
ḡ−1
SL(2)

(
D+ḡSL(2)

))
, (85)

in which we define that:

D+ =
1
2
∂t+

1
2
E−
t

E−
θ

∂θ, D− =
1
2
∂t+

1
2
E+
t

E+
θ

∂θ. (86)

We can do the further computation to rewrite the action in terms of the fields:

− k
4π

ˆ
d3x ϵtrθTr

(
−g−1

SL(2)

(
∂rgSL(2)

)
g−1
SL(2)

(
∂tgSL(2)

)
g−1
SL(2)∂θgSL(2)

+g−1
SL(2)

(
∂rgSL(2)

)
g−1
SL(2)

(
∂θgSL(2)

)
g−1
SL(2)

(
∂tgSL(2)

))
=

k
4π

ˆ
dtdθ λ2 (∂θF∂tΨ− ∂tF∂θΨ); (87)

k
2π

ˆ
dtdθ Tr

(
g−1 (∂θg)g

−1 (D−g)
)

=
k
2π

ˆ
dtdθ

(
2
λ2

(∂θλ)(D−λ)+λ2 ((D−F)(∂θΨ)+ (∂θF)(D−Ψ))

)
; (88)

− k
4π

ˆ
d3x ϵtrθTr

(
−g−1

SL(2)

(
∂rgSL(2)

)
g−1
SL(2)

(
∂tgSL(2)

)
g−1
SL(2)∂θgSL(2)

+g−1
SL(2)

(
∂rgSL(2)

)
g−1
SL(2)

(
∂θgSL(2)

)
g−1
SL(2)

(
∂tgSL(2)

))
+

k
2π

ˆ
dtdθ Tr

(
g−1
SL(2)

(
∂θgSL(2)

)
g−1
SL(2)

(
D−gSL(2)

))
=

k
2π

ˆ
dtdθ

(
2
λ2

(∂θλ)(D−λ)+ 2λ2 (∂θF)(D−Ψ)

)
=
k
π

ˆ
dtdθ

(
(∂θλ)(D−λ)

λ2
+λ2 (∂θF)(D−Ψ)

)
. (89)

We can also get a similar result from the ḡ [41]. Therefore, we acquire the boundary description
[41]
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SG1 =
k
π

ˆ
dtdθ

(
(∂θλ)(D−λ)

λ2
+λ2 (∂θF)(D−Ψ)

)
− k
π

ˆ
dtdθ

((
∂θλ̄
)(
D+λ̄

)
λ̄2

+ λ̄2 (∂θF̄)
(
D+Ψ̄

))
. (90)

After inserting the boundary constraint (73), we can rewrite the boundary Lagrangian in terms
of F and F̄ [41],

SG1 =
k
2π

ˆ
dtdθ

(
3
2

(D−∂θF)
(
∂2θF

)
(∂θF)

2 − D−∂
2
θF

∂θF

)

− k
2π

ˆ
dtdθ

(
3
2

(
D+∂θF̄

)(
∂2θF̄

)(
∂θF̄

)2 − D+∂
2
θF̄

∂θF̄

)
, (91)

where the new variables F and F̄ are given by [41]:

F ≡ F

E+
θ

; F̄ ≡ F̄

E−
θ

. (92)

The theory is called 2D Schwarzian theory after the Wick rotation (using the Euclidean time)
and the identification (zt ∼ zt+ 2πτ ). The constant solutions of E± do not break the form of
the 2D Schwarzian theory. However, the general Weyl transformation cannot guarantee the
same form of the boundary Lagrangian.

3.4.4. Modular symmetry. Because we have the boundary condition:

λ2∂θF= E+
θ r; λ̄2∂θF̄2E

−
θ r, (93)

the terms that follow are considered as total derivatives in equation (90) [41]:

k
π

ˆ
dtdθ

(
λ2 (∂θF)(D−Ψ)

)
, − k

π

ˆ
dtdθ

(
λ̄2 (∂θF̄)

(
D+Ψ̄

))
. (94)

Therefore, the boundary theory becomes [41]

SG1 =
k
π

ˆ
dtdθ

(
(∂θλ)(D−λ)

λ2
−
(
∂θλ̄
)(
D+λ̄

)
λ̄2

)
. (95)

Because E±
θ is a constant, we can simplify the expression of λ and λ̄ [41]:

λ=

√
r

∂θF
; λ̄=

√
r

∂θF̄
. (96)

The derivative acting on the λ provides:

∂θλ=−
√
r
2

∂2θF
(∂θF)

3
2

, D−λ=−
√
r
2
D−∂θF
(∂θF)

3
2

. (97)
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Therefore, we obtain:

(∂θλ)(D−λ) =
r
4
∂2θFD−∂θF

(∂θF)
3 ,

(∂θλ)(D−λ)

λ2
=

1
4

(
∂2θF

)
(D−∂θF)

(∂θF)
2 . (98)

Therefore, we acquire an alternative way to describe the boundary [41]

SG1 =
k
4π

ˆ
dtdθ

((
∂2θF

)
(D−∂θF)

(∂θF)
2 −

(
∂2θF̄

)(
D+∂θF̄

)(
∂θF̄

)2
)
. (99)

Finally, we choose the field redefinition [41]:

F ≡ tan

(
ϕ

2

)
; F̄ ≡ tan

(
ϕ̄

2

)
(100)

to rewrite the following term [41]

k
4π

ˆ
dtdθ

(
∂2θF

)
(D−∂θF)

(∂θF)
2 =

k
4π

ˆ
dtdθ

[(
∂2θϕ

)
(D−∂θϕ)

(∂θϕ)
2 − (∂θϕ)(D−ϕ)

]
(101)

by using:

∂θF =
1
2
sec2

(
ϕ

2

)
(∂θϕ) ,

∂2θF =
1
2
sec3

(
ϕ

2

)
sin

(
ϕ

2

)
(∂θϕ)

2 +
1
2
sec2

(
ϕ

2

)(
∂2θϕ
)
,

∂t∂θF =
1
2
sec3

(
ϕ

2

)
sin

(
ϕ

2

)
(∂tϕ)(∂θϕ)+

1
2
sec2

(
ϕ

2

)
(∂t∂θϕ) ,

∂θD−F =
1
2
sec3

(
ϕ

2

)
sin

(
ϕ

2

)
(∂θϕ)(D−ϕ)+

1
2
sec2

(
ϕ

2

)
(D−∂θϕ) ,(

∂2θF
)
(D−∂θF) =

1
4
sec6

(
ϕ

2

)
sin2

(
ϕ

2

)
(∂θϕ)

3D−ϕ +
1
4
sec5

(
ϕ

2

)
sin

(
ϕ

2

)
(∂θϕ)

2(D−∂θϕ)

+
1
4
sec5

(
ϕ

2

)
sin

(
ϕ

2

)
(∂θϕ)(∂

2
θϕ)(D−ϕ)+

1
4
sec4

(
ϕ

2

)
(D−∂θϕ)(∂

2
θϕ),

(∂2θF)(D−∂θF)

(∂θF)2
= sec2

(
ϕ

2

)
sin2

(
ϕ

2

)
(∂θϕ)(D−ϕ)+ sec

(
ϕ

2

)
sin

(
ϕ

2

)
(D−∂θϕ)

+ sec

(
ϕ

2

)
sin

(
ϕ

2

)
∂2θϕD−ϕ

∂θϕ

+
(∂2θϕ)(D−∂θϕ)

(∂θϕ)2
,
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ˆ
dtdθ

(
∂2θF

)
(D−∂θF)

(∂θF)
2

=

ˆ
dtdθ

[
tan2

(
ϕ

2

)
(∂θϕ)(D−ϕ)−

1
2
sec2

(
θ

2

)
(∂θϕ)(D−ϕ)

− 1
2
sec2

(
ϕ

2

)
(D−ϕ)(∂θϕ)+ tan

(
ϕ

2

) (
∂2θϕ

)
(D−ϕ)

∂θϕ
− tan

(
ϕ

2

)
(D−∂θϕ)

+

(
∂2θϕ
)
(D−∂θϕ)

(∂θϕ)
2

]
=

ˆ
dtdθ

[(
∂2θϕ
)
(D−∂θϕ)

(∂θϕ)
2 − (∂θϕ)(D−ϕ)

+ tan

(
ϕ

2

)
(∂2θϕ)(D−ϕ)

∂θϕ
− tan

(
ϕ

2

)
(D−∂θϕ)

]
=

ˆ
dtdθ

[
(∂2θϕ)(D−∂θϕ)

(∂θϕ)2
− (∂θϕ)(D−ϕ)

+
1
2
tan

(
ϕ

2

)
(∂2θϕ)(∂tϕ)

∂θϕ
− 1

2
tan

(
ϕ

2

)
(∂t∂θϕ)

]
=

ˆ
dtdθ

[
(∂2θϕ)(D−∂θϕ)

(∂θϕ)2
− (∂θϕ)(D−ϕ)

]
, (102)

in which we use the following result in the last equality:

ˆ
dtdθ

[
tan

(
ϕ

2

) (
∂2θϕ

)
(∂tϕ)

∂θϕ
− tan

(
ϕ

2

)
(∂t∂θϕ)

]
=

ˆ
dtdθ

{
− ln(∂θϕ)∂θ

[
∂tϕ tan

(
ϕ

2

)]
+ ln(∂θϕ)∂t

[
(∂θϕ) tan

(
ϕ

2

)]
+∂θ

[
ln(∂θϕ)(∂tϕ) tan

(
ϕ

2

)]
− ∂t

[
ln(∂θϕ)(∂θϕ) tan

(
ϕ

2

)]}
=

ˆ
dtdθ

{
∂θ

[
ln(∂θϕ)(∂tϕ) tan

(
ϕ

2

)]
− ∂t

[
ln(∂θϕ)(∂θϕ) tan

(
ϕ

2

)]}
= 0. (103)

We can obtain a similar result from F̄ [41]. Therefore, the Lagrangian description becomes
[41]:

SG1 =
k
4π

ˆ
dtdθ

((
∂2θF

)
(D−∂θF)

(∂θF)
2 −

(
∂2θF̄

)(
D+∂θF̄

)(
∂θF̄

)2
)

=
k
4π

ˆ
dtdθ

[(
∂2θϕ

)
(D−∂θϕ)

(∂θϕ)
2 − (∂θϕ)(D−ϕ)

]
− k

4π

ˆ
dtdθ

[(
∂2θϕ̄

)(
D+∂θϕ̄

)(
∂θϕ̄
)2 −

(
∂θϕ̄
)(
D+ϕ̄

)]
. (104)
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The measure becomes [41]

ˆ
dϕ
∂θϕ

dϕ̄

∂θϕ̄
(105)

The path integral over ϕ and ϕ̄ that we identify [41]:

tan

(
ϕ

2

)
∼
a4 (ψ) tan

(
ϕ
2

)
+ a3 (ψ)

a2 (ψ) tan
(

ϕ
2

)
+ a1 (ψ)

;

tan

(
ϕ̄

2

)
∼
ā4 (ψ) tan

(
ϕ̄
2

)
+ ā3 (ψ)

ā2 (ψ) tan
(

ϕ̄
2

)
+ ā1 (ψ)

. (106)

The on-shell-solution is unique up to the gauge redundancy [41]

ϕ0 = θ− Re(τ)
Im(τ)

ψ. (107)

We then obtain the boundary condition for the A-cycle of the torus [41]:

ϕ(ψ,θ+ 2π) = ϕ(ψ,θ)+ 2π;

ϕ(ψ+ 2πIm(τ) ,θ+ 2πRe(τ)) = ϕ(ψ,θ) . (108)

For the B-cycle, the bulk geometry is the Euclidean BTZ black hole. The solution is also unique
[41]

ϕ0 =
ψ

Im(τ)
. (109)

The boundary condition is [41]:

ϕ(ψ,θ+ 2π) = ϕ(ψ,θ) ;

ϕ(ψ+ 2πIm(τ) ,θ+ 2πRe(τ)) = ϕ(ψ,θ)+ 2π . (110)

The path integral over ϕ and ϕ̄ that we identify [41]:

tan

(
ϕ

2

)
∼
ã4 tan

(
ϕ
2

)
+ ã3

ã2 tan
(

ϕ
2

)
+ ã1

; tan

(
ϕ̄

2

)
∼

¯̃a4 tan
(

ϕ̄
2

)
+ ¯̃a3

¯̃a2 tan
(

ϕ̄
2

)
+ ¯̃a1 (ψ)

, (111)

where ã1, ã2, ã3, ã4, ¯̃a1, ¯̃a2, ¯̃a3, ¯̃a4 are functions of

θ− Re(τ)
Im(τ)

ψ (112)
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satisfying [41]

ã1ã4 − ã2ã3 = ¯̃a1¯̃a4 − ¯̃a2¯̃a3 = 1. (113)

ψ̄ has a similar result for the A-cycle and B-cycle [41]. The modular transformation

τ →−1
τ
, (114)

swaps the A-cycle and the B-cycle. The A-cycle and B-cycle partition functions are not invari-
ant under modular transformation, indicating a lack of modular symmetry in this theory [41].
The loss of modular symmetry is due to the non-periodic boundary condition. The conven-
tional CFT on the torus requires periodic boundary conditions for each direction. Hence the
CFT2 without the modular symmetry on the torus is the boundary theory of AdS3 Einstein
gravity theory.

3.4.5. Chiral scalar fields. Now we show that 2D Schwarzian theory is dual to the following
action [42]

S2D1 =
4k
π

ˆ
dtdθ

(
(D−ϕ)(∂θϕ)+Π

(
∂θF − e4ϕ

))
. (115)

The measure of path integration is
ˆ

dϕdFdΠ. (116)

If we first integrate out the Π and then integrate out the ϕ, equivalent to replacing ϕ by F with
the following equality

ln∂θF = 4ϕ, (117)

and then we obtain

S2D2 =
k
4π

ˆ
dtdθ

∂2θF
(∂θF)

2 (D−∂θF) . (118)

The measure becomesˆ
dF
∂θF

. (119)

We can show that the dual theory is equivalent to the 2D Schwarzian theory up to a total
derivative term (integration by part in θ, and the total derivative term vanishes for the torus
manifold) [42]

k
2π

ˆ
dtdθ

(
3
2

(D−∂θF)
(
∂2θF

)
(∂θF)

2 − D−∂
2
θF

∂θF

)
=

k
4π

ˆ
dtdθ

∂2θF
(∂θF)

2 (D−∂θF) . (120)

Now we integrate out the F in S2D1, which is equivalent to introducing a constraint to the
measure [42]

δ (Π− f(t)) . (121)
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We then can integrate out Π and perform a field redefinition

ϕ→ ϕ− 1
4
ln f (122)

to obtain the following action [42]

S2D3 =
2k
π

ˆ
dtdθ

(
(∂tϕ)(∂θϕ)−

E+
t

E+
θ

(∂θϕ)(∂θϕ)− e4ϕ
)
, (123)

up to a total derivative term. The measure becomes

ˆ
dϕ. (124)

We can obtain a similar dual for the Ā [42]. Therefore, the dual of the 2D Schwarzian theory
is represented by the chiral scalar fields below [42]

SCB =
4k
π

ˆ
dtdθ

(
(D−ϕ)(∂θϕ)− e4ϕ

)
− 4k
π

ˆ
dtdθ

((
D+ϕ̄

)(
∂θϕ̄
)
+ e4ϕ̄

)
. (125)

The measure is
ˆ

dϕdϕ̄. (126)

We can observe the difference between the Liouville theory and 2D Schwarzian theory on the
torus manifold [42].

3.5. Weyl transformation and Liouville theory

Because the Lagrangian description of 2D Schwarzian theory loses the covariant form, we can-
not use the conventional result of Weyl anomaly from CFT2 [41]. However, the direct calcula-
tion for the torus manifold shows the Liouville theory resulting from the Weyl transformation
[50]. The spin connection ωa satisfies the torsionless condition (or equation of motion of ωa)

dea+ ϵabcω
b ∧ ec = 0. (127)

We can solve the spin connection, and the asymptotic solution is:

e0|r→∞ = rdt, e1|r→∞ = rdθ, e2|r→∞ = 0;

ω0|r→∞ = rdθ, ω1|r→∞ = rdt, ω2|r→∞ = 0. (128)

A general Weyl transformation

ea → exp(σ (t,θ))ea (129)

leads the asymptotic boundary condition to the gauge fields [50]:

Aθ|r→∞ =

(
− 1

2∂tσ 0
reσE+

θ
1
2∂tσ

)
; Āθ|r→∞ =

(
− 1

2∂tσ −reσE−
θ

0 1
2∂tσ

)
. (130)
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The boundary constraints after the Weyl transformation become [50]:

λ= e
σ
2 λ+,

Ψ=− e−σ

2E+
θ r

(
∂θ
(
lnF+

)
− ∂θσ− ∂tσ

)
,

F ≡ e−σF+;

λ̄= e
σ
2 λ−,

Ψ̄ =− e−σ

2E−
θ r

(
∂θ
(
lnF−)− ∂θσ+ ∂tσ

)
,

F̄ ≡ e−σF−. (131)

where

λ+ ≡

√
rE+

θ

∂θF
, λ− ≡

√
rE−

θ

∂θF̄
;

F+ ≡ ∂θF

E+
θ

, F− ≡ ∂θF̄

E−
θ

. (132)

The boundary constraints lead to the different boundary conditions [50]:(
E+
θ At−E+

t Aθ −E+
θ A

2
t J2 +E+

t A
2
θJ2
)
|r→∞ = 0;(

E−
θ Āt−E−

t Āθ −E−
θ Ā

2
t +E−

t Ā
2
θJ2
)
|r→∞ = 0, (133)

where

A2
θ = Ā2

θ =−∂tσ; A2
t = Ā2

t =−∂θσ. (134)

The upper index of A2
θ is the Lie algebra index.

The variation of Aθ and Āθ [50]

− k
8π

ˆ
dtdθ

(
E+
t

E+
θ

δ
(
A2
θA

2
θ

)
− δ
(
A2
t A

2
t

))
+

k
8π

ˆ
dtdθ

(
E−
t

E−
θ

δ
(
Ā2
θĀ

2
θ

)
− δ
(
Ā2
t Ā

2
t

))
(135)

shows the necessity of introducing the additional boundary term [50]:

SB1 =
k
8π

ˆ
dtdθ

E+
t

E+
θ

A2
θA

2
θ −

k
8π

ˆ
dtdθ A2

t A
2
t

− k
8π

ˆ
dtdθ

E−
t

E−
θ

Ā2
θĀ

2
θ +

k
8π

ˆ
dtdθ Ā2

t Ā
2
t

=
k
8π

ˆ
dtdθ

E+
t

E+
θ

A2
θA

2
θ −

k
8π

ˆ
dtdθ

E−
t

E−
θ

Ā2
θĀ

2
θ

=
k
4π

ˆ
dtdθ (∂tσ)(∂tσ) . (136)
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Applying the Weyl transformation to the boundary action (90) generates the additional term
[50]:

(∂θλ)(D−λ)

λ2
−
(
∂θλ̄
)(
D+λ̄

)
λ̄2

→ 1
4
(∂θσ)

(
∂t lnλ

+
)
+

1
4
(∂tσ)

(
∂θ lnλ

+
)
− 1

2
(∂θσ)

(
∂θ lnλ

+
)

− 1
4
(∂θσ)

(
∂t lnλ

−)− 1
4
(∂tσ)

(
∂θ lnλ

−)− 1
2
(∂θσ)

(
∂θ lnλ

−)
− 1

4
(∂θσ)(∂θσ) ; (137)

λ2 (∂θF)(D−Ψ)− λ̄2 (∂θF̄)
(
D+Ψ̄

)
=

1
4
(∂tσ)

(
∂θ lnF+

)
− 1

4
(∂θσ)

(
∂θ lnF+

)
− 1

4
(∂tσ)

(
∂θ lnF−)− 1

4
(∂θσ)

(
∂θ lnF−)

− 1
2
(∂tσ)(∂tσ)+

1
2
(∂θσ)(∂θσ)+

1
2

(
∂2t σ

)
− 1

2

(
∂2θσ

)
, (138)

where

F+ ≡ ∂θF

E+
θ

, F− ≡ ∂θF̄

E−
θ

. (139)

Becausewe consider the torusmanifold, we can do the integration by part for each direction,
and the coupling term between the background and dynamical fields vanishes through the
integration by part [50]:

k
π

ˆ
dtdθ

(
1
4
(∂θσ)

(
∂t lnλ

+
)
+

1
4
(∂tσ)

(
∂θ lnλ

+
)

−1
2
(∂θσ)

(
∂θ lnλ

+
)

+
1
4
(∂tσ)

(
∂θ lnF+

)
− 1

4
(∂θσ)

(
∂θ lnF+

)
−1
4
(∂θσ)

(
∂t lnλ

−)− 1
4
(∂tσ)

(
∂θ lnλ

−)
−1
2
(∂θσ)

(
∂θ lnλ

−)
−1
4
(∂tσ)

(
∂θ lnF−)− 1

4
(∂θσ)

(
∂θ lnF−))

=
k
π

ˆ
dtdθ

(
1
2
(∂θσ)

(
∂t lnλ

+
)
− 1

2
(∂θσ)(∂θ lnλ

+)

+
1
4
(∂tσ)(∂θ lnF+)− 1

4
(∂θσ)(∂θ lnF+)

−1
2
(∂θσ)(∂t lnλ

−)− 1
2
(∂θσ)(∂θ lnλ

−)

−1
4
(∂tσ)(∂θ lnF−)− 1

4
(∂θσ)(∂θ lnF−)

)
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=

ˆ
dtdθ

[
1
4
(∂tσ)

(
∂θ ln

(
F+(λ+)2

))
− 1

4
(∂θσ)

(
∂θ ln

(
F+(λ+)2

))
− 1

4
(∂tσ)

(
∂θ ln

(
F−(λ−)2

))
− 1

4
(∂θσ)

(
∂θ ln

(
F−(λ−)2

))]
= 0. (140)

We use:

F+
(
λ+
)2

= F− (λ−)2 = r (141)

in the last equality. Hence the Weyl transformation generates the additional term from
equation (90) as that [50]

δSB =
k
π

ˆ
dtdθ

(
−1
2
(∂tσ)(∂tσ)+

1
4
(∂θσ)(∂θσ)

)
. (142)

The Weyl transformation induces the Liouville theory [50]

δSB + SB1 =
k
π

ˆ
dtdθ

(
−1
4
(∂tσ)(∂tσ)+

1
4
(∂θσ)(∂θσ)

)
. (143)

3.6. Partition function

Although the 2D Schwarzian theory is not supersymmetric, we can introduce the non-
dynamical fermion field to obtain the supersymmetry [41]. Because the partition function is
one-loop exact, the higher-loop terms do not have the contribution. The partition function of
2D Schwarzian theory is

Z(τ) = |q|−
Ccft2
12

1∏∞
n=2 |1− qn|2

, (144)

where

q= e2π iτ . (145)

Because the details of the computing partition function overlap with the calculation of EE, we
only show the result here. With the help of the Dedekind η function,

η (τ) = q
1
24

∞∏
n=1

(1− qn) , (146)

we simplify the expression of the partition function

Z(τ) =
1

|η (τ) |2
|q|−

1
12 (Ccft2−1)|1− q|2. (147)
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The path integration in the bulk for all asymptotic AdS3 boundary conditions is equivalent to
summing over the SL(2, Z) group in the boundary theory [32]. Due to the summation of all
modular transformations, the partition function becomes the manifest modular invariant form
[32]

ZM (τ) =
∑

c1,d1;(c1,d1)=1

Z

(
a1τ + b1
c1τ + d1

)
, (148)

where

a1d1 − b1c1 = 1, a1,b1,c1,d1 ∈ Z. (149)

The relative prime c1 and d1 implies that

(c1,d1) = 1. (150)

If we have two solutions for a1,b1 and a2,b2, we then obtain that

(a1 − a2)d1 = (b1 − b2)c1. (151)

We can further solve the above equation:

a1 − a2 = mc1, b1 − b2 = md1, (152)

where m is an arbitrary integer. The transformation:

a1 → a1 +mc1; b1 → b1 +md1, (153)

implies

a1τ + b1
c1τ + d1

→ a1τ + b1
c1τ + d1

+m. (154)

and

q→ qe2π im = q. (155)

Because the partition function only depends on q, we have the redundancy from the differ-
ent choices of m. Hence we only sum over m= 0 in the partition function, which is equival-
ent to not including a and b. We will further simplify the expression of ZM by showing that√
Im(τ)|η(τ)|2 is the modular invariant [32].

3.6.1. Modular invariant variable. There are two generators that produce the modular trans-
formation: the T-transformation and the S-transformation. The T-transformation is:

τ → τ + 1; a1 = b1 = d1 = 1, c1 = 0. (156)

The S-transformation is:

τ →−1
τ
; a1 = d1 = 0, b1 =−c1 = 1. (157)
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q is invariant under the T-transformation. Therefore,
√
Im(τ)|η(τ)|2 is a modular invariant

variable.
For discussing the S-transformation, we first define that

r1 ≡ exp

(
−2π i

τ

)
. (158)

We then obtain

η

(
−1
τ

)
= r

1
24
1

∞∏
n=1

(1− rn1) . (159)

By using the pentagonal number theorem (only when |r|1 < 1, Im(r1)> 0, or Im(τ)> 0)

∞∏
n=1

(1− xn) =
∞∑

k=−∞

(−1)k x
k(3k−1)

2 , (160)

we can rewrite the infinite product as an infinite summation in the Dedekind η function:

η

(
−1
τ

)
= r

1
24
1

∞∑
n=−∞

(−1)n r
(3n2−n)

2
1 =

∞∑
n=−∞

f(n) , (161)

where

f(n)≡ exp

[
π i

(
− 1
12τ

+ n− 3n2 − n
τ

)]
. (162)

We then do an analytical continuation from n to the real number x and find the Fourier transform
as that:

f̃(k) =
ˆ ∞

−∞
dx exp

[
π i

(
− 1
12τ

+ x− 2kx− 3x2 − x
τ

)]
=

√
−iτ
3

exp

[
π i

(
τ (2k− 1)2

12
− 2k− 1

6

)]
. (163)

We use the result of Gaussian integration

ˆ ∞

−∞
dx exp

(
−a2x2 + b2x+ c2

)
=

√
π

a2
exp

(
b22
4a2

+ c2

)
(164)

with the choices of the parameters:

a2 =
3π i
τ
, b2 =

(
1− 2k+

1
τ

)
π i, c2 =− π i

12τ
. (165)

The process of analytically continuing from an integer to a real number is not rigorous.
This can be proven more easily and understandably by following a simpler and more intuitive
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method. Nonetheless, it is possible to obtain rigorous proof without using analytical continu-
ation. We then apply equation (163) to the integer k case to obtain that

η

(
−1
τ

)
=

√
−iτ
3

∞∑
k=−∞

exp

[
π i

(
τ (2k− 1)2

12
− 2k− 1

6

)]
. (166)

Using the pentagonal number theorem also provides the following similar formula:

η (τ) = q
1
24

∞∑
n=−∞

(−1)n q
3n2−n

2 =
∞∑

n=−∞

[
π i

(
τ (6n− 1)2

12
+ n

)]
. (167)

The integer k can be decomposed as 3l,3l+ 1,3l+ 2, where l ∈ Z. Therefore, we obtain the
following results:

η

(
−1
τ

)
=

√
−iτ
3

×
∞∑

l=−∞

[
exp

[
π i

(
τ (6l− 1)2

12
− 6l− 1

6

)]

+ exp

[
π i

(
τ (6l+ 1)2

12
− 6l+ 1

6

)]

+ exp

[
π i

(
τ (6l+ 3)2

12
− 6l+ 3

6

)]]

=

√
−iτ
3

×
∞∑

l=−∞

[
exp

[
π i

(
τ (6l− 1)2

12
− l

)]
exp

(
π i
6

)

+ exp

[
π i

(
τ (6l− 1)2

12
+ l

)]
exp

(
−π i

6

)

+ exp

[
π i

(
τ (6l+ 3)2

12
− 6l+ 3

6

)]]
=
√
−iτ

×
∞∑

l=−∞

[
exp

[
π i

(
τ (6l− 1)2

12
− l

)]

+ exp

[
π i

(
τ (6l+ 3)2

12
− 6l+ 3

6

)]]
. (168)

In the last equality of equation (168), we use the further simplification:

29



Class. Quantum Grav. 41 (2024) 023001 C-T Ma

∞∑
l=−∞

exp

[
π i

(
τ (6l+ 3)2

12
− 6l+ 3

6

)]

=
∑

m∈2Z+1

exp

[
π i

(
3τm2

4
− m

2

)]

=
∑

m∈2Z+1,m>0

exp

(
π i

3τm2

4

)(
e

π im
2 + e

−π im
2

)
= 0, (169)

in which we use:

eπ im =−1, m ∈ 2Z+ 1 (170)

in the last equality. Combining equations (167) and (168) shows that:

η

(
−1
τ

)
=
√
−iτ

∞∑
l=−∞

[
exp

[
π i

(
τ (6l− 1)2

12
− l

)]
=
√
−iτη (τ) . (171)

The modular invariance property can be demonstrated in the following manner:√
Im

(
−1
τ

)∣∣∣∣η(−1
τ

)∣∣∣∣2 =
√
Im

(
−1
τ

)
|τ |2|η (τ) |2 =

√
Im(τ)|η (τ) |2. (172)

Therefore, we can simplify the partition function even further

ZM (τ) =
1√

Im(τ)|η (τ) |2
∑
c,d

(√
Im(τ)|q|−

1
12 (Ccft2−1)|1− q|2

)
|M, (173)

where (· · ·)|M means that

τ → a1τ + b1
c1τ + d1

, (174)

when Im(τ)> 0.

3.6.2. Analytical expression. We will expand |1− q|2 and express the Z(τ) as a sum of the
Poincaré series [32]

P(τ ;n,m)≡
∑

c1,d1;(c1,d1)=1

(√
Imτq−nq̄−m

)
|M. (175)

In general, this series is divergent. We need to regularize the series through the analytical
continuation [32]

P1 (τ ;s,n,m)≡
∑

c1,d1;(c1,d1)=1

(
(Imτ)s q−nq̄−m

)∣∣
M
. (176)
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In the domain Re(s)> 1, we can get the following result

P1 (τ ;s,n,m)

= ys1e
2π(κy1+iµx1)

+
∑

c1>0,d1

ys1
|c1τ + d1|2

exp

[
2πκy1

|c1τ + d1|2
+ 2π iµ

(
a1
c1

− c1x1 + d1
c1|c1τ + d1|2

)]
,

(177)

where

κ≡ m+ n, µ≡ m− n, τ ≡ x1 + iy1, (178)

and then do the analytical continuation to s= 1/2. The first term of equation (177) is given by
c1 = 0. Because (0,d1) = d1, we choose d1 = 1 in the first term. The following fact is helpful
for the calculation:

Re

(
a1τ + b1
c1τ + d1

)
=
a1c1|τ |2 + b1d1 +(a1d1 + b1c1)x1

|c1τ + d1|2
,

Im

(
a1τ + b1
c1τ + d1

)
=

y1
|c1τ + d1|2

. (179)

In the end, we obtain the analytical expression of the partition function after the analytical
continuation:

ZM (τ) =
1√

Im(τ)|η (τ) |2

×
[
P

(
τ ;
Ccft2 − 1

24
,
Ccft2 − 1

24

)
−P

(
τ ;
Ccft2 − 1

24
− 1,

Ccft2 − 1
24

)
−P

(
τ ;
Ccft2 − 1

24
,
Ccft2 − 1

24
− 1

)
+P

(
τ ;
Ccft2 − 1

24
− 1,

Ccft2 − 1
24

− 1

)]
∼ 1√

Im(τ)|η (τ) |2

×
[
P1

(
τ ;
Ccft2 − 1

24
,
Ccft2 − 1

24

)
−P1

(
τ ;
Ccft2 − 1

24
− 1,

Ccft2 − 1
24

)
−P1

(
τ ;
Ccft2 − 1

24
,
Ccft2 − 1

24
− 1

)
+P1

(
τ ;
Ccft2 − 1

24
− 1,

Ccft2 − 1
24

− 1

)]
. (180)
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4. EE and AdS3/CFT2 correspondence

To introduce EE, we begin with a discussion of classical Shannon entropy. We then introduce
a reduced density matrix to define EE. Since the loss of a reduced density matrix in QFT, it
is necessary to use the replica trick [9] to compute. We review the procedure of the replica
trick. In the end, we review the holographic EE [6, 7] and the dual of EE from bulk Wilson
line [47–49].

4.1. EE

We discuss the quantification of received information in the context of information theory,
introducing a function S(p) dependent on probability p. When one knows that the probability
is one, it implies no surprise. Therefore, the S is

S(1) = 0. (181)

The surprising level decreases as the probability increases:

S(p)> S(q) , p< q. (182)

When two events are independent, the S has the additive property

S(pq) = S(p)+ S(q) . (183)

Finally, we assume that the S is a continuous function of the probability.
Using the additive property and the continuity of the S shows that

S(px) = xS(p) (184)

with x as a positive rational number. Choosing

x=− lnp, (185)

where

0< p⩽ 1, (186)

leads to

S(p) = S
(
e−x
)
= x · S

(
1
e

)
=−C · lnp, (187)

where C is a constant,

C≡ S

(
1
e

)
> S(1) = 0. (188)

Therefore, we can derive a unique function that accurately defines the reception of information.
The classical Shannon entropy is the expectation value of the S

Sc ≡−
∑
j

pj lnpj. (189)
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When defining the von Neumann entropy, we replace the probability with a density matrix.
For a pure quantum state in regions A and B, the density matrix is

ρAB ≡ |ψ⟩⟨ψ|, (190)

where |ψ⟩ is a quantum state. The density matrix has already been normalized as

Tr(ρAB) = 1, (191)

which means that the trace of the density matrix is equal to one. The von Neumann entropy
for the entire system is

Svn ≡−Tr(ρAB lnρAB) . (192)

When one partial traces over a region B, one obtains a reduced density matrix for the region A

ρA ≡ TrB (ρAB) . (193)

The EE for region A is

SEE,A ≡−Tr(ρA lnρA) . (194)

4.2. Replica trick

We first introduce the field theory technique, replica trick [9], by the single interval case as in
figure 1. The ground state wavefunctional is given by

ψ (ϕ0 (⃗x)) =
ˆ ϕ(tE=0,⃗x)=ϕ0 (⃗x)

tE=−∞
Dϕ e−S(ϕ), (195)

where the flat Euclidean coordinates are (tE, x⃗), and S(ϕ) is an action of a physical system.
A density matrix ρAB is given by

(ρ)ϕ0ϕ̃0
= ψ (ϕ0)ϕ

†
(
ϕ̃0

)
. (196)

The complex conjugate one ψ† is given by a path integration from tE =∞ to tE = 0

ψ†
(
ϕ̃0

)
=

ˆ ϕ̃0

tE=∞
Dϕ e−S(ϕ). (197)

A qubit state is a linear superposition of the different orthogonal states. Here ϕ0 plays a similar
role to the orthogonal state.

We integrate our ϕ0 on the region B with that

ϕ0 = ϕ̃0 (198)

for obtaining a reduced density matrix of the region A
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Figure 1. The path integration of a reduced density matrix ρAB.

(ρA)ϕ+ϕ−
=

1
Z1

ˆ tE=∞

tE=−∞
Dϕ e−S(ϕ)

∏
x⃗∈A

δ
(
ϕ
(
0+, x⃗

)
−ϕ+ (0, x⃗)

)
δ
(
ϕ
(
0−, x⃗

)
−ϕ− (0, x⃗)

)
,

(199)

where Z1 is a partition function for a normalization

TrAρA = 1. (200)

Performing a partial trace operation on one qubit results in the same level number for the
orthogonal states of a qubit state. The condition (198) is similar to imposing the same level
number.

Because it is hard to compute with the singularity at tE = 0, we prepare n copies of the
reduced density matrix of the region A as that

(ρA)ϕ1+ϕ1−
(ρA)ϕ2+ϕ2−

· · ·(ρA)ϕn+ϕn−
(201)

with a boundary condition

ϕj− (⃗x) = ϕ( j+1)+ (⃗x) , j = 1,2, · · · ,n, (202)

where

ϕ(n+1)+ (⃗x)≡ ϕ1+ (⃗x) . (203)

We then integrate each ϕj+ to realize a partial trace operation. Therefore, a path-integral rep-
resentation of TrAρnA can be provided:

TrAρ
n
A =

1
Zn1

ˆ
(tE ,⃗x)∈Rn

Dϕ e−S(ϕ) ≡ Zn
Zn1
, (204)
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Figure 2. The demonstration of n-sheet manifold Rn for n= 2.

whereRn is an n-sheet manifold as in figure 2, and Zn is an n-sheet partition function (defined
on an Rn). In the end, we can take the one-sheet limit n→ 1 on Rényi entropy

Sn ≡
lnTrAρnA
1− n

(205)

to obtain EE as that

S1 = lim
n→1

Sn. (206)

4.3. RT conjecture

We introduce the RT conjecture [6, 7] in this section. The RT conjecture states that an AdSd+1

bulk minimum surface is dual to EE of CFTd. We demonstrate the AdS3 case.
The AdS3 spacetime in the Poincaré coordinate is given by

ds23P =− 1
Λ

dt2 + dx2 + dz2

z2
. (207)

The AdS3 induced metric is given by:

ds23b = hµνdx
µdxν =− 1

Λ

1
z2

[
1+

(
dz
dx

)2 ]
dx2 (208)

by choosing a time slice (t as a constant). Hence the area of this surface is given by

AAdS3 =

√
− 1
Λ

ˆ
dx

1
z

√
1+

(
dz
dx

)2

. (209)
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The minimum area satisfies the relation:

d
dx
δAAdS3

δz ′
=
δAAdS3

δz
,
d
dx

[ dz
dx

z
1√

1+
(
dz
dx

)2
]
=− 1

z2

√
1+

(
dz
dx

)2

, (210)

where

z ′ ≡ dz
dx
. (211)

One solution is:

z(x) =
√
L2 − x2,

dz
dx

=−x
z
. (212)

We check the solution as in the following:

− 1
z2

√
1+

(
dz
dx

)2

=− 1
z2

√
1+

x2

z2
=− L

(L2 − x2)
3
2

,

d
dx

[ dz
dx

z
1√

1+
(
dz
dx

)2
]
=

d
dx

[
− x
z2

1√
1+

2

z2

]

=− d
dx

(
x

z
√
z2 + x2

)
=− d

dx

(
x
Lz

)
=− 1

Lz
− x2

Lz3
=−1

L
z2 + x2

z3
=− L

z3

=− L

(L2 − x2)
3
2

=− 1
z2

√
1+

(
dz
dx

)2

. (213)

The minimum area is given by:

AAdS3 =

√
− 1
Λ

ˆ L−δ

−L+δ

dx
1
z

√
1+

(
dz
dx

)2

=

√
− 1
Λ

ˆ L−δ

−L+δ

dx
1
z

√
1+

(
x
z

)2

=

√
− 1
Λ

ˆ L−δ

−L+δ

dx
L
z2

=

√
− 1
Λ

ˆ L−δ

−L+δ

dx
L

L2 − x2

=
1
2

√
− 1
Λ

ˆ L−δ

−L+δ

dx

(
1

L− x
+

1
L+ x

)
=

√
− 1
Λ

ˆ L−δ

0
dx

(
1

L− x
+

1
L+ x

)

=

√
− 1
Λ
ln

∣∣∣∣L+ x
x−L

∣∣∣∣
∣∣∣∣∣
L−δ

0

=

√
− 1
Λ
ln

2L− δ

δ
. (214)

The integration range excludes the boundary sites L and −L corresponding to CFT2’s
entangling surface. We then define that:

ϵ≡
√
L2 − (L− δ)

2
=
√

2δL− δ2. (215)

36



Class. Quantum Grav. 41 (2024) 023001 C-T Ma

Hence we can obtain two solutions

δ = L±
√
L2 − ϵ2. (216)

If we assume L≫ ϵ > 0, we should choose the solution

δ = L−
√
L2 − ϵ2. (217)

Now minimum area becomes:

AAdS3 =

√
− 1
Λ
ln

2L− δ

δ
=

√
− 1
Λ
ln
L+

√
L2 − ϵ2

L−
√
L2 − ϵ2

. (218)

The holographic EE for the AdS3 metric is shown as that [6, 7]:

AAdS3

4G3
=

1

4
√
−ΛG3

ln
L+

√
L2 − ϵ2

L−
√
L2 − ϵ2

=
ccft2
6

ln
L+

√
L2 − ϵ2

L−
√
L2 − ϵ2

=
ccft2
6

ln
4L2

ϵ2
+ · · ·

=
ccft2
3

ln
2L
ϵ

+ · · ·= ccft2
3

ln
L
ϵ
+ . . . , (219)

the center charge of CFT2 is given by [31]

ccft2 ≡
3

2
√
−ΛG3

(220)

We use the following expansion:

L+
√
L2 − ϵ2 = 2L+ . . . ,

L−
√
L2 − ϵ2 = L

(
1− ϵ2

2L2

)
+ · · ·= L− ϵ2

2L
(221)

in the third equality of equation (219). Therefore, we have demonstrated that the RT conjecture
is capable of reproducing the EE of CFT2.

4.4. EE in 2D Schwarzian theory

We apply the conformal mapping to transform a planar to a two-sphere (S2) [8]. The removal
of the top and bottom points from S2 results in a cylinder manifold. This manifold serves as
the asymptotic boundary for the Lorentzian AdS3 in global coordinates. Once we identify the
boundary and apply the Wick rotation to the AdS3 spacetime, the cylinder transforms into a
torus. This allows us to calculate the EE using the partition function of the n-sheet torus [49,
50]. However, this method may not account for the global effect resulting from the boundary
identification.

37



Class. Quantum Grav. 41 (2024) 023001 C-T Ma

4.4.1. Conformal mapping. The planar manifold is

ds2P = dt2 + dx2, (222)

where

−∞< t,x<∞. (223)

The entangling surface, a boundary of two subregions, is at (t, |x|) = (0,L). The length of the
interval is 2L at t= 0. We define new coordinate variables τ and u:

t= L
sin
(
τ
L

)
cosh(u)+ cos

(
τ
L

) ; x= L
sinh(u)

cosh(u)+ cos
(
τ
L

) , (224)

where

−∞< u<∞; 0⩽ τ

L
< 2πn. (225)

on the n-sheet manifold, which gives the following terms:

dt=

(
1+ cos

(
τ
L

)
cosh(u)

)
dτ(

cosh(u)+ cos
(
τ
L

))2 −
Lsin

(
τ
L

)
sinh(u)du(

cosh(u)+ cos
(
τ
L

))2 ,
dx=

L
(
1+ cos

(
τ
L

)
cosh(u)

)
du(

cosh(u)+ cos
(
τ
L

))2 +
sin
(
τ
L

)
sinh(u)dτ(

cosh(u)+ cos
(
τ
L

))2 ,
dt2 + dx2 =

dτ 2(
cosh2 (u)+ cos2

(
τ
L

))2 +L2
du2(

cosh2 (u)+ cos2
(
τ
L

))2 , (226)

and then we obtain the metric in the new coordinate as that

ds2P =
dτ 2(

cosh2 (u)+ cos2
(
τ
L

))2 +L2
du2(

cosh2 (u)+ cos2
(
τ
L

))2 . (227)

In CFT, we can omit the common pre-factor, which generates the Liouville theory, and the
new metric becomes

ds2P1 =
dτ 2

L2
+ du2. (228)

The CFT partition function is invariant under a local rescaling of the metric (or the Weyl
transformation). We then redefine

sinh(u) = cot(ψ) , (229)

where

0⩽ ψ < π, (230)

and get

ds2P1 =
dτ 2

L2
+

dψ2

sin2 (ψ)
, (231)
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in which we use

du2 =
dψ2

sin2 (ψ)
. (232)

We omit the pre-factor to obtain the sphere manifold [8]

ds2P2 = dψ2 + sin2 (ψ)
dτ 2

L2
. (233)

The sphere manifold is isomorphic to a cylinder manifold by removing the top and bottom
points. We can use:

sech(y)≡ sin(ψ) ; dθ ≡ dτ
L

(234)

to obtain

ds2P2 = sech2 (y)
(
dy2 + dθ2

)
. (235)

After removing the pre-factor sech(y), we obtain the cylinder manifold

ds2C = dy2 + dθ2, (236)

where

0⩽ θ < 2πn. (237)

To compute the n-sheet partition function, we regularize the range of the y-direction

− ln

(
L
ϵ

)
< y< ln

(
L
ϵ

)
, (238)

where ϵ represents a number infinitely close to zero, and also identifies the boundary:

zn ≡
θ+ iy
n

∼ zn+ 2πτn, (239)

where τ n is the complex structure of the n-sheet torus

τn =
i
nπ

ln

(
L
ϵ

)
. (240)

to obtain the torus manifold. The boundary fields in equation (104) satisfy the boundary
conditions:

ϕ

(
y
n
,
θ

n
+ 2π

)
= ϕ

(
y
n
,
θ

n

)
+ 2π,

ϕ

(
y
n
+ 2π · Im(τn) ,

θ

n
+ 2π ·Re(τn)

)
= ϕ

(
y
n
,
θ

n

)
;

ϕ̄

(
y
n
,
θ

n
+ 2π

)
= ϕ̄

(
y
n
,
θ

n

)
+ 2π,

ϕ̄

(
y
n
+ 2π · Im(τn) ,

θ

n
+ 2π ·Re(τn)

)
= ϕ̄

(
y
n
,
θ

n

)
. (241)
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4.4.2. EE for a single interval. We calculate the Rényi entropy

Sn =
lnZn− n lnZ1

1− n
. (242)

When n→ 1, we can extract EE from Rényi entropy. The n-sheet torus partition function is
one-loop exact. Therefore, the contribution of the n-sheet partition function is up to the one-
loop order [49, 50]. When applying the Weyl transformation from the cylinder manifold to
a sphere manifold without the top and bottom points, the Liouville theory also appears and
decouples from the 2D Schwarzian theory as in the torus case [50]. The Liouville theory does
not provide the backreaction to affect the classical solution [50]. Therefore, the n-sheet par-
tition function is a product of the classical n-sheet partition-function (Zn,c) and the one-loop
n-sheet partition-function (Zn,q)

Zn = Zn,c ·Zn,q. (243)

The logarithm on the n-sheet partition function in calculating Sn,

lnZn = lnZn,c+ lnZn,q. (244)

does not mix the classical and the one-loop terms. The boundary fields can be expanded as
[41]:

ϕ =
θ

n
+ ϵ(y,θ) ; ϕ̄=−θ

n
+ ϵ̄(y,θ) , (245)

where

ϵ(y,θ)≡
∑
j1,k1

ϵj1,k1e
i
j1
n θ−

k1
τ y; ϵ∗j1,k1 ≡ ϵ−j1,−k1 ,

ϵ̄(y,θ)≡
∑
j1,k1

ϵ̄j1,k1e
i
j1
n θ−

k1
τ y; ϵ̄∗j1,k1 ≡ ϵ̄−j1,−k1 , (246)

where

τ1 = τ. (247)

The saddle-points are the θ/n and the −θ/n for the ϕ and ϕ̄, respectively [41]. Each Fourier
mode of the fluctuation, ϵ and ϵ̄, has three zero-modes:

ϵj1,k1 = 0; ϵ̄j1,k1 = 0, j1 =−1,0,1 (248)

due to the SL(2) gauge symmetry [41].
We first substitute the saddle points into the action. We then obtain

lnZn,c =
ccft2
6n

ln

(
L
ϵ

)
+ n

ccft2
6

ln

(
L
ϵ

)
, (249)

where the first term is from the 2DSchwarzian theory, and the second term is from the Liouville
theory. Therefore, we derive the contribution of Rényi entropy from the saddle points:

Sn,c =
1

1− n

[
ccft2
6n

ln

(
L
ϵ

)
− n

ccft2
6

ln

(
L
ϵ

)]
=
ccft2 (1+ n)

6n
ln
L
ϵ
. (250)
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When n→ 1, we reproduce the known result of CFT2

lim
n→1

Sn =
ccft2
3

ln
L
ϵ
. (251)

Now we discuss the one-loop contribution of Sn from the ϵ(y,θ) and ϵ̄(y,θ) [49, 50]. The
expansion from the ϵ in the boundary action is [49, 50]

k
4π

ˆ πIm(τ)

−πIm(τ)

dy
ˆ 2π n

0
dθ

(
n2
(
∂2θϵ(y,θ)

)(
∂̄∂θϵ(y,θ)

)
− (∂θϵ(y,θ))

(
∂̄ϵ(y,θ)

))

=−i k
4π

nτ ·

n2∑
j1,k1

[(
− j21
n2

· 1
2
·
(
i
k1
τ
+ i

j1
n

)(
i
j1
n

)]
|ϵj1,k1 |2

−
∑
j1,k1

[(
i
j1
n

)
· 1
2
·
(
i
k1
τ
+ i

j1
n

)]
|ϵj1,k1 |2


=−i k

8π

∑
j1,k1

j1( j
2
1 − 1)

(
k1 +

j1
n
τ

)
|ϵj1,k1 |2, (252)

where

∂̄ ≡ 1
2
(−i∂y+ ∂θ) . (253)

Taking the derivative of τ on the logarithm of the n-sheet one-loop partition gives

∂τ lnZn,q =−
∑

j1 ̸=0,±1

∞∑
k1=−∞

j1
n

k1 +
j1
n τ
. (254)

The following fact of the digamma function

ψ̃ (1− x)− ψ̃ (x) = π cot(π x) , (255)

in which the digamma function is defined by

ψ̃ (a)≡−
∞∑
n1=0

1
n1 + a

, (256)

is helpful to simplify the complicated summation in the n-sheet partition function:

∞∑
m=−∞

1
m− x

=−
∞∑
m=0

1
m+ x

+
∞∑
m=1

1
m− x

=−
∞∑
m=0

1
m+ x

+
∞∑
m=0

1
m+ 1− x

= ψ̃ (x)− ψ̃ (1− x)

=−π · cot(π x) . (257)
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Hence we obtain:

∂τ lnZn,q =−
∑

j1 ̸=0,±1

∞∑
k1=−∞

j1
n

k1 +
j1
n τ

=−
∑

j1 ̸=0,±1

(
j1
n
π

)
· cot

(
j1
n
πτ

)

=−2π
∞∑
j=2

(
j1
n

)
· cot

(
j1πτ
n

)
. (258)

To obtain a universal term, we regularize the series:

∂τ lnZn,q =−2π
∞∑
j1=2

(
j1
n

)
· cot

(
j1πτ
n

)

=−2π
∞∑
j1=2

j1
n
·
[
cot

(
j1πτ
n

)
+ i

]
+ 2π i

∞∑
j1=2

j1
n
. (259)

The series

∞∑
j1=1

j1 = 1+ 2 · · · (260)

is divergent meaning that it does not converge to a finite value. We introduce the regularization
to the summation:

lim
ϵ→0

∞∑
n=1

e−nϵn=− lim
ϵ→0

d
dϵ

∞∑
n=1

e−nϵ =− lim
ϵ→0

d
dϵ

e−ϵ

1− e−ϵ

=− lim
ϵ→0

d
dϵ

1
eϵ − 1

=− lim
ϵ→0

d
dϵ

(
1
ϵ
− 1

2
+

ϵ

12

)
=− 1

12
+ lim

ϵ→0

1
ϵ2
. (261)

The fourth equality uses:

eϵ − 1= ϵ+
ϵ2

2
+
ϵ3

6
+ . . . ,

1
eϵ − 1

=
1
ϵ

1

1+ ϵ
2 +

ϵ2

6 + · · ·
=

1
ϵ

(
1− ϵ

2
− ϵ2

6
+
ϵ2

4
+ · · ·

)
=

1
ϵ
− 1

2
+

ϵ

12
+ . . . . (262)

We can apply the following result

∞∑
j1=1

j1 →− 1
12
. (263)
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to obtain:

∂τ lnZn,q =−2π
∞∑
j1=2

j1
n
·
[
cot

(
j1πτ
n

)
+ i

]
+ 2π i

∞∑
j1=2

j1
n

→−2π
∞∑
j1=2

j1
n
·
[
cot

(
j1πτ
n

)
+ i

]
− i

13π
6n

. (264)

We integrate the τ , we obtain

lnZn,q =−2
∞∑
j1=2

[
lnsin

(
π j1τ
n

)
+ i

j1πτ
n

]
− i

13πτ
6n

+ . . . , (265)

where · · · is independent of the τ . Because the series is convergent in lnZn,q when Im(τ)> 0,
we obtain

lnZn,q =
13
3n

ln
L
ϵ

(266)

when considering the limit

L
ϵ
→∞. (267)

Hence we obtain

lnZn,q =
13
6n

ln
L
ϵ
, (268)

and the Rényi entropy for the one-loop correction is [49, 50]:

Sn,q =
1

1− n
(lnZn,q− n lnZ1,q) =

13(n+ 1)
6n

ln
L
ϵ
. (269)

This result implies that the quantum correction only shifts the value of the central charge

Ccft2 = ccft2 + 13 (270)

in the Rényi entropy [49, 50]

Sn = Sn,c+ Sn,q (271)

and EE [49, 50]

lim
n→1

Sn. (272)

Hence the large central charge limit of CFT2 includes the classical and one-loop contributions
from AdS3 bulk gravity. The result should be due to the different perturbation parameters
between the bulk gravity and CFT.
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4.5. Minimum surface = EE

We introduce Wilson line to the action for the n-sheet case [47, 48]

WR (C) =
ˆ
DUDP exp

[ˆ
C
ds
(
Tr
(
PU−1DsU

)
+λ(s)

(
Tr
(
P2
)
− c2

))]
, (273)

where √
2c2 =

Ccft2
6

(1− n) . (274)

TheU is an SL(2) element,P is its conjugatemomentum, and the covariant derivative is defined
as the following:

DsU≡ d
ds
U+AsU−UĀs, As ≡ Aµ

dxµ

ds
, Ās ≡ Āµ

dxµ

ds
. (275)

The endpoints of the Wilson line lie on the entangling surface of a single interval. We show
the equation of motion of the P [47, 48]

U−1DsU=−2λP; (276)

the equation of motion of the U [47, 48]

dP
ds

= 0; (277)

the equation of motion of the λ(s) [47, 48]

TrP2 = c2; (278)

the equation of the gauge field A [47, 48]

i
k
2π

Fµν =−
ˆ

ds
dxρ

ds
ϵµνρδ

3 (x− x(s))UPU−1; (279)

the equation of the gauge field Ā [47, 48]

i
k
2π

F̄µν =−
ˆ

ds
dxρ

ds
ϵµνρδ

3 (x− x(s))P. (280)

The solution can be written as follows [47, 48]:

A= g−1ag+ g−1dg, g= exp(L1zy)exp(ρL0) ;

Ā= ḡ−1aḡ−1 + ḡ−1dḡ, ḡ= exp(L−1z̄y)exp(−ρL0) , (281)

where the gauge field is defined by that

a≡
√
c2
2
1
k

(
dzy
zy

−
dz̄y
z̄y

)
L0, (282)

corresponding to the choice:

ρ(s) = s, U(s) = 1, P(s) =
√
2c2L0. (283)
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ρ is a variable denoting the radial direction. The new coordinate variables are given by:

zy = θ+ iy, z̄y = θ− iy. (284)

The gauge field a provides the holonomy [47, 48]

˛
a= 2π i

√
2c2
k

L0. (285)

We introduce a more convenient basis to the SL(2) algebras, L−1; L0; L1, [47, 48]

[Lm,Ln] = (m− n)Lm+n, m,n= 0,±1, (286)

Tr
(
L20
)
=

1
2
, Tr(L−1L1) =−1. (287)

The trace of other bilinears is zero.
When we choose c2 = 0 or n= 1, the solution of the gauge fields is [47, 48]:

A= g−1dg

= exp(−ρL0)exp(−L1zy)L1 exp(L1zy)exp(ρL0)dzy
+ exp(−ρL0)exp(−L1zy)exp(L1zy)L0 exp(ρL0)dρ

= exp(−ρL0)L1 exp(ρL0)dzy+L0dρ

= exp(ρ)L1dzy+L0dρ,

Ā= ḡ−1dḡ

= exp(ρL0)exp(−L−1z̄y)L−1 exp(L−1z̄y)exp(−ρL0)dz̄y
− exp(ρL0)exp(−L−1z̄y)exp(L−1z̄y)L0 exp(−ρL0)dρ

= exp(ρL0)L−1 exp(−ρL0)dz̄y−L0dρ

= exp(ρ)L−1dz̄y−L0dρ. (288)

Therefore, the vielbein becomes [47, 48]:

e=
1
2
(A− Ā) =−1

2
exp(ρ)L1dzy+

1
2
exp(ρ)L−1dz̄y+L0dρ. (289)

We can use the vielbein to determine the metric [47, 48]

gµν = 2Tr(eµeν) . (290)
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The spacetime interval is [47, 48]

ds2 = dρ2 + e2ρdzydz̄y. (291)

We then redefine zy and z̄y:

zy = reiΦ, z̄y = re−iΦ, (292)

where

0< r<∞;0⩾ Φ < 2π, (293)

to get the spacetime interval [47, 48]

ds2 = dρ2 + e2ρ
(
dr2 + r2dΦ2

)
. (294)

We then redefine the coordinate variables as

z̃≡ e−ρ. (295)

ds2 is precisely the AdS3 solution in the Poincaré coordinate with the Euclidean signature
[47, 48]

ds2 =
1
z̃2
(
dz̃2 + dr2 + r̃2dΦ2

)
. (296)

When n approaches 1, the geometry becomes the AdS3 manifold.
Now we introduce the non-trivial gauge field a to consider the backreaction [47, 48]:

A= exp(ρ)L1dzy+L0dρ+
1
2k

√
c2
2
(L0 − zye

ρL1)

(
dzy
zy

−
dz̄y
z̄y

)
,

Ā= exp(ρ)L−1dz̄y−L0dρ+
1
2k

√
c2
2
(L0 + z̄ye

ρL−1)

(
dzy
zy

−
dz̄y
z̄y

)
. (297)

The vielbein is [47, 48]:

e=
1
2
(A− Ā)

=
1
2
exp(ρ)L1dzy−

1
2
exp(ρ)L−1dz̄y+L0dρ

+
1
2k

√
c2
2
(L0 − zye

ρL1)

(
dzy
zy

−
dz̄y
z̄y

)
− 1

2k

√
c2
2
(L0 + z̄ye

ρL−1)

(
dzy
zy

−
dz̄y
z̄y

)
. (298)

The backreaction provides the n-sheet geometry [47, 48]:
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Figure 3. The minimum surface gives the on-shell contribution to the boundary theory’s
EE. The gauge fields cause surface fluctuations, which deform the central charge in EE.

ds2 = dρ2 + e2ρdzydz̄y

− 1
k

√
c2
2
e2ρz̄ydzy (2idΦ)Tr(L1L−1)+

1
k

√
c2
2
zydz̄y (2idΦ)Tr(L−1L1)

+
c2
2k2

e2ρzyz̄y
(
−4dΦ2

)
Tr(L1L−1)

= dρ2 + e2ρdzydz̄y+
1
k

√
c2
2
e2ρ
(
2i r2dΦ

)
(2idΦ)+

2c2
k2
e2ρr2dΦ2

= dρ2 + e2ρ
(
dr2 + r2dΦ2

)
− e2ρ

2
√
2c2
k

r2dΦ2 + e2ρ
2c2
k2
r2dΦ2

= dρ2 + e2ρ
[
dr2 +

(√
2c2
k

− 1

)2

r2dΦ2

]
= dρ2 + e2ρ

(
dr2 + n2r2dΦ2

)
. (299)

At the boundary ρ→∞, we obtain the n-sheet cylinder

ds2b = dỹ2 + n2dΦ2, (300)

by using

r≡ eỹ (301)

and omitting the pre-factor. The pre-factor generates the Liouville theory to compensate for the
difference between the cylinder and sphere partition functions. Because the Wilson line WR
does not survive under the limit n→ 1, the boundary action only leaves the 2D Schwarzian
theory and the Liouville theory [49, 50]. Hence computing theWilson line in the AdS3 Einstein
gravity theory is equivalent to computing Zn/Zn1 in 2D Schwarzian theory and Liouville theory
[49, 50]

⟨WR⟩= Zn
Zn1

+O (n− 1) , (302)

where ⟨WR⟩ is the expectation value of the Wilson line. The expression for EE can be restated
using the Wilson line [49, 50]

SEE = lim
n→1

1
1− n

ln⟨WR⟩, (303)

We conclude that the Wilson line should be a suitable operator playing the role of minimum
surface (figure 3) [49, 50].
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5. Outlook and future directions

We discussed various topics related to the context of AdS3 Einstein gravity and its connection
to CFT. AdS3 pure Einstein gravity is a crucial tool for exploring the relationship between grav-
ity and field theory. However, Einstein gravity with asymptotic AdS3 boundary conditions is
not considered a physical theory because it lacks a unitary dual CFT on the boundary. This was
pointed out by [29]. A physical theory is unnecessarily needed to address the duality between
the bulk and the boundary. 3D Einstein gravity theory can be made computable through renor-
malization techniques [28], which help deal with divergences. The Weyl transformation leads
to the Liouville theory in 2D Schwarzian theory, which is not a conventional CFT2. The
Liouville theory simplifies computations in the context of AdS/CFT correspondence [50]. It
is desirable to have the exact mapping on the bulk and boundary sides. String Theory suggests
that introducing matter fields can lead to a dual unitary CFT. However, these matter fields
can produce backreaction in the bulk, making the correspondence more complex. Given the
close connection between 3D Einstein gravity and 2D dilaton gravity, we suggest starting with
2D gravity exploration to understand aspects of the correspondence better. We are interested
in exploring the intricacies of the AdS/CFT correspondence, including the challenges related
to unitarity, backreaction, and the role of matter fields. Theoretical physics is a continuously
evolving field of research, and one area of particular interest is the holographic nature of the
correspondence. Researchers are working hard to find explicit examples and mathematical
frameworks to better understand these phenomena. By doing so, they hope to uncover new
insights into the fundamental nature of gravity and QFT.

We discuss the relationship between central charges in CFT2 and the bare gravitation con-
stant in 3D Einstein gravity (G3). In CFT2, the central charge is an important parameter that
characterizes the algebraic and geometric properties of the theory. It is not directly propor-
tional to the inverse of G3, which suggests that these two quantities are not simply related in
this context [41]. The inverse central charge order corresponds to an infinite number of terms
in the perturbation expansion of G3. This means that when attempting to describe 3D Einstein
gravity as a perturbative theory, there are an infinite number of terms that must be considered.
These terms are captured by a proportional relationship to the inverse central charge order. It
suggests that CFT2 serves as a framework for a perturbative resummation of gravity, which can
yield non-perturbative results. To avoid the non-renormalizability in the higher-dimensional
gravity, the resummation of infinite expansion terms or the non-locality should be a simple
solution. This is an interesting idea, as it hints that studying quantum gravity within the con-
text of CFT2 might provide insights that go beyond traditional perturbative approaches. CFT
should be a better approach to studying quantum gravity. This could simplify the description
of certain aspects of quantum gravity. We have established an interesting link between CFT2

and AdS3 Einstein gravity. Our findings indicate that the central charge in CFT2 and the bare
gravitational constant G3 are not inversely proportional as previously thought [41]. However,
we expect that there is a deeper connection that deserves further exploration as it could offer
valuable insights into the field of quantum gravity.

We are currently discussing some key concepts at the intersection of quantum information
and holographywithin the context of theoretical physics and quantum gravity [6]. The concepts
from quantum information theory can be applied to classical gravity systems to analyze them.
This analysis can potentially reveal new insights into emergent phenomena, as suggested by
[6]. Quantum information measures can help in comprehending the emergence of spacetime in
certain physical systems. This connection is intriguing because it indicates that the geometry of
spacetime might be fundamentally linked to the quantum entanglement structure of the under-
lying degrees of freedom. The study of holography and related topics can benefit from quantum
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information measures as they can sometimes lead to simple and exact results, as shown by [49,
50]. Quantum information considerations possibly help resolve or shed light on the black hole
information paradox. The paradox arises from apparent conflicts between the principles of
quantum mechanics and general relativity in the context of black holes. Quantum information
measures could offer novel approaches to comprehend black holes and spacetime beyond tra-
ditional methods. Researching quantum gravity from the perspective of quantum information
is a promising and fascinating avenue. This approach possibly provides fresh insights into the
nature of gravity and spacetime at the quantum level. We highlight the growing importance of
quantum information measures in the study of holography, quantum gravity, and the black hole
information paradox. It underscores the potential for quantum information theory to provide
new tools and perspectives for addressing fundamental questions in theoretical physics.
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