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Abstract4

We present a high-order sharp treatment of immersed moving domain boundaries and material interfaces, and apply it
to the advection-diffusion equation in two and three dimensions. The spatial discretization combines dimension-split
finite difference schemes with an immersed boundary treatment based on a weighted least-squares reconstruction of
the solution, providing stable discretizations with up to sixth order accuracy for diffusion terms and third order accu-
racy for advection terms. The temporal discretization relies on a novel strategy for maintaining high-order temporal
accuracy in problems with moving boundaries that minimizes implementation complexity and allows arbitrary explicit
or diagonally-implicit Runge-Kutta schemes. The approach is broadly compatible with popular PDE-specialized
Runge-Kutta time integrators, including low-storage, strong stability preserving, and diagonally implicit schemes.
Through numerical experiments we demonstrate that the full discretization maintains high-order spatial and tempo-
ral accuracy in the presence of complex 3D geometries and for a range of boundary conditions, including Dirichlet,
Neumann, and flux conditions with large jumps in coefficients.
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1. Introduction6

Moving domain boundaries and material interfaces are a hallmark of many single- and multiphysics problems,7

including multiphase flows and fluid-structure interaction. For stationary surfaces it is feasible to generate a mesh8

that conforms to the problem geometry. However, for moving surfaces the cost of mesh adaptation and remeshing9

can become prohibitively high. This is particularly relevant in large-scale parallel simulations, which may require a10

significant communication overhead to maintain mesh quality and load balance.11

Immersed methods offer an alternative where the surface geometry is incorporated within the discretization12

scheme, so that regular, structured grids can be used. In these schemes the surface is typically superimposed on a13

background Cartesian grid and the discretization is locally altered to account for the boundary or interface conditions14

prescribed on the immersed surface. The first immersed methods were developed with low order (second or lower)15

spatial accuracy [1, 2, 3], but recent progress has generated a variety of immersed methods for stationary geometries16

that that treat sharply defined boundaries with third order spatial accuracy or higher. Notable examples include ex-17

plicit dimension-split finite difference schemes in 2D [4, 5, 6] and in 3D [7, 8]; compact finite difference schemes18

in 2D [9, 10, 11, 12, 13] and 3D [14, 15]; inverse Lax-Wendroff (ILW) finite difference schemes for 2D hyperbolic19

PDEs [16, 17, 18, 19, 20, 21, 22]; cut-cell finite volume schemes in 2D [23, 24] and 3D [25]; and implicit-mesh20

discontinuous Galerkin methods in 2D [26] and 3D [27, 28], enabled by the construction of high-order quadrature21

rules on implicitly defined cut cells [29, 30]. Together these methods cover a variety of PDEs relevant in fluid and22

solid mechanics, including reactive gas dynamics [18], linear elastodynamics [28], the compressible Navier-Stokes23

equations [7, 21, 6], and the incompressible Navier-Stokes equations [9, 11, 13].24

Despite rapid progress in the development of high-order immersed methods, very few of these methods allow for25

moving geometries. This is due in part to the difficulty of achieving high order temporal convergence near moving26
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surfaces, which requires sharp immersed methods to address the issue of “freshly cleared” computational elements27

[31]. As an immersed domain boundary moves across a stationary Cartesian grid, grid points continuously enter28

and exit the problem domain. Exiting or “freshly covered” points can typically be removed from the discretization29

without complication. However, entering or “freshly cleared” points enter the domain with no predefined value or time30

history, making it difficult to apply a multistep or multistage time integrator to these systems. Strategies to address this31

issue fall into two broad categories, which are discussed separately in the following paragraphs: altering the temporal32

discretization to account for a discontinuity at each cell crossing, or constructing artificial values of the solution and33

its history that are compatible with standard time integrators.34

One of the earliest sharp immersed methods to incorporate moving boundaries through direct alteration of the35

temporal discretization is the immersed interface method (IIM) for a prototypical 1D nonlinear PDE developed in36

[32]. The IIM is applied both to the spatial discontinuities at the interface and to temporal discontinuities in the37

solution when grid points cross the immersed interface. The authors estimate each of these crossing times and the38

magnitude of the discontinuity based on the interface motion and boundary conditions, and this information is used39

to construct a semi-implicit Adams-Bashforth/Crank-Nicolson (ABCN) time integrator that is modified to maintain40

first order accuracy at freshly cleared cells. The approach is extended to the 2D incompressible Navier-Stokes equa-41

tions in [33] and applied to fluid-structure interaction with both elastic membranes and rigid solid boundaries. Brehm42

and Fasel [34] replace the Adams-Bashforth method with a specialized semi-implicit discretization of nonlinear con-43

vective terms. By using the interface boundary condition to obtain higher derivatives of the boundary motion from44

higher derivatives of the solution, the authors are able to maintain second order accuracy at freshly-cleared cells. For45

explicit time integrators, Xu and Wang [35] apply the IIM to treat freshly cleared cells in each stage of a four stage46

Runge-Kutta scheme, treating each stage as its own Euler-like time step. The method exhibits first order temporal47

convergence at freshly cleared cells, with marginally lower error than time integration that completely ignores the48

temporal discontinuities. While these approaches successfully allow for sharp moving interfaces, they are all special-49

ized to a particular integration scheme and are difficult to extend to higher-order accuracy or PDEs with more complex50

boundary conditions.51

An alternative strategy for freshly cleared cells is to generate either an initial value or an artificial time history52

for uncovered points, which can be achieved through spatial interpolation, spatial extrapolation, or a combination53

of the two. Here we categorize these methods as interpolation-based if initial values are prescribed to points after54

they enter the problem domain, and extrapolation-based if a time history is assigned to points while they lie outside55

of the problem domain. The interpolation-based approach was developed in [31, 36] for moving-interface diffusion56

simulations and the 2D incompressible Navier-Stokes equations, in which the authors determine solution values at57

freshly cleared points based on a second-order spatial interpolation that incorporates an interface boundary condition.58

Similar interpolation-based approaches for the 3D Navier-Stokes equations are developed in [37, 38] and applied59

to biologically-inspired unsteady 3D flows in [39, 40], as well as to wind-turbine simulations with adaptive mesh60

refinement in [41]. For 3D compressible flows the interpolation-based freshly cleared cell treatment is extended to61

higher-order interpolants and higher-order RK integrators in [42], and an analysis presented therein indicates that the62

order of accuracy of the freshly cleared cell treatment is largely determined by the order of the spatial interpolation.63

The method is applied to large-scale 3D aeroacoustics, and to simulations to fluid-structure interaction with thin64

compliant structures in [43]. A variation of this method that mixes spatial interpolation and extrapolation is introduced65

in [44] for simulations of incompressible 3D turbulence with moving boundaries. In this method all cells inside the66

fluid domain and adjacent to the boundary are considered “forcing points”. They are not included in the three-stage67

low-storage Runge-Kutta (LSRK) scheme used in the interior, and they are assigned spatially interpolated field values68

at each stage. However, they also receive right hand side values calculated with a ghost-fluid approach, even though69

these values are not required for time integration with stationary boundaries. When a forcing point enters further into70

the fluid domain due to boundary motion, these extra right hand side values form a time history compatible with the71

LSRK scheme. A related approach based on spatial extrapolation alone is developed in [17] for the compressible72

Euler equations, with the state variables being extrapolated outside of the computational domain at each stage of a73

three-stage strong stability preserving Runge-Kutta scheme. In a similar spirit, [16] discretizes a variety of linear74

time-dependent PDEs by extrapolating the state variables to multiple layers of ghost points at the start of each step,75

and solving the governing equations on an extended domain that shrinks by one ghost layer at each Runge-Kutta stage.76

Boundary motion is accounted for through additional ghost layers, so that the dynamics extend to any point which77

may enter the domain during a given time step.78
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While previous efforts have led to a variety of successful treatments of freshly cleared cells, none of these have79

demonstrated greater than second order accuracy in both space and time for the 3D advection-diffusion equation80

with moving boundaries. We attribute this to the relatively small number of high-order sharp immersed methods81

that have been applied in 3D simulations, even with stationary boundaries. Additionally, there is little work that82

quantifies the temporal errors associated with high order freshly cleared cell treatments, and few proposed treatments83

that are independent of a specific choice of time integrator. In this work we extend previous freshly cleared cell84

treatments based on extrapolation to high-order spatial discretizations and arbitrary high-order explicit RK schemes,85

and quantify the magnitude of the associated errors through systematic numerical experimentation. Specifically, we86

introduce a high-order sharp immersed spatial discretization that allows for third order accurate advection terms and87

up to sixth order accurate diffusion terms in domains with complex immersed bodies. These discretizations are based88

on high-order weighted least squares reconstructions near the immersed body, which can also be used to extrapolate89

the PDE solution to points outside of the computational domain. We use this strategy to extrapolate both the solution90

and its time derivative during each stage of a Runge-Kutta time integration scheme, providing an artificial time history91

for freshly cleared cells. This history is sufficient to maintain the accuracy of simulations with arbitrary explicit or92

diagonally implicit RK schemes, including low storage (LS) and strong stability preserving (SSP) integrators, so long93

as the time step is chosen to satisfy a CFL constraint based on the interface velocity. Through 2D and 3D simulations94

of the advection-diffusion equation with moving boundaries, we demonstrate that our sharp immersed discretizations95

converge at third order or higher in the L∞ norm, accurately predict surface quantities, and can resolve thin boundary96

layers on moving interfaces, all of which have traditionally been challenging for immersed methods.97

The remainder of this work is organized as follows. Section 2 reviews the high order sharp immersed spatial98

discretizations developed in [8] and their application to model hyperbolic and parabolic PDEs with stationary bound-99

aries. Section 3 outlines a novel method for the time integration of immersed discretizations with moving boundaries100

that is compatible with general explicit Runge-Kutta schemes and diagonally implicit Runge-Kutta schemes. Section101

4.1 quantifies the error introduced by this moving boundary treatment through extensive numerical experiments with102

1D systems, while the remainder of section 4 focuses on convergence results and applications involving 2D and 3D103

geometries. We draw conclusions in section 5.104

2. Spatial Discretizations105

2.1. Sharp immersed finite difference schemes106

In this work spatial discretizations are based on the high-order sharp immersed method outlined in [8], which we107

summarize here. We denote the computational domain Ω ⊂ Rd, with d ∈ [1, 2, 3] the dimensionality of the problem.108

Let Γ(t) be a closed moving surface immersed in Ω at time t, defined by the zero level set of a smooth function ϕ(x, t).109

Here and below we label points on the surface by their Cartesian coordinates s ∈ Γ(t) ⊂ Rd, and use the more general110

label x ∈ Ω ∈ Rd to refer any point in the computational domain. We divide Ω into two regions based on the sign of111

the level-set function,112

Ω+(t) = {x ∈ Ω | ϕ(x, t) > 0} and Ω−(t) = {x ∈ Ω | ϕ(x, t) ≤ 0}. (1)

For s ∈ Γ(t) let n(s, t) = ∇ϕ(s, t)/∥∇ϕ(s, t)∥ be the normal vector pointing into Ω+(t) and away from Ω−(t). Likewise,113

for any function u(x, t) defined in a neighborhood of s ∈ Γ(t), let [u](s, t) = u+(s, t) − u−(s, t) indicate the jump in u114

across the interface at s; here superscripts indicate quantities defined on the side of the interface adjacent to Ω+ or Ω−.115

While the level set formulation does not explicitly identify material points on the surface, the normal component of116

the surface velocity vb(s, t) can be computed directly from the level set via n(s, t) · vb(s, t) = −∂tϕ(s, t)/∥∇ϕ(s, t)∥.117

We discretize partial derivative operators on a d-dimensional Cartesian grid with coordinates {xi}di=1, unit vectors118

{êi}di=1, and uniform grid spacing ∆x along each dimension. Spatial derivatives are discretized with non-conservative119

dimension-split finite difference schemes of the form120

∂u(x)
∂xi

≈
r∑

j=−ℓ
a ju(x + j∆xêi), (2)

where {a j}rj=−ℓ are 1D finite difference coefficients with ℓ points to the left of the evaluation point and r points to the121

right of the evaluation point. On the outer boundaries of the computational domain, which are assumed to align with122
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Figure 1: (a) The 1D IIM boundary treatment outlined is section 2.1. For a Dirichlet boundary condition (red), a quadratic polynomial pc(x)
interpolates a solution u(x) at X̄c = {xi−2, xi−1} and at xc, and the value p(xi+1) is used when applying a three-point centered finite difference
(black). When no boundary condition is prescribed (blue), pc(x) interpolates the solution at Xc = {xi−2, xi−1, xi} instead. (b) The half-elliptical
stencil used to construct multidimensional polynomial interpolants in this work.

the Cartesian grid, we supplement Eq. 2 with standard boundary treatments that are appropriate for the given PDE.123

For grid points near the immersed surface, one or more of these 1D finite difference stencils will cross Γ at a control124

point xc, defined to be the intersection between the grid line and the immersed surface. When this occurs the regular125

interior stencil becomes invalid, and ghost points must be constructed for the difference scheme.126

To do so, we extrapolate field values across the surface using a weighted least squares approach. Let X =127

{x1, x2, . . . , xn} ⊂ Rd be a set of n interpolation points from a Cartesian grid with grid spacing ∆x, and let u(x)128

be a scalar function defined at the grid points. For a given set of positive weights {wi}ni=1, the weighted least squares129

interpolant p(x) of degree k is defined by the minimization130

p(x) = arg min
q(x)∈Pk

∑
xi∈X

wi
[
q(xi) − u(xi)

]2, (3)

where Pk is the set of polynomials in d variables with degree less than or equal to k. So long as any basis for Pk is131

linearly independent over X, the interpolant is unique and its m-th derivative with respect to coordinate x j satisfies132

∂m
x j

p(xe) = ∂m
x j

u(xe) + O
(
∆xk+1−m

)
(4)

for any evaluation point xe. Because the interpolant is linearly related to the input data, there exists a set of stencil133

coefficients {si}ni=1 associated with each derivative ∂m
x j

such that ∂m
x j

p(xe) =
∑n

i=1 siu(xi).134

To construct this weighted least squares interpolant in a sharp immersed PDE discretization, we assign two sets135

of interpolation points to each control point on the immersed surface. For 1D discretizations, we construct the set X+c136

containing the n closest points to the interface in Ω+, and the equivalent set X−c containing the n closest points in Ω−,137

as shown in Fig. 1a. We note that a degree n− 1 interpolant can interpolate these n data points exactly, and no weights138

{wi} are required. For multidimensional discretizations, we construct the set X+c containing all available grid points in139

Ω+ that fall within a half ellipsoid centered on the control point xc with a major radius rn along the surface normal140

nc and a minor radius rt along any tangential direction, as shown in Fig. 1b. For the negative side of the surface we141

construct the equivalent set X−c using points from Ω− and a half ellipsoid with the same normal and tangential radii.142

For 3D geometries, the radii rn and rt are selected so that the resulting least-squares fit is well-posed whenever the143

surface is smooth and the principal curvatures κ1, κ2 of the surface satisfy |κi∆x| < 1/4, indicating a radius of curvature144

greater than four grid points for any nonconvex feature. For 2D geometries, the constraint reduces to |κ∆x| < 1/4 for145
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the scalar curvature κ. For a degree k − 1 interpolant the choices generally correspond to rn ≈ k∆x and rt ≈ k∆x/2, so146

that the resulting interpolation stencils resemble a one-sided stencil of order k in the normal direction and a centered147

stencil of order k in the tangential direction(s). If the control point xc is included in the interpolation stencil, we omit148

the grid point in X−c or X+c located closest to xc, as these two points can become arbitrarily close. In 1D discretizations149

this is necessary for a well-conditioned interpolation procedure, and in multiple dimensions we have found that the150

omission is necessary to ensure stability for PDEs with an advection terms, as discussed in section 2.2. Letting x−1151

and x+1 be the closest interpolation points in X−c and X+c respectively, the resulting sets of grid points will be notated152

X̄+c ≡ X+c \ {x+1 } and X̄−c ≡ X−c \ {x−1 } below.153

For an sharp immersed PDE discretization, the high-order polynomial fits constructed at each control point are154

used to maintain the accuracy of the regular interior difference scheme across an immersed boundary or interface.155

For example, assuming that a Dirichlet boundary condition for u(x) is prescribed on the boundary, a polynomial156

approximation pc(x) to the function u(x) can be constructed using a least squares fit that incorporates the boundary157

condition at a single control point xc and the domain values {u(xi) | xi ∈ X̄+c }. Each 1D finite difference stencil that158

intersects the boundary at xc can then be applied to the extended function159

uc(x) =

u(x), x ∈ Ω+
pc(x), x ∈ Ω− . (5)

Provided that pc(x) is a sufficiently high order interpolant, this procedure maintains the accuracy of the interior scheme160

for stencils that cross the boundary at xc. In general the least-squares interpolant does not exactly interpolate the161

prescribed boundary condition at xc, but still enforces this boundary condition with high-order accuracy. Throughout162

this work, when the interior scheme has order of accuracy P and each pc(x) has degree k − 1, we refer to the full IIM163

discretization as an (P, k) scheme for brevity.164

2.2. Boundary conditions for advection and diffusion terms165

In this work we focus on model initial-boundary value problems that form the building blocks for many common166

fluid systems: linear hyperbolic PDEs with Dirichlet boundary conditions, parabolic PDEs with Dirichlet or Neumann167

boundary conditions, and parabolic PDEs with discontinuous coefficients. Each requires a distinct algorithm for the168

proper enforcement of boundary or interface conditions.169

For hyperbolic PDEs, we consider a (3, 4) IIM discretization of the linear advection equation ∂tu + v · ∇u = 0170

on the irregular domain Ω+(t) with interface Γ(t). The interior scheme is a third order upwind discretization applied171

dimension-by-dimension, with each dimension using the 1D stencil172

∂u
∂x

∣∣∣∣∣
i
=

 1
6∆x (ui−2 − 6ui−1 + 3ui + 2ui+1), vi ≥ 0,

1
6∆x (−2ui−1 − 3ui + 6ui+1 + ui+2), vi < 0.

(6)

A Dirichlet boundary condition value is only required at control points where the relative velocity on the boundary173

acts as an inflow, so that n(xc) · (v(xc)− vb(xc)) > 0. At these points we construct fourth order polynomial interpolants174

using data from the points in X̄c and the prescribed boundary condition at xc. For outflow control points satisfying175

n(xc) · (v(xc) − vb(xc)) ≤ 0 there is no prescribed boundary condition, and the interpolants are constructed using data176

from the setXc only. For 1D discretizations, the least squares fitting procedure reduces to 1D polynomial interpolation,177

and this third order boundary treatment is provably stable when paired with explicit RK schemes and a constraint on178

the CFL number Cv = |v∆t/∆x|. The analysis is presented in [8] and builds on the methodology established in [20]179

for stability analyses of immersed methods for hyperbolic PDEs. The spectrum of the 1D difference scheme and180

boundary treatment is illustrated in Fig. 2, and is accompanied by precise CFL limits for the time integrators used in181

this work.182

To ensure stability in 2D and 3D advection discretizations, we limit the multidimensional CFL number Cv =183

maxΩ ∥v(x)∥1∆t/∆x, and choose weights for each least squares fit that decay rapidly away from the control point184

as suggested in [23]. For the half-elliptical interpolation stencils used in this work, the weight function w(x) =185

max[d(x, xc), 0.7]−6 with elliptical distance function186

d(x, xc) =
√

(x − xc)TΣc(x − xc) with Σc =
ncnT

c

r2
n
+

I − ncnT
c

r2
t

(7)
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(a) Spectrum of the (3,4) 1D IIM advection discretization.

Integrator Reference C

RK2 (Heun’s Method) 0.52
LSRK(3,3) [45, Eq. 11] 1.07

SSPRK(3,3) [46, Eq. 2.18] 1.07
LSRK(5,4) [47, Solution 3] 1.69

SSPRK(5,3) [48, Table 1] 1.57
Vern7 [49, Table 6] 2.36

(b) CFL constraints for the 1D (3,4) IIM advection discretization.

Figure 2: (a) The spectrum of the (3,4) IIM advection spatial discretization presented in section 2.2, for unit grid spacing and unit velocity on the
semi-infinite domain x ∈ [α, ∞]. The domain is discretized using grid points x j = j∆x and an IIM boundary treatment at the inflow boundary
x = α. The eigenvalues of the third order upwind finite difference scheme used away from the inflow boundary fall on the border of the shaded
region. The “whiskers” protruding from this region are the loci of all additional eigenvalues introduced by the boundary treatment as the position
of the boundary is varied over the interval 0 ≤ α ≤ ∆x. (b) A list of CFL criteria that must be satisfied to guarantee stability when the (3, 4) IIM
advection discretization is paired with each of the integrators referenced in this work. At this CFL the entire spectrum shown in the left panel is
contained within the integrator’s linear stability region.

has been shown to produce stable 2D and 3D boundary treatments for third-order discretizations of the advection187

equation with Dirichlet boundary conditions [8]. For higher order interior schemes, including the standard fourth188

order centered and fifth order upwind discretizations, similar boundary treatments based on least squares fits with189

higher than third order accuracy become unstable. While there are existing stable high-order boundary treatments for190

these schemes in 2D, they are limited to convex geometries [5] or require considerable complexity when extended to191

3D [18, 20]. As a result, we limit our attention to third order upwind advection schemes in this work.192

As a model parabolic PDE, we consider the scalar diffusion equation ∂tu = β∇2u defined on Ω+(t) with bounding193

surface Γ(t). The Laplacian operator is discretized with standard centered finite difference stencils of fourth or sixth194

order. For simulations with Dirichlet boundary conditions, the correction procedure described in the previous section195

is applied to all stencils that cross the immersed surface. For the case of diffusion on the full domain Ω(t) with a196

diffusivity field β(x) that is piecewise constant and discontinuous across the immersed interface Γ(t), the following197

jump conditions hold198

[u(s, t)] = j0(s, t) on Γ,[
β∂nu(s, t)

]
= j1(s, t) on Γ.

(8)

These jump conditions are enforced by determining equivalent boundary solution values u±(xc) at each control point199

xc, and subsequently treating the two domainsΩ+(t) andΩ−(t) as separate domains with prescribed Dirichlet boundary200

conditions given by u±(xc). The equivalent boundary solution values are determined from a direct discretization of201

Eq. 8 using two sets of stencil coefficients. The coefficients s+c and {s+i } map the boundary value u+(xc) and domain202

values
{
u(xi) | xi ∈ X̄+c

}
to the normal derivative ∂nu+(xc), approximated by the normal derivative of a least squares203

polynomial fit. The second set of coefficients s−c and {s−i } is designed analogously to map data from Ω− to the normal204

derivative ∂nu−(xc). The boundary values u±(xc) can then be determined from the linear system205

u+(xc) − u−(xc) = j0(xc) and β+

s+c u+(xc) +
∑

xi∈X̄+c
s+i u+(xi)

 − β−
s−c u−(xc) +

∑
xi∈X̄−c

s−i u−(xi)

 = j1(xc). (9)

For consistency, a single pair of polynomial fits is used both to approximate the normal derivatives and to construct206

ghost values for difference stencils that cross the boundary at each control point.207
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For the scalar diffusion equation on Ω+(t) with Neumann boundary conditions β∂nu(s, t) = g(s, t) our approach is208

analogous to Eq. 9 with vanishing diffusivity β−. After dropping superscripts the boundary value u(xc) at each control209

point can be approximated by210

u(xc) =
1
sc

g(xc)
β
−

∑
xi∈X̄c

siu(xi)

. (10)

Once the boundary value at each control point is computed, Ω+(t) is treated as a domain with a prescribed Dirichlet211

boundary condition. As with jump conditions, a single polynomial fit is used both to construct ghost points for the212

difference stencils crossing the boundary at xc and to determine the stencil coefficients sc and {si} that approximate213

the normal derivative on the boundary.214

For all three type of boundary conditions for the diffusion equation described above, the weights used to construct215

each weighted least squares interpolant are chosen to be uniform (wi = 1). For a (P, k) IIM discretization of a parabolic216

PDE, the truncation error at the boundary is of order k − 2 for all three types of boundary conditions. However, due to217

elliptic regularity effects [50], spatial convergence of order P for the solution in the L∞ norm requires only a (P, P+ 1)218

discretization for jump conditions or Neumann boundary conditions [8]. For Dirichlet boundary conditions, a (P, P)219

discretization provides P-th order convergence [8], but we have observed that a (P, P + 1) discretization often leads to220

lower error magnitudes at the same resolution. As a result, we use (P, P + 1) discretizations for all parabolic terms in221

this work, leading to truncation errors of order P in the interior and P − 1 on the boundary.222

3. Temporal Discretizations223

3.1. Runge-Kutta time integration with stationary boundaries224

Before discussing moving boundaries and interfaces, we briefly review the formulation and notation of Runge-225

Kutta time integration for systems with stationary boundaries. After discretizing a time-dependent PDE in space we226

obtain a system of the form227

u̇ = f (u, t), u|t=0 = u0, (11)

where u represents the state of the discretized system, u0 is an initial condition, and f (u, t) is the discretized right228

hand side of the PDE. For PDEs with stationary boundaries we take u ∈ Rn, where n is a constant number of discrete229

degrees of freedom, so that Eq. 11 is a finite dimensional ODE that can be integrated with standard multistep or230

multistage time integration schemes. In this work our focus is on Runge-Kutta schemes, which can be expressed in231

the modified Shu-Osher form [51, 52]232

u(i) = viun +
∑s

j=1 αi ju( j) + ∆t
∑s

j=1 βi j f (u( j), t( j)) for 1 ≤ i ≤ s + 1,

un+1 = u(s+1).
(12)

Here ∆t is the length of the time step, s is the number of stages, un represents the state at the n-th time step, u( j)
233

represents the state at the j-th stage, vi is an s + 1 element vector, and {αi j, βi j} are (s + 1) × s matrices. The stage234

times are given by t(i) ≡ tn + ci∆t, where the abcissae ci are obtained by integrating the auxiliary ODE ṫ = 1.235

This representation is not unique, and any implicit or explicit Runge-Kutta scheme in this form can be re-expressed236

uniquely as Butcher tableau under mild assumptions on irreducibility [53]. However, the modified Shu-Osher form is237

useful for expressing PDE-specialized Runge-Kutta schemes such as strong stability preserving (SSP) or low-storage238

(LS) schemes. Any RK scheme presented as a Butcher tableau with coefficients {ai j, bi} for 1 ≤ i, j ≤ s can be placed239

in modified Shu-Osher form by defining240

vi = 1, αi j = 0, and βi j =

ai j 1 ≤ i ≤ s
b j, i = s + 1

, (13)

with stage times ci =
∑s

j=1 ai j. For diagonally implicit schemes αi j and βi j are lower triangular, and for explicit241

schemes they are strictly lower triangular.242
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(a) Moving boundary time integration algorithm for immersed domain boundaries.
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dmin
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(b) Geometry of the boundary CFL constraints in Eq. 20.

Figure 3: (a) From section 3.2: an illustration of Algorithm 1 applied to a 1D domain with four grid points and a time integrator with three stages.
For the initial state and first stage, the state and right hand side are extrapolated to point xi+1 which lies outside of the problem domain. When this
point enters the domain during the second stage, its value is calculated using the standard RK update and the extrapolated time history. For the third
stage the RK update relies on a mix of extrapolated and calculated values. (b) From section 3.5: constraints on the body CFL can be derived from
the minimum distance between a boundary with curvature κ and a grid point with all of its nearest neighbors on the same side of the interface. For
a planar boundary the closest approach is ∆x/

√
2 (upper right), while for a curved boundary the closest approach becomes smaller with increasing

boundary curvature (lower left). The 3D problem can be solved analogously for both planar and spherical boundaries.

3.2. Runge-Kutta time integration with moving boundaries243

For systems with moving boundaries, time integration becomes more complex. As computational elements enter244

or exit the problem domain, both the dimension of the state vector u and the right hand side f (u, t) are constantly245

changing, and the discretized system cannot be viewed simply as a system of ODEs to be integrated with the method246

of lines. “Freshly-covered” points which exit the problem domain are excluded from the Runge-Kutta update while247

they lie outside of the domain, and do not influence the temporal discretization. However, “freshly-cleared” points248

which enter the problem domain do so without an initial value or time history, and some special treatment is necessary249

to provide these. Here we present an algorithm that is designed to preserve as much as possible the flexibility of250

the method of lines, avoiding intrusive alterations to the discretization of f (u, t) and retaining compatibility with a251

wide range of established RK integrators. We begin by discussing explicit integration schemes for PDEs posed on an252

irregular domain, then expand this algorithm to diagonally implicit integrators as well as PDEs defined on both sides253

of an immersed interface and coupled through interface boundary conditions.254

Elements in the state and right hand side evaluated at grid point xk at the i-th stage are denoted as u(i)(xk) and255

f (i)(xk), respectively. We will use a zero superscript (for example, u(0)) to refer to quantities at time tn whenever256

convenient. Following the notation of section 2, grid points in Ω+(t(i)) are refereed to as active during the i-th stage,257

while those inΩ−(t(i)) are referred to as inactive. The complete vectors u(i) and f (i) will be used to indicate a collection258

of values from all points on the grid, both active and inactive, with the understanding that f (u, t) ignores the input259

values of inactive points and assigns a zero value to inactive output points. During the i-th stage of any time step a260

standard sharp immersed discretization as discussed in section 2 can be used to evaluate the right hand side f (i) at261

all active points, provided that the state value u(i) is known at all active points. Applying the standard Runge-Kutta262

update defined in Eq. 12 to calculate u(i) at all active points in the domain leads to two possibilities. For currently263

active points xk that have also been active during all prior stages the Runge-Kutta update coincides with the standard264

method of lines procedure, and no further modification is necessary. For points xk that were inactive during a prior265

stage j, the values u( j)(xk) and f ( j)(xk) needed for the Runge-Kutta update are missing. This is the freshly cleared cell266

problem, which occurs in the stage that a cell is uncovered and in all subsequent stages due to the time history needed267

by multistage Runge-Kutta integrators.268

We circumvent the freshly-cleared cell problem by calculating both the missing state u( j)(xk) and the missing right269

hand side f ( j)(xk) at the inactive point xk through a spatial extrapolation from active point values at the associated stage270
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time t( j). We note that many existing methods use a similar extrapolation of the state u( j) to allow moving boundaries,271

but the added extrapolation of the right hand side f ( j) allows this procedure to be applied to any explicit multistage272

integration scheme that can be expressed in Shu-Osher form. More formally, we define the set273

N (i) = {xk ∈ Ω−(t(i)) | xk has a neighbor in Ω+(t(i))} (14)

which contains all inactive points that have an active neighbor during the i-th stage. Here “neighbor” indicates two274

points that fall on the same grid line and are separated by distance ∆x. While we do not do so here, the set N (i) can275

be broadened to include points that fall further from the active domain, which may ease some of the restrictions on276

boundary motions that are discussed in section 3.5. We also define a zeroing operator Z(i)[·] for the i-th stage which277

sets the value of the argument on all points in N (i) to zero, as well as an extension operator E(i)[·] that overwrites the278

value of the argument on all points in N (i) with an extrapolation from the solution on Ω(t(i)). Each step begins with279

an extrapolation of the initial state, so that u(0) = E(0)[un]. In subsequent stages the state u(i) is assembled via the280

standard Runge-Kutta update at all points, and the zeroing operator is applied to remove any extraneous information281

at inactive points. The right hand side f ( j) is then calculated as usual, and the extension operator is applied to both282

the state u(i) and the right hand side f (i). When the time step is restricted by a body CFL criterion, as discussed283

below, the extrapolation ensures that any point which crosses from Ω− to Ω+ does so with a complete time history that284

can be used in subsequent Runge-Kutta updates. The complete moving-boundary explicit Runge-Kutta algorithm is285

presented in Algorithm 1 and illustrated in Fig. 3a.286

Algorithm 1 Explicit Runge-Kutta integration with moving boundaries

u(0) = E(0)[un]
for 1 ≤ i ≤ s do

ũ(i) = Z(i)
[
viu(0) +

∑s
j=1 αi ju( j) + ∆t

∑s
j=1 βi j f ( j)

]
f (i) = E(i)

[
f (ũ(i), t(i))

]
u(i) = E(i)

[
ũ(i)

]
end for
un+1 = Z(s+1)

[
vs+1u(0) +

∑s
j=1 αs+1, ju( j) + ∆t

∑s
j=1 βs+1, j f ( j)

]
We note that the precise form of the extrapolation operators E(i)[·] is not fixed, and that many sharp immersed287

methods for stationary bodies already involve a ghost-point extrapolation procedure that can be reused in a moving288

boundary time integration algorithm. In this work we choose to extrapolate by reusing the existing interpolants, and289

further incorporate boundary conditions as much as possible. For a pure diffusion problem, this means we reuse the290

uniformly weighted least-squares interpolant that incorporates the boundary condition to extrapolate the solution u,291

and compute a new interpolant with the same weighting scheme and order to extrapolate the right hand side f without292

a boundary condition. For advection and advection-diffusion problems, we extrapolate using the weighted least-293

squares interpolant from the advection term, again using any imposed boundary conditions on u and without boundary294

conditions for f . For outflow boundaries, where no boundary condition on u is imposed, we use the advection-based295

interpolant to extrapolate both the solution and right hand side with no boundary information. For points with multiple296

neighbors in Ω+, each neighbor contributes an extrapolated value and the results are averaged as in [54]. While this297

averaging strategy may fail near sharp corners or thin, under-resolved features, it is an appropriate choice for smooth298

and well-resolved geometries. From a software perspective, these extrapolations can be implemented as a callback299

which runs at the end of each integration stage in an established time integration package.300

3.3. Diagonally-implicit integrators with moving boundaries301

The Shu-Osher form given in Eq. 12 also encompasses standard diagonally implicit Runge-Kutta (DIRK) schemes302

and low-storage DIRK schemes such as those presented in [55]. For these diagonally implicit schemes, we begin each303

step by extrapolating the state un, and thereafter each stage consists of the update304

(1 − αii)u(i) − ∆tβii f (u(i), t(i)) = r(i), with r(i) ≡ viun +
∑i−1

j=1 αi ju( j) + ∆t
∑i−1

j=1 βi j f (u( j), t( j)). (15)
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Here the residual r(i) is a linear combination of previous stages and right hand side evaluations, which is assembled305

in a way analogous to the state u(i) for an explicit integrator. Once r(i) is assembled for all point inside the problem306

domain, the system (1 − αii)u(i) − ∆tβii f (u(i), t(i)) = r(i) can be solved using a sharp immersed spatial discretization307

designed for stationary domains. The state u(i) and right hand side f (u(i), t(i)) are then extrapolated, and the integration308

proceeds to the next stage. This procedure is outlined in Algorithm 2. The issue of artificial time history arises only309

in the assembly of the residual r(i), which can be calculated under the same conditions that apply to the state u(i) in an310

explicit integrator.311

For parabolic PDEs with moving boundaries, the use of a DIRK integrator can eliminate the severe time step312

restriction ∆t ∼ O(∆x2) required by explicit integrators. However, as discussed further below in section 3.5, our313

proposed moving boundary treatment always comes with a boundary CFL restriction of ∆t ∼ O(∆x). Consequently,314

there is typically little incentive to use a DIRK scheme for advection-dominant moving boundary simulations. The315

numerical results using DIRK schemes presented in section 4.2 focus exclusively on the parabolic case.316

Algorithm 2 Diagonally implicit Runge-Kutta integration with moving boundaries

u(0) = E(0)[un]
for 1 ≤ i ≤ s + 1 do

r(i) = Z(i)
[
viu(0) +

∑s
j=1 αi ju( j) + ∆t

∑s
j=1 βi j f ( j)

]
Solve (1 − αii)ũ(i) − ∆tβii f (ũ(i), t(i)) = r(i)

f (i) = E(i)
[
f (ũ(i), t(i))

]
u(i) = E(i)

[
ũ(i)

]
end for
un+1 = Z(s+1)

[
u(s+1)

]

3.4. Modifications for high-order Runge-Kutta schemes in Butcher form317

In the moving boundary treatment discussed above, we propose to extend the solution u at each stage using318

spatial extrapolations that incorporate any prescribed boundary conditions. On the other hand, generally no boundary319

condition is available for the right-hand side f . It is therefore preferable to choose time integrators that incorporate320

as much as possible the state values u(i) in their update, in order to increase the opportunity to enforce boundary321

conditions at freshly cleared points. This is the case for many common integrators that have nonzero αi j when322

expressed in the modified Shu-Osher form of Eq. 12, but not for high-order Runge-Kutta schemes in Butcher form.323

In the standard Butcher-form Runge-Kutta update324

u(i) = un + ∆t
∑i−1

j=1 ai j f (u( j), t( j)) for 1 ≤ i ≤ s,

un+1 = un + ∆t
∑s

i=1 bi f (u(i), t(i)),
(16)

freshly cleared cells at the i-th stage are filled using only the original state un and the right hand sides f ( j) for 1 ≤ j < i.325

When expressed directly in modified Shu-Osher form, as in Eq. 13, this update leads to an empty αi j coefficient matrix,326

indicating that extensions of the stage value u(i) with boundary condition are not used in later updates. This stands in327

contrast with many SSP or low-storage RK schemes that have nonzero αi j.328

To maximize the opportunity for boundary condition enforcement, Runge-Kutta schemes in Butcher form can be329

re-expressed in a different but equivalent modified Shu-Osher form that maximizes the number of nonzero coefficients330

in αi j without increasing the storage requirements of the scheme. While the two forms are equivalent for problems331

with stationary boundaries, they lead to different initial values for points that enter the computational domain, which332

are constructed using a different linear combination of previous stage values and stage boundary conditions. We333

propose an explicit form in which αi j is strictly lower triangular and βi j is nonzero only on the first subdiagonal,334

leading to the update335

u(1) = un,

u(i) =
∑i−1

j=1 αi ju( j) + ∆tβi,i−1 f (u(i−1), t(i−1)) for 2 ≤ i ≤ s + 1,

un+1 = u(s+1).

(17)
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Because each f ( j) is referenced only once, this algorithm can be implemented in a way that requires the same amount336

of storage as the standard Butcher implementation. The coefficients (αi j, βi j) can be obtained from the Butcher tableau337

(ai j, bi) as follows. The coefficients of αi j below the main diagonal (which form a lower-triangular matrix αs×s ∈ Rs×s)338

can be written as αs×s = M2M−1
1 , where the lower-triangular matrices M1, M2 ∈ Rs×s include lower triangular blocks339

of ai j and are given by340

M1 =


1 0 . . . 0
1 a21 . . . 0
...
...
. . .

...
1 as,1 . . . as,s−1

 and M2 =



1 0 0 . . . 0 0
1 a31 0 . . . 0 0
1 a41 a42 . . . 0 0
...
...

...
. . .

...
...

1 as,1 ss,2 . . . as,s−2 0
1 b1 b2 . . . bs−2 bs−1


. (18)

This transformation is possible whenever the first s − 1 columns of ai j are linearly independent. The s nonzero341

coefficients in βi j are given by342

βi,i−1 = ai,i−1 for 2 ≤ i ≤ s, and βs+1,s = bs. (19)

For all results presented in this work, Runge-Kutta schemes of order higher than four are implemented using the343

update in Eq. 17 along with the moving boundary treatment in Algorithm 1.344

3.5. Restrictions on boundary motion345

For simplicity Algorithms 1 and 2 rely on an extrapolation to nearest neighbors only. To ensure that this generates346

a complete time history for the active points at each stage, there can be no points that are active at stage i and both347

inactive and outside of N ( j) in any stage j < i. This condition is necessary and sufficient; a complete time history at348

xk implies that for each stage j < i, xk was either active and received u( j), f ( j) through the standard path, or inactive349

but included in N ( j) so that u( j) and f ( j) are extrapolated values. The opposite direction follows immediately. While350

this condition is easy to check for a given boundary motion and time step, it does not directly offer guidance on the351

proper choice of time step ∆t.352

A more convenient sufficient condition is a constraint on the boundary CFL Cb ≡ max ∥vb(s, t) · n(s, t)∥∆t/∆x.353

Here the maximum velocity is taken over all s ∈ Γ(t) and all t ∈ [tmin, tmax], where tmin and tmax are the minimum and354

maximum of the stage times {t( j)}s+1
j=1 used during a single Runge-Kutta time step. This bracketing interval is necessary355

to accommodate Runge-Kutta schemes with abcissae ci that fall outside the interval [0, 1]. To arrive at a bound of this356

form, we focus on the case whereN (i) contains nearest neighbors only and consider the more restrictive condition that357

no point can be active in one stage and inactive along with all of its nearest neighbors during any other stage of the358

same time step. This places a restriction on both the rate that the boundary can advance and on the rate at which it can359

recede, although the former is not strictly necessary in one-sided problems. From there we determine the minimum360

possible distance dmin between an inactive point with inactive neighbors and a boundary segment with given curvature361

κ. A boundary CFL constraint follows by requiring that no point on the boundary travels further than dmin along the362

normal direction during a given time step, which is guaranteed when max ∥vb(s, t) · n(s, t)∥(tmax − tmin) < dmin.363

To determine the distance dmin, we consider the purely geometric problem illustrated in Fig. 3b of finding the364

minimum distance between a grid point with four neighbors on the same side of the boundary and a circular boundary365

with curvature κ. For a straight segment (κ = 0) the minimum distance is ∆x/
√

2 (Fig. 3b upper right), while for a366

curved boundary the minimum distance becomes smaller with increasing κ (Fig. 3b lower left). The analysis is similar367

in 3D: the minimum distance between a point with six neighbors on the same side of the boundary and a spherical368

shell of radius κ−1 is at most 1/
√

3 for planar boundaries and decreases for curved boundaries. Taking the circle and369

sphere as the worst-case geometry with a prescribed maximum curvature in 2D or prescribed maximum principal370

curvature in 3D, this geometric analysis leads to the bounds371

Cb,2D <

(
1

cmax − cmin

)
√

1
2
− 1
|κ∆x| +

√
1
|κ∆x|2 −

1
2

 = (
1

cmax − cmin

)(
1√
2
− |κ∆x|

4
− |κ∆x|3

32

)
+ O

(
|κ∆x|5

)
,

Cb,3D <

(
1

cmax − cmin

)
√

1
3
− 1
|κ∆x| +

√
1
|κ∆x|2 −

2
3

 = (
1

cmax − cmin

)(
1√
3
− |κ∆x|

3
− |κ∆x|3

18

)
+ O

(
|κ∆x|5

)
,

(20)
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Figure 4: The moving body implementation for two-sided interfaces described in section 3.6, using a four stage time integrator on a domain with
six grid points. At the beginning of the step, four additional memory registers per stage are allocated to hold the values {u( j,+), f ( j,+), u( j,−), f ( j,−)} at
both xi and xi+1, as these points each have a neighbor across the interface. At each stage the Runge-Kutta update is performed on both the domain
and the auxiliary memory. After the RK update, the domain values at xi and xi+1 are overwritten with values from one of the auxiliary memory
registers; the choice of register is made based on the sign of the level set at that stage. This arrangement maintains a time history for the positive
and negative side dynamics at xi and xi+1, with each history containing both calculated values (solid points) and extension values (open points).
When no extension value is available to fill one of the registers, a missing value is assigned (indicated blank space), and that grid point is no longer
eligible to cross the interface. This occurs for the Ω− auxiliary register at xi during the second stage, and an error would be thrown if xi crossed
into Ω− during later stages.

where cmax and cmin are the maximum and minimum of the abcissae {c( j)}s+1
j=1 for a given Runge-Kutta scheme. The372

2D bound in Eq. 20 is presented in [56] for low storage Runge-Kutta schemes with all abcissae satisfying 0 ≤ ci ≤ 1.373

In this work we treat geometries that satisfy the curvature constraint |κ∆x| < 1/4, as discussed in section 2.1, and374

the corresponding CFL restrictions are Cb,2D < 0.644 and Cb,3D < 0.493. While these upper bounds are tighter than375

the CFL restrictions required for stability in advection-dominant problems, the boundary CFL constraint may or may376

not reduce the maximum time step in practice, as the boundary CFL number Cb depends on the L2 norm of the body377

velocity while the flow CFL number depends on the L1 norm of the flow velocity.378

3.6. Two-sided interfaces379

So far our analysis has focused on simulations where all dynamics occur on Ω+(t), leaving Ω−(t) as an empty380

domain on which extension values are stored. A modified implementation is necessary for simulations in which there381

are nontrivial dynamics on both Ω+(t) and Ω−(t) coupled by interface conditions on Γ(t). Based on the kinematic382

analysis of the prior section, a grid point can only cross from Ω+(t) to Ω−(t) or vice versa during a time step if they383

have a neighbor in the opposite domain at time tn. At the start of the time step we allocate 4s additional memory384

locations at each of these points to hold the both the time history (u( j,+), f ( j,+)) for the positive-side dynamics and the385

time history (u( j,−), f ( j,−)) for the negative-side dynamics at each stage 1 ≤ j ≤ s. After this we perform Algorithm 1,386

applying the Runge-Kutta updates to both the buffers and the computational domain. The extension operator E(t( j))[·]387

is re-interpreted as an operator that copies solution and extension values into the buffers, and the zero operator Z(t( j))[·]388

is re-interpreted as an operator that copies either the positive or negative side buffer values back into the computational389

domain.390

In addition to allowing two-sided dynamics, this implementation also allows for the direct verification of the391

restrictions on boundary motion. We do so by requiring that the extension operator assign a flag value to the buffer392

when a point and all of its neighbors fall on the same side of the interface. This point should not cross the interface in393

future stages, and the zero operator can verify that values are not copied back into the computational domain from a394

flagged point. The verification procedure and buffer implementation are illustrated together in Fig. 4.395
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3.7. Time integrators396

In the remainder of this work we focus on seven explicit Runge-Kutta schemes, each referred to by a standard ab-397

breviation: RK2, a second order integrator with two stages; RK4, the classic fourth order integrator with four stages;398

LSRK(3,3), a third order low-storage integrator with three stages [45]; LSRK(5,4), a fourth order low-storage integra-399

tor with five stages that is optimized for stability when applied to advection-diffusion equations [47]; SSPRK(3,3) and400

SSPRK(5,3), both third order strong-stability-preserving integrators with three and five stages, respectively [46, 48];401

and Vern7, Verner’s “most efficient” seventh order integrator with a sixth order embedded method and ten stages [49].402

In our numerical experiments we apply Runge-Kutta schemes to PDEs with time-dependent boundary conditions,403

which can lead to an reduction in temporal order due to a mismatch in truncation error between the boundary and404

interior points [57]. For explicit integrators we do not observe this effect except in the the most highly resolved405

convergence tests, indicating that these errors are typically dominated by existing spatial and temporal errors in our406

IIM simulations. Consequently, we do not explore any modification of the boundary conditions that could eliminate407

this effect, such as those proposed in [57, 58, 59]. For IIM simulations with implicit time integration this order408

reduction is more pronounced, and we rely on DIRK schemes with high weak stage order [59] that have been designed409

specifically to eliminate this effect. Here we adopt the notation DIRK(s, p, q) to indicate a scheme of order p with s410

stages and weak stage order q, and consider the L-stable schemes DIRK(4,3,2) and DIRK(6,4,3) from [60] as well as411

DIRK(7,4,4) from [61].412

4. Results413

4.1. Quantifying moving boundary errors in 1D414

In this section we present error analyses of moving boundary treatment proposed above for a range of different415

physical problems and discretization schemes. For context, we note that in a previous work [56] the authors conjecture416

that a specialization of the moving boundary treatment presented in section 3, which was developed specifically for417

explicit low-storage Runge-Kutta schemes, introduces an O(∆t∆xN) error term when applied to 1D IIM discretizations418

with N-th order spatial accuracy and Dirichlet boundary conditions. This result is confirmed in [56] via numerical419

experiments for third order 1D advection schemes and second order 1D diffusion schemes. In this section, we extend420

those results to include higher-order spatial discretizations, more general Runge-Kutta time integrators, and a wider421

range of boundary conditions.422

4.1.1. 1D diffusion with Dirichlet boundary conditions423

To begin, we consider a diffusion equation on a periodic 1D domain with an immersed body,424

∂tu + β∂xxu = 0 for x ∈ [0, xℓ(t)] ∪ [xr(t), 1) . (21)

Here the body occupies the moving region [xℓ(t), xr(t)]. Following the method of manufactured solutions, we define425

a periodic solution g(x, t) = exp(−βk2t) sin(kx) with k = 2π and β = 0.01, which obeys the diffusion equation on426

the interval x ∈ [0, 1]. Here and in all following diffusion test cases, the diffusivity β is chosen so that the solution427

magnitude exp(−βk2t) at the final time is a reasonable fraction of the initial magnitude (typically between 0.3 and428

0.7). We discretize Eq. 21 with periodic domain boundaries, initial condition u(x, 0) = g(x, 0), and Dirichlet boundary429

conditions u(x, t) = g(x, t) at the immersed boundary points {xℓ(t), xr(t)}. For all tests here we choose an immersed430

body in the form of a uniformly translating interval [xℓ,0 + vbt, xr,0 + vbt] with xℓ,0 = 0.261 and xr,0 = 0.447. The body431

translates with velocity vb = 0.25 from initial time t = 0 to final time T = 0.7.432

This 1D system is discretized in space using centered finite differences of order four and six, with a 1D extension-433

based IIM applied at the immersed boundaries. For an (P, k) IIM discretization, polynomial interpolants of degree434

k − 1 are constructed to interpolate the solution at the boundary point and the closest k − 1 points in the domain,435

excluding the point closest to the boundary, as illustrated in Fig. 1a (red); these polynomials are extended into the436

body to construct ghost points needed by the difference scheme. The temporal discretization follows the technique437

outlined in section 3, using polynomial extensions of the state u(x, t) and the discretized right hand side f (u, t). The438

extensions of the state are constructed as mentioned above; for the right hand side, polynomials of degree k − 1 are439

constructed using the k points closest to the boundary, including the closest point, as illustrated in Fig. 1a (blue).440
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(a) Spatial convergence for (4,5) diffusion.
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(b) Spatial convergence for (6,7) diffusion.

Figure 5: Convergence results for 1D diffusion with Dirichlet boundaries at fixed Fourier number (section 4.1.1). Here ϵ∞ represents L∞ norm of
the error in the final time solution. Results are shown for both (a) a (4,5) IIM discretization and (b) a (6,7) IIM discretization, which exhibit roughly
fourth or sixth order convergence respectively when integrated with a Runge-Kutta scheme of sufficiently high order. Dashed colored lines indicate
the error in the equivalent stationary cases on both plots, though these are indistinguishable from the moving cases for the (4,5) discretization.

To measure the spatial convergence of each IIM diffusion discretization, simulations are performed with varying441

spatial resolution and a time step of ∆t = r∆x2/β, where r = 0.2 is a constant Fourier number. For each simulation442

we report the the maximum error ϵ∞ = ∥u(x,T ) − g(x,T )∥∞ in the solution at the final time t = T . The results443

for (4, 5) and (6, 7) IIM spatial discretizations paired with second, third, and fourth order RK time integrators are444

presented in Figure 5. The (4, 5) spatial discretization converges at fourth order or higher for any of the chosen time445

integrators, which is consistent with a fourth order spatial error and a second order or higher temporal error combined446

with the constant Fourier number constraint ∆t ∼ ∆x2. Results for the sixth order discretization are more complex,447

exhibiting fourth order convergence with RK2, fourth order convergence with a lower prefactor for LSRK(3,3), and448

approximately sixth order convergence with LSRK(5,4). To explain this convergence behavior, we also show the449

results of a set of simulations that replace the moving interval with a stationary interval [xℓ(T ), xr(T )] that matches450

the moving geometry at the final time t = T . The error magnitudes for these cases are shown in Figure 5 as dashed451

lines without markers and are nearly identical to the moving cases. This indicates that the convergence behavior is not452

driven primarily by the moving boundary treatment. For the simulations with higher temporal resolution, it appears453

that the dominant error is due to the order reduction phenomenon that affects Runge-Kutta schemes when applied454

to method-of-lines discretizations with time-varying boundary conditions. A reduction of each of the Runge-Kutta455

schemes to second order temporal accuracy, as suggested in [57, 58], would lead to fourth order spatial convergence456

due to the time step restriction ∆t ∼ O(∆x2). This is consistent with the fourth order spatial convergence rates observed457

for simulations with LSRK(3,3) and LSRK(5,4).458

To more thoroughly explore the temporal convergence of each discretization, we fix a single spatial resolution and459

perform simulations with varying ∆t, beginning at the maximum stable time step for the discretization and decreasing460

over over several orders of magnitude. The results are compared to a solution with the same resolution and a much461

smaller time step, so that any purely spatial error is removed from the comparison. Figure 6 displays the results for462

(4, 5) and (6, 7) IIM discretizations with Dirichlet boundary conditions at resolutions Nx = [32, 64, 128, 256]. Time463

integration is performed with either the RK2, LSRK(3,3), and LSRK(5,4) time integrators. Referring to Fig. 6a,464

corresponding to a (4, 5) scheme with RK2 time integration, we observe that for each fixed spatial resolution the465

temporal convergence order is initially second order, consistent with the order of the time integrator. When the466

number of time steps increases beyond a given threshold, the convergence diminishes to first order, indicating that467

the error introduced by moving boundaries is dominant. By varying the spatial resolution we can deduce that the468

magnitude of the O(∆t2) error term is independent of ∆x, while the O(∆t) error term has a prefactor that scales with469

∆xN for some positive exponent N. Similar behavior can be observed for the other combinations of time integrator470

and spatial discretization shown in Figures 6b through 6f: for integrators of order M, the convergence is initially471
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O(∆tM), with an O(∆t) error term that depends strongly on spatial resolution dominating at smaller time steps. This is472

consistent with the existence of an O(∆t∆xN) moving boundary error term, as proposed in [56].473
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(a) (4,5) with RK2
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(b) (6,7) with RK2
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(c) (4,5) with LSRK(3,3)
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(d) (6,7) with LSRK(3,3)
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(e) (4,5) with LSRK(5,4)
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(f) (6,7) with LSRK(5,4)

Figure 6: Temporal convergence of the final-time L∞ error norm for the 1D diffusion equation with Dirichlet boundary conditions and a fourth
order (left column) or sixth order (right column) discretization; see section 4.1.1. Nt represents the number of time steps in each simulation. Time
integration is performed with the RK2, LSRK(3,3), or LSRK(5,4) time integrators, and the leftmost point of each series represents the maximum
stable time step for each discretization. For all cases the temporal convergence is dominated by either an O(∆tM) error term with a prefactor that is
largely independent of spatial resolution or by an O(∆t∆xN ) term attributed to the presence of moving boundaries, where M is the order of the time
integrator and N is the order of the spatial discretization. Dashed lines indicate the data on each plot used to determine the corresponding exponent
N via a least squares fit.
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To determine the exponent N for a given discretization, we discard convergence data for which the O(∆tM) error474

term is dominant, and perform a linear least squares fit between log ϵ∞ and log(A∆t∆xN) to determine the prefactor475

A and exponent N of the moving boundary error term. The results for each combination of spatial discretization and476

time integrator are listed in table Table 1, which indicates that the exponent is primarily determined by the order of the477

spatial discretization: a (4,5) scheme leads to N ≈ 4, while a (6, 7) scheme leads to N ≈ 6. Importantly, when the time478

step obeys the stability constraint ∆t ∼ ∆x2 that is necessary for diffusion simulations with explicit time integration,479

the resulting moving boundary error terms have magnitude O(∆xN+2) and do not dominate the existing spatial error480

(Fig. 5).481

Integrator (4, 5) Dir (6, 7) Dir (4, 5) Neu (6, 7) Neu (4, 5) Jump (6, 7) Jump

RK2 4.38 N/A 2.89 4.94 3.51 5.09
LSRK(3,3) 4.14 5.79 2.94 4.89 3.51 5.19
LSRK(5,4) 4.04 5.54 2.93 4.74 3.40 5.17

Table 1: Spatial exponents of the mixed error terms A∆t∆xN observed in diffusion simulations with moving boundaries and Dirichlet boundary
conditions (Dir, see Fig. 6), Neumann boundary conditions (Neu, see Fig. A.19), or discontinuous coefficients with jump conditions (Jump, see
Fig. A.20). The data used to generate each fit is indicated by black dashed lines on the corresponding figures. The (6,7) Dirichlet datapoint is
omitted due to a lack of sufficient data for the fit.

4.1.2. 1D diffusion with Neumann boundary conditions482

To evaluate the magnitude of the mixed error term introduced by Neumann boundary conditions, the temporal483

convergence tests described above are repeated with the same simulation parameters, discretizations, and resolutions,484

changing only the boundary condition prescribed in each simulation to the Neumann condition ∂xu(x, t) = ∂xg(x, t)485

for x ∈ {xℓ(t), xr(t)}. The results mirror the Dirichlet case, displaying regions with a dominant O(∆tM) error term486

and regions with a dominant O(∆t∆xN) error term; for full results see Fig. A.19 in the Appendix. To determine the487

exponent N in the mixed error term, we repeat the least squares fitting procedure described above for each combination488

of time integrator and spatial discretization. The results are given in Table 1, which indicates that N ≈ 3 for the (4, 5)489

IIM discretizations and N ≈ 5 for the (6, 7) discretizations independent of the choice of time integrator. These490

exponents are one order lower than those observed with Dirichlet boundary conditions, likely due to a boundary491

condition that depends on the first derivative of the solution. As in the previous section, the mixed error term does not492

asymptotically dominate the spatial error when the time step is determined by the stability constraint ∆t ∼ ∆x2.493

4.1.3. 1D diffusion with discontinuous coefficients494

To investigate PDEs with dynamics on both sides of an immersed interface, we repeat the analysis of the previous495

section for the diffusion equation with a piecewise constant diffusivity496

∂tu = β(x)∂xxu, β(x) =

β−, x ∈ [xℓ(t), xr(t)]
β+, otherwise

. (22)

On the interface Γ(t) = {xℓ(t), xr(t)} boundary conditions are replaced by the jump conditions on the solution and497

the diffusive flux defined in Eq. 8. The magnitude of the jumps is set to match the manufactured solution498

g(x, t) =

exp
(
−β−k2t

)
sin(kx), x ∈ [xℓ(t), xr(t)]

exp
(
−β+k2t

)
sin(k(x − δ)), otherwise

(23)

with β− = 0.01, β+ = 0.005, k = 2π, and δ = 0.2. The moving interface begins at xℓ,0 = 0.251, xr,0 = 0.507 at time499

t = 0 and translates at a constant velocity vb = 0.25 until final time T = 1.500

Repeating the temporal convergence tests of the previous two section produces behavior that is consistent with501

the Dirichlet and Neumann cases; see Fig. A.20 in the Appendix for a full listing of the results. We observe both an502

O(∆tM) temporal error term and an O(∆t∆xN) mixed error term attributed to moving boundaries, with the exponent N503

for each integrator and spatial discretization listed in Table 1. For each spatial discretization the measured exponent is504

larger than that observed with Neumann boundary conditions and smaller than that observed with Dirichlet boundary505

conditions: the (4,5) discretization leads to 3.4 ≤ N ≤ 3.51, while the (6,7) discretizations leads to 5.09 ≤ N ≤ 5.19.506
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(c) RK2, v = vb/2
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(d) LSRK(3,3), v = vb/2
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(e) RK2, v = vb
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(f) LSRK(3,3), v = vb

Figure 7: Temporal convergence of the final-time L∞ error norm for the 1D advection equation with Dirichlet boundary conditions and either RK2
(left column) or LSRK(3,3) (right column) time integration. See section 4.1.4 for interpretation.

4.1.4. 1D advection with Dirichlet boundary conditions507

As a model hyperbolic system we consider the 1D linear advection equation ∂tu+ v∂xu = 0. The problem domain508

is identical to the previous sections, an interval with initial position xℓ,0 = 0.261 and xr,0 = 0.447 translating at speed509

vb. A Dirichlet boundary condition is prescribed on boundaries with n(v−vb) > 0, where the normal n = ±1 points into510
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the problem domain. Convergence is measured with the method of manufactured solutions using the translating wave511

g(x, t) = sin(k(x − vt)) for (x, t) ∈ [0, 1] × [0,T ] with k = 6π and T = 0.7. Errors are measured in the L∞ norm at the512

final time t = T . The IIM discretization uses the (3, 4) upwind finite difference scheme presented in section 2.2, and513

moving boundaries are treated using fourth-order extrapolations. Where a Dirichlet boundary condition is available,514

it is used both in the difference scheme and in the moving boundary extrapolations; otherwise all extrapolation is515

performed using the interior solution values only.516

Throughout our test cases we set the boundary velocity to the constant value vb = 0.5 so that the boundaries move517

left-to-right, while varying the flow velocity v in three different ways. For case one, the flow velocity v = −vb, so that518

the flow moves right-to-left, opposing the boundary motion. In case two, v = vb/2 so that the flow and boundary are519

aligned, but the body outpaces the flow. Finally, in case three the flow and boundary translate at the same velocity520

v = vb, so that there is no through flow and no Dirichlet boundary condition is required. Figure 7 presents temporal521

convergence results obtained with either RK2 or LSRK(3, 3) time integration for these three cases. As with the522

diffusion test cases, an O(∆t∆xN) moving boundary error term dominates at fine temporal resolutions, and a least523

squares fit is used to determine the spatial exponent N for each time integrator and velocity combination. For the first524

two cases v = −vb and v = vb/2, the exponent is 2.6 ≤ N ≤ 2.75, or slightly lower than the spatial convergence525

order of 3, which is consistent with the convergence order of the mixed term in the diffusion test cases. However, for526

the no-through flow case (case three) with either RK2 or LSRK(3,3) integration we observe N ≈ 2. To explain these527

values of N we can postulate a straightforward error model, starting from the empirical observation that a pointwise528

error of magnitude O(∆t∆x3) is introduced at each grid point that enters the domain. For linear PDEs the dynamics529

of the error mirror the dynamics of the solution, which means that any errors introduced into the problem domain are530

advected by the flow. When v − vb , 0 each of the pointwise O(∆t∆x3) error contributions is advected away from the531

boundary, leaving an error field of rough magnitude O(∆t∆x3) dispersed throughout the domain. When v − vb = 0,532

however, all error contributions are advected alongside the body, so that the error adjacent to the immersed boundary is533

an accumulation of the error from all grid point crossings. Under a CFL constraint, the number of grid point crossings534

is O(∆x−1) at any given final time, explaining why the spatial exponent in the mixed error term is reduced by one for535

this case.536

In all cases we observe that N ≥ 2, so that when the time step is determined by a CFL criterion, the overall order537

of the moving boundary error term is equal to or higher than the third order spatial error. This means in practical538

simulations using explicit time integrators, the moving boundary error term will not dominate the convergence of the539

algorithm.540

4.2. 1D simulations with additional time integrators541

While the results of the previous section focused on low storage RK schemes, the moving boundary treatment out-542

line in section 3 is equally applicable to standard Butcher-form RK schemes, strong stability preserving RK schemes,543

and diagonally implicit schemes. As a representative example, Fig. 8a revisits the spatial convergence of 1D advec-544

tion testcase with v = −0.5, vb = 0.5, comparing LSRK(3,3) time integration with the RK4, Vern7, SSPRK(3,3) and545

SSPRK(5,3) time integrators. Both the RK4 and Vern7 integrators are implemented in the modified Shu-Osher form546

outlined in section 3.4, and all time steps are chosen to satisfy the CFL constraint C = Cb = 0.7. At lower resolutions547

all four integrators achieve third order convergence with nearly identical error magnitudes, indicating that the O(∆x3)548

error of the spatial discretization is dominant. As the resolution increases, an O(∆x2) error emerges for the third and549

fourth order time integrators, which is consistent with an order reduction due to time-dependent boundary conditions550

as discussed in section 3.7. Notably, the Vern7 integrator is able to maintain third order convergence up to the maxi-551

mum resolution ∆x = 1/4096, indicating that the prefactor on the O(∆x2) error is significantly smaller than that of the552

lower order integrators.553

For diffusion-dominated PDEs, explicit time integrators suffer from restrictive time step limits due to stability554

constraints. Diagonally implicit schemes offer an attractive alternative. Figure 8b revisits the 1D diffusion test case555

from section 4.1.1, measuring the convergence of a (4, 5) IIM diffusion discretization when integrated with three556

different DIRK schemes of weak stage order higher than one [60, 61]. For each integrator results are also shown557

for a similar case with the same parameters and a stationary body that occupies the interval [xℓ(T ), xr(T )], which558

matches the geometry of the moving cases at the final time t = T . In each simulation the time step is chosen to559

yield a body CFL number that is 80% of the maximum acceptable value, which varies between integrators due to560

the fact that DIRK(6,4,3) and DIRK(7,4,4) have abcissae outside of the interval [0,1]. There is no constraint on the561
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(a) (3, 4) IIM advection with various explicit integrators.
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Figure 8: Results from section 4.2. (a) 1D convergence results for a (3,4) IIM advection discretization integrated with a constant body CFL and four
different explicit Runge-Kutta schemes. At lower resolutions the O(∆x3) spatial error dominates. At higher resolutions the O(∆t2) error attributed to
the presence of time-dependent boundary conditions becomes dominant for all integrators except Vern7. (b) 1D convergence results for a (4,5) IIM
diffusion discretization integrated with a constant body CFL and various DIRK schemes of weak stage order greater than one. For each integrator
the results of an equivalent stationary test case are shown with a dashed line of the same color (though the stationary results for DIRK(7,4,4) nearly
overlap DIRK(6,4,3)). In all moving test cases the convergence begins at approximately fourth order and degenerates to O(∆x2.5) at fine resolutions,
at which point the third order integrator DIRK(4,3,2) achieves the lowest error.

Fourier number, so that ∆t ∼ ∆x for these convergence tests. For each integrator the convergence of each moving562

test case is approximately fourth order at low resolutions, with an asymptotically larger O(∆x2.5) error dominating563

at finer resolutions. For the fourth order integrators DIRK(6,4,3) and DIRK(7,4,4), the equivalent stationary test564

cases do not exhibit order reduction due to time-dependent boundary conditions, indicating that in general DIRK565

schemes with a high weak stage order do not mitigate order reduction when combined with our moving boundary566

treatment. Interestingly, the third order DIRK(4,3,2) integrator also exhibits order reduction in the stationary test567

case, but provides the most accurate results for moving test cases at fine resolutions, outperforming both of the fourth568

order integrators with higher weak stage orders while requiring the fewest linear system solves. We leave a full569

investigation of these order reduction phenomena in moving boundary simulations to future work.570

4.3. 2D Convergence Results571

For all 2D results we consider PDEs posed on the unit square Ω = [0, 1]2 with periodic boundaries. The immersed572

surface Γ(t) is a smooth five-pointed star with initial center x0 that translates uniformly with velocity vb. In a polar573

coordinate system centered on the point xb(t) = x0 + vbt, the star is defined by the level set574

ϕ(r, θ) = r − r0 − ∆r cos (5θ), (24)

where r0 is the average radius and ∆r is the maximum radial perturbation. For all cases we use the method of575

manufactured solutions and report the L∞ norm of the error in the final time solution.576

4.3.1. 2D diffusion with Dirichlet or Neumann boundary conditions577

For this test case we consider the 2D diffusion equation ∂tu = β∇2u on an irregular domain, with either Dirichlet578

or Neumann boundary conditions on the immersed surface. The domain is defined by the star level set from Eq. 24579

with average radius r = 0.2, radial perturbation ∆r = 0.03, initial center x0 = [0.41, 0.41], and constant velocity580

vb = [0.4, 0.4]. The manufactured solution is a decaying sinusoid581

g(x, t) = exp
(
−β(k2

1 + k2
2)t

)
sin(k1x1) sin(k2x2) (25)

with diffusivity β = 0.004 and wavenumbers k1 = k2 = 4π. Time integration begins at t = 0 and runs to a final time582

T = 0.5, using the LSRK(3,3) integrator and a fixed Fourier number r = ∆tβ/∆x2 = 0.1. This ensures that as the583

spatial grid is refined, any purely temporal errors have a magnitude that reduces with O(∆x6) at most.584
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(a) (4, 5) IIM discretization.

482 962 1922

10−8

10−7

10−6

10−5

10−4

Nx

ϵ ∞

(6, 7) Dir Mov
(6, 7) Dir Stat
(6, 7) Neu Mov
(6, 7) Neu Stat
O(h6)

(b) (6, 7) IIM discretization.

Figure 9: Convergence results for 2D diffusion with Dirichlet or Neumann boundary conditions (section 4.3.1). Each simulation is performed with
LSRK(3,3) time integration using (a) a fourth order spatial discretization or (b) a sixth order spatial discretization. Both the fourth and sixth order
discretizations exhibit the expected order of accuracy, and the magnitude of the error is comparable to the equivalent stationary cases (dashed lines).

(a) Initial condition and interface geometry.
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(b) Convergence results, β−/β+ = 2.

Figure 10: Convergence results for 2D diffusion with discontinuous coefficients and a moving boundary (section 4.3.2). The final time manufactured
solution is shown in (a), along with the L∞ error as a function of grid resolution in (b). Both the fourth and sixth order discretizations exhibit the
expected order of accuracy, and the magnitude of the error is comparable to the equivalent stationary cases (dashed lines).

Figure 9 plots the L∞ error in the final time solution as a function of the grid resolution, using either a (4, 5) or585

(6, 7) IIM discretization. Results for a moving domain are shown alongside a set of similar stationary cases, which use586

the same manufactured solution but a constant body center xb = x0 + vbT that agrees with the moving domain cases587

at the final time. For both Dirichlet and Neumann boundary conditions the IIM discretizations achieve the expected588

fourth or sixth order convergence in the L∞ norm, with an error magnitude that is comparable to the stationary cases.589

4.3.2. 2D diffusion with discontinuous coefficients590

For this test case we consider the 2D diffusion equation with an immersed interface that separates two regions591

with different diffusivities,592

∂tu = β(x)∇2u, β(x) =

β+, ϕ(x, t) > 0
β−, ϕ(x, t) < 0

. (26)
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(a) Convergence results, β−/β+ = 104. (b) Final time error for the (6, 7) discretization with Nx = 64.

Figure 11: Results for 2D diffusion with discontinuous coefficients and a large diffusivity ratio of β−/β+ = 104 (section 4.3.2). Convergence
results in (a) indicate that both fourth and sixth order discretizations remain stable and achieve their nominal order of convergence despite the large
diffusivity ratio. Additionally, the error magnitudes for these moving cases are comparable to those of the equivalent stationary cases (dashed lines).
The final time error field for the (6, 7) discretization with Nx = 64 is shown in (b) and indicates that the error is dominated by the region with larger
diffusivity. This explains the similarity in error magnitude between these results and those shown in Fig. 10, which use the same β− and a smaller
diffusivity ratio β−/β+ = 2

On the interface jump conditions on the solution and diffusive flux are prescribed as in Eq. 8, with the jump values593

that are set to match the manufactured solution. The domain is defined by the star level set from Eq. 24 with average594

radius r = 0.27, radial perturbation ∆r = 0.03, initial center x0 = [0.372, 0.360], and constant velocity vb = [0.4, 0.4].595

The manufactured solution is a decaying sinusoid in each domain with differing wavenumbers,596

g(x, t) =

+ exp
(
−β+∥k+∥2t

)
sin

(
k+1 x1

)
sin

(
k+2 x2

)
, ϕ(x, t) > 0

− exp
(
−β−∥k−∥2t

)
sin

(
k−1 x1

)
sin

(
k−2 x2

)
, ϕ(x, t) < 0

, (27)

with diffusivities β+ = 0.002 and β− = 0.004. We choose wavenumbers k+ = [4π, 4π] and k− = [4.6π, 3.4π] to ensure597

that the jump conditions on the interface vary in both space and time. Time integration is performed as in the previous598

section with fixed Fourier number r = max(β+, β−)∆t/∆x2 = 0.15.599

Figure 10 provides convergence results for both (4, 5) and (6, 7) IIM discretizations. Both achieve their nominal600

order of accuracy in the L∞ norm with error magnitudes that are equal to or less than the equivalent stationary cases. To601

demonstrate robustness to large jumps in coefficients, we repeat the tests above with the same β− and a larger diffusivity602

ratio β−/β+ = 104. Figure 11a displays the results, which show roughly the same convergence behavior and error603

magnitudes as with β−/β+ = 2. This indicates that the error is dominated by the domain with the larger diffusivity (as604

shown in Fig. 11b), and that the stability of the discretization is not affected by large jumps in coefficients. Notably, the605

(6, 7) IIM discretization is able to converge at sixth order for a two-sided diffusion problem with a moving nonconvex606

interface, coupling conditions that involve surface gradients of the solution, and jumps in coefficients by up to four607

orders of magnitude.608

4.3.3. 2D advection with Dirichlet boundary conditions and constant velocity609

To test the stability and convergence of the IIM advection discretization developed in section 2, we consider610

the scalar advection equation ∂tu + v · ∇u = 0. For hyperbolic PDEs a boundary condition is required only where611

characteristics enter the domain, so that a Dirichlet boundary condition on a moving body takes the form612

u(s, t) = g(s, t) for all {s ∈ Γ(t) | (v(s, t) − vb(s, t)) · n(s, t) > 0}. (28)

The above PDE and Dirichlet boundary condition are discretized using a (3, 4) IIM advection discretization, which has613

a third order spatial truncation error. The problem domain is periodic and consists of the exterior of the star defined614
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(a) Convergence results for 2D advection. (b) No through-flow error field (case iv), Nx = 32.

Figure 12: (a) Convergence results for 2D advection with Dirichlet boundary conditions (section 4.3.3). Cases (i) through (iv) and the free-space
case are described in the text, and all cases converge at third order in the L∞ norm. (b) The final-time error field for the no through-flow case (case
iv) with Nx = 32. The maximum error is concentrated on the immersed surface, while the error in the rest of the domain is consistent with that of
the free-space finite difference scheme.

by the level set given in Eq. 24, with radius r = 0.2, radial perturbation ∆r = 0.03, initial center x0 = [0.351, 0.351],615

and constant body velocity vb = [0.6, 0.6]. Convergence is assessed using the manufactured solution616

g(x, t) = sin(4π(x1 − v1t)) cos(4π(x2 − v2t)). (29)

To test the selective enforcement of inflow boundary conditions, we consider four distinct cases for the flow velocity:617

(i) a velocity field opposed to the body motion, v = −vb; (ii) a velocity field perpendicular to the body motion,618

v = vb × ê3; (iii) a velocity field v = vb/2 that is parallel to the flow but slower; and (iv) a no through-flow velocity619

field with v = vb, for which no boundary condition is enforced on any part of the immersed surface. Time integration620

runs from t = 0 to T = 0.5 using the LSRK(3,3) time integrator, with the time step determined by the body CFL621

constraint Cb = 0.64. This results in a constant flow CFL of Cv = 0.45 for case (iii) and Cv = 0.9 for the other three622

cases.623

Figure 12a presents convergence results for all four test cases, as well as a free-space test case that uses the same624

manufactured solution with no solid body and v = [0.6, 0.6]. All of the moving boundary cases converge at third order625

in the L∞ norm, and all but the no through-flow case show a similar or smaller error magnitude compared to the free626

space case. The final-time error field for the no through-flow case with Nx = 32, shown in Fig. 12b, indicates that the627

IIM boundary treatment leads to an accumulation of error near the surface for this test case. This is possible because628

of the lack of relative motion between the flow and the body, which for other test cases allows some accumulated error629

to be covered by the boundary motion or advected into the problem domain. Consistent with the 1D convergence630

results presented in section 4.1.4, this accumulation of error does not affect the third order spatial convergence rate of631

the method.632

4.3.4. 2D advection with Dirichlet boundary conditions and variable velocity633

To test the utility of our advection discretization when applied to more realistic flow fields, we consider a test case634

with body and flow velocities that vary in both space and time. Manufactured solutions with variable velocity can be635

constructed through the use of a reference map ξ(x, t) that obeys the advection equation ∂tξ + v · ∇ξ = 0 with initial636

condition ξ(x, 0) = x. For any initial condition g0(x), the time-varying field g(x, t) = g0(ξ(x, t)) solves the advection637

equation. Here use the sinusoidal reference map and corresponding velocity field638

ξ(x, t) = x − δ sin(ωt)[sin(2πx2), sin(2πx1)], v(x, t) = [∇ξ(x, t)]−1∂tξ(x, t), (30)
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(a) Convergence results for 2D advection with variable velocity. (b) Final time velocity and error fields, Nx = 128.

Figure 13: Results from section 4.3.4. (a) Third order L∞ norm convergence for the 2D variable velocity advection test case. The blue dashed line
lying nearly on top of the series indicates the error for the equivalent stationary boundary test case. (b) The final time velocity field and error field
for the variable velocity test case with Nx = 128. The path of the body center is superimposed as a dashed line.

with frequency ω = 7π/2, length scale δ = 0.1 and initial condition g0(x) = sin(4πx1) sin(4πx2). This velocity field639

is not incompressible, and the reference map has a Jacobian J = det(∇ξ) in the range 1 ± 4π2δ2. The domain is640

defined by the star level set from Eq. 24 with average radius r = 0.2, radial perturbation r = 0.03, and initial center641

x0 = [0.321, 0.321]. To create a time-varying body velocity at each boundary point, the star rotates about an axis642

passing through xc = [0.5, 0.5] with constant angular velocity ωb = π. Time integration begins at time t = 0 and643

proceeds time T = 1.0 using the LSRK(3,3) time integrator and a constant time step chosen to satisfy the body CFL644

constraint Cb < 0.64, which leads to a maximum flow CFL of C = 0.93.645

Figure 13a plots the maximum error in the final time solution as a function of the spatial resolution Nx, demon-646

strating third-order spatial convergence with no order reduction in the presence of a moving boundary. The error647

magnitudes are nearly identical to those of the equivalent stationary boundary cases, shown as a dashed line. Figure648

13b illustrates the final time velocity field and error field for Nx = 128, with the path of the body center superimposed.649

The maximum error occurs in the interior of the domain, and the effect of the Dirichlet boundary condition can be ob-650

served as a region of diminished error in the upper right hand corner. This is consistent with the behavior of stationary651

cases, in which the error has a minimum at Dirichlet inflow boundaries and grows as the solution is transported along652

characteristics into the interior of the domain. For this test case the moving boundary treatment acts as a source of653

error with magnitude well below that of the interior truncation error, and has a minimal effect on the final time error654

magnitude.655

4.4. Surface quantities656

One of the advantages of sharp immersed methods over diffuse immersed methods is the ability to accurately657

reconstruct quantities defined on an immersed surface. To illustrate this capability, we return to the 2D moving658

advection test case presented in section 4.3.3 with flow velocity v = [0.6,−0.6] perpendicular to the boundary motion,659

and extract the normal gradient of the solution on the boundary using the same fourth-order accurate weighted least660

squares interpolants that are used to discretize the advection term. The results at two different spatial resolutions661

are presented in Fig. 14a. For ∆x = 1/32 the surface gradient closely follows the exact value, even though at this662

resolution the star shaped body has only approximately five grid points across each of its lobes (see Fig. 12b). For663

∆x = 1/64, a more moderate resolution, the exact and numerical values are nearly indistinguishable. To examine the664

temporal history of surface gradients we consider a second test case with the same velocity field and a star-shaped665

body initially centered at x0 = [0.351, 0.503] that translates with body velocity vb = 0.6ê1. For this case the control666

points that lie on x1 direction grid lines coincide with the same material point on the boundary at each time step, so that667

it is possible to extract the time history of the normal gradient at a single material point. Figure 14b provides this time668
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(b) Time history of the normal gradient at Nx = 32 at four control points
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(c) Time history of the normal gradient at Nx = 64 at four control points

Figure 14: Results from section 4.4. (a) The surface normal gradient at t = T for the 2D advection test case from section 4.3.3. Data for Nx = 64
is offset for readability. (b) Time history of the surface normal gradient with Nx = 1/32. The four data series correspond to control points with
x2 = 3/8 ( and ) and x2 = 5/8 ( and ), with the first point in each pair satisfying x1 < xb,1(t) (on the ‘trailing’ side) and
the second point satisfying x1 > xb,1(t) (on the ‘leading’ side). (c) Time history of the surface normal gradient with Nx = 1/64 for the same four
control points. All data for this spatial resolution is downsampled by a factor of two for readability.

history for material points located on the grid lines x2 = 3/8 and x2 = 5/8 using a spatial resolution of ∆x = 1/32;669

the equivalent results for ∆x = 1/64 are shown in in Fig. 14c. Neither case exhibits large temporal oscillations in the670

surface gradient, and with a resolution of ∆x = 1/64 the maximum error at any of the four sample points is less than671

5% of the maximum normal gradient observed at that point.672

To assess the convergence of the surface normal gradient, we return to the advection test case from section 4.3.3673

with velocity v = [−0.6,−0.6] that opposes the motion of the body. Figure 15a plots the maximum error in the674

surface normal gradient at the final time as a function of the spatial resolution Nx. The results indicate second order675

convergence for moving boundary simulations, with error magnitudes that closely follow those of the equivalent676

stationary boundary simulations with geometry taken from the final time t = T . This is a reduction in order compared677

to the solution error, which is third order in the L∞ norm. Figure 15b provides the final time error field for this test678

case with Nx = 128, which indicates that the moving boundary in this test case acts as a source of error that is not679

smooth either in space or in time, but with magnitude approximately equal to that of the interior scheme. The result680

is a “wake” region behind the body in which the error has a magnitude that is O(∆x3) and varies over a length scale681

that is O(∆x), leading to O(∆x2) convergence for the normal gradient.682

We also consider the convergence of surface quantities for parabolic PDEs, returning to the 2D diffusion test case683
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(a) Convergence of the normal gradient for a 2D advection test case. (b) Final time error field for Nx = 128
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(c) Convergence of the normal gradient for a 2D diffusion test case. (d) Final time error field for Nx = 72

Figure 15: Convergence results for the surface normal gradient (section 4.4). (a) Second order convergence for the normal gradient in a 2D
advection test case with Dirichlet boundaries. The error magnitudes agree well with those of the equivalent stationary cases, shown as a dashed
line. (b) The final time error field for the (3, 4) advection discretization with Nx = 128, which indicates a non-smooth error. (c) Fourth order
convergence for the normal gradient in a 2D diffusion test case with Dirichlet boundary conditions. (d) The final time error field for the (4, 5)
diffusion discretization with Nx = 72, shown on a logarithmic scale. The solution error is smooth and concentrated on the boundaries.

with Dirichlet boundary conditions presented in section 4.3.1. Figure 15c plots the maximum error in the surface684

normal gradient at the final time, using a (4, 5) IIM discretization and the same spatial resolutions and parameters685

as the convergence results in Fig. 9a. The convergence of the normal gradient is fourth order, and error magnitudes686

agree well with those of the equivalent stationary cases. Figure 15d provides the magnitude of the final time error on a687

logarithmic scale for Nx = 72, which indicates that the errors are smooth and concentrated on the boundaries. This is688

consistent with the increased truncation error in that region. As this boundary error source moves across the domain, a689

“wake” of increased error magnitude forms behind the body and diffuses into adjacent regions of the domain. Because690

the error field is smooth, the surface normal gradient achieves the same fourth order convergence rate as the solution691

error.692

4.5. 3D Convergence Results693

For 3D simulations, the sharp immersed method presented in sections 2 and 3 has been implemented within694

MURPHY [62], an open source software framework for PDE simulations on block-structured multiresolution grids.695
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(a) Diffusion with Dirichlet or Neumann boundary conditions.
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(b) Advection-diffusion with Dirichlet boundary conditions.

Figure 16: (a) Spatial convergence results for 3D diffusion with Dirichlet or Neumann boundary conditions (section 4.5). Dashed lines represent
equivalent stationary cases. For both boundary conditions the convergence is fourth order or higher in the L∞ norm, and the error magnitudes for
the moving and stationary simulations are nearly identical. (b) Spatial convergence for the advection-diffusion equation with varying Peclet number
and Dirichlet boundary conditions. Convergence is third order in the L∞ norm.

Following the methodology used for 2D simulations, we measure the convergence of 3D IIM discretizations via the696

method of manufactured solutions on the computational domain [0, 1]3 with periodic domain boundaries. The problem697

domain is the exterior of a sphere that is radially perturbed by a distance proportional to a spherical harmonic. In a698

spherical coordinate system (ρ, θ, φ) that is aligned with the x3 axis and centered on the moving point xb(t) = x0 + vbt,699

this region is defined by the level set700

ϕ(ρ, θ, φ) = −(ρ − ρ0) + ρ̃Y10
5 (θ, φ),

Y10
5 (θ, φ) = − 3

256

√
1001
π

cos(5φ) sin5(θ)
(
323 cos5(θ) − 170 cos3(θ) + 15 cos(θ)

)
.

(31)

In this section we use a uniform Cartesian grid and a body with average radius ρ0 = 0.25, perturbation radius ρ̃ = 0.02,701

initial center x0 = [0.355, 0.501, 0.509], and body velocity vb = 0.301ê1.702

For 3D convergence tests we solve the advection-diffusion equation ∂tu + v · ∇u = β∇2u, which reduces to pure703

diffusion if v = 0 and to pure advection if β = 0. In all cases, we use a manufactured solution704

g(x, t) = g0(x − vt, t), g0(x, t) = exp(−β∥k∥2t) sin(k1x1) sin(k2x2) sin(k3x3). (32)

All time integration runs from t = 0 to T = 1, with the time step constrained by both a maximum body CFL of705

Cb = 0.4 and a stability criterion chosen for each finite difference scheme. For pure diffusion we use diffusivity706

β = 5.85 × 10−3 and wavenumbers ki = 2π. The time step is constrained by a maximum Fourier number of r = 0.39707

for the (4, 5) discretization and r = 0.34 for the (6, 7) discretization, which ensures stability when paired with the708

low-storage RK4()6[2S] integrator from [63] that is optimized for real-line stability. For pure advection we take709

β = 0 and use a constant velocity field v = [0.31, 0.32, 0.28], integrating in time with LSRK(3, 3) and a maximum710

flow CFL number of Cv = 1.0. Finally, for the advection-diffusion equation we use the same velocity and define711

the diffusivity in terms of the Peclet number PeL = ∥v∥L/β based on the domain length L = 1. For these cases the712

advection term is computed using a boundary condition only at inflow boundaries, while both the diffusion term and713

the moving boundary extrapolations use a boundary condition at all boundary points. Time integration is performed714

with LSRK(5, 4) and a time step that is chosen to enforce a maximum flow CFL of Cv = 0.8 and maximum Fourier715

number of r = 0.2. For all cases we report the L∞ norm of the error in the final time solution.716

Figure 16a provides spatial convergence results for a (4, 5) diffusion discretization with either Dirichlet or Neu-717

mann boundary conditions, as well as for the equivalent stationary cases using the same manufactured solution and718
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(a) t = 0 (b) t = 0.25 (c) t = 0.5 (d) t = 0.75

Figure 17: A rendering of the 3D advection-diffusion test case with Neumann boundary conditions (section 4.6). The sphere surface is colored
based on surface values of the scalar field u, while contours indicate the level sets for u = {−0.4,−0.3,−0.2,−0.1,−0.01, 0.01, 0.1, 0.2, 0.3}. The
body motion is from left to right, with a negative Gaussian distribution that begins to the right of the sphere and passes below the sphere as time
progresses. Contours indicate the formation of a thin boundary layer on the sphere surface.

the final time geometry. In both cases the convergence rates are fourth order or better in the L∞ norm, and the magni-719

tude of the errors is nearly identical to the stationary cases. Figure 16b provides spatial convergence results for pure720

advection (PeL = ∞) as well as for the advection-diffusion equation with PeL = 500 and PeL = 100. All cases use721

a Dirichlet boundary condition, prescribed at inflows for the advection equation and on all boundaries for advection-722

diffusion. Advection terms are discretized with the (3, 4) advection scheme, while diffusion terms are discretized with723

the (4, 5) discretization, leading to a scheme which is formally third order accurate. For all three of these cases the724

dominant error comes from the advection term, and as a result the convergence is third order in the L∞ norm.725

4.6. 3D Multiresolution Advection-Diffusion726

As a final test case, we consider the 3D advection-diffusion equation with moving boundaries and simulation727

parameters that lead to the formation of thin boundary layers. The fluid domain is a box with side lengths L1 = L2 = 2728

and L3 = 4, with an immersed spherical body of radius R = 0.51 that is initially centered at x0 = [1, 1, 3] and729

translates with constant velocity vbê3 with vb = −2. The flow field v(x) is the potential flow about a moving sphere730

with no free stream velocity; in a spherical coordinate system (ρ, θ, φ) centered on xb(t) and aligned with the x3 axis,731

v(x) = −vb

(
1 − R3

ρ3

)
cos(φ)ρ̂ + vb

(
1 +

1
2

R3

ρ3

)
sin(φ)φ̂ + vbê3. (33)

The initial condition is a compact Gaussian732

u(x, 0) = u0 exp
( −z2

1 − z2

)
, z ≡

∥∥∥x − xg

∥∥∥
σg

, (34)

with center xg = [1.0, 0.8, 2.0], width σg = 0.3, and magnitude u0 = −1. In order to produce a boundary layer on733

the sphere surface, a constant Dirichlet boundary condition ub = −u0 or Neumann boundary condition ∂nu = 2.6u0/R734

is prescribed on the immersed solid boundary, and the simulation is run with Peclet number PeD = 2vbR/β = 1000.735

Anticipating that the support of u(x, t) will be contained within the computational domain for the duration of the736

simulation, we enforce domain boundary conditions by prescribing zero values at two layers of ghost points adjacent737

to the computational domain. The spatial discretization of the advection-diffusion equation is the same as in section738

4.5, while time stepping is performed with LSRK(3,3) and a body CFL of Cb = 0.32. To increase the accuracy of739

the simulation near the immersed surface, the simulation is conducted on a block-based multiresolution grid that is740

continually adapted to both the body motion and the scalar u(x, t). Both grid adaptation and ghost point reconstruction741

for each block are performed with sixth order interpolating wavelets [62], so that the fourth order accuracy of the742

diffusion term is maintained across resolution boundaries.743

Figure 17 provides renderings of the scalar field u(x, t) at times t = {0, 0.25, 0.5, 0.75} for the case of Neumann744

boundary conditions. As the spherical body translates, the Neumann boundary condition acts as a source of scalar745

on the body surface, which forms a thin boundary layer that is transported over the surface and into the domain.746

Simultaneously, the initial Gaussian distribution passes over the surface of the sphere and interacts with the boundary747
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Figure 18: The scalar distribution u(x, t) from the 3D advection-diffusion test with Dirichlet (left) or Neumann (right) boundary conditions; see
section 4.6. Samples are take at time t = 0.5 from the plane x0 = 1. Gray lines indicate the multiresolution grid, with each block containing 242

points. Samples from the upper and lower boundary layer over the lines indicated on each slice are shown in the central plot, with each marker
representing data from individual grid points that are separated by a distance ∆x = 1/768.

layer. Figure 18 displays slices in the plane x1 = 1 taken from both the Dirichlet and Neumann cases at t = 0.5,748

which illustrate both the solution and the multiresolution grid used to concentrate computational elements near the749

surface of the sphere. Also shown are samples taken at the same time along a line passing through the sphere center750

and perpendicular to the direction of travel. These samples indicate that the boundary layer profile is smooth and well751

resolved, with seven to eight grid points across the boundary layer thickness. While this resolution would require752

768 × 768 × 1536 ≈ 9.1 × 108 points on a uniform grid, the total number of grid points on the multiresolution grid is753

on average 2.9 × 107 during the simulation, giving an average compression ratio of roughly 31.754

5. Conclusion755

We have presented a high-order sharp immersed discretization of the advection-diffusion equation for simula-756

tions with moving domain boundaries or material interfaces. Spatial operators are discretized with a combination757

of high-order dimension-split finite difference schemes and high-order weighted least-squares interpolants used to758

construct ghost values near immersed surfaces. For moving surfaces, the issue of freshly cleared cells is addressed759

by extrapolating both the state field and its time derivative beyond the domain boundary, which provides an artificial760

time history that is compatible with a wide range of explicit and diagonally-implicit Runge-Kutta time integrators.761

This strategy introduces a mixed spatial-temporal error term that is first order in time and higher order in space, which762

can dominate the existing temporal error term in purely temporal convergence tests and is most easily observable in763

simulations with low spatial resolution. However, extensive numerical experiments indicate that this mixed error term764

rarely dominates the existing spatial error terms, and does not affect the convergence order of the free-space difference765

scheme when the time step is chosen to satisfy a flow CFL, Fourier number, or body CFL constraint. This allows for766

the construction of immersed schemes with up to third order convergence for hyperbolic PDEs and up to sixth order767

convergence for parabolic PDEs in both 2D and 3D domains with moving boundaries and interfaces. We demonstrate768

that these schemes can accurately predict surface quantities on a moving immersed surface without oscillations even at769

low spatial resolutions, and that thin boundary layers on immersed surfaces can be effectively captured by combining770

a high-order immersed discretization with high-order multiresolution grid adaptation.771

Our results present for the first time a quantitative description of the errors associated with sharply discretized772

moving surfaces that holds for multiple combinations of PDEs, boundary conditions, spatial discretizations, and time773

integrators. Compared to previous moving boundary treatments, our extrapolation-based approach is applicable to774

a wider range time integrators, both in terms of the type of integrator as well as the order of accuracy. The spatial775

accuracy of our immersed method matches the previously demonstrated third order convergence rate for 2D hyperbolic776

PDEs with moving boundaries [17], and outperforms the previously demonstrated fourth-order convergence rate for777

2D diffusion problems with moving boundaries [4]. Finally, we extend these levels of accuracy for the first time to778

2D diffusion simulations with moving two-sided interfaces and 3D advection-diffusion simulations with a moving779

nonconvex immersed body.780

28



While the algorithms presented here are described and analyzed for simulations with prescribed surface motion,781

we expect that they will also be useful for interface-coupled multiphysics simulations with physics-driven surface782

motion such as ablation or fluid-structure interaction. For these systems a discretization must allow for physics on783

both sides of an immersed interface while accurately estimating the surface quantities that drive interface motion, both784

of which are capabilities demonstrated in our results. The errors introduced by our treatment of freshly cleared cells785

are likely to appear in any simulation with surface motion, and as a result we view the convergence results presented786

in section 4 as an upper bound on what is possible when applying our sharp immersed method to interface-coupled787

multiphysics systems. However, further work is necessary to determine if the proposed freshly-cleared cell treatment788

maintains its accuracy in the presence of weakly or strongly coupled boundary motion.789

Acknowledgements790

We wish to acknowledge financial support from an Early Career Award from the Department of Energy, Program791

Manager Dr. Steven Lee, award number DE-SC0020998.792

This research used resources of the National Energy Research Scientific Computing Center (NERSC), a U.S.793

Department of Energy Office of Science User Facility located at Lawrence Berkeley National Laboratory, operated794

under Contract No. DE-AC02-05CH11231 using NERSC award ASCR-ERCAP0023392.795

Appendix A. Additional temporal convergence data for 1D diffusion796

Figures A.19 and A.20 provide the full convergence data for the 1D diffusion test cases presented in sections 4.1.2797

and 4.1.3, respectively, which are used to generate the spatial convergence exponents listed in Table 1.798

References799

[1] C. S. Peskin, Flow patterns around heart valves: a numerical method, Journal of Computational Physics 10 (1972) 252–271. doi:10.1016/800

0021-9991(72)90065-4.801

[2] R. J. LeVeque, Z. Li, The immersed interface method for elliptic equations with discontinuous coefficients and singular sources, SIAM802

Journal on Numerical Analysis 31 (1994) 1019–1044. doi:10.1137/0731054.803

[3] R. P. Fedkiw, T. Aslam, B. Merriman, S. Osher, A non-oscillatory Eulerian approach to interfaces in multimaterial flows (the ghost fluid804

method), Journal of Computational Physics 152 (1999) 457–492. doi:10.1006/jcph.1999.6236.805

[4] F. Gibou, R. Fedkiw, A fourth order accurate discretization for the Laplace and heat equations on arbitrary domains, with applications to the806

Stefan problem, Journal of Computational Physics 202 (2005) 577–601. doi:10.1016/j.jcp.2004.07.018.807

[5] P. T. Brady, D. Livescu, Foundations for high-order, conservative cut-cell methods: Stable discretizations on degenerate meshes, Journal of808

Computational Physics 426 (2021) 109794. doi:10.1016/j.jcp.2020.109794.809

[6] N. Sharan, P. T. Brady, D. Livescu, High-order dimensionally-split Cartesian embedded boundary method for non-dissipative schemes,810

Journal of Computational Physics 464 (2022) 111341. doi:10.1016/j.jcp.2022.111341.811

[7] C. Brehm, M. F. Barad, C. Hader, A High-Order Immersed Interface Method for Compressible Flows, in: 7th AIAA Theoretical Fluid812

Mechanics Conference, 2014, p. 2093. doi:10.2514/6.2014-2093.813

[8] J. Gabbard, W. M. van Rees, A high-order 3D immersed interface finite difference method for the advection-diffusion equation, in: AIAA814

SCITECH 2023 Forum, 2023, p. 2480. doi:10.2514/6.2023-2480.815

[9] M. N. Linnick, H. F. Fasel, A high-order immersed interface method for simulating unsteady incompressible flows on irregular domains,816

Journal of Computational Physics 204 (2005) 157–192. doi:10.1016/j.jcp.2004.09.017.817

[10] C. Zhu, H. Luo, G. Li, High-order immersed-boundary method for incompressible flows, AIAA Journal 54 (2016) 2734–2741. doi:10.818

2514/1.J054628.819

[11] S. Hosseinverdi, H. F. Fasel, Very high-order accurate sharp immersed interface method: application to direct numerical simulations of820

incompressible flows, in: 23rd AIAA Computational Fluid Dynamics Conference, 2017, p. 3624. doi:10.2514/6.2017-3624.821

[12] S. Hosseinverdi, H. F. Fasel, An efficient, high-order method for solving Poisson equation for immersed boundaries: Combination of compact822

difference and multiscale multigrid methods, Journal of Computational Physics 374 (2018) 912–940. doi:10.1016/j.jcp.2018.08.006.823

[13] R. Singhal, J. C. Kalita, An efficient explicit jump high-order compact immersed interface approach for transient incompressible viscous824

flows, Physics of Fluids 34 (2022). doi:10.1063/5.0107308.825

[14] J. H. Seo, R. Mittal, A high-order immersed boundary method for acoustic wave scattering and low-Mach number flow-induced sound in826

complex geometries, Journal of Computational Physics 230 (2011) 1000–1019. doi:10.1016/j.jcp.2010.10.017.827

[15] S. Hosseinverdi, H. F. Fasel, A fourth-order accurate compact difference scheme for solving the three-dimensional Poisson equation with828

arbitrary boundaries, in: AIAA Scitech 2020 Forum, 2020, p. 0805. doi:10.2514/6.2020-0805.829

[16] X. Zeng, C. Farhat, A systematic approach for constructing higher-order immersed boundary and ghost fluid methods for fluid–structure830

interaction problems, Journal of Computational Physics 231 (2012) 2892–2923. doi:10.1016/j.jcp.2011.12.027.831

29

http://dx.doi.org/10.1016/0021-9991(72)90065-4
http://dx.doi.org/10.1016/0021-9991(72)90065-4
http://dx.doi.org/10.1016/0021-9991(72)90065-4
http://dx.doi.org/10.1137/0731054
http://dx.doi.org/10.1006/jcph.1999.6236
http://dx.doi.org/10.1016/j.jcp.2004.07.018
http://dx.doi.org/10.1016/j.jcp.2020.109794
http://dx.doi.org/10.1016/j.jcp.2022.111341
http://dx.doi.org/10.2514/6.2014-2093
http://dx.doi.org/10.2514/6.2023-2480
http://dx.doi.org/10.1016/j.jcp.2004.09.017
http://dx.doi.org/10.2514/1.J054628
http://dx.doi.org/10.2514/1.J054628
http://dx.doi.org/10.2514/1.J054628
http://dx.doi.org/10.2514/6.2017-3624
http://dx.doi.org/10.1016/j.jcp.2018.08.006
http://dx.doi.org/10.1063/5.0107308
http://dx.doi.org/10.1016/j.jcp.2010.10.017
http://dx.doi.org/10.2514/6.2020-0805
http://dx.doi.org/10.1016/j.jcp.2011.12.027


102 103 104

10−9

10−8

10−7

10−6

10−5

10−4

Nt

ϵ ∞

Nx =32
Nx =64
Nx =128
Nx =256
O(∆t∆x2.89)

(a) (4,5) with RK2

102 103 104

10−10

10−9

10−8

10−7

10−6

Nt

ϵ ∞

Nx =32
Nx =64
Nx =128
Nx =256
O(∆t2)
O(∆t∆x4.94)

(b) (6, 7) with RK2

102 103 104

10−9

10−8

10−7

10−6

10−5

10−4

Nt

ϵ ∞

Nx =32
Nx =64
Nx =128
Nx =256
O(∆t∆x2.94)

(c) (4,5) with LSRK(3,3)

102 103 104

10−12

10−10

10−8

10−6

Nt

ϵ ∞

Nx =32
Nx =64
Nx =128
Nx =256
O(∆t3)
O(∆t∆x4.89)

(d) (6, 7) with LSRK(3, 3)

102 103 104

10−9

10−8

10−7

10−6

10−5

10−4

Nt

ϵ ∞

Nx =32
Nx =64
Nx =128
Nx =256
O(∆t∆x2.93)

(e) (4,5) with LSRK(5,4)

102 103 104

10−12

10−10

10−8

10−6

Nt

ϵ ∞

Nx =32
Nx =64
Nx =128
Nx =256
O(∆t∆x4.74)

(f) (6, 7) with LSRK(5,4)

Figure A.19: Temporal convergence for the 1D diffusion equation with moving boundaries and Neumann boundary conditions (section 4.1.2).
The spatial discretization is fourth order (left column) or sixth order (right column) and time integration is performed with RK2, LSRK(3,3), or
LSRK(5,4) time integration. An O(∆txN ) moving boundary error term is observed for each discretization, and a least squares fit is constructed
through selected convergence data to determine the exponent N. The fit and the data used to construct it are indicated one each plot with a set of
black dashed lines.
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