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Abstract. The stochastic mean-field (SMF) technique beyond the time-dependent-Hartree-Fock approach
is used to explore the primary mass yields of quasifission fragments in the 58Fe + 208Pb reaction at the
bombarding energy Ec.m. = 238.5 MeV, 50Ti + 208Pb reaction at Ec.m. = 237 MeV, and in the 36S + 238U
reaction at Ec.m. = 151.1 MeV. A statistical de-excitation model, GEMINI++ code, is used for calculating
the primary mass yields of fusion-fission fragments after the de-excitation processes of primary products
in the same systems. The obtained results are compared with available experimental data. Analysis of
SMF and GEMINI++ calculations exhibit a good agreement with the corresponding experimental results,
signifying the reliability of our approach in describing the fragment mass yields for the specific reaction
systems.

1 Introduction

In a heavy-ion fusion reaction, the projectile nucleus
having enough beam energy fuses with the target nucleus
by passing the Coulomb barrier. The compound nucleus
(CN) in the excited state is cooled by fission called fusion-
fission (FF) or by emitting light particles (such as neu-
tron, proton, alpha) called fusion-evaporation. In heavy
systems, the reaction mechanism develops differently from
the fusion process. The projectile and target nuclei stick
together during a collision, a window opens between the
two nuclei, and a large number of nucleons are transferred
between nuclei. Before a compound nucleus formation,
large Coulomb energy often causes quasifission (QF). In
this case, the di-nuclear system can split into two sep-
arate nuclei with different values of proton and neutron
numbers.

Both cold and hot fusion reactions have been used to
synthesize the superheavy elements (SHE) [1,2]. However,
the formation of super-heavy elements after evaporation is
hindered by the fusion-fission and quasifission processes.
For synthesis of the superheavy elements to be obtained
by fusion-evaporation, it is first necessary to understand
the reactions that lead to QF and FF components. The QF
and FF processes follow different paths during the forma-
tion of compound nuclei and have different average con-
tact times. The typical contact time for QF is on the order
of 10−20’s, while the contact time for FF is about 10−16

s. On the other hand, different factors influence the FF
and QF such as the entrance channel magicity [3], chan-
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nel mass asymmetry, η = |Atarget−Aprojectile|/(Atarget +
Aprojectile), influence of the nearby closed shells, which
corresponds to the local minima of the composite system’s
driving potential surface [4,5], as well as the charge prod-
uct Z1Z2 of the projectile and target, that is related to the
Coulomb energy in the entrance channel [6]. The threshold
value of Z1Z2 for the appearance of QF is about 1600. A
decrease in the mass asymmetry in the reaction entrance
channel leads to an increase in the QF and a decrease in
the FF contributions.

Several models have been developed to understand the
underlying mechanics of the QF, FF, and multi-nucleon
transfer (MNT) mechanisms. These models can be classi-
fied as macroscopic and microscopic models. The Langevin-
type macroscopic semi-classical models require adjustable
parameters to describe the reaction mechanisms [7,8]. To
improve upon these predictions, a microscopic descrip-
tion that requires no adjustable parameters, like the time-
dependent Hartree-Fock(TDHF) theory, is desired. The
TDHF theory offers a microscopic foundation for low-
energy nuclear reactions to describe the most probable
path of collision dynamics, including one-body dissipa-
tions. However, it cannot describe large dispersions of mass
and charge distributions around this mean path [9,10].
The particle-projection method based on the TDHF also
underestimates cases in which a large number of nucleon
transfer occurs [11,12]. Extensions of the TDHF theory
beyond the mean-field approximation, like the time-dependent
random phase approximation (TDRPA), showed signifi-
cant improvements but only works for symmetric systems
[13,14]. The stochastic mean-field (SMF) theory, which



was proposed by Ayik [10], provides a further extension
of the mean-field approach. This theory has been very
successful in explaining the multinucleon transfer mecha-
nisms in heavy ion collisions[15,16,17,18,19,20,21].

In this work, we utilized the quantal diffusion approach
based on the SMF theory to investigate the primary mass
yields of QF fragments in three reactions: 58Fe+208Pb at a
bombarding energy of Ec.m. = 238.5 MeV, 50Ti+208Pb at
Ec.m. = 237 MeV, and 36S + 238U at Ec.m. = 151.1 MeV.
Using this approach, the quantal diffusion coefficients and
mass dispersion related to each system are calculated.
Within this framework, the shell structure, the entire ge-
ometry of the collision process, and the Pauli blocking
effect are considered without any adjustable parameters.
To calculate the primary mass yields of fusion-fission frag-
ments resulting from the de-excitation processes, a statis-
tical de-excitation toolkit, GEMINI++ code is utilized.
The calculated primary mass fragment distributions aris-
ing from QF and FF reactions are compared with available
experimental data [6,22,23].

2 Theoretical Model

We calculate the fragment mass yield due to QF based
on the multinucleon transfer processes and binary frag-
ments production in fusion-fission processes. We can ex-
press the total yield of primary fragment mass distribution
according to

Y (A) = η1Y
QF (A) + η2Y

FF (A) (1)

where Y QF (A) and Y FF (A) are the fragment mass distri-
butions due to QF and due to FF mechanism, respectively,
and η1 and η2 are normalization constants whose values
are determined by matching the experimental yields at
suitable points. According to the quantal diffusion calcu-
lations, the primary mass distribution due to the multin-
ucleon transfer reactions is given by

Y QF (A) =
1∑

ℓ

(2ℓ + 1)

∑
ℓ

(2ℓ + 1)

× 1
2
[P pro

ℓ (A) + P tar
ℓ (A)]

(2)

with summation over a range of initial orbital angular
momentum intervals. Here, P pro

ℓ (A) and P tar
ℓ (A) are the

the probability distribution of the produced projectile-
like and target-like primary fragments. A factor of 1/2
was introduced to normalize the total primary fragment
distribution to unity. For a given initial angular momen-
tum, the probability distribution of the produced primary
fragments for projectile-like (or target-like) with the mass
number A is determined by

Pℓ(A) =
1√

2πσAA

exp

[
−1
2

(
A−Aℓ

σAA(ℓ)

)2
]

(3)

where the mass variance is given by σ2
AA = σ2

NN + σ2
ZZ +

2σ2
NZ [24], and neutron, proton and mixed dispersions,

σNN (ℓ), σZZ(ℓ), and σNZ(ℓ) are determined by employing
the quantal diffusion model based on the SMF approach.
For details of these calculations, we refer to online sup-
plement publication [24]. The mean field calculations pre-
sented in this work employed the TDHF code [25,26] using
the SLy4d Skyrme energy density functional [27], with a
box size of 60 × 60 × 36 fm in the x − y − z directions.
Aℓ = Nℓ + Zℓ in Eq. (3) stands for the mean value of the
mass number for projectile-like or target-like primary frag-
ments which are determined by the TDHF calculations.

In the experimental works [6,22,23], the primary mass
distribution in the mass symmetric region (ACN ± 20)
region largely consists of the contributions from FF re-
actions. But TDHF calculations cannot be used to de-
termine FF reactions. To gain insight into contributions
from FF reactions we have employed a similar method
to that of Ref. [21], where statistical Monte Carlo GEM-
INI++ code [28] is used. The excitation energies of the
compound nuclei in three systems in this work are esti-
mated as E∗

c = Ec.m. +Qgs where Qgs is the ground state
Q value of the compound nucleus relative to the initial
state. Normalized mass distribution of binary fragments,
Y FF

ℓ (A) in Eq. (1), denotes the probability of reaching
fission fragment with mass number A, after a statistical
de-excitation of superheavy compound nuclei for each sys-
tem. In GEMINI++ calculations, the number of simula-
tion times is set to Mtrial=100 000.

3 Results

3.1 Dispersions in Quantal Diffusion Model

Main quantities, which are required to determine frag-
ment distributions, are neutron, proton and mixed vari-
ances for each initial angular momentum. In quantal trans-
port approach, these variances are determined by a set of
coupled differential equations as presented by Eqs. (14-16)
in online supplement material [24]. There are two compet-
ing terms in these equations : (a) Diffusion coefficients,
which act as source for growing fluctuations, (b) Curva-
ture terms arising from potential energy surface. Neutron
and proton diffusion coefficients are calculated in terms of
TDHF single particle wave functions. The explicit expres-
sion of diffusion coefficients can be found in Eq. (10) of the
online supplement material [24]. An example of diffusion
coefficients is given in Fig. 1(a), Fig. 2(a) and Fig. 3(a)
and Fig. 4(a). Curvature terms act opposite to the diffu-
sion values of variances. It is possible to extract iso-scalar
and iso-vector curvature parameters in terms of neutron
and proton drift coefficients and diffusion coefficients by
employing Einstein relations in the over damped limit.
Averaging over a suitable time interval corresponding to
large overlap between projectile and target-like fragments,
we can determine average value of curvature parameters.
For details, description of curvature parameters, we refer
readers to the online supplemental material [24].
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Fig. 1. Neutron and proton diffusion coefficient, drift path of Fe-like fragments and the mean values of neutron and proton
numbers of Fe-like fragments in 58Fe + 208Pb system at in tip geometry for ℓ = 40ℏ
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Fig. 2. Neutron and proton diffusion coefficient, drift path of Fe-like fragments and the mean values of neutron and proton
numbers of Fe-like fragments in 58Fe + 208Pb system at Ec.m. = 238.5 MeV in side geometry for ℓ = 40ℏ

For all the systems we have studied in this work, we
observed that the entrance channel charge asymmetries
are different, which results in a rapid charge equilibra-
tion at the beginning of each reaction. After the charge
equalisation, the nucleon transfer process slows down and
moves along the iso-scalar drift path which extends from
the lighter partner in the collision all the way up to a
heavier reaction partner, passing through the mass sym-
metry point (N0, Z0), where N0 = (N1 + N2)/2 and Z0 =
(Z1 + Z2)/2. The curvature parameters should be calcu-
lated as average values that are taken over the interval
when projectile-like and target-like fragments have strong
overlap. We can estimate strong overlap interval from dif-
fusion diagrams. As seen from Fig. 1(c) and Fig. 2(c),
for 58Fe + 208Pb in tip geometry strong overlap begins at
around 300fm/c and ends at around 1200fm/c, while in
side geometry strong overlap begins at around 300fm/c
and at around 1500fm/c. For 50Ti + 208Pb strong over-
lap begins at around tA = 300fm/c and end at around
1800fm/c. For 36S+238U strong overlap begins at around
tA = 400fm/c and end at around 3500fm/c. To estimate
the iso-vector curvature parameter, we can take the av-
erage over the segment that is perpendicular to iso-scalar
path. In the same way, to estimate the iso-scalar curva-
ture parameter, we can take the average over the segment
that is paralel to iso-scalar path. Following this approxi-
mate description, the iso-vector curvature parameter (α)
is calculated between the time interval tA and tB , which
represents iso-vector drift; the iso-scalar curvature param-

eter (β) is calculated between the time interval tB and
tC , which represents the iso-scalar drift for all systems.
In addition, we estimate time interval for strong over-
lap between projectile-like and target-like fragments from
TDHF calculations [29,30]. For each system, we determine
time instants tA and tC at which average nucleon density
in the neck region around 0.08 nucleon/fm3 during en-
trance and exit channels respectively. We find that there
is about (5-8) percent difference between time intervals
we determine from diffusion diagrams. As a result, there
is about (5-8) percent differences between values of cur-
vature parameters extracted from TDHF calculations and
those we determine from diffusion diagrams. These slight
differences in curvature parameters do not affect the dis-
persion values and yield calculations significantly.

In 58Fe + 208Pb system, 58Fe has a prolate deforma-
tion that requires the contributions of the tip and side
initial orientations. Fig. 1 and Fig. 2 show the results for
58Fe + 208Pb system at Ec.m. = 238.5 MeV in tip and
side orientations of Fe-like fragments for the initial angu-
lar momentum ℓ = 40ℏ. We consider the initial angular
momentum range 40ℏ ≤ ℓ ≤ 240ℏ that corresponds to
the angular coverage range in experiment. In this angular
momentum interval, the scattering angles are calculated
50◦ ≤ θlab

1 ≤ 87◦ and 36◦ ≤ θlab
2 ≤ 59◦ for tip orientation,

51◦ ≤ θlab
1 ≤ 81◦ and 39◦ ≤ θlab

2 ≤ 58◦ for side ori-
entation. Products are measured in spectrometer corset
[22] as θlab

1 = 60 ± 20 degrees and θlab
2 = 60 ± 20 de-

grees. In Fig. 1(a) and Fig. 2(a), we present neutron and
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proton diffusion coefficients for tip and side geometries.
Fig. 1(b) shows the drift path indicated with solid blue
lines for the tip collision. As usually observed in quasi-
fission reactions, Fe-like light fragments lose nucleons and
the system drifts toward symmetry along to iso-scalar line
indicated with the dashed black line. In the side collision
shown in Fig. 2(b), the nucleon drift mechanism is almost
the same as the tip orientation of Fe geometry given in
Fig. 1(b). In this system, the initial charge asymmetry
of 58Fe is (N − Z)/(N + Z) = 0.10 and that of 208Pb
is (N − Z)/(N + Z) = 0.21. It is found that the system
rapidly drifts towards the equilibrium charge asymmetry
with the value 0.17. The isoscalar path makes an angle
about ϕ = 33◦ with respect to the horizontal neutron axis.
TDHF results show a similar behavior of the tip and side
orientations. The time evolution of the neutron N(t) and
proton Z(t) numbers of Fe-like fragments is presented in
Fig. 1(c) and Fig. 2(c).

Fig. 3 shows the results for 50Ti + 208Pb reaction at
Ec.m. = 237 MeV for ℓ = 90ℏ. In Fig. 3(a) represent
neutron and proton diffusion coefficients. In Fig. 3(b) the
solid blue curve represents the drift path for Ti-like frag-
ments. In this system, the charge asymmetries are 0.12 for
50Ti and 0.21 for 208Pb and the system drifts towards the
equilibrium charge asymmetry with the value 0.17 that is
shown with the dashed black line in Fig. 3(b). The small
deformation of 50Ti is not considered in the calculations.
The angle between the iso-scalar path and neutron axis is
calculated from Fig. 3(b) as ϕ = 32.9◦. In this reaction,
fusion is observed up to ℓ = 83ℏ.

In the 36S + 238U system, the projectile-like fragment
has no static deformation whereas the target-like frag-
ment has prolate deformation in its ground states [31].
Although, collision dynamics and multinucleon transfer
mechanisms generally depend on the collision geometry,
our preliminary investigation of various collision geome-
tries for the target nuclei at Ec.m. = 151.1 MeV showed
minimal nucleon transfer, except for the tip configuration
of 238U nuclei. Consequently, this study focuses exclusively
on the tip formation of 238U nuclei. Initial angular orbital
momenta ranging from ℓ = 34ℏ to ℓ = 50ℏ where the
collision becomes purely elastic after ℓ > 50ℏ are con-
sidered in this study. In this case, fusion is observed up
to an initial orbital angular momentum of ℓ = 34ℏ. Be-
yond this point, the colliding nuclei begin to separate af-
ter the collision. As the initial orbital angular momen-
tum increases further, reaching ℓ = 40ℏ, the mean nu-
cleon transfers decrease significantly, indicating the dom-
inance of the quasielastic component in the collision. To
eliminate the contribution of the elastic reaction from the
analysis, the method proposed by the referenced paper is
employed [22]. TDHF results that are lying outside the
box suggested by the reference paper are not considered,
and therefore TDHF results with initial orbital momenta
between ℓ = 34ℏ− 40ℏ are considered. This approach has
demonstrated success in describing available experimental
total kinetic-energy (TKE) data, as reported in a similar
study [21]. Fig. 4 shows the results for 36S+238U system at
Ec.m. = 151.1 MeV for initial angular momentum ℓ = 40ℏ.

In Fig. 4(a), we present quantal diffusion coefficients for
neutron and proton. In Fig. 4(b), the solid blue curves
represent the drift paths observed during the collision for
S-like fragments and the dashed black line correspond to
the equilibrium charge asymmetry with 0.22 where the ini-
tial charge asymmetries are 0.11 for 36S and 0.23 for 238U.
It makes an angle of approximately ϕ = 32.6◦ relative to
the horizontal neutron axis. Remarkably, the S-like frag-
ments predominantly follow the isoscalar direction during
their drift, exhibiting a charge asymmetry close to 0.20.

We estimate the average values of the curvature pa-
rameters α and β which describe the potential energy sur-
face of the di-nuclear system in the relevant time intervals
tA, tB and tC corresponding to the points A, B and C
shown on the Figs. 1(c), 2(c), 3(c) and 4(c) by using the
expressions given by Eqs. (25-28) in Ref. [24] and the ob-
tained results are presented in Table 1. For this, we use
the change of proton and neutron numbers of projectile-
like fragments in time and related drift paths shown in
Figs. 1, 2, 3 and 4.

Proton, neutron, and mixed dispersions are determined
from the solutions of the set of coupled differential Eqs.
(14-16) in Ref. [24] with initial conditions σ2

NN (t = 0) = 0,
σ2

ZZ(t = 0) = 0 and σ2
NZ(t = 0) = 0 for each angular mo-

mentum ℓ. For a broad range of the initial angular momen-
tum ℓi, the final values of the proton numbers and mass
numbers of projectile-like fragment Zf

1 , Af
1 and target-

like fragment Zf
2 , Af

2 , total kinetic energy(TKE) of the
system after the collision that is calculated in TDHF, and
the dispersions that are calculated within the SMF frame-
work are given in Table 2 and Table 3 for the collision of
58Fe + 208Pb system at Ec.m. = 238.5 MeV, in Table 4 for
50Ti + 208Pb system at Ec.m. = 237 MeV, and in Table 5
for 36S + 238U system at Ec.m. = 151.1 MeV.

Table 1. Calculated curvature parameters in 58Fe + 208Pb
system at Ec.m. = 238.5 MeV, 50Ti+208Pb reaction at Ec.m. =
237 MeV, and 36S + 238U system at Ec.m. = 151.1 MeV. The
time intervals tA and tB are used to calculate the iso-vector
curvature parameter α using Eqs. (27,28) in Ref. [24]. The
time intervals tB and tC are used to calculate the isoscalar
curvature parameter, β, using Eqs. (25,26) of Ref. [24].

System Orientation tA(fm/c) tB(fm/c) tC(fm/c) α β(10−3)

58Fe + 208Pb
tip 290 410 1200 0.335 1.5
side 290 410 1500 0.378 1.3

50Ti + 208Pb tip 220 350 2000 0.432 1.6
36S + 238U tip 350 550 3500 0.245 11.1

Fig. 5 shows the calculated neutron and proton disper-
sions, as well as the mixed dispersion, in the 58Fe + 208Pb
and 36S + 238U systems for an initial orbital angular mo-
mentum of ℓ = 40ℏ and 50Ti + 208Pb system for initial
orbital angular momentum ℓ = 90ℏ.

3.2 Primary mass yields

The SMF results for QF process based on the multi-
nucleon transfer mechanism and GEMINI++ results for

4
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Fig. 3. Neutron and proton diffusion coefficient, drift path of Ti-like fragments and the mean values of neutron and proton
numbers of Ti-like fragments in 50Ti + 208Pb reaction at Ec.m. = 237 MeV for ℓ = 90ℏ
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Fig. 4. Neutron and proton diffusion coefficient, drift path of S-like fragments and the mean values of neutron and proton
numbers of S-like fragments in 36S + 238U system at Ec.m. = 151.1 MeV for initial angular momentum ℓ = 40ℏ

Table 2. Results of TDHF and SMF calculations for 58Fe +
208Pb system at Ec.m. = 238.5 MeV in tip collision geometry.

ℓi(ℏ) Zf
1 Af

1 Zf
2 Af

2 TKE σNN σZZ σNZ σAA

40 26.2 61.5 81.8 204.5 191.5 9.5 6.2 7.5 15.5
60 26.6 62.4 81.4 203.6 189.5 7.8 5.1 6.0 12.6
80 25.5 59.6 82.5 206.4 187.0 4.5 3.0 3.2 7.1
100 25.8 58.5 82.2 207.5 231.7 1.5 0.8 0.4 1.8
120 26.0 58.2 82.0 207.8 236.9 0.8 0.5 0.1 1.0
140 26.0 58.1 82.0 207.9 237.5 0.6 0.3 0.1 0.7
160 26.0 58.0 82.0 208.0 237.8 0.4 0.2 0.0 0.5
180 26.0 58.0 82.0 208.0 238.0 0.3 0.1 0.0 0.3
200 26.0 58.0 82.0 208.0 238.0 0.2 0.1 0.0 0.2
220 26.0 58.0 82.0 208.0 238.1 0.2 0.1 0.0 0.2
240 26.0 58.0 82.0 208.0 238.2 0.1 0.0 0.0 0.1

FF process are shown in Fig. 6. Primary product mass
distribution calculated within the SMF framework are in-
dicated by dashed green lines and the contribution from
fusion-fission like events calculated by using a statistical
Monte Carlo code GEMINI++ are shown by blue filled ar-
eas. Total contributions are indicated by solid red lines. In
order to gain a clearer insight into these systems, we em-
ployed proximity model to calculate the driving potential
of composite systems. The calculations were performed
using default parameters using the NRV site [32], with
distance between mass centers taken from the TDHF cal-
culations. The calculated driving potential energy of each
system is given in the upper panels of Fig. 6.

Table 3. Results of TDHF and SMF calculations for 58Fe +
208Pb system at Ec.m. = 238.5 MeV in side collision geometry.

ℓi(ℏ) Zf
1 Af

1 Zf
2 Af

2 TKE σNN σZZ σNZ σAA

40 27.4 64.9 80.6 201.1 190.3 9.2 6.0 7.2 15.0
60 25.5 59.4 82.5 206.6 184.3 4.4 3.0 3.2 7.0
80 25.5 58.7 82.5 207.3 217.5 2.2 1.4 1.0 3.0
100 25.9 58.4 82.1 207.6 235.3 1.1 0.6 0.2 1.3
120 26.0 58.2 82.0 207.8 236.6 0.8 0.4 0.1 0.9
140 26.0 58.1 82.0 207.9 237.0 0.6 0.1 0.1 0.7
160 26.0 58.0 82.0 208.0 237.2 0.4 0.2 0.0 0.5
180 26.0 58.0 82.0 208.0 237.5 0.3 0.2 0.0 0.4
200 26.0 58.0 82.0 208.0 237.6 0.2 0.1 0.0 0.3
220 26.0 58.0 82.0 208.0 237.8 0.2 0.1 0.0 0.2
240 26.0 58.0 82.0 208.0 237.9 0.1 0.1 0.0 0.1

Both QF and FF overlap in the mass symmetric region
although the QF gives the contributions only in the mass
asymmetric regions around initial masses. The mass dis-
tributions of the primary fragments are evaluated using
standard expressions given by Eq. (1). In quasifission re-
actions of 58Fe+ 208Pb in tip and side geometry, we deter-
mine projectile-like and target-like fragment distributions
Pℓ(A) using corresponding mean mass numbers and mass
dispersions in tip and side geometries at each initial angu-
lar momentum in Eq.(3). Primary fragment distributions
are determined as the average of tip and side geometries,
Pℓ(A) = (P tip

ℓ (A) + P side
ℓ (A))/2. For fusion-fission reac-
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Table 4. Results of TDHF and SMF calculations for 50Ti +
208Pb system at Ec.m. = 237 MeV.

ℓi(ℏ) Zf
1 Af

1 Zf
2 Af

2 TKE σNN σZZ σNZ σAA

84 28.2 68.3 75.8 189.7 188.7 15.7 10.2 12.5 25.7
86 28.0 67.2 76.0 190.8 179.6 13.9 9.0 11.1 22.8
88 27.4 65.7 76.6 192.3 179.6 13.2 8.6 10.5 21.6
90 27.2 65.1 76.8 192.9 183.0 12.9 8.4 10.3 21.1
92 27.7 66.2 76.3 191.8 185.0 12.6 8.2 10.0 20.7
94 28.1 67.2 75.9 190.8 184.8 12.4 8.0 9.8 20.3
96 27.9 66.9 76.1 191.1 182.7 12.2 7.9 9.7 20.0
98 28.3 67.7 75.7 190.3 180.7 11.7 7.6 9.3 19.2
100 28.3 68.0 75.7 190.0 183.4 11.1 7.2 8.8 18.2
110 23.1 54.8 80.9 203.2 179.0 5.2 3.4 3.9 8.3
120 21.6 50.5 82.4 207.5 193.3 3.0 2.0 1.9 4.4
130 21.8 50.3 82.2 207.7 225.8 1.5 0.9 0.4 1.8
140 22.0 50.2 82.0 207.8 234.2 1.0 0.6 0.2 1.2
150 22.0 50.1 82.0 207.9 235.7 0.8 0.4 0.1 0.9
160 22.0 50.1 82.0 207.9 236.2 0.7 0.3 0.1 0.7

Table 5. Results of TDHF and SMF calculations for 36S+238U
system at Ec.m. = 151.1 MeV in tip collision geometry.

ℓi(ℏ) Zf
1 Af

1 Zf
2 Af

2 TKE σNN σZZ σNZ σAA

34 26.7 66.0 81.3 208.0 179.4 7.9 5.3 6.1 12.9
35 26.9 66.2 81.1 207.8 177.5 7.9 5.2 6.1 12.8
36 27.3 67.4 80.7 206.6 178.3 7.8 5.2 6.0 12.7
37 27.1 66.2 80.9 207.8 174.9 7.9 5.3 6.1 12.8
38 27.3 66.4 80.7 207.6 172.2 8.0 5.3 6.2 13.0
39 26.0 63.0 82.0 211.0 167.6 8.0 5.4 6.2 13.1
40 26.0 63.3 82.0 210.7 169.1 8.0 5.3 6.2 13.0
41 16.3 39.5 91.7 234.5 124.7 4.3 2.9 2.8 6.5
42 15.6 38.0 92.4 236.0 126.5 3.6 2.4 2.1 5.3
44 15.0 36.6 93.0 237.4 125.1 3.0 2.1 1.5 4.3
46 15.1 36.0 92.9 238.0 128.7 2.5 1.7 1.1 3.4
48 15.4 35.9 92.6 238.1 138.0 1.9 1.2 0.5 2.3
50 15.7 36.0 92.3 238.0 144.8 1.4 0.9 0.3 1.8
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Fig. 5. Neutron, proton dispersions, and mix dispersions in
the collision of the 58Fe + 208Pb, 36S + 238U systems for initial
angular momenta ℓ = 40ℏ and 50Ti + 208Pb for ℓ = 90ℏ

tion initial geometry does not affect the outcome. The cal-
culations are compared with the experimental yield data
shown by the closed black circles. The normalization con-
stants η1 for the QF process and η2 for the FF process are
separately determined by fitting the experimental yield
data at suitable data points. In the 36S+ 238U system, the
experimental peak value is used. However, it is not possi-
ble to identify peak values in QF data of 58Fe+ 208Pb and
50Ti + 208Pb reactions. In QF yield data of 58Fe + 208Pb
system, we determine normalization constant using data
points around A=80. Each data point gives nearly the
same value for the normalization constant η1 = 6.2× 105.
To determine the normalization constant for yield distri-
bution of QF data in 50Ti + 208Pb reaction, we use data
points around A=70. Each data points gives nearly the
same normalization constant with mean value is given by
η1 = 10.2× 105.

The relevant entrance channel properties and reaction
outcomes for all systems are listed in Table 6. In Table 6,
Z1Z2 and η denote the entrance channel charge product
and mass asymmetries, and ML and MH denote the mean
values of light and heavy fragment mass numbers at the
initial angular momentum, where the maximum number
of nucleons are exchanged between the reaction partners.
The calculations are agree well with the dependence of
QF and FF processes on reaction entrance-channel prop-
erties. Since the Coulomb effect is smaller and mass asym-
metry is large for 36S + 238U, the larger numbers of nu-
cleon exchange take place. The contact time between col-
liding fragments decreases exponentially with increasing
Coulomb factor [5]. In this case, fewer nucleons are ex-
changed. At energies above the Coulomb barrier, the main
process leading to the formation of symmetric process is
the FF process in 36S + 238U, however, the dominant pro-
cess is the QF process in 58Fe + 208Pb [22]. This is consis-
tent with the product of the Coulomb factor Z1Z2.

In the 58Fe + 208Pb system, from the mean-field cal-
culations presented for this system in Table 2 and Ta-
ble 3, we can say that in collisions where initial angular
momentum is small, nucleon transfer exists up to 7 nucle-
ons. As the initial angular momentum increases, collisions
become nearly elastic where the nucleon transfer is zero
and mass dispersion is very small. As a result of this, the
peak position of the calculated primary mass distribution
in Fig. 6(a) is located at Pb-208. In Fig. 6(a), the solid
(red) line represents the yield calculations in the angular
range ℓ = 0ℏ− 240ℏ without any cut off. Our calculations
indicate, not shown here, that yield distribution does not
exhibit any difference when an angular momentum cut off
is applied as ℓ = 40ℏ− 240ℏ.

In 50Ti + 208Pb system, we can discuss the effect of
closed shells at Z = 28, 82 and N = 126. In this system,
at small initial angular momenta, the effect of the closed
shell at Z = 28 can be seen from the mean value of proton
numbers of Ti-like fragments, Zf

1 in Table 4. As the initial
angular momentum increases, contact time decreases, and
closed shells at 208Pb become dominant, leading to more
elastic collisions where almost no nucleons are transferred
even though there exists a kinetic energy dissipation. This
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Fig. 6. Primary fragment yield and potential energy surface at the contact point as a function of the mass number A of the
primary fragments in the 58Fe + 208Pb, 50Ti + 208Pb and 36S + 238U systems. Experimental data are taken from Ref. [6] for
58Fe + 208Pb system, Ref. [23] for 50Ti + 208Pb system, and Ref. [22] for 36S + 238U system

effect cannot be observed in primary mass yield distribu-
tion in Fig. 6(b), since in the calculations angular mo-
mentum range where elastic collisions take place are also
included. In Fig. 6(b), the solid (red) line represents the
yield calculations that are carried out by summation over
in the angular range ℓ = 84ℏ − 160ℏ. The angular range
ℓ = 0ℏ− 83ℏ lead to fusion reaction. In Table 4, since dis-
persions take small values and decrease rapidly, we present
calculations for every 10 units of angular momentum.

Table 6. The entrance channel parameters and the positions
of heavy and light peaks of the primary mass distributions of
QF asymmetric fragments in reactions

Reaction Magicity Z1Z2 η ML MH Exc. Nucl.
58Fe + 208Pb 2 2132 0.564 65 201 7
50Ti + 208Pb 3 1804 0.612 68 190 18
36S + 238U 1 1472 0.737 67 207 31

In 58Fe + 208Pb and 50Ti + 208Pb systems, we con-
clude that the SMF approach exhibits reasonable results
to explain the measured primary fragment mass distribu-
tion, but underestimate data around symmetry in both
systems. A possible reason for this behavior may be due
to symmetric secondary fission fragment distribution pre-
dicted by the GEMINI++ code. At low excitation energies
around 0.5 MeV, secondary fission may have asymmetric
mass distribution due to shell effects, which is not incor-
porated in statistical GEMINI++ code. Another possibil-
ity may be due to limitation of current diffusion descrip-

tion of SMF theory. At small initial values of angular mo-
mentum close to fusion formation region, window position
may not be determined accurately. As a result, diffusion
coefficients are underestimated during time interval after
maximum overlap. Asymmetric behavior of diffusion co-
efficients are visible in Figs.(1a), (2a), (3a) as compared
to nearly symmetric behavior of diffusion coefficient for
36S + 238U system in Fig. (4a) around maximum overlap.
Asymmetric behavior of diffusion coefficients may lead to
small diffusion yield around mass symmetry. The results
of the GEMINI++ code show a symmetrical behavior as
it calculates thermal fission and has no shell effects. The
shell effects arise around 0.5 MeV energy. In the experi-
ment, the asymmetrical behavior in the symmetrical re-
gion of the mass distribution probably comes from these
shell effects.

In 36S+238U system, the effects of closed shell near the
doubly magic 208Pb nucleus can be clearly seen from the fi-
nal charge and mass numbers of target-like fragments, Zf

2 ,
Af

2 in Table 5. Up until ℓi = 40ℏ contact time of reaction
is sufficient enough to allow target-like fragments to reach
doubly magic stable 208Pb nuclei. Since elastic events are
excluded in primary mass calculations for this system, this
effect can be clearly seen also in Fig. 6(c). TDHF calcu-
lations determine scattering angles for trajectories associ-
ated with mean values of initial angular momentum. Ac-
cording to the diffusion mechanism, each initial angular
momentum is associated with a broad dispersion of bi-
nary fragments. Therefore, it is not possible to properly
specify experimental angular coverage range in TDHF cal-
culations. In Fig 6(c), the solid(red) line shows yield cal-
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culations by summation over the initial angular momen-
tum range ℓ = 34ℏ − 40ℏ. Our calculations, not shown
in this figure, indicate initial angular momentum values
larger than ℓ > 40ℏ do not make any significant contri-
bution for multinucleon transfer channels and hence lead
to quasi-elastic events. The peak position of the primary
mass distribution lies near A ≈ 208 for target-like frag-
ments. In 36S +238 U system, the half-width of the asym-
metric QF distribution, the difference between the mass
with the maximum yield and the more symmetric one at
half maximum yield, is found as 20u. It shows a good
agreement with the observation given in Fig. 15(a) of Ref.
[6]. Moreover, the ratio of the integrated yield value within
the mass symmetric interval ACN

2 ± 20 (117 ≤ A ≤ 157)
to the integrated yield value constrained by the bound-
aries of the existing experimental data set (59 ≤ A ≤ 221)
is determined to be 15.2%. This observed correspondence
aligns closely with the calculated ratio of 14.9% derived
from the available experimental data [22].

A strong correlation is observed between the maxi-
mum of the mass distribution and the minimum of the
potential energy surface [5] where the minimum (maxi-
mum) of the potential energy corresponds to the maxi-
mum (minimum) of the yield of asymmetric QF fragments
and the features of asymmetric QF are essentially deter-
mined by the potential energy of the composite system.
For the 58Fe + 208Pb reaction the maximum yield corre-
sponds to fragments with masses approximately 208 u.
Because peaks of the yield data cannot be identified, so
no clear value can be given [6]. This correlation is shown
that the role of shell effects is also seen for the shift of the
heavier mass asymmetric peak.

4 Conclusion

In this study, we have calculated the primary yield
produced by multi nucleon transfer and secondary fission
products for the 58Fe+208Pb , 50Ti+208Pb and 36S+238U
systems. For the QF, the SMF approach utilizes a quantal
nucleon diffusion description derived from MNT, which in-
corporates the full geometry of collision dynamics without
introducing any additional adjustable parameters apart
from the Skyrme parameters of the TDHF. Additionally,
a statistical code GEMINI++ is used only for the con-
tribution resulting from the fusion-fission-like events. The
results show a good agreement with the behavior of the
fragment mass distributions due to initial channel proper-
ties. The quantal diffusion description based on the SMF
approach provides a very powerful tool to describe the
multinucleon transfer mechanism. GEMINI++ code cal-
culates thermal fission which has a symmetric mass dis-
tribution. At low excitation energy of compound nucleus,
secondary fission has asymmetric mass distribution due to
shell effects. GEMINI++ code cannot calculate asymmet-
ric component of secondary fission. In 58Fe + 208Pb and
50Ti + 208Pb, deviation from data most probably due to
missing asymmetric components of the secondary fission.
The understanding of the multinucleon transfer mecha-
nism in the heavy-ion collisions is important for synthesiz-

ing neutron-rich super heavy elements and the production
of new neutron-rich nuclei. The SMF approach provides a
quantal diffusion description for multi-nucleon exchange in
low-energy heavy-ion reactions. The observed agreement
with experimental data shows that the SMF approach is a
powerful tool to describe the MNT process. In addition to
the QF driven by MNT, GEMINI++ code can be used to
calculate the symmetric component of FF process in the
secondary fission of the combined system.
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