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The size of a pressure transducer is known to affect the accuracy of measurements of wall-pressure fluctuations

beneath a turbulent boundary layerbecause of spatial averagingover the sensing area of the transducer. In this paper,

the effect of finite transducer size is investigated by applying spatial averaging or wavenumber filters to a database of

hypersonic wall pressure generated from a direct numerical simulation (DNS) that simulates the turbulent portion of

the boundary layer over a sharp 7° half-angle cone at nominallyMach 8.A good comparison between theDNSand the

experiment in the SandiaHypersonicWindTunnel atMach 8 is achieved after spatial averaging is applied to theDNS

data over an area similar to the sensing area of the transducer. The study shows that a finite sensor size similar to that

of thePCB132 transducer can cause significant attenuation in the root-mean-square andpower spectral density (PSD)

of wall-pressure fluctuations, and the attenuation effect is identical between cone and flat plate configurations at the

same friction Reynolds number. The Corcos theory is found to successfully compensate for the attenuated high-

frequency components of the wall-pressure PSD.

Nomenclature

a = speed of sound, m∕s
Cp = heat capacity at constant pressure, J∕�K ⋅ kg�
Cv = heat capacity at constant volume, J∕�K ⋅ kg�
d = diameter of circular transducer, m
f = frequency, Hz
H = shape factor, δ�∕θ, dimensionless
kx = streamwise wavenumber, 1/m
ky = spanwise wavenumber, 1/m

L = side length of square transducer, m
M = Mach number, dimensionless
N = number of grid point, dimensionless
Pr = Prandtl number, 0.71, dimensionless
p = pressure, Pa
R = individual gas constant, 296.80, J∕�kg ⋅ K�
Reunit = unit Reynolds number, Reunit � ρ∞;2 U∞;2∕μ∞, m−1

Reδ2 = Reynolds number based on momentum thickness and
wall viscosity, Reδ2 � ρ∞;2 U∞;2 θ∕�μw, dimensionless

Reθ = Reynolds number based on momentum thickness and
freestream viscosity, Reθ � ρ∞;2 U∞;2 θ∕μ∞;2, dimen-
sionless

Reτ = Reynolds number based on shear velocity and wall
viscosity, Reτ � �ρw uτ δ∕�μw, dimensionless

Ry = radius, m

T = temperature, K

Tf = total time considered for collecting flow statistics, s

Tr = recovery temperature, K
Uc = convection speed, m∕s
u = wall parallel streamwise velocity, m∕s
uτ = friction velocity, τw∕ρw, m∕s
x = streamwise direction of the local body-fitted coordi-

nate, m
xg = axial streamwise direction of the right-hand Cartesian

coordinate, m
xrange = streamwise range of direct numerical simulation

domain, m
y = spanwise (azimuthal) direction of the local body-fitted

coordinate, m
yg = spanwise direction of the right-hand Cartesian coordi-

nate, m
z = wall-normal direction of the local body-fitted coordi-

nate, m
zg = wall-normal direction of the right-hand Cartesian coor-

dinate, m
zτ = viscous length, νw∕uτ, m
γ = specific heat ratio, Cp∕Cv, dimensionless
Δt = time step size, s
δ = boundary-layer thickness (based on 99.5% of the total

enthalpy), m
δ� = displacement thickness, m
θ = momentum thickness, m
κ = thermal conductivity, μCp∕Pr,W∕�m ⋅ K�
μ = dynamic viscosity, kg∕�m ⋅ s�
ν = kinematic viscosity, μ∕ρ, m2∕s
ρ = density, kg∕m3

τw = wall shear stress, Pa
Φq = power spectral density amplitude of variable q
ϕ = azimuthal domain size, deg
ω = angular frequency, rad/s

Subscripts

e = boundary-layer edge variables
i = inflow station for the domain of direct numerical sim-

ulations
o = stagnation quantities
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rms = root mean square
w = wall variables
∞; 1 = preshock freestream variables
∞; 2 = postshock freestream variables (outside the boundary

layer), calculated based on the inviscid Taylor–Maccoll
relation

Superscripts

� = inner wall units

�⋅� = averaged variables

�⋅� 0 = perturbation from averaged variable

I. Introduction

O NE of the primary sources of vibratory loading during atmos-
pheric reentry is the wall-pressure fluctuations induced by

hypersonic transitional and turbulent boundary layers. These pres-
sure fluctuations can be intense enough to cause severe vibration of
internal components [1,2]. Characterizing this fluctuating pressure
on vehicle surfaces is thus of practical importance to the structural
design of hypersonic vehicles. So far, there is a lack of physics-based
models that can adequately predict themagnitude, frequency content,
location, and spatial extent of boundary-layer-induced pressure fluc-
tuations at hypersonic speeds. The lack of predictive capability leads
to heavier vehicles and degraded flight performance.Amore accurate
characterization of the wall-pressure field is thus needed to develop
newphysics-basedmodels or better calibrate themodel parameters of
existing models.
Early measurements of wall-pressure fluctuations due to high-

speed turbulent boundary layers consisted largely of those at the
surface using surface-mounted pressure transducers, and these
existing measurements exhibited a considerable degree of scatter.
For example, measurements in the samewind tunnel and for a similar
range of Mach number performed by Kistler and Chen [3] and
Maestrello [4] showed discrepancy as large as 30% in the root-
mean-square (r.m.s.) wall pressure. The review by Dolling and
Dussauge [5] pointed out that there were few (if any) reliable mea-
surements of the variance of the wall-pressure fluctuations and their
frequency spectra, due to the poor spatial resolution of pressure
transducers or limitations in the frequency response of pressure
sensors. A recent study by Beresh et al. [6] for wall-pressure fluctua-
tions up to Mach 3 also suggested that most historical compressible
databasewere either contaminated by facility noise or limited by size
of transducer, and thusmay be biased low. Casper et al. [7] and Smith
et al. [8] recently reported an experimental comparison of the pres-
sure loading on a sharp 7° half-angle cone surface against that on the
wind-tunnel side-walls, measured using surface-mounted PCB132
transducers manufactured by PCB Piezotronics, Inc., in the Sandia
HypersonicWind Tunnel (HWT) at Mach 5 and 8. Their comparison
showed that the measured pressure power spectral density (PSD) and
the r.m.s. fluctuations over the cone differed by at least an order of
magnitude from thosemeasured at thewind-tunnel wall. Such a large
discrepancy could arise because of additional influences due to the
presence of a bow shock, thinner boundary layers with different
scales of turbulent eddies, or transitional flow over the cone [8]. In
particular, the influence of spatial attenuation due to finite sensor
sizes cannot be excluded given the significantly smaller thickness of
the boundary layer over the cone than that over the wind-tunnel wall.
The problem of spatial resolution has been investigated theoreti-

cally, experimentally, and computationally, but most of the previous
studies were performed for incompressible flows (see the reviews of
Bull [1], Willmarth [9], and Tsuji et al. [10]). For example, Emmerl-
ing [11] measured wall-pressure fluctuations with different trans-
ducer sizes and showed that there was a dramatic increase in the
intensity of the pressure fluctuations when a small transducer was
used. Schewe [12] obtained the experimental r.m.s. wall pressure
p 0
w;rms as a function of the transducer diameter d and showed that the

value of p 0
w;rms at d

� � 80was 20% lower than the asymptotic value

at d� � 0, where the superscript “+”denotes the nondimensional
transducer diameter in wall unit, ν∕uτ. Corcos [13] developed an

approximate theory to correct the attenuated power spectrum. In
Corcos’s correction procedure, the space-time correlation or the
cross-spectral density function Γ�ω; ξ� is approximated by an ana-
lytical expression with similarity variable ωξ∕Uc, and the measured
(attenuated) spectrum should be increased by a theoretically derived
factor. The value of the increase was tabulated as a function of
Γ�ω; ξ�. Here, ω is the frequency, ξ is the spatial separation, and
Uc is the convection velocity. Lueptow [14] investigated the effect of
transducer spatial resolution by numerically applying wavenumber
filtering to the wall-pressure signal generated by the incompressible
channel-flowDNS ofKim et al. [15]. His study found that the Corcos
correction can recover the true spectrum up to ωd∕Uc � C, with
C � 2π, 7.7, and 11.0 for square piston, circular piston, and circular
deflection transducers, respectively.
A similar study of the effect of transducer resolution is lacking for

high-speed turbulent boundary layers. Therefore, an assessment of
correlation techniques to compensate the attenuated high-frequency
components such as the Corcos theory [13] was largely lacking in the
high-speed regime.
The primary objective of the current paper is to characterize the

effect of transducer spatial resolution on wall-pressure spectrum and
probability density function (PDF) using the wall-pressure field
derived from a direct numerical simulation (DNS) of a hypersonic
cone. First, the DNS of a turbulent boundary layer over a sharp
hypersonic cone is performed with the freestream conditions and
cone geometry representative of the experiments at Sandia HWT-8,
and the DNS-predicted wall-pressure statistics, including the PSD
and coherence, are validated against those measured by surface-
mounted PCB132 pressure transducers in the Sandia HWT-8. Next,
similar to the pioneering work by Lueptow [14] at a low speed, the
effect of transducer size on hypersonic wall-pressure fluctuations is
determined by numerically applyingwavenumber filters correspond-
ing to various size and shape transducers to the DNS-computed wall-
pressure field and calculating the resulting statistics and spectrum.
The numerical experiment based on the DNS data is also used to
assess the effectiveness of the Corcos method for recovering the
original (i.e., unfiltered) spectrum from a spatially filtered one.
Finally, the extent of spatial attenuation in turbulent wall pressure
due to finite sensor sizes is compared at different axial locations of the
cone and between cone and flat plate configurations to assess the
influence of Reynolds number and geometry configuration.
Although the paper compares DNS to Sandia’s PCB experiments

as a means of DNS validation, we realize that PCB132 sensors
are currently limited by their calibrations. Indeed, Berridge and
Schneider [16] and Wason [17] performed calibration of PCB132
sensors with a low-pressure shock tube, using the pressure change
across the incident shock as an approximate step input. They found
that the frequency-response amplitude varied by a factor of 5 between
200 and 1000 kHz due to significant resonance peaks, and incon-
clusive results were produced by using the approximate frequency
responsemeasuredwith the shock tube to correct the spectra of wind-
tunnel data. Ort and Dosch [18] investigated the influence of mount-
ing on the accuracy of PCB132 sensors for measuring pressure
fluctuations associated with second mode boundary-layer transition.
They reported that themount has a significant influence on sensitivity
and frequency response of a PCB132 sensor, and the high-frequency
resonance in the measured spectrum is part of the sensor dynamics
and cannot be eliminated by adjusting mounting techniques. Beresh
et al. [6] performed dynamic calibration for wall-mounted PCB132
sensors based upon the substitution method with the Bruël & Kjaer
(B&K) 4138 reference. They reported that the PCB sensors typically
return a signal of the wall-pressure field too high by a factor of
two between 20 and 45 kHz. Considering that the experimental
data are subject to calibration errors, the DNS method is systemati-
cally validated through several other means as detailed in Sec. II. In
addition, error bars consistent with the measurement scatter among a
spanwise array of PCB132 sensors are included on the experimental
data as a reminder of the calibration uncertainties of the PCB132
sensors. It should also be noted that the purpose of this paper is not to
treat DNS as truth to estimate errors in PCB measurements. Instead,
we hope to perform numerical experiments (through spatial filtering
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of DNS data) to shed light on the sensitivity of hypersonic turbulent
pressure fluctuations to finite sensor sizes, similar to those performed
by Lueptow [14] for incompressible turbulent flows.
The paper is structured as follows: The flow conditions and

numerical methods are outlined in Sec. II. The numerical techniques
used to mimic the attenuation effect of finite-size transducer are
outlined in Sec. III, including spatial averaging and wavenumber
filtering. Section IV investigates the effect of transducer spatial
resolution on the wall-pressure statistics using the DNS data, includ-
ing a comparison of the DNS with the experiments in the Sandia
HWT-8, an assessment of the Corcos theory, and an investigation of
the effects of Reynolds number and flow configurations. The con-
clusions are given in Sec. V.

II. Flow Conditions and DNS Methodology

DNSs of hypersonic turbulent boundary layers were conducted over
a 0.86-m-long, 7°-half-angle axisymmetric cone with a sharp nose
radius of 0.05 mm. The half-angle and nose radius of the cone con-
figuration matched those of the cone experiment in Sandia HWT-8
[7,19], while the length the cone in the DNS was longer than the
experimental value of 0.517 m. The longer cone length computed by
the DNS ensured that the current DNS achieved a fully developed
equilibrium state of a turbulent boundary layer over an extendedportion
of the computational box. Targeted freestream conditions of the DNS
are summarized in Table 1, which fall within the range of operational
conditions of the Sandia HWT-8. At a selected Reynolds number of

Reunit ∞;1 � 12.8 × 106∕m, experiments have confirmed that the aft

portion of the cone (x ⪆ 0.3 m) was under a fully turbulent boundary

layer [7], where x is the axial distance from the sharp nose. The wall
temperature of the cone was set to 298 K, which matched that of the
experiment and corresponded to a wall-to-recovery temperature ratio

of Tw∕Tr ≈ 0.54, where Tr � T∞;2�1� r�γ − 1�M2
∞;2∕2� is the

recover temperature based on recovery factor r � 0.89. Throughout
this paper, preshock freestream quantities are denoted by �⋅�∞;1, while

quantities behind the shock but outside the boundary layer are denoted
by �⋅�∞;2, and these postshock freestream quantities are calculated

based on the inviscid Taylor–Maccoll relation.
To simulate the turbulent boundary layer on a circular cone, the full

three-dimensional compressible Navier–Stokes equations in conser-
vation form were solved numerically in cylindrical coordinates. The
working fluid was nitrogen and fell within the perfect gas regime.
The usual constitutive relations for a Newtonian fluid were used:
the viscous stress tensor was linearly related to the rate-of-strain
tensor, and the heat flux vector was linearly related to the temperature
gradient through Fourier’s law. The coefficient of viscosity μ was
computed from Keyes law [20], and the coefficient of thermal con-
ductivity κ was computed from κ � μCp∕Pr, with a molecular

Prandtl number of Pr � 0.71. The inviscid fluxes of the governing
equations were computed using a seventh-order weighted essentially
nonoscillatory (WENO) scheme [21]. The viscous fluxes were dis-
cretized using a fourth-order central difference scheme, and time
integration was performed using a third-order low-storage Runge–
Kutta scheme [22].
Figures1a and1cvisualize the computational domain and simulation

setup along with the global Cartesian and local body-fitted coordinate
systems for DNS of hypersonic flow over a circular cone. The domain
of the DNS started downstream of the nose at xg � 0.15 m, which

Table 1 Nominal freestream and wall-temperature conditions for DNS of a hypersonic
turbulent boundary layer over a 7° half-angle cone with a sharp nose and flat plate

Case M∞;1 �Reunit�∞;1, 1/m �po�∞;1, kPa �To�∞;1, K M∞;2 p∞;2, Pa T∞;2, K Tw, K

Cone 7.90 12.8 × 106 4641 618 6.77 1326 60.9 298

FlatPlate 7.91 12.9 × 106 4693 617 7.80 562 46.9 298

Fig. 1 Computational domain and simulation setup for cone and flat-plate DNS cases. An instantaneous flowfield is visualized by the isosurface of the
density gradient magnitude, j∇ρjδi∕ρ∞, colored by the streamwise velocity (from blue to red). Contours of numerical schlieren are used in plane slides,
with density gradient contour levels selected to emphasize the leading-edge shock wave.
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was significantly upstream of the reference sensor location at xg �
0.396 m, where a turbulent boundary layer was measured in experi-
ments [7,8]. The axial distance between the selected DNS domain

inlet and the sensor location was more than 178δi (where δi � 1.38 ×
10−3 m is the inflow boundary-layer thickness) to minimize any arti-
ficial effects of inflow turbulence generation. The computations were
carried out in three stages involving overlapping streamwise domains.
For the inlet boundary condition of Box 1, a digital-filter basedmethod
[23,24] was applied. The mean profiles, Reynolds stress tensor, and
integral lengths required by thedigital-filtermethodwere obtained from
a precursor RANS calculation that simulated the full-cone geometry.
The details of the RANS were reported in Huang et al. [25]. For Box 2
and Box 3 simulations, the inflow conditions were prescribed using
saved flow data of the upstream DNS box. At the outlet boundary
of x � 0.86 m, unsteady nonreflecting boundary conditions based
on Thompson [26] were used to avoid acoustic reflections at the
boundary. The insensitivity of flow statistics to inflow and outflow
boundary conditions was confirmed by comparing the DNS results
with those of auxiliary DNS runs with different inflow and outflow
boundary locations [25]. The top boundary of the DNS domain
was located above the oblique shock emanating from the nose of
the cone, as visualized in Fig. 1a, which is similar to that of a
previous DNS by Sivasubramanian and Fasel [27], who studied
hypersonic boundary-layer transition over a cone. Given the axi-
symmetric nature of a circular cone, the DNS domain included
only a portion of the full azimuthal circumference, with periodic
boundary conditions prescribed at the azimuthal boundaries. The
azimuthal domain size ϕwas selected to be 34.1°, which corresponds
to an azimuthal length along the cone surface of approximately
10.7δ, where δ is the boundary-layer thickness at x � 0.765 m, the
downstream-most location selected for the analysis of the wall-
pressure field. No-slip conditions were applied for the three velocity
components on the surface of the cone, and an isothermal condition
was used for the temperature.

To study the dependence of wall-pressure statistics on different
flow configurations, an auxiliary DNS of turbulent boundary layer
spatially developing over a flat plate was performed with the same
preshock freestream conditions as the axisymmetric cone as listed in
Table 1. The boundary layerwas simulated in a rectangular box over a
flat plate with spanwise periodic boundary conditions and a digital-
filteringmethod for inflow turbulence generation. Similar to the setup
for DNS of the cone, a precursor RANS simulation that encompassed
the DNS domain was first conducted to obtain the mean flow and
Reynolds stresses required for setting up the DNS. The DNS domain
started at x � 0.2 m downstream of the leading edge of the flat-
plate geometry, and the digital-filtering method [23,24] was applied
to generate inflow turbulence for the DNS. The DNS covered a
long domain up to x � 1.4 m, which extended for Lx � 410δi,
Ly � 47δi, and Lz � 137δi in the streamwise �x�, spanwise �y�,
andwall-normal �z�directions, where δi � 2.9 × 10−3m is the inflow
boundary-layer thickness. Figure 1b shows a schematic of the DNS
domain and boundary conditions for the flat-plate configuration.
The details of the grid dimensions, domain size, and resolutions of

the cone and flat-plate DNS runs are listed in Table 2. The selection of
grid and other aspects of the numerical solutionwas basedon extensive
experience with a similar class of flows. In particular, the adequacy of
the azimuthal (spanwise) domain size for the cone and flat-plate cases
is evaluated by monitoring the decay in cross-correlation of the wall-
pressure Cpp as a function of the spanwise separation ry at several
downstream locations. Figure 2 shows that the wall-pressure correla-
tion has become very small at large spanwise separations. Although
not shown, a similar decay in the cross-correlation at large spanwise
separations is also seen for the velocity components and other thermo-
dynamic quantities, indicating the adequacy of the spanwise domain
size to contain the largest turbulence structures in the boundary layer.
The validity of the DNS methodology has been documented in

our previous simulations of supersonic and hypersonic turbulent
boundary layers [28–33]. In particular, Huang et al. [25] reported a

Table 2 Domain size and grid resolution for DNS cases

Case xrange, m ϕ, deg Nx × Ny × Nz Δx� Δy�w Δy�e Δz�w Δz�e Δtuτ;i∕δi Tfuτ;i∕δi
Cone (Box1) 0.15–0.33 34.1 1800 × 640 × 400 5.4 1.8 1.9 0.18 1.7 2.06 × 10−5 32.9

Cone (Box2) 0.30–0.53 34.1 2300 × 640 × 400 5.4 2.4 2.6 0.23 2.3 4.12 × 10−5 30.9

Cone (Box3) 0.50–0.86 34.1 3500 × 640 × 400 5.4 4.6 4.9 0.45 4.5 1.24 × 10−4 14.1

FlatPlate 0.20–1.4 —— 3750 × 500 × 350 6.1 5.3 5.3 0.43 5.5 1.82 × 10−4 27.0

Cone-A1 0.15–0.580 17.0 3840 × 160 × 200 5.4 4.7 4.9 0.46 4.5 8.25 × 10−3 49.3

Cone-A2 0.20–0.520 17.0 3072 × 160 × 200 5.4 4.7 4.9 0.46 4.5 8.25 × 10−3 51.8

Cone-SPARC 0.0002–0.542 30.0 8600 × 460 × 700 3.93 2.69 2.83 0.35 0.59 2.06 × 10−2 17.8

Δx,Δy, andΔz represent the grid spacing in the local streamwise, azimuthal (spanwise), and wall-normal directions, respectively, at a reference location of each DNS box for the

coneDNS case (Box1: xg � 0.30 m; Box2: xg � 0.396 m; Box3: xg � 0.765 m), and at a reference location of xg � 1.1 m for the flat-plateDNS case. Cone cases: zτ � 18.8 μm

and uτ;i � 56.9 m∕s; flat-plate case: zτ � 52.1 μm and uτ;i � 52.7 m∕s.

Fig. 2 The one-dimensional correlation coefficient ofwall-pressure fluctuations as a function of spanwise separation ry in a) outer scale andb) inner scale.

HUANG ETAL. 885

D
ow

nl
oa

de
d 

by
 S

an
di

a 
N

at
io

na
l L

ab
or

at
or

ie
s 

on
 M

ar
ch

 2
9,

 2
02

4 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/1
.J

06
29

94
 



detailed assessment of the coneDNSdata, including an assessment of
inflow and outflow boundary conditions and a cross-validation of the
current DNS results against those computed by the Sandia Parallel
Aerodynamics and Reentry Code (SPARC) [34]. Furthermore, Fig. 3
compares pressure statistics among the cone DNS cases as listed
in Table 2, wherein two auxiliary WENO runs (cases Cone-A1 and
Cone-A2) with different grids and computational domains were
included, together with a case computed by the SPARC code (case
Cone-SPARC). The two auxiliary WENO runs were performed with
an identical setup to the current cone case except with coarser grids
and a shorter and narrower domain, while the DNS run with the
SPARCcode simulated the natural boundary-layer transition over the
cone rather than using the digital-filtering turbulence inflow gener-
ation technique as the other DNS cases. The good comparisons of
pressure statistics (with <3% difference) among cases with different
computational domains and inflow boundary conditions confirmed
grid convergence of the current DNS and the insensitivity of flow
statistics at reference locations to inflow and outflow boundary
conditions.

III. Spatial Averaging in the Numerical Database

In this section, spatial averaging techniques that mimic the attenu-
ation effects resulting from the finite size of the wall-pressure trans-
ducer in an experiment are introduced. Here, the effect of a finite
sensor size ismodeled either by directly performing spatial averaging
ofp�x; y; t� over the surface grid points within the sensing area, or by
first converting the pressure into thewavenumber domain ~p�kx; ky; t�
and then applying a normalizedwavenumber response functionH�k�
as [14]

pm�kx; ky; t� � H�k�p�kx; ky; t� (1)

where p�kx; ky; t� is the spatial Fourier transform along the stream-

wise and spanwise (x, y) directions, and kx and ky are wavenumber in

the streamwise and spanwise directions, respectively. In the spatial
averaging technique uniform sensitivity of the pressure transducer is
assumed, while in the wavenumber filtering technique the normal-
ized wavenumber response functionH�k� is defined for three differ-
ent sensor types:

Circular deflection∶ H�k� � a2J0�kd∕2�
a2 − �kd∕2�2 (2a)

Circular uniform∶ H�k� � 2J1�kd∕2�
kd∕2

(2b)

Square uniform∶ H�k� � sin�kxL∕2�
kxL∕2

sin�kyL∕2�
kyL∕2

(2c)

Here, k � �k2x � k2y�1∕2 is the modulus of wavenumber k; J0 and J1
denote theBessel functions of order zero and one, respectively; and the

constant a has a value of a � 2.405. Note that d is the diameter of a
circular sensor, andL is the side lengthof a square sensor. Theuniform-
type response function [Eqs. (2b) and (2c)] reflects the sensitivity of
ceramic piezoelectric transducers, while the deflection-type response
function [Eq. (2a)] is used to model the sensitivity of condenser
microphones and some hydrophones [14]. Similar sensor types and
wavenumber response functionsH�k� were applied by Lueptow [14]
to an incompressible channel DNS in his pioneering study of trans-
ducer resolution and turbulent wall-pressure spectrum.
In this paper, we will apply the aforementioned spatial-averaging

and wavenumber-filtering techniques to the DNS of hypersonic cone
and flat plate and subsequently quantify the attenuation of wall-
pressure fluctuations at hypersonic speeds.

IV. Results

In this section, the effect of transducer spatial resolution on the
wall-pressure statistics is investigated using the DNS data of a
hypersonic cone, including i) numerical averaging in the DNS data-
base (over the same sensor area as that in the experiment) at a
measurement location and comparing the DNS results against San-
dia’s cone experiment, and ii) a further investigation of sensor
attenuation at different Reynolds numbers and for different geometric
configurations.

A. Comparison with Experiments and Pressure Transducer Resolu-
tion Effect

First, the effect of transducer size on thewall pressure over the cone
is investigated at the same location as the experiment. In the experi-
ment, the cone was instrumented with axial and spanwise arrays of
PCB132 sensors tomeasure the pressure fluctuations in the boundary
layer, with the sensor locations shown in Fig. 4. A PCB 482A22
signal conditioner was used to provide constant-current excitation to
the build-in sensor amplifiers and decouple the AC signal from the
DC bias voltage. The sensor signals were further filtered with a
1 MHz low-pass anti-aliasing Bessel filter through a Krohn-Hite
Model 3944 Filter. More details of the experiment can be found in
previous publications [6–8]. For calculating the reported experimen-
tal PSD and coherence in this paper, the PCB time-traces of 0.2 s are
acquired at a sampling frequency of 2.5MHz, and theWelch method
with 200 segments and 50% overlap is used. The pressure time-series
is weighted with a Hanning window before the fast Fourier transform
(FFT) processing. For the location of x � 0.452 m, where there
exists a spanwise array of PCB132 sensors, the spectrum is further
averaged among 12 spanwise measurement datasets (S1–S12 in
Fig. 4b) that were successfully acquired (S13 was excluded due to
a malfunction of the sensor). As ameans of quantifying experimental

errors, the mean X and standard deviation s from a sample size of
N � 12 and the t-distribution are used to estimate the 95% con-
fidence interval [35] as

X � t
s

N
p (3)

Fig. 3 Comparison in a) pressure intensity, b) wall-pressure PSD, and c) wall-pressure azimuthal wavenumber spectrum at x � 0.452 m among the
DNS cases for the cone configuration.
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with N � 12 and a t value of t � 2.201. At other axial locations
where there exists only onemeasurement point, the above expression

of confidence interval is used without having the N
p

term, which
would be equivalent to N � 1, assuming that the measurement
uncertainty at a new axial location is the same as the uncertainty of
any one of the 12 samples at x � 0.452 m.
Figure 5 plots thewall-pressure PSDpredicted by theDNSwithout

and with spatial averaging in comparison with the experiment at two
axial locations (xg � 0.396 m and 0.452 m). The PSD is defined as
[36]

Φ�ω� �
∞

−∞

∞

−∞
ϕpp�kx; ky;ω� dkx dky (4)

where ϕpp�kx; ky;ω� � ~p��kx; ky;ω� ~p�kx; ky;ω� is the frequency-

wavenumber spectrum of the wall pressure, and ~p�kx; ky;ω� is the
three-dimensional Fourier transformation of instantaneous pressure
fluctuations. The DNS time series data of pressure fluctuations are
collected in the two-dimensional wall plane at a sampling frequency
of 16.67MHz for a duration of 0.522ms. The streamwise variation of
the fluctuating pressure signal (after subtracting the instantaneous
spanwise-averagedmean at each streamwise point) is confirmed to be
small over the spatial FFT window so that they can be regarded as
statistically homogeneous in the streamwise direction. Such a quasi-
homogeneous assumption has been made bymultiple researchers for
calculating the streamwise wavenumber spectrum of a turbulent
boundary layer [36,37]. The pressure fluctuations are Fourier trans-
formed in streamwise and spanwise spatial directions, respectively,

before they are Fourier transformed in time. A Hanning window is
used for weighting the pressure fluctuation data in the temporal and

streamwise directions. To estimate the uncertainty in PSD due to
the length of DNS time series data, the temporal power spectrum
is calculated using 2–8 segments with 50% overlap, with the best

estimate taken as the result with 8 segments. In addition to the
primary DNS case (case Cone), the calculation of power spectrum

with different number of segments is repeated for the two auxiliary
cases (Cone-A1 and Cone-A2). The total variation in spectra with the
different segment numbers and among the three DNS cases provides

an overall estimate of the uncertainty due to the different choices of
segment number, computational domain size, and grid resolutions.

The estimated uncertainty is shown as the shaded regions in Fig. 5,
in addition to the lines that show the best estimate of the spectra

for the primary DNS case. A similar approach for estimating DNS
uncertainty was used by Larsson et al. [38] in their study of shock/
boundary-layer interactions.
Here, the “raw” wall-pressure PSD predicted by DNS, without

spatial averaging or wavenumber filtering, is referred to as case

DNS�d � 0�. The selected area for conducting spatial averaging is
assumed to be either circular with a diameter of d � 0.98 mm or

square with a side length of L � 0.87 mm. The selected diameter or
side length corresponds to a surface area thatmatches the sensing area
of the PCB132 transducer provided by the sensor manufacturer PCB

Piezotronics, Inc.At both axial locations, the PSDcomputed from the
pressure signals measured by PCB132 shows a significantly faster

spectral roll-off at high frequencies than those of the DNS without
spatial averaging (d � 0). However, a much better comparison is
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DNS,H(k),square uniform (L=0.87 mm)

a) = 0.396 m
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DNS,H(k),square uniform (L=0.87 mm)

b) = 0.452 m
Fig. 5 Wall-pressure PSD predicted by the DNS without and with spatial averaging in comparison with the experiment. The estimated uncertainty is
plotted as shaded regions for “DNS, spatial average, circular (d � 0.98 mm)” and as error bars for “PCB132” to gauge the level of agreement between
DNS and experiment.

Fig. 4 Schematic of locations of PCB132 sensors instrumented over the cone surface in the Sandia HWT-8. a) Cone installed in SandiaHWT-8 (adapted
from Smith et al. [8]); b) plan view of sensor locations.
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achieved between the experimentally measured PSD and those com-
puted from the spatially averaged DNS data. Such a trend suggests
that the size of the pressure transducer has caused significant attenu-
ation at high frequencies in the experimentally measured PSD. As far
as the sensor sensitivity and shape are concerned, surface averaging
assuming uniform sensitivity correlates better with the experiment
than that with deflection-type sensitivity, and the average shape
(circular or square) has only a minor influence on the measured
pressure spectrum. Almost no difference is seen between the results
from direct spatial averaging over the surface grid points within the
sensing area and those by applying a normalized wavenumber
response function H�k�.
To further gauge the extent of finite sensor size effect and provide

an assessment of the Corcos theory [13], Fig. 6 compares the wall-
pressure PSD of the unfiltered DNS (i.e., case DNS (d � 0)) with
those of the experiments with and without being corrected using the
tabulated attenuation table of Corcos [13]. In performing Corcos
correction of the experimental PSD, a constant convection velocity
ofUc∕U∞;2 � 0.8 is used, the selection of which has been confirmed

by the DNS data at high frequencies as shown in Fig. 7a, and the
Corcos correction is significant only at high frequencies. Although
Corcos [13] used a convectionvelocity that changeswith frequency, a
constant convection speed is commonly used by experimentalists in
performing Corcos correction [6]. Further numerical experiments
confirmed that there exist only negligibly small differences in the
Corcos-corrected spectrum when a constant propagation speed of
either Uc∕U∞;2 � 0.75, 0.8, or 0.85 is assumed (Fig. 7b).

The sensing area is assumed to be circular and has a diameter of
diameter d � 0.98 mm to match the specifications provided by the
sensor manufacturer PCB Piezotronics, Inc.
The figure shows that the uncorrected experimental PSD rolls

off faster at high frequencies compared to that of the DNS, con-
firming significant high-frequency attenuation in the experimen-
tallymeasured PSD due to the finite size of the PCB132 transducer.
At both axial locations, the Corcos correction leads to significantly
improved comparison with the unfiltered DNS at high frequencies,
suggesting that correction such as that per Corcos [13] with a pro-
perly selected sensing area is indeed effective to at least partially
account for such attenuation. It should also be noted that there exist
low and high resonance peaks in the experimentally measured
PSD (for instance, at f ≈ 44 and 700 kHz for the PCB132 trans-
ducer at x � 0.452 m as shown in Fig. 5b), and these resonance
peaks remain even after the Corcos correction is applied. A similar
resonance peak near 700 kHz was also reported by Wason [17] in
their PCB132 wind-tunnel data. Their study further indicated that
such resonances in the PCB132 frequency responsemay not be due
to vibration. The appearance of significant resonance peaks sug-
gests that significant experimental errors remain that cannot be
fully corrected based onmanufacturer’s specification of transducer
size. Additional careful calibration of the PCB132 transducer is
therefore necessary for accurate measurements of high-frequency
pressure fluctuations at hypersonic speeds. Indeed, based on the
recent PCB132 dynamic calibrations by Ort and Dosch [18], dyna-
mic calibrations that measure these resonance frequencies are now
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a) = 0.396 m

101 102 103

f (kHz)

10-10

10-9

10-8

10-7

((p
'/p

,2
)2 /H

z)

PCB132,uncorrected
PCB132,Corcos-corrected (Uc=0.8U )
DNS (d=0)

b) = 0.452 m
Fig. 6 Comparison of wall-pressure PSD between DNS and experiments with and without being corrected using the Corcos theory. The estimated

uncertainty is plotted as shaded regions for “DNS �d � 0�” and as error bars for “PCB132, Corcos-corrected (Uc � 0.8U∞)” to gauge the level of
agreement between DNS and experiment.

Fig. 7 a) Convection velocity of wall-pressure fluctuations as a function of frequency for the cone DNS case; b) Corcos-corrected experimental spectrum
assuming different propagation speed.
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available with a sensor purchase. These calibrations did not exist at
the time of the experiments.
The effect of spatial averaging on the root-mean-square pressure

fluctuations p 0
rms can be investigated by integrating thewall-pressure

PSD. Figure 8 plots p 0
rms normalized by wall shear stress τw as a

function of the sensor diameter in inner units d� � d∕zτ. In this
figure, the experimental data points are calculated by integrating the
experimental PSD from 11 kHz to 1 MHz, which correspond to
the standard frequency cutoff range of the PCB132 sensor quoted on
the manufacturer’s specification sheet, and the DNS results are
calculated by integrating the numerical PSD over the full spectral
range. Given a lack of the wall-shear-stress measurement, the exper-
imental pressure intensity was normalized using the wall shear stress
τw predicted byDNS.As expected, a larger sensor diameter d leads to
more significant attenuation of the fluctuating pressure intensity. For
a sensor of the circular uniform type and an average size similar to
that of a PCB132 sensor (d � 0.98 mm or d� ≈ 52), spatial averag-
ing has caused an attenuation of approximately 30%. Consistent with
the PSD of p 0, the same rate of attenuation in p 0

rms is achieved either
by conducting spatial averaging of the signal in the physical domain
over the surface grid points within the sensing area or by applying
a wavenumber response function. For an averaging diameter of
d � 0.98 mm, surface averaging assuming uniform sensitivity cor-
relates better with the experiment than that with deflection-type
sensitivity, and the average shape (circular or square) has only a
minor influence on the attenuation rate in p 0

rms.
The PDF of the wall-pressure fluctuations in linear and semi-

logarithmic axes is shown in Fig. 9. The PDFof theDNS is computed
from the wall-pressure signal either without spatial averaging
(d � 0) or spatially averaged over a circular uniform area with a
diameter of d � 0.98 mm (corresponding to d� ≈ 52), while the
experimental PDF is obtained from those measured by PCB132
sensors. The pressure is normalized by its r.m.s. value, and the black
dashed curve denotes the PDF of the standardized Gaussian distri-
bution N�0; 1�. To gauge the level of comparison between DNS and
experiment, the uncertainty in PDF from DNS and experiment pre-
dictions is further estimated in the same way as that for PSD, except
that DNS uncertainty estimation only reflects the scatter in predic-
tions from the three cone DNS cases (cases Cone-Box2, Cone-A1,
and Cone-A2). The figure shows that the PDF of p 0

w predicted by
DNS (with d � 0) deviates significantly from Gaussian with a larger
peak value at p 0∕p 0

rms ≃ 0. Unlike the Gaussian distribution with
zero skewness, p 0

w is positively skewed, the PDF of which exhibits a
significantly larger positive tail and a smaller negative tail. Such an
asymmetric behavior is different from that reported by Tsuji et al.
[10] for an incompressible turbulent boundary layer wherein the
wall-pressure PDF was found to be nearly symmetric or become
even slightly negatively skewed. The larger positive PDF tail for the
hypersonic case suggests that there is more likelihood of extreme
positivewall-pressure fluctuations underneath a hypersonic turbulent
boundary layer compared to an incompressible flow. The influence of

spatial averaging due to a finite sensor size is evident for both the
center and tail parts of the PDF. Specifically, spatial averaging
significantly reduces the peak PDF value at the center and damps
the large positive PDF tail. As a result, the PDF computed from the
spatially averaged signal with d � 0.98 mm becomesmuch closer to
Gaussian and more closely matched that measured by the PCB
transducers in comparison to the unaveraged results of d � 0.
The damping of extreme pressure fluctuations due to finite sensor

size is also evident in instantaneous visualizations of wall-pressure
structures as shown in Fig. 10. In the figure, the red spots are regions
where p 0� � p 0

w∕p 0
w;rms is positive, and blue spots are regions of

negative fluctuations. The large positive and negative p 0� in the
current cone boundary layer exhibit a “wavelike” alternative pattern
along the streamwise direction, wherein the individual positive or
negative pressure spot is a narrow thin structure often perpendicular
or slightly tilted with respect to the streamwise direction, and the
streamwise spacing between two neighboring positive (or negative)

spots is approximately 100 wall units (i.e., λ�x ≈ 100). Similar wave-
like structures have been observed in a supersonic channel flow [39]
and are termed as alternating positive and negative structures
(APNSs). After spatial averaging is introduced, the APNSs become
much less prominent, and the number of identifiable APNSs is
significantly reduced. Such a change in pressure structures due to
spatial averaging is consistent with the spectral attenuation at high
frequencies and the damping of extreme fluctuations as shown in
Figs. 5 and 9.
The coherence function provides a direct indication of the strength

of the link between the pressure fluctuations at two separate points as
a function of frequency [40]. This function is expressed as a non-
dimensional form of the cross-spectrum as

Γab�rx; ry;ω� � jSpapb
�rx; ry;ω�j∕jSpapb

�0; 0;ω�j (5)

where rx and ry are the spatial separations in streamwise and span-
wise directions, respectively, and the subscripts a and b denote two
spatial points separated by a distance of (rx; ry).Spapb

is obtained by a

two-dimensional spatial inverse transform of the wavenumber-
frequency spectra ϕpp�kx; ky;ω� as

Spapb
�rx; ry;ω� �

∞

−∞

∞

−∞
ϕpp�kx; ky;ω�ei�kxrx�kyry� dkx dky (6)

Figure 11 plots the coherence of wall-pressure fluctuations for DNS
without andwith spatial averaging in comparison to themeasurements
by PCB132 sensors, with the sensor locations visualized in Fig. 4b.
TheDNS-predicted coherence compareswell with that of experiments
for PCB132 sensor pairs with either streamwise (A1–A3, A3–A5,
A5–A9) or spanwise (S7–S8) separations. Here, the experimental
uncertainty is estimated based on Eq. (5) with N � 1 for the stream-
wise sensor pairs and N � 8 for the spanwise sensor pair (since there

0 20 40 60 80 100
d+

1

1.5

2

2.5

3

3.5

4

p'
rm

s/
w

PCB132
DNS,spatial average,circular
DNS,H(k),circular deflection
DNS,H(k),circular uniform
DNS,H(k),square uniform

a) = 0.396 m
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Fig. 8 The r.m.s. wall-pressure fluctuation as a function of sensor size forMach 8 cone. The estimated uncertainty is plotted as shaded regions for “DNS,
space average” and as error bars for “PCB132” to gauge the level of agreement between DNS and experiment.
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are eight pairs of spanwise sensors with a separation length of ry �
4.8 mm as shown in Fig. 4b). Similar to the uncertainty estimation for
PSD, the DNS uncertainty for coherence is estimated based on the

overall variation from the different choices of segment numbers for
temporal FFT and the scatter in predictions from the three cone DNS
cases (cases Cone-Box2, Cone-A1, and Cone-A2). The figure shows

that the spatial separation of each PCB132 sensor pair is significantly

larger than the sensor size of d � 0.98 mm. There is only a very small
difference in the pressure coherence function between the DNS cases
with and without spatial averaging. In particular, the high-frequency
range of the coherence function does not attenuatewith spatial averag-
ing, which is unlike the single-point pressure statistics. Such a trend
suggests that the effect of finite sensor sizes is less significant on two-
point statistics in comparison to single-point statistics, at leastwhen the
spatial separation of the two points is significantly larger than the
sensor size. As expected, both sensors experience equal amount of
attenuation. As a result, the attenuation would appear equally in both
the numerator and denominator of Eq. (5), so it cancels out exactly.
In summary, after numerical averaging in theDNSdatabase over the

same circular sensor area as that in the experiment and by assuming
uniform sensitivity of the sensing area, excellent comparisons in both
single- and multipoint pressure statistics are achieved between DNS
and experiment. The good comparison further confirms the validity of
the DNS and lays the foundation for a further study of sensor attenu-
ation effect at different Reynolds numbers and flow configurations as
shown in Sec. IV.B.

B. Effect of Flow Configurations and Reynolds Number

on Transducer Spatial Resolution

In this section, the extent of spatial attenuation in wall pressure due
to finite sensor sizes is compared at two axial locations for the cone
boundary layer to assess the influence of Reynolds numbers. Addition-
ally, the results of the cone configuration are compared with those of a
flat plate at similar Mach number and Reynolds number to understand
the effect of geometric configurations. Table 3 lists the boundary-layer
properties at the two selected streamwise stations for the cone DNS
as well as the parameters for the additional flat-plate DNS case. For
the cone case in particular, the location at xg � 0.396 mwith a friction
Reynolds number of Reτ � 155 has been used for comparing with
the experiment data in Sec. IV.A, and a second downstream station at

Fig. 10 Contours of instantaneouswall-pressure fluctuations for a) raw
pressure and b) spatial averaged pressure with circular sensor of diam-
eter d � 0.98 mm. Contours are shown as −2 ≤ p 0∕pw;rms ≤ 2, from
blue to red. Location of reference is selected at xg � 0.396 m. The

rectangle boxes highlight some of the APNSs. The figure insert is a
zoomed-in view of APNSs. A white circle of diameter equal to the sensor
diameter is added at the top left corner of each figure to illustrate the
sensor size relative to the scales of pressure fluctuations.
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Fig. 9 PDF of wall-pressure fluctuations forDNS and experimentalmeasurement ofMach 8 cone. The estimated uncertainty is plotted as shaded regions
for “DNS, spatial average, circular (d � 0.98 mm)” and as error bars for “PCB132” to gauge the level of agreement between DNS and experiment.
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xg � 0.765 m has a higher Reynolds number of Reτ � 250 and is

added to allow for a study of Reynolds number effect. The friction
Reynolds number of this second cone profile also matches that of the
flat-plate case so that a comparison between the two profiles isolates
the influence of geometry. In both the cone and flat-plate cases, the
attenuation effect due to finite sensor size is modeled by spatially
averaging the wall-pressure field in a uniform fashion over the surface
grid points within the sensing area, except for PSD wherein sensor
attenuation effect is modeled by a applying a wavenumber response
function of circular uniform type [Eq. (2b)]. As demonstrated in
Sec. IV.A (Fig. 5), there is no difference in results from direct spatial
averaging and spectral filteringwith thewavenumber response function.
The PDF of wall-pressure fluctuations p 0

w for both cone and
flat plate configurations is shown in Fig. 12. At each sensor size
d�, the wall-pressure signal is spatially filtered and the PDF is
computed based on the filtered signal and compared among different
DNS cases. At d� � 0 (i.e., without spatial filtering), the PDF of the
pressure signal for both geometries is significantly skewed with a
large positive tail, exhibiting a large deviation from the Gaussian
PDF. As d� is increased, both the larger positive tail and the smaller
negative tail move closer to theGaussian distribution. At a sensor size

as large as d� ≈ 208, the PDF of the filtered pressure signal becomes

nearly Gaussian. The PDF of the cone closely matches that of the

flat plate at the same Reynolds number at all sensor sizes, indicating

negligible influence of flow geometry. Such a good comparison bet-

ween the cone and flat-plate cases is not unexpected, considering that

the transverse radius of curvature Ry of the cone at both streamwise

locations is at least an order of magnitude larger than the local

boundary-layer thickness δ (e.g., δ∕Ry � 0.0552 at x � 0.765 m),

and Snarski and Lueptow [41] reported that the transverse curvature

of an axisymmetric body has little effect on the turbulent boundary

layer over the body if δ∕Ry < 1.0. The influence of Reynolds number

of pressure PDF is also small and seems to be limited to extreme

fluctuations (jp 0j ⪆ 5p 0
rms).

Figure 13 shows the ratio of filtered to unfiltered wall-pressure

spectrum Φd∕Φd�0 at four different sensor sizes (d
� ≈ 24, 52, 104,

and 208). Here, Φd is calculated based on

Φ�ω�d �
∞

−∞

∞

−∞
ϕpp�kx; ky;ω�jH�k�j2 dkx dky (7)
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Fig. 11 Coherence of wall-pressure fluctuations as a function of frequency for DNS and experimental measurements (PCB132) of Mach 8 cone by
transducer pairs. The estimated uncertainty is plotted as shaded regions for “DNS, spatial average, circular (d � 0.98 mm)” and as error bars for
“PCB132” to gauge the level of agreement between DNS and experiment.

Table 3 Boundary-layer properties at the reference station selected for statistical analysis for cone and flat plate cases

Case xg, m Ry, m M∞;1 M∞;2 U∞;2, m∕s ρ∞;2, kg∕m3 T∞;2, K Reθ Reτ Reδ2 θ, mm H δ, mm zτ , μ m uτ , m∕s τw, Pa

Cone 0.396 0.049 7.90 6.77 1075.9 0.073 60.9 2420 155 582 0.13 12.9 2.9 18.8 60.5 57.3
0.765 0.094 7.90 6.77 1075.9 0.073 60.9 4317 250 1039 0.23 13.3 5.2 20.8 55.3 47.3

FlatPlate 1.1 — — 7.91 7.80 1088.0 0.040 46.86 6268 251 1116 0.48 19.1 13.1 52.1 53.8 18.4

Here, �⋅�∞;2 is obtained from Taylor Maccoll relation, denoting quantities behind the shock but outside the boundary layer. Boundary layer thicknesses are calculated as δ� �
∫ δ
0 1 − �ρ �u ∕ ρ∞;2 U∞;2 dz and θ � ∫ δ

0 �ρ �u ∕ ρ∞;2 U∞;2 1 − �u∕U∞;2 dz.
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where the wavenumber response function H�k� is dependent on the
sensor size d and is given in Eq. (2b). Similar to the PDF of p 0

w, the

wall-pressure spectrum of the cone closely matches that of the flat

plate at the same Reynolds number. At all sensor sizes, the low-

frequency range of the pressure spectrum Φ�ω�d is relatively insen-

sitive to Reynolds number Reτ when expressed in outer variables

(δ; U∞;2), while the high-frequency portions nearly overlap in inner

variables (zτ � νw∕uτ; uτ), which conforms to the findings of the

(unfiltered) wall-pressure spectrum for high-speed boundary-layer

flows [42,43]. At the smallest sensor size of d� � 24, the attenuation
is small at low frequencies (withΦd∕Φd�0 ≈ 1) and becomes evident

only at high frequencies. As the transducer size is increased, attenu-

ation is visible at all frequencies, even in the lowest frequency range.

At the same Reτ, the rate of attenuation is identical at all frequencies

Fig. 12 PDF of pressure fluctuations spatially filtered with sensors with different sizes.

Fig. 13 Attenuation of wall-pressure spectrum Φ�ω�d∕Φ�ω�d�0 at different sensing sizes, with the frequency scaled in a) outer units ωδ∕U∞;2 and

b) inner units ωνw∕u2
τ . Horizontal dashed line represents Φd∕Φd�0 � 1 (i.e., with no attenuation), and the arrow represents the direction of increasing

Reτ .
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