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Abstract—We study the convergence properties of an overlap-
ping Schwarz decomposition algorithm for solving nonlinear opti-
mal control problems (OCPs). The algorithm decomposes the time
domain into a set of overlapping subdomains, and solves all sub-
problems defined over subdomains in parallel. The convergence is
attained by updating primal-dual information at the boundaries
of overlapping subdomains. We show that the algorithm exhibits
local linear convergence, and that the convergence rate improves
exponentially with the overlap size. We also establish global
convergence results for a general quadratic programming, which
enables the application of the Schwarz scheme inside second-order
optimization algorithms (e.g., sequential quadratic programming).
The theoretical foundation of our convergence analysis is a sensi-
tivity result of nonlinear OCPs, which we call “exponential decay
of sensitivity” (EDS). Intuitively, EDS states that the impact of
perturbations at domain boundaries (i.e. initial and terminal time)
on the solution decays exponentially as one moves into the domain.
Here, we expand a previous analysis available in the literature by
showing that EDS holds for both primal and dual solutions of
nonlinear OCPs, under uniform second-order sufficient condition,
controllability condition, and boundedness condition. We conduct
experiments with a quadrotor motion planning problem and a
PDE control problem to validate our theory; and show that the
approach is significantly more efficient than ADMM and as
efficient as the centralized solver Ipopt.

Index Terms—Optimal Control; Nonlinear Programming;
Decomposition Methods; Overlapping; Parallel algorithms

I. INTRODUCTION
We study the nonlinear optimal control problem (OCP):

N-1
min x5, up) + zn), L
{zr},{ur} kZ:O gk( k k) gN( N) (1a)
st Ter1 = fe(@p,ur)  (Ak), (1b)
o = To (A1), (1c)

where x;, € R"= are the state variables; uy € R™* are the
control variables; A\; € R™* are the dual variables associated
with the dynamics (1b); A_; € R"» are the dual variables
associated with the initial conditions (1¢); gx : R™ xR"* — R
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(gn : R™ — R) are the cost functions; fi : R™ xR™ — R"=
are the dynamical constraint functions; N is the horizon length;
and o € R™= is the given initial state. We assume that fx, gx
are twice continuously differentiable, nonlinear, and possibly
nonconvex; as such, (1) is a nonconvex nonlinear program
(NLP). The problem of interest has been studied extensively in
the context of model predictive control [1] with applications in
chemical process control [2], energy systems [3], production
planning [4], autonomous vehicles [5], power systems [6],
supply chains [7], and neural networks [8].

In this work, we are interested in solving OCPs with a large
number of stages /N. Such problems arise in the settings with
long horizons, fine time discretization resolutions, and multiple
timescales [9]. Temporal decomposition provides an approach
to deal with such problems. In this approach, one partitions the
time domain [0, N] into a set of subdomains {[m;,m;41]}i".
One then solves more tractable subproblems over subdomains
in parallel, and their solution trajectories are concatenated by
using a coordination mechanism. Traditional coordination mech-
anisms include Lagrangian dual decomposition [10], alternating
direction method of multipliers (ADMM) [11], dual dynamic
programming [12], and Jacobi/Gauss-Seidel methods [13].
These decomposition approaches offer flexibility in that they
can be implemented in different types of computing hardware
that might have limitations on memory and processor speeds.
This is critical because the performance of centralized nonlinear
optimization solvers (e.g., Ipopt) degrades rapidly in resource-
constrained computing environments [14]. Unfortunately, while
Lagrangian dual decomposition, ADMM, and dual dynamic
programming are guaranteed to converge under a variety of
OCP settings, they often exhibit slow convergence [15]. This
highlights the existence of a fundamental trade-off between
the flexibility offered by distributed solvers and the efficiency
offered by centralized solvers.

Direct decomposition approaches have also been studied for
convex OCPs with long horizons. Specifically, such approaches
have been used to decompose linear algebra systems inside
interior-point solvers [16]-[23]. They also offer flexibility to
enable limited-resource-hardware implementations and, since
the methods are direct (as opposed to iterative), they do not
suffer from convergence issues. However, direct approaches rely
on reduction procedures (they are block elimination techniques),
and such procedures suffer from scalability issues. For instance,
parallel cyclic reduction, Schur, and Riccati decompositions
do not scale well with the number of states and/or control
variables. Moreover, we also highlight that iterative approaches
such as ADMM and Lagrangian dual decomposition often offer
more flexibility than direct decomposition methods in that the



amount of communication needed is limited (thus preserving
data privacy).

A recent study [24] has empirically tested the effectiveness
of a different decomposition paradigm for OCPs. Specifically,
the authors performed numerical tests with a temporal decom-
position scheme with overlaps (see Fig. 1). Here, overlapping
subdomains {[n},n?]}7 ;' are constructed by expanding the
non-overlapping subdomains {[m;, m;1]}._,' by T stages on
the left and right boundaries. Subproblems on the expanded
subdomains are solved in parallel, and the resulting solution
trajectories are concatenated by discarding the pieces of the
trajectory in the overlapping regions. The authors observed that,
as the size of the overlap increases, the approximation error
of the concatenated solution trajectory drops rapidly. However,
no quantitative analysis was provided. Subsequent work [25]
provided the first rigorous error analysis of such overlapping de-
composition scheme. The authors proved that, for strongly con-
vex OCPs with linear dynamics and positive-definite quadratic
stage costs that satisfy uniform controllability and boundedness
conditions, the error of the concatenated trajectory decreases
exponentially in 7. This result requires a sensitivity property
for convex OCPs that we call “exponential decay of sensitivity”
(EDS). This property says that the impact of parametric
perturbations on the primal solution trajectory {(x},u})}xr
decays exponentially as one moves away from the perturbation
stage. Unfortunately, the analysis in [25] does not apply for the
general nonlinear OCP (1) and thus has limited applicability.
Furthermore, we emphasize that the sensitivity on the dual
solution (even for convex case) is not resolved in that work,
and that the decomposition scheme analyzed there is only an
approximation scheme (not a convergent algorithm).

Recent work [26] has applied the overlapping decomposition
scheme for solving time-invariant nonlinear OCPs. This relies
on the observation that such a decomposition scheme can be
interpreted as a single iteration of an overlapping Schwarz
decomposition scheme. In particular, for solving nonlinear
OCPs, [26] partitions the time domain as in [24], [25],
but utilizes both primal and dual information from adjacent
subdomains to perform an iterative coordination to achieve the
convergence. The authors of [26] conjectured that the effect of
perturbations at two ends (that is initial and terminal stages) on
the primal and dual trajectory {(x},u}, A)}x (not only for the
primal trajectory as in [25]) decays asymptotically. Under this
conjecture, they proved that the overlapping Schwarz scheme
converges locally. The authors also provided empirical evidence
with a nonlinear OCP that, the perturbation effect decays not
only asymptotically, but indeed exponentially. That is, EDS
empirically holds for nonlinear OCPs just like for convex
quadratic OCPs as in [25], although a theoretical justification
for such behavior was not provided.

The work in [27] investigated primal sensitivity for nonlinear
OCPs. The authors showed that, under uniform second-order
sufficient condition, controllability condition, and boundedness
condition, EDS holds for primal solution of nonlinear OCPs.
This result generalizes the convex setup in [25] to a general
nonconvex nonlinear setup under the same conditions. The
generalization relies on a convexification technique, which
convexifies nonconvex problems to convex problems without

altering primal solutions (cf. Algorithm 1). However, the result
in [27] is not sufficient for studying the convergence of Schwarz
scheme in [26] because (i) a terminal perturbation is missing
and (ii) the dual sensitivity is not formally analyzed.

This paper extends the related literature [24]-[27] in the
following aspects. (i) We expand the results in [27] by enabling
a terminal perturbation, and more importantly, complement [27]
by showing that EDS also holds for the dual solution of nonlin-
ear OCPs. We emphasize that obtaining dual sensitivity from
primal sensitivity is not straightforward; and we emphasize that
the former has not been studied even in the context of convex
OCPs. To address this knowledge gap, we delve deeper into the
convexification technique in [27]; and show that, although the
dual solution is altered by convexification (not preserved like
primal solution), it is shifted only by an affine transformation
of the primal solution (cf. Theorem 3). With this relation, we
further provide a stagewise closed form of the dual solution (cf.
Theorem 4) and establish dual sensitivity (cf. Theorem 5). (ii)
By sensitivity analysis, we enhance the existing overlapping
decomposition and Schwarz schemes [24]-[26] by providing a
convergence analysis for time-varying nonlinear OCPs, which
cover a much wider range of applications than convex OCPs in
[24], [25] and time-invariant OCPs in [26]. Furthermore, our
primal-dual sensitivity analysis validates the conjecture in [26].
(iii) We prove that the overlapping Schwarz scheme enjoys
linear convergence locally, provided the overlap size 7 is
sufficiently large. We also show that the linear rate is given
by Cp™, where C' > 0, p € (0,1) are constants independent
of horizon length V. In other words, the linear rate improves
exponentially with the overlap size. As a special case, we also
show that the Schwarz scheme exhibits global convergence for
a linear-quadratic OCP setting (but potentially with nonconvex
objective). This result is of relevance, as it suggests that the
Schwarz method can be used to solve quadratic programs and
linear algebra systems inside second-order algorithms such as
sequential quadratic programming and interior-point methods.
Such a special case is still more general than [25] and requires
a fundamentally different proof technique. Our theory explains
favorable performance noticed in recent computational studies
that use this approach [28].

It is worth mentioning that a recent work [29] made use of
the established primal-dual sensitivity in this paper to study a
real-time online model predictive control algorithm. Although
this paper also solves nonlinear OCPs, there are significant
differences in problem setup, techniques, and results with
[29]. First, [29] solved (1) in an online fashion, where a
single Newton step is performed to solve the subproblem
inexactly, and then the system shifts to the next stage with
a new subproblem to be targeted. Online algorithms are a
special class of inexact methods for nonlinear predictive control
problems, mostly used for systems that require a fast reaction
to disturbances (for example, autonomous vehicles) [30]-[33].
In contrast, our approach solves a long-horizon problem (1) in
an offline fashion with a parallel environment, where problems
do not shift but are solved fo the optimality. Second, [29] relied
on the sensitivity (of linear-quadratic OCPs) to show a decay
structure of KKT matrix inverse, based on which [29] explored
Newton’s method and showed a linear-quadratic error recursion.
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Fig. 1. Overlapping Schwarz decomposition scheme for OCPs. Here, m; denotes non-overlapping subdomains boundaries; n}, nf denote left and right

overlapping subdomains boundaries; a:](f)

(e

is the state iterate at stage k in the ¢-th iteration; w), ) = (:I:I(f) ; u,(f> ; Agf)) is the primal-dual iterate at stage k in

the ¢-th iteration. Each subproblem depends on the initial state iterate coming from the previous subproblem, and the terminal primal-dual iterate coming from

the next subproblem.

In contrast, we rely on the sensitivity (of nonlinear OCPs)
to have an increasingly more accurate boundary primal-dual
iterates for subproblems and, hence, the subproblem solutions
are increasingly closer to the truncated full-horizon solution.
Third, [29] only showed the real-time iterates stably track the
solution (i.e. stay in a neighborhood), while we show the offline
iterates converge to the solution linearly with a quantitative
relation between the convergence rate and the overlap size.

Our work focuses on the convergence properties of overlap-
ping Schwarz scheme, which is a new and different paradigm
for decomposing OCPs compared to traditional approaches [10]—-
[13]. This approach is interesting in that it spans a spectrum
of algorithms that go from a fully centralized/sequential
communication pattern (the overlap is the entire horizon) to
a no-interaction communication pattern (no overlap). This
iterative approach thus provides flexibility to enable different
hardware implementations. The paper is motivated by the great
success observed in practice [24]-[26], [28], [34]. Prior to this
work, the convergence of overlapping decomposition schemes
has only been explored for restrictive linear-quadratic convex
cases. Here, we show that the Schwarz decomposition exhibits
linear convergence for general nonconvex OCPs (cf. Theorem
8). This provides an advantage over the widely-used ADMM,
whose convergence is established mostly for restrictive setups
that do not apply for (1). For instance, the standard result
only deals with convex problems [11], and the nonconvex
results in [35, Equation (2.2)] and [36, Equation (1)] do not
allow nonlinear dynamical constraints as in (1b). Furthermore,
we numerically demonstrate that overlapping Schwarz has
much faster convergence than ADMM and may be as efficient
as Ipopt (a centralized solver). This observation is important
because Ipopt is highly efficient but does not offer flexibility in
hardware implementations. Establishing convergence theory for
Schwarz scheme is also meaningful from a control practitioner’s
stand-point, as it explains the performance observed in many
recent computational studies. Moreover, the established theory
provides insights on how the scheme will behave when tuning
the overlap size 7. Our primal-dual EDS result also provides a

foundation for analyzing the behavior of a variety of algorithms
and approximations for predictive control [37]-[39].

The remainder of the paper is organized as follows. In
Section II we establish primal-dual sensitivity results for (1).
In Section III we describe the overlapping Schwarz scheme
and its convergence analysis. Numerical results are shown in
Section IV and conclusions are presented in Section V.

II. PRIMAL-DUAL EXPONENTIAL DECAY OF SENSITIVITY

In this section, we enhance the analysis in [27] and establish a
primal-dual sensitivity result for nonlinear OCPs that we call
exponential decay of sensitivity (EDS). We use the following
notation: for n, m € Z~g, we let [n, m], [n,m), (n,m], (n,m)
be the corresponding integer sets; also, [n] = [0, n]. Boldface
symbols denote column vectors. For a set of vectors {a;},.,
Qo = (@ . .. ;@) represents a long vector that stacks them
together. For scalars a, b, a Vb = max(a, b); a Ab = min(a, b).
For a set of matrices {4}, [T\, A= ApA_1--Ap
if m <n and I otherwise. Without specification, || - || denotes
either /5 norm for a vector or spectral norm for a matrix. For
a function f:R"™ — R™, Vf € R®*™ is its Jacobian.

A. Sensitivity Analysis and Primal EDS Results

We begin by analyzing the sensitivity of the primal solution.
Most of the results in this subsection are presented in [27], but
we revisit them for completeness and to lay the groundwork
for the new dual sensitivity in Section II-B. We rewrite (1)
by explicitly expressing the dependence on external data
(parameters) as

N-1

min Y (@, wr di) + gy (Tn dy), (2a)

{med 120

{ur} "7

St. Tpy1 = fk(fl:k,’uk;dk), ke [N — ].], ()\k) (2b)
xo = To, (A_1). (20)

Here di, € R™ and d_; = & are the external problem data.
In what follows, we let z; = (xg;ug), wr = (zx; Ax) for



ke [N—l], andwy =zy =xzyandw_1 = A_1. T = To.N
(similar for u, d, A\, z, w) is the full vector with variables being
ordered by stages. We also denote z = (z,u), w = (x,u, A)
for simplicity. We let n, (similar for 1., nq, nx, Nz, M) be
the dimension of «.

The Lagrange function of (2) is

Lr(zr,Ak—1:15d1)
N-—1

L(w;d) = Z gk (2 dy) + X_ xp, — A} fr(zh; dy)
k=0
. T T
+ gN(ZN7 dN) + ANfle —Aild,]_.
LN(2N,AN-1;dN)

Suppose that w*(d) = (z*(d), u*(d), \*(d)) is a local mini-
mizer of (2) with unperturbed data d. Sensitivity analysis char-
acterizes how the solution trajectory w*(d) varies with respect
to perturbations on d. In particular, we let [ € R™¢ be the
perturbation direction of d and let the corresponding parametric
perturbation path be:

d(h,1) = d+ hl + o(h).

3

Then we define directional derivatives of solution trajectories as

s(d(h, 1)) — @ (d
pz’_flli{%x (d( 2) zi(d) Vk € [N], (4a)
, d(h, 1)) — u*(d
gt = Jim DI e (v
Cz :}111{% )‘k(d(hal)h) — )‘k(d>, vk € [_LN _ 1]. (4¢c)

Sensitivity analysis is equivalent to bounding the magnitude of
directional derivatives. We are particularly interested in bound-
ing ||pt|l. llgxll, ||| when only d; is perturbed. That is we
enforce | = e;, where e; € R"< for i € [—1, N] is any unit
vector with support within stage <.

Definition 1 (Reduced Hessian). For k € [N —1], we let A, =
VI fe(Zridi), By = VL, fr(zr; di), Cr = VY, fr(zk; di),
and Hessian matrices be

Qr ST Vi L, V2. Lk
Hy(wyg; dy) = ( k) = T, Tpuk ,
S Ry v%kwkﬁk Vikﬁk

Dy(wi;dy) = (Der Di2) = (Vi 2. L0 Va,u, Lr)

together with Hy(zn;dy) = V?DNEN(zN,)\N,l;dN) and
Dn(zn;dy) = VfiNmNEN(zN,/\N_l;dN). The evalua-
tion point of Ay, By, Cy is suppressed for conciseness. We
also use QN and Hy interchangeably. In addition, we let
H(w;d) = diag(Hy,...,Hy) € R"=*"= and let Jacobian
matrix G(z;d) € R"*"= (which has full row rank) be

I
—Ag —Bg I
—Ay -By I
—ANn-1 —Bn-1 ]

Let Z(z;d) € R"=*"u (n,, = n, —ny) be a full column rank
matrix whose columns are orthonormal and span the null space
of G(z;d). Then the reduced Hessian is defined as

ReH(w;d) = Z"HZ.

We then introduce three assumptions to establish sensitivity:
uniform second-order sufficient condition (SOSC), controlla-
bility, and boundedness. Recall that d is the unperturbed data
with w*(d) being a local solution. We drop d hereinafter from
the notation and denote the solution as w*.

Assumption 1 (Uniform SOSC). At (w*;d), the reduced
Hessian of (2) satisfies ReH (w*;d) = vy I for some uniform
constant yg > 0 independent of horizon N.

Assumption | requires the Lagrangian Hessian to be positive
definite in the null space of the linearized constraints (instead
of in the whole space). The uniformity in Assumption 1 means
the independence of vy from N.

Definition 2 (Controllability Matrix). For any k € [N — 1]
and evolution length t € [1, N — k], the controllability matrix
is given by

Skt (Zrekrt—15 Akt —1)
:( Brit—1 Akyt—1Brit—2 ... (I—H;ll Ak+l)Bk) S Rantn",
where { A} (B!

Assumption 2 (Uniform Controllability). Ar (z*;d), there
exist uniform constants yc,t > 0 independent of N such that
Vk € [N —t], 31 <t <t and such that

evaluates at {(z;; dz)}fi;ﬁfl

= =T
Skt Skt = P)/C-[a
where Zy 4, evaluates at (2};; .y 15 Akt —1)-
The controllability condition is imposed on the constraint
matrices. It captures the local geometry of the null space, which
follows the notion of uniform complete controllability, intro-

duced in [40, Definition 3.1] and used in sensitivity analysis
in [25, Definition 2.2].

Assumption 3 (Uniform Boundedness). A7 (w*; d), there exists
a uniform constant X ., independent of N such that || Hy || <
Ypper and Vk € [N —1]:

[HRVAIDE Y ARV BV I CrIT < Tupper-

The following result shows that pj, g, ¢} in (4) are the
solution of a linear-quadratic OCP provided SOSC holds at w*.

Theorem 1 (Sensitivity of Problem (2)). Consider OCP (2),
and suppose d is perturbed along the path (3). If w* satisfies
SOSC, the directional derivatives (p},qy.,Cy,) defined in (4)
exists and is the primal-dual solution of the problem:

N-d Py T Qr S,’f D; P
> (%) (5 mee)()
T T
o) (g )(m) o

S.t. D1 = Ak:pk + Bk:qk + Cklk? (Ck) (Sb)
Po = lfla (Cfl)' (SC)

Here, (_,.n_4 are dual variables associated to constraints.
All matrices are evaluated at (w*;d).

min
{pw}
{ax}

Proof. See [41, Theorem 5.61] for the proof. Observe from the
structure of G(z; d) in Definition 1 that the linear independence



constraint qualification (LICQ) holds with any (z; d). Thus, the
results hold for any perturbation direction [. O

Let &, = (pr;qriCy) for k€ [N —1],and £, =¢_, and
&y = py- Further, £ = (p,q,{) = §_;.y (similar for p, q,¢)
is the full vector with variables being ordered by stages. From
SOSC (cf. Assumption 1), LICQ, and [42, Lemma 16.1], we
know that £* = (p*, ¢*,¢”) is unique global solution of (5).
However, the indefiniteness of the Hessians H;, in Problem (5)
brings difficulty in analyzing the solution of (5) obtained from
the Riccati recursion. Thus, [27] relied on the convexification
procedure proposed in [43], which transfers (5) into another
linear-quadratic program whose new matrices Hj, are positive
definite. The procedure is displayed in Algorithm 1. One inputs
quadratic matrices {Hy, Dy, Ak, Bk, Ci} of Problem (5), and
then obtains new matrices {ﬁ ks Dk} The constraint matrices
{Ag, By, Cy} need not be transformed. As shown in [27],
with a proper set of 5 > 0, Algorithm 1 preserves the primal
solution. We will show later that Algorithm 1 shifts the dual
solution.

Theorem 2 (Primal EDS). Let Assumptions 1, 2, 3 hold at the

solution w* of Problem (2). Then there exist constants T > 0,

p € (0,1), which only depend on constants in the assumptions

and hence are independent of horizon length N, such that

(a) if L= eq, Vi € [N, then |[pi|l V llgill < Yo"~ for
k€[N —1] and ||py|l < TN

(b) if U= e_, then ||pi| V | qill < To* for k € [N — 1]
and ||| < TpV.

This is [27, Theorem 5.7]' and indicates that the impact
of a perturbation on d; on the primal solution z} at stage k
decays exponentially fast as one moves away from stage 1.

B. Dual EDS Results

We now present dual sensitivity for (2) based on convexifica-
tion procedure in Algorithm 1. As shown in [27], because of the
positive definiteness of H;,, the convexified problem (obtained
by replacing { Hy, Dy} in (5) with outputs {ﬁk, ﬁk}) also has
a unique global solution. Thus, we need to understand how the
dual solutions are affected by convexification. We will show
from the Karush-Kuhn-Tucker (KKT) conditions (i.e., the first-
order necessary conditions) that Algorithm 1 shifts the dual
solution by an affine transformation of the primal solution. In
what follows, we use LOP to denote Problem (5) defined with
original matrices {Hy, Dy}, and CLOP to denote Problem
(5) defined with convexified matrices { Hy,, Dy }. Furthermore,
£ = (p©*, g%, ¢*) denotes the (global) primal-dual solution
of CLQOP. Recall that, by Theorem 1, (p*, g*, ¢*) is the global
solution of LOP.

The following result establishes a relationship between the
solutions (p*, ¢*,¢*) and (p°*, q°*, ).

Theorem 3. Under Assumption 1, we execute Algorithm 1 with
B € (0,vpr) for LOP. We then have that

* Cx 2
¢ =¢" —2Qp",
'We note that Problem (2) is slightly different from the one in [27], in

that [27] does not include the terminal data dp . However, with fairly slight
adjustment, their Theorem 5.7 can be extended to the case I = ey .

p*=p", q =q¢~ 6)

Algorithm 1 Convexification Procedure

1: IPPUti {HkaDk}liV:O’ {Akak’Ck}kN:_Ol’ B>0;
2 Hy =Qn = S1;

3 QN =0QnN — QN;

4: for k=N —1,...,0do

Qk Sk Dgl Qr S{ DIy
Sy Ry DE )=\ S» R DF,
Dy1 Dy % Dg1 Dg2 O

AT
+| B ) Qr41(Ax Br Cr)
Ci

6: Qk = S R 1Sk + I
~ Qr SF

i = <5k Rk)
Qr = Q1 — Qu;

9: end for
- Output: {H}Y_. {Di}r ' Dn(=

~

®

Dy).

—
j=3

where Q = diag(Qo, ..., Qn) with {Qx}Y_, is defined in

Algorithm 1 recursively.

Proof. See Appendix V-A. O

Using (6), we first focus on CLOP and establish the expo-
nential decay result for ¢“*. Then we use relation (6) to bound
¢*. The motivation is that some nice properties of { Hy, Dy}
does not hold for { Hy, Dy, }, which brings difficulties to directly
study LOP.

The following theorem provides the stagewise closed form of
the dual solution for linear-quadratic problems (either LOP or
CLOP). Our notation is the same as [27, Lemma 3.5], which
provides the stagewise closed form of the primal solution.

Theorem 4. Consider LOP under Assumption 1. Suppose
(p*,q*) is the primal solution. Then the dual solution {* at
each stage is:

N

Cr = —2Kp11D5 41 +2 Z (MFHTL
i=k+1
N-1
+2 Y (VFEYTCl, Vke[-1L,N 1], ()
i=k+1

with Ky = Qn, Dy1 = Dy, Dy2 =0, and Vk € [N — 1],

Wi, =Ry + Bj; Ki1 By,
Ky = — (B Kyp1 A + Sk) "W Y (B Kys1 Ay + Sk)
+ Qk + AL K1 Ay,

Py = — W, (B Kgp1 Ak + Sk),
Ek :Ak +kak,
Vi =-Kin [] B, Vie [N —1],
j=k
i—1
M} = — (Ds1 + DinP;) H E;, Vi€ |[N].
j=k

We obtain a similar formula for (¢ of CLQP, where one
replaces {Hy,, Dy} in the above recursions by {Hy, Dy }.



Proof. See Appendix V-B. O

We now study the dual solution ¢“* of CLQP. To enable
concise notation, we abuse the notation Ky, M¥, V¥, and so on
to denote the matrices computed by {Hy, Dy }. The following
lemma establishes the exponential decay for ¢*.

Lemma 1. Let Assumptions 1, 2, 3 hold at the unperturbed
solution w* of Problem (2). We execute Algorithm [ with
B € (0,vg). Let £ be the optimal dual solution of CLOP.
Then there exist constants X' > 0, p € (0,1), independent of
N, such that for any k € [-1, N — 1],

(a) if l = e; for i € [N], then ||C5¥|| < Y/ plk+1=il;

(b) ifl = e_y, then ||C|| < Y/pFHL.

Proof. See Appendix V-C. O

We note that the constant p in this result is the same as the
one used in Theorem 2. Combining Lemma 1 with Theorem 3,
we can finally bound the dual solution for LOP.

Theorem 5 (Dual EDS). Let Assumptions 1, 2, 3 hold at
the unperturbed solution w* of Problem (2). Then for any
k € [-1,N — 1], Lemma 1 holds for {}, with some constants
T >0, p € (0,1) that are determined by constants in the
assumptions and hence are independent of N.

Proof. See Appendix V-D. O

Combining Theorems 2 and 5, we get the desired primal-dual
EDS result. The perturbation on the left and right boundaries
{—1, N} are of particular interest in the following sections.
Redefining T < v/3max(Y,Y"p~1) yields the following’:

(a) if L = ey, then ||&f| < TNk,

(b) if I = e_y, then ||€;|| < TpF,
where &5 = (p}; q};Cy) is defined in (4). The above exponen-
tial property plays a key role in the analysis of the algorithm.

III. OVERLAPPING SCHWARZ DECOMPOSITION

In this section we introduce the overlapping Schwarz scheme
and establish its convergence.

A. Setting

The full horizon of Problem (1) is [/N]. Suppose T is the
number of short horizons and 7 is the overlap size. Then we
can decompose [INV] into T consecutive intervals as

T-1

U [miv mi+1]a

=0

[N] =

where mg =0 < my < ... < mg = N. Moreover, we define
the expanded (overlapping) boundaries:

ny = (m; —7)VO0, n?=(miy +7)AN.

(®)
Then we have [N] = Uz:ol [n},n?] and

[mi, myy1] C [n},nf], Vie [T —1].

2This is because ||€%] < v3(||pLll V [lgkll Vv ICE]). One can apply
Theorem 2 for bounding ||p} || V ||g}|l and Theorem 5 for bounding || |-

In the overlapping Schwarz scheme, the truncated approxima-
tion within the interval [m;, m;1] is obtained by first solving a
subproblem over an expanded interval [n},n?], then discarding
the piece of the solution associated with the stages acquired
from the expansion (8). We now introduce the subproblem for
the expanded short horizon [n},n?]. For any i € [T — 1], the
subproblem P; for the interval [n},n?] is defined as

n?—l
min Tp,Up) + Gp2(Tp2; w,2), 9a
(i} {ur) k:Zn; Sl )+ G (B o) o
st Tpy1 = fu(ze,w), k € [n},n? —1], (Ay) (9b)

Here, §,2 (x,2; W,2) is the terminal cost function adjusted from
9n2 (wn27 Up2 ) It is parameterized by ﬂ)nz = (inZ ; ﬁn27 AnQ)
and is formally defined as

_ T _
g’”/? (w7l?’u’rbf) - An?f'”? ($7L?7u7l?)
gnf(wnfv’wnf) = +%”mnf — T2, i€[T'—2],
gN (TN ), i=T-1,

where p is a uniform penalty parameter that does not depend on
1. In other words, p is set uniformly over all subproblems. When
1 # T — 1, the terminal cost is adjusted by a dual penalty and
a quadratic penalty on the state. Intuitively, the dual penalty
reduces the KKT residuals, while the quadratic penalty ensures
that SOSC holds for subproblems provided it holds for the full
problem and p is set large enough (see Lemma 2). The formula-
tion (9) is adopted from [29], which differs from the one in [26].
In particular, [26] imposed assumptions on subproblems, while
we impose (standard) assumptions directly on the full problem,
which is more reasonable. An alternative subproblem formula-
tion can be found in [44, (5)], where the terminal adjustment
on the cost is replaced by a terminal constraint.

We note that Problem (9) is a parametric subproblem with
P; = Pi(Z,1,W,2). The parameter (Z,1,w,z2) consists of
the primal—dtfal data on both ends of the horizon (i.e. domain
boundaries). Each time we have to first specify the parameter
and then solve the subproblem. For ¢ = 17" — 1, w,,2 is not
necessary (see the definition of gy (-)). The formal justiﬁcation
of the formulation in (9) will be given in Lemma 3.

Definition 3. We define the following quantities for subproblem

P; with i € [T —1]:

(a) we let wy;) be the primal-dual variable of P;, i.e. wj;) =
(At —15 Wtz 15T p2).

(b) we let w;y be the primal-dual variable of P; on the non-
overlapping subdomains, i.e. W(;) = Wy,.m,,,—1 (for the
boundaries, w ) and w(r_y), are adjusted by letting
w(o) = w_1:m1_1 and ’IU(T_l) = ’me_l:mT).

(c) we let w|_;) be the parameter variable of P;, i.e. w|_; =
(:cn% ; wnf) (the boundary w|_(p_y)) is adjusted by letting
W(—(T-1)] = Ty )

(d) we let np), ney), n—; be the corresponding dimensions
of W), W), Wi

(e) we let 'wEri](-

of P;, i.e. w

: RM-4 — R™ be the solution mapping

— ~—

i (wi—q)) is a local solution of Pi(w_).
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Fig. 2. Schematic of restriction operation.

(f) for k € [n}—1,n2], we use Ty,(wy;) to extract the variable
on stage k of wy;); we also use T(;(wy;)) to extract
variables of wy; that are on non-overlapping subdomains.

The solution of P;(-) may not be unique. The issues of the
existence and uniqueness of the solution will be resolved in
Theorem 6. For now, we assume that the solution wfi] (+) exists
and consider this as one of the local solutions.

We now formally present the overlapping Schwarz scheme in
Algorithm 2. Here, we use the superscript (-)*) to denote its
value at the /-th iteration. In addition, we suppose that the
problem information (e.g. {fx}n o' {gx}A_,) and the decom-
position information (e.g. {m;}., and {[n},n?]}2 ;') are
already given to the algorithm. Thus, the algorithm is well
defined using only the initial guess w(®) of the full primal-dual
solution as an input. Note that :1:80) should match the initial
state o given to the original problem (1).

Starting with w(®), the procedure iteratively finds the primal-
dual solution w® for (1). At each iteration £ = 0,1, ..., the
subproblems {Pz(wff)y]) I-,L are solved to obtain the short-
horizon solutions wEri] (wfg]) over the expanded subdomains
{[n},n2]}L. Here, we note that the previous primal-dual
iterate enters into the subproblems as boundary conditions
wfz] = (mifl),wifg) This step is illustrated in Fig. 1. The
solution is then restricted to the non-overlapping subdo-
mains {[m;, m;41]}_," by applying the operator Ty (-) (cf.
Definition 3(f)), which is illustrated in Fig. 2. After that,
one concatenates the short-horizon solutions by w1 =
(wgé)ﬂ); cos wgfptll))). We do not explicitly write this step in

Algorithm 2 since updating the subvectors wgf)) of w®) over

i € [T — 1] effectively concatenates the short-horizon solutions.
In Proposition | we provide stopping criteria for the scheme.

Observe that, unless 7 = 0, the boundary conditions wff)ﬂ
of subproblem i are set by the output of other subproblems
(in particular, adjacent ones if 7 does not exceed the horizon

Algorithm 2 Overlapping Schwarz Decomposition

1: Input: w(©®

2: for £ =0,1,... do

3 for (in parallel) s =0,1,...,7 —1 do
& wi™ =T (wf (w(?):

5 end for

6: end for

7. Output: w®

lengths of the adjacent problems). Thus, the procedure aims to
achieve coordination across the subproblems by exchanging the
primal-dual solution information. Furthermore, one can observe
that n},n? are at least T stages apart from [m;, m;41). This
guarantees all iterates improve (as shown in the next section)
because the adverse effect of misspecification of boundary
conditions has enough stages to be damped. We can hence
anticipate that having larger 7 makes the convergence faster at
the cost of having moderately larger subproblems.

We emphasize that Algorithm 2 can be implemented in
parallel, although the subproblems are coupled. This is because
subproblems are parameterized by boundary variables {w_;; =
(@,15wy2)}i (as defined in Problem (9)) and, in each iteration,

once {wff)i }: are specified all subproblems can be solved
independentiy. To ensure convergence, we require information
exchange between subproblems after each iteration. This is
similar in spirit to traditional Jacobi and Gauss-Seidel schemes.

B. Convergence Analysis

We now establish convergence for Algorithm 2. A sketch of
convergence analysis is as follows. (i) We extend Assumptions
1, 2, 3 to a neighborhood of a local solution w* of Problem
(1). (i) We show that wErl.] (w’[*_i]) = w[*i]. (iii) We bound
the difference of solutions wfﬂ (w;_;) and wfi] (w[_;) by the
difference in boundary conditions ||w[_; —wi_; || using primal-
dual EDS results in Section II. (iv) We combine (i)-(iii) and
derive an explicit estimate of the local convergence rate.

Definition 4. We define ||(+)||w as the stagewise max {a-norm
of the variable (-). For example,

2o = l2ell Vllaell, ol = 2l VA,
lwlo =, max il gl = leal V w,el
il = 1ny o]V i eV ]

i

Further, we define N () as the (closed) e-neighborhood of the
variable (-) based on the norm ||(-)||w. For example,

Ne(zf) = {zx € R"™k ¢ ||z, — 2} [l < €},
N (w}) = {wy € R™* : [lwy — willw < €}

Similarly we have N(w*), M(wr—z‘])’ Ng(wf‘i]).

The norm ||(+)||+ in Definition 4 takes the maximum of the
{5-norms of stagewise state, control, and dual variables over
the corresponding horizon. One can verify that it is indeed a
vector norm (triangle inequality, absolute homogeneity, and
positive definiteness hold). With Definition 4, here we extend
assumptions in Section II, which are stated for a local solution
point, to the neighborhood of such a local solution. In what
follows, we inherit the notation in Definition 1 but drop the
reference variable d. We denote Ay, Bj, to be the Jacobian of
fr(xk, ug) with respect to @) and wg, respectively. Hy, is the
Hessian of the Lagrange function with respect to (xzj, ug).

Assumption 4. For a local primal-dual solution w* of Problem
(1), we assume that there exists € > 0 such that:



(a) There exists a uniform constant yg > 0 such that

ReH(w) = vy,
for any w = w_1.n with wy, € No(w}) for k € [n},n?]
for some i € [T — 1], and wy, = w} otherwise.

(b) There exists a uniform constant (e, such that Vk € [N]:
[ Hy(wi) | V[ Ak (zi) | V(| Be(z6)ll < Luppers

for any wy, € N (w}).
(c) There exist uniform constants vc, t > 0 such that Vk €

[N —t] and some ty, € [1,1]:

Sty (Zhkatn—1)Zh by (Zrokat—1) T = vel,

for any zjqt,—1 € NE(zZ:k+tk71)~

We now show that the subproblem’s solution recover the
truncated full-horizon solution if perfect boundary conditions
are given. We first state the following lemma, which adapts [29,
Lemma 1 and Theorem 1] and suggests that the subproblem
formulation (9) inherits uniform SOSC from the full problem,
provided p is sufficiently large.

Lemma 2. Let Assumption 4 hold for the local solution w*

of Problem (1) and € > 0. There exists ji depending on

(Tuppe,,’yc, t) only such that if > fi, wp; € Ne(w Z) and
(—i] € No(w? ) then the reduced Hessian of subproblem

77 (w_y) at w[l] is lower bounded by vy as well. That is,

ReHi(w[i]; ﬁ)[,i]) > vul,
where ReH i(w[i];ﬁ)[,i]) denotes the reduced Hessian of
Pi(w(_;)) evaluated at wy;), defined similarly as in Definition 1.

More precisely, we see from [29, (15)] that

1 6Tupper ( Tﬁf,per - Tﬁéper )

V2

n= ,H(Tupper; e, t) = (10)
However, the above expression is only a conservative bound
for p. In our experiments, we will see that ;1 = 1 works well
for different nonlinear OCPs.

Lemma 3. Let Assumption 4 hold for the local solution w* of
Problem (1) and € > 0. We choose i > [i defined in Lemma 2.
Then, for any i € [T'—1], w; is a local solution of Pi(w[_).

Proof By Lemma 2, we know that the reduced Hessian of
Pi(w}t_ ) evaluated at 'w,L is lower bounded by ~g. Thus,
it suffic ces to show that w satisfies the KKT conditions for
Pi (w[fd) First, we write the KKT systems for Problem (1):

mGgk<zk) + Ap—1 — A;;F(zk))\k7 Vk € [N — 1],

Vaurgr(21) = By (1) Ak, Vk € [N —1],
0= Vaeygn(@n)+ An_1,
xpi1 — fr(zr), Vk € [N —1],
o —(ﬁo.
(11)

Analogously, the KKT system of P;(w_;) is

Ve, r(2k) + A1 — A (zi) Ak, Vk € [n},n?),
Vurgk(2k) — BJL (1) Ak, Vk € [nj,n),
0 = { Va2 0n2 (Tn2i Wn2) + Apz 1,
Tp1 — fe(2k), Vk € [nj,n3),
Tyl — jn}a
(12)

— Al (T2, Up2) A2
ie T2,
1=T—1.

vmn? gn? (wn? ’ ﬁn?)
B +,LL($n$ - inf)v
vagN(wN),

One can see from the satisfaction of KKT system (11) for the
full problem (1) with w* that (12) is satisfied with wf‘z.] when
w[_;) = wi‘f i This completes the proof.

We now estimate errors for the short-horizon solutions. The
next theorem characterizes the existence and uniqueness of the
local mapping w?i](-) from the boundary variable w[_; to the
local solution of P;(w_;).

Theorem 6. Let Assumption 4 hold for the local solution w* of
Problem (1) and € > 0. We choose 1 > [i defined in Lemma 2.
Then, for any i € [T — 1], there exist ¢ > 0, ¢ € (0,¢)
and a continuously differentiable function w Ng(w[ z])

Ne (wfy) such that, if boundary variable w ] € Ng(w[ i)

then 'wTZ. (w(_;)) is a unique local solution OfP (wi_;)) in the
neighborhood Nr(wf;).

Theorem 6 is a specialization of the classical result of [45,
Theorem 2.1]. Since wTZ. is differentiable, we analogize the
directional derivatives definitions in (4) and, for any point
w|_; and perturbation direction I, define

wl (w_y)

to-
w L (wi_gq + hl + o(h)) —
toe oy [\ P 1=i]
&y (@-q, 1) = lim -

as the directional derivatives of w % ]( (—i)). Here, we disregard
the perturbation for stages [n},n?) since in the formulation of
subproblems (9), only stages n} —1 and n? are perturbed. Imple-
menting the exact computation of wEfi] (w)_;) is challenging. In
practice, one resorts to solving P;(w[_,)) using a generic NLP
solver, and the solver may return a local solution outside of
the neighborhood N/ ('wfi]). Strictly preventing this is difficult
in general. Fortunately, by warm-starting the solver with the
previous iterate, one may reduce the chance that the solver
returns a solution that is far from the previous iterate. Thus,
in our numerical implementation, we implement Algorithm 2
by using the warm-start strategy.

The next result characterizes the stagewise difference be-
tween wEri] (w(—;)) and w?i] (wi_;)-

Theorem 7. Let Assumption 4 hold for the local solution w* of
Problem (1) and € > 0. We choose i > [i defined in Lemma 2,
and § > 0 defined in Theorem 6. For i € [T — 1), if boundary



variable w|_; € N (wf‘ﬂ.]), then there exist constants T > 0
and p € (0,1) independent from N and i, such that

Tk fw] (@) — wiHlw < T{pF
+ " M,z — whellw}, VK€ [} - 1,07,

Proof. We define Ax,, 1 =¥ l—ac 1, Aw z—'w n2
and an intermediate boundary variable Wi = (m 1L Wy, z).

(13)

wn2,

Then w|_; € Ng(w[ l]) and thus 'w[z]( i]) exist. We have
w[Tz‘] (wi—q) — w[i] (wi_y) (14)
= {wy(@y) — wy (@)} + {wly (@) - w(w] )}

The first term corresponds to the perturbation of the initial
stage, while the second term corresponds to the perturbation of
the terminal stage. Let us define two directions I and I, as:

C_fo. iflael=o
1= Tpl .
HAmn; T otherwise,
l OA if [[Aw,z[| =0,
= w
2 ”Aw:i r otherwise,

and accordingly the perturbation paths Py = {w|_; + sl; :

s €0, ||A:1:n11 (]} and Py = {)_; + sl : s € [0, HAwnzH]}

Along Py the boundary variable changes from w|_; to w_y;

and along P the boundary variable changes from w_; to

w[*_ 1+ We can easily verify from Definition 4 that any points on

P1 U P, are in the neighborhood Ns(w ) Thus by Theorem 6,
(Py U P,) exists and lies in Mo/ (

LIlhe perturbations along the path P; UIL-lg will be analyzed us-
ing Theorems 2 and 5. We first check that Assumptions 1, 2,
3 hold at wEri] (w[,i]) over wi_;] € Py U P>. Assumption 1
holds at each wy, ]( [—i]) by Assumption 4(a) and Lemma 2.

Assumption 2 holds at each wm( (—i]) by Assumption 4(c).
For Assumption 3, we know Hy, Ay, By for k € [ f) are
upper bounded by Assumption 4(b); further, one can verlfy that
H,z, C,L , and D> are also uniformly bounded by inspecting
Pi(-) and noting that 14 s a parameter 1ndependent of N and
i. Thus, Assumptions 1, 2, 3 hold at each wm (w—;)) over
w_; € P UPB.

By Lemma 3, for any i € [T'—1] and k € [n}, n?], we have

[* Hiew
(@) —wl (w
(4 _
§ HTk{w[i] (w[—i)) — w[i] (wi-

+ | Tefw] (@) — w

1T {wl, (w_y) —

= I\Tk{'w i) Hlw

i) Hlew
W) Hw-

Rewriting the first term of the right-hand side of the inequality
in (15) and using the integral of line derivative yields

||Tk{w[l](

il (15)

)~ wly @)

Az,
/ C T{g] (@ + sl ) s
0

w

Az, 1H
< [ g o + stas)Hluds
0

< | Az || - YpE,

where the second inequality follows from triangle inequality
of integrals and the third inequality follows from Theorems 2
and 5. Similarly, the second term in (15) can be bounded by
Yo"k Aw,z || < v/3Yp" k|| Aw,2 || where the inequal-
ity is due to l '

1Aw,2 | < VB([|AZ 2 || V | Az || V[ ANz )
= V3| Aw,z2 -

Thus, combining these results with (15) and letting Y < V3T,
we obtain (13). This completes the proof. O

Theorem 7 provides a proof for the conjecture made in [26,
Property 1]. It shows that the effect of the perturbatlon of
the boundary variable w;_; of P; on the solution w; (w—;)
decays exponentially as moving away from two bouncgary ends.
Here, the unperturbed data is w*ﬁi], and by Lemma 3, the
truncated full-horizon solution is the unperturbed subproblem
solution, i.e. w[Ti] ('w[*fi]) = w[*i]. However, since wf;i] is
unknown, the algorithm uses the previous iterate to specify
the boundary variable, which results in a perturbation of wj_ i
Suppose we perturb w[*fi] to w(_;, which corresponds to
the perturbation of both initial and terminal stages. Theorem 7
makes use of the EDS property in Theorems 2 and 5 and shows
that the stagewise error brought by the perturbation decays
exponentially. In particular, for k € [m;_1,m;|, we note that
k— nll N nf — k > 7, which implies the stagewise error within
[m;—1, m;] has been improved by at least a factor 2Y p”. Thus,
if 7 > 1og(2Y)/log(1/p), we can observe a clear improvement
for middle stages [m;, m;41]. This justifies discarding iterates
for the subdomain overlaps and concatenating iterates of the
non-overlapping subdomains.

We are now in a position to establish our main convergence
result. Based on Lemma 3 and Theorem 7, we establish the
local convergence of Algorithm 2.

Theorem 8. Let Assumption 4 hold for the local solution w* of
Problem (1) and € > 0. There exist parameters i1, T > 0, and a
constant § > 0 such that if > fi, 7 > 7, and w®) € Nz(w*),
the following holds for £ =0,1,---:

[w® — w* ||y < afflw® (16)

— W |w,
where o« = 2 p7 is independent of N.

Proof. We choose [ in Lemma 2, 7 = [log(2Y)/log(1/p)] +
1, and 6 defined in Theorem 6. Then o < 1. We first show

9 € Ns(w*) for £ = 0,1,... using mathematical induction.
The claim trivially holds for ¢ = 0 from the assumptlon
Assume that the claim holds for ¢; thus 'w | € Ns(wi_y).
From Theorem 7 and noting that for any ¢ e [T —1] and any
Vk € [mi,miz1), kK —nt An? —k > 7, we obtain

o ’

< —wl_gllw < afw' —w*

— wilw < ofw?;
Taking maximum over k£ on the left hand side,

[ — w* ]l < aflw® — w* .

17)

From o < 1, we have w(**!) € Ns(w*) and the induction is
complete. Recursively using (17), we obtain (16). O



Theorem 8 establishes local linear convergence of Algorithm
2. In summary, if SOSC, controllability condition, and bound-
edness condition are satisfied around the neighborhood of the
local primal-dual solution of interest, the algorithm converges to
the solution at a linear rate (provided that the overlap size 7 is
sufficiently large). Furthermore, the convergence rate o decays
exponentially in 7. One may observe that the overlap size may
reach the maximum (i.e., [n},n?] = [0, N] for i € [T — 1))
before o < 1 is achieved. In that case, the algorithm converges
in one iteration (it becomes a centralized algorithm). However,
since T and p are parameters independent of N, when a
problem with a sufficiently long horizon is considered, one can
always obtain the exponential improvement of the convergence
rate before reaching the maximum overlap. The argument states
the existence of fi, 7 and §. The expression of i is provided in
(10); 7 is selected by enforcing o = 2Tp™ < 1 so that 7 =
[log(2Y)/log(1/p)] + 1. Here, T, p are constants from Theo-
rem 7, originating from the sensitivity analysis presented in the
end of Section II. Their expressions in terms of the constants
in Assumption 4 can be found in [27], but we do not present
them here observing that they are often conservative in practice.
As typical for local convergence analysis for NLP, the local
radius § is not accessible due to the intrinsic nonlinearity of the
problem (e.g., see Theorems 11.2 and 18.4 in the textbook [42]
for comparison), while it is also not required for performing
our algorithm.

As stated in Theorem 8, Algorithm 2 has two tuning param-
eters p and 7, where the former is the penalty parameter for
the subproblem (cf. (9)) and the latter is the overlap size. We
note that the quadratic penalty is only added to the terminal
state variable. Thus a very large p is equivalent to fixing the
terminal state x,,2 at &,,2. We can let 11 be large to ensure the
condition p > ji to be satlsﬁed though our experiments show
that a moderate p also works well in practice. On the other
hand, a larger 7 implies faster convergence, but also results in
longer subproblems. In practice, we may tune 7 to balance the
fast convergence rate and the increased subproblem complexity.
Moreover, one benefit from our analysis is that tuning ;2 and
7 is independent from horizon length N. Thus, we only target
the subproblems with fixed, short horizons to tune y and 7, and
the same parameters work even when N is extremely large.

The convergence of Algorithm 2 can be monitored by
checking the KKT residuals of (1). However, a more convenient
surrogate of the full KKT residuals can be derived as follows.

Proposition 1. Let {w(e)}?';o be the sequence generated by
Algorithm 2 with T > 1. Any limit point of the sequence satisfies
the KKT conditions (11) for the full problem (1) if the following
is satisfied for i € (0,T) as £ — oco:

i (€) (L+1) _,
{Tmi, (33[Z Tl] (wE )(2;1)])) (efi?)m — 0,
Tmifl()‘[z]( [~ ])) A — 0.

Proof. Recalling that each w[](wf )i]) satisfies the KKT

conditions of P(w ()i ), one can observe that the KKT
conditions (11) for the full problem (1) are violated only
in the first equation of (11) over k € {mz} % and in the
fourth equation of (11) over k& € {m; — 1};;'; and the

A+

mi—1

residuals at iteration £ + 1 are T}, ()\Erz]( w) )]))

and Tm,( Ty (wl(f)(i_l)])) — acgffl) respectively. Therefore,

by the given condition, we have that (11) is satisfied for any
limit points of the sequence. O

Accordingly, we define the monitoring metrics by

G = ! 2 2+
pr g(l(?)T() 1T (g (w(Zs 1)) — Il,
() _ T (0) (+1)

€au = §3>T<)||Tm Ay Z)) = A2

and then set the convergence criteria by

stop if: €{f) < €' and e(e) < el

for the given tolerance values el €.

Before showing numerical results, we discuss the global
behavior of Schwarz decomposition. In general, there is no
guarantee for the scheme to converge globally for nonlinear
OCPs. As shown in Theorem 6, the solution mapping wErZ.]
exists only in a neighborhood of wf‘_i] and our main rate
of convergence result, Theorem 8, is strictly local in nature.
Outside of the neighborhood, P;(w_;;) may have infinite so-
lutions or may have no solution due to nonlinearity. In general,
we would need a merit function and a line search to ensure
local convergence to a stationary point globally [42]. However,
when we have more structure in the problem, the scheme can
converge globally. For example, we show in the next theorem
that Algorithm 2 converges globally for linear-quadratic OCPs.
More general results using merit functions will be investigated
in future research.

Theorem 9. Let us consider linear-quadratic problems with

T
i, up) = (iz) (g:

SkT) ( k) (rk>T( k)
R u u
K k Sk k
———

Hy,

gn(zN) = zhQnTN + ThEN

and fr(xk, ur) = Apxy + Brug + vi. Suppose Assumption 4
holds for {Hy,, Ay, By }. Then there exist parameters fi,T > 0
such that if p > i, T > T, the linear convergence to the unique
global solution w* of Problem (1), shown in (16), holds for
any initial point w0,

We note that { Hy, Ay, By} do not depend on wy, and linear
terms {7y, S, v} do not affect the Lagrangian Hessian and
constraint Jacobian. Thus, Assumption 4 holds in the whole
space.

Proof. First, each subproblem (9) is still a linear quadratic
problem with any boundary variable w;_;. By Lemma 2, there
exists ji such that p > i implies ReH® > ~yyI. Moreover,
by LICQ of (9) (i.e. the Jacobian G has full row rank, see
Definition 1), we know from [42, Lemma 16.1] that each
Subproblem has a unique, global solution for any w|_;, denoted
by w! (w(_;)). Thus, Theorem 6 is applicable with the stated
nelghi)orhoods being the entire space

Second, from Lemma 3, we know w | wi 1) = wr,. More-
over, the one-step error recursion in (15% holds dlrectly follow-
ing the same proof as in Theorem 7, and finally (17) holds as
well. This shows (16) holds. O



Although Theorem 9 is limited to the linear-quadratic set-
tings, we allow for the possibility of negative curvature in
the objective. Specifically, note that Assumption 4(a) only
requires ReH > vy I, while existing results [25] require the
strong convexity H > ~gl. This benefit comes from the
convexification procedure in Algorithm 1 that our EDS results
are based on.

It is worthwhile to mention that computation of the Newton
step (search direction) for nonlinear OCPs effectively reduces to
solving a linear-quadratic OCP. Accordingly, the overlapping
Schwarz scheme can be used as a method to compute the
search directions within second-order methods (such as interior-
point approaches). Theorem 9 provides the global convergence
proof for overlapping Schwarz-based step computations. We
acknowledge that there is a wide range of decomposition
methods for linear-quadratic OCPs (that include both iterative
and direct approaches). Studying and comparing the scalability
of these methods with that of the Schwarz scheme is an
interesting direction of future work.

IV. NUMERICAL EXPERIMENTS

We apply the overlapping Schwarz scheme to a quadrotor
control problem (governed by equations of motions) and to a
thin plate temperature control problem (governed by nonlinear
PDEs). Here, we aim to illustrate the convergence behavior of
the Schwarz scheme and also to compare performance against
state-of-the-art approaches such as ADMM and a centralized
interior-point solver (Ipopt). We will demonstrate that Schwarz
provides flexibility (as ADMM) and efficiency (as Ipopt). Our
results also illustrate how EDS property arises in applications.

A. Quadrotor Control
We consider a quadrotor model studied in [46], [47]:

d*X . L
o a(cosysin B cos  + sin -y sin )
d*Yy ( in Gsi . )
— = a(cosysin Bsina — sin~y cos
di2 Y Y
2z 5 3

Sz = @cos7ycos g

dry .

i (wx cosy + wy siny)/ cos

dp ‘

E = —wx SNy + Wy COS7y

da .

e wx cosytan B 4+ wy sinytan f + wy.

Here, (X,Y, Z) are the positions, (v, 8, «) are the angles, and

= 9.8 is the gravitational acceleration. We regard = =
(X,X,Y,KZ, Z,v,/B,a) as the state variables and u =
(a,wx,wy,wz) as the control variables. The dynamics are
discretized with an explicit Euler scheme with time step
At = 0.005 to obtain an OCP of the form of interest.
Furthermore the stage cost function is gy (xk, ur) = 5 Hwk -

G + slluelf: onv(eny) = axllen — 2¥3: Q@ =
diag(1, 0,1,0,1,0,1,1,1) R = diag(1/10,1/10, 1/10 1/10
{x}N_, is generated from a sinusoidal function; N = 24,000
(full problem; corresponds to 60 secs horizon); ;1 = 1; and
Zo = (0;0;0;0;0;0;0;0;0).

B. Thin Plate Temperature Control

We consider a thin plate temperature control problem [48]:

1
mln / / z(w,t) — d(w,t))? + =ru(w, t)? dwdt
weN 2 2

(18a)
Ox(w,t) 2h. =
s.t. —or = —Azx(w,t) + pry (z(w,t) —T)
2e0 4 =4 1
+ Kt, (x(w,t) =T )_ thu(wat)v
wetel0T] (18b)
x(w,t) =T, w€Q, (18c)

where Q = [0,1] x [0,1] C R? is the 2-dimensional domain
of interest; z : Q x [0,7] — R is the temperature; u : { X
[0,7] — R is the control; A is the Laplacian operator; OS2
is the boundary of Q; d :  x [0,7] — R is the desired
temperature; r = 0.1, k = 400, t, = 0.01, h, = 1, € = 0.5,
o =5.67 x 1078, and T = 300 are the problem parameters
(see [48]). The desired temperature data are generated from a
sinusoidal function. The PDE in (18b) is governed by the heat
equation which consists of convection, radiation, and forcing
terms, and the Dirichlet boundary condition is enforced. We
consider a discretized version of the problem: we discretize €2
by a 10 x 10 mesh and T" = 24 hour prediction horizon with
At = 10 secs.

C. Methods and Results

We first present a numerical verification of primal-dual EDS
(Theorem 7) using the quadrotor problem. We first obtain
the reference primal-dual solution trajectory by solving the
full problem. Then, the perturbed trajectories are obtained by
solving the problem with the perturbation on the given initial
state o, and on the terminal state :vrﬁ,f In particular, we solved
the full problem with random perturbations Az, and Az’
drawn from a zero-mean normal distribution.

The reference trajectory and 30 samples of the perturbed
trajectories are shown in Fig. 3. One can see that the solution
trajectories coalesce in the middle of the time domain and
increase the spread at two boundaries. This result indicates that
the sensitivity is decreasing toward the middle of the interval
and verifies our theoretical results.

TABLE I
ITERATIONS AND SOLUTION TIME AS A FUNCTION OF OVERLAP SIZE.
7=03|7=05|7=1.0
Iterations 31 11 7
Solution Time (sec) 6.03 2.41 2.46

We now illustrate the convergence of the Schwarz scheme
for the quadrotor problem with 3 subdomains. The evolution
of KKT errors with different overlap sizes are plotted in Fig.
4. Here, we expand the domain until the size of the extended
domain reaches 7 times the original non-overlapping domain.
Such relative criteria are often more practical because the
scaling of the problem changes with discretization mesh size.
We observe that the convergence rate improves dramatically
as 7T increases. This result verifies Theorem 8. Fig. 5 further



hed Solutions
ice solution

Perturbed Solutions
Reference solution

100

—100

—200

Fig. 3. Primal-dual exponential decay of sensitivity for quadrotor problem.
The black line represents the reference trajectory; the light blue lines represent
the perturbed trajectories; the diamonds represent the initial state; and the
circles represent the terminal state. Observe the collapse of the perturbed
trajectories to the reference one in the middle of the time intervals.
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Fig. 4. Convergence of KKT residuals for overlapping Schwarz scheme.

illustrates convergence of the trajectories for 7 = 0.1. At the
first iteration, the error is large at the boundaries and small
in the middle of the domain. The error decays rapidly as the
high-error components of the solution are discarded and the
low-error components are kept. This behavior illustrates why
EDS is central to achieve convergence. A computational trade-
off exists for the Schwarz scheme when increasing 7 (since
the subproblem complexity increases with 7). This trade-off
is revealed from time per iteration (see Table I): we find the
scheme takes 0.219 sec/iter when 7 = 0.5 and 0.352 sec/iter
when 7 = 1.0.

We also benchmark the Schwarz scheme against a centralized
solver (Ipopt) and against a popular decomposition scheme

<@ Subproblem #1

©  Subproblem #2

B subproblem #3
Full solution

@ Subproblem #1
@  Subproblem #2
B Subproblem #3

Full solution

05

00

10 -05 00 = -1 y
T g 0 -2
@ Subproblem #1
©  Subproblem #2
B  Subproblem #3
Full solution

-10 —05 00 -1 Yy

Fig. 5. Convergence of primal trajectory with 7 = 0.1. Top-to-bottom:
iterations 1,2, and 3; blue, red, green markers are solutions from subproblems
1, 2, and 3, respectively; black line is solution trajectory.

(ADMM) for solving the above two problems. For both the
Schwarz and ADMM schemes, we partition the domain into
20 intervals with the same length. For the Schwarz scheme, we
expand each interval by (8) with the relative size of overlap 7 =
1.0. For ADMM, subproblems are formulated by introducing
duplicate variables and decomposing on the time domain [49].
To ensure consistency, subproblems in the Schwarz and ADMM
schemes are all solved with Ipopt [50], configured with the
sparse solver MA27 [51]. The study is run on a multicore
parallel computing server (shared memory and 40 cores of Intel
Xeon Gold 6140 CPU running at 2.30GHz) using the multi-
thread parallelism in Julia. For both the Schwarz and ADMM
schemes, we vary the penalty parameter as indicated in Figure
6. All results can be reproduced using the provided scripts in
https://github.com/zavalab/JuliaBox/tree/master/SchwarzOCP.

One can see that, for both problems, the overlapping Schwarz
scheme has much faster convergence than ADMM (Fig. 6)


https://github.com/zavalab/JuliaBox/tree/master/SchwarzOCP
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Fig. 6. Benchmark of overlapping Schwarz against Ipopt and ADMM. Top:
Quadrotor control problem; bottom: Thin plate temperature control problem.

regardless of the choice of 1. One can also observe that the
performance of ADMM is sensitive to the choice of p, while
the performance Schwarz scheme is insensitive to it. We note
that ADMM tends to decrease the overall error but eventually
the error settles to a rather high value. We also emphasize that
ADMM does not have convergence guarantees for the general

nonconvex OCPs considered here (as discussed in Section I).

In contrast, the overlapping Schwarz scheme converges almost
as fast as centralized solver Ipopt. The final accuracy of the
Schwarz scheme (10~%) is much higher than that achieved by
ADMM, but not as that achieved by Ipopt (less than 10~8). The
difference between the accuracy between Schwarz and Ipopt
are due to the fact that Schwarz is an iterative scheme, while the
linear algebra performed inside Ipopt uses a direct linear solver

(MAZ27). Direct solvers are known for delivering high accuracy.

We highlight, however, that in many control applications there
is often flexibility to deliver moderate accuracy, so being able to
deliver moderately accurate solution in a reasonably short time
can be a favorable characteristic. For the thin plate temperature
control problem, the accuracy of ADMM is notably worse than
that achieved with the Schwarz scheme.

To sum up, the overlapping Schwarz scheme is an efficient
method to solve OCPs and offers flexibility to be implemented
in different computing hardware architectures.

V. CONCLUSIONS

We established the convergence properties of an overlapping
Schwarz decomposition scheme for general nonlinear optimal
control problems. Under standard SOSC, controllability, and
boundedness conditions for the full problem, we showed that

the scheme enjoys linear convergence locally, with a linear rate
that improves exponentially with the size of the overlap. Central
to our convergence proof is a primal-dual parametric sensitivity
result that we call exponential decay of sensitivity. We also
provided a global convergence proof for the Schwarz scheme
for the linear-quadratic OCP case. This result is of relevance,
as it suggests that the scheme could be used to solve linear
systems inside NLP solvers. Computational results reveal that
the Schwarz scheme is significantly more efficient than ADMM
and as efficient as the centralized NLP solver Ipopt. In future
work, we will seek to expand our results to alternative problem
structures (e.g., networks and stochastic programs). Moreover,
it will be interesting to compare performance in different
hardware architectures (e.g., embedded systems) and against
different decomposition schemes (e.g., Riccati and block cyclic
reduction).
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APPENDIX

The missing proofs in Section II-B are presented here.

A. Proof of Theorem 3

Under Assumption 1, we know that (p*, g*, ¢*) is a unique
global solution of LOP. When executing Algorithm 1 with
B € (0,vm), we know from [27, Theorem 3.8] that Hy, = 0 (e.
Hy(B3) in their notation). Thus, (p*, g°*, ¢®*) is also a unique
global solution of CLQP. By [27, Lemma 3.4], we know that
LOP and CLOP have the same objective. Since Algorithm 1
does not change constraint matrices Ay, By, Cy, of (5), we have
p* = p® and g* = q°*. We now establish the relation of dual
solutions ¢* and ¢“* by studying KKT conditions of Problem
(5). To simplify notation, we denote the k-th component of
the objective by

T T T
Py Qr Si Dy P
Or(py, qx) = <qk) <Sk Ry D,{2>(‘1k),Vki€[N—1]7
b Dg1 Dk2 O Lk

On(px) = (‘;’g)T(gz %) (3):

Similarly, we define Oy (py,,q;) and On(py) by replacing
Hy,, Dy, by Hy, Dy The KKT system of £LQOP is then given by

Vo Ok Py, q1.) + Cpoo1 — ALy, VE €[N —1],
quOk(pkv%)—BkTCk» Vk € [N —1],
0=14Vp,On(py) +Cnois (19)
D1 — (Awpyp + Bray + Cily), VEk e [N —1],

Do — l_l.



For the KKT system of CLQP, we replace VO, by VO, and
¢ by €€ in (19) since two problems have the same linear-
quadratic form. By Algorithm 1, we know that Vk € [N — 1],
Vo, Ok (i, @i) = 2Qipy + 25¢ @i + 2D} 1y,
=2(Qx — Qr)py, + 251 q;, + 2D, 1,
=2Qkpy, + 2k a5, + 2Djy i — 2Qupy,
+ 2A£Qk+1(14-kpk + quk + Cklk)
:Vpk Ok(Pk; Qk) —2Qkpy + 2AkT-Qk+1Pk+1, (20)

where the last equality results from definition of Oy and the
k-th dynamic constraint. We can also show that

quok(Pzw q;) =Vq,0k(Py, qx) + 2BgQ_k+1Pk+1a
vpNON(PN) :vaON(pN) —2QNDPN-
Plugging (20), (21) back into (19), we obtain that the KKT
system of LOP is equivalent to

Vi Ok + (Cio1 +2Qupy) — AL (Ch + 2Qu41P4 1)

2

Va.Or = BF (G4 +2Qk11pyr1),  Vh €[N —1],
0=1Vp,On+({y_1+2QNPN),
Prr1 — (Arpy + Bray, + Cily), Vk € [N —1],

po - l_l.

Comparing the above equation with the KKT system of CLQP,
and using the invariance of the primal solution, we see that
(p**, q°*,¢* + 2Qp*) satisfies the KKT system of CLOP.
Since LICQ holds for CLQP, the dual solution is unique. This
implies ¢“* = ¢* + 2Qp* and we complete the proof.

B. Proof of Theorem 4

First of all, the invertibility of W}, is guaranteed by Assump-
tion 1, as directly shown in [27, Lemma 3.5(i)]. We use reverse
induction to prove the formula of {}. According to (19), for
k= N — 1 we have

Cho1 = —Vp,On(Py) = —2QnpN — 2DN1n,

which satisfies (7) and proves the first induction step. Suppose
¢} satisfies (7). From (19), we have

CZ*I :Agcz - vpk Ok(pza qZ)
— AT ¢t — 2Qup; — 257 qf — 2DF L.

Plugging the expression for ¢}, from (7), we get

N
Crot = =240 Ky 1pjgy + 247 ( Z (M,
i=k+1
N—-1
+ Y (VEIYTCOL) - 2Qup) — 2SF qf — 2D I
i=k+1

= —2(A} Ki1 Ak + Qi)pk — 2(Sk + Bl K1 A) " ai

N N-1
+2AF { S MFY L+ Y (V;k“)TCili}
i=k+1 i=k+1
—2AF Ky 1 Crly — 2DF 1

= —2(A} K141 + Qr)p + 2P Wiq,

N N—-1
+2A£{ > MY+ Y (‘/;kJrl)TCili}
ikl i=k+1

—2AT Ky 1 Crly — 2D1 1,

where the second equality follows from py | | — (Axpy+Brqy+
Cili) = 0, and the third equality follows from the definition
of Pj. By [27, Lemma 3.5(ii)], we have

N
ai =Ppi + Wi 'BE Y (MFY)TL — W Dl
i=k+1
N—-1
+ W BE Y (VETYTCili = Wi B K1 Gl
i=k+1

Combining the above two displays, we obtain

Cro1 = —2(A{ K1 Ak + Qr)pk + 2P Wi, (PkPZ

N N
+ Wl:lBg { Z (Mik+1)TlZ_ + Z (V;kJrl)TClll}
i=k+1 i=k+1

— W "B K1 Cily, — W,;lD,Z;lk> — 2D,

N N-1
+ 24T ( ST+ Y (V,-’““)TCJJ
i=k+1 i=k+1
— 24T K1 Crly

= —2(A£Kk+1Ak + Qk - P]?Wkpk)p;;

N N-1

copf (X 0aTL e Y o)
i=k41 i=k+1

— 2EgKk+1Cklk — 2(Dk;1 + Dk:2Pk)le>

N N
= —2Kupf +2) (M)l +2) (V)T CiLs,
i=k i=k
where the second equality follows from the definition of Ey
and the third equality follows from definitions of K}, M, and
V¥, This verifies the induction step and finishes the proof.

C. Proof of Lemma 1

We use the closed form of ¢“* established in Theorem 4. We
mention that all matrices are calculated based on {f[ ks Dk}
For any k € [-1, N — 1], we consider two cases.

(@) l = e; for i € [N]. We then have three subcases.
(al) ¢ < k. In this case, we apply (7) and immediately have
for some constant Y; > 0 that

16571 = 1-2K 1Pl | < 20Kl pin | < 2710041
(22)

Here, the last inequality is due to Theorem 2 that ||p;_ | <

Yp*+1=% and the fact that ||Kj41|| < Ty for some constant

T, > 0, stated precisely in [27, (4.7)].

(@2) k+1 <7< N —1. We apply (7) and have for some con-

stants Y5, T3 > 0 that

IS =l = 2K 1pj 0 + 2M ) ey + 2(VE) Cie|
§2frlfrpi7k71 + 2T2pi7k71 + 2T3Tupperpi7k



<2(T1Y + Yo+ T3V ypper) 0" "L

The second inequality is due to (22), the fact that ||C;|| < Yypper
in Assumption 3, and the fact that

IV < Yop' ™t [V < Tap'h

for some constants Y5, Y3 > 0, stated precisely in [27, (5.11)].
(a3) i = N. Analogous to the derivations in (a2), we apply (7)
and have

ICE ] = || — 2Ks1Pk 1 + 2(MyT)  en|
<20 LN TR 4 20y pN TR = (1 Y+ L) pN TR

(b) I = e_;. Applying (7) and Theorem 2, we obtain that
I = Il = 2Kpq1ph g || < 201 0o

Combining the above two cases, we let T/ = 2(T;Y + 1o +
T3 Y ypper) and complete the proof.

D. Proof of Theorem 5

By Lemma | and Theorem 3 we have for all & € [—1, N —1]
that

IR = 1€ = 2Qus1Pka | < €K + 201 Qi 19514 1

By [27, Theorem 3.8, Claim 1] and [27, Lemma 4.3], we know
Qr+1 (which is Qi1 1(6) in their context) satisfies [|Qrr1] <
Tq for some constant Y. Thus, by Theorem 2, we can let
T" =7 +2YT4Y to complete the proof.
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