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Abstract—As the number of inverter-interfaced distributed
generators (IIDGs) increases, the decrease in the inertia of the
microgrid affects the stability of microgrid voltage and current.
The virtual synchronous generator (VSG) control method sim-
ulates the output characteristics of the synchronous machine to
improve the inertia and damping of the microgrid. However,
low-frequency oscillations can occur in systems with multi-VSGs
connected in parallel, primarily when operating in island mode.
Therefore, this article develops the small-signal state-space model
for multi-inverters based on VSG and analyses the robust stability
region (RSR) of the control parameters. Firstly, an extensible
small-signal state-space model is established and simplified in the
dq axis, which is a necessary preprocessing for the subsequent
stability analysis. Secondly, the guardian map method based on
bialternate product operation is constructed, and the RSR is
established through translation mapping and rotation mapping.
Therefore, the solution of RSR is transformed into the problem
of identifying the Hurwitz matrix. Finally, the simulations and
experiments verify that the calculated region can ensure stable
operation during startup and meet the requirement to suppress
low-frequency oscillations. The method of solving RSR proposed
in this paper provides a basis for selecting controller parameters
in practical engineering.

Index Terms—Inverter-interfaced distributed generator (I-
IDG), virtual synchronous generator (VSG), small-signal state-
space model, robust stability region (RSR)

I. INTRODUCTION

INVERTER-INTERFACED distribution generators (IIDGs)
are becoming more prevalent in power grids [1]–[2]. A-

mong the available control strategies, grid-forming converters
based on IIDG are considered the most favourable solution for
power systems with low inertia. Virtual synchronous generator
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(VSG) is a widely-used grid-forming control means [3]–[4].
It emulates the inertia and damping features of synchronous
generators through the swing equation, which provides virtual
inertia that benefits the grid and ensures frequency stability
[5].

However, low-frequency oscillation is prone to occur in
systems with multi-VSGs in parallel due to the characteristics
of synchronous generators [6]–[7]. [8] explains the instability
near the natural frequency and states that it is caused by
the mismatch between the parameters of the controller and
the capacity of IIDGs. In [9], the setting of virtual inertia
and damping affects the stability when the converter and line
dynamics are considered. Although a large body of research
has focused on these issues [10], detailed information on the
stability region of system parameters still needs to be included.
To address this gap, a robust stability region (RSR) analysis
method for multi-VSGs is proposed to suppress low-frequency
oscillations.

Early experiments have shown that the inverters controlled
by VSG are similar to synchronous generators, with the control
parameter having a narrow stability region. Therefore, the
small-signal stability may be the main issue for these systems
[11]. In addition, traditional power system modelling methods
do not apply to the stability analysis of microgrids [12]–[13].
Based on the above issues, it is crucial to construct appropriate
models to identify the stability region of the control parameters
for microgrid stability analysis [14]. Previous research in
[15] has used the point-by-point method to establish stability
boundaries in low-dimensional parameter spaces. Neverthe-
less, the computational difficulty increases with the number of
dimensions, known as the curse of dimensionality. Therefore,
it is not practical to construct the stability region for the system
with multi-VSGs by direct numerical evaluation [16].

In traditional small-signal modeling and stability analysis,
the method based on the closed-loop transfer function is com-
monly used [17-18]. This method constructs a linearized model
of the microgrid and utilizes techniques such as the Rose
Criterion [19] and Routh-Hurwitz Criterion [20] to analyze
the stability of microgrids. However, for high-order systems,
the stability analysis method is limited by its difficulty in con-
structing a global model of the systems. The impedance-based
stability analysis method has been introduced into the power
system. It has the advantages of low model dimension and
simple model construction in [21]–[23]. The impedance model
has significant advantages, especially in microgrid systems
with multiple inverters connected in parallel. Nevertheless,
it cannot provide the operating region of equivalent line
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impedance and controller parameters for microgrids under
regular operating conditions.

The above literature only presents sufficient conditions for
small-signal stability of the system and does not have robust
designs for the control parameters. The state-space model is
introduced to study the stability and oscillation modes of the
system to improve the robustness of the system [24]. [25]
proposed a set of inequality constraints for eigenvalue trajecto-
ry analysis based on state-space models for estimating upper
bounds on parameter variations. In [26], the damping ratio
of the oscillations is improved by analyzing the eigenvalue
modes and the control parameters are designed so that the
system exhibits highly damped characteristics. [27] proposed
a method for RSR of any two uncertain parameters using
the small-signal statespace model. However, the uncertainty
of the nominal values leads to a severe increase in the number
of iterations. Therefore, this article develops the small-signal
state-space model for multi-VSGs and analyses the RSR of the
control parameters. The specific main features and advantages
are as follows:

1) A small-signal state-space expandable model is devel-
oped on the dq axis, where the number of parallel VSGs can
be scaled to n. By simplifying the model of the first VSG,
the system matrix is changed from a singular matrix to a non-
singular matrix. This is an indispensable preprocessing for the
subsequent solution of the RSR.

2) The guardian map method based on bialternate product
operation is constructed, and the RSR is established through
translation mapping and rotation mapping. The solution of
RSR is transformed into the problem of identifying the Hur-
witz matrix, simplifying the computational process.

3) This paper proposes a method for identifying the RSR of
control parameters to suppress low-frequency oscillations. The
method can provide the foundation for controller parameter
design in practical engineering practices.

The rest of this paper is structured as follows. The small-
signal state-space model of parallel VSGs is established
in Section II. In addition, to effectively suppress the low-
frequency oscillations of the system, the RSR is presented
in Section III. Furthermore, the RSR of control parameter-
s is computed by guardian mapping based on bialternate
product operation in Section IV. In Section V and Section
VI, simulations and experiences are supplied to verify the
effectiveness and accuracy of the RSR analysis method. The
paper is concluded in Section VII.

II. THE SMALL-SIGNAL STATE-SPACE MODEL OF
PARALLEL VSGS

To model the state-space of parallel VSGs in Fig. 1, the
model of a single VSG is established at first.

A. The small-signal state-space model of a single VSG

The modeling objectives of a single VSG include the power
controller, average power calculation, voltage controller, cur-
rent controller, virtual impedance controller, and others. This
paper only introduces the modeling process of the active power
controller, reactive power controller, and virtual impedance
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Fig. 1. The typical structure of parallel VSGs.

controller in detail. In contrast, the modeling process of other
links can be referred to [28].

1) Active power controller
The control section mainly simulates the governor control

of the synchronous generator, including the active power
frequency control of the synchronous generator and the me-
chanical rotor equations. The virtual inertia and damping
characteristics are implemented by the second-order model
of the synchronous generator, as shown in Fig. 2. The active
power control equation is

�Zn �Z�'
fK �' P

setP eP

mP ��m eT T

�Zn

�Z �T1/ n�Z 1/ Js D�� 1/ s

Fig. 2. Active power controller.

d!

dt
=
Pset � Pe +Kf (!n � !)

J!n
� D (! � !n)

J
; (1)

where J and D represent the inertia and damping of the
synchronous generator, respectively. ! and !n are the rotor
angular frequency and rated rotor angular frequency, respec-
tively, Pset denotes the set value of the output active power,
Kf denotes the droop coefficient and Pe denotes the calculated
output active power.

The small-signal state-space equation for active power con-
trol in the dq axis is

� _! = [�Kf

J!
� D

J
]�! + [� 1

J!n
]�Pe: (2)

2) Reactive power controller
The reactive power command Qm containing droop feature

is shown in Fig. 3 as follows:

Qm = Qset +Kv(Un � U); (3)
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Fig. 3. Reactive power controller.

where Qset is the set value of reactive power, Un is the RMS
value of the rated phase voltage, and Kv denotes the droop
coefficient.

The integral link is introduced so that the reactive power
output Qe follows the commanded value Qm without static
error. The virtual electric potential is obtained by the reactive
power deviation through the integration link, as shown in the
formula:

E = K

Z
(Qm �Qe)dt: (4)

The small-signal state-space model for reactive power con-
trol in the dq axis is�

�ed = [�KQe]�Qe �KKv(Uod + Uoq)[�uod]
�eq = 0

: (5)

3) Virtual impedance controller
The virtual impedance control in Fig. 4 avoids phase shifts

and delays caused by low-pass filters. The control equation is
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Fig. 4. Virtual impedance controller.�
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Linearizing Equation (6), Equation (7) can be obtained.

�
�u�odq

�
= C1

24 �ildq
�uodq
�iodq

35+ C2 [�!] +D [�edq] (7)

The detailed expressions of the coefficient matrixes are as
follows:

C1 =

�
0 0 0 0 �rv !0Lv
0 0 0 0 !0Lv �rv

�
C2 =

�
LvIoq
�LvIod

�
; D =

�
1 0
0 1

� : (8)

4) Complete small-signal state-space model of a single VSG
Referring to the above content and [28], the complete small-

signal state-space model of a single VSG can be acquired as

follows:

� _xV SGi = AV SGi [�xV SGi] +BV SGi [�ugDQi
]

+Bicom [�!com]
; (9)

�iodqi = CV SGi [�xV SGi] : (10)

The state variables are shown in Equation (9), where each
VSG has 14 state variables.

�xV SGi = [��i; �!i; �Pei; �Qei;�dqi;

�
dqi; �ildqi; �uodqi; �iodqi]
(11)

B. The small-signal state-space model of Parallel VSGs

The modeling object in this paper is the parallel multi-
VSGs island microgrid system. Therefore, the dq coordinate
system of all VSGs needs to be transformed under the common
coordinate system. Therefore, the local phase angle is defined,
which represents the phase angle difference between the local
dq coordinate system and the common dq coordinate system,
as shown in Fig. 5. It is expressed as

1 � q Q

1 � d D1�Z

id

iq

i�Z

i�G

Fig. 5. Reference frame transformation.

�i =

Z
(!i � !1)dt; (12)

and the small-signal state-space equation is

� _�i = �!i ��!1: (13)

The common rotational coordinate system of the whole
system is the same as that of the first VSG, which leads to
the existence of an eigenvalue that is always zero [28]–[29].
So, the model of the first VSG can be simplified by omitting
��1 and �!com. The simplified complete model is

� _xV SG1 = AV SG1 [�xV SG1] +BV SG1 [�ugDQ1] ; (14)

�iodq1 = CV SG1 [�xV SG1] : (15)

After simplification, the dimension of the state-space matrix
AV SG1 of the first VSG is 13 � 13, and the dimension of
the state-space matrix AV SGi of the i-th VSG is 14 � 14.
The simplification allows the expandable system matrix to
be changed from a singular matrix to a non-singular matrix,
which is necessary for the subsequent solution of the RSR.
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C. The small-signal state-space model of complete microgrid

To build up the model of the complete microgrid with multi-
VSGs, it is necessary to transform the output quantities of each
VSG to a common coordinate system, as shown in Fig. 5. The
self-rotating coordinate system of the first VSG is represented
as dq � 1, that of the i-th VSG is dq � i. The universal coor-
dinate system is represented as DQ. Moreover, the rotational
coordinate system of the first VSG is used as the common
rotational coordinate system, i.e., dq � 1 = DQ. The output
quantities of i-th VSG are iodqi, which are transformed to
ioDQi in the common coordinate system using the conversion
formula:�

ioDi
ioQi

�
=

�
cos(�i) sin(�i)
sin(�i) cos(�i)

� �
iodi
ioqi

�
: (16)

The input bus voltage is the value ugDQ presented in the
universal rotating coordinate system DQ, which should be
converted to the coordinate system dq of the inverter itself.
The conversion equation is as follows:�

ugd
ugq

�
=

�
cos(�i) sin(�i)
� sin(�i) cos(�i)

� �
ugD
ugQ

�
: (17)

Considering the typical resistive-inductive load, the equation
is given by(

diloadd

dt = �Rload

Lload
iloadd + !iloadq + 1

Lload
ugd

diloadq

dt = �Rload

Lload
iloadq � !iloadd + 1

Lload
ugq

; (18)

where iloaddq are the load current, Rload and Lload are the
load resistance and inductance, and ugdq are the common bus
voltage components.

The virtual ground resistance rn is introduced to eliminate
the common bus voltage as an input variable.�

ugd = rn(iod1 + iod2 + � � �+ iodi � iloadd)
ugq = rn(ioq1 + iod2 + � � �+ ioqi � iloadq)

(19)

The number of VSGs in the model can be extended to n and
the complete equation of state for the system can be expressed
as

� _xsys = T�xsys; (20)

where xsys represents the state variables of the system, Asys
represents the system state matrix, �xsys is the small pertur-
bation of the state variable and � _xsys is the derivative of the

small perturbation of the state variable to time.

�xsys = [�!1; �P1; �Q1; �
d1; �
q1; ��d1;

��q1; �ild1; �ilq1; �uod1; �uoq1; �iod1;

�ioq1; ��2; �!2; �P2; �Q2; �
d2; �
q2;

��d2; ��q2; �ild2; �ilq2; �uod2; �uoq2;

�iod2; �ioq2; � � � ; ��i; �!i; �Pi; �Qi;

�
di; �
qi; ��di; ��qi; �ildi; �ilqi;

�uodi; �uoqi; �iodi; �ioqi; �iloadd;

�iloadq]

(21)

Based on the above derivation, the small-signal state-space
model containing n VSGs is established, including the state
equations, output current equations, and coordinate transfor-
mation equations. Then, the small-signal state-space models
of the network and load are derived. Finally, the equations of
VSGs, network, and load are related by coordinate transforma-
tion. Using a simplification of the first VSG model, the matrix
is changed from a singular matrix to a non-singular matrix.
This is an indispensable preprocessing for the subsequent
solution of the RSR. And the number of VSGs in this small-
signal state-space model can be extended to n. The extensible
structure of T and �xsys is shown in Fig. 6.

III. ROBUST STABILITY REGION (RSR)
At equilibrium, the small-signal state-space model of the

multi-inverters based on VSG can be described as:

� _x = T�x (22)

The eigenvalue �i of the matrix T determine the time-domain
response of the state variables of the system. � is the vector
consisting of the eigenvalues � = [�1; �2; � � � ; �i; � � � ; �n] of
the system, where �i = ai + bij.

1) If �i is real (i.e., bi=0), the eigenvalue corresponds to
a non-oscillatory mode, ai > 0 indicates that the mode is
non-periodically unstable, ai < 0 indicates that the mode is a
attenuation mode, where ai is the attenuation coefficient.

2) If �i = ai�bij, then it will be referred to as a particular
oscillatory mode of the system, and the expression for the
damping ratio �i for the corresponding oscillatory mode will
be as follows:

�i =
�aip
a2
i + b2i

: (23)

Expandable Matrixs for Multiple 
Inverters (self coupling)

Inverter-Line Matrix 
(mutual coupling)

Inverter-Load Matrix 
(mutual coupling)

Line-Load Matrix
 (self and mutual coupling)

(14 ) (14 )n 1 n 1�� �u ��
sysx�'
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VSG2x�'

VSGnx�'

Loadx�'

Linex�'
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Inverters State 

Variables

(13×13)

(14×14)

Line State 
Variables
Load State 
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Fig. 6. The structures of T and �xsys.
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Fig. 7. The intersection processes for the robust stability region (RSR).

Based on Lyapunov stability theory, a system can be
considered stable when all real parts of its eigenvalues are
less than zero. The Small Signal Stability Region (SSSR) is
influential in determining whether a system is stable. However,
the system may remain unstable when damping ratios are low,
and oscillation attenuation coefficients are small. Therefore,
the concept of the RSR is introduced to avoid the above
situation in practical applications. The RSR is described as the
set of operating points of the system that satisfy two features:

(i) The real part of the eigenvalues of the system, represent-
ed by the attenuation coefficient ai, is less than or equal to
�"1.

(ii) The damping ratio of the system, denoted by �i, is
greater than or equal to a positive number "2, where "2 =
sin(�).

Feature (i) sets a boundary on the real part of the eigenvalue,
and Feature (ii) sets a boundary on the damping ratio for each
stabilized operating point to ensure stability and fast oscillation
decay. As shown in Fig. 7, the set of eigenvalues of the
system matrix is located in Region 1, and the system features
match Feature (i). The set of eigenvalues of the target system
matrix is located in Region 2 and Region 3, then the system
features match with Feature (ii). The RSR and its complex
plane boundary are determined by the above features.

As described in [30], the stability region identification
method is specifically designed for systems with stable ma-
trices. This means that the real part of all eigenvalues in
the system matrix should be less than 0. When applying this
method to the RSR, it becomes essential to map the negative
half-plane to the target region. However, due to the irregular
shape of the region, it cannot be mapped directly. Therefore,
the three subregions of the RSR can be mapped separately,
and the intersection of the mappings can be taken. Fig. 7
illustrates the intersection process of the RSR. Moreover, since
the eigenvalues of the system are conjugate, the stabilized
regions of Region 2 and Region 3 are equivalent, and only
Region 1 and Region 2 need to be mapped.

To map the stable region to Region 1, the translation map
is expressed as follows:

�1 : TRegion1 = T0 + "1E (24)

where T0 is the system static matrix, TRegion1 is the translation
map of the stable region of this system matrix, and E is a unit
matrix.

To map the stable region to Region 2, the translation map
is expressed as follows:

�2 : TRegion2 = T0 � ei� (25)

where TRegion2 is the rotation map of the stable region of this
system matrix, and � is the number of degrees of rotation.

Once TNRRM1 and TNRRM2 are obtained, the guardian
mapping approach can be applied to determine the correspond-
ing stability regions. The RSR in this paper is the intersection
of the three regions.

IV. THE CALCULATION METHOD FOR THE RSR

This section will propose the calculation method for the
RSR of the control parameters. Based on the above analysis,
if TRegion1 and TRegion2 obtained through rotation mapping
and translation mapping are the Hurwitz matrixes, the system
will remain stable and have good performance. Therefore,
the solution of the RSR is transformed into the problem
of identifying the Hurwitz matrix. Several definitions and
theorems are described in detail in this section.

A. The RSR of single parameter

Definition 1: Assumes that U � 
n�n is a set, and there
exists a particular mapping g : 
n�n ! 
 such that g(U) 6= 0
applies to all T � U , and g(U) = 0 applies to all of Tin@U .
Then, the map is called the guardian map, where @U denotes
the boundary of the set U .

Definition 2 [30]: For a matrix T � 
n�n, �i(T )(i =
1; 2: � � � ; p) represents the real part of the non-repeating and
non-zero eigenvalues of the matrix, b0 = �1, bp+1 = +1,
and bi = �1=�i(T ), then the relevant order set can be defined
as �(T ) = fb0; b1; � � � ; bp; bp+1g, where bi < bi+1.

Lemma 1 [30]: Assumes that T � Rn�n, where mspec(T�
T ) = mspec(T ) = f�i(T ) + �j(T ) : i = 2; � � � ; n; j =
1; 2; � � � ; i� 1g, � denotes the bialternate product.

Lemma 2 [31]: For a matrix T = T � T , assuming T is a
Hurwitz matrix, then T is a Hurwitz matrix, and det(T ) 6= 0.

The single parameter matrix (T = TRegion1,TRegion2)
constructed in part can be expressed in the following form:

T = T0 + �TZ (26)

where T0 represents the stable operation matrix, and TZ
represents the residual disturbance matrix due to parameter
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fluctuations. It can be seen from Formula (20) that the small-
signal state-space matrix of parameter changes is a linear
correlation, so Equation (26) is easy to obtain, and � represents
the disturbance parameter.

Theorem 1: For a given open range R � 
 and T0; TZ 2

n�n, define T 0 , 2T0 � E, TZ , 2TZ � E. Then for all
� 2 R and 0 2 R such that T = T0+�TZ is a Hurwitz matrix.
This sufficient and necessary condition is that T0 is a Hurwitz
matrix and 0 2 R 2 �(T�1

0 TZ)
T

�(T
�1

0 TZ).
Sufficiency proof : The relevant proof can be obtained

through proof to the contrary. Assuming that T0 is a Hurwitz
matrix and 0 2 R 2 �(T�1

0 TZ)
T

�(T
�1

0 TZ), there is � 2 R
such that T = T0 + �TZ is not a Hurwitz matrix, i.e. 9�1

such that Re[�i(T0 + �1TZ)] � 0. If �1 = 0, the proof will
be valid. If �1 6= 0, it may be assumed �1 > 0 (�1 < 0 can
be obtained through the same analysis). It can be seen that
T = T0 + �TZ changes continuously with the value �. In
view of Re[�i(T0)] < 0, 9�2 2 [0; �1) 2 R. Therefore, the
discussion can be divided into two situations:

(i) When the eigenvalues of T0 + �2TZ are located
at the origin of the coordinates, then T0 + �2TZ and
det (E + T0 + �2TZ) = 1 is obtained. Obviously, �2 2 R
and R 2 �(T�1

0 TZ) contradict each other.
(ii) When the eigenvalues of T0 + �2TZ are located at

the imaginary axis of a non-coordinate origin, i.e. �i(T0 +
�1TZ) = j!2, there must be a conjugate root �j(T0+�1TZ) =
�j!2. From Lemma 1, it can be seen that there must be
�m(T 0 + �2TZ) = �i(T0 + �2TZ) + �j(T0 + �2TZ) = 0,
further �2 2 
 and det(T 0 + �2TZ) = 0. From Lemma 2,
if T0 is a Hurwitz matrix, i.e. det(T 0) 6= 0, then there must
be T

�1

0 . It can be further obtained that det(T 0 + �2TZ) =

0) det(T 0) det(E+�2T
�1

0 TZ) = 0. Therefore, �2 2 R and
R 2 �(T�1

0 TZ) contradict each other.
Necessity proof : Due to the fact that all � 2 R and 0 2 R

such that T = T0 + �TZ is a Hurwitz matric. Therefore, at
that time � 2 0, we could obtain the Hurwitz matrix T0. Based
on Lemma 2, for all � 2 R, det(T 0) 6= 0, therefore 0 6=
det(T 0+�TZ) = det[T 0(E+�T

�1

0 TZ)]) det(T 0) det(E+

�T
�1

0 TZ) 6= 0.
For all � 2 R, there is det(E+�T

�1

0 TZ) 6= 0 and Equation
(26) holds. � 8� 2 R

��i(T
�1

0 TZ) 6= �1
(27)

(i) If there is no real root or the real root is located at the
coordinate origin for T

�1

0 TZ , then R 2 �(T
�1

0 TZ) must be
true;

(ii) If there is a non-zero real root for T�1
0 TZ , the maximum

continuous open interval R 2 �(T
�1

0 TZ) that includes �=0
and ��i(T

�1

0 TZ) 6= �1. Due to det(T0 +�TZ) 6= 0, a similar
analysis yields R 2 �(T�1

0 TZ) and the necessity can be
proven.

Theorem 1 is proven.

B. The RSR of multiple parameters
The multiple parameters matrix (T = TRegion1, TRegion2)

constructed in the previous section can be expressed as fol-

lows:

T = T (�1; �2; � � � ; �m) = T0 +

mX
i=1

�iTi (28)

where �1; �2; � � � ; �m are the disturbance parameters; T0 is
the stable operation matrix and Ti is the transformation matrix
influenced by disturbance �i.

In order to find the RSR for multiple parameters in Equation
(28), the polar coordinate conversion approach in Lemma 3 can
solve this problem.

Lemma 3: For a given vector (�1; �2; � � � ; �m)
T 2 
c, c �

2, there exist two real numbers m and c� 1 scalar quantities
such that:

(�1; �2; � � � ; �m)
T

= r!(�) (29)

where � = (�2; � � � ; �c)T 2 [0; �)
c�1and

!(�) = (cos�2; cos�3 sin�2; cos�4 sin�3 sin�2; � � � ;
cos�c�1 � � � sin�3 sin�2; cos�c � � � sin�3 sin�2)T

2 [�1; 1]c�1

:

(30)
By applying Lemma 3, the RSR identification approach for

the system with multiple parameters can be obtained. This
approach can be further improved by introducing Theorem 2.

Theorem 2: Assuming that there exists a given matrix T0 and
the transformation matrix Ti 2 
c�c, i 2 f1; � � � ; c� 1; cg,
influenced by fluctuation factors �i such that det(T0�T0) 6= 0.

Define Tg(�) =
mP
i=1

Ti!i(�), where !i(�) is the component

in the vector !(�).
Define the following set:

R2(�) =
[

i2�(�)

(ri; ri+1); (31)

where ri and ri+1 are the elements in �(T0
�1
Tg(�)), and

�(�) = fi : For ri
0 2 (ri; ri+1)g. If the real part of all

eigenvalues of T0 + r0iTg(�) is less than zero, then R2(�)
is the target region of the system with � degrees of freedom
after the polar coordinate transformation.

The RSR of the multi-parameters system is further described
as follows:

R02(�) =

�
[

�2[0;�)c�1
fv(�) 2 
c : v(�) = r!(�); r 2 R2(�)g

�
(32)

So that only when (�1; �2; � � � ; �m)
T 2 R02, T0 +

mP
i=1

�iTi

is a Hurwitz matrix. R02 in Theorem 2 is the calculated RSR.
Although the Kronecker sum operation is often used to

construct the guardian map, the bialternate product has a
lower computational complexity than the Kronecker sum op-
eration. The computation involves matrices T

�1

0 TZ and T
�1

0

as 0:5n(n� 1)� 0:5n(n� 1) matrices instead of the n2�n2

matrices involved in the kronecker product operation. There-
fore, this article utilizes the bialternate product to construct
the guardian map.

C. The RSR of the droop coefficients based on VSG
From Equation (20), the small-signal state-space matrix is a

linear function of the droop coefficients. Therefore, the steps
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The RSR method proposed in this paper

D

Fig. 8. The RSR of VSG droop coefficients.

to solve for the RSR of the droop coefficients based on VSG
are as follows:
U1 is the universal set, T = TNRRM1.
Iteration: (i � p)
1) Based on the current stable operating point of the system,

perform small-signal expansion to obtain the stable matrix
T0 and the perturbation matrix Tg composed of the droop
coefficients Kf and Kv .

2) Let Kf = � sin(�); Kv = � cos(�), simplify the system
matrix into the form of T = T0 + �Tg(�).

3) Calculate the eigenvalues of T 0, Tg(�) and T
�1

0 Tg(�),
where � 2 [0; �2 ].

4) Construct �(T ) = (r0; r1; � � � ; rp+1) based on Definition
2.

5) Let �i 2 (ri; ri+1), identify whether the matrix T0+�iTg
is a Hurwitz matrix. If so, the system within this open range
is stable.

6) Take the union of all stable open intervals U1 = U1[U1i

to obtain the stability domain U1 of the droop coefficients.
7) Let i = i+ 1.

Using the same procedure, the stability region U2 can be
obtained by the matrix TNRRM2. Therefore, the RSR of the
droop coefficients based on VSG is U = U1 \ U2.

The low-frequency oscillations of the parallel VSGs can be
suppressed by limiting �i to the robust region. Meanwhile, "1
and � can be selected as "1 = 0 and � = 60� with reference
to the existing criteria [21], and can be further relaxed to

TABLE I
KEY PARAMETERS OF VSG CONTROL

Parameters Values Parameters Values

Lf (VSG1,2,3) 5mH Cf (VSG1,2,3) 30�F
rv(VSG1,2,3) 0
 lv(VSG1,2,3) 40mH
!n(VSG1,2,3) 100� J(VSG1,2,3) 0.1
D(VSG1,2,3) 0.01 K(VSG1,2,3) 0.05
Lline1(VSG1) 24mH Rline(VSG1) 1.5

Lline2(VSG2) 30mH Rline(VSG2) 1.2

Lline3(VSG3) 20mH Rline(VSG3) 1.8
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Fig. 9. Voltage waveform and current waveform under Kf =792, Kv=160
(point A).

reduce the conservatism of the proposed exclusion zone, such
as "1 = 0.5 and � = 5�. Moreover, if "1 tends to 1 and � tends
to 0�, the approximate necessary and sufficient conditions for
traditional stability assessment will be obtained. In [26], three
modes of low-frequency oscillations are defined. The mode is
strongly damped if the damping ratio � > 10%. The mode is
weakly damped if � 6 10%. If � < 0, the mode is negatively
damped, and the system will be destabilized after being per-
turbed. Therefore, in order to reduce the conservative type and
ensure the robustness of the always low-frequency oscillations,
the "1 and � are set as 0.35 and 5�, i.e., � = 0.0872.

V. SIMULATION VERIFICATION

In this section, the number of DGs based on VSG is
set to three, and the critical parameters of VSG control are
demonstrated in TABLE I. By substituting the stable operating
point and control parameters into Equation (20), the system
matrix can be expressed as

T = T0 +Kf � T1 +Kv � T2: (33)

The RSR of the droop coefficient is obtained by the
proposed algorithm as shown in Fig. 8, where the dashed
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Fig. 10. Voltage waveform and current waveform under Kf =1400, Kv=600
(point B).
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Fig. 11. Voltage waveform and current waveform under Kf =1800, Kv=1000
(point C).

box represents the search region and the green “P” region
represents the RSR computed by the algorithm presented
in Section IV, while the blue “
” represents the stabilized
region described by the direct point-by-point method [15]. The
regions calculated by the two algorithms partially overlap in
the figure.

A. Effectiveness Verification

At the initial time, this paper selects droop coefficients
of Kf=792, Kv=160 (point A). The droop coefficients are
within RSR, and the system should operate stably. As seen in
Fig. 9, the voltage and current can both operate stably under
this condition, so the effectiveness of the proposed method is
confirmed.

Next, the droop coefficients are changed to Kf=1400,
Kv=600 (point B). Since the droop coefficients are outside
the RSR and inside the region calculated by [15], there is a
possibility of instability in the system. The three-phase output
voltage and output current are shown in Fig. 10, and the
current exhibits low-frequency oscillation. The effectiveness
of the RSR is verified by comparing the simulation results
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Fig. 12. Voltage waveform and current waveform under Kf =500, Kv=60
(point D).
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Fig. 13. Voltage waveform and current waveform under Kf =40, Kv=400
(away from the RSR).

of the RSR at point A with the small-signal stability region
at point B. Although the selected droop coefficients are all
within the stability region, the system still exhibits insufficient
oscillation damping. Particularly multi-VSGs should meet the
requirement of suppressing low-frequency oscillations so as
to ensure the stability at startup. In fact, operation under
such conditions should be avoided as much as possible when
designing the parameters.

B. Accuracy Verification

The accuracy of RSR was verified by testing the simulation
results on more parameter points. To better accomplish this,
the droop coefficients are increased from two opposite direc-
tions to points C (Kf=1800, Kv=1000) and point D (Kf=500,
Kv=60), respectively. Since the droop coefficient exceeds the
region calculated by [15], the system should be unstable. The
accuracy of the stability region is verified by the simulation
results of point C and point D. The three-phase output voltages
and output currents are shown in Fig. 11 and Fig. 12.

In addition, in order to better validate results, the point away
from the stability region is added in this paper. When the droop
coefficients increase further to the point (away from the RSR),
the droop coefficients are far away from the stable operating
range, and the system cannot be stabilized. The three-phase
voltage and current are shown in Fig. 13. The frequency of
the AC voltage is severely reduced, which can lead to system
instability.

The above simulation results show that the RSR for evaluat-
ing the droop coefficients of the multi-VSGs is effective. The
effectiveness is verified by comparing the simulation results
of the RSR, point A, with the small-signal stability region,
point B, from [15]. Then, the accuracy of the stability region
is verified by the simulation results of point C and point
D, which are outside the stability region. In addition, the
point away from the stability region is added in this paper
for better verification of the RSR. Therefore, the theoretically
derived RSR is compared with the simulation results to ensure
that the experimental data matches the theoretical model. The
validation process will provide assurance of the effectiveness
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Fig. 14. The experiment set.

and accuracy of the RSR so that it can be applied in practical
system design and control.

VI. EXPERIMENTAL VERIFICATION

In Hardware-in-the-Loop (HIL) experiments, external fac-
tors such as signal noise, environmental conditions, or hard-
ware limitations may cause differences between simulation and
experimental results. Particularly in the case of DSP controller
latency, differences may occur due to real-time limitations
and the dynamic nature of the physical system. The VSG
control strategy for the three converters is implemented in a
single DSP controller. At the same time, the other elements
are simulated using the NI PXle-1082 real-time simulator, as
depicted in Fig. 14. The parameters of the HIL experiment are
shown in Table I. Initially, the droop coefficients and other
parameters are the same as those in Section V. The RSR

Voltage:150V/div Time:40ms/div

Current:5A/div Time:40ms/div

Fig. 15. Voltage waveform and current waveform under Kf =792, Kv=160
(HIL).

Voltage:150V/div Time:40ms/div

Current:6A/div Time:40ms/div

Fig. 16. Voltage waveform and current waveform under Kf =40, Kv=400
(HIL).

of the droop coefficients is illustrated in Fig. 8, where the
green region indicates system stability. For the selected droop
coefficients (Kf=792, Kv=160), the multi-VSGs system is
stable, as demonstrated by the stable AC voltage and current in
Fig. 15. However, when the droop coefficients are changed to
Kf=40, Kv=400, the multi-VSGs system becomes unstable,
as shown in Fig. 16. These experimental results confirm that
the system remains stable when the droop coefficients fall
within the RSR and can become unstable when the droop
coefficients lie outside the region. Therefore, the proposed
method provides valuable guidance for selecting appropriate
droop coefficients. Overall, the experiments validate the effec-
tiveness of the proposed RSR identification method. A more
comprehensive analysis of the results is provided in addition to
the theoretical consistency of the simulation and experimental
results.

VII. CONCLUSION

Although a large body of research has widely studied the
power system stability, detailed information on the RSR of
control parameters has not been provided. Therefore, this
paper has developed a small-signal state-space model to eval-
uate the RSR of droop coefficients for multi-inverters based
on VSG. First, an expandable model has been established
in the dq axis, and the system matrice has been changed
from singular to non-singular matrices by simplifying the first
VSG model. Then, by utilizing bialternate product operation
to construct the guardian map, the solution of the RSR has
been transformed into the problem of identifying the Hurwitz
matrix. In addition, the proposed method has required much
less computation than the direct point-by-point approach [15]
and has been able to identify the RSR of droop coefficients
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in high-dimensional space. Moreover, the multi-parameters re-
gion mapping method with decoupling characteristics has had
the advantage of accurate estimation. In the end, simulations
and experiments have verified that the method proposed in
this paper ensures stable operation during startup and meets
the requirement of suppressing low-frequency oscillations. The
method can provide the foundation for controller parameter
design in practical engineering practices.

REFERENCES

[1] F. Blaabjerg, R. Teodorescu, M. Liserre and A. V. Timbus, “Overview
of Control and Grid Synchronization for Distributed Power Generation
Systems,” IEEE Transactions on Industrial Electronics, vol. 53, no. 5,
pp. 1398-1409, Oct. 2006.

[2] F. Milano, F. Dorfler, G. Hug, D. J. Hill and G. Verbic, “Foundations
and Challenges of Low-Inertia Systems (Invited Paper),” 2018 Power
Systems Computation Conference (PSCC), Dublin, Ireland, 2018, pp.
1-25.

[3] M. Chen, D. Zhou and F. Blaabjerg, “Modelling, Implementation,
and Assessment of Virtual Synchronous Generator in Power Systems,”
Journal of Modern Power Systems and Clean Energy, vol. 8, no. 3, pp.
399-411, May. 2020.

[4] B. Qin, Y. Xu, C. Yuan and J. Jia, “A Unified Method of Frequency
Oscillation Characteristic Analysis for Multi-VSG Grid-Connected Sys-
tem,” IEEE Transactions on Power Delivery, vol. 37, no. 1, pp. 279-289,
Feb. 2022.

[5] S. Chen, H. Han, X. Chen, Y. Sun and X. Hou, “Reviews On Inertia
Emulation Technology With Power Electronics,” 2020 IEEE Energy
Conversion Congress and Exposition (ECCE), Detroit, MI, USA, 2020,
pp. 2101-2107.

[6] D. Sun, H. Liu, S. Gao, L. Wu, P. Song and X. Wang, “Comparison of
Different Virtual Inertia Control Methods for Inverter-based Generators,”
Journal of Modern Power Systems and Clean Energy, vol. 8, no. 4, pp.
768-777, July. 2020.

[7] L. Huang, H. Xin and Z. Wang, “Damping Low-Frequency Oscilla-
tions Through VSC-HVdc Stations Operated as Virtual Synchronous
Machines,” IEEE Transactions on Power Electronics, vol. 34, no. 6, pp.
5803-5818, June. 2019.

[8] Y. Hirase, K. Sugimoto, K. Sakimoto and T. Ise, “Analysis of Resonance
in Microgrids and Effects of System Frequency Stabilization Using a
Virtual Synchronous Generator,” IEEE Journal of Emerging and Selected
Topics in Power Electronics, vol. 4, no. 4, pp. 1287-1298, Dec. 2016.

[9] J. Chen and T. O’Donnell, “Parameter Constraints for Virtual Syn-
chronous Generator Considering Stability,” IEEE Transactions on Power
Systems, vol. 34, no. 3, pp. 2479-2481, May. 2019.

[10] J. Xi and H. Geng, “Decoupling Control Scheme for VSG-WPPs to
Participate in Grid Frequency Response,” IEEE Transactions on Industry
Applications, vol. 55, no. 6, pp. 6368-6375, Nov.-Dec. 2019.

[11] Y. Zhang, Q. Sun, J. Zhou, J. M. Guerrero, R. Wang and A. Lashab,
“Optimal Frequency Control for Virtual Synchronous Generator Based
AC Microgrids via Adaptive Dynamic Programming,” IEEE Transac-
tions on Smart Grid, vol. 14, no. 1, pp. 4-16, Jan. 2023.

[12] P. Vorobev, P. -H. Huang, M. Al Hosani, J. L. Kirtley and K. Turitsyn,
“High-Fidelity Model Order Reduction for Microgrids Stability Assess-
ment,” IEEE Transactions on Power Systems, vol. 33, no. 1, pp. 874-887,
Jan. 2018.

[13] M. Rasheduzzaman, J. A. Mueller and J. W. Kimball, “An Accurate
Small-Signal Model of Inverter- Dominated Islanded Microgrids Using
dq Reference Frame,” IEEE Journal of Emerging and Selected Topics
in Power Electronics, vol. 2, no. 4, pp. 1070-1080, Dec. 2014.

[14] A. Gorbunov, J. C. -H. Peng, J. W. Bialek and P. Vorobev, “Identification
of Stability Regions in Inverter-Based Microgrids,” IEEE Transactions
on Power Systems, vol. 37, no. 4, pp. 2613-2623, July. 2022.

[15] X. Wu, C. Shen, M. Zhao, Z. Wang and X. Huang, “Small signal security
region of droop coefficients in autonomous microgrids,” 2014 IEEE
PES General Meeting j Conference & Exposition, National Harbor, MD,
USA, 2014, pp. 1-5.

[16] Z. Shuai, Y. Peng, X. Liu, Z. Li, J. M. Guerrero and Z. J. Shen,
“Parameter Stability Region Analysis of Islanded Microgrid Based on
Bifurcation Theory,” IEEE Transactions on Smart Grid, vol. 10, no. 6,
pp. 6580-6591, Nov. 2019.

[17] J. Chen and T. O’Donnell, “Analysis of virtual synchronous generator
control and its response based on transfer functions,” IET Power Elec-
tronics, vol. 12, no. 11, pp. 2965-2977, Sep. 2019.

[18] C. Guo, S. Yang, W. Liu, C. Zhao and J. Hu, “Small-Signal Stability
Enhancement Approach for VSC-HVDC System Under Weak AC Grid
Conditions Based on Single-Input Single-Output Transfer Function
Model,” IEEE Transactions on Power Delivery, vol. 36, no. 3, pp. 1313-
1323, June. 2021.

[19] B. N. Getu, “Control System Compensator Design using Root Locus
Approach,” 2022 International Conference on Electrical and Computing
Technologies and Applications (ICECTA), Ras Al Khaimah, United Arab
Emirates, 2022, pp. 59-62.

[20] M. A. Choghadi and H. A. Talebi, “The Routh-Hurwitz Stability
Criterion, Revisited: The Case of Multiple Poles on Imaginary Axis,”
IEEE Transactions on Automatic Control, vol. 58, no. 7, pp. 1866-1869,
July. 2013.

[21] W. Rui, S. Qiuye, M. Dazhong and H. Xuguang, “Line Impedance Co-
operative Stability Region Identification Method for Grid-Tied Inverters
Under Weak Grids,” IEEE Transactions on Smart Grid, vol. 11, no. 4,
pp. 2856–2866, July. 2020.

[22] R. Wang, Q. Sun, W. Hu, J. Xiao, H. Zhang and P. Wang, “Stability-
Oriented Droop Coefficients Region Identification for Inverters Within
Weak Grid: An Impedance-Based Approach,” IEEE Transactions on
Systems, Man, and Cybernetics: Systems, vol. 51, no. 4, pp. 2258-2268,
April. 2021.

[23] S. Zhu et al., “Impedance Modeling of Modular Multilevel Converter
in D-Q and Modified Sequence Domains,” IEEE Journal of Emerging
and Selected Topics in Power Electronics, vol. 10, no. 4, pp. 4361-4382,
Aug. 2022.

[24] C. Luo and V. Ajjarapu, “Sensitivity-Based Efficient Identification of
Oscillatory Stability Margin and Damping Margin Using Continuation
of Invariant Subspaces,” IEEE Transactions on Power Systems, vol. 26,
no. 3, pp. 1484-1492, Aug. 2011.

[25] Y. Zou, J. Qin, L. Zhang and J. Yu, “Inequality Constraints Based
Method for Fast Estimation of Droop Slope Stability Regions for MMC-
Based MTDC Systems,” IEEE Transactions on Power Delivery, vol. 36,
no. 6, pp. 3689-3700, Dec. 2021.

[26] Z. Xinyi et al., “An adaptive low frequency oscillation control strategy of
VSG-based photovoltaic power plants to multi-machine power systems.”
Journal of Central South University (Science and Technology), vol. 53,
no. 8, pp. 2920-2931, 2022.

[27] M. C. Pulcherio, M. S. Illindala and R. K. Yedavalli, “Robust Stability
Region of a Microgrid Under Parametric Uncertainty Using Bialternate
Sum Matrix Approach,” IEEE Transactions on Power Systems, vol. 33,
no. 5, pp. 5553-5562, Sept. 2018.

[28] N. Pogaku, M. Prodanovic and T. C. Green, “Modeling, Analysis and
Testing of Autonomous Operation of an Inverter-Based Microgrid,”
IEEE Transactions on Power Electronics, vol. 22, no. 2, pp. 613-625,
March. 2007.

[29] S. Leitner, M. Yazdanian, A. Mehrizi-Sani and A. Muetze, “Small-Signal
Stability Analysis of an Inverter-Based Microgrid With Internal Model-
Based Controllers,” IEEE Transactions on Smart Grid, vol. 9, no. 5, pp.
5393-5402, Sept. 2018.

[30] Shuoh Rern, P. T. Kabamba and D. S. Bernstein, “Guardian map ap-
proach to robust stability of linear systems with constant real parameter
uncertainty,” IEEE Transactions on Automatic Control, vol. 39, no. 1,
pp. 162-164, Jan. 1994.

[31] X. Zhang, P. Tsiotras, and A. Lanzon, “An approach for computing the
exact stability domain for a class of LTI parameter dependent systems,”
International Journal of Control, vol. 79, no. 9, pp. 1046-1061, Sep.
2006.

This article has been accepted for publication in IEEE Journal of Emerging and Selected Topics in Power Electronics. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/JESTPE.2024.3376348

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: DOE OSTI Office of Science Tech Info. Downloaded on May 01,2024 at 17:38:25 UTC from IEEE Xplore.  Restrictions apply. 



IEEE JOURNAL OF EMERGING AND SELECTED TOPICS IN POWER ELECTRONICS, VOL. 14, NO. 8, AUGUST 2021 11

Rui Wang (Senior Member, IEEE) received the B.S.
degree in electrical engineering and automation and
the Ph.D. degree in power electronics and power
drive from Northeastern University, in 2016 and
2021, respectively. In 2019, he became a Visiting
Scholar with the Energy Research Institute, Nanyang
Technological University, Singapore. He is currently
an Associate Professor with Northeastern Universi-
ty.

His research interest focuses on collaborative op-
timization of distributed generation and its stability

analysis in cyber-energy system. He has authored or coauthored over 50
papers, authorized over 20 invention patents. As the first author, he obtained
IEEE Transactions on Energy Conversion Best Paper Award in 2021.

Yibo Wang received the B.S. degree in electri-
cal engineering and automation in 2022 from the
Shenyang Institute of Engineering, Shenyang, China.
Since 2022, he has been currently working toward
the M.S. degree in electrical engineering in North-
eastern University, Shenyang, China.

His research interest focuses on the stability anal-
ysis of distributed generation in cyber-energy sys-
tem.

Pinjia Zhang (Senior Member, IEEE) received the
B.Eng. degree from Tsinghua University, Beijing,
China, in 2006, and the masters and Ph.D. degrees
from the Georgia Institute of Technology, Atlanta,
GA, USA, in 2009 and 2010, respectively, all in
electrical engineering. From 2010 to 2015, he was
with Electrical Machines Laboratory, GE Global
Research Center, Niskayuna, NY, USA. Since 2015,
he has been with the Department of Electrical
Engineering, Tsinghua University, as an Associate
Professor. His research interests include condition

monitoring, and diagnostics and prognostics techniques for electrical assets.
He has authored or coauthored more than 80 papers in refereed journals and
international conference proceedings, and more than 40 patent fillings in the
U.S. and worldwide.

Dr. Zhang was the recipient of IAS Andrew W. Smith Outstanding Young
Member Achievement Award in 2018, and three Best Paper Awards from the
IEEE IAS and IES Society

Qiuye Sun (Senior Member, IEEE) received the
Ph.D. degree in control theory and control engi-
neering from Northeastern University in 2007. He is
currently a Full Professor with Northeastern Univer-
sity and obtained Special Government Allowances
from the State Council in China. His current research
interests include optimization analysis technology
of power distribution network, network control of
energy Internet, integrated energy systems and mi-
crogrids.

He has authored or coauthored over 200 papers,
authorized over 100 invention patents, and published over 10 books or
textbooks. He is an Associate Editor of IEEE Trans NNLS, IET Cyber-Physical
Systems, CSEE Journal of Power and Energy Systems, IEEE/CAA Journal of
Automatica Sinica, etc.

Yonghao Gui (Senior Member, IEEE) received a
B.S. degree in automation from Northeastern Uni-
versity, Shenyang, China, in 2009, and the M.S.
and Ph.D. degrees in electrical engineering from
Hanyang University, Seoul, South Korea, in 2012
and 2017, respectively.

From 2017 to 2022, he worked at Aalborg U-
niversity, Aalborg, Denmark, as a Postdoctoral Re-
searcher and then an Assistant Professor. In 2022, he
worked in Vestas, Denmark. Currently, he has been
working at Oak Ridge National Laboratory, USA.

His research interests include Control and Protection of Power Electronics
in Power Systems, Renewable Energy Integration, Energy Internet, and
Networked Microgrids.

Dr. Gui has served as an Editor for the IEEE Transaction on Sustainable En-
ergy, IEEE Transaction on Energy Conversion, and IEEE Power Engineering
Letters, and an Associate Editor of IEEE Transaction on Industrial Electronics,
IEEE Access, and International Journal of Control, Automation and Systems
(IJCAS). He was a recipient of Best Paper in IEEE Transaction on Energy
Conversions in 2021, the IEEE Power & Energy Society General Meeting Best
Conference Paper Award in 2019, Best Paper Award in IEEE Computational
Intelligence Society Conference in 2023, and the IJCAS Contribution Award
in 2020.

Peng Wang (Fellow, IEEE) received the B.Sc.degree
in electronic engineering from Xian Jiaotong Univer-
sity, Xian, China, in 1978, the M.Sc. degree from the
Taiyuan University of Technology,Taiyuan,China,in
1987, and the M.Sc. and Ph.D. degrees in electrical
engineering from the University of Saskatchewan,
Saskatoon, SK, Canada, in 1995 and 1998, respec-
tively. He is currently a Full Professor with the
School of Electrical and Electronic Engineering,
Nanyang Technological University, Singapore. His
current research interests include power system plan-

ning and operation, renewable energy planning, solar or electricity conversion
system, and power system reliability analysis.

He is an Associate Editor or Guest Editor-in Chief for or of the IEEE
TRANSACTIONS ON SMART GRID, IEEE TRANSACTIONS ON POWER
DELIVERY, Journal of Modern Power Systems and Clean Energy,and CSEE
Journal of Power and Energy Systems.

This article has been accepted for publication in IEEE Journal of Emerging and Selected Topics in Power Electronics. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/JESTPE.2024.3376348

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: DOE OSTI Office of Science Tech Info. Downloaded on May 01,2024 at 17:38:25 UTC from IEEE Xplore.  Restrictions apply. 


