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Incorporating self-interaction corrections (SIC) significantly improves chemical reaction barrier height predictions
made using density functional theory methods. We present a detailed, orbital-by-orbital analysis of these corrections
for three semi-local density functional approximations (DFAs) situated on the three lowest rungs of the Jacob’s Ladder
of approximations. The analysis is based on Fermi-Léwdin Orbital Self-Interaction Correction (FLOSIC) calculations
performed at several steps along the reaction pathway from the reactants (R) to the transition state (TS) to the products
(P) for four representative reactions selected from the BH76 benchmark set. For all three functionals, the major con-
tribution to self-interaction corrections of the barrier heights can be traced to stretched bond orbitals that develop near
the TS configuration. The magnitude of the ratio of the self-exchange-correlation energy to the self-Hartree energy
(XC/H) for a given orbital is introduced as an indicator of one-electron self-interaction error. XC/H = 1.0 implies that
an orbital’s self-exchange-correlation energy exactly cancels its self-Hartree energy and that the orbital therefore makes
no contribution to the SIC in the FLOSIC scheme. For the practical DFAs studied here, XC/H spans a range of values.
The largest values are obtained for stretched or strongly lobed orbitals. We show that significant differences in XC/H
for corresponding orbitals in the R, TS, and P configurations can be used to identify the major contributors to the SIC
of barrier heights and reaction energies. Based on such comparisons, we suggest that barrier height predictions made
using the SCAN meta-generalized gradient approximation may have attained the best accuracy possible for a semi-local

functional using the Perdew-Zunger SIC approach.
I. INTRODUCTION

Density functional theory (DFT) is widely used for com-
puting the properties of molecules and solids because it of-
fers useful accuracy at much greater efficiency than compet-
ing wave function methods. The recently developed strongly
constrained and appropriately normed (SCAN) functional'
and the related r’SCAN functional® yield remarkable accu-
racy for many properties>™ by satisfying all of the 17 con-
straints known for a semi-local density functional approxi-
mation (DFA). One constraint that cannot be satisfied by a
semi-local functional is one-electron self-interaction freedom,
the fact that, in a one-electron system, the electron inter-
acts only with an external potential and not with itself. The
self-interaction error (SIE) that arises as a result of a DFA
not satisfying this constraint remains a pervasive and elu-
sive challenge in DFT. There has been significant recent in-
terest in the impact of electron self-interaction on the per-
formance of DFAs in calculating chemical reaction barrier
heights,>!! where semi-local DFAs are known to underesti-
mate barriers.!>"'> Mishra et al.'® used the Fermi-Lowdin or-
bital self-interaction correction (FLOSIC) method!”~!? with
the local density approximation (LDA) of Perdew and Wang?’
for both the Perdew-Zunger self-interaction correction®! en-
ergy functional (PZSIC) and the locally scaled self-interaction
correction of Zope et al.*?> (FLO-LDA and LSIC-LDA, re-
spectively) to compute barrier heights for the BH76%32*
benchmark set of reaction barriers. They showed that both
FLO-LDA and LSIC-LDA give dramatically improved pre-

dictions of barrier heights relative to LDA. They also esti-
mated density-driven and functional-driven contributions to
the error, concluding that the error made by LDA is mostly
functional-driven. Kaplan and co-workers? also used the
FLOSIC method and PZSIC to compute BH76 barriers for the
Perdew-Burke-Ernzerhof?® (PBE) generalized gradient ap-
proximation (FLO-PBE) and the SCAN! functional (FLO-
SCAN), in addition to FLO-LDA. They found that using FLO-
DFA improved performance for barrier heights in the same or-
der as for the uncorrected functionals, i.e., that SCAN (FLO-
SCAN) performed better than PBE (FLO-PBE), and that the
latter performed better than LDA (FLO-LDA). One focus of
that work was to understand the success of density-corrected
DFT27-2 pased on self-consistent Hartree-Fock (HF) densi-
ties (HF-DFT) in improving barrier heights. The idea under-
lying HE-DFT is that errors made by a DFA can arise from
problems with the self-consistent DFA density and can be
mitigated by evaluating the DFA on the exact density, or a
close proxy, typically the self-consistent Hartree-Fock (HF)
density. Kaplan et al. concluded that HF-DFT improves re-
sults for BH76 due to a cancellation of errors.>> The proxy
HF density over-localizes the density in a manner that pushes
up the transition state (TS) energy relative to the reactants (R)
or products (P), resulting in improved barrier heights. A re-
lated finding? is that the self-consistent FLO-SCAN density
is closer than HF to the exact density for these reactions. A
still more recent study of the BH76 reactions (and other cases
where electron self-interaction is expected to be important) by
Hernandez et al.?° also found that HF-DFT mainly works via



error cancellation.

Focusing on the question of how self-interaction correc-
tions (SIC) improve reaction barriers, Shukla and co-workers®
analyzed the FLO-LDA and LSIC results for the BH76
barriers'® on an orbital by orbital basis, distinguishing be-
tween the participant orbitals, orbitals associated with bonds
that are being formed or broken in a reaction, and the remain-
ing spectator orbitals. The analysis identified participant or-
bitals, particularly stretched bond orbitals that are shared over
multiple atoms in the TS, as the largest contributors to the bar-
rier corrections.

Several questions motivate the current work. One involves
comparing and contrasting SIC to reaction barriers for func-
tionals on different rungs of Jacob’s ladder®' of DFAs. Ka-
plan et al.?> reported that PZSIC-related corrections reduce
mean absolute deviations (MAD) from reference values for
barrier heights by nearly 13 kcal/mol in FLO-LDA, but by
only 5 kcal/mol in FLO-SCAN. Because of this large differ-
ence, one can ask whether the mechanism of the correction is
the same in the two methods. Does the stretched bond con-
tribution also dominate the SIC-based correction for FLO-
SCAN? If so, why are the corrections smaller? A second
question involves how self-interaction corrections related to
the stretched bonds evolve over the course of a reaction. In a
recent study>?, the PZSIC-LDA total energy obtained in FLO-
LDA calculations was tracked along the reaction pathway for
the Diels-Alder reaction. The PZSIC energy has a relatively
large, but narrow peak centered at the TS geometry that is
missing from the analogous plot of the DFT energy. This sug-
gests that corrections to the reaction barrier are due to changes
in the electronic structure that occur only very near the TS. We
test this idea here by monitoring the evolution of the SIC en-
ergy associated with participant and spectator orbitals along
approximate reaction pathways for four representative reac-
tions. A final question concerns the effect of using FLOSIC
bond lengths for the R, TS, and P species for predicting barrier
heights. To date, all studies of the performance of FLOSIC
for reaction barriers have used reference coordinates obtained
from high-level quantum chemistry calculations. But previ-
ous calculations®>3* have shown that bond lengths predicted
in FLO-LDA are up to 4% shorter than LDA values so us-
ing FLOSIC-derived coordinates could alter calculated barrier
heights. Here we use FLOSIC atomic forces** to find opti-
mized geometries for R and P and approximate FLOSIC co-
ordinates for the TS. We show below that using the FLOSIC-
based coordinates improves the predicted barriers, but only
slightly.

For this work, we studied the three reactions that make up
the BH6 benchmark set®> of reaction barriers. These include
Ty: CH4+OH — CH3+H,0, Ti»: H+ OH — O + Hj, and
Ti3: H + HsS — Hy + HS. (The labels for the reactions are
taken from Ref. 16. ) In addition, we include the Ty reac-
tion: F + H, — HF + H. This reaction is of interest due to the
substantial contributions from its spectator orbitals to the SIC,
as previously observed in Ref. 6. Moreover, the overall SIC
contribution to the reverse barrier is negative for 7g. This is
rare and merits further investigation. The BH6 reactions were
originally selected as a convenient subset of BH76 because

the error statistics for BH6 are similar for many DFT methods
to those for the full BH76 reaction set. We can confirm that
this is also true for the FLOSIC reaction barriers. Comparing
to data for the full BH76 set given in Ref. 25, we find that
the MADs found for BH6 using FLO-SCAN, FLO-PBE, and
FLO-LDA (see below) are within 1.1 kcal/mol of the corre-
sponding values for the full BH76 set for each method.

In the next section, we briefly review the FLOSIC method
and the numerical approaches used in this work. We then
present our results and a discussion. In the final section, we
summarize the main findings and offer concluding remarks.

Il. THEORY AND METHODOLOGY

The FLOSIC!7 calculations reported here make use of
the PZSIC energy functional?! for which the exchange-
correlation part of the energy includes an orbital-by-orbital
self-interaction correction:

E;ZSlchFA [nTanJ,] _ EXDCFA [nT’ni] +ZiGESIC[niG]- (1)

Here n4, n| are total spin densities, and n;¢ is the density of a
single Fermi-Lowdin orbital (FLO) and the sum is over all the
FLOs. The SIC energy of a FLO is given by

ESni] = —Ennic) — ER(nis, 0] 2)

where Ep[n;s| is the self-Hartree (or self-Coulomb) energy
associated with the FLO density and E2™[n;s] is the self-
exchange and correlation energy, evaluated using the given
DFA. Here we used the LDA?’, PBE?®, and SCAN!.

All FLOSIC calculations done for this work used the
FLOSIC code3®, which is based on the earlier NRLMOL
software!+3738, Both codes utilize an accurate integration
mesh®’ and a default basis set® that is comparable to quadru-
ple zeta quality basis sets for evaluating total energies.*’

Minimizing the PZSIC total energy requires determining
both the occupied orbital space and the optimal FLOs span-
ning that space. The N FLOs are obtained from the occupied
space by a transformation that uses a set of parameters known
as Fermi orbital descriptors, or FODs, which are simply N
points in 3-D space. Moving the FODs changes the shape of
the FLOs and therefore the magnitude of the SIC part of the
total energy. Gradients of the energy with respect to the FODs
can be computed'® and used with a gradient optimizer such as
LBFGS to determine the minimum-energy arrangements of
the FODs. We utilized a two-step scheme*! to do this. First,
the occupied orbital space is determined for a fixed choice of
FODs via an SCF calculation, using the scheme of Ref. 19
and a convergence criterion of 1 x 10~ Ha. FOD forces are
checked at the end of the SCF cycle and if the largest force
exceeds the convergence criterion of 2 x 10~* Ha/Bohr, the
occupied space is frozen and the FODs are optimized. Updat-
ing the FODs changes the effective Hamiltonians for the FLOs
(see Ref. 19), so a new SCF calculation is done, freezing the
new FOD positions, to find an updated occupied orbital space.
The FOD forces are then checked again and the two-step cycle
is repeated until the FOD forces meet the convergence crite-
rion at the end of the SCF calculation.



Atomic geometry optimizations performed for FLO-LDA
and FLO-PBE utilized FLOSIC atomic forces computed using
the method described in Ref. 34 and LBFGS. Geometries were
considered converged when the largest atomic force dropped
below 1 x 1073 Ha/Bohr. Atomic forces are not available
for FLO-SCAN. In this case, bond lengths were optimized
by systematically changing atomic coordinates by hand and
plotting the resulting total energies to identify minima.

I1l. RESULTS AND DISCUSSIONS
A. Barrier heights and reaction energies

We began by computing the total energies E of the R, TS,
and P configurations for each of the four reactions identi-
fied in the Introduction. Using atomic coordinates taken from
Ref. 42, we computed the energies with the LDA, PBE, and
SCAN functionals, and the corresponding FLO-DFA func-
tionals. Barrier heights for the forward (f) and reverse (r)
reactions are computed as, AEy = E(TS) — E(R), and AE, =
E(TS) — E(P). This gives a total of four forward and cor-
responding reverse reaction barriers. Computed barriers for
these are shown in Table I, along with reference values from
Ref. 42.

The FLOSIC barrier heights can be decomposed into con-
tributions from the DFA and SIC parts of the PZSIC total en-

ergy
AE = AEDFA@FLO+AESIC (3)

corresponding to differences in the two terms on the right of
Eq. 2. (For the f/r reaction barrier, A is the difference between
energies for the TS and R/P configurations.) AEPFA@FLO
for the various reactions is also shown in Table I. These
are obtained by evaluating the DFA functionals at the self-
consistent FLO-DFA densities. AES/C is also shown in Table
I. AESC can be further analyzed into contributions from in-
dividual FLOs. This is done by matching the FLOs in the
TS to corresponding FLOs in the R or P and taking the ap-
propriate ES/C[n;,0] differences. Following Ref. 6, we de-
fine participant orbitals to be those associated with bonds that
form or break in the reaction, while the remaining orbitals are
spectators. The individual orbital contributions to AESC are
typically larger in magnitude for the participant orbitals than
for the spectator orbitals. The largest positive contribution in
nearly all cases and for all functionals is due to the stretched
bond orbital AE SSbIC. We show this quantity in Table I as well
as the total SIC contribution AESC.

For 6 of the 8 reaction barriers shown in Table I, AESIC is
positive for all functionals. In these cases, AES'C for the FLO-
LDA calculation is significantly larger than for FLO-PBE, and
larger for FLO-PBE than for FLO-SCAN. For these six bar-
riers, the SIC contribution is an average of 1.8 times larger
for FLO-LDA than for FLO-SCAN. For the two remaining
reactions, 74(r) and Ty(r), the total SIC contributions are close
to zero or negative. In these cases, the FLO-LDA and FLO-
SCAN values are similar and the FLO-PBE values are some-
what more negative. Comparing AES/C and AESC values, for

the six reactions with positive AESC, the stretched bond con-

tribution makes up an average of 79% of the total for FLO-
LDA and FLO-PBE and 70% for FLO-SCAN. For the reac-
tions with negative total SIC contributions, the stretched bond
contribution is nonetheless positive for 7;(r) for all function-
als and also positive for FLO-LDA for Ty(r). These findings
are consistent with the results found in Ref. 6 for FLO-LDA
and indicate that the stretched bond orbital contributes most to
SIC-related barrier corrections for all three FLO-DFA meth-
ods, regardless of their rung on Jacob’s ladder.

The mean absolute deviations (MAD) of the computed for-
ward and reverse barrier heights from the reference values are
shown in Table II for the BH6 reactions (74, Ti7, and T13). The
overall average for forward and reverse reactions, AEMAP s
also shown. This corresponds to the BH6 MAD. Results are
shown for each method. As found earlier by Kaplan et al.?>
for the full BH76 set, the MAD is largest for FLO-LDA (5.10
kcal/mol), smaller for FLO-PBE (4.14 kcal/mol) and small-
est for SCAN (3.09 kcal/mol). The values for the uncorrected
functionals are considerably larger, but are in the same order,
LDA (18.08) > PBE (9.61) > SCAN (7.88), all in kcal/mol.
Comparing the DFA and DFA@FLO MAD values indicates
how much of the improvement in the FLO-DFA calculations
can be attributed to changes in the self-consistent density. For
FLO-LDA, -PBE, and -SCAN these contributions are 3.25,
3.29, and 1.28 kcal/mol, respectively. The portion of the im-
provement due to AESIC s then 9.73, 2.18, and 3.59 kcal/mol,
for FLO-LDA, -PBE, and -SCAN respectively. This analy-
sis shows that SCAN and PBE succeed in reducing the MAD
for reaction barriers significantly relative to LDA, but the in-
clusion of SIC reduces them further. The overall correction
for FLO-LDA is particularly dramatic, reducing the MAD by
roughly 13 kcal/mol relative to LDA, and resulting in a per-
formance for barrier height predictions that is nearly on par
with FLO-PBE and FLO-SCAN.

We also show the MADs for reaction energies, AE,,, =
E(P) — E(R) = AE; — AE, in Table II. The MADs are
again ordered LDA > PBE > SCAN. The SCAN value (1.56
kcal/mol) shows impressive accuracy, while the LDA value
(11.08 kcal/mol) is poor by comparison. Interestingly, the
DFA and DFA@FLO MAD values are close, differing by less
than 1 kcal/mol, for all functionals. It is also interesting that
the FLO-DFA MAD values are significantly larger than the
DFA values for the SCAN and PBE functionals. Since the re-
action energy is not independent of the forward and reverse
reaction barriers, this means that errors in the reaction energy
inevitably imply errors in the reaction barriers. We return to
this point later.

For reference, we include in Table I MADs for the
global hybrid functional B3LYP, the range separated hybrid
LCwPBE, and a 50-50 global hybrid of SCAN and HF ex-
change (SX50). Differences between B3LYP and LDA or
PBE results are often taken as an indicator of self-interaction
error. LCwPBE and SX50 were taken as stand-ins for the
exact functional in Ref. 25. The values are computed us-
ing data taken from the supplemental information of Ref. 25.
LCwPBE is seen to be quite accurate for the BH6 barrier
heights, but slightly less accurate for the corresponding re-
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action energies that the self-consistent SCAN functional. The
MAD for the B3LYP reaction barriers is comparable to that of
FLO-LDA and FLO-PBE, but somewhat larger than for FLO-
SCAN.

B. Evolution of the self-interaction corrections

To study the evolution of SIC related to participant FLOs
over the course of a reaction, we performed FLOSIC calcu-
lations for multiple steps along approximate reaction path-
ways for the reactions under investigation. We approximated
the forward reaction pathway by linear interpolation from the
atomic positions in the R molecules to the corresponding po-
sitions in the TS. We separated the molecules in R by 5A to
ensure they do not interact strongly. The reverse pathway was
similarly approximated as a linear interpolation from the sepa-
rated P molecules to the TS. Ten steps were made for both the
forward and reverse reactions. At each step, a self-consistent
FLO-DFA calculation was performed for each functional, in-
dependently optimizing FOD positions in each case. FODs
were fully relaxed in each calculation from starting points ob-
tained from the appropriate linear interpolation of the opti-
mized FODs for R, TS, and P.

In Figure 1 we show ESC[n;5] for a set of participant
and spectator orbitals for each reaction, taken from the FLO-
SCAN calculations for steps along the pathways. At the right
of the figure, we show iso-surface plots of the selected orbital
densities for the TS configuration. The energy of what be-
comes the stretched bond orbital at the TS is shown in black
symbols for each reaction. Data for other participants are
shown using green and red symbols. Blue symbols are used
for spectator orbitals.

It is useful to consider the details of Figure 1 for one of the
reactions. T4 can be described as a H transfer from CHy to
OH, producing H,O and CH3. In Figure 1 (a), the red curve
is for the participant oxygen radical (spin up) electron in R
that becomes an OH bond orbital in P. The green curve is for a
participant FLO that begins as a CH bond orbital in R and ends
as an unpaired C radical (spin up) electron in P. The blue curve
corresponds to the SIC energy of a spectator CH bond FLO,
i.e. a FLO associated with the same CH bond throughout the
reaction. As noted above, the black curve is for the stretched
bond orbital, which begins as a (spin down) CH bond orbital
in R and ends as an OH bond orbital in P. At the TS, this FLO
extends over the stretched C-H and O-H bonds. The curves in
the other figures can be interpreted analogously.

A striking feature of Figure 1 is that ES/C[ng,] peaks near
the TS in all four reactions. This is reminiscent of the peak
reported by Schulze et al.3? for the PZSIC energy near the TS
of the Diels-Alder reaction. The peak in E5/C[ng]is notewor-
thy because AES/C, the difference between its energy at the
TS and that of the corresponding orbital in the R/P, is the con-
tribution of the stretched bond orbital to the correction of the
forward/reverse barrier. The peak in E5/C means that this con-
tribution is positive and in Figure 1 it can be seen that it is gen-
erally large compared to contributions for other orbitals, espe-
cially for spectator orbitals. The plots shown in Figure 1 are
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FIG. 1. SIC energy, ES/C[n;], from FLO-SCAN calculations for se-
lect spectator, participant, and stretched bond orbitals for four repre-
sentative reactions. The energies are evaluated at several steps along
approximate reaction pathways connecting the reactant (R) species to
the transition state (TS), and from the TS to the product (P) species.
Differences in ES/C[n;] for a given orbital between the TS and the R
(P) reflect the contribution of that orbital to the SIC correction of the
forward (reverse) reaction barrier.

for the FLO-SCAN calculations, and the analogous plots for
FLO-PBE and FLO-LDA (see the Supporting Material (SM)
Figures S1, S2, S3, and S4) are qualitatively quite similar. The
stretched bond peak for the Ty reaction is shifted to the P side
of the TS compared to the other reactions. The reason for this
is addressed in the Discussion below.

C. XC/H ratio

The exact, but unknown, density functional is self-
interaction free. It is argued in Ref. 44 that ES/C[n;s] = 0 for
the exact functional for any one electron density, or that the
self-Hartree energy (H) for n;4 is equal to the magnitude of the
self-exchange-correlation energy (XC). (The self-correlation
energy is zero for the exact functional, as it also is for SCAN).



Reactions — T Ti» T3 Ty
AE; AE, AE; AE, AE; AE, AE; AL,
LDA -23.71 -17.32 -12.51 -27.28 -10.64 -17.05 -25.32 -8.58
LDA@FLO -18.96 -12.50 -9.99 -22.54 -9.33 -15.64 -16.88 -0.79
LDA@FLO-SCAN -18.54 -12.14 -10.13 -22.03 -9.37 -15.53 -15.82 -0.11

FLO-LDA -1.90 -12.49 -1.28 -474 -2.64 -7.52 -455 -7.46
AESIC 17.06 0.01 871 17.80 6.69 8.12 1233 -6.67
AESIC 11.62 1348 13.12 1064 347 6.06 8.63 10.70
PBE -11.81 -10.55 -7.30 -1491 -5.13 -7.94 -14.57 -9.04

PBE@FLO -7.17 -6.10 -4.00 -10.72 -3.74 -6.20 -6.39 -1.87
PBE@FLO-SCAN -8.28 -7.02 -5.21 -11.95 -442 -6.84 -8.11 -3.48
FLO-PBE 6.03 -10.36 2.02 3.14 1.12 -2.19 229 -12.09

AESIC 1320 -426 602 1386 4.86 401 8.68 -10.22
AESIC 970 494 582 1134 150 432 728 -3.14
SCAN 791 775 174 -11.09 -6.63 -6.13 -9.39 -11.61

SCAN@FLO -6.05 -6.21 -6.37 -927 -622 -550 -5.66 -8.52
FLO-SCAN 456 -7.01 -0.72 1.69 -2.32 -221 242 -14.99

AESIC 10.61 -0.8 5.64 1096 390 329 8.08 -6.47
AESIC 754 352 405 865 109 3.14 584 -250

Reference® 63 195 109 132 39 172 1.6 338

TABLE 1. The calculated errors in the reaction barrier heights, in units of kcal/mol, for both the forward (AEy) and reverse (AE,) directions

of four representative reactions from the BH76 dataset, employing various density functionals. Also shown are AESS{;C, the contribution of the
stretched bond orbital to the SIC correction for each barrier, along with the total SIC correction AES'C. DFA@FLO labels barriers computed
from energies evaluated using the uncorrected DFA, but the self-consistent FLO-DFA density. DFA@FLO indicates barriers computed with

the DFA functional evaluated on the self-consistent FLO-SCAN density.

We define the ratio XC/H as

Functionals  AE}P AEP AEAD AEYTIP

LDA 15.62 20.55 18.08 9.19
LDA@FLO 1276 1689  14.83 8.44 EDFA o 0]

FLO-LDA 194 825 5.10(5.02) 6.31 (5.56) XC/H = Fae Mo Tl 4)
PBE 808 11.14 96l 3.90 Ey[nis]
PBE@FLO 497 7.67 6.32 3.42 . .

SCAN 743 8.32 7.88 1.34 orbital using the exact functional. For an approximate func-
SCAN@FLO 6.21 6.99 6.60 1.26 tional, the XC/H ratio implies the sign of the SIC energy for
FLO-SCAN 2.54 3.64 3.09(3.04) 4.70 (4.80) a given FLO. If XC/H < 1, the self-Hartree energy domi-

B3LYP? 510  4.56 4.83 1.67 nates the self-exchange-correlation energy for that FLO and
LC-wPBE® 031  2.10 1.21 1.81 ESIC[n;5] < 0, whereas when XC/H > 1 the opposite is true
SX50% 323 117 2.20 2.88 and ESC[n;5] > 0.

We computed XC/H ratios for all FLOs for the R, TS, and

TABLE II. Mean absolute deviation relative to reference values
(MAD) for both the forward (AEMAPY and reverse (AEﬁ’IAD ) direc-
tions of the BH6 subset (74, Tip, and Ty3) of the BH76 dataset,
employing various density functional approximations (DFAs). The
fourth column gives AEMAD = (AE;‘.’IAD +AEMAD) /2 the overall er-
ror for the BH6 reactions. The last column shows the MADs in the
calculated reaction energies AEMAPD for the three reactions. For FLO-
LDA, the values in parentheses represent the MADs for calculations
that use atomic geometries optimized within FLO-LDA. Other values
correspond to calculations that use reference coordinates. Rows des-
ignated DFA@FLO give values obtained using the uncorrected DFA
evaluated on the self-consistent FLO-DFA density. Values for a pop-
ular global hybrid (B3LYP), a range separated hybrid (LCwPBE),
and a 50-50 hybrid of SCAN and HF exchange (SX50) are computed
using data taken from the supplemental information of Ref. 25 and
shown for comparison. All values are in kcal/mol.

P configurations of all four reactions. These are shown in Fig-
ure 2 for the SCAN functional, where red, black, and green
symbols are used for FLOs in the R, TS, and P, respectively.
Data for corresponding FLOs are plotted at the same hori-
zontal position and values for the spin up/down orbitals are
plotted on the beige/grey background. Values for participant
orbitals (PO) and for the stretched bond orbital (SO) are in-
dicated by labels on the x-axis and dotted lines. Analogous
plots for LDA and PBE are shown in Figures S1, S2, S3, and
S4 in the SM. They are very similar to Figure 2, but the val-
ues of XC/H differ. For SCAN (Figure 2), XC/H ranges from
about 1.0 to around 1.06. For PBE and LDA the correspond-
ing ranges are 0.99 to 1.13, and 0.87 to 0.99, respectively.
This coincides with the fact that E5C is negative for LDA and
positive for SCAN and PBE.

The XC/H values are clearly grouped by orbital type in Fig-
ure 1. For example, XC/H is close to 1.0 in SCAN for 1s
core FLOs, (close to 1.00 for PBE and 0.88 for LDA). This is
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FIG. 2. The magnitude of the self-exchange-correlation energy
(XC) divided by the self-Hartree energy (H) is presented for FLOs
in four representative reactions: (a) 73: CH4s+OH—CH3+H;O,
(b) T1: H+OH—O+H,, (¢) T13: H+H4S—Hy+HS, and (d) To:
F+H, —FH+H. The XC/H ratios were obtained from self-consistent
FLO-SCAN calculations for each reaction. Red, black, and green
dots represent XC/H ratios for FLOs in the reactants (R), transi-
tion state (TS), and product (P) species, respectively. The horizontal
dashed line signifies the reference point where the magnitude of XC
equals H. Vertical dotted lines indicate participant (PO) and stretched
bond (SB) orbitals involved in the respective reactions. Data for spin-
up (down) FLOs are shown on a beige (gray) background. Changes
in XC/H for a given FLO reflect changes in the shape of the FLO
between the R, TS, and P states. Further discussion is provided in
the text.

true for all atom types in the reactions studied here: H, C, O,
F, and S. This shows that XC/H is sensitive to orbital shape,
rather than to how compact the orbital is. CH bond orbitals
have XC/H values near 1.01, OH bond orbitals near 1.02, and
O lone pair orbitals near 1.03.

Figure 2 shows that XC/H values do not change signif-
icantly from the R to TS to P configurations for spectator
orbitals. There is correspondingly little change in ES/C[n;q]
for these orbitals and therefore little contribution from one of
these orbitals to SIC energy differences for the reaction barri-
ers or the reaction energy. On the other hand, XC/H values for
participant orbitals can change significantly. These orbitals
therefore have a larger impact on SIC contributions to the bar-
riers or the reaction energy.

The change in XC/H is due to changes in both XC and H.
For example, the stretched bond orbital in the TS is less lo-
calized than the corresponding orbitals in either R or P. The
magnitude of H is therefore smaller for the stretched bond.
In the Ty reaction, Hys/Hr= 0.9, where Hrg is the magnitude
of the self-Hartree energy in the TS, etc. For the 74 reaction
Crs/Cgr = 0.8. The magnitude of XC also decreases for the
less-localized orbitals, but less than for H, resulting in a larger
XC/H ratio.

D. The effect of FLOSIC-optimized coordinates on reaction
energetics

All previous studies of barrier heights in FLOSICS!16-23

used reference coordinates*? for the R, P, and TS species. Itis
known that bond lengths optimized in FLOSIC are shorter by
a few percent than reference values3>34. This raises the ques-
tion of how FLOSIC barrier height predictions would be af-
fected if FLOSIC geometries were used in the calculations. To
address this, we used FLOSIC atomic forces>* and the LBFGS
gradient optimization scheme for FLO-LDA and FLO-PBE
and systematic plots of energy versus bond length for FLO-
SCAN to re-optimize the geometries for the eight molecules
contained in the R and P of the reactions studied here. The
bonds are systematically predicted to be too long by the un-
corrected DFAs, with mean absolute deviations (MADs) from
the reference lengths of 0.017, 0.013, and 0.004 10\, respec-
tively for LDA, PBE, and SCAN. The LDA and PBE bond
lengths are similar, while the SCAN bond lengths are closer to
the reference values. The FLO-DFA bond lengths are shorter
than the reference values, with MADs of 0.022, 0.006, and
0.008 A, respectively for FLO-LDA, FLO-PBE, and FLO-
SCAN. Now the FLO-PBE and FLO-SCAN values are sim-
ilar, while the FLO-LDA are notably shorter. It is seen in
these values that the self-interaction correction shortens the
too-long DFA values, but over-corrects, significantly in the
case of FLO-LDA, but only slightly for FLO-SCAN. A direct
comparison of reference, DFA, and FLO-DFA bond lengths is
given in Table S1 of the SM.

We caution that all of the bonds included in the comparisons
above are of the type X-H, where X is H, C, O, F, or S, so
that the results presented are not general and may not apply to
other types of bonds. A wider study of bond lengths in FLO-



PBE and FLO-SCAN would be of interest, but is outside the
focus of this work.

To obtain FLO-DFA coordinates for the TS states, we per-
formed local searches for the TS geometries. For FLO-LDA
this involved first computing the Hessian matrix at the TS
reference coordinates, using finite differences of the atomic
forces. We then diagonalized the Hessian to determine vibra-
tional frequencies. In all cases, we found one imaginary fre-
quency. Next, we used the forces obtained at the reference ge-
ometry in conjunction with the Hessian to predict the approx-
imate positions of the atoms at the TS. We then carried out a
new self-consistent FLO-LDA calculation at the predicted TS
geometry and re-evaluated the FLO-LDA forces. At the exact
TS geometry, all atomic forces vanish, as the TS is a point of
unstable equilibrium. The magnitude of the 3N-dimensional
atomic force vector ||F || therefore provides a useful check on
the approximate TS geometry obtained from the local search.
For T, for example, ||F|| = 0.053 Ha/Bohr at the reference
TS geometry, but only 0.003 Ha/Bohr for the predicted FLO-
LDA geometry. For FLO-PBE and FLO-SCAN, we found
approximate TS geometries by computing total energies for a
grid of values for the two bond lengths that are stretched at the
TS, keeping other bond lengths and bond angles fixed at the
reference values. We located the lengths corresponding to the
TS on a contour plot of the results. We estimate that the TS
bond lengths obtained in this way have an uncertainty of 0.05
A.

In Table S2 in the SM, we compare the FLO-DFA and ref-
erence values for the two stretched bonds in the TS for each
reaction studied. (FLO-LDA does not predict a TS for the Ty
reaction. Instead, it predicts a downhill energy from the R all
the way to the P.) The MADs are 0.04, 0.07, and 0.06 Afor
FLO-LDA, FLO-PBE, and FLO-SCAN, respectively. Note
that the DFAs do not predict the existence of a TS in any of
the reactions, with the lone exception of SCAN and the T}, re-
action. In all but that single case, either the forward or reverse
barrier is predicted to be negative and the energy is downhill
from the reactants to the products or vice versa.

In Table II we show the MAD for barrier heights and re-
action energies using FLO-LDA geometries in parentheses
alongside the MADs obtained using the reference geometries.
The MAD for barrier heights changes from 5.10 to 5.02, 4.14
to 3.37, and 3.09 to 3.04 kcal/mol, respectively, for FLO-
LDA, FLO-PBE, and FLO-SCAN when FLOSIC geometries
are used in place of reference geometries. For reaction ener-
gies, the corresponding changes are from 5.46 to 4.81, 6.94
to 6.74, and 4.70 to 4.80 kcal/mol. Using FLOSIC-optimized
coordinates therefore improves overall agreement with refer-
ence values, but only slightly.

E. Discussion

The results described above are consistent with the analy-
sis of stretched and noded orbitals in SIC given in Ref. 44. A
key conclusion of that work is that semi-local density func-
tionals must overestimate the exchange energy when evalu-
ated on stretched or noded orbital densities, due to the local

nature of the exchange hole on which the DFA’s are based.
As discussed in greater detail in that paper,** for a stretched
or strongly lobed orbital, the fraction of the charge present in
each lobe "sees" an exchange hole that integrates to a full elec-
tron, whereas the exact hole is delocalized over both lobes.
This implies that the DFA overestimates the size of the self-
exchange energy for a lobed or stretched orbital. This is ap-
parent in the results presented in Figures 1 and 2, particularly
for the stretched bond orbitals. The XC/H ratios for these or-
bitals are larger and ES’C values are more positive than for
corresponding orbitals in R and P. Other orbitals with large
XC/H values also have a strongly lobed character. An exam-
ple is the unpaired electron in CH3 (the green dot marked by
the leftmost PO label for the 7; majority spin orbitals) that
has an XC/H value close to 1.04. Given the sp> hybridization
of the bonding in this molecule, the radical electron would be
expected to be an unhybridized C p state in a DFT calcula-
tion. In the FLOSIC calculation, the FLO associated with the
unpaired electron hybridizes somewhat with the CH bond or-
bitals to lower the SIC energy, but the FLO retains a mainly p
character and is strongly lobed. (See Figure S5 in the SM)

As noted above, a compact and node-less 1s orbital has an
XC/H ratio very close to 1.0 for the SCAN functional. It could
be said that SCAN is effectively 1-electron self-interaction
free for such orbitals. On average, FLOs have XC/H ratios
much closer to 1.0 in FLO-PBE and FLO-SCAN than in FLO-
LDA. One consequence is that the self-interaction-corrected
total energies are much closer to the uncorrected total en-
ergies for FLO-SCAN and FLO-PBE. The size of ESC for
FLO-LDA is an order of magnitude larger than for FLO-PBE
or FLO-SCAN and somewhat larger for FLO-SCAN than
for FLO-PBE. PBE and SCAN can be said to be more self-
interaction free than LDA. Another consequence is that the
size of the self-interaction barrier corrections in these func-
tionals is smaller than in FLO-LDA.

The impact of SIC on barrier heights involves differences in
ESIC[n;]. SCAN is not self-interaction-free for most orbitals,
but if the lobed-ness of an orbital is not appreciably changed
in going from R or P to TS, its self-interaction energy will
cancel when barrier heights are evaluated. The XC/H plots
in Figure 2 show that participant orbitals are more likely to
make large contributions to barrier heights, although specta-
tor orbitals can also contribute in a non-negligible way,® in
part because there are generally more spectator orbitals than
participants.

The peaks in ES'C for the stretched bond orbitals for FLO-
SCAN shown in Figure 1 are at or very near the TS except
for Ty, where the peak is displaced toward P. Given the inter-
pretation of the peak as reflecting the stretched bond character
of the orbital, one expects the peak to coincide with the con-
figuration where the orbital is most stretched and intuitively,
this is the TS. The plots in Figure 1 cannot precisely locate
the peak relative to the TS. First, the reaction pathways used
to create Figure 1 are only approximate. Also, the pathways
are based on reference coordinates instead of FLOSIC coor-
dinates. These issues are likely to affect the apparent position
of the peaks relative to the TS in Figure 1. More importantly,
the Ty reaction is unique among the reactions shown in Figure



1 in being a very early reaction. The optimal H, bond length
is about 0.74 A. In the TS of Ty, the H-H bond distance is
only slightly larger, 0.77 A. For comparison, in the 77, and
Tis TS, the H-H bond distance is 0.91 and 1.15 A, respec-
tively. Thus, the geometry of the TS in 7y is much closer to
the R than the P. The position of the stretched bond peak in Ty
may simply reflect that the H-H bond is not yet very stretched
at the TS configuration. The displaced position of the peak
also explains the negative contribution of the stretched bond
orbital to the reverse Ty barrier in FLO-SCAN. From Figure
1(b) it can be seen that ESC[ng] is below the value of the
corresponding F-H bond orbital in P. If the correction were
computed at the peak of the ES/C[ng] curve, the contribution
would be positive, as is the case for the other reactions.

Changes in the XC/H values for the orbitals in Figure 2
also portend SIC contributions to reaction energies, AE,,. For
LDA, the corrections reduce the MAD in the reaction energies
for the four reactions studied here. But SCAN predicts these
reaction energies very accurately (MAD = 1.56 kcal/mol)
and using FLO-SCAN worsens the predictions (MAD = 7.88
kcal/mol). The problem is clearly not due to changes in the
density. The data in Table II show that the MAD for reaction
energies are very similar in the self-consistent DFA calcula-
tions and the DFA@FLO calculations for all three function-
als. This is not surprising since the R and P configurations
involve molecules at their equilibrium configurations where
density-driven errors are not expected. Instead, the reaction
energy error stems from differences in SIC energies for cor-
responding orbitals in the R and P configurations. These can
arise because of changes in orbital hybridization or the shift
of a bond orbital to a radical orbital as foretold by shifts in
XC/H values in Figure 2. Barrier height errors depend on re-
action energy errors, since AE,, = AEy — AE,. Therefore at
least some of the small MAD for the BH6 barrier heights that
remain for FLO-SCAN (3.09 kcal/mol) must be attributable
to the reaction energy errors.

As mentioned in the Introduction, Kaplan et al.?% investi-
gated the success of density-corrected DFT in computing the
barrier heights of the BH76 reactions. To do this, they intro-
duced three proxies for the exact functional, including the LC-
®PBE range-separated hybrid functional,*’ a global half-half
hybrid of SCAN and HF exchange (SCAN-50), and the FLO-
SCAN method. These were chosen because they give rela-
tively accurate barrier heights and because they are expected
to satisfy the Perdew-Parr-Levy-Balduz condition*® that the
total energy of an isolated fragment should vary linearly with
electron number between adjacent integer values. Satisfying
this condition should produce qualitatively correct densities
for the transition state species. They judged LC-@wPBE to be
the most reliable of these and FLO-SCAN the least, in part be-
cause the deviations of the LC-wPBE barriers from reference
values are more consistently small. While the three proxies
can differ by a few kcal/mol in the prediction for a specific re-
action barrier height, all three support the same over-arching
conclusion, that density-corrected DFT corrects the BH76
barrier heights due to a cancellation of errors.?> Use of the HF
density causes a positive density-driven error of the transition
state energies that cancels a large, negative functional-driven

error of the DFAs. More recent work by Kanungo et al.*’ re-
inforces this conclusion. By inverting the CCSD(T) densities
for molecular species involved in the 7y reaction to find the
corresponding Kohn-Sham orbitals, these authors evaluated
density-driven errors using what is essentially the exact den-
sity. They find density-driven errors for the SCAN functional
of only -1.0 and -1.2 kcal/mol for the forward and reverse Ty
reactions.*” The corresponding functional-driven errors were
found to be -7.8 and -10.6 kcal/mol.*?

Computing the BH6 reaction barriers using energies ob-
tained by evaluating SCAN on the FLO-SCAN densities (the
SCAN@FLO-SCAN results in Table II) reduces the BH6
MAD for SCAN by only a little more than 1 kcal/mol,
from 7.88 to 6.60. In Table S9 in the supplemental in-
formation, we use data taken from the supplemental infor-
mation of Ref. 25 to compare barrier heights for the BH6
reactions computed by evaluating SCAN on densities from
all three of the proxies proposed in that paper, along with
the SCAN@HF barrier heights. For the six barriers, the
SCAN@HF predictions differ from the self-consistent SCAN
barriers by an average of 4.5 kcal/mol, while the correspond-
ing differences for SCAN@LC-wPBE, SCAN@SCAN-50,
and SCAN@FLO are 0.44, 0.89, and 1.13 kcal/mol. (We note
that there are slight differences up to 0.4 kcal/mol between
our SCAN, FLO-SCAN, and SCAN@FLO barrier heights
and those of Ref. 25 due to basis set differences. For con-
sistency, all results in Table S9 use values from Kaplan et al.
In Table S10 in the supplemental information we show the im-
pact of basis set differences on total energies for the various
molecular species involved in the Ty reactions by comparing
results for the NRLMOL basis set used in our calculations and
those used by Kaplan et al.>, obtained using the GAUSSIAN
code.*® A similar and more extensive total energy compari-
son can be found in the supplemental information of Ref. 49)
The results of this paragraph confirm that density errors for
the SCAN functional are small for barrier heights of the BH6
reactions. The implication is that improvements to SCAN pre-
dictions of the barrier heights that do not rely on error cancel-
lation must come from improving the functional. The FLO-
SCAN method is a step in this direction.

We can also use the FLO-SCAN density to compute to-
tal energies for the LDA (LDA@FLO-SCAN) and PBE
(PBE@FLO-SCAN) functionals. Results for the barrier
heights using these energies are shown in Table I. In both
cases, these are remarkably close to the DFA@FLO results
for these functionals, with largest differences of around 1
kcal/mol. For LDA, individual total energies for the R, TS,
and P configurations evaluated on the FLO-SCAN density are
strikingly close to the LDA@FLO-LDA total energies (see
Tables S5-S8 in the supplemental information). This indi-
cates that LDA does not distinguish differences between the
FLO-SCAN and FLO-LDA densities, at least in terms of total
energies. The reverse is less true: SCAN@FLO-SCAN and
SCAN@FLO-LDA total energies differ by up to 4 kcal/mol
for the R, TS, and P of individual reactions.



IV. SUMMARY

We have presented a comprehensive study of how self-
interaction corrections using the PZSIC energy functional and
the FLOSIC method affect predicted reaction barrier heights
and reaction energies. Our analysis encompasses 8 barriers
for 4 representative reactions drawn from the BH76 bench-
mark set and for the LDA, PBE, and SCAN functionals. As
discussed earlier by Kaplan et al.>>, we find that the mean
absolute deviation of calculated barrier heights relative to ac-
curate reference values decreases in the order LDA > PBE >
SCAN for the uncorrected functionals and in the same order
for FLO-LDA > FLO-PBE > FLO-SCAN. We also show that
using FLOSIC-optimized atomic coordinates, instead of refer-
ence coordinates, for the reactant (R), transition state (T'S) and
product (P) configurations reduces deviations of FLO-DFA
barriers from reference values, but the effect is very small.

A significant portion of our investigation involves orbital-
by-orbital analysis of SIC contributions to the barrier heights.
We demonstrate that participant orbitals (orbitals associated
with bonds that are breaking or forming in a reaction) play
a crucial role in influencing SIC barrier corrections. Among
these, stretched bond orbitals that extend over multiple atoms
contribute the most. This is consistent with the results of Ref.
6 for FLO-LDA and extends them to FLO-PBE and FLO-
SCAN. Our analysis further reveals that the corrections asso-
ciated with the stretched-bond orbitals emerge only for con-
figurations along the reaction path near the TS.

We introduced the parameter XC/H, the magnitude of the
ratio of the self-exchange-correlation energy of an orbital to
its self-Hartree energy. We show that XC/H values cluster by
orbital type and are related to the shape of the orbital. We also
argue that an XC/H near 1 indicates relative one-electron self-
interaction freedom of a functional for that orbital. By this
measure, SCAN is relatively self-interaction-free for orbitals
that are not stretched or significantly lobed. Our XC/H analy-
sis is consistent with the understanding of stretched and lobed
orbitals presented in Ref. 44.

The SCAN functional is very accurate for many properties
when atoms are at or near their equilibrium positions. For ex-
ample, SCAN gives reaction energies, based on the energies
of the equilibrium R and P configurations, within 1.5 kcal/mol
of reference values for the reactions studied here. But the re-
sults of this work reinforce the earlier conclusion** that SCAN
must fail for stretched/lobed densities because of its semi-
local nature. As shown here and elsewhere,'®25 PZSIC can
largely correct self-interaction-related errors associated with
stretched bonds in a reaction TS. Yet our results also give
insight into the limitations of PZSIC when applied in con-
texts where the effects of electron self-interaction are not ex-
pected to be large. Differences in E5C[n;] for correspond-
ing orbitals in R and P configurations are heralded by related
changes in XC/H values and result in a significant worsening
of predicted reaction energies. Such effects appear unavoid-
able, given changes in hybridization, etc. of the orbitals over
the course of a reaction. Since forward and reverse reaction
barrier heights are not independent of reaction energies, the
worsening of reaction energies in FLO-SCAN must limit its

performance in predicting barriers. The MAD shown in Ta-
ble IT for FLO-SCAN applied to the BH6 reaction set may be
the smallest possible for PZSIC when used with a semi-local
functional. It is known from the work of Santra and Perdew>"
that PZSIC-LDA is not exact in the uniform density limit.
This led to the idea of locally scaling the self-interaction cor-
rection, to mute the corrections for slowly-varying densities.??
The resulting LSIC-LDA method performs better than PZSIC-
LDA in many settings,?2*%3152 but is less successful when
used with PBE or SCAN due to gauge inconsistencies.”> We
hope that insights drawn from the present work help lead to
improved SIC formulations that extend the accuracy of SCAN
to situations where self-interaction errors are large.
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