
Viscoelastic Relaxation and Topological Fluctuations in Glass-Forming
Liquids

Chi-Huan Tung,1 Shou-Yi Chang,1 Sidney Yip,2 Yangyang Wang,3, a) Jan-Michael Y. Carrillo,3 Bobby G.
Sumpter,3 Yuya Shinohara,4 Changwoo Do,5 and Wei-Ren Chen5, b)
1)Department of Materials Science and Engineering, National Tsing Hua University, Hsinchu 300044,
Taiwan
2)Department of Nuclear Science and Engineering, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139,
USA
3)Center for Nanophase Materials Sciences, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831,
USA
4)Materials Science and Technology Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831,
USA
5)Neutron Scattering Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831,
USA

(Dated: 15 February 2024)

A method for characterizing the topological fluctuations in liquids is proposed. This approach exploits the concept of
weighted gyration tensor of a collection of particles and permits the definition of a local configurational unit (LCU).
The first principal axis of the gyration tensor serves as the director of the LCU, which can be tracked and analyzed
by molecular dynamics simulations. Analysis of moderately supercooled Kob-Andersen mixtures suggests that the
orientational relaxation of the LCU closely follows the viscoelastic relaxation, and exhibits a two-stage behavior. The
slow relaxing component of the LCU corresponds to the structural, Maxwellian mechanical relaxation. Additionally, it
is found that the mean curvature of the LCUs is approximately zero at the Maxwell relaxation time with the Gaussian
curvature being negative. This observation implies that the structural relaxation occurs when the configurationally
stable and destabilized regions interpenetrate each other in a bicontinuous manner. Lastly, the mean and Gaussian
curvatures of the LCUs can serve as reduced variables for the shear stress correlation, providing a compelling proof of
the close connection between viscoelastic relaxation and topological fluctuations in glass-forming liquids.

I. INTRODUCTION

Incompressibility and fluidity are fundamental physical at-
tributes of liquids. Understanding the underlying viscoelastic
relaxation, which is closely related to local molecular struc-
tural rearrangements, has been a long-lasting pursuit of physi-
cists for more than a century. Such an effort can be traced
back to Maxwell’s proposal of transient viscoelasticity:1 when
excited by mechanical impulses, liquids initially act like dis-
ordered solids that are able to sustain stress; at long times, vis-
cous response dominates. Despite the extensive studies in the
past, including experimental and computational investigations
of local collective rearrangements of particles in terms of the
evolution of atomic connectivity,2–5 particle mobility,6 local
symmetry of particle packing,7 and space-spanning force net-
work,8 the microscopic connection between topological fluc-
tuations and mechanical relaxations has not been completely
understood. Among various mechanical relaxation processes,
the structural relaxation is of great interest, due to its dom-
inant contribution to the viscosity of molecular liquids and
central place in the glass transition phenomenon. However,
it is still unclear how the structural stress relaxation takes
place in terms of local collective motions. In other words,
it is necessary to go beyond single-particle motion descriptors
such as the self-intermediate scattering function and mean-
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squared displacement, and seek descriptors of collective mo-
tions. Traditionally, this is accomplished via the classical
two-point density-density or current-current space-time cor-
relation functions,9–15 or even higher-order correlators.16–22

Nevertheless, these correlation functions do not provide a di-
rect description of the local topological fluctuations.23

We observe that the classical concept of gyration tensor,24

which is also called the moment of inertia tensor, presents a
convenient way of characterizing the local topological envi-
ronment of a tagged particle. Specifically, the tagged par-
ticle and its statistically relevant neighbors can be coarse-
grained as an ellipsoid at the level of the second moment of
the mass distribution, which defines a local configurational
unit (LCU). The orientation of the principal axis associated
with this LCU thus provides a natural descriptor of the con-
stantly evolving local particle rearrangements. In terms of this
variable, the progressive encroachment of configurationally
destabilized regions into stable regions can be encoded car-
tographically and chronologically.

This work explores the aforementioned idea with the Kob-
Andersen (KA) binary Lennard-Jones mixture,25–27 which is
a model system for studying glass-forming liquids. We find
that at the Maxwell relaxation time, the thermally disrupted
configurational regions and the remaining mechanically elas-
tic regions interpenetrate, partitioning the system in a bicon-
tinuous manner into two interweaving but mutually exclusive
subvolumes. Such a dynamical structure creates a globally-
connected channel through which the atomic-level stress de-
localizes in a heterogeneous manner. Most strikingly, the dy-
namical morphology of the isosurfaces defined by the LCUs
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evolves in parallel to the stress correlation, such that its mean
and Gaussian curvatures can serve as reduced variables for the
viscoelastic relaxation. The LCU analysis also demonstrates
that the Maxwell relaxation time can regarded as a measure of
the lifetime of inherent structure of fluids.28–32

The paper is organized as follows. Section II provides the
details of the molecular dynamic simulations, and the defini-
tions of an LCU and the associated order parameter are given.
Section III starts with a description of the viscoelastic relax-
ation of the KA mixtures, followed by topological analyses
based on the LCU and analyses of local stress correlation.
Further implications of the current results are discussed in the
last part of Section III as well as the Summary Section.

II. METHODS

A. Molecular Dynamics Simulations of Kob-Andersen Binary
Mixtures

The binary mixture of classical particles simulated in this
study is based on the popular model (KA) proposed by Kob
and Andersen.25–27 The system consists of 80% large A par-
ticles and 20% small B particles with the same mass m.
Interparticle interactions between a particle of type a and
another particle of type b are described by the Lennard-
Jones potentials: Uab (r) = 4eab

h�
sab =r

�12�
�
sab =r

�6
i
,

with sAA = 1, sBB = 0:88, sAB = 0:8, eAA = 1, eBB = 0:5,
and eAB = 1:5. To minimize the computational burden, these
potentials are truncated and shifted at a cutoff distance of
2:5sab . The results are reported in the following Lennard-
Jones reduced units: length unit [sAA], energy unit [eAA], time
unit [sAA

p
m=
p

eAA] and temperature unit [eAA=kB], where
the Boltzmann constant kB is set to 1. Equilibrium molecular
dynamics simulations of 10,796 particles are performed at a
reduced number density of 1.2 in the NVT ensemble through
the Nosé-Hoover algorithm.33,34 The probed temperatures are
T = 0:5; 0:6, 0:7, 0:8, 0:9, 1:0, 1:2, 1:5, 2:0, 3:0, and 5:0,
still well above the glass transition temperature defined by the
duration and apparent cooling rate of the current simulations.
The results are averaged over eight independent runs of differ-
ent initial configurations to improve the data statistics. All the
molecular dynamics (MD) simulations are carried out using
the LAMMPS package with GPU acceleration.35–38

B. Characterization of local topology

The gyration tensor has long been used to describe the
shape and size of molecules.24,39–41 In particular, the mean-
squared radius of gyration, which is the trace of the gyra-
tion tensor, is directly connected to the Wiener index42–44 for
characterizing the topology of molecules in cheminformatics.
In this work, we exploit the concept of the gyration tensor
to represent the topological environment of a tagged parti-
cle. Specifically, a local configurational unit (LCU) for the
ith particle of an N-body system can be defined in terms of

the weighted gyration tensor as:

Ri =


r j0r j0

�
i ; (1)

where r j0 � r j�hr jii is the relative vector between particle
j and the center of mass of LCU for particle i, the notation
r j0r j0 represents the dyadic product of the two vectors r j0
and r j0, and the brackets denotes the local average performed
with the Gaussian weight function w(r) = exp

�
� 3r2

2x 2

�
:

h� � � ii �
å

N
i=1 w(ri� r j)(� � �)
å

N
i=1 w(ri� r j)

: (2)

Since “cage” size defined by the the mean-squared displace-
ment at the Maxwell relaxation time tM is smaller than
0:1s2

AA, the standard deviation x is set to x =
p

3sAA to in-
clude all the statistically relevant neighboring particles in the
LCU. The use of a smoothly-decaying Gaussian function in-
stead of a sharp cutoff allows us to incorporate the particles in
the first coordination shell as well as those at larger distances.
Nevertheless, the majority of the particles in the LCU calcula-
tions do reside in the nearest neighbor coordination shell, with
the average LCU size equal to�1sAA. Alternatively, the local
average can also be written in terms of the continuous density
distribution ri of neighboring particles for particle i:

h� � � ii �
R

V w(r)ri(r)(� � �)dVR
V w(r)ri(r)dV

: (3)

The weighted gyration tensor Ri reflects the shape and size
of the local configuration for particle i. The eigenvalues and
principal axes of LCU give a natural, coarse-grained topo-
logical description which effectively maps the complex lo-
cal atomic configuration onto an ellipsoid. We note that such
an application of the gyration tensor is very well known in
the polymer physics context.39,40,45,46 The same notion is bor-
rowed here to characterize the dynamic local topology perti-
nent to the structural relaxation in liquids.

Furthermore, the direction of the first principal axis x1(ri)
can be regarded as a “local director” of the LCU for the
tagged particle, allowing registry of the orientation relaxation.
Specifically, a dynamical order parameter47 can be defined for
an LCU as:

c(ri; t)� P2(x1(ri;0) �x1(ri; t)); (4)

where P2 is the second Legendre polynomial. For a given cor-
relation time t, the ensemble average hc(t)i= 1 when x1(ri;0)
and x1(ri; t) are exactly aligned for each LCU and becomes
zero when the orientation correlation is lost. In other words,
c(ri; t) translates the time evolution of single particle connec-
tivity into a scalar quantity, providing a tractable method for
probing configurational fluctuations in connection with stress
relaxation.
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III. RESULTS AND DISCUSSION

A. Macroscopic viscoelastic relaxation

We start our discussion of the macroscopic viscoelastic re-
laxation by analyzing the normalized shear stress autocorrela-
tion functionS(t) of the KA �uids:48,49

S(t) =



s ab (0)s ab (t)

�

D�
s ab (0)

� 2
E ; (5)

where the superscripta ;b = x;y;z in Eq. 5 represents the
cyclic permutation of Cartesian product andh� � � i denotes the

canonical ensemble averages. The off-diagonal component of
the stress tensors ab is de�ned as

s ab =
1
V

N

å
i= 1

�
pa

i pb
i =m+ Fa

i Rb
i

�
; (6)

whereV is the volume of the system,N the total number of
particles,m the particle mass,pa

i the a -component of mo-
mentum of particlei, Fa

i the a -component of force exerted

on particlei, andRb
i theb-component of position of particle

i. Sincehs xy(0)s xy(t)i , hs yz(0)s yz(t)i , andhs zx(0)s zx(t)i
should be identical for an isotropic system,s xy is used to de-
note the shear stress for the remainder of this paper.

FIG. 1. (a) Shear-stress relaxation of KA �uids calculated from the molecular dynamics simulation trajectories atT = 0:5; 0:6, 0:7, 0:8, 0:9,
1:0, 1:2, 1:5, 2:0, 3:0, and 5:0, where temperatures is presented in units ofeAA =kB, with eAA being the potential-well depth for interactions
between particles A, andkB being the Boltzmann constant (set to 1). The data are color-coded in such a way that the light yellow and dark blue
correspond to the highest and lowest temperatures, respectively. Circles:S(t = t M). A characteristic two-stage relaxation inS(t) develops
at 1=T > 1:5. (b) Temperature dependence of the Maxwell relaxation timet M (circles) and shear viscosityh0 (triangles). Inset: temperature
dependence of the high-frequency shear modulusG¥ . (c) Scaling plots of shear-stress relaxation with time scaled ast=t M on linear (main
�gure) and semilog scales (inset).

Fig. 1(a) presents the normalized shear stress autocorre-
lation functionS(t) for the KA mixtures at temperatures of
T = 0:5; 0:6, 0:7, 0:8, 0:9, 1:0, 1:2, 1:5, 2:0, 3:0, and 5:0. A
phenomenological Maxwell relaxation timet M can be de�ned
by the ratio of zero-shear viscosityh0 and high-frequency
shear modulusG¥ , which can be further related to the shear
stress correlations through the Green-Kubo formula:48,49

t M =
h0

G¥
=

R¥
0 dths xy(0)s xy(t)i

hs xy(0)s xy(0)i
; (7)

whereh0 =
R¥

0 dths xy(0)s xy(t)i V=kBT is the zero-shear vis-
cosity andG¥ = hs xy(0)s xy(0)i V=kBT the high-frequency
shear modulus. We note that Eq. (7) is applicable to both
exponential and nonexponential relaxation processes, and the
use of the phrase “Maxwell relaxation” in this work does not
imply that the stress autocorrelation function is exponential.
The term “Maxwell” simply refers to the fact the the Maxwell
relation,t M = h0=G¥ , is used in the de�ntion of the mechan-
ical relaxation time. As shown in Fig. 1(b), bothh0 andt M
vary by several orders of magnitude within the temperature

range of 0:5 � T � 5:0, while G¥ changes by only a factor
of six. The well-known characteristic increase of the zero-
shear viscosityh0 is therefore mainly encoded int M . At
1=T > 1:5, the shear-stress correlation exhibits a two-step re-
laxation behavior, which is accompanied by deviations oft M
from Arrhenius behavior (solid line). Fitting thet M at the
three lowest temperaturesT = 0:5, 0:6, and 0:7 to the power-
law functiont M = t 0

M(T � Tc)� g yields aTc of 0:457, which
is in line with the previous estimate from simulations,25 but
signi�cantly lower than the prediction of the mode-coupling
theory.50 It is well known that the Maxwell relaxation time
can used as a “temporal yardstick” for probing the dynami-
cal responses of liquids. Fig 1(c) shows the scaled relaxation
behavior ofS(t), where the correlation time is normalized by
t M . In this dimensionless representation, one can intuitively
appreciate that at low temperatures the zero-shear viscosity is
mainly contributed by the area under second step relaxation of
S(t). The connection between the super-Arrhenius behavior
of zero-shear viscosity below the dynamic crossover temper-
ature and the emergence of the two-step relaxation inS(t) is
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thus clearly highlighted in this scaled plot. Additionally, it is
helpful to point out thatS(t M) � 0:2 within the probed tem-
perature range. Interestingly, Fig. 1(c) suggests that all curves
approximatelypass through a single point aroundS � 0:15.
However, it is easy to demonstrate numerically that the ap-
pearance of an approximate common intersection point is an
intrinsic mathematical property of the stretched exponential
function, and is not directly associated with any real physics
of glass-forming liquids.

It is worth noting that the two-step shear stress re-
laxation behavior in glass-forming liquids has long been
recognized.51,52 The fast process corresponds to the vibra-
tional motions of particles (fastb-relaxation), where as the
slow process is associated with the structural relaxation (a -
relaxation). The relations between the local topological �uc-
tuations and these viscoelastic relaxation processes will be
discussed in the next section.

Lastly, we point out that the time correlation of shear stress
is fully relaxed within the probed temperature range in this
study. In other words, the KA mixtures are in the equilibrium
state for all the MD simulations. This should be apparent by
the fact thatt M � 20 at the lowest temperature ofT = 0:5. In
comparison, signi�cantly longer time scales are accessed in
the present molecular dynamics simulations — the liquids are
fully equilibrated.

B. Topological �uctuations

1. Single-particle displacement

A standard probe of structural relaxation in disordered sys-
tems is the self-intermediate scattering functionFs(q;t) �
N� 1å i hexpf iq � [r i(t) � r i(0)]gi , whereN is the total num-
ber of particles,r i(t) is the position of particlei, andh� � � i
stands for appropriate time and ensemble averages.12,53,54Be-
fore presenting the topological analysis based on the LCU, we
brie�y review the single-particle dynamics as revealed by the
self-intermediate scattering function and mean-squared dis-
placementDr2(t) which is nothing but the second moment
of the self-correlation functionGs(r ;t) — the spatial Fourier
transform ofFs(q;t). Following the standard practice in the
literature, we calculate the self-intermediate scattering func-
tion at the �rst correlation peak (qm = 7:25) of the partial
structure factorSAA (q) of the big particle A, and the results
are shown in Fig. 2(a). Above the melting pointT � 1:028,55

Fs(qm; t) takes the form of a single relaxation. At lower tem-
peratures (T < 1:5), however, a signi�cantly slower, second
relaxation step appears. This well-recognized behavior sig-
ni�es a diffusive slowing down associated with particle trap-
ping by a local cage formed by neighboring particles and the
resulting considerable rattling in this surrounding before the
�nal cage break-up, when diffusive behavior ensues.

It is well known that self and collective dynamics are
closely related at high wave numbers.12 The most no-
table example is the Vineyard-de Gennes-Sköld convolution
approximation,56–58 which connects the self and coherent
intermediate scattering functions, although its shortcomings

have long been recognized.12,59,60 At the low temperatures,
the development of a intermediate time scale plateau has been
observed for both quantities.27 Similarly, the appearance of
the two-step relaxation behavior in the self-intermediate scat-
tering function resembles that in the shear stress correlation
functionS(t) (Fig. 1).

FIG. 2. (a) Self-intermediate scattering functionFs(qm; t) at the �rst
structural peak (qm = 7:25) for the KA systems atT = 0:5; 0:6,
0:7, 0:8, 0:9, 1:0, 1:2, 1:5, 2:0, 3:0, and 5:0. Note that a two-
step relaxation behavior can be observed for bothFs(qm; t) andS(t)
[see Fig. 1(a)] belowT � 1=1:5. The circles represent the self-
intermediate scattering functionFs(qm; t) at the Maxwell relaxation
time t M , which are located at the initial stage of the second, slower
relaxation, similar to the results displayed in Fig. 1(c). (b) Mean-
squared displacement (MSD) of KA �uids at different temperatures.
Upon decreasing the temperature, a distinct “cage” regime which
separate the ballistic and diffusive behaviors is seen to develop pro-
gressively. The circles represent the MSD att M , and are found to
be located near the end of this transitional regime within the probed
temperature range.

It is also widely known the slower relaxing process is a re-
sult of the dynamics of localized particles in the form of cage
formation, characterized by cage rattling and escaping.12,53

The fact that the calculatedFs(qm; t M) (circles) in low temper-
ature range are all located in the second-stage relaxation con-
stitutes supporting evidence that stress relaxation and caging
phenomenon in diffusive transport both belong to character-
istically heterogeneous spatial and temporal responses.12,53

Moreover, this inference deduced from Fig. 2(a) is fur-
ther supported by the mean-square displacementDr2(t) �
N� 1å i



[r i(t) � r i(0)]2

�
given in Fig. 2(b).12,32 As a result,

Dr2(t M) is found to be around 10% of the average inter-
particle distance, which is compatible with the notions of Lin-
demann's law and vibrational amplitude associated with the
Debye-Waller factor.53

2. Local con�gurational unit

Having reviewed the behaviors of the shear stress corre-
lation function and self-intermediate scattering function, We
now turn attention to the analysis of local topological �uctua-
tions, which is the focus of this work. As noted in Section II,
by using the concept of weighted gyration tensor, a local con-
�gurational unit (LCU) can be identi�ed for each particle in
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a liquid. Moreover, the �rst principal axis of the LCU de-
�nes an orientation order parameter, whose ensemble average
hc(t)i can be tracked and analyzed (Fig. 3).

Traditionally, the particle coordination number has been
used to monitor the change of atomic connectivity in amor-
phous materials.2,3,61 On the other hand, the order parameter
c(r i ; t) can also re�ect the change of local topological envi-
ronment for a tagged particlei: gaining or losing a nearest
neighbor within the �rst correlation shell ofg(r) will ren-
der a change in the LCU orientation by a solid angle no less
than cos� 1

�
1� 1

2p

�
according to the three-dimensional kiss-

ing problem �rst considered by Newton and Gregory.62 A
threshold value ofcth � P2

�
1� 1

2p

�
� 0:56 thus can be de-

�ned accordingly to characterize the events of cage breaking
or reforming. For a tagged particle, any local atomic rear-
rangement involving a change in coordination number will
also result in a change in the orientational order of the asso-
ciated LCU by at leastcth. Therefore, whenc(r i ; t) < cth, the
LCU con�gurational correlation is considered disrupted due
to the collective cage distortion and breakup.

FIG. 3. (a) Change in the orientation of an LCU (pink ellipsoids)
caused by the rearrangement of neighboring particles.x̂ indicates
the orientation of the �rst principal axis. (b) Time correlation of
the ensemble-averaged orientation order parameterc(t). Upon the
decrease of temperature belowT � 1=1:5, a pronounced two-step
relaxation begins to develop inhc(t)i , which resembles the behavior
of S(t) andFs(q;t). The circles mark thehc(t)i at t M at different
temperatures. Note they are located at the shoulder of the second
relaxation.

The connection between viscoelastic relaxation and lo-
cal topological �uctuations can be clearly seen in ensemble-
averaged orientational correlation of the LCUs (Fig. 3). First,
hc(t)i displays a two-step relaxation atT < 1, which resem-
bles the behavior of the macroscopic stressS(t). Second,
within the probed temperature range,hc(t M)i are all located
at the shoulder of the second-stage relaxation, and their val-
ues are around 0.6 which is essentially equal tocth. In other
words, the mechanical relaxation and local topological change
occur hand in hand.

To further examine the time evolution of local topology in
terms of the orientational order,c(r i ; t) is spatiotemporally vi-
sualized as color maps in Fig. 4. Att = 0:1t M , the average
translation displacement is only a minuscule fraction of the
particle size. In this ballistic regime, the majority of the con-
stituent particles remain strongly correlated in both position
and momentum, with the orientational order retained. Col-
lective particle rearrangements involving signi�cant con�g-

FIG. 4. Time evolution of the local topology in KA �uids atT = 1 as
quanti�ed by the dynamical variablec(r i ; t), wherer i is the position
of particlei. (a)–(c) Representative two-dimensional cross sections
of c(r i ; t) at (a) t = 0:1t M , (b) t = 1t M , and (c)t = 100t M . The
con�gurationally stable and destabilized regions, determined by the
threshold valuecth � P2

�
1� 1

2p

�
whereP2 is the second degree Leg-

endre polynomial, are marked red and blue respectively. The con-
�gurationally destabilized blue region, which initiates in a stochas-
tic manner in space, percolates att = 1t M and prevails henceforth.
Panels (d)–(f) give the isosurfaces atc(r i ; t) = cth, which de�ne the
boundaries between the structurally stable and destabilized regions.

urational variations are rare events and are highly localized
[Fig. 4(a)]. Att = 1t M , initially isolated local rearrangements,
as identi�ed by the criterionc(r i ; t) = cth, spread in space
and become partially interconnected domains [Fig. 4(b)]. The
orientationally decorrelated domains penetrate into the stable
regions in a characteristically inhomogeneous manner across
the entire system. In the diffusive regime (t � t M), extensive
structural rearrangements have occurred in most of the LCUs,
and very few local volume elements remain orientationally
aligned, as demonstrated by Fig. 4(c). Figs. 4(d)–(f) give rep-
resentative 3D renderings of the topological landscapes corre-
sponding to the 2D cross-sections shown in Figs. 4(a)–(c). An
intriguing feature of topological �uctuations at the mesoscale
should be noted: the isosurfaces de�ned by the criterion
c(r i ; t) = cth exhibit a bicontinuous structure att = t M .63,64

Such an observation points to a close connection between the
dynamical “morphology” of topological �uctuations and the
viscoelastic relaxation.

C. Morphology of topological �uctuations

The topological properties of the spatial distribution of con-
�gurational �uctuations can be further revealed by analyzing
the morphology of isosurfaces ofc(r i ; t) and its time evolution
using differential geometry.65,66Speci�cally, we calculate the
mean and Gaussian curvatures of the isosurface de�ned by
the threshold of cage breaking:c(r i ; t) = cth. Mathematically,
this involves computing the shape operatorSp(v) = � ÑvU at
a given pointp on the isosurface. Here,U is a unit normal
vector �eld on the neighborhood ofp andv is a vector tangent
to the isosurface atp. The shape operatorSis a symmetric lin-
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ear operator for the tangent vectors, and its two eigenvaluesk1
andk2 de�ne the mean (H) and Gaussian (K) curvatures:65,66

H �
1
2

(k1 + k2);

K � k1k2:
(8)

Alternatively,H andK can also be expressed in terms of the
determinant and trace ofSas:H = 1

2trSandK = detS.
The physical meanings of the curvature calculations can

be understood with the help of the morphologies depicted in
Figs. 4(d)–(f). The mean curvatureH is a measure of the con-
vexity and concavity of a local surface patch. The sign of the
Gaussian curvatureK is related to the geometry of surfaces.
The surface withK > 0 can be approximated as an elliptic
paraboloid characterized by locally spherical curvatures. The
surface withK < 0 is a hyperboloid with saddle-point con�g-
uration. The surface roughness is collectively determined by
the magnitudes ofH andK. By evaluating the mean and Gaus-
sian curvatures of the isosurfaces ofc(r i ; t) = cth, the topology
of local con�guration �uctuations can be quantitatively ana-
lyzed.

Fig. 5(a) shows the time evolution of the average mean
curvaturehHi (solid curves) and the Gaussian curvaturehKi
(dashed curves) calculated from the molecular dynamics sim-
ulations in the prescribed temperature range.67 As indicated in
the inset, the sign ofH is negative when the two eigencurva-
tures associated withk1 andk2 point away from the destabi-
lized region, i.e.,hH(t = 0)i < 0 andhK(t = 0)i > 0. Within
the entire temperature range of 0:5 � T � 5 in this work, the
mean curvaturehHi becomes progressively less negative with
the increase of correlation timet, whilehKi decreases steadily
from positive to negative, with a crossover aroundt = t M .
In other words, the contours of the con�gurationally desta-
bilized LCUs are typically spherical and curve towards the
stable regions, where atomic con�gurations remain invariant
within t < t M . Additionally, the orientational decorrelation
associated with the con�gurational rearrangements indicates
an evolution from initially highly localized events to spatially
percolated dynamic structures.

The bicontinuous dynamical morphology att = t M war-
rants some further comments. At this point, the mean curva-
ture of thehHi is essentially zero andhKi remains negative for
all sampled temperatures. This behavior implies that the con-
vex and concave isosurfaces (c(r i) = cth) are of equal amount,
as schematically demonstrated in the inset of Fig. 5(a). In par-
ticular, extensive presence of saddle-shaped surface patches
is expected. As indicated by the previous differential geom-
etry analysis,68,69 such a morphology (hKi < 0 andhHi = 0)
points to a random two-phase structure, where the con�gu-
rationally destabilized and stable regimes interpenetrate in a
bicontinuous manner: any two points within the same type of
phase can be connected with a continuous path without inter-
secting the bounding isosurface. It should be noted that the bi-
continuous, spatially heterogeneous structure att = t M is not
unique to the KA �uids, and is also observed in other model
�uids such as monatomic liquid iron. Att > t M , the isosur-
faces begin to close up, encapsulating the con�gurationally
stable region. This time scale corresponds to the diffusive

FIG. 5. (a) Temporal evolution of the averaged mean curvaturehHi
(solid lines; left axis) and Gaussian curvaturehKi (dashed lines; right
axis) of the isosurfaces ofc(r i ; t) = cth in the KA �uids at different
temperatures. The sign ofH is chosen to be negative when the two
eigencurvatures associated withk1 andk2 are pointing away from the
con�gurationally destabilized region, as schematically demonstrated
by the insets. The circles indicate the mean (hHi ) and Gaussian (hKi )
curvatures att = t M , which clearly show thathHi � 0 andhKi < 0,
highlighting the bicontinuity of the percolated, con�gurationally sta-
ble and destabilized regions. (b) The same data of Panel (a) pre-
sented in the reduced unit oft=t M . The scaling collapses of bothhHi
andhKi beyondt = t M , suggesting that the fundamental mechanism
underlying the stress relaxation in the KA �uids is indeed the trans-
formation of the con�gurationally destabilized region into the stable
region in a peculiar bicontinuous manner.

regime, where particles have undergone numerous collisions
with their neighbors and extensive topological �uctuations.
The asymptotic values ofhHi andhKi at long times re�ect the
distribution of local con�gurations when the system reaches
equilibrium. To highlight the connection between viscoelastic
relaxation and dynamical morphology, the time evolutions of
hHi andhKi are scaled by the Maxwell relaxation timet M ,
and shown in Fig. 5(b). It is evident from this scaling analysis
that t M marks an important time scale in the local topologi-
cal �uctuations. Furthermore, the MSD calculations given in
Fig. 2(b) also suggest that the relaxation of particle positions
should take place on the time scalet > t M . The collapsed be-
havior in Fig. 5(b) beyondt M thus con�rms that the dynamics
of collective con�gurational �uctuations at the nanoscale are
indeed responsible for the macroscopic stress relaxation.

FIG. 6. Macroscopic stress relaxation at different temperatures (as
indicated by the color) as a parametric function of the (a) mean cur-
vaturehH(t)i and (b) Gaussian curvaturehK(t)i , where the correla-
tion timet is an implicit variable.


	Viscoelastic Relaxation and Topological Fluctuations in Glass-Forming Liquids
	Abstract
	Introduction
	Methods
	Molecular Dynamics Simulations of Kob-Andersen Binary Mixtures
	Characterization of local topology

	Results and Discussion
	Macroscopic viscoelastic relaxation
	Topological fluctuations
	Single-particle displacement
	Local configurational unit

	Morphology of topological fluctuations
	Stress relaxation in configurationally stable and destabilized regions
	Further remarks

	Summary
	Acknowledgments
	AUTHOR DECLARATIONS
	Conflict of Interest
	Author Contributions

	DATA AVAILABILITY


