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Abstract 

Fracture spatial patterns can strongly affect fluid flow in the subsurface. Proximity and distribution 

of fractures control reservoir flow behavior over various length scales. In many studies, however, 

simplified geometrical patterns are generated for fractures which may lead to unrealistic 

subsurface models. Here we introduce a new method for characterization and modeling of fracture 

spatial patterns based on outcrop observations. We use Ripley’s K-function to characterize the 

arrangement of fracture barycenters and intersection points over various length scales. In addition, 

we use semivariograms to quantify spatial correlation in fracture intensity maps. Using this 

information, we develop a stochastic algorithm that generates two-dimensional fracture network 

realizations with spatial properties similar to those of a real fracture network measured in the field. 

Numerical simulation models indicate that the generated fracture realizations exhibit similar flow 

behaviors as that of the original fracture network. Such modeling tools expand and improve our 

capability in building representative fracture models and in quantification of uncertainty in 

naturally and hydraulically fractured reservoirs. 

1. Introduction 

Spatial distribution and connectivity of fractures in naturally or hydraulically fractured formations 

greatly impact subsurface processes (e.g., Narr et al., 2006; Sahimi, 2011). Fractures exhibit 
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diverse spatial patterns, and can be spatially clustered (e.g., Laubach, 1992; Marrett et al., 2018; 

Li et al., 2018; Wang et al., 2019), anticlustered (e.g., Odling et al., 1999; Gillespie et al., 1999), 

or indistinguishable from random (e.g., Narr and Suppe, 1991; Corrêa et al., 2022). In addition, 

fractures often possess multiscale properties. Field observations show that fracture sizes, spacings, 

and spatial distribution may span multiple length scales (e.g., Hooker et al., 2009; Questiaux et al., 

2010; Gale et al., 2014; Laubach et al., 2018), and the type of spatial pattern may change from one 

length scale to another. For example, a clustered fracture pattern observed in a satellite image may 

appear random if inspected on the ground. Therefore, fracture patterns can be scale dependent. 

Despite the complex multiscale fracture patterns observed in outcrops and cores, many subsurface 

studies assume simplified models for spatial distribution of fractures. Random distributions are the 

most common patterns used to generate fracture networks (e.g., Li and Lee, 2008; Erhel et al., 

2009; De Dreuzy et al., 2012; Hirthe and Graf, 2015). Equally (or regularly) spaced fractures are 

another type of patterns commonly deployed in modeling hydraulic fractures in unconventional 

wells (e.g., Mayerhofer et al., 2006; Ozkan et al., 2011; Stalgorova and Mattar, 2013). More 

complex patterns, such as fractal networks, are also used to represent clustered fracture 

arrangements (e.g., Acuna et al., 1995; Zhang et al., 2019; Zhu et al., 2022). However, such 

oversimplified geometrical patterns may fail to represent realistic fracture networks and may lead 

to misleading subsurface models. 

Several technologies are available to image two- or three-dimensional fracture patterns in the 

subsurface, such as induced seismicity (e.g., Neves et al., 2004; Lohr et al., 2008; Hennings et al., 

2012), microseismic events from hydraulic fracturing (e.g., Maxwell, 2014; Shakiba et al., 2018), 

or LiDAR scanning (e.g., Wilson et al., 2011; Lamarche et al., 2010; Hodgetts, 2013). However, 

these methods are often costly and may introduce large uncertainty because of indirect 

measurement of fractures. 

Alternatively, rock outcrop observations are a cost-efficient approach to directly measure and 

study fractures. In two dimensions, outcrop observations are mostly performed by aerial imaging 

using satellites and drones (e.g., Masoud and Koike, 2011; Bemis et al., 2014; Vollgger and 

Cruden, 2016). Modern aerial photography provides high-resolution images of fractures and faults 

on outcrops that can be augmented by direct observations at a smaller scale. Many software 
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programs have been developed that can manually or automatically detect and extract fracture 

lineaments from images (e.g., Zeeb et al., 2013; Hardebol and Bertotti, 2013; Healy et al., 2017; 

FracMan® software, 2021). Fracture attributes that can be extracted are trace lengths, strike angles, 

density, intensity, and cross-cutting relationships. Note that differences in loading history, 

diagenesis, stress states, and other factors may cause fracture patterns on outcrops to differ from 

their counterparts in the subsurface. Therefore, outcrop measurements should be checked against 

other sources of measurement, such as cores and borehole image logs, to ensure consistency 

between fractures observed on outcrops and those in the subsurface (e.g., Li et al., 2018). 

Recent advances in image processing and machine learning applications have promoted 

development of methods to extract and simulate fracture patterns from outcrop images (e.g., Valera 

et al., 2018; Santoso et al., 2019; Amir et al., 2020; Zhu et al., 2022). Although such methods can 

digitize fracture patterns with high degree of accuracy, they often require high resolution images, 

and are thus restricted in terms of scale of observation. In addition, to generate synthetic 

realizations of fracture patterns using these methods, many images are required for the testing and 

training stages. This could be a major challenge as fractured outcrops are often sparse or they are 

partially covered with vegetation, water, or other surface elements. 

An alternative approach to study fracture patterns on the outcrops is based on the spatial analysis 

of fracture arrangements. This approach evaluates the degree of proximity between fracture traces 

and variation of network connectivity over a study domain. Spatial arrangement describes how 

arrays of points are positioned in a space. One of the methods commonly used to describe spatial 

arrangements is Ripley’s K-function (Ripley, 1976 and 1977; Baddeley et al., 2007; Dixon, 2014; 

Cressie, 2015; Shakiba et al., 2022, 2023a). Ripley’s K-function uses the distances between points 

to classify point patterns into clustered, anticlustered, or indistinguishable from random as a 

function of length scale. 

In fracture studies, Ripley’s K-function has been deployed to mainly identify and characterize 

spatial patterns in fractures (e.g., Xu et al., 2003; Pardo-Igúzquiza et al., 2012; Lefort et al., 2015; 

Hohl et al., 2018). However, methods that further generate fracture network realizations based on 

field measurement of spatial patterns are underdeveloped in the literature. Shakiba et al. (2022a) 

developed a simulation algorithm based on Ripley’s K-function to statistically reconstruct the one-
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dimensional sequence of fractures along a sampling line interval. They indicate that the simulated 

fractures have spatial arrangements similar to that of the fractures observed in the field. Such 

algorithm can be further extended to two-dimensional applications to characterize and model 

fracture patterns observed on outcrops. 

In this work, we develop a novel algorithm based on simulated annealing to statistically generate 

synthetic fracture pattern realizations in two dimensions with spatial properties similar to those 

observed in the field. This results in fracture pattern realizations that more closely match two-

dimensional field observations for more accurate flow prediction and uncertainty quantification. 

In the methodology section, we first summarize the formulations of Ripley’s K-function for 

isotropic and directional analyses of spatial arrangements in two dimensions, and then we describe 

our proposed algorithm for simulating fracture pattern realizations. Finally, in the Results section, 

we apply our method and algorithm to a natural fracture dataset. 

2. Methodology 

2.1 Ripley’s K-function 

As a popular method of point pattern analysis, Ripley’s K-function (hereinafter K-function) 

quantifies spatial arrangements using the distances between points (Ripley, 1976 and 1977; 

Baddeley et al., 2007; Dixon, 2014; Cressie, 2015). In fracture studies, various point sets (nodes) 

can be extracted from fracture trace maps in two dimensions, such as fracture midpoints and 

intersection points (Fig. 1). Fracture intersection points can be further divided into X-nodes, Y-

nodes, and other kinds of nodes within networks (e.g., Manzocchi, 2002; Sanderson and Nixon, 

2015; Forstner and Laubach, 2022). 
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Figure 1: Example of transforming a fracture trace map into nodes. (a) Fracture traces. (b) Fracture 

midpoints. (c) Fracture X-nodes (blue) and Y-nodes (red). 

Shakiba et al. (2022, 2023a, and 2023b) presented the applications of the K-function in 

characterization of fracture patterns in one- and two-dimensions. They used the normalized K-

functions to identify clustering or anticlustering of fractures. The normalized omnidirectional K-

function (𝐾𝑛(ℎ)) at length scale ℎ can be calculated by the following equation. 

𝐾𝑛(ℎ) =
𝐴

𝜋ℎ2𝑁2
 ∑  ∑ 𝜔𝑖 × 𝐻[ℎ − 𝑑(𝑖, 𝑗)]

𝑁

𝑗=1 | 𝑗≠𝑖

𝑁

𝑖=1

 (1) 

where 𝐴 is the area of the study domain; 𝑁 is the total number of points; 𝑑(𝑖, 𝑗) is the distance 

between points 𝑖 and 𝑗; 𝐻 is the Heaviside step function (which returns 0 for ℎ − 𝑑(𝑖, 𝑗) < 0, and 

1 otherwise); and 𝜔𝑖 is a weighting factor for correction of edge effects. 

To identify anisotropic patterns, Shakiba et al. (2023a) deployed the normalized directional 

(azimuthal) K-function as 

𝐾𝑛
𝜃(ℎ) =

90𝐴

𝜋ℎ2∆𝜃𝑁2
 ∑  ∑ 𝜔𝑖 × 𝐻[ℎ − 𝑑(𝑖, 𝑗)] × 𝐹[𝜃, 𝜃𝑖𝑗 , ∆𝜃]

𝑁

𝑗=1 | 𝑗≠𝑖

𝑁

𝑖=1

 (2) 
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where 𝜃 is the azimuth along which the normalized directional K-function is calculated, and 𝐹 is 

a function similar to 𝐻 but it returns 1 if the azimuth of the line connecting points 𝑖 and 𝑗, 𝜃𝑖𝑗, is 

within a tolerance (i.e., 𝜃 − ∆𝜃 ≤ 𝜃𝑖𝑗 < 𝜃 + ∆𝜃), and returns 0 otherwise. 

In random point patterns, the normalized omnidirectional and directional K-functions are expected 

to be 1. To identify clustering (with 𝐾𝑛(ℎ) or 𝐾𝑛
𝜃(ℎ) > 1) or anticlustering (with 𝐾𝑛(ℎ) or 

𝐾𝑛
𝜃(ℎ) < 1), the K-functions calculated for a fracture pattern are compared against the confidence 

interval calculated for random point patterns. The following example briefly describes the K-

functions calculated for two synthetic point sets. For more details on the derivation of the K-

function formulations and for additional examples refer to Shakiba et al. (2022, 2023a, and 2023b). 

Here, the normalized omnidirectional and directional K-functions are calculated for a random point 

pattern and for a clustered point pattern (Fig. 2). There are 1000 points in each pattern. The 

rectangular study domain is 10 m by 8 m. 

 

Figure 2: Realizations of random (left) and clustered point patterns (right) in a rectangular study domain. In 

the clustered point pattern, the clusters are parallel to the 45-degree azimuth. 

The confidence intervals and the calculated normalized K-functions for each pattern are shown in 

Fig. 3. For the random point pattern, the omnidirectional and directional K-functions fall inside 

the confidence interval indicating that the local clustering and anticlustering arrangements are not 

statistically significant and, thus the overall point pattern is indistinguishable from random. 
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Conversely, the K-function analysis for the clustered pattern shows a different behavior. For the 

clustered pattern, the normalized omnidirectional K-function shows a clustered arrangement at 

length scales less than 1.4 m (𝐾𝑛 above the confidence interval), whereas the spatial arrangement 

changes to anticlustering at larger length scales (𝐾𝑛 below the confidence interval). Along the 45-

degree azimuth, the spatial arrangement is statistically clustered at all length scales because the 

clusters in the study domain are oriented parallel to this azimuth. However, along the 135-degree 

azimuth and perpendicular to the clusters, the spatial arrangement oscillates between clustered and 

anticlustered arrangement. Therefore, the directional K-function analysis could be more 

informative than the omnidirectional analysis, and reveals anisotropic characteristics in point 

patterns. The omnidirectional analysis still accurately identifies the type of spatial arrangement as 

a function of length scale. 

In the next section, we introduce an algorithm to statistically reconstruct fracture network patterns 

using arrangements of fracture nodes. 
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Figure 3: Spatial analysis of synthetic random (left column) and clustered arrangements (right column) in a 

rectangular study domain. The 95% confidence intervals are calculated for random patterns and 

are shaded in gray. The normalized omnidirectional (first row) and directional K-functions along 

the 45-degree (second row) and 135-degree azimuths (third row) are calculated for each pattern. 
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2.2 Pattern Reconstruction Algorithm 

To generate fracture network realizations, we incorporate the K-function analysis into a pattern 

reconstruction algorithm. In addition to the omnidirectional and directional K-functions, we 

calculate semivariograms of fracture intensity. We formulate the algorithm as a non-parametric 

optimization problem with a multi-component loss function, and use simulated annealing to 

effectively approximate the solution. A flowchart describing a high-level overview of the 

algorithm is depicted in Fig. 4. Sections below discuss the main components of the algorithm. 
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Figure 4: Flowchart describing the pattern reconstruction algorithm for two-dimensional fracture networks. 

2.2.1 Fracture Intensity Map 

Local changes in fracture intensity can be represented by a map that provides high-level 

information on how fracture traces are distributed across the study domain. Such information is 

valuable in capturing large-scale fracture clustering and anticlustering. Fracture intensity in two 
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dimensions, 𝑃21, is defined as the total length of fracture traces inside a given area, and it has units 

of 𝑚−1 (Dershowitz and Herda, 1992). 

To compute an intensity map, the study domain is first discretized into grid cells. Local fracture 

intensity is then calculated for each cell (Fig. 5). The optimum size and number of grid cells in 

each direction depend on the overall arrangement of fractures; they will change from one case to 

another. A coarse grid provides a lower resolution of fracture distribution, but it would be 

computationally faster to simulate. However, a fine grid provides more detailed information on 

how fractures are distributed inside the study domain, but it would require longer computational 

time during simulation. Testing various sizes and numbers of cells in each direction would help 

identify the optimum number of cells. 

 

Figure 5: Example of generating an intensity map from fracture traces. (a) Fracture traces. (b) Discretized 

domain. (c) Local fracture intensity calculated at each grid cell. Lighter colors represent higher 

fracture intensities. 

To characterize fracture intensity over a two-dimensional grid, semivariogram for fracture 

intensity 𝛾𝑃 is calculated as a function of lag distance 𝑠. 

𝛾𝑃(𝐬) =
1

2𝑁(𝐬)
 ∑  (𝑃21(𝐮𝛂) − 𝑃21(𝐮𝛂 + 𝐬))

2

𝑁(𝐬)

𝛼=1

 (3) 

where 𝑃21(𝐮𝛂) and 𝑃21(𝐮𝛂 + 𝐬) are values of fracture intensity at the locations 𝐮𝛂 and 𝐮𝛂 + 𝐬 

(centers of grid cells); and 𝑁(𝐬) is the total number of available data pairs separated by lag vector 
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𝐬. Lag distances are in discrete offsets of grid cell centers. Semivariograms are calculated for a 

suite of lag distances to obtain experimental semivariogram points that support modeling of a 

continuous positive definite model. Similar to the two-dimensional K-functions, directional 

semivariograms are also calculated to account for geometric anisotropy in the intensity maps. 

Major and minor azimuths (directions) for semivariogram calculations are selected based on the 

dominant orientation of fractures or clustered structures. 

2.2.2 Loss Function 

The objective of the pattern reconstruction algorithm is to generate fracture network realizations 

that exhibit spatial attributes similar to those of the fracture network observed in the field. To 

quantify how similar a fracture network realization is to an observed fracture network, we use the 

spatial attributes discussed above. Therefore, the loss function after iteration 𝑘, 𝐸𝑘, is defined as 

𝐸𝑘 =  𝑤1‖𝐾𝑋+𝑌
𝑂𝑚𝑛𝑖 − 𝐾̂𝑋+𝑌

𝑂𝑚𝑛𝑖‖
2

+  ∑ 𝑤1,𝜃‖𝐾𝑋+𝑌
𝜃 − 𝐾̂𝑋+𝑌

𝜃 ‖
2

𝜃

 

       + 𝑤2‖𝐾𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡
𝑂𝑚𝑛𝑖 − 𝐾̂𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡

𝑂𝑚𝑛𝑖 ‖
2

+  ∑ 𝑤2,𝜃‖𝐾𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡
𝜃 − 𝐾̂𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡

𝜃 ‖
2

𝜃

 

       + 𝑤3|𝑁𝑋+𝑌 − 𝑁̂𝑋+𝑌| + 𝑤4|𝑁𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡 − 𝑁̂𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡| 

       + 𝑤5‖𝛾𝑃
𝑂𝑚𝑛𝑖 − 𝛾𝑃

𝑂𝑚𝑛𝑖‖
2

+  ∑ 𝑤5,𝜃‖𝛾𝑃
𝜃 − 𝛾𝑃

𝜃‖
2

𝜃

  

(4) 

where ‖… ‖2 is the 𝐿2 norm of the difference between spatial properties of a fracture network 

realization and the fracture network observed in the field; 𝑤𝑖, 𝑖 = 1, … ,5  is the weighting factor 

to adjust the relative magnitude and importance of each term in the loss function; 𝑁𝑋+𝑌 is the total 

number of X+Y nodes inside the study domain; 𝑁𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡 is the total number of fracture midpoints; 
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𝐾𝑋+𝑌 is the K-function calculated for X+Y nodes; 𝐾𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡 is the K-function calculated for 

midpoints; and 𝛾𝑃 is the semivariogram calculated for fracture intensity maps. The superscript    ̂ 

denotes spatial properties that are calculated for fracture network realizations. The K-functions and 

semivariograms are calculated both in omnidirectional (𝑂𝑚𝑛𝑖) and azimuthal directions (𝜃). 

Selection of appropriate weighting factors, 𝑤, depends on the problem at hand. If one spatial 

attribute is of more interest, the associated weighting factor can be set to a greater value. For 

example, if modeling connectivity of a fracture network in a low permeability rock is a top priority, 

greater values should be selected for 𝑤1, 𝑤1,𝜃, and 𝑤3 in Eq. 4. These weighting factors adjust the 

relative importance of the spatial arrangement and the number of X+Y nodes in the loss function. 

On the other hand, if capturing the shape of clustered structures is of more interest, the weighting 

factors associated with the semivariogram models of fracture intensity should be increased (i.e., 

𝑤5 and 𝑤5,𝜃). Semivariogram models of fracture intensity determine the size and orientation of 

fracture clusters. Furthermore, the magnitude of weighting factors can be adjusted as a function of 

length scale. In other words, each weighting factor can be an array (instead of a scalar) with 

different values corresponding to every length scale considered in the optimization. For example, 

when spatial arrangements at larger length scales are of more interest, elements of the weighting 

factors can be selected in proportion to the size of length scales. 

2.2.3 Simulated Annealing 

To solve the optimization problem and find the minimum of the loss function in Eq. 4, we deploy 

simulated annealing. Simulated annealing is a probabilistic approach that works well in large 

search space optimization problems with many variables, in which an exact solution algorithm 

may not be available (e.g., Kirkpatrick et al., 1983; Van Laarhoven and Aarts, 1987). This makes 

simulated annealing a favorable approach for simulating fracture realizations with multiple 

arrangement constraints (e.g., Deutsch, 1992). In a two-dimensional domain, location of each 

fracture trace is determined by the x- and y-coordinates of its midpoint. As a result, the number of 

variables is twice the number of fracture traces. A dataset with many fractures will have a large 

number of variables in the pattern reconstruction algorithm. In addition, since the loss function 

comprises the semivariograms of intensity and the K-functions of X+Y nodes and midpoints, it 
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would be very hard to design an exact solution algorithm that guides the placement of fractures in 

each realization. Because of these challenges, simulated annealing works well for this optimization 

problem. 

The name of the technique is borrowed from annealing in metallurgy in which a material is heated 

and subsequently cooled to modify its properties. During slow cooling of a material, random 

diffusion of atoms gradually diminishes until the atoms form a stable crystalize lattice at low 

temperatures. In the context of optimization, such behavior is analogous to randomly searching a 

solution space to approximate the global minimum of a loss function. The size of the random 

perturbation of variables decreases as the number of iterations increases. One of the interesting 

features of simulated annealing is the probability of accepting worse solutions in each iteration 

(e.g., Moscato and Fontanari, 1990; Dueck and Scheuer, 1990). Accepting a worse solution allows 

the algorithm to escape local minima and to extend the search over a larger portion of the solution 

space. The probability of acceptance is defined based on a cooling temperature, that is inversely 

proportional to the number of iterations. 

For the cooling temperature, the simple functions that are frequently used are reciprocal  𝑇(𝑖) ∝
𝛼

𝑖
, 

exponential 𝑇(𝑖) ∝ 𝛼𝑖 with (0 < 𝛼 < 1), and logarithmic  𝑇(𝑖) ∝
𝛼

𝑙𝑜𝑔(1+𝑖)
; where 𝛼 is the 

coefficient and 𝑖 is the number of iterations (Nourani and Andresen, 1989). The probability of 

acceptance is an exponential function from thermal dynamics 𝑃𝑟𝑏(𝑇) ∝ 𝑒
−𝛼

𝑇 .  The magnitude of 

the coefficients in these functions determine the convergence rate and the accuracy of the 

algorithm.  There are no global functions or coefficients that would work for all problems. Every 

given problem needs an initial phase of testing and trial to determine the functions and coefficients 

of the cooling temperature and probability of acceptance. 

Here the acceptance probability starts from 0.1 and decreases to 0 as the solution space is explored. 

For this work, the cooling temperature, 𝑇, and the probability of acceptance, 𝑃𝑟𝑏(𝑇), are 

𝑇(𝑖) =
2.15

𝑖
  

(5) 
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𝑃𝑟𝑏(𝑇) = 0.1𝑒
−(

3.23×10−4

𝑇
)
 

(6) 

where 𝑖 is the number of iterations. Fig. 6 plots the cooling temperature 𝑇 and the probability of 

acceptance 𝑃𝑟𝑏(𝑇). There are ways to improve the robustness of these functions that can be 

subjects for future research. For instance, in addition to the cooling temperature, the probability of 

acceptance can be related to the difference in magnitudes of the loss function in two consecutive 

time steps. If a worse solution has a loss function much greater than the previous step, its 

probability of acceptance would be proportionally lower. As another improvement, the parameters 

and coefficients in 𝑇 and 𝑃𝑟𝑏(𝑇) can be continuously adjusted according to the progress of the 

algorithm, a technique known as adaptive or very fast simulated annealing (e.g., Ingber, 1989). 

 

Figure 6: Cooling temperature (left) and probability of acceptance (right) used in simulated annealing. The x-

axes are on logarithmic scales. 

Now that simulated annealing is introduced, the overall solution algorithm can be described as 

follows 

1. Start with a random fracture arrangement as the initial guess. A random fracture 

arrangement can be generated first by random placement of fracture midpoints inside 

the study domain, and then by assigning fracture traces to the midpoints. Fractures can 

be placed freely anywhere inside the domain or through discretized bins, as explained 

in section 2.2.4. 
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2. Randomly select one fracture or a group of fractures and move them by a random 

displacement. This process is called random perturbation to find a neighboring state. 

More details are discussed in the next section. 

3. Calculate the loss function in Eq. 4 for the new arrangement and draw a random number 

between 0 and 1. 

4. Accept the new arrangement, if the loss function is decreased or if the generated 

random number is less than 𝑃𝑟𝑏(𝑇). Otherwise, reject the new arrangement. 

5. Continue steps 2–4 for a specific number of iterations or until the loss function is less 

than a desired value. 

6. Perform post-processing on the final simulated fracture network. Shift fracture traces 

that intersect the boundaries to inside the domain. 

2.2.4 Perturbation of Fracture Arrangement 

At each iteration, simulated annealing randomly perturbs fracture arrangements to find a 

neighboring state (step 2 above). In a perturbation, only the location of one fracture or a group of 

fractures is changed. Therefore, since the locations of most of the fractures are preserved after a 

perturbation, the new arrangement is referred to as a neighboring state to the arrangement in the 

previous iteration. This allows the algorithm to find the best neighbors and gradually move toward 

the minimum of the loss function while randomly searching the solution space. 

The perturbation can be applied to a randomly selected single fracture or to a fracture bin. When 

a single fracture is selected, it will be moved to a random location inside the study domain. This 

can be achieved by randomly assigning new x- and y-coordinates to the associated fracture 

midpoint. This results in a continuous search space for every fracture, because the x- and y-

coordinates of its midpoint can take any values between boundaries of the study domain. Fig. 7 

shows an example of a random perturbation applied to a single fracture. Although random 

perturbation of single fractures results in an ultimately lower value of the loss function, it is 

computationally expensive given the commonly large number of fractures in a realization. Because 

many iterations are required for visiting all fractures, and for each fracture the search space is 
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continuous. Perturbation of single fractures is, therefore, recommended only for major fractures 

that control the spatial distribution of a parameter of interest, such as, for example, long through-

going fractures that control distribution of fracture intersection points. 

 

Figure 7: Example of random perturbation applied to a single fracture. (a) A fracture trace is randomly 

selected (shown here in red), and (b) relocated inside the study domain based on position of its 

midpoint. Note that, after perturbation, part of fracture trace may fall outside the study domain. 

The second type of perturbation is applied to fracture bins. Some applications of simulated 

annealing have indicated that the algorithm works best when the solution space is discrete (e.g., 

Allwright and Carpenter, 1989; Collura et al., 1993). Therefore, to reduce the search space and to 

improve the computational cost, we introduce a spatial binning technique to group fractures. We 

discretize the study domain into rectangular bins (or cells). Fractures belong to the same group if 

their midpoints fall inside the same bin. The optimum number of bins in each direction can be 

determined by testing various bin sizes. Fig. 8 shows an example of the binning technique. 

In a bin perturbation, instead of a single fracture, we randomly select and switch the positions of 

two bins (Fig. 8a). Consequently, all the associated fractures that belong to those two bins will be 

relocated accordingly (Fig. 8b). Therefore, the goal of the optimization problem would be to find 

a sequence of bins that minimizes the loss function. Bin perturbation greatly improves the 

efficiency of the algorithm because the search space is discretized, and several fractures may be 

perturbed simultaneously in each iteration. However, binning may not be justified for longer 

fractures, because such fractures likely extend through the study domain and interact with many 
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other fractures. Placement of a long fracture into a bin only based on the location of its midpoint 

would limit the extent of the perturbation. Therefore, we recommend using a hybrid approach in 

which longer fractures are perturbed as single fractures and can be placed anywhere inside the 

study domain. On the other hand, shorter, more numerous fractures are binned and randomly 

moved from one bin to another. 

 

Figure 8: Example of random perturbation applied to fracture bins. (a) Fractures are binned based on 

locations of their midpoints. In a perturbation, two bins are randomly selected and switched (shown 

here in red and blue). (b) Associated fractures in the selected bins are relocated as well. Note that, 

after perturbation, part of fracture traces may fall outside the study domain. 

Since fractures are randomly relocated in each perturbation, part of fracture traces may fall outside 

the study domain (such as in Figs 7 and 8). For simplicity in the calculations, we use only parts of 

fracture traces and points that are inside the domain. After the final iteration, fractures that extend 

beyond the domain boundaries are shifted along their strike angles until they are fully inside. This 

post processing of fracture locations has negligible impact on the spatial arrangement of fractures. 

In the next section, we use the K-function analysis to characterize and model fracture network 

pattern in a field measured dataset. 

3. Results 

The fracture network case study is from a Carboniferous sandstone pavement rock at Telpyn Point, 

Wales, published by Rohrbaugh et al. (2002). The fractures are mostly orthogonal joints (opening-
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mode fractures) with a few normal and strike faults. A square-shaped subdomain of 49 m2 is 

selected as the study area in this work (Fig. 9). Visual inspection of fractures indicates a clustered 

arrangement that may have been generated during fault development (Rohrbaugh et al., 2002). 

 

Figure 9: Fracture network at Telpyn Point, Wales. (a) Aerial view of exposed Carboniferous pavement rock 

(from Geoplaner v3.1). (b) Map of fracture traces inside study area. 

The study area has 103 fractures. Most of the fractures are subparallel and oriented in 

approximately the NE-SW direction, forming two distinct fracture corridors. The mean fracture 

length is 1.6 m with standard deviation of 1.4 m. A histogram of fracture length and rose diagram 

of fracture strike angle are shown in Fig. 10. The four longest fractures are perpendicular to the 

remaining fractures, and they intersect many shorter fractures on the upper half of the study 

domain. The fracture corridors and the intersections between fractures could be critical controls 

on fluid flow and transport in this fracture network. 
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Figure 10: Histogram and box plot of fracture length (left) and rose diagram of fracture strike angle (right) at 

Telpyn Point, Wales. 

The point pattern representations of the fracture network are illustrated in Fig. 11. Most of the 

fracture crossings (X-nodes) are in the upper half of the study domain and are located along the 

longest fractures parallel to the x-axis. No fracture abutment (Y-node) is present in this dataset. 

 

Figure 11: Fracture intersection points (X-nodes) and midpoints at Telpyn Point. 
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3.1 Normalized Omnidirectional and Directional K-functions at Telpyn Point 

The normalized omnidirectional and directional K-functions calculated for the point patterns at 

Telpyn Point are presented in Fig. 12. For the X-nodes, the normalized omnidirectional K-function 

is greater than the upper bound of the confidence interval for random arrangements at all length 

scales. This clustering characteristic of the X-nodes is evident from the spatial distribution in Fig. 

11. The through-going fractures parallel to the x-axis intersect both fracture corridors. Since 

fractures inside the corridors are tightly spaced, the resulting X-node intersections create a 

clustered arrangement. For the midpoints, the spatial arrangement becomes significantly clustered 

at length scales larger than 0.3 m. This clustering also stems from the two fracture corridors in the 

study domain. At small length scales, however, the spatial arrangement of fracture midpoints is 

indistinguishable from random, meaning that inside the fracture corridors, fracture spatial 

distribution appears to be random. 

Although the normalized omnidirectional K-functions provide valuable information on the overall 

spatial arrangement of fracture nodes, they ignore directionalities in point patterns. In the Telpyn 

Point fracture network, the two corridors establish major directionalities in the patterns of the X-

nodes and midpoints. The X-nodes form clustered arrangements parallel to the x-axis, whereas 

fracture midpoints are clustered parallel to the y-axis. Therefore, to understand these spatial 

directionalities, the normalized directional K-functions are analyzed along the 0-degree and 90-

degree azimuths. For the X-nodes, the normalized directional K-function along the 90-degree 

azimuth (parallel to the x-axis) is continuously above the confidence interval at all length scales, 

representing a significantly clustered arrangement. This observation is analogous to result of the 

synthetic example in Fig. 2. For point patterns with directionalities, the normalized directional K-

function is continuously above the confidence interval when calculated along the major direction 

of anisotropy. Along the 0-degree azimuth, the normalized directional K-function for the X-nodes 

is still significantly clustered at length scales larger than 0.8 m because the intersection points are 

concentrated in the upper half of the study domain. For the midpoints, the anisotropy and 

directionalities in the normalized directional K-functions are evident at larger length scales. The 

normalized directional K-functions show some degree of clustering along the major direction of 

anisotropy (0-degree azimuth, parallel to the y-axis). This clustered arrangement is statistically 
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significant at length scales larger than 2 m. However, in the perpendicular direction (90-degree 

azimuth, parallel to the x-axis), the spatial arrangements become anticlustered at length scales 

larger than 5 m. No cyclicity is observed in the K-functions because there are only two fracture 

corridors inside the study domain. 
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Figure 12: Normalized omnidirectional and directional K-functions for fracture X-nodes (left column) and 

midpoints (right column) at Telpyn Point, Wales. 
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3.2 Statistical Reconstruction of Fracture Network Pattern at Telpyn Point 

To generate fracture network realizations similar to the fracture network at Telpyn Point, we use 

the K-function analysis and the intensity map to statistically reconstruct the network pattern. The 

fracture intensity map is calculated on a 20 × 20 grid (Fig. 13). To improve performance of 

simulated annealing, the hybrid perturbation approach is adopted. The four longest fractures are 

perturbed individually and can be randomly placed anywhere inside the study domain, whereas 

the other fractures are binned based on a 30 × 30 grid and are randomly relocated only from one 

bin to another. 

 

Figure 13: Fracture trace map at Telpyn Point is discretized using a 20 × 20 grid (left) to calculate fracture 

intensity map (right). 

To calculate the loss function and quantify the mismatch between fracture network realizations 

and the original fracture network, we calculate semivariogram model of fracture intensity for 10 

linearly spaced lag distances from 0.7 to 7 m with a lag tolerance of 0.35 m. In addition, we 

calculate the normalized K-functions for the fracture midpoints and X-nodes at 0.01, 0.05, 0.1, 0.2, 

0.3, 1, 3, 4, and 8 m length scales. Since most of the fractures are oriented in a specific direction, 

we perform the calculations at omnidirectional as well as 0- and 90-degree azimuthal directions, 
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which are respectively parallel and perpendicular to the direction of the fracture clusters. The 

azimuth tolerance is 15 degrees. 

The pattern reconstruction algorithm starts with an initial random arrangement that is generated 

by shuffling the order of fracture bins plus randomly placing the four longest fractures. We 

generate 20 simulated models of the Telpyn Point fracture network and 20 fully random models 

for comparison. The following sections compare the original fracture network at Telpyn Point with 

the fracture networks in the simulated and random models. 

3.2.1 Fracture Trace Maps 

The fracture trace map at Telpyn Point is compared with the trace maps generated by a simulated 

model and the initial random model (Fig. 14). The spatial arrangement in the simulated model 

mimics the overall fracture arrangement at Telpyn Point. The simulated model has two major 

fracture clusters, one being more prominent than the other. Although the simulation starts with an 

initial random arrangement, it gradually relocates fractures inside the study domain until they form 

representative clustered structures. In the simulated model, there are only a few fracture traces that 

are isolated from the clusters similar to the Telpyn Point dataset. In contrast, the random model 

lacks large-scale clustered arrangements, and fractures are scattered throughout the entire study 

domain. A few local clusters occur in the random arrangement, but they do not interact with each 

other. Although the fracture network in the random model has the same fracture traces (i.e., with 

identical histograms of fracture length and orientation), it exhibits a different spatial arrangement. 
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Figure 14: Comparison of original fracture trace map at Telpyn Point (left) with trace maps generated by a 

random model (middle) and by a simulated model (right). 

One of the advantages of using this algorithm is that multiple realizations can be generated based 

on a measured dataset. Such realizations can be used for various purposes, such as conducting 

uncertainty analysis or testing different production scenarios. Six different realizations produced 

by the pattern reconstruction algorithm are shown (Fig. 15). Although these fracture networks 

exhibit various shapes and local trends, they have spatial patterns similar to that of the Telpyn 

Point dataset. Using a desktop PC with 12-core CPU and 128 GB RAM, each simulation takes 8 

minutes on average. 
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Figure 15: Sample fracture network realizations generated by pattern reconstruction algorithm. Simulated 

models have spatial arrangements similar to that of Telpyn Point dataset. 

3.2.2 Semivariograms of Fracture Intensity 

Fig. 16 illustrates the intensity maps calculated for the fracture networks in Fig. 14 using a 20 × 20 

grid. The intensity map in the simulated model clearly shows the outlines of two clusters similar 

to the intensity map at Telpyn Point, whereas in the random model fractures are scattered over the 

entire domain. To quantify spatial continuity in the intensity maps, semivariogram models are 

computed (Fig. 17). The semivariograms are normalized by the variance of fracture intensity such 

that sill is at 1. In addition to the omnidirectional semivariograms, the directional semivariograms 

are calculated along the 0- and 90-degree azimuths to account for anisotropic behaviors. Results 

indicate a good match between the semivariogram models of the Telpyn Point dataset and the 

simulated model; a similar degree of spatial continuity exists in both cases. However, the 

semivariograms calculated for the random model have shorter ranges and oscillate around the sill, 

indicating no trend or periodic behavior. Similar characteristics are also observed in all the other 
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simulated and random models. The semivariograms for all the 20 simulated models and all the 20 

random models are compiled in Fig. 18. 

 

Figure 16: Comparison of the intensity map calculated for original fracture network at Telpyn Point (left) with 

the intensity maps calculated for random model (middle) and simulated model (right) in Fig. 14. 

Intensity maps are calculated using a 20 × 20 grid. 

 

Figure 17: Comparison of the semivariograms calculated for original fracture intensity map at Telpyn Point 

with the semivariograms calculated for fracture intensity maps in simulated and random models in 

Fig. 16. Results are shown for omnidirectional (left) as well as 0-degree (middle) and 90-degree 

azimuths (right). 
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Figure 18: Comparison of the semivariograms calculated for original fracture intensity map at Telpyn Point 

with the semivariograms calculated for fracture intensity maps in all the simulated and random 

models. Results are shown for omnidirectional (left) as well as 0-degree (middle) and 90-degree 

azimuths (right). 

3.2.3 K-Functions for Fracture Nodes 

In addition to the intensity maps, the spatial arrangements of fracture midpoints and X-nodes are 

reconstructed during pattern reconstruction. Figs. 19 and 20 display the extracted nodes from the 

original fracture trace map at Telpyn Point and from the simulated and random models in Fig. 14. 

Similar to fracture intensity maps, distribution of fracture midpoints can be considered as a proxy 

to clustering of fractures. In the random model, the fracture midpoints are scattered across the 

study domain, whereas in the simulated model the fracture midpoints form clustered structures. 

Moreover, spatial analysis of fracture X-nodes provides information on connectivity of fracture 

clusters. Most of the fracture X-nodes at Telpyn Point are created by and located on the four longest 

fractures that are semi-perpendicular to the remaining fractures. As these four fractures cut through 

the fracture corridors, they form closely spaced intersection points at Telpyn Point and in the 

simulated model. The cluster size of the intersection points along the x-axis is approximately equal 

to the width of the fracture corridors. Therefore, by incorporating the spatial arrangement of the 

X-nodes, the size of fracture corridors can be modeled during simulation. 
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Figure 19: Comparison of the midpoints extracted from original fracture trace map at Telpyn Point (left) with 

the midpoints extracted from random model (middle) and simulated model (right) in Fig. 14. 

 

Figure 20: Comparison of the X-nodes extracted from original fracture trace map at Telpyn Point (left) with 

the X-nodes extracted from random model (middle) and simulated model (right) in Fig. 14. 

Fig. 21 plots the normalized omnidirectional and directional K-functions for the fracture 

midpoints. Results are shown for the Telpyn Point dataset and the simulated and random models 

in Fig. 14. Results indicate that there is a good match between the spatial arrangements of the 

midpoints at Telpyn Point and in the simulated model, particularly at large length scales. This is 

expected as the weighting factors for the K-functions in Eq. 4 are proportional to the square root 

of length scales. Therefore, the algorithm prioritizes matching the spatial arrangements at larger 

length scales. If matching the spatial arrangement at small length scales is of more interest, the 

weighting factors can be adjusted accordingly. 
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Figure 21: Comparison of the normalized K-functions for original fracture midpoints at Telpyn Point with the 

normalized K-functions for fracture midpoints in simulated and random models in Fig. 19. Results 

are shown for omnidirectional (left) as well as 0-degree (middle) and 90-degree azimuths (right). 

There are some differences observed between the spatial arrangements of the X-nodes at Telpyn 

Point and in the simulated model (Fig. 22), especially along the 0-degree azimuth parallel to the 

fracture corridors. The spatial arrangement of the fracture X-nodes along the 0-degree azimuth is 

a function of the distances between the four longest fractures that are parallel to the x-axis. Most 

of the X-nodes are located along these four fractures. Visual inspection of the trace maps indicates 

that the distances between these four fractures in the simulated model are not similar to those of 

the Telpyn Point fractures. As mentioned before, these four fractures are perturbed individually 

and can be randomly placed anywhere inside the study domain. Therefore, usually more iterations 

are required for matching the distances observed at Telpyn Point. Another approach to minimizing 

the mismatch between the K-functions for the X-nodes is to increase the associated weighting 

factors in the loss function. Depending on a particular spatial property of interest, the weighting 

factors can be adjusted in the simulation. 
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Figure 22: Comparison of the normalized K-functions for original X-nodes at Telpyn Point with the normalized 

K-functions for X-nodes in simulated and random models in Fig. 20. Results are shown for 

omnidirectional (left) as well as 0-degree (middle) and 90-degree azimuths (right). 

Figs. 23 and 24 compare the normalized K-functions for all the simulated and random models. As 

shown in these figures, the normalized K-functions for the fracture midpoints and X-nodes at 

Telpyn Point fall inside the envelopes generated by the simulated models indicating similar spatial 

arrangements, whereas random models exhibit different arrangements although they have the same 

fracture traces. 

 

Figure 23: Comparison of the normalized K-functions for original fracture midpoints at Telpyn Point with the 

normalized K-functions for fracture midpoints in all the simulated and random models. Results are 

shown for omnidirectional (left) as well as 0-degree (middle) and 90-degree azimuths (right). 
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Figure 24: Comparison of the normalized K-functions for original X-nodes at Telpyn Point with the normalized 

K-functions for X-nodes in all the simulated and random models. Results are shown for 

omnidirectional (left) as well as 0-degree (middle) and 90-degree azimuths (right). 

Analysis of results in this section validates the pattern reconstruction algorithm and indicates that 

the generated fracture network realizations from our proposed algorithm have similar spatial 

characteristics to those of the original fracture network at Telpyn Point. In the next section, we 

compare the flow behavior of the fracture network at Telpyn Point with those of the simulated and 

random models. 

3.2.4 Flow Behavior of the Simulated Fracture Networks 

Although the pattern reconstruction algorithm successfully generates fracture network realizations 

with spatial arrangements similar to that of the original fracture network, we are ultimately 

interested to see if the simulated models show similar flow behavior as well. The spatial 

characteristics that are reconstructed during simulation such as multiscale clustering and 

connectivity of fractures are important factors that control flow behavior of fracture networks. We 

conduct numerical flow models for the original fracture network at Telpyn Point and for the 

fracture networks in the simulated and random models. 

Synthetic two-dimensional reservoir models are created with 7 m × 7 m × 1.5 m dimensions in x-

, y-, and z-directions, respectively. The models are discretized into 115 × 115 × 1 gridblocks. 

Water is injected from the upper side of the models (y = 7 m) at the rate of 1 bbl/day. Both water 
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and oil are produced on the opposite side (y = 0 m) with boundary pressure of 3000 psi. Initial 

pressure is 3000 psi, and the only fluid phases in the reservoir models are water and dead oil. Table 

1 summarizes rock and fluid properties used in the numerical flow models. 

Porosity (fraction) 0.15 

Rock permeability (isotropic) 2 md 

Fracture permeability 200 md 

Initial reservoir pressure  3000 psia 

Rock compressibility 6 × 10-7 psia-1 

Water compressibility 3.5 × 10-6 psia-1 

Oil compressibility 10 × 10-6 psia-1 

Water viscosity 0.35 cp 

Oil viscosity 1.15 cp 

Initial water saturation (fraction) 0.2 

Initial oil saturation (fraction) 0.8 

Table 1: Rock and fluid properties used in numerical flow models. 

Given the focus on spatial arrangement of fractures, we assume that all the fractures are barren 

(open). However, in the subsurface, some of the natural fractures may be partly or fully cemented 

(Laubach et al., 2019). This further complicates flow behavior of fracture networks (Philip et al., 

2005). Incorporating structural and diagenesis processes remains a challenge in better 

understanding fluid flow in fractures, and it could be a topic of future research. 

The reservoir models (rock matrix) used for Telpyn Point and the simulated and random models 

are identical. The only differences are in the spatial arrangement of fracture networks. To 

incorporate the complex geometry of fracture networks into the flow models, we apply the 

Embedded Discrete Fracture Model. In EDFM, discrete planar fractures are explicitly considered 

inside the matrix domain. The main advantage of using EDFM is that the matrix domain remains 

structured, and a grid refinement is not required (Moinfar et al., 2014; Shakiba, 2014; de Araujo 

Cavalcante Filho et al., 2015; Shakiba et al., 2018). Fig. 25 shows the fracture trace maps and the 
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corresponding discrete fracture networks generated by EDFM. The locations of the injection and 

production wells are also illustrated. Fracture permeability in all the models is 200 md. 

 

Figure 25: Embedded discrete fracture models (EDFM). Map views of fracture traces are on the left and 

slanted views of EDFM models are on the right. Water is injected from the upper side, shown with 

blue arrows. Both oil and water are produced from the opposite side, shown with red arrows. 
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Fig. 26 depicts daily water production rates and cumulative volumes for the Telpyn Point model 

and for all the simulated and random models. Results indicate that the water production rates in 

the Telpyn Point model and in the simulated models match well. Water production rates and 

cumulative volumes for the Telpyn Point model fall inside the envelope generated by the simulated 

models. However, the random models significantly underestimate water production rates. 

If we investigate the water saturation maps, for example after 23 days (Fig. 27), we can clearly see 

water channelings through the two major clusters or corridors at Telpyn Point and in the simulated 

model. Such channelings would adversely impact water sweep efficiency and result in early water 

breakthroughs. In the random model, however, channelings are limited to individual fractures, 

resulting in a more uniform sweep compared to the Telpyn Point model. This observation explains 

why random models underestimate water production. The proximity and connectivity of fractures 

are important factors that control efficiency of waterflooding. Although random models use the 

same set of fracture traces, they fail to reproduce similar spatial arrangement as that of the Telpyn 

Point model. This is a very important point that should be considered, especially in modeling 

hydrocarbon reservoirs and in geomechanical processes in which several fracture networks may 

be generated based on field observations for conducting uncertainty analysis and for designing 

subsurface operations. Application of the pattern reconstruction algorithm allows practitioners to 

generate representative models. 
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Figure 26: Comparison of daily water production rates (top) and cumulative volumes (bottom) produced from 

the Telpyn Point model and from all the simulated and random models. 
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Figure 27: Comparison of the water saturation map in the Telpyn Point model after 23 days of injection with 

the water saturation maps in the simulated and random models in Fig. 14. 
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Results presented in this section indicate that the pattern reconstruction algorithm can successfully 

reconstruct spatial arrangement of fractures and it can generate fracture network realizations with 

flow behaviors similar to that of a target fracture network observed in the field. Such modeling 

tools expand and improve our capability in predicting flow performance in fractured reservoirs. 

4. Conclusions 

Ripley’s K-function is a powerful metric that quantifies the spatial arrangement of fracture nodes 

as a function of length scale in two-dimensions. Ripley’s K-function can be further deployed to 

statistically reconstruct and generate fracture network realizations that replicate spatial 

characteristics of fractures in outcrops. In petroleum engineering applications, generating 

representative fracture models is very important for conducting uncertainty analysis and for testing 

different production scenarios. We have developed a novel pattern reconstruction algorithm for 

two-dimensional fracture arrangements. The algorithm uses the distances between fracture 

intersection points and fracture midpoints for the K-function calculation. In addition, 

semivariogram models are calculated for fracture intensity maps. Quantification of spatial 

correlation in fracture intensity maps helps reconstruct observed patterns of fracture clusters in 

two dimensions. 

The pattern reconstruction algorithm not only reconstructs spatial arrangement of fractures, but 

our analysis indicates that it produces similar flow characteristics as well. The simulated fracture 

network realizations exhibit flow behaviors similar to that of the original fracture network. We 

demonstrated this via numerical flow models constructed by Embedded Discrete Fracture Models 

(EDFM). However, when the same fracture traces are distributed randomly, the resulting fracture 

networks show completely different flow behaviors. This finding emphasizes the significance of 

generating fracture models based on field measurements and observations to avoid encountering 

surprises during field operations. 

Although the pattern reconstruction algorithm successfully reconstructs the fracture pattern based 

on field measurement, we should be cautious in using the same pattern for other formations or 

areas of interest. Spatial characteristics of fractures may significantly change from one area to 
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another because of various geologic factors. Therefore, to simulate fracture arrangements in other 

study areas, new outcrop measurements should be acquired. 

Finally, this work can be extended to three dimensions to generate realizations of fracture surfaces 

in the subsurface. For three-dimensional applications, additional data on fracture height, dip angle, 

and intersections are required. This could be a challenge as imaging and measurement of high-

quality fracture datasets underground are complicated.  In addition, Ripley’s K-function needs to 

be modified to calculate the multiscale arrangement of fracture surfaces and intersections in three 

dimensions. In two dimensions we used midpoint of fracture trace lines as well as the intersection 

points in the spatial analysis. Equivalently in three dimensions, we can use midpoints of fracture 

surfaces and midpoints of fracture intersection lines in the calculation of the K-function. 
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