
J
H
E
P
0
1
(
2
0
2
4
)
0
0
2

Published for SISSA by Springer

Received: May 5, 2023
Accepted: November 30, 2023

Published: January 2, 2024

Efficiently evaluating loop integrals in the EFTofLSS
using QFT integrals with massive propagators

Charalampos Anastasiou,a Diogo P.L. Bragança,b Leonardo Senatorea and
Henry Zhengb
aInstitute for Theoretical Physics, ETH Zurich,
8093 Zürich, Switzerland
bSITP and KIPAC, Department of Physics and SLAC, Stanford University,
450 Serra Mall, Stanford, CA 94305, U.S.A.
E-mail: babis@phys.ethz.ch, braganca@stanford.edu,
lsenatore@phys.ethz.ch, henryzheng@stanford.edu

Abstract: We develop a new way to analytically calculate loop integrals in the Effective
Field Theory of Large Scale-Structure. Previous available methods show severe limitations
beyond the one-loop power spectrum due to analytical challenges and computational
and memory costs. Our new method is based on fitting the linear power spectrum with
cosmology-independent functions that resemble integer powers of quantum field theory
massive propagators with complex masses. A remarkably small number of them is sufficient
to reach enough accuracy. Similarly to former approaches, the cosmology dependence is
encoded in the coordinate vector of the expansion of the linear power spectrum in our
basis. We first produce cosmology-independent tensors where each entry is the loop integral
evaluated on a given combination of basis vectors. For each cosmology, the evaluation of a
loop integral amounts to contracting this tensor with the coordinate vector of the linear
power spectrum. The 3-dimensional loop integrals for our basis functions can be evaluated
using techniques familiar to particle physics, such as recursion relations and Feynman
parametrization. We apply our formalism to evaluate the one-loop bispectrum of galaxies
in redshift space. The final analytical expressions are quite simple and can be evaluated
with little computational and memory cost. We show that the same expressions resolve
the integration of all one-loop N -point function in the EFTofLSS. This method, which is
originally presented here, has already been applied in the first one-loop bispectrum analysis
of the BOSS data to constraint ΛCDM parameters and primordial non-Gaussianities [1, 2].
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1 Introduction and conclusions

The Effective Field Theory of Large Scale Structure (EFTofLSS) [3, 4] describes the
dynamics of the large-scale structures of the universe in the mildly non-linear regime. The
development of the theory, from its initial formulation to the application to data, has
been a decade long effort, where several important developments have been obtained at all
stages. Very schematically, it has been necessary to develop the description of dark matter,
biased tracers and redshift space distortions, as well as a non perturbative treatment of
some infrared effects. We provide a summary of some important results obtained prior the
application to data in this footnote.1

With the results of [36] the EFTofLSS became ready to be applied to data, in particular
to the power spectrum of galaxies in redshift space. Refs. [51, 52, 55] provided the first
application of the EFTofLSS to data, by being able to extract the cosmological parameters
from the analysis of the full shape of the galaxy bispectrum of BOSS observations [56].
Since then, many applications to data have followed. We summarize some of the main
results concerning the application to data in this footnote.2

One application to data that is very relevant for this paper is the one where the one-loop
EFTofLSS prediction for the bispectrum was compared to BOSS to measure the ΛCDM
parameters [1] or to set limits on some parameters related to primordial non-Gaussianities [2]
(see also [73, 74] for a contemporary and a subsequent paper which constrain the same

1The Effective Field Theory of Large-Scale Structure (EFTofLSS) was first formulated in Eulerian
space [3, 4] and later extended to Lagrangian space [5]. The dark matter power spectrum has been computed
up to three-loop order in [4, 6–15], with accompanying theoretical developments such as a thorough
understanding of renormalization [4, 6, 16–18], of the non-locality of the EFTofLSS in time [6, 8, 19], of
several ways of using simulations to measure counterterms [4, 20], and of an IR-resummation that allows
for the reproduction of the Baryon Acoustic Oscillation (BAO) peak [21–25]. An enlightening study of the
EFTofLSS in 1+1 dimensions was done in [20]. The dark-matter bispectrum has been computed at one-loop
in [26, 27], the trispectrum at one-loop in [28], and the displacement field in [29]. Baryonic effects have also
been taken into account in [30, 31]. The lensing power spectrum has been computed at two loops [32]. Biased
tracers such as halos and galaxies have been studied in the context of the EFTofLSS in [19, 33–38], see
also [39]. Redshift space distortions have also been developed [21, 36, 40]. The EFTofLSS has been extended
to include neutrinos [41, 42], clustering dark energy [14, 43–45], and primordial non-Gaussianities [34, 40, 46–
49]. Faster evaluation schemes have also been developed for some loop integrals [50]. The cosmological
parameters recovered by the EFTofLSS have been compared with those obtained from high-quality N -body
simulations [51–54].

2The EFTofLSS prediction at one-loop order has been used to analyze the BOSS galaxy Power Spec-
trum [51, 52, 55], and Correlation Function [57, 58]. This was extended to eBOSS in [59]. The BOSS
galaxy-clustering bispectrum monopole was analyzed in [51, 60] using the EFTofLSS prediction at tree-level.
All ΛCDM cosmological parameters have been measured from these data by only imposing a prior from Big
Bang Nucleosynthesis (BBN), reaching quite a remarkable precision. For example, the present amount of
matter, Ωm, and the Hubble constant (see also [61, 62] for subsequent refinements) have error bars that
are similar to the ones obtained from the Cosmic Microwave Background (CMB) [63]. For clustering and
smooth quintessence models, limits on the equation of state w of dark energy of . 5% have been set using
only late-time measurements [59, 62, 64], similar to the ones from CMB [63]. These measurements establish
a new, CMB-independent, method for determining the Hubble constant [51], with precision comparable to
one from the cosmic ladder [65, 66] and CMB. Some models that were proposed to alleviate the tension in
the Hubble measurements between the CMB and cosmic ladder (see e.g. [67]) have also been compared to
data [68–72].

– 1 –



J
H
E
P
0
1
(
2
0
2
4
)
0
0
2

parameters but using the EFTofLSS tree-level prediction).3 Refs. [1, 2] are important
for this paper because the computational tool to evaluate the one-loop bispectrum in the
analysis is the one we originally present here.

Let us first explain the challenge in performing a data analysis using the EFTofLSS.
In practice, one needs to evaluate the model predictions as a function of the cosmological
and EFT parameters, and determine what are the parameter regions allowed by the data.
Since the EFTofLSS equations are typically solved perturbatively, evaluating the prediction
requires the computation of loop integrals. In principle, these depend on the cosmology
and on the EFTofLSS parameters, which are being scanned over as we compare theory
and data. Certainly, evaluating the loop integrals in the EFTofLSS takes computational
time, and therefore it might be challenging to analyze the data scanning over thousands
of combinations of cosmological parameters and EFTofLSS parameters. The problem of
scanning over the EFTofLSS parameters has been solved in [51, 52] by defining them as
prefactors of the loop expressions that they multiply. So, at the cost of increasing the
number of the loop integrals to perform, one does not need to recompute the loop as the
EFTofLSS parameters are changed.4 A first way in which this problem of re-evaluating
the loops for each cosmological parameter configuration was solved was to precompute
the observables in a grid of the cosmological parameters that are being sampled. This
was the approach of the first analysis of [51]. A second approach has been to use the fact
that, typically, one is interested in cosmologies close to each other, where the cosmological
parameters change by a few percent; so, one can approximate the Likelihood of the data
given the model parameters, with a small-order Taylor expansion around a given reference
cosmology. This approach was initially developed in [13], and applied to data in [52].5

A useful development was the one of [50]. By expanding in the linear power-spectrum
for each cosmology in a cosmology-independent basis of power laws with complex exponent
(the so-called FFTLog basis), ref. [50] realized that the loop integrals for each combination of
basis functions could be done analytically (see also [82, 83] for some partial implementation
of closely related ideas). In this way, evaluating the loop integral for a given power spectrum
amounts to contracting the loop evaluated for a generic combination of basis vectors (which
is a tensor), with the cosmology-dependent coefficients (i.e the coordinate vectors). Since
the tensors are cosmology independent, and need just to be computed once, scanning over
cosmology corresponds to expanding the linear power spectrum in the FFTLog basis and
performing the contraction, which is naively computationally very efficient. This was the
technique used in [55].

However, the FFTLog formalism has a major limitation: to accurately fit the power
spectrum one needs a number of basis vectors N = O(64) or larger [84]. For example, the

3The non-Gaussianity parameters that were constrained are f equil.
NL , forth.

NL , and f loc.
NL , which are predicted

to be produced by some single-clock [75, 76] or multiple fields [77–81] inflationary models.
4Additionally, some of these parameters are analytically marginalized over, so they are not even scanned

numerically.
5The only parameter that can scan for a few tens of per cent is the amplitude of the linear power

spectrum, As. But in this case the dependence is practically analytical, and so, in principle, there would be
no computational cost in changing this parameter, or, alternatively, the Taylor expansion works very well
also for large variations of the parameter.
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one-loop bispectrum calculation requires a sum of N3 terms. It is therefore computationally
very demanding to compute the tensors even once, both in terms of memory, and in
terms of CPU time. Perhaps even worse, given the many bias coefficients, the resulting
tensors require very large memory (O(50)Gb [84]), and perhaps, if loadable in a CPU, a
non-negligible running time in performing the tensor contraction. This severely restricts
the capabilities of this formalism to be used to run Markov Chain Monte Carlo (MCMC),
which is the way the likelihood of the data is usually sampled.

On top of this, the analytic complexity of the FFTLog formalism rises steeply beyond
the computation of the one-loop power spectrum. The formalism requires loop integrals with
propagators raised to a power which is not an integer and has an imaginary part [50]. While
for the one-loop power spectrum the resulting integrals can be readily expressed in terms of
Beta functions that are computed in a straightforward manner, the corresponding integrals
for the one-loop bispectrum give rise to significantly more intricate Appel hypergeometric
functions [50, 85, 86]. The latter satisfy recurrence relations which have been exploited
in ref. [50] to reduce the number of independent integrals. However, this reduction is
significantly less effective for complex powers of propagators than for integers. Beyond
one-loop, in the generic case of complex propagator powers, the multiloop integrals which are
required in the FFTLog approach belong to unclassified species of generalized hypergeometric
functions with poorly explored recurrence and convergence properties. It appears to us
extremely challenging to perform the loop integrals with the FFTLog basis of functions,
in general. In fact, as of today, we are unaware of a complete evaluation of the two-loop
integrals of the power spectrum in the EFTofLSS with this method.

Therefore, a method requiring less basis functions and which allows the application
of efficient methods for their evaluation appears to be very useful. This is the purpose of
this paper. We propose a new decomposition of the linear power spectrum, using analytical
functions consisting of Quantum Field Theory (QFT) propagators for massive particles,
with masses which are in general complex. These functions are needed in a smaller number
to fit sufficiently well the linear power spectrum. We obtain a good accuracy only with 16
functions, which is a significant reduction, and reduces the number of terms in the one-loop
bispectrum calculation by (64/16)3 ∼ 64 with respect to the FFTLog method (if we take as
a reference FFTLog with 64 basis functions). This solves the problem of speed and memory
requirement. In fact, the matrices that are used to perform the BOSS bispectrum analysis
of [1, 2] can be evaluated on 2.5 CPU hours using 800 Mb of storage, and cost negligible
time in the tensor contraction in the MCMC.

By introducing mass parameters, we can afford to restrict the powers of propagators to
be integers. This brings several advantages. The integrals satisfy recurrence identities which
can be derived simply with the method of integration by parts [87, 88]. For integer powers
of propagators, the reduction identities admit a very constraining set of boundary conditions
emerging from the fact that, in dimensional regularization, loop integrals with all powers
of propagators being negative integers vanish. Thus, they reduce to a smaller set of basis
integrals (master integrals) than in the general case of analytic powers of propagators. At
one-loop, as we will explicitly show, the system of integration by parts identities can be easily
brought in a diagonal form which, in turn, can be implemented as a computer algorithm
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to reduce integrals with arbitrary integer powers of propagators to master integrals. At
two-loops and beyond, the diagonalization of the integration by parts identities and the
reduction are intertwined and they can be performed with an ordered Gauss elimination
algorithm introduced by Laporta [89]. As we will show in section 6, all one-loop master
integrals with massive or massless propagators in three space dimensions can be solved with
the method of integrating Feynman parameters. At two-loops, powerful methods developed
for QFT master integrals can be used, in principle, for their evaluation. Concretely, massive
multi-loop integrals are very likely amenable to the differential equations [90–92] method
which has been successfully employed in most modern QFT amplitude computations of the
last two decades.

Using the new basis functions, we derive analytical expressions for the loop integrals
appearing in the one-loop power spectrum and bispectrum (of massive tracers in redshift
space), by generalizing QFT results in three spacetime dimensions for complex masses.6 The
evaluation is based on the following procedure: loop integrals are reduced to master integrals
with recursion, based on diagonalized integration by parts relations. The master integrals
are then evaluated analytically by introducing Feynman parameters. The integration over
Feynman parameters needs to be performed carefully due to the complex values of the
masses in the propagators and the presence of branch cuts in the antiderivatives. However,
the final expressions that we obtain for the one-loop master integrals are simple logarithmic
and trigonometric functions, perhaps further confirming the goodness of this approach
even at the analytical level (on top of the small number of fitting functions that are
needed). Concretely, we find three one-loop master integrals: the one-loop tadpole, the
one-loop bubble and the one-loop triangle, all with unit powers of propagators. We provide
expressions for the master integrals which are valid for the complex values of internal
masses that we use in our parametrization and real values of external momenta. We should
remark, that our list of master integrals is exhaustive for arbitrary correlation functions
in EFTofLSS and, in general, QFT in D = 3 Euclidean dimensions. In fact, it has been
shown [93] that all N -point one-loop integrals with N > D are always reducible to D-point
integrals, which, for D = 3, one needs in the bispectrum and that we have solved here. We
provide a discussion about this in section 6.

In comparison to typical loop amplitude calculations in QFT, we encounter integrals
with higher integer powers of propagators. We therefore require a relatively high number of
recursive steps for reducing them all to master integrals. This poses a potential challenge
for calculating the master integral coefficients analytically, as it is typically done for QFT
amplitude computations in four spacetime dimensions. However, in three dimensions, a
numerical reduction is a very well suited approach. In particular, the mass parameters
that we have introduced have predefined numerical values which can be substituted in
the recurrence identities. A further simplification occurs for one-loop three-dimensional
integrals, as the master integrals, within dimensional regularization, do not exhibit 1/(D−3)
poles and the reduction of integrals with higher than unity powers of propagators can be

6Due to the ultralocality in space of the dark matter equations of motion, the time integrals of the loops
are factorized and can be performed once and for all, leaving the loop integrals to depend only on the
spatial momenta.
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performed entirely numerically, setting the space dimension to exactly D = 3. We optimize
the efficiency of the reduction with a memoization technique [94]. A numerical reduction
naturally entails a risk of loss of arithmetic precision and rounding errors. We mitigate this
risk with the implementation of variable arithmetic precision. We have authored Python
and Rust codes for the evaluation of the integrals with numerical reduction and computation
of the master integrals. We have also made a toy implementation of integral reduction
within MAPLE, which has a native variable numerical precision, memoization and it also
allows for obtaining some benchmark symbolic results. As mentioned, the output of the
Python and Rust codes has been already used to set the first and strong limits on primordial
non-Gaussianities from Large-Scale Structure by using BOSS data [2] as well as to perform
the first analysis of the ΛCDM model using the one-loop bispectrum on the same data [1].

The paper is organized as follows. In section 2, we present the expansion of the power
spectrum in the basis of functions similar to massive propagators. In section 3 we present
the comparison of our analytical integrations against numerical integration, validating in
this way the formalism. In section 4, we present the recursion relation to reduce the loop
integrals to the master integrals. In section 5 we present the integration of the master
integrals. In section 6, we show how all one-loop N -point functions integrals can be reduced
to the master integrals we compute in this paper. In section 7, we give an outlook for the
calculations beyond one-loop using our basis decomposition method.

Public codes. The Python code is publicly available on GitHub,7 and the Rust code is
available upon request.

2 Decomposition of the power spectrum

We approximate the linear power spectrum Plin by a fitting function Pfit(k) given by

Pfit(k) = α0

1 + k2

k2
UV,0

+
N−1∑
n=1

αnf(k2, k2
peak,n, k

2
UV,n, in, jn) =

N−1∑
n=0

αnfn(k2) . (2.1)

The function f is given by

f(k2, k2
peak, k

2
UV, i, j) ≡

(
k2/k2

0
)i(

1 + (k2−k2
peak)2

k4
UV

)j , (2.2)

where k0, k2
peak and k2

UV are predetermined cosmology independent parameters, and i and
j are positive integers, with i ≤ j. We define fn(k2) ≡ f(k2, k2

peak,n, k
2
UV,n, in, jn) for n ≥ 1

and f0(k2) ≡ 1/(1 + k2/k2
UV,0), and use k0 = 1

20h/Mpc. The cosmology dependence is
encoded in the fitting coefficients αn. N is the number of fitting functions used (throughout
this paper, we use N = 16). We also denote α and f as vectors whose n-th entry is given,
respectively, by the elements αn and fn. Note that αn has the same dimensions as 1/k3.

We can select a number of points Np of Plin and determine α using a least
squares regression:

α = (XTX)−1XTP lin , (2.3)
7https://github.com/dbraganca/python-integer-powers.
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where P lin is a Np dimensional vector and X is a Np ×N matrix. P lin and X are given by

Plin,i = Plin(ki) ,
Xij = fj(k2

i ) ,
(2.4)

ki’s being the Np wave-numbers of each fitting point. In this paper, we use Np = 100
logarithmically spaced points from kmin = 10−3 to kmax = 0.6.

It is useful to write our specific decomposition by grouping terms as follows:

Pfit(k) = a0

1 + k2

k2
UV,0

+
3∑
i=1

ai f(k2, k2
peak,1, k

2
UV,1, 0, i)

+
3∑
i=0

(
bi f(k2, k2

peak,2, k
2
UV,2, 1, i+ 1) + ci f(k2, k2

peak,3, k
2
UV,3, 0, i+ 2)

+di f(k2, k2
peak,4, k

2
UV,4, 0, i+ 1)

)
,

(2.5)

where our parameters are:

k2
UV,0 = 1× 10−4 h2/Mpc2 ,

k2
peak,1 = −3.4× 10−2 h2/Mpc2 , k2

UV,1 = 6.9× 10−2 h2/Mpc2 ,

k2
peak,2 = −1× 10−3 h2/Mpc2 , k2

UV,2 = 8.2× 10−3 h2/Mpc2 ,

k2
peak,3 = −7.6× 10−5 h2/Mpc2 , k2

UV,3 = 1.3× 10−3 h2/Mpc2 ,

k2
peak,4 = −1.56× 10−5 h2/Mpc2 , k2

UV,4 = 1.35× 10−5 h2/Mpc2 .

The fitting function Pfit is accurate up to 5% at all relevant scales, as shown in figure 1. We
can change the precision of Pfit by increasing or decreasing N , which we can use to better
capture the BAO wiggles, as is shown in appendix A. There is one aspect that makes the
residuals of the fit sufficient, as we will show. We are interested only in using Pfit to make
predictions for the EFTofLSS. Therefore, any mismatch in the UV, i.e. k & 0.5hMpc−1 ,
can be absorbed in the counterterms, and, if the difference is just O(1), the order of
magnitude of the counterterms is not affected by this. Additionally, we only use Pfit inside
the loop integrals, and Plin outside the integrals. Therefore only momenta comparable to
the external ones strongly affect the result. Since loops are quantitatively irrelevant at low
wavenumbers, and modes much longer than the ones of interest do not contribute due to IR
safety [6, 14], we do not need an accurate fit for k . 0.001hMpc−1 (and in fact this is even
more than what is really needed in the IR). On top of this, the effect of residuals that are
highly oscillating tends to be suppressed upon integration. Therefore, despite the residuals
being greater than 1%, the error of the integrals will be much smaller, as we will show.

Each one of our fitting functions f in eq. (2.2) can itself be expressed as a sum of QFT
propagator-like functions by decomposing the denominator in the following way

1(
1 + (k2−k2

peak)2

k4
UV

)j = k4j
UV(

k2 − k2
peak − i k2

UV

)j (
k2 − k2

peak + i k2
UV

)j , (2.6)
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-0.02
0.00
0.02
0.04

k [h/Mpc]

Δ
P
/P

Figure 1. Comparison of Plin with Pfit, from k = 10−3 hMpc−1 to k = 1hMpc−1 . Note that even
if the fit is only performed up to 0.6hMpc−1 , the error is within 5% up to 1hMpc−1 .

and then noticing that

k2
UV(

k2 − k2
peak − i k2

UV

) (
k2 − k2

peak + i k2
UV

) = − i/2
k2 − k2

peak − i k2
UV

+ i/2
k2 − k2

peak + i k2
UV

.

(2.7)
The last term is indeed a sum of two propagators with complex masses. We can then
proceed iteratively to decompose the right hand side (r.h.s.) of eq. (2.6). Therefore each f
gets schematically decomposed in

f(k2, k2
peak, k

2
UV, i, j) =

j∑
n=1

k
2(n−i)
UV k2i

(
κn

(k2 +M)n + κ∗n
(k2 +M∗)n

)
, (2.8)

where each κn is a complex constant, and M ≡ −k2
peak + i k2

UV, which is k-independent.
Note that we have an exception M0 = k2

UV,0 which is purely real positive such that
f0(k2) = k2

UV,0/(k2
UV,0 + k2) = M0/(M0 + k2). Note also that M has the same dimensions

as k2. We do not write M2 to avoid clutter. For example, we have

f(k2, k2
peak, k

2
UV, 0, 1) = ik2

UV
2

( 1
k2 +M

− 1
k2 +M∗

)
, (2.9)

f(k2, k2
peak, k

2
UV, 0, 2) = ik2

UV
4

( 1
k2 +M

− 1
k2 +M∗

)
− k4

UV
4

( 1
(k2 +M)2 + 1

(k2 +M∗)2

)
.

(2.10)

This way, we can decompose each fitting function fn in (2.1), and for each term in the
decomposition calculate the corresponding loop integrals coming from cosmological per-
turbation theory. After that, we can sum the contributions to obtain the loop integral
for a single fn, a pair (fn1 , fn2) or a triplet (fn1 , fn2 , fn3), depending on whether the loop
integrals involve one, two or three power spectra. Then, we just have to multiply each loop
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integral by the corresponding αn coefficients and sum. In section 3 this will be demonstrated
with the example of the one-loop power spectrum.

So our scheme is the following:

• Perform a linear regression on the power spectrum to obtain Pfit;

• Calculate for each diagram the corresponding cosmology independent tensor for each
needed combination of fitting functions fn;

• Contract tensor with cosmology dependent fitting coefficients αn to obtain the full
loop integral.

3 One-loop power spectrum and one-loop bispectrum

3.1 One-loop power spectrum in real space

In this paper, we will focus on the loop diagrams, and limit ourselves to one-loop order. We
will therefore always neglect the counterterms of the EFTofLSS, as at this order they are
tree-level diagrams. Therefore, the one-loop contribution to the power spectrum, P1−loop,
consists of two diagrams,

P1−loop(k, τ) = D(τ)4 [P22(k) + P13(k)] , (3.1)

where τ is conformal time and D(τ) is the linear growth factor. The individual terms are
given by,

P22(k) = 2
∫
q

[F2(q,k − q)]2 Plin(q)Plin(|k − q|) , (3.2)

P13(k) = 6Plin(k)
∫
q
F3(q,−q,k)Plin(q) , (3.3)

where
∫
q ≡

∫ dq3

(2π)3 , and Fi are the standard perturbation theory kernels.
Similarly, we define

P̄22(k) = 2
∫
q

[F2(q,k − q)]2 Pfit(q)Pfit(|k − q|) , (3.4)

P̄13(k) = 6Plin(k)
∫
q
F3(q,−q,k)Pfit(q) , (3.5)

that are calculated using the Pfit in the integrands instead of Plin.
The kernels F2 and F3 are decomposed into integer powers of q2, k2 and |k − q|2. For

example, the kernel F2 has the form,

F2(q,k − q) = 5
14 + 3k2

28q2 + 3k2

28|k − q|2 −
5q2

28|k − q|2 −
5|k − q|2

28q2 + k4

14|k − q|2q2

=
∑
i

ci|k − q|2mi q2nik−2(mi+ni) ,
(3.6)

where ni and mi are integers, and ci are the corresponding coefficients.8
8In this paper, we use the perturbation theory kernels up to F4. The full expressions are too long to

include in this paper, and we refer the reader to [95] for a derivation.
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Figure 2. Diagrams contributing to the one-loop power spectrum. Plin are contributions that are
not being integrated. Pfit are always integrated. For the exact numerical result, Pfit should be
replaced by Plin. Left: P22 diagram, given in eq. (3.4). Right: P13 diagram, given in eq. (3.5).

Our goal now is to find expressions for P̄22 and P̄13. Let us start with P̄22. The strategy
is to find analytical expressions for the loop integral, with Pfit replaced by a generic fitting
function fn. In this way, we generate a N ×N matrix M (22) whose elements are given by

M
(22)
ij (k2) ≡ 2

∫
q

[F2(q,k − q)]2 fi(q2)fj(|k − q|2) . (3.7)

Given M (22)
ij , P̄22 is simply given by

P̄22(k) = αTM (22)(k2)α , (3.8)

where α is given in eq. (2.3). With our decomposition of the kernels, M (22)
ij can be written

as a sum of terms of the following form:

Iij(m,n, k2) ≡
∫
q
q2m|k − q|2nfi(q2)fj(|k − q|2) , (3.9)

with k-dependent coefficients. Next, decomposing the f functions as in eq. (2.8), we find
that each Iij can be written as a sum of terms like:

LB(n1, d1, n2, d2, k
2,M1,M2) ≡

∫
q

|k − q|2n1q2n2

(|k − q|2 +M1)d1(q2 +M2)d2
, (3.10)

whereM1 andM2 are complex squared masses, and with LB being multiplied by k-dependent
coefficients. The integral LB can be calculated analytically as shown in section 4.2.3.
Following this procedure we analytically calculate P̄22.

Similarly, for P̄13 we can define a N dimensional vector M (13) whose elements are given
by

M
(13)
i (k2) ≡ 6

∫
q
F3(q,−q,k)fi(q2) , (3.11)

and P̄13 is given by
P̄13(k) = Plin(k)M (13)(k2) ·α . (3.12)

As for M (22), the matrix M (13) can be written as a sum of terms of the form

Ii∅(m,n, k2) ≡
∫
q
q2m|k − q|2nfi(q2) , (3.13)
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where ∅ means fj is removed from the integrand of Iij defined in eq. (3.9) (which can be
done by setting some entries of LB to 0). After decomposing the f functions, each Ii∅ can be
written as a sum of k-dependent coefficients times integrals of the form (3.10) with d2 = 0.

UV-correction to compare with numerical integration. To test the accuracy of our
approach, we need a way to correctly compare with numerical integration. Our numerical
integration bounds are qIR = 1.0 × 10−4 hMpc−1 (lower bound) and qUV = 1.0hMpc−1

(upper bound). For example, the numerical P22 is given by

P22(k) =
∫ qUV

qIR

∫
Ω2
dΩ2 dq p22(q,k − q) , (3.14)

where p22 includes everything in the integrand (including the integration measure). When
we calculate the loop integrals analytically, the integration is performed across the whole
space i.e. up to q →∞. For example, the analytical P̄22 is given by

P̄22(k) =
∫ ∞

0

∫
Ω2
dΩ2 dq p̄22(q,k − q) , (3.15)

where p̄22 includes everything in the integrand (including the integration measure). So to
precisely test the accuracy of our result, we need to subtract from the analytical result the
UV contribution from q = qUV to q = ∞.9 We do this for the sole purpose of matching
the numerical integration: the difference we correct for here comes from the difference
between Pfit and the exact linear power spectrum within the non-linear regime, and, on the
physical analysis, is degenerate with O(1) corrections to the counterterms (more on this
point also later).

To illustrate, for P22 this UV contribution is given by

P̄UV
22 (k) =

∫ ∞
qUV

∫
Ω2
dΩ2 dq p̄22(q,k − q) . (3.16)

In the P22 case, this contribution does not matter significantly, because the kernel goes as
q−4 and in our basis limq→∞ Pfit(q) ∼ 1/q2, giving a contribution of the order O(q−5

UV).10

However, in the P13, the contribution is more significant. To estimate that contribution,
we expand the P13 integrand in eq. (3.11) for each function fi up to second order in 1/q
(if we wanted more precision we could go to higher orders, but in our case that is not
necessary). We define m(13)

UV and M (13)
UV as the following,

m
(13)
UV,i ≡

∫
Ω2
dΩ2 lim

q→∞
q2 6F3(q,−q,k)fi(q2) ≤ O

(
k2

q2

)
, (3.17)

M
(13)
UV,i ≡

∫ ∞
qUV

dq

(2π)3 m
(13)
UV,i . (3.18)

9For the purpose of simply matching the numerical integration, we can do the same procedure to correct
for the IR contribution. However, in our decomposition, that contribution is very subdominant.

10Note that since we fit up to 0.6hMpc−1 there could be in principle a significant difference between
Pfit(q) and Plin(q) for q ∈ [0.6, 1]hMpc−1 , which could influence the matching with numerical integration.
But, as shown in figure 1, that difference is small, and in particular subdominant compared with the UV
contribution from 1hMpc−1 to ∞.
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Figure 3. Two contributions for the one-loop power spectrum. Left: comparison between analytical
result, P̄22, and exact numerical result, P22. Right: comparison between analytical result, P̄ comp

13 ,
and exact numerical result, P13. These result were obtained using N = 16 fitting functions.

So, we obtain a simple vector m(13)
UV where each component is cik2/q2, ci being a constant

which depends on the function parameters. We then integrate m(13)
UV from q = qUV to q =∞,

obtaining the P̄13 UV contribution for each function M
(13)
UV . The elements of M (13)

UV are
given by

M
(13)
UV,i = ci

(2π)3k
2/qUV . (3.19)

In order to estimate the UV contribution P̄UV
13 , we just have to calculate

P̄UV
13 = PlinM

(13)
UV · α , (3.20)

where M (13)
UV is cosmology independent. So, to accurately compare with the numerically

calculated P13, we should use
P̄ comp

13 = P̄13 − P̄UV
13 . (3.21)

Note again that, when doing the full EFTofLSS analysis, this contribution can be absorbed
in the effective terms by a O(1) shift. Here, we just show that we do not need any extra
degree of freedom to correctly match the numerical result. The comparison of the P13 and
P22 diagrams analytically evaluated with our code using Pfit to numerical integration using
the exact Plin is shown in figure 3.

It is actually more interesting to compare the accuracy of our approximation against
the numerical integration of the one-loop contribution to the power spectrum, and, even
more importantly, with the power spectrum up to one loop.11 In fact, this is the observable
quantity that gets compared against data. This comparison is shown in figure 4. We present

11Here we neglect the counterterms, which tend to make the loop even smaller, so that the reported
accuracy is probably an underestimate of the actual accuracy.
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Figure 4. Left: comparison between analytical result, P̄1−loop, and exact numerical result, P1−loop,
obtained by summing the contributions in figure 3. Right: 1-loop error relative to the full power
spectrum including the linear contribution at redshifts z = 0 and z = 1.

results both at redshift z = 0, where the loop, for a given wavenumber, is the largest, and
with z = 1, which is perhaps more relevant observationally, where the errors are safely
below per mill.

3.2 One-loop bispectrum in real space

The matter one-loop order contribution to the bispectrum B1−loop consists of four diagrams,

B1−loop(k1, k2, k3, τ) =

D(τ)6
[
B222(k1, k2, k3) +BI

321(k1, k2, k3) +BII
321(k1, k2, k3) +B411(k1, k2, k3)

]
,

(3.22)

where k1 + k2 + k3 = 0. The terms are given by

B222(k1, k2, k3) = 8
∫
q
F2(q,k1 − q)F2(k1 − q,k2 + q)F2(k2 + q,−q)

× Plin(q)Plin(|k1 − q|)Plin(|k2 + q|) , (3.23)

BI
321(k1, k2, k3) = 6Plin(k1)

∫
q
F3(−q,−k2 + q,−k1)F2(q,k2 − q)Plin(q)Plin(|k2 − q|)

+ 5 perms , (3.24)

BII
321(k1, k2, k3) = F2(k1,k2)Plin(k1)P13(k2) + 5 perms , (3.25)

B411(k1, k2, k3) = 12Plin(k1)Plin(k2)
∫
q
F4(q,−q,−k1,−k2)Plin(q) + 2 cyclic perms .

(3.26)

In the same way as in section 3.1, we define B̄222, B̄I
321, B̄II

321, and B̄411 using Pfit instead of
Plin. We can also expand the kernels in integer powers of q2, |k1 − q|2, and |k2 + q|2, e.g.
for B222:

F2(q,k1 − q)F2(k1 − q,k2 + q)F2(k2 + q,−q) =∑
n1,n2,n3

Cn1,n2,n3(k2
1, k

2
2, k

2
3)q2n1 |k1 − q|2n2 |k2 + q|2n3 , (3.27)
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where Cn1,n2,n3(k2
1, k

2
2, k

2
3) are coefficients of each term and n1, n2 and n3 are integers. When

terms like |k2−q|2 or |k3−q|2 appear, it is always possible to isolate the term and perform
a change of variable to obtain a dependence only on the variables q2, |k1−q|2, and |k2 +q|2.
To compare with the numerical integration, we use the following parametrizations:

q = q
(√

1− ν2 cos(φ),
√

1− ν2 sin(φ), ν
)
, (3.28)

k1 = k1(0, 0, 1) , (3.29)

k2 = k2

(
0,
√

1− y2, y

)
, (3.30)

where y is the cosine of the angle between k1 and k2, given by

y ≡ −k
2
1 − k2

2 + k2
3

2k1k2
, (3.31)

and ν is the cosine of the angle between q and k1. For this case we proceed as explained
for the one-loop power spectrum, but now we generalize the function LB to a new function
L defined as

L(n1, d1, n2, d2, n3, d3, k
2
1, k

2
2, k

2
3,M1,M2,M3) ≡∫

q

|k1 − q|2n1q2n2 |k2 + q|2n3

(|k1 − q|2 +M1)d1(q2 +M2)d2(|k2 + q|2 +M3)d3
,

(3.32)

which can be analytically calculated as well. Note that we have

LB(n1, d1, n2, d2, k
2,M1,M2) = L(n1, d1, n2, d2, 0, 0, k2, 0, 0,M1,M2, 0) . (3.33)

In the rest of the paper, we will sometimes omit the arguments in L that are not exponents.
Similarly, we generalize the function Iij to a function Jijk defined as

Jijk(l,m, n, k2
1, k

2
2, k

2
3) ≡

∫
q
q2l|k1 − q|2m |k2 + q|2nfi(q2)fj(|k1 − q|2)fk(|k2 + q|2) .

(3.34)
We have

Iij(l,m, k2) = Jij∅(l,m, 0, k2, 0, 0) , (3.35)

where ∅ means fk is removed from the integrand of Jijk defined in eq. (3.34). We can then
use the function J to calculate the different contributions for the one-loop bispectrum where
each term involves the function J multiplied by ki dependent coefficients, i.e. M (diagram) ⊃
C(k2

1, k
2
2, k

2
3)Jijk(l,m, n, k2

1, k
2
2, k

2
3). Notice that, as Iij can be represented by the Jijk

function with fk removed or Ii∅ with fj and fk removed, we can evaluate every diagram as
a sum of Jijk functions with k-dependent coefficients C(k2

1, k
2
2, k

2
3) and setting indices to ∅

when necessary (this can be done by setting some entries of L to 0).
Defining the N ×N ×N tensor M (222) as

M
(222)
ijk = 8

∫
q
F2(q,k1 − q)F2(k1 − q,k2 + q)F2(k2 + q,−q)

× fi(q2)fj(|k1 − q|2)fk(|k2 + q|2) ,
(3.36)
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Figure 5. Diagrams contributing to the one-loop bispectrum. Plin are contributions that are not
being integrated. Pfit are always integrated. For the exact numerical result, Pfit should be replaced
by Plin. Arrows represent the flow of time, lines without crossed are retarded Green’s function, while
lines with crosses are correlation functions of the initial fields.

where we dropped the arguments to alleviate the notation, one obtains B̄222 as follows:

B̄222 =
∑
ijk

M
(222)
ijk αiαjαk . (3.37)

Note that M (222) can easily be calculated if one has a formula for J . The comparison with
the numerical integration can be seen in figure 6.

B̄I
321 can be calculated by defining the N ×N matrix M (321) as

M
(321)
ij = 6

∫
q
F3(−q,−k2 + q,−k1)F2(q,k2 − q)fi(q2)fj(|k2 − q|2) , (3.38)

where M (321) is evaluated again with our J function. The full B̄I
321 diagram is,

B̄I
321 = Plin(k1)

(
αT ·M (321) ·α

)
+ 5 perms , (3.39)

where α are our fitting coefficients of Plin. The comparison with the numerical integration
can be seen in figure 6.

B̄II
321 is just calculated using the formalism for P̄13. Finally, B̄411 is calculated using

the vector M (411) defined by

M
(411)
i = 12

∫
q
F4(q,−q,−k1,−k2)fi(q2) , (3.40)

and then doing the dot product

B̄411 = Plin(k1)Plin(k2)(M411 ·α) + 2 cyclic perms , (3.41)

where again M (411) is evaluated using our J function. For both B̄II
321 and B̄411 we performed

the UV-correction outline in section 3.1 in order to more accurately compare with the
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Figure 6. Comparison of the analytical result with the numerical integration for each one of the 4
diagrams contributing to the 1-loop bispectrum.

numerical integration. The comparison with the numerical integration can be seen in figure 6.
Summing all the contributions, we can obtain the full 1-loop bispectrum and compare it
with the numerical integration. Notice that, as shown in the right plot of figure 7, we obtain
sub-percent agreement on Btot = Btree +B1−loop up to kmax = 0.5 and the relative error is
further suppressed by D(z)2 for higher redshift. Since we are not adding the counterterms,
which tend to make the loops smaller, this is most probably an overestimate of the error.

Calculation for scalene triangles. We have so far calculated the diagrams for equi-
lateral triangles. We also compare for general scalene triangle, and verify that a similar
precision is achieved, as can be seen in figures 8 and 9.
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Figure 7. Left: comparison between analytical result B̄1−loop and exact numerical result B1−loop,
obtained by summing the contributions in figure 6. Right: 1-loop error relative to the full bispectrum
including the linear contribution at redshifts z = 0 and z = 1.

3.3 Redshift space matter one-loop bispectrum

We provide a brief description of the galaxy bispectrum in redshift space at one-loop order.
The equations for the kernels are derived and provided in [96]. We recommend the reader
to cite that paper for the original derivation. In redshift space, we must make the following
change of coordinates,

xr = x+ ẑ · v
aH

ẑ , (3.42)

where x is the real space position vector, ẑ is the direction of the line of sight, v is the
peculiar velocity, a is the scale factor, and H is the Hubble-Lemaître parameter. Under
this change of coordinates, the halo density field is,

1 + δr(xr) = (1 + δ(x))
∣∣∣∣∂xr∂x

∣∣∣∣−1
. (3.43)

Thus, in Fourier space, this becomes,

δr(k) = δ(k) +
∫
d3xe−ik·x

(
exp

[
−i kz
aH

vz(x)
]
− 1

)
(1 + δ(x)) , (3.44)

where kz is the wave-number along the line of sight and vz is the peculiar velocity along
the line of sight. The redshift-space field δ(n)

r can then be expressed in terms of integrals of
products of δ(1) and the redshift-space kernel K(n)

r ,

δ(n)
r =

∫ n∏
i

d3qiK
(n)
r (q1, . . . , qn)δ3

D

(
k −

n∑
i

qi

)
n∏
i

δ(1)(qi). (3.45)

The full expressions for the redshift-space kernels can be found in [96].
The contributions to the one-loop bispectrum in redshift-space in terms of the redshift

space kernels are given by,

B222,r(k1,k2,k3) =
∫
q
K(2)
r (−q, q + k1)K(2)

r (q + k1, k2 − q)K(2)
r (k2 − q, q) (3.46)

× Plin(q)Plin(|k1 − q|)Plin(|k2 + q|) ,
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Figure 8. Comparison of the analytical result with the numerical integration for each one of the 4
diagrams contributing to the 1-loop bispectrum. This time we use scalene triangles with sides 0.8k,
k, and 1.2k.

BI
321,r(k1,k2,k3) = K(1)

r (k1)Plin(k1)
∫
q
K(2)
r (q,k2 − q)K(3)

r (−q,k2 − q,−k1) (3.47)

× Plin(q)Plin(|k2 + q|) + 5 perms ,

BII
321,r(k1,k2,k3) = K(1)

r (k2)K(2)
r (k1,k2)Plin(k1)Plin(k2) (3.48)

×
∫
q
K(3)
r (k1, q,−q)Plin(q) + 5 perms ,

B411,r(k1,k2,k3) = Plin(k1)Plin(k2)K(1)
r (k1)K(1)

r (k2)
∫
q
K(4)
r (q,−q,−k2,k1)Plin(q)

+ 2 cyclic perms. (3.49)
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Figure 9. Left: comparison between analytical result B̄1−loop and exact numerical result B1−loop,
obtained by summing the contributions in figure 8. Right: 1-loop error relative to the full bispectrum
including the linear contribution at redshifts z = 0 and z = 1.

The redshift space bispectrum depends on the angles of ki relative to ẑ. It can be
decomposed into a sum of multipoles. In this section, we only consider the monopole, which
is obtained by simply averaging over the angles. We proceed as in the real space case,
defining first the corresponding approximations B̄diagram. Each kernel can be decomposed
in terms dependent on q2, (k1 − q)2, and (k2 + q)2 as well as line of sight terms which
depend on k̂1 · ẑ, k̂2 · ẑ, k̂3 · ẑ, and q̂ · ẑ. The integration of the non-rotationally invariant
parts associated to the projections along the line of sight will be handled by reducing
them to linear combinations of rotationally invariant integrands multiplied by suitable,
non-rotationally invariant tensors, similar to the approach in section 4.2.4 (see also [96]).
At that point, the ingredient needed to complete the integration is still just the function
Jijk defined in eq. (3.34). We use it to construct the new matrices M (222),r (corresponding
to B̄I

222,r), M (3211),r (corresponding to B̄I
321,r), M (3212),r (corresponding to B̄II

321,r), and
M (411),r (corresponding to B̄I

411,r). Then, comparing with the numerical integration, we
obtain again a very good agreement, as shown in figure 10. For the full one-loop bispectrum
in redshift space, the result is shown in figure 11. As usual, since we are not adding the
counterterms, this is probably an overestimate of errors.

UV-subtraction of the q0 part of the kernel. We are presenting results for dark
matter, but our procedure holds unaltered also for biased tracers. In the case of dark matter,
the UV behavior of the kernels is smaller or equal than 1/q2, for q →∞. Combined with
the fact that in our basis Pfit(q) goes like 1/q2 as q →∞, this means that all integrals are
convergent, making the comparison with numerical integration straightforward. However,
for biased tracers, the kernels go as q0 in the same limit, and it is useful to perform the
following procedure in order to compare with numerical results. Using Pfit(q) within the
loop integrals, one subtracts from the redshift space kernels of BII

321,r and B411,r terms that
scale as q0. In fact such terms will introduce UV divergences in the integral, since these two
diagrams contain only one Pfit(q). In our analytical integration procedure, these q0 terms
will give rise to potentially-large finite parts proportional to the mass squared Mi’s. While
these contributions are degenerate with counterterms, they make the comparison with the
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numerical results less straightforward. We can define

K(3),UV
r =

∫
dΩ2 lim

|q|→∞
K(3)
r , (3.50)

K(4),UV
r =

∫
dΩ2 lim

|q|→∞
K(4)
r , (3.51)

K(3),UVsub
r = K(3)

r −K(3),UV
r , (3.52)

K(4),UVsub
r = K(4)

r −K(4),UV
r , (3.53)

and we will use K(3),UVsub
r and K(4),UVsub

r inside the one-loop integrals of BII
321,r and B411,r.

As mentioned above, such procedure is useful to accurately compare with the numerical
integration, but when considering the full EFTofLSS, the justification for this comes from
the fact that some counterterms are degenerate with these UV subtractions.

Additional checks, where we compare our analytical integration directly with numerical
integration of Pfit (so that, with infinite numerical precision, the results should agree), are
presented in appendix B. These results validate this formalism to quickly calculate loop
integrals in the EFTofLSS. In the remaining part of the paper, we will present a detailed
calculation of the function L introduced in eq. (3.32).

4 L-function evaluation

With our power spectrum decomposition given in eq. (2.1), we remind readers that the
evaluation of the 1-loop bispectrum involves integrals of the type shown in eq. (3.32). For
clarity, we rewrite the expression here with some arguments dropped, which is a notation
that we will use in this section.

L(n1, d1, n2, d2, n3, d3) =
∫
q

(k1 − q)2n1q2n2(k2 + q)2n3

((k1 − q)2 +M1)d1(q2 +M2)d2((k2 + q)2 +M3)d3
(4.1)

where n1, n2, n3 can be positive or negative integers and d1, d2, d3 ≥ 0. We call the expression
in eq. (4.1) the general triangle integral named after the shape of the corresponding Feynman
diagram (see figure 5). The procedure for calculating a given L will be to perform several
recursion steps to reduce the powers of ni and di.

The recursions eventually terminate resulting in L being a sum of master integrals,
which we call Tadpole, Bubble, and Triangle master integrals, given by:

1. Tadpole:

Tad(Mj , n, d) =
∫

d3q

π3/2
(p2
i )n

(p2
i +Mj)d

, (4.2)

where pi = {k1 − q, q,k2 + q} and Mj = {M1,M2,M3}.

2. Bubble:

Bmaster(k2,M1,M2) =
∫

d3q

π3/2
1

(q2 +M1)(|k − q|2 +M2) . (4.3)
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Figure 10. Comparison of the analytical result with the numerical integration for each one of the 4
diagrams contributing to the 1-loop bispectrum.

3. Triangle:

Tmaster(k2
1, k

2
2, k

2
3,M1,M2,M3) =∫

d3q

π3/2
1

(q2 +M1)(|k1 − q|2 +M2)(|k2 + q|2 +M3) ,
(4.4)

where k1 + k2 + k3 = 0.

These master integrals are evaluated in closed form, as explained in section 5. The name
of the master integrals comes from the number of propagators of the associated Feynman
diagram as shown in figure 12.
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Figure 11. Left: comparison of B̄1−loop,r using Pfit evaluated with our code (B1−loop,r analytical)
and numerical integration using exact Plin (B1−loop,r numerical), both obtained by summing the
contributions in figure 10. Right: 1-loop error relative to the tree level redshift space bispectrum
including the linear contribution at redshifts z = 0 and z = 1, whose ratio is just the ratio of the
growth factors at the two redshifts squared.

Figure 12. Tadpole, bubble, and triangle master integrals represented by Feynman diagrams.

Formally, the family of Tadpole master integrals of eq. (4.2) is reducible with recurrence
identities to just one of them, Tad(Mj , 0, 1). However, as we will shortly remind, all one-loop
tadpoles admit a simple analytic expression in terms of Gamma functions and a reduction
for them is, in practice, unnecessary.

While the integrals that we actually evaluate analytically are the master integrals
defined just above, we point out that, in intermediate steps, we may find that one of the ni
and di are 0 or two of the ni and di are 0. We call these intermediate integrals the general
bubble integrals, also named after the shape of the corresponding Feynman diagrams. Note
that the general integrals are different from the master integrals. The general bubble
integral has the form,

LB(n1, d1, n2, d2) =
∫
q

p2n1
i p2n2

j

(p2
i +Mi)d1(p2

j +Mj)d2
, (4.5)

where pi = {k1 − q, q,k2 + q} and i 6= j. These general integrals will be also themselves
then further reduced to master integrals as defined above, as will later be explained.

The calculations of all master integrals and reduction coefficients will be carried out
setting the number of dimensions to D = 3. The sum of L-functions of eq. (4.1) in the

– 21 –



J
H
E
P
0
1
(
2
0
2
4
)
0
0
2

expressions for the power spectrum and the bispectrum are finite and numerically integrable
in D = 3 dimensions. Paradoxically, we will be still using dimensional regularization subtly,
as it is common in QFT integral computations, and thinking of the dimension as a regulator
of ultraviolet divergences, D = 3− 2ε. While the limit of ε→ 0 is smooth for the sum of
contributions to our physical results, we will need to analytically continue ε to values for
which every integral emerging in intermediate expressions should also be convergent. The
effect of this analytic continuation will be that infinite parts in D = 3 get dropped within
dimensional regularization, but this does not affect the final result.

As a concrete example, we will compute here the tadpole master integrals, which we
have announced above to appear in our final results, as functions of both the dimension D
and an ultraviolet cutoff Λ. We define,

TadΛ(M,n, d) ≡
∫
dDq

π
D
2

(
q2)n

(q2 +M)d
Θ
(
q2 < Λ

)
(4.6)

which, by using spherical coordinates and rescaling the integration variable |q| = x
√

Λ, we
recognize to be, up to factors, the integral representation of a hypergeometric function,

TadΛ(M,n, d) = 2ΛD
2 +nM−d

Γ
(
D
2

) ∫ 1

0
dx

xD+2n−1(
1 + Λ

M x
2
)d

=
ΛD

2 +nM−dΓ
(
D
2 + n

)
Γ
(
D
2

)
Γ
(
D
2 + n+ 1

) 2F1

(
d,
D

2 + n,
D

2 + n+ 1,− Λ
M

)
. (4.7)

As we are interested in the behaviour at large values of the cutoff Λ, we transform12

the hypergeometric function to an equivalent form appropriate for an expansion in M/Λ.
We find

TadΛ(M,n,d) =

M
D
2 +n−d

Γ
(
D
2 +n

)
Γ
(
D
2

) Γ
(
d−n−D

2

)
Γ(d)

+Λ
D
2 +n−d

Γ
(
D
2 +n

)
Γ
(
D
2

) Γ
(
D
2 +n−d

)
Γ
(
D
2 +n

)
Γ
(
1+D

2 +n−d
) 2F1

(
d,d−n−D2 ,1+d−n−D2 ,−

M

Λ

)
(4.8)

where the hypergeometric function behaves at the Λ→∞ limit as

2F1

(
d, d− n− D

2 , 1 + d− n− D

2 ,−
M

Λ

)
= 1 +O

(
M

Λ

)
. (4.9)

12The analytic continuation of the hypergeometric function is given by the identity

2F1 (a, b, c, x) = (−x)−a Γ(c)Γ(b− a)
Γ(b)Γ(c− a) 2F1 (a, 1 + a− c, 1 + a− b, 1/x)

+ (−x)−b Γ(c)Γ(a− b)
Γ(a)Γ(c− b) 2F1 (b, 1 + b− c, 1 + b− a, 1/x) .

It is also useful to recall that 2F1 (a, 0, c, x) = 2F1 (0, b, c, x) = 1.
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As can be seen from the factor multiplying the hypergeometric function in eq. (4.8), the
Λ→∞ limit converges only for D

2 + n < d. By analytic continuation, within dimensional
regularization, and anticipating that in the sum of integrals in physical results the cutoff
dependent terms cancel, they are set to zero. We will thus be using the dimensional
regularization expression

Tad(M,n, d) = lim
Λ→∞

TadΛ(M,n, d)
∣∣∣∣
dim. reg.

= M
D
2 +n−d

Γ
(
D
2 + n

)
Γ
(
D
2

) Γ
(
d− n− D

2

)
Γ (d) . (4.10)

Importantly, the part of the integral which is accounted for in dimensional regularization in
the last equality of eq. (4.10) has a smooth limit as ε→ 0 and we can set D = 3 directly in
our expressions.13

4.1 L-function calculation flowchart

In this section we outline the procedure used to compute the function L in eq. (4.1).
For the bispectrum, the longest path of decomposition starts with a term in which

all ni 6= 0, di 6= 0, in which case we perform the triangle integral recursions discussed in
section 4.2.1. At the end of this step of recursion, we are left with a reduced triangle integral
we call T (d1, d2, d3), which has the form of (4.18). We then proceed to further reduce
T (d1, d2, d3) using the procedure outlined in section 4.2.2, by the end of which, depending
on the boundary values of ni’s, we are either left with the final triangle master integral,
Tmaster(Mj , ki), or a bubble integral that requires further reduction. Should a bubble term
remain after the reduced triangle integral reduction, we perform the recursions outlined in
section 4.2.3, where we will be left with either a bubble master integral, Bmaster(Mj , ki), or a
tadpole integral, Tad(d1,Mj , ki). In figure 13, we summarize the code procedure pictorially.

4.2 Simplifying L using recursion relations

4.2.1 L-recursion

The first step in our calculation is to decompose L into terms where all ni = 0. To do so, as
described in figure 13, we use the so-called L-recursion. This recursion is different depending
on whether ni > 0 or ni < 0. Notice that at the starting point of the recursion, di ≥ 0.

1. Case ni > 0: let us outline the procedure to simplify L when some ni is positive.
Consider for example n1 > 0. First, we define

I+(n1, d1) = (k1 − q)2n1

((k1 − q)2 +M1)d1
. (4.11)

13This feature is specific to one-loop, as a two-loop tadpole integral has an 1/ε poles and the ε regulator
cannot be taken to zero directly from the start.
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Input: ni, di,Mj , ki for i = 1 . . . 3, j = 1 . . . 4

L(n1, d1, n2, d2, n3, d3)

T (d1, d2, d3) Tensor reduction

Tmaster(Mj , ki) B(d1, d2)

Bmaster(Mj , ki) Tad(d1,Mj , ki)

n1 = n2 = n3 = 0

d1 = d2 = d3 = 1
∃i : di = 0

∃i : di < 0

∃i : di = 0d1 = d2 = 1

L-recursion

T -recursion

B-recursion

Figure 13. Procedural flowchart of calculation used to evaluate L defined in eq. (4.1) in the
one-loop bispectrum. Blue textboxes represent intermediate integrals that require further reduction
via recursion procedures of previous sections. Yellow textboxes represent final integrals that are
evaluated analytically.

Note that I+ is a factor of the integrand in eq. (4.1). We can reduce the numerator’s
exponent with the following simple manipulation,

I+(n1, d1) = (k1 − q)2(n1−1)((k1 − q)2 +M1 −M1)
((k1 − q)2 +M1)d1

(4.12)

= I+(n1 − 1, d1 − 1)−M1 I+(n1 − 1, d1) . (4.13)

In this case, the recursion terminates when d1 = 0 or when n1 = 0. We can
use this simple relation to reduce the numerator exponents in the integrand of
L(n1, d1, n2, d2, n3, d3) if any ni is positive. In fact, if e.g. n1 > 0, L(n1, d1, n2, d2, n3, d3)
can be expressed as,

L(n1 > 0, d1, n2, d2, n3, d3)
= L(n1 − 1, d1 − 1, n2, d2, n3, d3)−M1 L(n1 − 1, d1, n2, d2, n3, d3) .

(4.14)

2. Case ni < 0: in this case, we use a slightly different procedure to simplify L. Consider
for example n1 < 0. Similarly as the previous case, we can define

I−(n1, d1) = 1
(k1 − q)−2n1((k1 − q)2 +M1)d1

, (4.15)
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where all factors in the denominator have positive exponents. We can reduce the
absolute value of n1 with the following manipulation,

I−(n1, d1) = 1
M1

( 1
(k1 − q)−2n1((k1 − q)2 +M1)d1−1

− 1
(k1 − q)−2(n1+1)((k1 − q)2 +M1)d1

)
= 1
M1

(I−(n1, d1 − 1)− I−(n1 + 1, d1)) ,

(4.16)

where again the recursion terminates when n1 = 0 or d1 = 0 as each iteration through
the recursion reduces the absolute powers of either n1 or d1 by 1. Therefore in the
case of n1 < 0, the general triangle integral can be expressed as,

L(n1 < 0, n2, n3, d1, d2, d3)

= 1
M1

(L(n1, n2, n3, d1 − 1, d2, d3)− L(n1 + 1, n2, n3, d1, d2, d3)) .
(4.17)

We can use eqs. (4.14) and (4.17) to decrease the absolute value of ni (or the corresponding
di) for both ni > 0 and ni < 0.

There are four possibilities to end the recursion for a specific i:

• If ni = 0 but di ≥ 0, we can also redo this recursion for a different i for which
ni 6= 0. If there are no more ni 6= 0 and all di > 0, we can continue simplifying using
integration by parts, with what we call T -recursion, as described in section 4.2.2. In
the case of all n1 = n2 = n3 = 0 and one di = 0, then we proceed to B-recursion as
described in section 4.2.3.

• If di = 0 and ni > 0, we redefine di = −ni < 0 and use a tensor reduction method to
simplify the expression, as detailed in section 4.2.4.

• If di = 0 and ni < 0, we are left with a simpler L function with Mi = 0, di = −ni,
and ni = 0. We can then redo this recursion for a different i provided that ni 6= 0.

4.2.2 T -recursion

In the previous subsection, we were able to reduce L in eq. (4.1) to a form where there are
no ni’s. If one has di = 0 for some i, then we go to the B-recursion in section 4.2.3. In this
section we outline the recursion relation used to reduce L when all ni = 0 and all di > 0.
We define the following integral

T (d1, d2, d3) =
∫
q

1
((k1 − q)2 +M1)d1(q2 +M2)d2((k2 + q)2 +M3)d3

, (4.18)

which is just L with all ni = 0. We can define

t(d1, d2, d3) ≡ 1
((k1 − q)2 +M1)d1(q2 +M2)d2((k2 + q)2 +M3)d3

, (4.19)
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and from the divergence theorem, we have∫
q

∂

∂qµ
· (qµt(d1, d2, d3)) = 0 , (4.20)∫

q

∂

∂qµ
· (k1µt(d1, d2, d3)) = 0 , (4.21)∫

q

∂

∂qµ
· (k2µt(d1, d2, d3)) = 0 . (4.22)

The above identities are derived in exactly three dimensions, assuming convergent behaviour
of the integrals in the ultraviolet. More generally, this is guaranteed for Integration By
Parts (IBP) identities within dimensional regularization [87, 88], which, as we have explained
earlier, we subtly employ. In this article, all IBP identities that we will employ have a regular
ε = 0 limit and we can set the dimension to its physical value from the beginning. The
role of dimensional regularization is important for the reduction, furnishing a terminating
condition by setting non-convergent integrals in D = 3 with no denominators to zero. This
can also be seen from the dimensional regularization expression of eq. (4.10) which gives

Tad(M,n, 0) = Tad(0, n, 0) = 0. (4.23)

Noticing that
∂

∂qµ
· qµ = 3 + qµ

∂

∂qµ
, (4.24)

∂

∂qµ
· kiµ = kiµ ·

∂

∂qµ
, (4.25)

and calculating the derivative, we get

(3− d1223)0̂ + d1k1s1̂+ + d3(k2s)3̂+ + 2M2d22̂+ − d11̂+2̂− − d32̂−3̂+ = 0 , (4.26)

(d1 − d2)0̂ + d1(k1s − 2M1)1̂+ − 2̂−(d11̂+ + d33̂+)− d2(k1s − 2M2)2̂++

1̂−(d22̂+ + d33̂+)− d3(k3s − k2s)3̂+ = 0 , (4.27)

(d2 − d3)0̂ + d1(k3s − k1s)1̂+ − 3̂−(d11̂+ + d22̂+) + 2̂−(d33̂+ + d11̂+)+

d2(k2s − 2M2)2̂+ − d3(k2s − 2M3)3̂+ = 0 , (4.28)

where

k1s = k2
1 +M2 +M1 , (4.29)

k2s = k2
2 +M2 +M3 , (4.30)

k3s = k2
3 +M3 +M1 , (4.31)

d1223 = d1 + 2d2 + d3 , (4.32)

and we also defined ladder operators 0̂, 1̂±, 2̂±, and 3̂±, that act on T as

0̂T (d1, d2, d3) = T (d1, d2, d3) , (4.33)

1̂± T (d1, d2, d3) = T (d1 ± 1, d2, d3) , (4.34)

2̂± T (d1, d2, d3) = T (d1, d2 ± 1, d3) , (4.35)

3̂± T (d1, d2, d3) = T (d1, d2, d3 ± 1) . (4.36)
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The action of two ladder operators on T is for example

1̂+2̂−[T (d1, d2, d3)] = T (d1 + 1, d2 − 1, d3) . (4.37)

Solving for terms only involving 1̂+, 2̂+, 3̂+, we obtain,

1̂+ = −ks,231̂+2̂− + ks,22d2
d1

2̂+1̂− − ks,121̂+3̂− + ks,22d3
d1

3̂+1̂− − ks,12d2
d1

2̂+3̂−

− ks,23d3
d1

3̂+2̂− +
(
ks,12

3− d1233
d1

− ks,22
3− d1123

d1
+ ks,23

3− d1223
d1

)
0̂ , (4.38)

2̂+ = ks,33d1
d2

1̂+2̂− − ks,232̂+1̂− − ks,31d1
d2

1̂+3̂− − ks,23d3
d2

3̂+1̂− − ks,312̂+3̂−

+ ks,33d3
d2

3̂+2̂− +
(
ks,23

3− d1123
d2

+ ks,31
3− d1233

d2
− ks,33

3− d1223
d2

)
0̂ , (4.39)

3̂+ = − ks,31d1
d3

1̂+2̂− − ks,12d2
d3

2̂+1̂− − ks,121̂+3̂− + ks,11d1
d3

3̂+1̂− + ks,11d2
d3

2̂+3̂−

− ks,313̂+2̂− +
(
−ks,11

3− d1233
d3

+ ks,12
3− d1123

d3
+ ks,31

3− d1223
d3

)
0̂ , (4.40)

where

ks,11 = −4M1M2 + k2
1s

jac , (4.41)

ks,12 = −2k3sM2 + k1sk2s
jac , (4.42)

ks,22 = −4M2M3 + k2
2s

jac , (4.43)

ks,23 = −2k1sM3 + k2sk3s
jac , (4.44)

ks,31 = −2k2sM1 + k1sk3s
jac , (4.45)

ks,33 = −4M1M3 + k2
3s

jac , (4.46)

jac = −8M1M2M3 + 2k2
1sM3 + 2k2

2sM1 + 2k2
3sM2 − 2k1sk2sk3s , (4.47)

dijkl = di + dj + dk + dl . (4.48)

The important point of this solution is that we can express an operator that raises the
overall value of d1 + d2 + d3 by one unit as a combination of operators that do not raise
d1 + d2 + d3. Therefore, if d1 > 0, let 1̂+ act on T (d1 − 1, d2, d3), and use the solution we
found for 1̂+ in terms of the other raising or lowering operators:

T (d1, d2, d3) = − ks,23T (d1, d2 − 1, d3) + ks,22d2
d1 − 1 T (d1 − 2, d2 + 1, d3)

− ks,12T (d1, d2, d3 − 1) + ks,22d3
d1 − 1 T (d1 − 2, d2, d3 + 1)

− ks,12d2
d1 − 1 T (d1 − 1, d2 + 1, d3 − 1)− ks,23d3

d1 − 1 T (d1 − 1, d2 − 1, d3 + 1)

+
(
ks,12

2− d1 − d2 − 2d3
d1 − 1 − ks,22

1− 2d1 − d2 − d3
d1 − 1

+ks,23
2− d1 − 2d2 − d3

d1 − 1

)
T (d1 − 1, d2, d3) , (4.49)
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Similarly, if d2 > 0, let 2̂+ act on T (d1, d2 − 1, d3), and use the solution we found for 2̂+ in
terms of the other raising or lowering operators:

T (d1, d2, d3) = ks,33d1
d2 − 1 T (d1 + 1, d2 − 2, d3)− ks,23T (d1 − 1, d2, d3)

− ks,31d1
d2 − 1 T (d1 + 1, d2 − 1, d3 − 1)− ks,23d3

d2 − 1 T (d1 − 1, d2 − 1, d3 + 1)

− ks,31T (d1, d2, d3 − 1) + ks,33d3
d2 − 1 T (d1, d2 − 2, d3 + 1)

+
(
ks,23

2− 2d1 − d2 − d3
d2 − 1 + ks,31

2− d1 − d2 − 2d3
d2 − 1

−ks,33
1− d1 − 2d2 − d3

d2 − 1

)
T (d1, d2 − 1, d3) . (4.50)

Similarly, if d3 > 0, let 3̂+ act on T (d1, d2, d3 − 1), and use the solution we found for 3̂+ in
terms of the other raising or lowering operators:

T (d1, d2, d3) = − ks,31d1
d3 − 1 T (d1 + 1, d2 − 1, d3 − 1)− ks,12d2

d3 − 1 T (d1 − 1, d2 + 1, d3 − 1)

− ks,12T (d1 + 1, d2, d3 − 2) + ks,11d1
d3 − 1 T (d1 − 1, d2, d3)

+ ks,11d2
d3 − 1 T (d1, d2 + 1, d3 − 2)− ks,31T (d1, d2 − 1, d3)

+
(
−ks,11

1− d1 − d2 − 2d3
d3 − 1 + ks,12

3− 2d1 − d2 − d3 − 1
d3 − 1

+ks,31
d− d1 − 2d2 − d3 − 1

d3 − 1

)
T (d1, d2, d3 − 1) . (4.51)

The recursion terminates either when one of the di vanishes, in which case we evaluate the
bubble integral that will be analyzed in section 4.2.3, or when d1 = d2 = d3 = 1, in which
case we evaluate a master integral as shown in section 5. We stress again that in each of
these recursion relations, the sum d1 + d2 + d3 decreases by one from the l.h.s. to the r.h.s.,
e.g. T (d1 + 1, d2 − 1, d3 − 1), thus the recursion relation is guaranteed to terminate.

4.2.3 B-recursion

The general bubble integral is given by eq. (4.5). Once we obtain a bubble integral from
the recursion relation of the former section, we can use the same recursion relations as in
section 4.2 to reduce the ni exponents. We then obtain one of three possible expressions:∫

q

1
((k1 − q)2 +M1)d1(q2 +M2)d2

,∫
q

1
((k1 − q)2 +M1)d1((k2 + q)2 +M3)d3

,∫
q

1
(q2 +M2)d2((k2 + q)2 +M3)d3

.

(4.52)

To simplify the reduction procedure, we can make a shift in q to put the last two terms
into the same form as the first,∫

q

1
((k1−q)2+M1)d1((k2+q)2+M3)d3

=
∫
q

1
((k3−q)2+M3)d3(q2+M1)d1

, (4.53)
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∫
q

1
(q2+M2)d2((k2+q)2+M3)d3

=
∫
q

1
((k2−q)2+M2)d2(q2+M3)d3

, (4.54)

where we did the shift q → k1−q and q → −k2 +q respectively. Now we define the function,

B(a, b, k2,Mi,Mj) =
∫
q

1
((k − q)2 +Mi)a(q2 +Mj)b

, (4.55)

where a and b are integers, Mi = {M1,M2,M3} and i 6= j. We define

Bint(a, b, k2,Mi,Mj) ≡
1

((k − q)2 +Mi)a(q2 +Mj)b
. (4.56)

Following the same approach as in the T -recursion, we can use the divergence theorem
to obtain ∫

q

∂

∂qµ
·
(
qµBint(a, b, k2,Mi,Mj)

)
= 0 , (4.57)∫

q

∂

∂qµ
·
(
kµBint(a, b, k2,Mi,Mj)

)
= 0 . (4.58)

This yields the following relations:

(3− a− 2b)0̂ + a(k2 +Mi +Mj)â+ − a â+b̂− + 2bMj b̂+ = 0 , (4.59)

(a− b)0̂− a â+b̂− + a(k2 −Mi +Mj)â+ + b â−b̂+ − b(k2 +Mi −Mj)b̂+ = 0 , (4.60)

where we define ladder operators 0̂, â±, b̂± that act on B as

0̂B(a, b, k,Mi,Mj) = B(a, b, k,Mi,Mj) , (4.61)

â±B(a, b, k,Mi,Mj) = B(a± 1, b, k,Mi,Mj) , (4.62)

b̂±B(a, b, k,Mi,Mj) = B(a, b± 1, k,Mi,Mj) . (4.63)

The action of the ladder operators on B is analogous to the one outlined in eq. (4.37).
Solving for â+, b̂+,

â+ =

[(
(3− a− b)2Mj−ks

a − 2Mj + bksa

)
0̂ + ksâ+b̂− − b2Mj

a â−b̂+
]

k2
s − 4MiMj

, (4.64)

b̂+ =

[(
(3− a− b)2Mi−ks

b + aksb − 2Mi

)
0̂− 2aMi

b â+b̂− + ksâ−b̂+
]

k2
s − 4MiMj

, (4.65)

where ks = k2 +Mi +Mj . Notice that the recursive solutions we found are such that â+

and b̂+ raise the value of a+ b by one unit. Therefore, if a > 1, let â+ act on B(a− 1, b)
and use the recursive relation we found:

B(a, b) =
[(

(3− a− b)2Mj − ks
a

− 2Mj + b
ks
a

)
B(a− 1, b)

+ ksB(a, b− 1)− b2Mj

a
B(a− 2, b+ 1)

]
/(k2

s − 4MiMj) ,
(4.66)
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where we have omitted the arguments of B that do not change for clarity. We will use this
lighter notation in the rest of the paper as well. Similarly, if b > 1, let b̂+ act on B(a, b− 1)
and use the recursive relation we found:

B(a, b) =
[(

(3− a− b)2Mi − ks
b

+ a
ks
b
− 2Mi

)
B(a, b− 1)

− 2aMi

b
B(a+ 1, b− 2) + ksB(a− 1, b)

]
/(k2

s − 4MiMj) .
(4.67)

The recursion relation terminates when a = 0 or b = 0, in which case a tadpole integral
remains whose calculation we derive in section 5, or when a = b = 1, in which case we
evaluate the bubble master integral, also calculated in section 5.

4.2.4 Tensor reduction

Following the numerator exponent reduction in eq. (4.12) for n3 > 0 and d3 > 0, the
recursion may terminate when n3 > 0 and d3 = 0, at which point we may be left with an
integral of the form ∫

q

(k2 + q)2n3

(k1 − q)2 +M1)d1(q2 +M2)d2
. (4.68)

Such term requires further reduction as our goal is to reduce all denominator exponents
di → 1 or 0, and all numerator exponents ni → 0 if di 6= 0 and ni → −1 if di = 0. At
that point we proceed to evaluate the triangle, bubble, or tadpole master integral. In the
evaluation of the 1-loop bispectrum, the power n3 satisfies n3 ≤ 4. In this section, we
outline the procedure to evaluate such terms. Consider the simplest case of n3 = 1,∫
q

(k2+q)2

(k1−q)2+M1)d1(q2+M2)d2
=
∫
q

k2
2 +q2+M2−M2+2k2 ·q

(k1−q)2+M1)d1(q2+M2)d2

= (k2
2−M2)B(d1,d2,k2,M1,M2)+B(d1,d2−1,k2,M1,M2)

+2
∫
q

k2 ·q
(k1−q)2+M1)d1(q2+M2)d2

. (4.69)

The first two terms can be evaluated following the bubble recursion formulas of the previous
section. To evaluate the last term, we use a tensor reduction method [97] by considering
the integral,

Bµ(d1, d2, k1,M1,M2) =
∫
q

qµ
(k1 − q)2 +M1)d1(q2 +M2)d2

= k1µA , (4.70)

where in the last step we noticed that the integral must be proportional to k1µ. We can
then contract both sides with kµ1 to obtain∫

q

k1 · q
(k1 − q)2 +M1)d1(q2 +M2)d2

=
∫
q

1
2
(
−(k1 − q)2 + k2

1 + q2)
(k1 − q)2 +M1)d1(q2 +M2)d2

= 1
2 (−B(d1 − 1, d2) +B(d1, d2 − 1) + (M1 −M2)B(d1, d2)) = k2

1A

(4.71)

⇒ A = 1
2k2

1
(−B(d1 − 1, d2) +B(d1, d2 − 1) + (M1 −M2)B(d1, d2)) . (4.72)
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Hence,

Bµ(d1, d2, k1,M1,M2) = k1µ
2k2

1
(−B(d1 − 1, d2) +B(d1, d2 − 1) + (M1 −M2)B(d1, d2)) ,

(4.73)

⇒ 2k2µBµ = 2
∫
q

k2 · q
(k1 − q)2 +M1)d1(q2 +M2)d2

= k2 · k1
k2

1
(−B(d1 − 1, d2) +B(d1, d2 − 1) + (M1 −M2)B(d1, d2)) .

(4.74)
For n3 = 2, we will additionally need to evaluate terms proportional to

Bµν(d1, d2, k1,M1,M2) =
∫
q

qµqν
(k1 − q)2 +M1)d1(q2 +M2)d2

= k1µk1νA1 + δµνA2 . (4.75)

We can again contract both sides with k1µk1ν and δµν to obtain two equations allowing us
to solve for A1 and A2. The general procedure is then to construct all possible symmetric
tensors from k1µ and δµν multiplied by arbitrary coefficients Ai. Taking contractions of
these tensors, one may solve the system of equations to obtain Ai as functions of bubble
integrals. We will require expressions for n3 = 2, 3, 4, but they are straightforward but too
long to include in the paper.

Lastly, we encounter terms of the form,∫
q

(k1 − q)2n1(k2 + q)2n3

(q2 +M2)d2
. (4.76)

Consider the case of n1 = n3 = 1, expanding the numerator we find terms schematically of
the form∫

q

(k1 − q)2(k2 + q)2

(q2 +M2)d2
⊃{∫

q

1
(q2 +M2)d2

,

∫
q

qµ
(q2 +M2)d2

,

∫
q

qµqν
(q2 +M2)d2

,

∫
q

qµqνqρ
(q2 +M2)d2

,

∫
q

qµqνqρqσ
(q2 +M2)d2

}
.

(4.77)
Integrals involving odd powers of q vanish as the integrand is odd under q → −q. Integrands
with even powers of q can be evaluated with the standard dimensional regularization
formula, e.g., ∫

q

qµqν
(q2 +M2)d2

= 3δµν
2 M

−d2+5/2
2 Γ(d2 − 5/2)/Γ(d2). (4.78)

The full decomposition for the case of n1 = n3 = 1 is,∫
q

(k1 − q)2(k2 + q)2

(q2 +M2)d2
=
∫
q

(k2
1 − 2k1 · q + q2)(k2

2 + 2k2 · q + q2)
(q2 +M2)d2

,

=
∫
q

k2
1k

2
2 + (k2

1 + k2
2)q2 − 4(k1 · q)(k2 · q) + q4

(q2 +M2)d2
,

= k2
1k

2
2Γ(d2 − 3/2)M−d2+3/2

2 /Γ(d2) + (k2
1 + k2

2)3
2Γ(d2 − 5/2)M−d2+5/2

2 /Γ(d2)−

4k1 · k2
1
2Γ(d2 − 5/2)M−d2+5/2

2 /Γ(d2) + 15
4 Γ(d2 − 7/2)M−d2+7/2

2 /Γ(d2) .

(4.79)
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For higher powers of n1, n3 we expand the numerator momenta and keep even powers of q
and evaluate each term with dim reg.. At the level of the one loop bispectrum in redshift
space we encounter at most the case n1 = n3 = 4 in the B411,r diagram, which we have
implemented in our code.

We now point out that these kind of manipulations are used also in another context.
In evaluating the loop integrals in redshift space, we often encounter integrals where the
internal momenta are contracted with the line of sight direction ẑ. The resulting non-
rotationally-invariant integrals are evaluated in a very similar manner as explained in this
section. That is, first we expand the integrals in the most general tensor structure allowed
by the momenta dependence of the loop integral. This is made out of all the possible tensors
T i1,...,in built out of δij ,k1,k2 (there is no need to use k3 by momentum conservation) with
the right number of indexes. Then, we perform suitable contractions with the same tensors
T i1,...,in , each one leading to a rotationally invariant integral not involving ẑ, and which can
be evaluated with the techniques presented here. Finally, we solve the linear system to find
the coefficients of the expansion in T i1,...,in of the original integral we wished to evaluate.
The procedure is conceptually straightforward, but perhaps cumbersome, and we do not
present the details here (see also [96]).

4.2.5 Recursion example

After explaining the main recursions used to evaluate L and reduce it to master integrals,
we give here an example of how it works. Let us consider the following specific L with
n1 = 1, d1 = 2, n2 = 0, d2 = 1, n3 = 0, and d3 = 1:

L(n1 = 1, d1 = 2, n2 = 0, d2 = 1, n3 = 0, d3 = 1) =∫
q

|k1 − q|2

((k1 − q)2 +M1)2(q2 +M2)((k2 + q)2 +M3) .
(4.80)

Such a term can arise in the evaluation of B̄222,

B̄222 ⊃ C(k2
1, k

2
2, k

2
3)
∫
q
|k1 − q|2Pfit(|k1 − q|)Pfit(q)Pfit(|k2 + q|) (4.81)

Pfit(k) ⊃ α1
1

(k2 +M1)2 , α2
1

(k2 +M2) , α3
1

(k2 +M3) (4.82)

We now demonstrate the procedure of our code to evaluate such a term.

1. Step 1: reduction of n1 = 1 using L-reduction from section 4.2:
L(n1 = 1, 2, 0, 1, 0, 1) = L(n1 = 0, 1, 0, 1, 0, 1)−M1L(n1 = 0, 2, 0, 1, 0, 1)

= Tmaster(k2
1, k

2
2, k

2
3,M1,M2,M3)−M1T (2, 1, 1).

(4.83)

2. Step 2: reduction of d1 using T -reduction from section 4.2.2:

T (2, 1, 1) = − ks,23T (2, 0, 1) + ks,22T (0, 2, 1) + ks,22T (2, 1, 0)− ks,12T (0, 1, 2)
− ks,12T (1, 2, 0)− ks,23T (1, 0, 2) + (−3ks,12 − 5ks,22 − 3ks,23)Tmaster

= − ks,23B(d1 = 2, d3 = 1) + ks,22B(d2 = 2, d3 = 1)
+ ks,22B(d1 = 2, d2 = 1)− ks,12B(d2 = 1, d3 = 2)
− ks,12B(d1 = 1, d2 = 2)− ks,23B(d1 = 1, d3 = 2)
+ (−3ks,12 − 5ks,22 − 3ks,23)Tmaster . (4.84)
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3. Step 3: reduction of Bubble integrals using B-reduction from section 4.2.3 (we outline
the reduction of only the first term, B(d1 = 2, d3 = 1), for simplicity):

B(d1 = 2,d3 = 1) =

=
((
−2M3+ ks

2

)
Bmaster(k2

2,M1,M3)+ksB(2,0)−M3B(0,2)/2
)

k2
s−4M1M3

,

=

((
−2M3+ ks

2

)
Bmaster(k2

2,M1,M3)+ksTad(M1,n1 = 0,d1 = 2)−M3Tad(M3,n3 = 0,d3 = 2)/2
)

k2
s−4M1M3

.

(4.85)

We perform the B-reduction for every bubble integral appearing after T -reduction.

4. Step 4: evaluating all master integrals:
The general L-function, L(1, 2, 0, 1, 0, 1) has now been decomposed into various Tmaster,
Bmaster and Tad master integrals, which we evaluate analytically and sum.

5 Master integrals calculation

5.1 Expressions

The final result of the recursion relations leads to three types of irreducible integrals which
we call the tadpole, bubble, and triangle master integrals, named after the shape of the
corresponding Feynman diagrams. We remind their form here for convenience.

1. Tadpole:

Tad(Mj , n, d) =
∫

d3q

π3/2
(p2
i )n

(p2
i +Mj)d

= 2√
π

Γ(n+ 3/2)Γ(d− n− 3/2)Mn−d+3/2
j /Γ(d),

(5.1)

where pi = {k1 − q, q,k2 + q} and Mj = {M1,M2,M3}. The expression above holds
within dimensional regularization for D = 3, as we discussed in eq. (4.10).

2. Bubble:

Bmaster(k2,M1,M2) =
∫

d3q

π3/2
1

(q2 +M1)(|k − q|2 +M2) (5.2)

3. Triangle:

Tmaster(k2
1, k

2
2, k

2
3,M1,M2,M3) =∫

d3q

π3/2
1

(q2 +M1)(|k1 − q|2 +M2)(|k2 + q|2 +M3) ,
(5.3)

where k1 + k2 + k3 = 0.

To compute the Bubble and Triangle master integrals, we will use Schwinger and
Feynman parametrizations within dimensional regularization. However, there are subtleties
that have to be dealt with in the case of complex masses.
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5.2 Calculation tools

To find closed form expressions for the master integrals, we will use some tools that we
now outline.

Generalized multiplicative formulas for logs and square roots. Following [98], we
use logs and square roots that have a branch cut in the negative real axis, with their value
on the negative real axis taken by continuity from the upper part.14 The rule for the log of
a product is then:

log(ab) = log(a) + log(b) + η(a, b) ,
η(a, b) = 2πi [θ(−a)θ(−b)θ(ab)− θ(a)θ(b)θ(−ab)] ,

(5.4)

where a and b are complex numbers, and θ is a function defined as

θ(a) =



1, if Im a > 0 ,
0, if Im a < 0 ,
1, if Im a = 0 and Re a < 0 ,
0, if Im a = 0 and Re a ≥ 0 .

(5.5)

Specifically, if a is a positive real number, we have θ(a) = 0 and θ(−a) = 1. Notice that in
the real line this is the opposite of the standard definition of the Heaviside function. Useful
particular cases are:

log(ab) = log(a) + log(b) , if Im a and Im b have different sign, (5.6)

log
(
a

b

)
= log(a)− log(b) , if Im a and Im b have the same sign. (5.7)

Defining the square root as
√
a ≡ exp(log(a)/2), we obtain the analogous expressions:

√
ab = s(a, b)

√
a
√
b ,

s(a, b) ≡ exp{η(a, b)/2} = (−1)θ(−a)θ(−b)θ(ab)(−1)θ(a)θ(b)θ(−ab) ,
(5.8)

and specifically:
√
ab =

√
a
√
b , if Im a and Im b have different sign, (5.9)

√
ab =

√
a
√
b , if a is real and positive (5.10)√

a

b
=
√
a√
b
, if Im a and Im b have the same sign. (5.11)

As a quick example, let us look at
√
−z. Applying eq. (5.8), we obtain:

√
−z = s(−1, z) i

√
z = (−1)θ(1)θ(−z)(−1)θ(−1)θ(z)i

√
z , (5.12)

14So log(−1) = iπ and
√
−1 = i.
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where we used θ(z)2 = θ(z). Using our prescription, we get θ(−1) = 1 and θ(1) = 0, and
our result simplifies to

√
−z = s(−1, z) i

√
z = (−1)θ(z)i

√
z , (5.13)

which means that
√
−z = i

√
z only in the lower complex plane and in the positive real axis,

while
√
−z = −i

√
z in the upper complex plane and in the negative real axis. Note also

that Re
√
z ≥ 0 for any complex number z.

Furthermore, we use the following conventions for simplifying exponents (ab)c = abc

only if c is an integer. So, for example, a3/2 can be interpreted as (a1/2)3 but not as
(a3)1/2 (15).

Schwinger parametrization. Let us derive the Feynman parametrization for the bubble
integral using Schwinger parameters [99]. We will use two important (equivalent) identities.
First, if ImA > 0, we use

i

A
=
∫ ∞

0
ds(1 + iε) exp(iA(1 + iε)s) , (5.14)

where ε > 0 and can be arbitrarily small. Notice that if ImA < 0, the integrand of eq. (5.14)
is divergent as the imaginary part of the exponent becomes positive. Thus in the case of
ImA < 0 we use another analogous result (which is just the complex conjugate of eq. (5.14))

− i

A
=
∫ ∞

0
ds(1− iε) exp(−iA(1− iε)s) . (5.15)

If ImA = 0 and ReA > 0, both equations are valid.

5.3 Calculation of the bubble master integral

We now have the necessary ingredients to detail the calculation of the bubble master integral
defined in eq. (4.3). The calculation is slightly different depending on whether the imaginary
part of the masses in the denominator have the same sign or not. Both cases are relevant
for our decomposition of Plin.

Masses with the same imaginary part sign. Looking at the bubble integral, we note
that the imaginary parts of each term in the denominator is the same as the imaginary part
of the corresponding mass. Let us then first look at the case where both masses have a
positive imaginary part. Using our identities, we obtain straightforwardly:

Bmaster(k2,M1,M2) =

−
∫ ∞

0
ds1

∫ ∞
0

ds2

∫
(1 + iε1)(1 + iε2) d

3q

π3/2 e
i(q2+M1)(1+iε1)s1ei((k−q)2+M2)(1+iε2)s2 .

(5.16)

15These conventions are the same as in Mathematica.
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simplifying, we obtain:

Bmaster(k2,M1,M2) =

−
∫ ∞

0
ds1

∫ ∞
0

ds2

∫
d3q

π3/2 (1+iε1)(1+iε2)

exp
{
iS+

(
−q+ s2(1+iε2)

S+
k

)2
+is1s2(1+iε1)(1+iε2)

S+
k2+i(M1s1(1+iε1)+M2s2(1+iε2))

}
,

(5.17)

where S+ = (1 + iε1)s1 + (1 + iε2)s2.
We can now continue in two ways that give the same result:

• We do directly the Gaussian integral in q, then do a change of variable s1 = τx,
s2 = τ(1− x) and then integrate in τ , or alternatively

• We do a change of variable s1 = τx, s2 = τ(1− x), integrate in τ , and then do the q
integral in the standard dim reg. way.

Let us pick the first way for concreteness. We can now set ε ≡ ε1s1 + ε2s2 > 0, and we
are guaranteed that the Gaussian integral converges (because we have S+ = s1 + s2 + iε, as
ε will be taken to zero at the end of the calculation). After doing the Gaussian q integral,
and setting ε→ 0 where no poles show up, we get

Bmaster(k2,M1,M2) =

−
∫ ∞

0
ds1

∫ ∞
0

ds2
1

(−i(s1+s2+iε))3/2 exp
{
i

s1s2
s1+s2+iεk

2+i(M1s1+M2s2)
}
,

(5.18)

where we used the result∫
ddq exp

(
iaq2

)
= πd/2

(−ia)d/2
, if Im a > 0 , (5.19)

with a = S+, and in particular Im(a) = ε > 0.
Now, doing the change of variables described before: s1 = τx, s2 = τ(1−x), and noting

that the Jacobian of the transformation is τ , we get

Bmaster(k2,M1,M2) =

− 1
(−i)3/2

∫ 1

0
dx

∫ ∞
0

dτ τ(τ+iε)−3/2 exp
{
i
τ2

τ+iεx(1−x)k2+iτ(M1x+M2(1−x))
}
,

(5.20)

and since the integral is convergent when ε→ 0, we can set ε = 0 and get:

Bmaster(k2,M1,M2) =

− 1
(−i)3/2

∫ 1

0
dx

∫ ∞
0

dτ τ−1/2 exp
{
iτx(1−x)k2+iτ(M1x+M2(1−x))

}
,

(5.21)
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and finally performing the τ integral yields the integral:

Bmaster(k2,M1,M2) = Γ(1/2)
(−i)3/2

∫ 1

0
dx

(−i)3/2√
x(1− x)k2 +M1x+M2(1− x)

=
√
π

∫ 1

0
dx

1√
x(1− x)k2 +M1x+M2(1− x)

,

(5.22)

which is a standard Feynman integral. Note that in this case the square root does not
have any branch cut, because its argument always has a positive imaginary part, from our
assumption on the masses M1 and M2. We were thus able to find the Feynman parameter
integral using Schwinger parameters for this case. For two masses with negative imaginary
parts, the exact same steps apply, and we obtain the same result.

Solving this integral yields:

Bmaster(k2,M1,M2) =
√
π

k

[
i log

(
2
√
x(1− x) +m1x+m2(1− x) + i(m1 −m2 − 2x+ 1)

)]x=1

x=0

− discontinuities ,

(5.23)

where m1 = M1/k
2 and m2 = M2/k

2. Here and in the rest of the paper, the term
‘discontinuities’ means that, in order to use a given expression, we need to check if the
argument of the antiderivative (in the case the argument of the log as a function of x)
crosses any branch cut in the integration region (in this case the negative real axis). If it
does, using the antiderivative would erroneously add the size of the discontinuity to the
integral, and so we need to add/subtract this amount from the formula of the integral in
terms of the antiderivative (in this case 2πi), depending on the direction of the crossing.

Branch cut crossings. We can analyze under what conditions a log branch cut crossing
happens. Let us define the argument of the log as

A(x,m1,m2) ≡ 2
√
x(1− x) +m1x+m2(1− x) + i(m1 −m2 − 2x+ 1) . (5.24)

Then, we have a branch cut crossing when A(x,m1,m2) = −t, where t > 0, for some
x ∈]0, 1[. We now want to prove two statements: first, that there can be at most one branch
cut crossing, and second that (there is a single branch cut crossing) iff (ImA(1,m1,m2) > 0
and ImA(0,m1,m2) < 0).

Let us first prove that there can be at most only one branch cut crossing. Solving
A(x,m1,m2) = −t for x yields

2
√
x(1− x) +m1x+m2(1− x) + i(m1 −m2 − 2x+ 1) = −t (5.25)

⇒ 2
√
x(1− x) +m1x+m2(1− x) = −t− i(m1 −m2 − 2x+ 1) (5.26)

⇒ 4x(1− x) + 4m1x+ 4m2(1− x) =
t2 + 2it(m1 −m2 − 2x+ 1)− (m1 −m2 − 2x+ 1)2 (5.27)

⇒∆(m1,m2) = t2 + 2it(m1 −m2 + 1)− 4itx , (5.28)
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Figure 14. Region plot showing where ∆(Re(m1),Re(m2)) > 0 as a function of Re(m1) and
Re(m2). All masses used in this paper satisfy this condition.

where

∆(m1,m2) ≡ m2
1 − 2m1m2 + 2m1 +m2

2 + 2m2 + 1
= (m1 −m2)2 + 2(m1 +m2) + 1
= (m2 −m1 + 1)2 + 4m1 = (m1 −m2 + 1)2 + 4m2 .

(5.29)

Eq. (5.28) gives two constraints: one for the real part, and another for the imaginary part.
The real part equation gives us directly t

t± = Im(m1)− Im(m2)±
√

∆(Re(m1),Re(m2)) , (5.30)

where we need to impose ∆(Re(m1),Re(m2)) > 0 in order for t to be real. In figure 14, we
show the region where this condition is satisfied. In particular, it is always satisfied if both
Rem1 > 0 and Rem2 > 0, which is the case for the masses that we use in our decomposition.

Taking the real part of eq. (5.26), we see that Re(l.h.s.) > 0 and that, plugging in
t±, that Re(r.h.s.) = ∓

√
∆(Re(m1),Re(m2)), corresponding to t± respectively. Therefore

only the solution t− corresponds to a positive real part, and can satisfy the equation. We
therefore discard t+.

The imaginary part equation gives us x as a function of t:

xt = 1
2 + Re(m1 −m2)(− Im(m1) + Im(m2) + t)− Im(m1 +m2)

2t , (5.31)
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and plugging t = t− yields

x− = −2 Im(m2)− (Re(m1)− Re(m2) + 1)
√

∆(Re(m1),Re(m2))
2
(
Im(m1)− Im(m2)−

√
∆(Re(m1),Re(m2))

) . (5.32)

This means that there is at most one branch cut crossing of the log in eq. (5.23). In fact,
the branch cut crossing happens if x− ∈]0, 1[ and t− > 0. The explicit conditions on m1 and
m2 for the branch cut can be found in appendix C. However, there is a simpler summary
formula that allows us to automatically account for the branch crossing, as we now discuss.

Having proved that there can be at most one branch cut crossing, we now want to prove
that (there is a single branch cut crossing) iff (ImA(1,m1,m2) > 0 and ImA(0,m1,m2) < 0).
We divide the proof in two parts:

1. (there is a branch cut crossing) ⇒ (ImA(1,m1,m2) > 0 and ImA(0,m1,m2) < 0),

2. (ImA(1,m1,m2) > 0 and ImA(0,m1,m2) < 0) ⇒ (there is a branch cut crossing).

Before proceeding with the proof, let us derive an auxiliary result. Assume that A(x,m1,m2)
defined in eq. (5.24) is crossing the real axis, which implies ImA = 0. Writing A(x,m1,m2) =
−t, where t ∈ R, we can differentiate A with respect to x, obtaining:

dA

dx
= m1 −m2 − 2x+ 1√

x(m1 −m2 − x+ 1) +m2
− 2i

= m1 −m2 − 2x+ 1− 2i
√
x(m1 −m2 − x+ 1) +m2√

x(m1 −m2 − x+ 1) +m2

= −i A(x,m1,m2)√
x(m1 −m2 − x+ 1) +m2

= it√
x(m1 −m2 − x+ 1) +m2

.

(5.33)

We can now proceed and prove statement 1. Assume that there is a branch cut crossing
i.e. that A(x,m1,m2) = −t and t > 0. In this case, since Re(

√
z) ≥ 0, we have that

Re(t/
√
x(m1 −m2 − x+ 1) +m2) ≥ 0. Now, using eq. (5.33), we get Im(dA/dx) > 0

at the branch cut crossing, which shows that A crosses the branch cut always from the
negative imaginary plane to the positive imaginary plane, and thus by continuity that
Im(A(1,m1,m2)) > 0 and Im(A(0,m1,m2)) < 0 (16).

It remains to prove the converse: statement 2. If Im(A(1,m1,m2)) > 0 and
Im(A(0,m1,m2)) < 0, that means by continuity that there was a crossing of the imag-
inary axis, at xcross. Moreover, at the branch cut, Im(dA/dx) > 0. Let us call −t ≡
A(xcross,m1,m2). If t > 0, there is a branch cut crossing. Let us prove that this is the case.

16We remind the reader that since the masses have the same imaginary part, there is no branch-cut
crossing for the square root that defines A(x), and so A(x) is continuous.
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At x = xcross, and taking the imaginary part of eq. (5.33), we get

Im
(
dA

dx

)
= tRe

(
1√

x(m1 −m2 − x+ 1) +m2

)

⇒ t =
Im
(
dA
dx

)
Re
(

1√
x(m1−m2−x+1)+m2

) > 0 .
(5.34)

Therefore, in this case A crosses the real axis at the branch cut. We have then proven
statement 2.

This concludes the proof that (there is a single branch cut crossing)⇔ (ImA(1,m1,m2) >
0 and ImA(0,m1,m2) < 0).

This allows us to simply incorporate the branch cut crossings in eq. (5.23). In fact,
the correct result of the integration is that, for an infinitesimal path crossing the negative
real axis from below to above, the result should be infinitesimally small. But using our
formula (5.23) for the indefinite integral we would get 2πi. Given that we cross the branch-
cut always from below to above, eq. (5.23) can be made to take into account branch cut
crossings by modifying it as

Bmaster(k2,M1,M2) =
√
π

k
i[log (A(1,m1,m2))− log (A(0,m1,m2))

− 2πiH(ImA(1,m1,m2))H(− ImA(0,m1,m2))] ,
(5.35)

where

A(0,m1,m2) = 2√m2 + i(m1 −m2 + 1) , (5.36)
A(1,m1,m2) = 2√m1 + i(m1 −m2 − 1) , (5.37)

and H(x) is the Heaviside step function extended at x = 0 so that H(0) = 0.

Masses with opposite imaginary part sign. Let us focus now on the case where
the two masses have a different sign in the imaginary part. For concreteness, we assume
ImM1 > 0 and ImM2 < 0.

In this case we need non-zero ε insertions with eqs. (5.14) and (5.15) since we would
develop poles without them. We now need to write

Bmaster(k2,M1,M2) =∫ ∞
0

ds1

∫ ∞
0

ds2

∫
(1+iε1)(1−iε2) d

3q

π3/2 e
i(q2+M1)(1+iε1)s1e−i((k−q)2+M2)(1−iε2)s2 ,

(5.38)

which can be rearranged as

Bmaster(k2,M1,M2) =∫ ∞
0

ds1ds2
d3q

π3/2 (1 + iε1)(1− iε2)

× exp
(
iS

(
q + k(1− iε2)s2

S

)2
− ik

2(1 + iε1)s1(1− iε2)s2
S

+ i ((1 + iε1)s1M1

−M2(1− iε2)s2)
)
,

(5.39)
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where S = (1 + iε1)s1 − (1 − iε2)s2 ≡ s1 − s2 + iε, where similarly to before we have
redefined ε. Notice that without ε insertions, S → 0 for s1 = s2. Thus we retain ε insertions
to shift the pole. The q integral will be convergent for ε > 0. Doing the momentum integral
and taking ε→ 0 where possible, we obtain

Bmaster(k2,M1,M2) = 1
(−i)3/2

∫
ds1ds2

1
S3/2 e

iI , (5.40)

where I = M1s1 −M2s2 − k2s1s2/S. Now we make the change of variables, s1 = τx and
s2 = τ(1− x) and redefine ε→ τε:

Bmaster(k2,M1,M2) = 1
−i3/2

∫ 1

0
dx

∫ ∞
0

dτ
τ−1/2

(2x− 1 + iε)3/2

× exp
(
iτ

(
M1x−M2(1− x)− k2x(1− x)

2x− 1 + iε

))
.

(5.41)

The τ integration then gives,

Bmaster(k2,M1,M2) = −
√
π

∫ 1

0
dx

1
(2x− 1 + iε)3/2

1√
−k2x(1−x)

2x−1+iε +M1x−M2(1− x)
.

(5.42)

We will now make use of the Sokhotski-Plemelj (SP) theorem [100], which states,

lim
ε→0+

∫ b

a

f(x, ε)
x− x0 + iε

= P.V.

∫ b

a

limε→0+ f(x, ε)
x− x0

dx− lim
ε→0+

iπf(x0, ε) , (5.43)

for f(x, ε) being a continuous and non-singular function along the region of integration on
the real line. We choose f(x, ε) = 1

2
1

√
2x−1+iε

√
− k

2x(1−x)
2x−1+iε +M1x−M2(1−x)

, and x0 = 1/2. f(x, ε)

satisfies the condition of being continuous and non-singular in the limit of ε→ 0+ even at
x = 1/2. (in fact limε→0+ f(1/2, ε) = −i). We then obtain from eq. (5.42),

Bmaster(k2,M1,M2) =−
√
π

×

P.V.∫ 1

0
dx

1
2x−1

1
√

2x−1
√
− k2x(1−x)

2x−1 +M1x−M2(1−x)
− iπ

2

(−2i
k

) ,

(5.44)

where we have safely taken the limit ε→ 0 in the second term of eq. (5.44). We can now
take the expression in eq. (5.44) and do a change of variable to put it in a more familiar
form. Indeed, by introducing x̂ ≡ x

2x−1 , and introducing another ε to explicitly implement
the principal value, we get the mapping

x ∈
[
0, 1

2 −
ε

4

]
∪
[1

2 + ε

4 , 1
]
⇒ x̂ ∈

[
0, 1

2 −
1
ε

]
∪
[1

2 + 1
ε
, 1
]
, (5.45)
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with ±∞ in x̂ corresponding to 1
2
± in x when we take the limit ε → 0 (17). We will use

this change of variable to avoid the pole at x = 1/2. Applying this change of variable to
eq. (5.44) yields:

Bmaster(k2,M1,M2) =
√
π

(∫ 1
2−

1
ε

0
dx̂

i√
−x̂(1− x̂)k2 −M1x̂−M2(1− x̂)

+

∫ 1

1
2 + 1

ε

dx̂
1√

x̂(1− x̂)k2 +M1x̂+M2(1− x̂)
+ π

k

)
,

(5.46)

which is a very familiar integrand (see eq. (5.22)).
We can further simplify this by noticing that, recalling the function s defined in eq. (5.8),

s(−1, x̂(1− x̂)k2 +M1x̂+M2(1− x̂)) = 1 (5.47)

if x̂ < 0, Im(M1) > 0, and Im(M2) < 0 (because the second argument of s always has a
negative imaginary part in this case). Therefore, we can simplify (5.46), obtaining

Bmaster(k2,M1,M2) =
√
π

(∫ 1
2−

1
ε

0

dx̂√
x̂(1− x̂)k2 +M1x̂+M2(1− x̂)

+

∫ 1

1
2 + 1

ε

dx̂√
x̂(1− x̂)k2 +M1x̂+M2(1− x̂)

+ π

k

)
.

(5.48)

Now both components have the same integrand. Let us define

I ≡
∫ 1

2−
1
ε

0

dx̂√
x̂(1− x̂) +m1x̂+m2(1− x̂)

, (5.49)

II ≡
∫ 1

1
2 + 1

ε

dx̂√
x̂(1− x̂) +m1x̂+m2(1− x̂)

, (5.50)

where again m1 = M1/k
2 and m2 = M2/k

2. Notice that we have

Bmaster(k2,M1,M2) =
√
π

k
(I + II + π) . (5.51)

To alleviate the notation, we now redefine the integration variable x̂ as x. As written above
in eq. (5.23), the antiderivative corresponding to I and II is

G(x) ≡ i log
(

2
√
x(1− x) +m1x+m2(1− x) + i(m1 −m2 − 2x+ 1)

)
= i logA(x,m1,m2) ,

(5.52)

where we defined G(x) and A(x,m1,m2) was defined in (5.24). Then, we have for I + II:

I+II =G(1)−G(0)+i lim
ε→0

(
log
(1

4 iε∆(m1,m2)
)
−log

(
−1

4 iε∆(m1,m2)
))
−discontinuities ,

(5.53)
17Notice that we write the interval as

[
1
2 + 1

ε
, 1
]
even if ε < 1 because this represents the mapping of

the boundary of the one-dimensional integration: as an interval on the real axis, it should be written as[
1, 1

2 + 1
ε

]
.
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where ∆(m1,m2) is given by eq. (5.29). We remind that the meaning of ‘- discontinu-
ities’ is given below eq. (5.23). Simplifying eq. (5.53) using eq. (5.4) with a = −1, b =
1
4 iε∆(m1,m2), yields

I + II = G(1)−G(0) + i

(
− log(−1)− η

(
−1, 1

4 iε∆(m1,m2)
))
− discontinuities

= G(1)−G(0) + π − i η(−1, i∆(m1,m2))− discontinuities ,
(5.54)

where η is defined in eq. (5.4). So eq. (5.48) simplifies to

Bmaster(k2,M1,M2) =
√
π

k
[G(1)−G(0) + 2π − i η(−1, i∆(m1,m2))]− discontinuities .

(5.55)
The simplified expression for iη(−1, i∆(m1,m2)) is:

iη(−1, i∆(m1,m2)) = +2π × θ (i∆(m1,m2)) , (5.56)

where θ is defined in eq. (5.5), and used that θ(a)2 = θ(a). In this way, we can rewrite
eq. (5.55) as

Bmaster(k2,M1,M2) =
√
π

k
[G(1)−G(0) + 2π(1− θ (i∆(m1,m2)))]− discontinuities .

(5.57)
Note that eq. (5.57) is very similar to eq. (5.35). We will see next that if we take into
account branch cut crossings the two equations are exactly identical.

Branch cut crossings. Now, as in the previous case, let us consider the branch cut
crossings of the antiderivative that can occur in the integration region. Following the steps
of the previous case, where the imaginary part of the masses have the same sign, we verify
that there can only be at most one branch cut crossing, happening at x− given by eq. (5.32).

Knowing that there can be at most one branch cut crossing, we want to prove as in
the last section that: (there is a single branch cut crossing) iff (ImA(1,m1,m2) > 0 and
ImA(0,m1,m2) < 0). To prove this statement, let us look at how the imaginary part of
A(x,m1,m2) varies. We first look at the ±∞ limits, corresponding to 1

2 ±
1
ε integration

limits in eqs. (5.49) and (5.50). Direct computation shows that (keeping in mind that
Im(m1) > 0 and Im(m2) < 0)

A

(1
2 −

1
ε
,m1,m2

)
= 1

4 i∆(m1,m2)ε+O(ε2) ,

A

(1
2 + 1

ε
,m1,m2

)
= −1

4 i∆(m1,m2)ε+O(ε2) .
(5.58)

Thus, Im
(
A
(

1
2 ∓

1
ε ,m1,m2

))
= ± ε

4 Re(∆(m1,m2)). We now want to analyze the sign of
t− defined in eq. (5.30) to check when branch cuts happen. Recall that there is a branch
cut crossing somewhere in the real line (but not necessarily in the integration region) when
t− > 0. To investigate when t− > 0, using the definition of t− given in eq. (5.30), we find
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x

ImA(x,m1,m2)

−∞ x− +∞

+ 0 −

Table 1. Sign of ImA(x,m1,m2) as a function of x when Re(∆(m1,m2)) > 0.

that the condition to t− > 0 is equivalent to the following:

t− > 0

⇔ 0 <
√

∆(Re(m1),Re(m2)) < Im(m1)− Im(m2)

⇔ 0 <
√

Re(∆(m1,m2)) + (Im(m1 −m2))2 < Im(m1)− Im(m2)

⇔ 0 < Re(∆(m1,m2)) + (Im(m1 −m2))2 < (Im(m1 −m2))2

⇔ − (Im(m1 −m2))2 < Re(∆(m1,m2)) < 0 .

(5.59)

Our next step is now to show that, if we carefully take branch cut crossings into account,
that eq. (5.35) is valid in this situation as well. We will consider two cases separately:
Re(∆(m1,m2)) > 0 and Re(∆(m1,m2)) < 0. For each case, we will check both if there
are branch cut crossings and how the θ function in eq. (5.57) simplifies, so that we get a
definite expression for Bmaster. While considering both cases, it is important to have the
following auxiliary result in mind: using the definition of ∆ in eq. (5.29), we have

∆(Re(m1),Re(m2)) = Re(∆(m1,m2)) + (Im(m1 −m2))2 . (5.60)

In the following, we will use the property ∆(Re(m1),Re(m2)) > 0, which is satisfied
for all our masses. In figure 14, we show the region where this condition is satisfied. As
mentioned before, in particular, it is always satisfied if both Rem1 > 0 and Rem2 > 0,
which is the case in our decomposition.

• Case Re(∆(m1,m2)) > 0: in this case Im (A (−∞,m1,m2)) > 0 and Im (A (+∞,m1,m2)) < 0.
Also, the condition in eq. (5.59) is not satisfied, meaning that there is no branch cut
crossing. The sign of ImA is given by table 1.
Thus, since Re(∆(m1,m2)) > 0⇒ θ(i∆(m1,m2)) = 1, eq. (5.57) is simply given by

Bmaster(k2,M1,M2) =
√
π

k
[G(1)−G(0)] . (5.61)

Therefore, since in this case, from looking at the sign of ImA displayed in the table, we
can never have simultaneously ImA(1,m1,m2) > 0 and ImA(0,m1,m2) < 0, eq. (5.35)
is valid.

• Case Re(∆(m1,m2)) < 0 : in this case Im (A (−∞,m1,m2)) < 0 and Im (A (+∞,m1,m2)) > 0.
Since we are assuming ∆(Re(m1),Re(m2)) > 0, the condition in eq. (5.59) is satisfied,
implying that there is a branch cut crossing in the real line (but not necessarily in the
integration region). The sign of ImA is given by table 2. There are three possibilities
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ImA(x,m1,m2)

−∞ x− +∞

− 0 +

Table 2. Sign of ImA(x,m1,m2) as a function of x when Re(∆(m1,m2)) < 0.

for the position of x−: x− ≤ 0, 0 < x− < 1, x− ≥ 1. For each one, remembering that
Im (A (x−,m1,m2)) = 0 and that Im (A (x,m1,m2)) only has one zero, we have:

x− ≤ 0 : Im (A (0,m1,m2)) > 0 and Im (A (1,m1,m2)) > 0 ,
0 < x− < 1 : Im (A (0,m1,m2)) < 0 and Im (A (1,m1,m2)) > 0 ,

x− ≥ 1 : Im (A (0,m1,m2)) < 0 and Im (A (1,m1,m2)) < 0 .

For x− ≤ 0 and x− ≥ 1, the branch cut crossing is in the integration region, so we need
to take the crossing into account. In these two cases, it amounts to subtracting 2π from
the expression inside the square brackets in eq. (5.57). Therefore, since Re(∆(m1,m2)) <
0⇒ θ(i∆(m1,m2)) = 0, eq. (5.57) for x− ≤ 0 and x− ≥ 1 is simply given by

Bmaster(k2,M1,M2) =
√
π

k
[G(1)−G(0)] . (5.62)

For 0 < x− < 1, there is no branch cut crossing in the integration region, so eq. (5.55)
becomes

Bmaster(k2,M1,M2) =
√
π

k
[G(1)−G(0) + 2π] . (5.63)

Notice that in this particular case we have Im (A (0,m1,m2)) < 0 and Im (A (1,m1,m2)) > 0.
Combining all these results, we find the remarkable result that we have the same

expressions as in eq. (5.35), which is therefore valid regardless of the relative signs of Im(m1)
and Im(m2):

Bmaster(k2,M1,M2) =
√
π

k
i[log (A(1,m1,m2))− log (A(0,m1,m2))

− 2πiH(ImA(1,m1,m2))H(− ImA(0,m1,m2))] ,
(5.64)

where

A(0,m1,m2) = 2√m2 + i(m1 −m2 + 1) , (5.65)
A(1,m1,m2) = 2√m1 + i(m1 −m2 − 1) , (5.66)

provided that the condition ∆(Re(m1),Re(m2)) > 0 is satisfied. This interesting observation
makes Bmaster(k2,M1,M2) extremely efficient to evaluate numerically. This last expression
eq. (5.64) hints, by its simplicity, at some closer relation between the case where the masses
have the same sign of the imaginary part and where they have opposite signs. Indeed, it
can be proven using contour integration that the two cases are closely related. This proof is
given in the appendix D.
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5.4 Calculation of the triangle master integral

Let us compute the triangle master integral,

Tmaster(k2
1, k

2
2, k

2
3,M1,M2,M3) =

∫
d3q

π3/2
1

((k1 − q)2 +M1)(q2 +M2)((k2 + q)2 +M3) .

(5.67)

The procedure will be similar to the bubble integral.

5.4.1 Simplifying the master integral

For this integral, it is much simpler to work under the assumption that all masses have
a positive real part (which is the case for our masses). So, in this section, we will con-
sider {Re(M1),Re(M2),Re(M3)} > 0 (18). The most general case is considered in the
appendix E.2 in order to accommodate a more accurate parametrization of the BAO
wiggles.

Let us then assume {Re(M1),Re(M2),Re(M3)} > 0. In this case, we can perform the
integrations without having to keep track of the signs of the imaginary parts. In fact, we
can choose the following Schwinger parametrization,

1
A

=
∫ ∞

0
ds exp(−As) (5.68)

for Re(A) > 0. In this case, the triangle master integral can be written as,

Tmaster(k2
1, k

2
2,M1,M2,M3) =∫ +∞

0
ds1ds2ds3∫

d3q

π3/2 exp
[
−
(
(k1 − q)2 +M1

)
s1 − (q2 +M2)s2 −

(
(k2 − q)2 +M3

)
s3
]
,

(5.69)

since if Re(Mi) > 0, then Re(A) > 0. Expanding the exponent, we obtain

−(s1+s2+s3)
(
q2−2q · s1k1−s3k2

s1+s2+s3

)
−s1k

2
1−s1M1−s2M2−s3k

2
2−s3M3

=−(s1+s2+s3)
(
q− s1k1−s3k2

s1+s2+s3

)2
− s1s3k

2
3 +s1s2k

2
1 +s2s3k

2
2

s1+s2+s3
−s1M1−s2M2−s3M3 .

(5.70)

We can perform the Gaussian integral in q as s1 + s2 + s3 > 0, obtaining

Tmaster =
∫ +∞

0
ds1ds2ds3

e−I

(s1 + s2 + s3)3/2 , (5.71)

where I = s1s2k2
1+s1s3k2

3+s2s3k2
2

s1+s2+s3 + s1M1 + s2M2 + s3M3.
18Note that we could also have considered this assumption from the beginning in the bubble integration.

However, the procedure presented there allows for masses that do not necessarily have a positive real part.
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Changing integration variables to s1 = τx1, s2 = τx2, s3 = τ(1− x1 − x2) = τx3, where
τ ∈ [0,+∞[, x1 ∈ [0, 1], x2 ∈ [0, 1], and x1 + x2 < 1 and x3 = 1− x2 − x1, and observing
that the Jacobian is τ2, we obtain

Tmaster =
∫ 1

0
dx1

∫ 1−x1

0
dx2

∫ +∞

0
dττ1/2e−τ Ĩ , (5.72)

where we defined Ĩ = x1x2k2
1+x1x3k2

3+x2x3k2
2

x1+x2+x3
+ x1M1 + x2M2 + x3M3. Since Re Ĩ > 0, we can

safely do the τ integration in eq. (5.72), getting

Tmaster =
√
π

2

∫ 1

0
dx1

∫ 1−x1

0
dx2Ĩ

−3/2 . (5.73)

Next, we make another change of variables x2 = (1− x)y, x1 = x, obtaining

Tmaster =
√
π

2

∫ 1

0
dxdy(1− x)Î−3/2

=
√
π

2

∫ 1

0

dxdy(1− x)
(−ay2 + by + c)3/2 ,

(5.74)

where

Î ≡M1x+M2y(1− x) +M3(1− y)(1− x)+
k2

1xy(1− x) + k2
2(1− x)2y(1− y) + k2

3x(1− x)(1− y) ,
(5.75)

a = k2
2(1−x)2, b = (1−x)(k2

2+M2−M3+x(k2
1−k2

2−k2
3)), and c = M3(1−x)+k2

3x(1−x)+M1x.
Notice that Î = −ay2 + by + c. Performing the indefinite integral in y, we obtain:

Tmaster(k2
1,k

2
2,k

2
3,M1,M2,M3) =

√
π

2

∫ 1

0
dx

2(1−x)(2ay−b)
(b2+4ac)

√
−ay2+by+c

∣∣∣∣∣
y=1

y=0
, (5.76)

valid if b2 + 4ac 6= 0. If b2 + 4ac = 0, we obtain

Tmaster(k2
1, k

2
2, k

2
3,M1,M2,M3) =

√
π

2

∫ 1

0
dx

2(x− 1)

(b− 2ay)
√
− (b−2ay)2

a

∣∣∣∣∣∣
y=1

y=0

. (5.77)

Here there are no discontinuities as we explain below. Let us just consider the case
b2 + 4ac 6= 0 as the case b2 + 4ac = 0 has measure 0 in the x integration, and so can be
neglected. Replacing the values of a, b, and c, and rearranging, we obtain:

Tmaster =
√
π

2

∫ 1

0
dx

N1x+N0√
R2x2 +R1x+R0 (S2x2 + S1x+ S0)

∣∣∣∣∣
y=1

y=0
, (5.78)

where N1, N0, R2, R1, R0, S2, S1, S0 are functions of y evaluated at y = 1 and y = 0, and
independent of x, given by:

N1 = −2k2
1 + 2(1− 2y)k2

2 + 2k2
3 ,

N0 = −2M2 + 2M3 + 2k2
2(−1 + 2y) ,
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R2 = k2
3(−1 + y)− k2

1y + k2
2(1− y)y ,

= k2
3(−1 + y)− k2

1y ,

R1 = k2
1y + 2k2

2y (y − 1) + (1− y)k2
3 +M1 −M2y +M3(y − 1)

= k2
1y + (1− y)k2

3 +M1 −M2y +M3(y − 1) ,

R0 = M3(1− y) + k2
2y(1− y) +M2y

= M3(1− y) +M2y ,

S2 = k4
1 − 2k2

1(k2
2 + k2

3) + (k2
2 − k2

3)2 ,

S1 = 2
(
k2

1(k2
2 +M2 −M3)− k4

2 + k2
2(k2

3 + 2M1 −M2 −M3) + k2
3(M3 −M2)

)
,

S0 = k4
2 + 2k2

2(M2 +M3) + (M2 −M3)2 , (5.79)

where for the second equality in R2, R1, and R0 we have used the fact that y is either 1 or
0 (so we eliminate terms that vanish in both cases). Notice that, before eliminating terms
that vanish for y = 0 and y = 1, one has Î = R2x

2 +R1x+R0. Note also that the integrand
in eq. (5.78) contains

√
Î, and so does not cross any branch cut in each integration region

as sign(Im(Î)) is constant as sign Im(Ĩ) is constant. So, to calculate the y integral for a
general x in each region, it suffices to take the difference in the y antiderivative.

Before integrating T we can put it in a simplified form, by factoring the second order
polynomials:

Tmaster =
√
π

2

∫ 1

0
dx

N1x+N0√
R2(x− z+)(x− z−)S2(x− x+)(x− x−)

∣∣∣∣∣
y=1

y=0

=
√
π

2

∫ 1

0
dx

(
N0+N1x+

S2(x−x+)(x+−x−) −
N0+N1x−

S2(x−x−)(x+−x−)

)
√
R2(x− z+)(x− z−)

∣∣∣∣∣∣
y=1

y=0

=
√
π

2

∫ 1

0
dx

(
c1√

R2(x− z+)(x− z−)(x− x+)

+ c2√
R2(x− z+)(x− z−)(x− x−)

)∣∣∣∣∣
y=1

y=0
,

(5.80)

where z± = − R1
2R2
±
√
R2

1−4R0R2
2R2

, x± = − S1
2S2
±
√
S2

1−4S0S2
2S2

, c1 = N0+N1x+
S2(x+−x−) , and c2 =

− N0+N1x−
S2(x+−x−) . We define Fint as

Fint(R2, z+, z−, x0) =
√
π

2

∫ 1

0
dx

1√
R2(x− z+)(x− z−)(x− x0)

, (5.81)

where x0 can take on x±. We can then write Tmaster as

Tmaster = [c1Fint(R2, z+, z−, x+) + c2Fint(R2, z+, z−, x−)]y=1
y=0 . (5.82)

Note that this approach is only valid for S2 6= 0. The case S2 = 0 corresponds to totally
flat triangles satisfying |k3| = |k1| ± |k2|, which are observationally uninteresting because
any binning will force the evaluation of non-flat triangles (19). The evaluation of Fint is
discussed in section 5.4.2.

19In the code that we publicly release with this paper, the case of flat triangles is in practice included by
adding 0.00001hMpc−1 to k3.
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5.4.2 Derivation of Fint

We now derive a closed form expression for the function Fint defined in eq. (5.81), that we
rewrite here for convenience:

Fint(R2, z+, z−, x0) =
√
π

2

∫ 1

0
dx

1√
R2(x− z+)(x− z−)(x− x0)

, (5.83)

where R2 is a negative real, z+, z−, and x0 are in general complex numbers.
This integral only makes sense if the square root in the integrand does not cross any

branch cut. Thus, we will separate the square root using our formula.

Fint(R2, z+, z−, x0) =
√
π

2

∫ 1

0
dx

s(z+ − x, x− z−)√
|R2|

√
(z+ − x)

√
(x− z−)(x− x0)

. (5.84)

Under our parametrization of the masses, s(z+ − x, x − z−) is constant which means we
can take s(z+ − x, x− z−) = s(z+,−z−). This can be seen the following way: on the one
hand, since ReMi > 0, we have Re(R2(x− z+)(x− z−)) > 0 if 0 < x < 1 both for y = 0
and y = 1. This means that

√
R2(x− z+)(x− z−) cannot cross any branch cut. On the

other hand, for fixed y (and so fixed z±), both (z+ − x) and (x − z−) have a constant
imaginary part sign and so do not cross any branch cut. Since

√
(z+ − x)(x− z−) =

s(z+ − x, x− z−)
√

(z+ − x)
√

(x− z−), these observations imply that s(z+ − x, x− z−) is
constant.20 Integrating yields:

Fint(R2, z+, z−, x0) = s(z+,−z−)
√
π√
|R2|

arctan
(√

z+−x
√
x0−z−√

x0−z+
√
x−z−

)
√
x0 − z+

√
x0 − z−

∣∣∣∣∣∣
x=1

x=0

− discontinuities ,

(5.85)
where we remind that the definition of ‘−discontinuities’ is given below eq. (5.23). This
would be the final result if arctan did not have any branch cuts, and if Fint had no
indeterminacies. We now outline how to incorporate possible branch cut crossings, and
later how to incorporate possible indeterminate results in eq. (5.85).

5.4.3 Branch cut crossings

Let us start by analyzing the branch cuts of arctan. There are two of them, both in the
imaginary axis. The first goes from i to +i∞ and the second goes from −i to −i∞. The

20Noticing that R2(x− z−)(x− z+) = Î, we have that

Re(R2(x− z−)(x− z+)) = Re(M1x+M3(1− y)(1− x) + k2
3(1− x)(1− y)x

+M2y(1− x) + (1− x)y(k2
1x+ k2

2(1− x)(1− y))) > 0 .

Remembering that we are using masses that have a positive real part, each term in the equation above
is positive for 0 < x < 1 and 0 < y < 1. Thus,

√
R2(x− z−)(x− z+) cannot cross any branch cut in

the region 0 < x < 1 and 0 < y < 1. Since
√
R2(x− z−)(x− z+) =

√
|R2|

√
(z+ − x)(x− z−), also√

(z+ − x)(x− z−) has no branch cut crossing. Now, since there are no branch cut crossing for any
0 < y < 1, for the purpose of evaluating the function s(, ), we can fix y such that z± is fixed. If z± is fixed,
the imaginary part of z+ − x and x− z− are also fixed. Hence, since s(, ) only depends on the imaginary
parts of the arguments, s(z+ − x, x− z−) is also constant.
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discontinuity works as follows:

lim
ε→0

arctan(x i)− arctan(x i− ε) = π , |x| > 1 ,

lim
ε→0

arctan(x i+ ε)− arctan(x i− ε) = π

2 , |x| = 1 ,
(5.86)

where we use continuity from the positive real direction. So we need to find when the
argument of the arctan intersects a branch cut. Let us define, for complex z,

A(z, z+, z−, x0) ≡
√
z+ − z

√
x0 − z−√

x0 − z+
√
z − z−

. (5.87)

As was said above, the branch cuts are A ∈ (−i∞,−i] ∪ [i, i∞), which is equivalent to
A2 ≤ −1. Defining B ≡ A2 + 1, the condition for a branch cut crossing can be written
B ≤ 0⇔ (arg(B) = π) ∪ (B = 0). B is given by

B = (x0 − z)(z+ − z−)
(x0 − z+)(z − z−) , (5.88)

so that

arg(B) = π ⇔ arg
(
z − x0
z − z−

)
= π + arg

(
z+ − x0
z+ − z−

)
mod 2π , (5.89)

which, as we now explain, describes the arc of the circle defined by z+, z−, and x0, that
ends in x0 and z− and does not include z+, as shown in figure 15.

In fact, a result from geometry is that an arc of a circle that contains points (ABC)
where A and B are the end points and C belongs to the arc has a property that the
angle between the oriented segment −→AC and −−→BC (let us call it α) is constant along the
arc. Moreover, the arc of the same circle that does not contain C has a property that
the angle between −−→AD and −−→BD, with D belonging to this arc, is constant and equal to
π + α. Eq. (5.89) indicates that the angle between the segment −−→x0 z and the segment −−→z− z
is constant and equal to π + β, with β being the angle between the segment −−−→x0 z+ and the
segment −−−→z− z+. Therefore, z describes the arc of the circle defined by the points x0, z− and
z+ that does not contain z+.

A branch cut crossing happens if the arc intersects the region of integration in eq. (5.84),
which is the segment Re(z) ∈ [0, 1]∩ Im(z) = 0. To calculate the possible intersection points
with this segment, we obtain the equation of the full circle (not just the arc), using the
following expression21 ∣∣∣∣∣∣∣∣∣∣

x2 + y2 x y 1
|z+|2 Re z+ Im z+ 1
|z−|2 Re z− Im z− 1
|x0|2 Rex0 Im x0 1

∣∣∣∣∣∣∣∣∣∣
= 0 , (5.90)

21Eq. (5.90) is a standard result to write the equation of a circle as a function of three points that
constitute that circle. You can see it the following way:

• The expression a(x2 + y2) + b x+ c y + d = 0 uniquely defines a circle for a 6= 0.
• The determinant expression in eq. (5.90) represents such an expression.
• Points z+, z− and x0 satisfy the equation by construction (the determinant is zero because two rows

are identical).
• Therefore, eq. (5.90) represents the equation of a circle that passes by z+, z− and x0.
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Branch cut

Integration region

Figure 15. Arc described by B ≤ 0, where B is defined in eq. (5.88), and integration region of
eq. (5.84). A branch cut crossing happens at the intersection of the two lines. In this plots, we used
z+ = 1 + i, z− = 2− 3i, and x0 = 3 + 2i.

where x = Re z and y = Im z. Then, we set y = 0 and get a quadratic equation for x,
ax2 + bx+ c = 0, where

a = Im(z−)(Re(z+)− Re(x0)) + Im(z+)(Re(x0)− Re(z−))
+ Im(x0)(Re(z−)− Re(z+)) ,

(5.91)

b = Im(x0)
(
Im(z+)2 − Im(z−)2 + Re(z+)2 − Re(z−)2

)
+ Im(z−)

(
Re(x0)2 − Re(z+)2

)
+ Im(z+)

(
Im(z−)2 − Re(x0)2 + Re(z−)2

)
+ Im(x0)2(Im(z−)− Im(z+))− Im(z+)2 Im(z−) ,

(5.92)

c = Im(z+)2(Im(z−) Re(x0)− Im(x0) Re(z−))

+ Im(z+)
(
Re(z−)

(
Im(x0)2 − Re(x0) Re(z−) + Re(x0)2

)
− Im(z−)2 Re(x0)

)
+ Re(z+)(Im(x0)(Im(z−)2 − Re(z+) Re(z−) + Re(z−)2)
+ Im(z−) Re(x0)(Re(z+)− Re(x0))− Im(x0)2 Im(z−)) .

(5.93)

Next, we calculate the discriminant Disc = b2 − 4ac. If Disc ≤ 0, there are no branch cut
crossings for real x. If Disc > 0, there are two crossings x1 and x2 between the full circle
and the real line. Then, we check if x1 and x2 are between 0 and 1. If x1 and/or x2 lie in
[0,1], then we check eq. (5.89) to verify that the point belongs to the correct arc. Now, after
this, we can have 3 cases:

• No branch cut crossings: then we just use eq. (5.85) to evaluate Fint.

• 1 branch cut crossing: we add/subtract π to the arctan in eq. (5.85), if the sign of
Re dA

dx at the crossing is negative/positive, respectively.
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• 2 branch cut crossings: in this case, we always return to the original branch of the
arctan, so there is no need to add anything to eq. (5.85).

Finally, there is still the case B = 0, which holds only for z = x0. This means that if x0
is real and 0 < x0 < 1, then we have an extra branch cut crossing (that only adds/subtracts
π
2 instead of π, if the sign of Re dA

dx is negative/positive respectively).
Now that we have analyzed branch cut crossings, let us look at possible indeterminate

expression in eq. (5.85).

Indeterminate expressions in eq. (5.85). Let us consider the following part of eq. (5.85):

Z(x, z+, z−, x0) ≡
arctan

(√
z+−x

√
x0−z−√

x0−z+
√
x−z−

)
√
x0 − z+

√
x0 − z−

. (5.94)

In our parametrization of the masses, it is possible that the argument of arctan, A(x, z+, z−, x0)
as defined in eq. (5.87), diverges, or that the whole expression gives an indeterminate or
otherwise problematic expression. Here, we will only consider problems that appear for our
masses. Let us see how to handle these cases.

First, we look at divergences in A(x, z+, z−, x0). Divergences can appear in two
situations: when x = z− (which is relevant only for z− = 0 or 1 because this is where we
evaluate the antiderivative) and when x0 = z+. Regarding the first case, we know that the
integration variable x runs from 0 to 1 in the Fint integral, and we know that, for a general
complex z:

lim
X→0+

arctan
(
z

X

)
=
√
z2π

2z (5.95)

lim
X→0+

arctan
(
z

iX

)
= i

√
−z2π

2z . (5.96)

The problematic values of z− are 0 and 1 because they are the values at which we calculate the
antiderivative. Let us consider the two cases. When z− = 0, we have for a general function
f , limx→0+ f(√x− z−) = limX→0+ f(X). When z− = 1, we have limx→1− f(√x− z−) =
limX→0+ f(iX). Therefore when z− = 0 we use eq. (5.95) with z =

√
z+
√
x0√

x0−z+ , giving

lim
x→0+

Z(x, z+, 0, x0) = π

2

√√√√( √z+
√
x0√

x0 − z+

)2√x0 − z+√
z+
√
x0

1√
x0 − z+

√
x0

= π

2

√
z+ x0
x0 − z+

1
√
z+x0

.

(5.97)

When z− = 1 we use eq. (5.96), with z =
√
z+−1

√
x0−1√

x0−z+ , obtaining

lim
x→1−

Z(x, z+, 1, x0) = i
π

2

√√√√−(√z+ − 1
√
x0 − 1√

x0 − z+

)2 √
x0 − z+√

z+ − 1
√
x0 − 1

1
√
x0 − z+

√
x0 − 1

= i
π

2

√
−(z+ − 1)(x0 − 1)

(x0 − z+)
1√

z+ − 1(x0 − 1) .

(5.98)
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Before discussing the case x0 = z+, let us analyze the case x0 = z−. We can notice an
indetermination of the type 0/0 in Z(x, z+, z−, x0). We can use L’Hôpital’s rule in this case
(which here is equivalent to using Taylor approximation for arctan for a small argument z:
arctan(z) ≈ z), obtaining

lim
x0→z−

Z = lim
x0→z−

arctan
(√

z+−x
√
x0−z−√

x0−z+
√
x−z−

)
√
x0 − z+

√
x0 − z−

= lim
x0→z−

√
z+−x

√
x0−z−√

x0−z+
√
x−z−√

x0 − z+
√
x0 − z−

= lim
x0→z−

√
z+ − x

(x0 − z+)√x− z−
=

√
z+ − x

(z− − z+)√x− z−
(5.99)

where in the second step we use limz→0 arctan(z) = z.
Finally, let us discuss the case x0 = z+. Note that, in this case, Z(x, z+, z−, x0) diverges,

so it is unusable to calculate the integral in eq. (5.84). The solution starts by noticing
that Fint in eq. (5.84) is symmetric under z+ ↔ z−. In fact, notice that z+ and z− are just
roots of the quadratic equation that shows up in the integrand in x. Therefore, all of our
derivation remains the same if we defined z̃+ = z− and z̃− = z+, i.e. just swapping which
root we call z±. Hence, the Z function is still valid if we chose to swap and call z+ what we
called z− previously and vice versa for z−. Naively the arctan function will diverge in the
case of x0 = z+, but we can swap z+ with z− such that we end up with the case of x0 = z−
instead and then proceed with the L’Hôpital as before.

Note on s(z+,−z−) function in Fint. In the expression for Fint in eq. (5.85), there is
the factor s(z+,−z−). This factor is undefined if either z+ and/or z− vanish. In that case,
we use eq. (5.84) to set the value of s, taking an infinitesimally small x > 0. For example,
when z+ = 0, and z− 6= 0, we get s(−x,−z−). When z+ = z− = 0, we obtain s(−x, x) = 1.

6 One-loop integrals for all N -point correlation functions in
the EFTofLSS

In the previous sections, we demonstrated how to map EFTofLSS correlation functions
to QFT integrals with massive propagators raised to integer powers. For the one-loop
power spectrum and the one-loop bispectrum, we demonstrated how to reduce these QFT
integrals with recurrence identities to master integrals that we computed analytically. The
master integral reduction techniques that we employed can be applied more generally,
beyond the first important physical examples that we explicitly discussed earlier, in order
to compute higher point correlation functions. In this section, we explain how to compute
algorithmically the one-loop QFT integrals that our method generates in generic N -point
one-loop correlators of the EFTofLSS.

We will show that, within dimensional regularization, the reduction of N -point one-loop
integrals to master integrals is completely analogous to the procedure that we detailed for
the power spectrum and the bispectrum. What is more, we will show that, in the physical
limit of exactly D = 3 dimensions, no additional master integrals beyond what we have
already presented and computed are needed. As we will review here, box, pentagon, hexagon,
etc. master integrals are fully determined from three and lower point master integrals [93]
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(the one-loop tadpole, bubble and triangle master integrals of section 5) through finite parts
O
(
ε0
)
in the dimensional regulator ε = (3−D)/2 expansion.

Our method maps one-loop integrals in EFTofLSS correlators to generic N -point scalar
one-loop integrals of the form,

I (ν1, . . . νM ) =
∫
dDq

M∏
i=1

1
Aνii

, (6.1)

with M ≤ N . The loop momentum q is Euclidean and, in dimensional regularization, has
D = 3− 2ε space dimensions. The terms

Ai = (q + pi)2 +Mi , (6.2)

correspond to denominators of scalar propagators with complex mass terms Mi. These
factors are raised to positive or negative integer powers νi (in the notation of the previous
sections, νi = di or νi = −ni with ni, di ∈ N). The momenta pi are real linear combinations

pi =
i∑

m=1
km , (6.3)

of the N external momenta ki, which satisfy the momentum conservation condition

pN =
N∑
m=1

km = 0. (6.4)

As a first step, we may apply the Passarino-Veltman technique [97] in order to eliminate
propagator factors with negative powers νr = −nr, nr ∈ N, {r} ⊂ {1, . . . ,M}. Such
integrals have a polynomial of the loop momentum q in the numerator. Using simple
identities, for example

(q2)2 = δµ1µ2δµ3µ4 q
µ1qµ2qµ3qµ4 , q2 (q · p1) = δµ1µ2p1µ3 q

µ1qµ2qµ3 , . . . ,

we write the numerator as a contraction of tensors. This operation casts the original scalar
integral, which includes negative powers νr of propagators, as a superposition of tensor
integrals, with a tensor which is a product of loop momenta in the numerator and propagator
factors which are now raised to exclusively positive powers (νi = di ≥ 0)

I[qµ1qµ2 . . . qµR ] ≡
∫
dDq

qµ1qµ2 . . . qµR∏
i 6∈{r}A

di
i

. (6.5)

Above, we have introduced a short notation where, in the bracket, at the left-hand side, we
label the integral with its numerator. The integration in eq. (6.5) yields a superposition
of tensors which are products of the metric and the external momenta pi found in the
denominator factors Ai,

I[qµ1qµ2 . . . qµR ] =
∑

t
CtB

µ1µ2...µR
(t) (δµν ,pi) , i 6∈ {r}. (6.6)

The set of momenta pi which enter Bµ1µ2...
(t) above is not the full set of external momenta

for the original integral of eq. (6.1). It is a subset, as it does not contain the external
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momenta pr in propagator factors Ar which were inverted to the numerator, by being
raised to a negative power νr = −nr. This fact will be used next to eliminate the loop
momentum vectors qµ from the numerator, as we will now show. The tensors Bµ1µ2...µR

(t) can
be constructed, using standard linear algebra matrix diagonalization, to form an orthonormal
basis of rank-R tensors,

Bµ1µ2...µR
(t) B(t′)µ1µ2...µR = δtt′ . (6.7)

Then, the tensor integral decomposition of eq. (6.6) takes the explicit form,

I[qµ1qµ2 . . . qµR ] =
∑

t
I
[
qρ1qρ2 . . . qρRB

ρ1ρ2...ρR
(t)

]
Bµ1µ2...µR

(t) (δµν ,pi) , i 6∈ {r}. (6.8)

Now, all tensor indices are carried by the metric tensor and external momenta in Bµ1µ2...µR
(t) ,

which are independent of the loop momentum. The numerators of the integrals in the right-
hand side are scalars, which we can now express as polynomials of the denominator factors,

qρ1qρ2 . . . qρRB
ρ1ρ2...ρR
(t) = c

(0)
(t) +

∑
i 6∈{r}

c
(i)
(t)Ai +

∑
i,j 6∈{r}

c
(i,j)
(t) AiAj + . . . (6.9)

The above rewriting is possible because the number of independent scalar products with
the loop-momentum q which can appear in numerators equals the number of linearly
independent denominator factors Ai, i 6∈ {r}. After all, we have achieved to write a tensor
integral in terms of scalar integrals,

∫
dDq

qµ1qµ2 . . . qµR∏
a 6∈{r}A

da
a

=
∑

t
Bµ1µ2...µR

(t)

{
c

(0)
(t)

∫
dDq

1∏
a 6∈{r}A

da
a

+
∑
i 6∈{r}

c
(i)
(t)

∫
dDq

Ai∏
a 6∈{r}A

da
a

+
∑

i,j 6∈{r}
c

(i,j)
(t)

∫
dDq

AiAj∏
a 6∈{r}A

da
a

+ . . .

}
(6.10)

In the first term of the right-hand side, we have an integral with the same number of
propagators as in the tensor integral of the left-hand side and a constant (i.e loop-momentum
independent) in the numerator. In the remaining terms, we notice that numerator factors
cancel against denominators. After we carry out these cancellations of Ai’s we obtain two
classes of simpler integrals.

1. Integrals with constant numerators and fewer propagator denominators than the
tensor integral in the left-hand side, raised to positive or zero powers only.

2. Integrals with fewer denominator Aa factors than in the left-hand side but with some
of them being still present in the numerator (this happens for example when one of
the Ai in the numerator of the right-hand side of (6.10) had di = 0.). These integral
are of the form of eq. (6.1), with both positive and negative powers of propagators,
but with fewer denominators than what we started with. Iterating the above steps
as many times as necessary (the number of iterations is bounded by the rank of the
original tensor integral) all integrals are eventually made to have only propagator
denominators and constant numerators.
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After tensor reduction, all integrals have positive powers νi = di ≥ 0. We can reduce
all such powers to νi = 1 or νi = 0 with the method of integration by parts, which we have
described in detail for the cases of N = 2 and N = 3 earlier. For a generic N -point one-loop
integral, we can obtain N integration by parts (IBP) identities [87, 88],

0 =
∫
dDq ∇q ·

q + pj∏N
i=1A

νi
i

=
∫
dDq

(
N∏
i=1

1
Aνii

)D −
N∑
a=1

νa
2
(
q + pj

)
· (q + pa)
Aa


=
∫
dDq

(
N∏
i=1

1
Aνii

){
D −

N∑
a=1

νa
Aa +Aj − (pa − pj)2 −Ma −Mj

Aa

}
. (6.11)

For the vanishing of the total divergence integral, we need a convergent behaviour at
infinity. This is assumed due to dimensional regularization. It is convenient to introduce
the symbols,

dij ≡ (pi − pj)2 +Mi +Mj . (6.12)

We can rewrite the system of IBP equations (6.11) in the form,

0 =
∫
dDq

(
N∏
i=1

1
Aνii

)
N∑
a=1

dja
νa
Aa

+
(
D − νj −

N∑
i=1

νi

)
−
∑
a 6=j

νa
Aj
Aa

 . (6.13)

In a shorter notation, we write
N∑
a=1

dja νa â+ =
(
νj +

N∑
i=1

νi −D
)

0̂ +
∑
a 6=j

νaâ+ ĵ− , (6.14)

where we have introduced raising (lowering) operators representing the original integral
with a power of propagator increased (decreased) by one,

â+ →
∫
dDq

1
Aa

(
N∏
i=1

1
Aνii

)
, ĵ− →

∫
dDq Aj

(
N∏
i=1

1
Aνii

)
, (6.15)

and a neutral operator which leaves the integral unchanged

0̂→
∫
dDq

(
N∏
i=1

1
Aνii

)
. (6.16)

In the case of det(dij) 6= 0, which is always the case for non-degenerate external momenta,
we can use the inverse matrix d̃ij ,

N∑
j=1

d̃bj dja = δab, (6.17)

to diagonalize the above system of difference equations,

νb b̂+ =
N∑
j=1

d̃bj

(νj +
N∑
i=1

νi −D
)

0̂ +
∑
a 6=j

νaa+ j−
 . (6.18)
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Let us now consider positive non-zero integer powers of propagators νb = db > 0. The
integrals of the right-hand side are all simpler than the integral of the left-hand side.
Specifically, the sum of powers of propagators in the b̂+ term of the left-hand side is∑
i 6=b νi + (νb + 1) = ∑

i di + 1, while the corresponding sum for 0̂, ∑i νi = ∑
i di and a+ j−,∑

i 6=a,j νi + (νa + 1) + (νj − 1) = ∑
i di, in the right-hand side is lowered by a unit to ∑i di.

A sequential application of the recurrence identities of eq. (6.18) will eventually reduce
all the powers of propagators to νb ∈ {0, 1}. In fact, we have already seen this reduction
mechanism at work for the triangle and bubble recursion relations (see the discussion around
eq. (4.49)) which are representative examples of the general one-loop case which we treat in
this section.

A further reduction can be now achieved by restricting ourselves to the physical limit
of D = 3 dimensions. We find that only master integrals with at most three propagators,
raised to unit powers, are truly independent. This reduction has been shown in ref. [93],
and we review it here, in a slightly modified derivation.

Consider the case of the one-loop “box” integral with four propagators raised to a
unit power,

I4 ≡
∫
dDq

1
A1A2A3A4

(6.19)

The three-dimensional part of the loop momentum q can be decomposed as a superposition
of the three independent linear combinations pi, i = 1 . . . 3 of external momenta. Explicitly,
this reads22

qµ =
3∑

l,j=1

(
q · pj

)
Πjl p

µ
l + q⊥ , (6.20)

where Πik is the inverse to the matrix Pij ≡ pi · pj (Pij is non-singular given that the set of
external momenta {pi} are non-degenerate):

3∑
k=1

Πik pk · pj = δij , (6.21)

and
q⊥ · pi = 0 . (6.22)

Contracting both sides of eq. (6.20) with qµ,

q2 =
3∑
l,j

(q · pj)Πjl(pl · q) + q2
⊥ (6.23)

22This equation can be derived by writing q =
∑

i
ci pi + q⊥. Taking a dot product with pj , we get:

pj · q =
∑
i

ci pj · pi .

Multiplying both sides by Πlj and summing over j, we get

cl =
∑
j

Πljpj · q ,

reproducing our formula.
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and recognizing that, since p4 = 0, q2 = A4 −M4 and

2q · pj = Aj −A4 − p2
j −Mj +M4 = Aj −A4 − ρj + ρ4 , (6.24)

with
ρi = p2

i +Mi , (6.25)

we can write

A4−ρ4−q2
⊥= 1

2

3∑
l,j

(Aj−A4−ρj+ρ4)Πjl(q ·pl)

= 1
2

3∑
l,j

(Aj−A4)Πjl(q ·pl)−
1
2

3∑
l,j

(ρj−ρ4)Πjl(q ·pl)

= 1
2

3∑
l,j

(Aj−A4)Πjl(q ·pl)−
1
4

3∑
l,j

(ρj−ρ4)Πjl(Al−A4−ρl+ρ4) . (6.26)

In the above manipulations, we aimed to express q2 in terms of propagator denominators
Ai. However, we refrained from a complete substitution of all scalar products q ·pl in terms
of Al propagators, keeping the expression linear in Ai. This will soon prove be convenient
for integration. Rearranging, we have

A4 − ρ4 + 1
4

3∑
l,j

(ρj − ρ4)Πjl(Al −A4 − ρl + ρ4)− q2
⊥

= 1
2

3∑
l,j

AlΠlj(pj · q)− A4
2

3∑
l,j

Πlj(pj · q)

= 1
2

3∑
l,j

AlΠlj(pj · q)− A4
2

3∑
l,j

Πlj(pj · (q + p1)) + A4
2 . (6.27)

In the last equality, we have used that ∑3
l,j Πljp1 ·pj = ∑3

l δ1l = 1. We obtain the following
relation of the propagators in the integral:

A4
2 − ρ4 + 1

4

3∑
i,j=1

(ρi − ρ4) Πij (Aj −A4 − ρj + ρ4)− q2
⊥ = 1

2

3∑
i,j=1
Ai Πijq · pj

− A4
2

3∑
i,j=1

Πij (q + p1) · pj .

(6.28)

In the right-hand side, we have left some scalar products of the loop momentum without
expressing them in terms of the propagator denominators Ai. This is because, as we shall
see next, they do not contribute to integration. As a next step, we divide both sides
of (6.28) with the product of A1A2A3A4 and integrate over the loop momentum q. The
right-hand side of the equation can be expressed as rank-one tensor integrals. Performing a
tensor reduction, as we described for tensor integrals at the start of this section, we find that
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they vanish, as we now explain. Let us first consider explicitly the integral that originates
from the last term of the right-hand side, which, after canceling the numerator factor A4
against a denominator, reads∫

dDq

∑3
i,j=1 Πij (q + p1) · pj

A1A2A3

=
∫
dDq′

∑3
i,j=1 Πij q

′ · pj[
q′2 +M1

] [
(q′ + p2 − p1)2 +M2

] [
(q′ + p3 − p1)2 +M3

] (6.29)

where, we have made a shift of integration variable q′ = q + p1. The external momenta
entering the denominators are now the differences p2 − p1 and p3 − p1. Tensor reduction
will project the numerator of the integral to

3∑
i,j=1

Πij q
′ · pj → C2

3∑
i,j=1

Πij (p2 − p1) · pj + C3

3∑
i,j=1

Πij (p3 − p1) · pj

= C2

3∑
i=1

(δi2 − δi1) + C3

3∑
i=1

(δi3 − δi1) = 0 . (6.30)

Finally, the tensor reduction in the remaining integrals emerging from the right-hand side
gives factors proportional to ∑

j 6=i
Πijpi · pj = δij = 0 , (6.31)

as, for each i the dependence on pi disappears from the integral. Therefore, they vanish, too.
We are then left with the identity,∫

dDq
−2ρ4− 1

2
∑3
i,j=1 (ρi−ρ4)Πij (ρj−ρ4)
A1A2A3A4

= 2
∫
dDq

q2
⊥

A1A2A3A4

− 1
2

∫
dDq

2A4+∑3
i,j=1 (ρi−ρ4)Πij (Aj−A4)
A1A2A3A4

(6.32)

The integral with q2
⊥ is of order O(ε) in D = 3− 2ε dimensions and drops out when we

take the exact limit of D = 3. Indeed, we can separate the integration measure into a three
dimensional part and a D − 3 = −2ε part,∫

dDq
q2
⊥

A1A2A3A4
=
∫
d3q d−2εq⊥

q2
⊥

A1A2A3A4
(6.33)

The propagators Ai = q2 +2q ·pi+ρi depend on the transverse momentum q⊥ only through
its magnitude squared q2

⊥ in q2, as the external momenta combinations pi are purely three
dimensional and the scalar products q · pl do not depend on q⊥. Then, we are allowed to
average over angles in the −2ε-dimensional space,∫

d−2εq⊥q
2
⊥ = Ω−2ε−1

∫
dq⊥q

−2ε+1
⊥ = Ω−2ε−1

Ω−2ε+1

∫
d−2(ε−1)q⊥ = −ε

π

∫
d−2(ε−1)q⊥ ,

(6.34)
using Ωn−1 = n

2πΩn+1.
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The identity of eq. (6.32) is then a “dimensional-shift” of the box integral from D = 3−2ε
dimensions to D = 5− 2ε dimensions [101],∫
dDq
−2ρ4− 1

2
∑3
i,j=1 (ρi−ρ4)Πij (ρj−ρ4)
A1A2A3A4

=−2ε
∫
dD+2q

π

1
A1A2A3A4

− 1
2

∫
dDq

2A4+∑3
i,j=1 (ρi−ρ4)Πij (Aj−A4)
A1A2A3A4

(6.35)

The box integral is UV finite in D < 8 dimensions, as can be seen with power counting for
the ultraviolet degree of divergence. Similarly, IR power counting of the degree of divergence
for potential soft or collinear singularities [102–104] shows that it is also IR finite in D > 4.
Therefore, the five dimensional box integral in the right-hand side of eq. (6.35) is finite. As,
it is multiplied with a factor of ε = 3−D

2 , it drops out when integrals are computed through
their finite parts in the expansion around ε = 0. We then have the following identity,−2ρ4 −

1
2

3∑
i,j=1

(ρi − ρ4) Πij (ρj − ρ4)

 ∫ dDq
1

A1A2A3A4
=

− 1
2

∫
dDq

2A4 +∑3
i,j=1 (ρi − ρ4) Πij (Aj −A4)
A1A2A3A4

+O (ε) . (6.36)

In the left-hand side we have isolated the three-dimensional one-loop box integral. In the
right-hand side, the numerator is a linear combination of the four propagators, yielding
four triangle integrals. Therefore, the one-loop box master integral is reduced to triangle
master integrals in the physical case that we need to compute it through O(ε0).

The above derivation is readily generalized [93] to all one-loop (pentagon, hexagon,
. . .) D-dimensional master integrals. Master integrals with N > D = 3 external legs can
always be expressed through their finite parts in terms of master integrals with at most
three propagators.

In this article, we have derived analytic expressions for the necessary tadpole, bubble
and triangle master integrals. Together with the reduction identities of this section, we
have therefore presented all necessary ingredients for calculating generic N -point one-loop
correlators in the EFTofLSS.

7 Outlook

In this article, we presented a theoretical framework for mapping cosmological correlators in
the effective field theory of the Large Scale Structure to QFT integrals in three dimensions
with massive propagators. This was achieved by decomposing the linear power spectrum
in terms of a basis of suitably chosen functions. Then, we demonstrated that all one-loop
correlators can be related via integration by parts and linear algebra methods to tadpole,
bubble, and triangle master integrals, and we could evaluate the latter analytically.

A natural extension of this work is to apply the same decomposition and formalism
to calculate the two-loop power spectrum. Although we leave a rigorous presentation for
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Figure 16. Relative errors of Pfit to Plin (left) and of analytically calculated P22 to the numerical
one (right).

future work, we comment here on some anticipated differences relative to the one-loop case
treated in this work.

First, some three-dimensional integrals develop divergences in the dimensional regulator
ε = (D − 3)/2 beyond one-loop, but gladly the understanding of which specific integrals
are divergent is precise and systematic (see, for example, ref. [105] and references therein).
In three Euclidean dimensions and with massive propagators, one encounters a very small
subset of two-loop QFT integrals with infrared or ultraviolet divergences. Most integrals that
may emerge in the computation of two-loop correlations in the EFTofLSS are convergent,
and the integration by parts identities relating them can be evaluated directly in exactly
D = 3. The few IBP identities that contain divergent integrals will need to be treated more
carefully in D = 3− 2ε dimensions and expanded in ε through finite parts [106].

Finding a closed-form expression for the master integrals may not be as straightforward
as in the one-loop case. However, massive propagator-type QFT integrals in Euclidean
space are quite tractable with modern numerical methods (see, for example, ref. [107] and
references therein).

We point out that the one-loop triangle master integral, which we have computed here,
is related, in the limit of massless internal propagators, to the two-loop tadpole integral
with three massive propagators [108]. The latter can be utilized as a boundary condition
in the zero external momentum limit for computing two-loop master integrals with the
method of differential equations [91, 92].

We are looking forward to future work in this direction.
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for their suggestion to give an Outlook of this work beyond one loop.

A Effect of changing the number of fitting functions

Changing N , the number of fitting functions. In our fitting procedure, we can try
to decrease even more the number of fitting functions N . In figure 16, we show the effect of
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changing N in Pfit and in the P22 diagram. We can see that the accuracy becomes better
as we increase the number of functions, as expected, especially for the BAO wiggles. We
also notice however that for as low as 12 functions we can get a quite satisfactory fit. One
can use this to make quick first estimates with less fitting functions that do not require so
much precision.

Adding Breit-Wigner functions to the fit. Our fitting procedure with n = 16 does
not capture very well the higher-k BAO wiggles. This can be seen in figure 17. As shown in
section 3.1, this does not have significant effects on the accuracy of the procedure because the
Pfit is only used inside the integrals, where the effect of the wiggles is smeared. Nevertheless,
to improve the fitting residual in this regime, we can do the following. For clarity, we define
the wiggly residual as

Pwiggly−res.(k) = Plin(k)− Pfit(k). (A.1)

We then can add Breit-Wigner (BW) functions with positive real masses m2
BW . In practice,

we add to our fitting basis a BW fitting basis as

Pwigglefit(k) =
n∑
i=1

αi
k2

((k2 −m2
BW,i)2 +m2

BW,iδBW
2
i )2 , (A.2)

where mBW,i = kmax,BW exp(i/n), δBWi = 0.02kmax,BW
kmin,BW

exp(i/n) and n = 12. We fit the
Pwiggly−res.(k) in the range of kmin = 0.02h/Mpc and kmax = 0.4h/Mpc using kmin,BW =
0.06h/Mpc and kmax,BW = 0.25h/Mpc. The performance of our wiggle fits for n = 12 is
shown in figure 17. The result seems satisfactory, and the procedure can be surely improved.

In order to integrate our added BW fitting functions in the loop integrals, we notice
that mBW,i in the BW functions are analogous to kpeak and mBW,iδBWi to the k2

UV in our
regular decomposition. So, we can define new k2

peak,BW and Mi,BW to put the new BW
fitting functions in the standard form of our basis. The only difference is that k2

peak < 0
and m2

BW,i > 0, leading to ReMi,BW < 0 in eq. (3.32). Thus when including BW functions
to our fit, we need to consider triangle and bubble integrals with masses of negative real
parts. We did not derive the resulting branch cut conditions due to negative real masses,
but we expect it to be straightforward.

B Check for systematic errors

In this section, we provide several numerical checks of our code. All numerical integrations
were performed with NIntegrate in Mathematica.

We show the comparison of the analytical evaluation of the master integrals to the
numerical evaluation of the master integrals defined in section 4 by integrating up to
q → ∞, in table 3. The evaluation of the master integrals given in the table below uses
M1 = −k2

peak,1 + ik2
UV,1,M2 = −k2

peak,2 − ik2
UV,2,M3 = −k2

peak,3 + ik2
UV,3.

To also ensure that our complete analytical integration procedure of the loop diagrams
is correct, we now directly compare the result with numerical integration using the fitting
power spectrum Pfit. The numerical integration is performed, as in the case of the linear
power spectrum, from qIR = 1.0× 10−4 hMpc−1 to qUV = 1.0hMpc−1 . We also perform a
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Figure 17. Left: ratio plot of fitted Pwiggle/Plin using 12 BW functions and true wiggle Pwiggle/Plin,
Right: ratio plot of fitted Pfit including wiggles and Pfit without wiggles.

k = 0.108hMpc−1 Analytic Numerical
Tad(M1, n = 1, d = 3) 4.06986− 2.53169i 4.06986− 2.53169i
Bmaster(k2,M1,M2) 4.44761− 0.270344i 4.44761− 0.270343i

Tmaster((0.8k)2, k2, (1.2k)2,M1,M2,M3) 4.16315− 0.364415i 4.16315− 0.364415i

Table 3. Comparison between analytical result and full numerical integration of momentum integrals
of the master integrals defined in section 4 up to q =∞ for Tad, Bmaster, and Tmaster master integrals.

Diagram(k1, k2, k3) Analytic Numerical
B222(0.01829, 0.024, 0.02825) 3.04388× 105 3.04388× 105

BI
321(0.01829, 0.024, 0.02825) 8.04093× 105 8.04092× 105

B411(0.01829, 0.024, 0.02825) −1.23417× 106 −1.23417× 106

Table 4. Comparison between analytical result and full numerical integration of Pfit up to q =∞
for some diagrams. We demonstrate excellent agreement between numerical integration and our
analytical procedure.

similar UV-correction to correctly account for the finite numerical integration region. The
comparisons, in real space, are shown in figure 18 for the 1-loop power spectrum diagrams
and in figure 19 for the 1-loop bispectrum diagrams. We verify that our analytical procedure
matches very well the numerical integration. The small discrepancies is probably mostly
due to small residual IR and numerical inaccuracies.

To further verify the correctness of our analytic integration, we show the results where
the numerical integration up to q →∞ matches the analytical result for some specific cases
in table 4.

C Bubble master integral: mass conditions for branch cut

Let us check what are the conditions that m1 and m2 have to satisfy in order to have a
branch cut crossing in eq. (5.23). The conditions translate to t− > 0 and x− ∈]0, 1[, where
t− is given in eq. (5.30) and x− in eq. (5.32). Solving x− > 0 and x− < 1 and t− > 0
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Figure 18. Two contributions for the one-loop power spectrum. Left: for P22, comparison between
analytical result, P̄22, and exact numerical result, using Pfit in both cases. Right: for P13, comparison
between analytical result, P̄ comp

13 , and exact numerical result, both using Pfit.

yields, respectively:

Im(m2) < −1
2(1 + Re(m1)− Re(m2))

√
∆(Re(m1),Re(m2)) , (C.1)

Im(m1) > 1
2(1 + Re(m1)− Re(m2))

√
∆(Re(m1),Re(m2)) , (C.2)

Im(m1)− Im(m2)−
√

∆(Re(m1),Re(m2)) > 0 . (C.3)

As mentioned in the main text, in order for eq. (C.3) to be satisfied, one needs also
∆(Re(m1),Re(m2)) > 0. Figure 14 shows the region where this particular condition is
satisfied. We can now identify two cases:

• If 1 + Re(m1)−Re(m2)>0, then, defining κ≡ 1
2 (1 + Re(m1)−Re(m2))

√
∆(Re(m1),Re(m2))>0,

we have Im(m1) > κ > 0 and Im(m2) < −κ < 0. Since we are now considering the case
where the two masses have the same imaginary part sign, the inequalities cannot be
simultaneously satisfied.

• If 1+Re(m1)−Re(m2)<0, then, defining κ≡− 1
2 (1+Re(m1)−Re(m2))

√
∆(Re(m1),Re(m2))>0,

we have Im(m1) > −κ and Im(m2) < κ. It is therefore possible to satisfy the above
inequalities and thus to get branch cut crossings.

D Relating the integrals using contour integration

We noticed that at the end of the day, we obtained the same expression as eq. (5.35) for
the case of equal sign imaginary parts of the mass and opposite sign given by eq. (5.64).
Something is hinting that there may be a simpler way to relate the case where the masses
have the same sign of the imaginary part and where they have opposite signs. Indeed, we
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Figure 19. Comparison of the analytical result with the numerical integration using Pfit for each
one of the 4 diagrams contributing to the 1-loop bispectrum.

can prove using contour integration that the two integrals are closely related. Recall that
in the case of opposite imaginary parts, we take Imm1 > 0 and Imm2 < 0.

First, let us call z+ and z− the roots of the second order polynomial x(1− x) +m1x+
m2(1− x). Then, we can write eq. (5.48) as

Bmaster(k2,M1,M2) =
√
π

k

(∫ 1
2−

1
ε

0

dx√
(z+ − x)(x− z−)

+
∫ 1

1
2 + 1

ε

dx̂√
(z+ − x)(x− z−)

+ π

)
.

(D.1)
We shall now prove that, if Im(m1) > 0, Im(m2) < 0, and Re(mi) > 0, then Im(z+) > 0

and Im(z−) > 0. First, observe that

z+ + z− = 1 +m1 −m2 ⇒

Re(z+) + Re(z−) = 1 + Re(m1)− Re(m2) ,
Im(z+) + Im(z−) = Im(m1)− Im(m2) ,

(D.2)
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and

z+z− = −m2 ⇒

Re(z+z−) = −Re(m2) ,
Im(z+z−) = − Im(m2) .

(D.3)

Now, we have

Im(z+z−) = − Im(m2)⇔ Im(z+) Re(z−) + Im(z−) Re(z+) = − Im(m2) (D.4)

⇔ Re(z−) = − Im(m2)− Im(z−) Re(z+)
Im(z+) . (D.5)

So, using eqs. (D.2) and (D.5), we get

Re(z+) = Im(z+)(1 + Re(m1 −m2)) + Im(m2)
Im(z+ − z−) , (D.6)

Re(z−) = − Im(z−)(1 + Re(m1 −m2))− Im(m2)
Im(z+ − z−) . (D.7)

Now, using eq. (D.3), we have

Re(z+z−) = −Re(m2)⇔ Re(z+) Re(z−)− Im(z+) Im(z−) = −Re(m2)

⇔ (Im(z+)(1 + Re(m1 −m2)) + Im(m2))(− Im(z−)(1 + Re(m1 −m2))− Im(m2))
− Im(z+) Im(z−) Im(z+ − z−)2 = −Re(m2) Im(z+ − z−)2 .

(D.8)

This equation can be simplified using Im(z+ − z−)2 = Im(z+ + z−)2 − 4 Im(z+) Im(z−)
together with eq. (D.2), yielding

−Im(z+)Im(z−)((1+Re(m1−m2))2+Im(z+−z−)2)−
Im(m2)(1+Re(m1−m2))(Im(z+)+Im(z−))−Im(m2)2

=−Re(m2)(Im(z++z−)2−4Im(z+)Im(z−)) (D.9)

⇔− Im(z+)Im(z−)((1+Re(m1−m2))2+Im(m1−m2)2−4Im(z+)Im(z−)+4Re(m2))−
Im(m2)(1+Re(m1−m2))(Im(m1−m2))−Im(m2)2

=−Re(m2)Im(m1−m2)2 (D.10)
⇔ Im(z+)Im(z−)((1+Re(m1−m2))2+Im(m1−m2)2−4Im(z+)Im(z−)+4Re(m2))

= Re(m2)Im(m1−m2)2

−Im(m2)(1+Re(m1−m2))Im(m1−m2)−Im(m2)2 (D.11)

⇔ Im(z+)Im(z−)((1+Re(m1−m2))2+Im(m1−m2)2+4Re(m2))
= Re(m2)Im(m1−m2)2

−Im(m2)(1+Re(m1−m2))Im(m1−m2)−Im(m2)2+4(Im(z+)Im(z−))2 (D.12)

⇔ Im(z+)Im(z−)((1+Re(m1−m2))2+Im(m1−m2)2+4Re(m2))
=− Im(m1)Im(m2)+Im(m1−m2)(Re(m2)Im(m1)−Re(m1)Im(m2))

+4(Im(z+)Im(z−))2 . (D.13)
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Figure 20. Branch cuts of f(z) and integration contour used in eq. (D.16). In this plot we used
m1 = 2 + 2 i and m2 = 3− 0.5 i.

Therefore, since each term on the right hand side is positive since Imm1 > 0, Imm2 < 0,
and we use masses that have Remi > 0, we have

Im(z+) Im(z−)
[
Im(m1 −m2)2 + (1 + Re(m1 −m2))2 + 4 Re(m2)

]
> 0 , (D.14)

so if Re(mi) > 0, then Im(z+) Im(z−) > 0. Combined with Im(z+ +z−) = Im[m1−m2] > 0,
it implies that Im(z+) > 0 and Im(z−) > 0.

Thus, we can separate the square roots in the two terms (using eq. (5.9), which gives
s(z+ − x, x− z−) = 1 as sign Im(z+ − x) = −sign Im(x− z−)):√

(z+ − x)(x− z−) =
√
z+ − x

√
x− z− . (D.15)

Let us now define f(z) = √z+ − z
√
z − z− for complex z. According to our definition of

the square root, the function f(z) has two horizontal branch cuts in the upper imaginary
plane, but in the lower imaginary plane f is analytic. Thus, by using a contour constituted
of the real line and a lower semi-circle C, as shown in figure 20, we find that∫ ∞

−∞

dx√
z+ − x

√
x− z−

+ lim
ρ→∞

∫ π

0
dθ

(−i)ρe−iθ√
z+ − ρe−iθ

√
ρe−iθ − z−

= 0 , (D.16)

⇒
∫ ∞
−∞

dx√
z+ − x

√
x− z−

+
∫ π

0
dθ

(−i)e−iθ√
−e−iθ

√
e−iθ

= 0 , (D.17)

⇒
∫ ∞
−∞

dx√
z+ − x

√
x− z−

= π , (D.18)

⇒
∫ 1

0

dx√
z+ − x

√
x− z−

= π +
∫ −∞

0

dx√
z+ − x

√
x− z−

+
∫ 1

∞

dx√
z+ − x

√
x− z−

,

(D.19)

and therefore, when Im(m1) > 0, Im(m2) < 0, and Re(mi) > 0, we obtain for eq. (D.1) and
taking the limit ε→ 0:

Bmaster(k2,M1,M2) =
√
π

k

∫ 1

0

dx√
z+−x

√
x−z−

=
√
π

k

∫ 1

0

dx√
(z+−x)(x−z−)

, (D.20)
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which is exactly eq. (5.22). Note that the requirement Re(mi) > 0 is important in this case.
In general, there could be a crossing of a branch cut between x = 0 and x = 1 if Im(m1) > 0
and Im(m2) < 0. So we conclude that the two cases of equal sign and opposite sign for the
imaginary parts of the masses are indeed identical.

E Triangle master integral for masses with a general real part

With the inclusion of extra Breit-Wigner functions to our fit to better capture the BAO
wiggles in Pfit, we will encounter negative real masses in our integrals since ReMBW < 0.
We now provide an alternative derivation of the triangle master integral without assuming
positive real part of the masses.

E.1 Triangle master integral for masses with the same imaginary part sign
and general real part

First let us consider the case of all three masses M1,M2 and M3 having positive imaginary
parts. Using Schwinger parametrization, the momentum integral becomes,

Tmaster(. . . ) = i

π3/2

∫ +∞

0
ds1ds2ds3

∫
d3q

π3/2 (1 + iε1)(1 + iε2)(1 + iε3)

× exp
[
i
(
(k1 − q)2 +M1

)
(1 + iε1)s1 + i(q2 +M2)(1 + iε2)s2

+i
(
(k2 + q)2 +M3

)
(1 + iε3)s3

]
.

(E.1)

Expanding the exponent yields

(1+iε1)s1(k2
1 +q2−2k1 ·q+M1)+(1+iε2)s2(q2+M2)+(1+iε3)s3(k2

2 +q2+2k2 ·q+M3)

=S

(
q− s̃1k1−s̃3k2

S

)2
+ s̃1s̃3k

2
3 +s̃1s̃2k

2
1 +s̃2s̃3k

2
2

S
+s̃1M1+s̃2M2+s̃3M3 ,

(E.2)

where s̃i = si(1 + iεi), S = s̃1 + s̃2 + s̃3, and we used k1 + k3 + k3 = 0. Since Im(S) > 0,
we can do the Gaussian integration in q, obtaining

Tmaster = − 1
(−i)1/2

∫ +∞

0
ds1ds2ds3

eiI

S3/2 , (E.3)

where I = (s̃1s̃2k
2
1 + s̃3s̃1k

2
3 + s̃2s̃3k

2
2)/S + s̃1M1 + s̃2M2 + s̃3M3. Changing integration

variables s1 = τx1, s2 = τx2, s3 = τ(1 − x1 − x2) = τx3, where τ ∈ [0,+∞[, x1 ∈ [0, 1],
x2 ∈ [0, 1], and x1 + x2 < 1 and x3 = 1− x2 − x1, and observing that the Jacobian is τ2,
we obtain

Tmaster = − 1
(−i)1/2

∫ 1

0
dx1dx2

∫ +∞

0
dττ1/2eiτ Ĩ , (E.4)

where we defined

Ĩ = x̃1x̃2k
2
1 + x̃2x̃3k

2
2 + x̃1x̃3k

2
3

1 + i(x1ε1 + x2ε2 + x3ε3) + x̃1M1 + x̃2M2 + x̃3M3 , (E.5)

and used x̃i ≡ xi(1 + iεi).
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To perform the τ integration, we must have Im(Ĩ) > 0. This condition is satisfied if any
Im(Mi) > 0, and we can safely send εi → 0. However, we still have to check that Im(Ĩ) > 0
even when the masses are all real and positive. Note that this case is equivalently discussed
also in section 5.4. We can check that it is indeed the case. Setting εi → ε and using real
masses, we obtain (using x1 + x2 + x3 = 1)

Im(Ĩ) = ε
(
M1x1 +M2x2 +M3x3 + k2

1x1x2 + k2
2x2x3 + k2

3x1x3
)
, (E.6)

which is always positive if all masses are real and positive (which is the case in our
parametrization). Performing the τ integration in eq. (E.4), we then obtain

Tmaster =
√
π

2

∫ 1

0
dx1

∫ 1−x1

0
dx2Ĩ

−3/2 . (E.7)

At this point, we can safely set all εi → 0, and Ĩ becomes simply Ĩ = x1x2k
2
1 + x2x3k

2
2 +

x1x3k
2
3 + x1M1 + x2M2 + x3M3. This expression is the same as the one in eq. (5.73), so

this case gives the same result as the case discussed in the main text where all masses have
a positive real part. Note that this is true even including branch cut crossings. In fact, the
only other branch cut crossings one could have would be in the integrand of eq. (E.7), but
since the imaginary part of Ĩ is always positive, as explained above, there are no branch
cut crossings in that integrand. The branch cuts of the resulting arctan are treated exactly
the same way as described in section 5.4.3.

E.2 Triangle master integral for masses of different imaginary part sign and
general real part

Let us consider the case of two masses M1 and M2 having positive imaginary parts and M3
having a negative imaginary part:

Tmaster(. . . ) = −i
∫
ds1ds2ds3

∫
d3q

π3/2 (1 + iε1)(1 + iε2)(1− iε3)

× exp
[
i
(
(k1 − q)2 +M1

)
(1 + iε1)s1 + i

(
q2 +M2

)
(1 + iε2)s2

−i
(
(k2 + q)2 +M3

)
(1− iε3)s3

]
.

(E.8)

Expanding the exponent (factoring out an i), we get

(1+iε1)s1(k2
1 +q2−2k1 ·q+M1)+(1+iε2)s2(q2+M2)−(1−iε3)s3(k2

2 +q2+2k2 ·q+M3)

=S−

(
q− s̃1k1+s̃3k2

S−

)2
+ s̃1s̃2k

2
1−s̃2s̃3k

2
2−s̃1s̃3k

2
3

S−
+s̃1M1+s̃2M2−s̃3M3 ,

(E.9)

where s̃i = si(1 + iεi) for i = {1, 2} and s̃3 = s3(1− iε3), S− = s̃1 + s̃2 − s̃3, and we used
k1 + k3 + k3 = 0. Since Im(S−) > 0, we can do the Gaussian integration in q, obtaining

Tmaster = 1
(−i)1/2

∫ +∞

0
ds1ds2ds3

eiI

S
3/2
−

, (E.10)
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where I = (s̃1s̃2k
2
1 − s̃3s̃1k

2
3 − s̃2s̃3k

2
2)/S− + s̃1M1 + s̃2M2 + s̃3M3. As before, changing

integration variables s1 = τx1, s2 = τx2, s3 = τ(1 − x1 − x2) = τx3, where τ ∈ [0,+∞[,
x1 ∈ [0, 1], x2 ∈ [0, 1], x1 + x2 < 1, and x3 = 1− x2 − x1, and observing that the Jacobian
is τ2, we obtain

Tmaster = 1
(−i)1/2

∫ 1

0
dx1

∫ 1−x1

0
dx2

∫ +∞

0
dτ

τ1/2

(x̃1 + x̃2 − x̃3)3/2 e
iτ Ĩ , (E.11)

where we defined

Ĩ = x̃1x̃2k
2
1 − x̃2x̃3k

2
2 − x̃1x̃3k

2
3

x̃1 + x̃2 − x̃3
+ x̃1M1 + x̃2M2 − x̃3M3 , (E.12)

and used x̃i ≡ xi(1 + iεi) for i = {1, 2} and x̃3 ≡ x3(1− iε3). To perform the τ integration,
we must have Im(Ĩ) > 0. There are two interesting limits to check for the sign of Im(Ĩ).
The first is when εi → 0, with x1 + x2 6= 1/2. This gives

Im(Ĩ)
∣∣∣
x1+x2 6=1/2

= x1 Im(M1) + x2 Im(M2)− x3 Im(M3) +O(ε) , (E.13)

where we set εi → ε, as we do for the rest of this section. If Im(M1) > 0 or Im(M2) > 0 or
Im(M3) < 0, then, assuming the terms in ε are not enhanced anywhere in the integration
region, we can choose infinitesimal ε > 0 while keeping Im(Ĩ) > 0. If all the masses are real,
then we use the approach for the same sign of the imaginary part outlined in section E.1,
which is valid when the masses are all real (and, in that case, they must be positive, which
is always the case in our parametrization).

As mentioned, the limit in (E.13) does not explore the case in which there might exist
some terms in Im(Ĩ) that, though suppress by ε, are enhanced by a divergent contribution.
Indeed, inspection of Ĩ shows that the limit x2 = 1

2 − x1 is singular for ε→ 0. In this case,
by setting x2 = 1

2 − x1, one can easily see that the imaginary of Ĩ part is proportional to
1/ε, for ε→ 0, but it is indeed positive:

Im(Ĩ)
∣∣∣
x2+x1=1/2

= k2
2(1− 2x1) + 2x1(k2

3 + k2
1(2x1 − 1))

4ε + C , (E.14)

where C is bounded by a constant for any value of x1, and where positivity of the first term
can be proven in the following way

k2
2(1− 2x1) + 2x1(k2

3 + k2
1(2x1 − 1)) = (1− 2x1)(k2

2 − 2x1k
2
1 − k2

3) + k2
3

= (1− 2x1)(k2
1 − 2x1k

2
1 + 2k1 · k3) + k2

3

= (1− 2x1)2k2
1 + 2k1 · k3(1− 2x1) + k2

3

= (1− 2x1)2k2
1 + (k1(1− 2x1) + k3)2 − k2

1(1− 2x1)2

= (k1(1− 2x1) + k3)2 ≥ 0 ,
(E.15)

where in the second line we use k2
2 = k2

1 + k2
3 + 2k1 · k3.
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Figure 21. Integration region of x1 and x2 split into the regions R− and R+.

We can now do the τ integration in eq. (E.11), obtaining

Tmaster = 1
(−i)1/2

√
π

2

∫
dx1dx2

1
(2(x1 + x2)− 1 + iε)3/2 (−iĨ)3/2

= −
√
π

2

∫
dx1dx2

1
(2(x1 + x2)− 1 + iε)3/2 Ĩ3/2

, (E.16)

where we recall that we use εi → ε, and Ĩ simplifies to

Ĩ = x̃1x̃2k
2
1 − x̃2x̃3k

2
2 − x̃1x̃3k

2
3

2(x1 + x2)− 1 + iε
+ x1(1 + iε)M1 + x2(1 + iε)M2 − x3(1− iε)M3 . (E.17)

The integration region in the x1, x2 plane is just the triangle defined by the three points (0, 0),
(1, 0), and (0, 1). The integrand diverges for the segment (0 < x1 < 1/2, x2 = 1/2 − x1),
which divides the triangle in two parts. Let us call them R− and R+, corresponding to
x1 + x2 < 1/2 and x1 + x2 > 1/2, respectively. These two regions are shown in figure 21.

We can simplify the integrand in eq. (E.16) for each region R− and R+ separately.
First, note that for a > 0 and Im(z) > 0, s(a± iε, z) = 1 and s(−a± iε, z) = ∓1, where ε is
arbitrarily small and positive. We can also separate the integrand as

1
(2(x1 + x2)− 1 + iε)3/2 Ĩ3/2

=

1
(2(x1 + x2)− 1 + iε) Ĩ

× 1
(2(x1 + x2)− 1 + iε)1/2 Ĩ1/2

,

(E.18)

where we remind the reader that a3/2 = (a1/2)3. On the right hand side, the denominator
of first term is given by

x̃1x̃2k
2
1 − x̃2x̃3k

2
2 − x̃1x̃3k

2
3+

+ (2(x1 + x2)− 1 + iε) (x1(1 + iε)M1 + x2(1 + iε)M2 − x3(1− iε)M3) ,
(E.19)
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in both regions. Concerning the second term on the right hand side, we wish to combine
the two square roots into one, but the result depends on the region according to the
sign of the function s(, ). In R+ we have 2(x1 + x2) − 1 > 0 and Im(Ĩ) > 0, so we get
s(2(x1 + x2)− 1 + iε, Ĩ) = 1, so the denominator is given by

[x̃1x̃2k
2
1 − x̃2x̃3k

2
2 − x̃1x̃3k

2
3+

+ (2(x1 + x2)− 1 + iε) (x1(1 + iε)M1 + x2(1 + iε)M2 − x3(1− iε)M3)]1/2 .
(E.20)

In R− we have 2(x1 + x2)− 1 < 0 and Im(Ĩ) > 0, so we get s(2(x1 + x2)− 1 + iε, Ĩ) = −1,
so the denominator is given by (note the minus sign)

− [x̃1x̃2k
2
1 − x̃2x̃3k

2
2 − x̃1x̃3k

2
3+

+ (2(x1 + x2)− 1 + iε) (x1(1 + iε)M1 + x2(1 + iε)M2 − x3(1− iε)M3)]1/2 .
(E.21)

We can then safely send ε→ 0 in each region, obtaining

Tmaster = −
√
π

2

(∫
R+
−
∫
R−

)
1

[x1x2k2
1 − x2x3k2

2 − x1x3k2
3 + (2(x1 + x2)− 1) (x1M1 + x2M2 − x3M3)]3/2

,

(E.22)

where the integrand is regular everywhere in the region of integration.
We can then make the following substitutions, x̃1 = x1

2(x1+x2)−1 , x̃2 = x2
2(x1+x2)−1 (note

that the Jacobian is | 1
(1−2(x̃1+x̃2))3 |). Note that these variables are different from those

defined in eq. (E.11), and in particular they are real. The new region of integration is
{x̃1x̃2 > 0} \ {(x̃1 > 0) ∧ (x̃2 > 0) ∧ (x̃1 + x̃2 < 1)}, that is the first and third quadrants
except the triangle whose vertices are (0,0), (0,1) and (1,0) (23). The integration region is
shown in figure 22.

First, let us see how the region of integration R ≡ R+∪R− in eq. (E.22) is transformed:

R ≡
(∫

R+
−
∫
R−

)

=
(∫ 1

0

∫ +∞

1−x̃1
+
∫ +∞

1

∫ +∞

0
−
∫ 0

−∞

∫ 0

−∞

)
dx̃1dx̃2

∣∣∣∣ 1
(2(x̃1 + x̃2)− 1)3

∣∣∣∣
=
(∫

R̃2
+
∫
R̃3
−
∫
R̃1

)
dx̃1dx̃2

∣∣∣∣ 1
(2(x̃1 + x̃2)− 1)3

∣∣∣∣ ,
(E.23)

where
∫
R̃1

=
∫ 0
−∞

∫ 0
−∞ dx̃1dx̃2,

∫
R̃2

=
∫ 1

0
∫+∞

1−x̃1
dx̃1dx̃2, and

∫
R̃3

=
∫+∞

1
∫+∞

0 dx̃1dx̃2. The
integration regions of R̃1, R̃2 and R̃3 are shown in figure 22. In particular, R− is mapped

23One can see this by analyzing how the boundaries of the original triangle transform under the change
of variables. The segment (x1 = 0, 0 < x2 < 1/2) maps to (x̃1 = 0, −∞ < x̃2 < 0). The segment (x1 = 0,
1/2 < x2 < 1) maps to (x̃1 = 0, 1 < x̃2 < ∞). Similarly for x2 = 0 (as the region of integration and the
change of variables are symmetric in x1 ↔ x2, x̃1 ↔ x̃2). The hypotenuse (0 < x1 < 1, x2 = 1− x1) maps
to itself. Finally, the hypotenuse that splits R− and R+ (0 < x1 < 1/2, x2 = 1/2 − x1) is mapped to
x̃1 = −∞, x̃2 = −∞ if approaching the hypotenuse from R−, and to x̃1 = +∞, x̃2 = +∞ if approaching it
from R+.
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Figure 22. Integration region of x̃1 and x̃2 split into the regions R̃1, R̃2 and R̃3.

to R̃1 and R+ is mapped to R̃2 ∪ R̃3 (we have split it into two regions R̃2 and R̃3 so that
the boundary of integration can be easily expressed).

Having seen how the integration region transforms under the change of variables, let
us see how the integrand in eq. (E.22) is modified. Applying the change of variables, we
obtain for the integrand denominator

x1x2k
2
1 − x2x3k

2
2 − x1x3k

2
3 + (2(x1 + x2)− 1) (x1M1 + x2M2 − x3M3)

= x̃1x̃2k
2
1 + x̃2x̃3k

2
2 + x̃1x̃3k

2
3 + x̃1M1 + x̃2M2 + x̃3M3

(2(x̃1 + x̃2)− 1)2

= Î

(2(x̃1 + x̃2)− 1)2 ,

(E.24)

where Î is given by

Î ≡ k2
1x̃1x̃2 + k2

2x̃2x̃3 + k2
3x̃1x̃3 + x̃1M1 + x̃2M2 +M3x̃3 , (E.25)

and x̃3 ≡ 1− x̃1 − x̃2. The new expression for Tmaster becomes then,

Tmaster = −
√
π

2

(∫
R̃2

+
∫
R̃3
−
∫
R̃1

)
dx̃1dx̃2

∣∣∣∣ 1
(1− 2(x̃1 + x̃2))3

∣∣∣∣
(

(2(x̃1 + x̃2)− 1)2

Î

)3/2

= −
√
π

2

(∫
R̃2

+
∫
R̃3
−
∫
R̃1

)
dx̃1dx̃2

(1
Î

)3/2
=
√
π

2

(∫
R̃1
−
∫
R̃2
−
∫
R̃3

)
Î−3/2 ,

(E.26)

where in the first step we used eq. (5.10) as (2(x̃1 + x̃2) − 1)2 is real and positive, so√
(2(x̃1 + x̃2)− 1)2 = |2(x̃1 + x̃2)− 1|.
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Figure 23. Integration region of x and y split into the regions R1, R2 and R3.

We can go further and do another change of variables: x̃1 = x, x̃2 = (1− x)y, whose
Jacobian is 1− x. Let us separate the integration region in three parts, one in the third
quadrant, and another two in the first quadrant. In the third quadrant, we have∫

R̃1
=
∫ 0

−∞
dx̃1

∫ 0

−∞
dx̃2 =

∫ 0

−∞
dx(1− x)

∫ 0

−∞
dy , (E.27)

and in the first quadrant we have∫
R̃2

=
∫ 1

0
dx̃1

∫ +∞

1−x̃1
dx̃2 =

∫ 1

0
dx

∫ +∞

1
dy(1− x) , (E.28)

and∫
R̃3

=
∫ +∞

1
dx̃1

∫ +∞

0
dx̃2 =

∫ +∞

1
dx

∫ 0

−∞
dy|1− x| = −

∫ +∞

1
dx

∫ 0

−∞
dy(1− x) . (E.29)

The integration regions in terms of x and y are shown in figure 23. So, we get for Tmaster:

Tmaster =
√
π

2

(∫ 0

−∞
dx

∫ 0

−∞
dy −

∫ 1

0
dx

∫ +∞

1
dy +

∫ +∞

1
dx

∫ 0

−∞
dy

)
(1− x)Î−3/2

=
√
π

2

(∫
R1
−
∫
R2

+
∫
R3

)
(1− x)Î−3/2 ,

(E.30)

where we redefined
∫
R1

=
∫ 0
−∞

∫ 0
−∞ dxdy,

∫
R2

=
∫ 1

0
∫+∞

1 dxdy, and
∫
R3

=
∫+∞

1
∫ 0
−∞ dxdy

and Î is given in terms of x and y by

Î = M1x+M2y(1− x) +M3(1− y)(1− x) + k2
1xy(1− x) + k2

2(1− x)2y(1− y)
+ k2

3x(1− x)(1− y) .
(E.31)
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Figure 24. Integration regions R1, R2, and R3, along with the line ycross for massesM1 = 1.1+0.2 i,
M2 = 0.3 + 0.3 i, and M3 = 0.1− 0.2 i. We can see that R2 and R3 are always in the same branch.
R1, on the other side, can be in a different branch.

Let us now briefly check that the sign of Im(Î) is constant in each integration region
separately (so that the integrand does not have any branch cut crossings). For that, we
analyze when Im(Î) = 0, which happens when:

ycross = x Im(M1) + (1− x) Im(M3)
(−1 + x) Im(M2 −M3)

= Im(M1 −M3)
Im(M2 −M3) + 1

x− 1
Im(M1)

Im(M2 −M3) .
(E.32)

So since ImM1 > 0, ImM2 > 0 and ImM3 < 0, we find that, by looking at the first line
in (E.32), if x < 0 the crossing happens at ycross > 0, which means there is no crossing in R1.
Likewise, we find that, by looking at the second line in (E.32), if x > 1, the crossing also
happens at ycross > 0, which means there is no crossing in R3. Let us now look at R2. Notice
that ycross in eq. (E.32) is a monotonically decreasing function of x for x < 1 and for x > 1.
By looking at the first line of eq. (E.32), we notice that at x = 0, ycross = − Im(M3)

Im(M2−M3) < 1
given that ImM2 > 0 and ImM3 < 0. Hence, in the region R2 where y > 1 there is no
crossing as ycross < 1 for 0 < x < 1. This is expected since we have specifically chosen
regions of integration where no crossing can occur. In summary, the sign of Im(Î) is constant
in each integration region R1, R2, and R3, so the integrand does not cross any branch cut.
Furthermore, by looking at the relative positions of R2, R3, and the hyperbole ycross as
shown in figure 24, we can verify that we can always go from R2 to R3 without crossing
ycross. Therefore, the sign of Im(Î) in R2 is equal to its value in R3. Furthermore, the sign
of Im(Î) in the R1 region will always be the opposite than in the region R2 and R3.

Now that we are confident that no branch cut crossings occur in R1, R2 and R3, we
can proceed to evaluate each of these regions separately. We can define the integrals in each
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integration region as

I1 =
√
π

2

∫
R1

(1− x)Ĩ−3/2 , (E.33)

I2 =
√
π

2

∫
R2

(1− x)Ĩ−3/2 , (E.34)

I3 =
√
π

2

∫
R3

(1− x)Ĩ−3/2 , (E.35)

I1 + I3 − I2 = Tmaster . (E.36)

Examining the integrands in each of the regions, and performing the indefinite y

integration, we obtain
√
π

2

∫
dx dy

1− x
(−ay2 + by + c)

√
−ay2 + by + c

=
√
π

2

∫
dx

N1x+N0√
R2x2 +R1x+R0(S2x2 + S1x+ S0)

, (E.37)

where the terms a, b, c and R0, R1, R2, S0, S1, S2, N0, N1 are defined respective in eqs. (5.74)
and (5.79), and will be evaluated at the y-integration limits, as we will more explicitly
indicate below. Note that the integrand in eq. (E.37) contains

√
Ĩ, and so does not cross

any branch cut in each integration region as sign Im(Ĩ) is constant as we have shown. So,
to calculate the y integral for a general x in each region, it suffices to take the difference in
the y antiderivative. We are clearly obtaining the same indefinite integrals as in the main
section, and so we then define the indefinite integral of Fint (see (5.85)), Wint:

Wint(x, z+, z−, x0) =
√
π

2

∫
dx

1√
−R2(z+ − x)(x− z−)(x− x0)

= s(z+ − x, x− z−)
√
π√
|R2|

arctan
(√

z+−x
√
x0−z−√

x0−z+
√
x−z−

)
√
x0 − z+

√
x0 − z−

. (E.38)

Thus the indefinite integral of eq. (E.37) is given by,

√
π

2

∫
dx

N1x+N0√
R2x2+R1x+R0(S2x2+S1x+S0)

= c1Wint(x,z+,z−,x+)+c2Wint(x,z+,z−,x−)

≡ W̃int(x,z+(y),z−(y)) ,
(E.39)

where we remind the definitions of c1, c2 and x±: c1 = N0+N1x+
S2(x+−x−) , and c2 = − N0+N1x−

S2(x+−x−)

and x± = − S1
2S2
±
√
S2

1−4S0S2
2S2

. All the parameters, except for x±, in general depend on y.
To simplify the notation, we will write W̃int(x, y) ≡ W̃int(x, z+(y), z−(y)). W̃int(x, y) is then
the full expression of the indefinite integral. More explicitly, to calculate the integral in a
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generic rectangular region R delimited by xa < x < xb and ya < y < yb, we do the following:
√
π

2

∫ xb

xa
dx

∫ yb

ya
dy(1− x)Ĩ−3/2 =

√
π

2

∫ xb

xa
dx

N1x+N0√
R2x2 +R1x+R0(S2x2 + S1x+ S0)

∣∣∣∣∣
yb

ya

=
(
W̃int(x, y)

∣∣∣yb
ya

)∣∣∣∣xb
xa

− discontinuities

=
(
W̃int(x, yb)− W̃int(x, ya)

)∣∣∣xb
xa
− discontinuities

= W̃int(xb, yb)− W̃int(xb, ya)− W̃int(xa, yb) + W̃int(xa, ya)− discontinuities ,
(E.40)

where we used the notation f(x)|x=b
x=a = f(b) − f(a). The evaluation of I1,2,3 in terms of

Wint can then be decomposed as,

I1 = W̃int(x, y = 0)
∣∣∣x=0

x=−∞
− W̃int(x, y = −∞)

∣∣∣x=0

x=−∞
− discontinuities , (E.41)

I2 = W̃int(x, y = +∞)
∣∣∣x=1

x=0
− W̃int(x, y = 1)

∣∣∣x=1

x=0
− discontinuities , (E.42)

I3 = W̃int(x, y = 0)
∣∣∣x=+∞

x=1
− W̃int(x, y = −∞)

∣∣∣x=+∞

x=1
− discontinuities . (E.43)

Next, we define the limits of the function Wint which we will use to evaluate the integration
regions I1, I2, and I3.

Limits of Wint. The regions I1 and I3 require, in particular, the evaluation of Wint(x =
±∞, z+, z−, x0)|y=0. To simplify our result, notice that theWint function can be rewritten as,

Wint(x, z+, z−, x0) =
√
π√
|R2|

√
z+ − x

√
x− z−√

(z+ − x)(x− z−)
arctan

(√
z+−x

√
x0−z−√

x0−z+
√
x−z−

)
√
x0 − z+

√
x0 − z−

, (E.44)

where we have used
√

(z+ − x)(x− z−) = s(z+ − x, x− z−)√z+ − x
√
x− z−. Taking the

limit of the redefined Wint function, we find

Wint(x = ±∞, z+, z−, x0) |y=0 = −
i
√
π
(
log

(
1−

√
x0−z−√
x0−z+

)
− log

(
1 +

√
x0−z−√
x0−z+

))
2
√
|R2|
√
x0 − z−

√
x0 − z+

∣∣∣∣∣∣
y=0

,

(E.45)

such that W̃int(x = ±∞, y = 0) = c1Wint(x = ±∞, z+, z−, x+) |y=0 +c2Wint(x = ±∞, z+, z−, x−) |y=0.
In the following limits of W̃int, which involve y → ±∞, we derive the expressions by

the following procedure. First take the y-limit of the x-integrand,

U = lim
y→±∞

√
π

2
N1x+N0√

R2(x− z+)(x− z−)(S2(x− x+)(x− x−))
, (E.46)

=

∓
2ik2
√
π

S2(x−x+)(x−x−) if x < 1
± 2ik2

√
π

S2(x−x+)(x−x−) if x ≥ 1
, (E.47)
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then we integrate in x (24),

W̃int |x=xa
x=xb |

y=±∞ =
∫ xa

xb

dxU, (E.48)

where we have omitted the arguments of W̃int for simplicity. The indefinite integral of U
can be calculated using∫

dx

(x− x+)(x− x−) = log(x− x+)− log(x− x−)
x+ − x−

. (E.49)

In the I1 region we evaluate W̃int |x=0
x=−∞ |

y=−∞, which is given by, paying attention to
branch cut crossings,

W̃int(x, y = −∞) |x=0
x=−∞ = −2i

√
πk2(log(x−)− log(x+))

S2(x+ − x−) . (E.50)

In the I2 region we evaluate W̃int(x, y =∞) |x=1
x=0, which is given by,

W̃int(x, y = +∞) |x=1
x=0 = −2ik2

√
π(log(−x−)− log(−x+) + log(1− x+)− log(1− x−))

S2(x+ − x−) .

(E.51)

In the I3 region we also evaluate Wint(x, y = −∞) |x=∞
x=1 , given by,

W̃int(x, y = −∞) |x=∞
x=1 = −2i

√
πk2(log(1− x−)− log(1− x+))

S2(x+ − x−) . (E.52)

The other values of W̃ at finite values of y and x that are needed to evaluate I1, I2, and I3
can be directly evaluated, and thus, we can calculate the value of Tmaster using eq. (E.36).

However, before we proceed to evaluate each region, one must also take into account
the branch cut crossing in the arctan of the W̃int function similar to what is described in
section 5.4. The procedure will be exactly the same except instead taking the integration
regions of I1, I2 and I3 and analyzing the branch cut crossings in each region.

We do not present a complete study, but include an example to highlight the branch
cut crossing features, which are similar to section 5.4.2. We leave a detailed implementation
to future work. For definiteness, consider the masses M1 = −5 + 0.5i,M2 = −1.5 + 2.3i
and M3 = −0.7− 0.6i and the momenta k2

1 = k2
2 = k2

3 = 0.1. Let us show how to take the
branch cuts into account in the following terms:25

• W̃int(x, y = 0)
∣∣∣x=0

x=−∞
that appears in I1,

24We adopt the notation where f(x, y) |x=xa
x=xb

|y=ya = f(xa, ya)− f(xb, ya).
25These are the only terms that can have a branch cut crossing, since the other terms, that have infinite

y, have already been considered and treated above. In fact, the approach for finite and infinite y is different.
For finite y (and infinite x for example), we calculate the limit of the arctan in W̃int, so we need to consider
the branch cut crossing of the arctan. For infinite y we are not taking the limit of the arctan. Instead, we
first take the limit of the integrand itself in y, followed by integration in x (so it is no longer related to the
arctan). In fact, for those terms, we provided directly the definite integrals.
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Figure 25. Arc described by B ≤ 0 defined in eq. (5.88) for R1 region with left: x0 = x+ and right:
x0 = x−. The expressions for x+ and x− are given in eq. (5.80).

• W̃int(x, y = 1)
∣∣∣x=1

x=0
that appears in I2,

• W̃int(x, y = 0)
∣∣∣x=+∞

x=1
that appears in I3.

Note, as from eq. (E.39), that each W̃int above contains two arctan terms that need to
be checked for branch cut crossings. These terms correspond to x0 = x+ and x0 = x−
in eq. (E.38).

The arc defined by eq. (5.88) describing the arctan branch cut for each term and
the corresponding x integration region are shown in figures 25, 26, and 27. We evaluate
z+, z−, x+, x− at y = 0 in figures 25 and 27, and at y = 1 in figure 26. Notice that
only in the right figure of figure 27, corresponding to x0 = x−, we have an intersection
between the integration region and the arc. Plugging in the values for the masses, we find
Re dA/dx = −0.0069, where A is the argument of the arctan defined in eq. (5.87). Since
in this case Re dA/dx < 0, as explained in section 5.4.3, we must add π to the arctan of
c2Wint(x, z+, z−, x−) in the calculation of W̃int(x, y = 0)

∣∣∣x=+∞

x=1
. A similar study can be

done for checking when B = 0, where B = A2 + 1. We leave a complete study and an
automation of the procedure to future work.

Relating to case of two negative imaginary masses and one positive. Without
loss of generality, we can consider the case of two negative imaginary masses and one positive
to be the case of M̃1 = M∗1 , M̃2 = M∗2 and M̃3 = M∗3 where Im(M1) > 0, Im(M2) > 0 and
Im(M3) < 0. Taking M̃1, M̃2 and M̃3 to be the new masses, we then have Im(M̃1) < 0,
Im(M̃2) < 0, and Im(M̃3) > 0. It then follows that∫

q

1(
(k1 − q)2 + M̃1

) (
q2 + M̃2

) (
(k2 + q)2 + M̃3

)
=
(∫

q

1
((k1 − q)2 +M1) (q2 +M2) ((k2 + q)2 +M3)

)∗
.

(E.53)
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Figure 26. Arc described by B ≤ 0 defined in eq. (5.88) for R2 region with left: x0 = x+ and right:
x0 = x−. The expressions for x+ and x− are given in eq. (5.80).
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Figure 27. Arc described by B ≤ 0 defined in eq. (5.88) for R3 region with left: x0 = x+ and right:
x0 = x−. The expressions for x+ and x− are given in eq. (5.80).

We have derived above,

Tmaster(M1,M2,M3) =
∫
q

1
((k1 − q)2 +M1) (q2 +M2) ((k2 + q)2 +M3) , (E.54)

for Im(M1) > 0, Im(M2) > 0 and Im(M3) < 0. Hence, it follows that∫
q

1(
(k1−q)2+M̃1

)(
q2+M̃2

)(
(k2+q)2+M̃3

) = (Tmaster(M̃∗1 ,M̃∗2 ,M̃∗3 ))∗. (E.55)
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