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Abstract

The Set of Small Ordered Structures (SSOS) approach is an ab initio technique for mod-
elling random solid solutions in which many small structures are averaged so that their corre-
lation functions match those of a desired composition. SSOS has been shown to be effective
in reducing the cost of density functional theory calculations relative to other well-known
techniques such as cluster expansions and special quasirandom structures for modelling solid
solutions. In this work, we demonstrate that SSOS’s can be constructed using cells with only
a subset of elements while still accurately modelling multi-component systems. Specifically,
we show that small binary cells can effectively model two quinary high entropy alloys—
NbTaTiHfZr and MoNbTaVW-—accurately capturing properties such as formation energy,
lattice parameters, elastic constants, and root-mean-square atomic displacements. Overall,
this insight is useful for those looking to construct databases of such small structures for pre-
dicting the properties of multi-component solid solutions, as it greatly decreases the number
of structures that needs to be considered.

Keywords: High-throughput Density Functional Theory (HT-DFT), High Entropy Alloys
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1. Introduction

Computational tools have long been used to complement experiment in the discovery,
understanding, and improvement of materials [1]. Recently, much emphasis has been put
on modelling random solid solutions; more particularly, on High Entropy Alloys (HEAs)
[2]-[4]. This is primarily due to HEAs exhibiting unique properties, such as extreme high
temperature strength [5], and having a vast composition space in which these materials can
be optimized.

Ab initio Density Functional Theory (DFT) is commonly used to predict the properties of
experimentally validated and hypothetical materials [4], [6]. However, modelling of random
solid solutions is challenged by the lack of translational periodicity and the need for averag-
ing methods or the use of supercells. In an attempt to make the problem of modelling solid
solutions more tractable, several techniques have been developed. The Coherent-Potential
Approximation (CPA) [7], [8] is one of the fastest techniques for modelling solid solutions,
but is typically constrained to consider systems where one can neglect lattice displacements.
Cluster Expansions (CE’s) have long been used to predict material properties by fitting effec-
tive cluster interaction parameters [9]. However, because the number of clusters and therefore
structures grows combinatorially with the number of components, cluster expansions often
require a (relatively) large number of calculations to be useful [10], and hence are limited in
high-throughput searches across composition space. Special Quasirandom Structures (SQS’s)
are effective for approximating the properties of a solid solution at a single composition [11],
but require larger cell sizes (typically > 30 atoms) and hence are computationally expensive
for many DFT codes.

Recently, an alternative technique called the Set of Small Ordered Structures (SSOS) was
introduced [12] and expanded upon [13]-[17]. The SSOS method utilizes a large number of
small cells to achieve similar results to the Cluster Expansion or SQS methods described
above, in the sense that it formally assumes that the properties of solid solutions can be
expressed as a linear expansion in cluster correlation functions. Given that smaller cells
are significantly cheaper for ab initio calculations, this technique shows much upside for
high-throughput screening across composition space.

The SSOS approach offers an intriguing framework to make DFT-based property predic-
tions for multicomponent solid solutions from constituent binary and ternary sub-systems,
in a manner qualitatively similar to that used in the CALculation of PHAse Diagram (CAL-
PHAD) approach [18]. It has long been recognized in the CALPHAD community that the
thermochemical properties and phase diagrams of commercially-relevant multicomponent al-
loy systems, containing upwards of 10 elemental species, can be reliably predicted from models
informed by data measured for constituent binary and ternary systems alone [18]-[20].

The present work explores the level of accuracy that SSOS methods can achieve in predic-
tions for multicomponent systems derived solely from small structures for constituent binary
and ternary systems alone. If sufficient accuracy can be achieved, this approach opens up
the possibility of using the SSOS framework to undertake efficient screening of properties
of many-component systems using databases comprised of binary and/or ternary systems
alone. We explore this question in the present work, focusing on two distinct 5-component
concentrated solid solutions with an underlying BCC crystal structure.
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2. Methods

2.1. Set of Small Ordered Structures (SSOS) overview

In the Set of Small Ordered Structures (SSOS) method, one begins by enumerating a
list of unique, small structures characterized by different arrangements of the atomic species
over the sites of a common underlying parent lattice; this list can often include hundreds or
thousands of structures (depending on the crystal system, number of components, number
of atoms per cell, etc.). Then, one attempts to search for a (sub)set of these small structures
whereby a weighted average of their correlation functions matches the correlation functions
of a desired system composition. More rigorously, this can be represented by Equation 1:

n
(Z(wl(bz) o ¢Tandom)2 = A (1)
(2

where w; and ¢; are the weight and correlation function vector associated with small
structure 4; @,,,4om is the correlation function vector associated with the desired random
solid solution (which can be analytically determined); n is the total number of structures in
the SSOS that are being considered; and A is the L2 norm of the correlation function mismatch
that is to be minimized (in theory, other metrics of the correlation function mismatch could
be minimized such as an L1 norm).

Note that there is typically a vast search space for good matches with a low A. For
example, if one wants to search for a set of 10 structures out of 1000 enumerated structures,
then there are 1900Cip ~ 2.6 x 1023 possible combinations. Hence, as the full combinatorial
space is too large to examine fully, a stochastic search algorithm is utilized to identify sets
(this is described further in the next subsection). Once a set of structures and corresponding
weights is identified that minimize A, a given property of the system can be calculated as:

where X is some arbitrary material property (e.g. formation energy, C; elastic constant,
etc.) and X; is that same property for a given small structure i. w; is the same weight
associated with structure ¢ from Equation 1.

2.2. Calculation details

The SSOS method was used to model two quinary BCC refractory HEA systems: NbTaTi-
HfZr and MoNbTaVW. These systems were selected as examples in this study due to their
high potential for future technological applications [21], [22]. Three compositions for each
system were benchmarked against larger SQS’s, wherein a single component fraction is varied
while holding the rest equimolar: Nb,(TaTiHfZr); _, and Mo, (NbTaVW); _,; in both cases,
x € [0.125,0.25,0.5] is chosen.

Small structures were generated using the Enumlib package [23], [24], with all possible
compositions allowed. All small structures had 5 atoms. SSOS’s were constructed from three
different subsets of the enumerated structures: i) from structures that contained up to two
of the five components (“up to binaries”), ii) from structures that contained up to three of
the five components (“up to ternaries”), and iii) from structures that contained up to all five
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so components (“all compositions”). Each SSOS had 10 structures, and a total of 5 SSOS’s were
s averaged to obtain properties for each composition tested (for a total of 50 small structures
2 at each composition).

8 The SSOS’s were identified using a random hill climbing optimization algorithm as im-
s« plemented in the mlrose-hiive package [25], [26], to minimize A in Equation 1. Different
s bounds for the weights were tested, with little impact on results noted; as such, weights for
g each structure were simply constrained between the values of 0 and 1, with the sum of all
sz weights being equal to 1. The loss function used was the L2 norm of the weighted differ-
s ence between the (analytically determined) correlation functions of the perfect random solid
o solution and the identified SSOS. Pair clusters up to the third nearest neighbor (NN) were
o considered during correlation matching; triplets and further pair clusters were found to have
o little effect on the accuracy of the SSOS’s based on internal tests (e.g. RMSE in energy
2 (relative to SQS) changed by < 0.5 meV/atom when including vs. excluding triplet clusters
o3 in the SSOS search). For the compositions examined, A values between 0.001 and 0.2 were
o achieved.

05 Special Quasirandom Structures (SQS’s) were used as a benchmark for the values obtained
o from the SSOS’s. All SQS’s were generated using the mcsqgs function in the A1loy Theoretic
o Automated Toolkit (ATAT) [27], [28] with 64 atoms each. For each composition in a given
¢ material system, three SQS’s were generated for DFT calculations. Clusters up to the fourth
oo NN pairs, third NN triplets, and third NN quadruplets were considered during the stochastic
w0 search in mcsgs.

101 All DFT calculations were performed using the Vienna Ab-initio Simulation Package
w02 (VASP) [29] with the generalized gradient approximation as implemented by Perdew-Burke-
103 Ernzerhof (GGA-PBE) [30] and projector-augmented wave (PAW) potentials [31], [32]. Gamma-
s centered kpoint meshes were used with approximately 7000 kpoints per reciprocal atom (i.e.
s for a structure with 5 atoms, an 11x11x11 grid would be used because 5x11x11x11~7000).
ws A plane-wave cutoff of 700 eV was used for all calculations, and structures were converged
w7 such that all force magnitudes were below 0.01 eV/A. The following PAW potential (“POT-
s CAR”) files were used: “Hf_pv 06Sep2000”, “Mo_pv 04Feb2005”, “Nb_pv 08 Apr2002”, “Ta_pv
w0 07Sep2000”, “Ti_pv 07Sep2000”, “V_pv 07Sep2000”, “W _pv 06Nov2007”, and “Zr_sv 04Jan2005”.
110 For the small structures, a scheme of alternating volume-only relaxations (“ISIF=7") and
uw ionic-position-only relaxations (“ISIF=2") was performed to ensure that structures did not
2 transform to other crystal systems; we found that repeating this scheme twice was sufficient.
us  For the SQS’s, fully unconstrained relaxations (“ISIF=3") were performed. All elements
s considered are non-magnetic in their respective ground states, hence all DFT calculations
us were performed spin-averaged (i.e. without spin-polarization). Input files were created and
us output files were parsed using Pymatgen [33]; common VASP errors were handled using the
u7  Custodian package [34]; and workflows were run using Atomate?2 [35], which is built on top
us of the Fireworks package [36] and Jobflow package [37].

119 Formation energies were calculated relative to the the ground-state, zero kelvin structures
10 as listed in the Materials Project database [38]. Specifically, input structures were taken the
1 following MP-ID’s: mp-103 (Hf), mp-129 (Mo), mp-75 (Nb), mp-50 (Ta), mp-72 (Ti), mp-
22 146 (V), mp-91 (W), and mp-131 (Zr). Note that these structures were re-computed with
123 the same “INCAR” parameters used for other DF'T calculations in this work for consistency.
124 Elastic constant tensors were calculated following the methods in [39], using 6 independent
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strain modes € € [e11, €22, €33, €44, €55, €66) (these modes are in voigt notation, i.e. the former
three strain modes are uniaxial strain and the latter three are shear strains); for each strain
mode, 4 strain magnitudes were used: -0.01, -0.005, 40.005, and +0.01. Stress-strain relations
were then used to calculate the unsymmetrized elastic tensor; finally, the elastic constant
tensor was symmetrized according to the space group of the parent lattice (in this case,
space group Im3m (space group number 229), i.e. body-centered cubic).

Root-mean-square atomic displacements (RMSD) were calculated using the SSOS method
as well, as RMSD (alongside other measures of local lattice distortions or misfit) has been
correlated with important properties such as hardness and yield strength [40], [41]. Here,
RMSD was calculated using the following procedure. Fractional coordinates from the initial
unrelaxed structure (ideal BCC) and final relaxed structure were compared in a site-wise
manner. The difference in fractional coordinates was then used to determine the absolute
distance based on the final structure’s lattice vectors. The root-mean-square of these absolute
displacements were then taken for each individual small structure, and averaged to obtain
the RMSD values shown in the Results section.

After the SSOS properties are validated against the SQS properties for the above compo-
sitions, a more thorough search of composition space was conducted as an example use-case
of the SSOS method. Specifically, a grid search to identify compositions with the lowest or
highest Pugh’s ratio [42] (G/B) was conducted, as this quantity is commonly used as an
indicator of intrinsic ductility and hence is of interest for practical applications of refractory
HEAs. The grid search involved single-element compositions ranging from 10 to 40 at.%,
in multiples of 10 at.%, for a total of 101 compositions. For Pugh’s ratio calculations, the
bulk modulus (B) and shear modulus (G) used were their respective voigt-reuss-hill [43]-[45]
averages calculated from the average SSOS’s symmetrized elastic tensor.

2.3. Comparison of computational cost

DFT calculations are known to scale approximately with n3, where n is the number of
electrons (or atoms in cases where composition is fixed). Fifty small, 5-atom structures are
used to calculate the properties at each composition. Thus, given that v/50 x 53 = 18.4,
these SSOS calculations are roughly equivalent in computational cost to a single ~18 atom
structure. Moreover, given that three 64-atom SQS’s are used as a benchmark, one can com-
pute 31?6;3 ~ 126. In other words, the SSOS calculations are roughly 126 times cheaper than
the SQS’s they are benchmarked against. However, the above estimate actually undersells
the efficiency of the SSOS technique, as small structures can be reused to calculate properties
at many compositions (as was the case in this work); this is in contrast to techniques like
the SQS method where one has to perform entirely new calculations. Moreover, the strategy
of using only binary structures presented in this paper represents a further decrease in cost
for the SSOS technique. For this particular case of quinary BCC 5-atom structures, the “all
compositions”, “up to ternaries”, and “up to binaries” cases, there are a total of 1689, 1095,
and 285 total structures. Hence, if one wants to create a larger database of these structures
across a large segment of the periodic table (e.g. all transition metals), one would have to
perform roughly 6 times fewer DF'T calculations for the “up to binaries” case relative to
the “all compositions” case. Similar cost decreases would be expected for systems on other
parent lattices or structures with other atom counts.
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3. Results

Every figure in this section presents comparisons between the calculated properties from
SSOS’s and SQS’s (the latter serve as a benchmark). Error bars for the SQS points are equal
to the standard deviation across the three SQS’s computed, whereas the error bars for the
SSOS points are equal to the standard deviation across five SSOS’s computed.

As stated in the Methods section, when the SSOS’s are constructed, different numbers
of components are allowed in a given structure. Using NbTaTiHfZr as an example, in the
points labeled “up to binaries”, the set can contain one structure with (Nb, Ti) and another
structure with (Hf, Zr), but cannot contain a structure with (Nb, Ti, Hf). Note that fewer
components can be included as well (e.g. a structure in a “up to ternaries” point could
include a structure with only two elements).

3.1. NoTiTaHfZr

The formation energy for three different compositions in the NbTiTaH{Zr system are plot-
ted in Figure 1. Similar to results from CALPHAD literature where extrapolating from bina-
ries yields lower accuracy than extrapolating from ternaries [18]-[20], accuracy of the SSOS
technique decreases as fewer components are included in the small structures. Nonetheless,
the root-mean-square (RMS) error in formation energy was 14.5 meV/atom for the binary

SSOS’s (relative to the benchmark SQS’s).
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Figure 1: Formation energy as a function of composition for the NbTaTiHfZr system.
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Figure 2 shows the calculated lattice constants for the NbTaTiHfZr system. Note that
the RMS deviation is only 0.0007 A for the binary SSOS’s case.
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Figure 2: Lattice constants for the BCC structure as a function of composition for the NbTaTiHfZr system.

Figure 3 shows the calculated root-mean-square atomic displacements for the NbTiTaH{Zr
system. The RMS discrepancy between the SQS’s and binary SSOS’s is 23%.

Figure 4 plots the (symmetrized) elastic tensor components Cjq, Cio, and Cyy for the
NbTiTaHfZr system. For the binaries case, the average RMS percent error for these elastic
constants is 6.3%.

As an example of how the SSOS method could be used for alloy design, we have used the
approach to explore 101 NbTaTiHfZr compositions for correlations between composition and
Pugh’s ratio; this was conducted specifically using up to binary cells. The results are shown in
Figure 5. The trend that stands out the most is that increasing Hf seems to strongly correlate
with an increase in the Pugh’s ratio. This results seem to suggest that lower Hf content
content will decrease the Pugh’s ratio, and thus is expected to increase the intrinsic ductility
in the NbTaTiHfZr system. While the authors are not aware of any other computational
examinations across composition space in the NbTaTiHfZr system, the work by [46] finds
higher ductility in single-phase alloys without Hf in NbTa-based systems. A computational
investigation of the similar NbTaTiHf system [47] finds similar trends in Pugh’s ratio (derived
from their elastic moduli results, see Fig. 1 of their work) as a function of composition,
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Figure 3: RMS displacements as a function of composition for the NbTaTiHfZr system.

with lower Hf content resulting in a lower Pugh’s ratio. However, experimental studies are
currently unclear on which compositions in the NbTaTiH{Zr system have the highest ductility
[48]-[55]. This primarily shows the need for a more comprehensive, standardized experimental
search of the NbTaTiHfZr system space to validate these computational predictions. Further
analysis of this exploration of the NbTaTiH{Zr space is in the Supplemental Information; the
exact compositions, Pugh’s ratio, and several other key properties are also included in the
xlsx file in the Supplemental Information.
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3.2. MoNbTa VW

The formation energy for the MoNbTaVW system are plotted in Figure 6. The RMS
error in formation energy was 8.1 meV /atom between the binary SSOS’s and the SQS’s is
obtained.
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Figure 6: Formation energy as a function of composition for the MoNbTaVW system.

Figure 7 shows the calculated lattice constants for the MoNbTaVW system. Note that
the RMS error in lattice constants is only 0.0008 A for the binary SSOS’s.

Figure 8 shows the calculated root-mean-square atomic displacements for the MoNbTaVW
system. Note that the RMS error between the SQS’s and binary SSOS’s is 47%. However,
given the small RMSD for this material system (especially relative to NbTaTiH{Zr), these
values are still reasonable on an absolute scale.

Figure 9 plots the (symmetrized) elastic tensor components Cjq, Cho, and Cyy for the
MoNbTaVW system. For the binaries case, the average RMS percent error for these elastic
constants is 8.6%.

As an example of how the SSOS method could be used for alloy design, we have used the
approach to explore 101 MoNbTaVW compositions for correlations between composition and
Pugh’s ratio; this was conducted specifically using up to binary cells. The results are shown in
Figure 10. For Mo and W, it appears that as their content increases, Pugh’s ratio increases.
This suggests that lower Mo and W contents will increase ductility in the MoNbTaVW
system, which is in direct agreement with the results in [56]. Another computational paper

11
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Figure 7: Lattice constants for the BCC structure as a function of composition for the MoNbTaVW system.

[57] found that decreasing Mo content and increasing Nb content in MoNbTaVW would
increase ductility, which also agrees with this work. This result is further supported by a third
study that found MoNbTaV to be significantly more ductile than MoNbTaW [58]. Further
analysis of this exploration of the MoNbTaVW space is in the Supplemental Information;
the exact compositions, Pugh’s ratio, and several other key properties are also included in
the xlsx file in the Supplemental Information.
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4. Discussion

The results for two quinary BCC-based solid solutions presented in this work seem to
indicate that accurate modelling of multi-component systems does not require structures
containing all of the components. Overall, the average RMS error in energy (relative to SQS)
was 4.40 meV /atom for the SSOS’s with all components, 5.26 meV /atom for SSOS’s with up
to ternaries, and 11.32 meV /atom for SSOS’s with up to binaries. The average RMS percent
error in elastic constants was 3.08% for SSOS’s with all components, 5.57% for SSOS’s with
up to ternaries, and 7.42% for SSOS’s with up to binaries. Lattice constants were estimated
with a RMS error of under 0.0011 A for all SSOS’s tested with little meaningful difference
observed when including all components or just up to binaries. Finally, average percent error
in RMS atomic displacements was 21.9 % for SSOS’s with all components allowed, 23.8 %
for SSOS’s with up to ternaries, and 35.0 % for SSOS’s with up to binaries. In sum, while
this shows that including more components in each structure increases accuracy, the increase
in accuracy may not outweigh the larger search space for constructing databases of such
calculations.

A likely cause of the larger discrepancy in the RMSD values is the partially constrained
relaxation method used for the small structures (defined in the Methods); the relaxation pro-
cedure was used to ensure structural transformations did not occur, but may also explain the
systematic underestimation of RMSD. Nonetheless, trends were still qualitatively accurate.
Moreover, the SSOS’s still predicted significantly higher RMSD for the NbTaTiH{Zr system
than for the MoNbTaVW system, which is consistent with other works on these specific
systems [59], [60] and similar systems [61].

It is worth noting that other works compare some SSOS properties to SQS predictions
too. For example, the original SSOS paper [12] compares SSOS formation energies to SQS
and found somewhat similar results; it appears that energy errors were slightly higher for
[12]’s work, however they were also averaging over fewer SSOS’s. [13] reports comparisons of
ground-state energies for SSOS and SQS with a 3 meV /atom for equiatomic FCC AITiCrM-
nFe and 25 meV/atom error for equiatomic FCC AlTiFeNiCu; such results are comparable
to the errors reported in the present work. [14] compares ground-state energies, lattice con-
stants, and mass densities between SSOS and SQS for a non-equimolar AlTiFeCrMn system;
energy errors were roughly ~ 10 meV /atom and lattice constant errors are all within 0.014
A as well, which are comparable to the errors reported in this work for SSOS’s comprised of
binary structures only.
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5. Conclusions

We have demonstrated, for two BCC quinary high entropy alloy (HEA) systems, that the
Set of Small Ordered Structures (SSOS) approach can effectively model higher-component
systems when constructed using structures with only a subset of components. Specifically,
NbTaTiHfZr and MoNbTaVW HEA’s were selected as example systems, and SSOS’s were
used to calculate their formation energy, lattice parameters, elastic constants, and root-mean-
square atomic displacements (RMSD). These properties were calculated for three composi-
tions in each HEA system and compared with large special quasirandom structures (SQS’s).
For SSOS’s constructed from only binary cells, average errors relative to SQS’s was 11.32
meV /atom for formation energy; 0.00075 A for lattice parameters; 7.42% for elastic constants;
and 35% for RSMD. Additionally, all major trends in examined properties as a function of
composition were adequately captured for both alloy systems, which is especially important
for high-throughput screening across large composition spaces. These results demonstrate
that small binary cells can yield results comparable to large SQS’s at a much lower compu-
tational cost. This insight greatly decreases the enumeration space for structures, enabling
more computationally efficient construction of databases for the prediction of properties of
multi-component solid solutions.
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