
U.S. Department of Energy

Brookhaven National Laboratory 

BNL-225361-2024-JAAM

Spin frustration and an exotic critical point in ferromagnets from nonuniform
opposite g factors

W. Yin

To be published in "Physical Review B"

February 2024

Condensed Matter Physics and Materials Science Department

USDOE Office of Science (SC), Basic Energy Sciences (BES)

GRP-CMT-12

Notice: This manuscript has been authored by employees of Brookhaven Science Associates, LLC under Contract
No.DE-SC0012704 with the U.S. Department of Energy. The publisher by accepting the manuscript for publication
acknowledges that the United States Government retains a non-exclusive, paid-up, irrevocable, world-wide license to
publish or reproduce the published form of this manuscript, or allow others to do so, for United States Government
purposes.



DISCLAIMER 

This report was prepared as an account of work sponsored by an agency of the 
United States Government.  Neither the United States Government nor any 
agency thereof, nor any of their employees, nor any of their contractors, 
subcontractors, or their employees, makes any warranty, express or implied, or 
assumes any legal liability or responsibility for the accuracy, completeness, or any 
third party’s use or the results of such use of any information, apparatus, product, 
or process disclosed, or represents that its use would not infringe privately owned 
rights. Reference herein to any specific commercial product, process, or service 
by trade name, trademark, manufacturer, or otherwise, does not necessarily 
constitute or imply its endorsement, recommendation, or favoring by the United 
States Government or any agency thereof or its contractors or subcontractors. 
The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof.  



Spin frustration and an exotic critical point in ferromagnets from nonuniform
opposite g factors
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(Dated: December 9, 2023)

It is demonstrated that novel spin frustration can be induced in ferromagnets with nonuniform
opposite Landé g-factors. The frustrated state is characterized by a mutual interplay of typical
ferromagnetic (FM) and antiferromagnetic (AF) features, such as the zero-field susceptibility being
FM-like at low temperatures but AF-like at high temperatures. It is also found to contain an exotic
zero-temperature ‘half fire, half ice’ critical point at which the spins on one sublattice are fully
disordered and on the other one are fully ordered. We suggest that such frustration may occur
in a number of copper-iridium oxides such as Sr3CuIrO6. We also anticipate a realization of the
frustration and ‘partial fire, partial ice’ states in certain antiferromagnets, lattice gas, and neuron
systems.

PACS numbers: 75.10.Jm, 71.70.Ej, 75.30.Cr, 71.27.+a

Frustrated magnets are known to give rise to ex-
otic magnetic states such as spin ice, spin glass, and
spin liquid that may play important roles in quantum
computing, spintronics, and unconventional supercon-
ductivity [1–8]. The essence of frustration is usually
assumed to be ground-state degeneracy that emerges
as a consequence of competing exchange interactions
among the spins. Such frustration demands that some
or all of the exchange interactions be antiferromagnetic
(AF) [Figs. 1(a)(b)], or in case the exchange interactions
are all FM, that they have strong direction-dependent
anisotropy [Fig. 1(c)] [3, 4]. Recently, there has been
an intense search for frustrated magnetism beyond the
“standard model” of condensed matter physics [2, 9–14].

Here we suggest a different mechanism of frustration,
the one which can exist in magnets with uniform FM ex-
change interactions and is related to nonuniformity of the
Landé g-factors. It is likely to exist in a family of copper-
iridium oxides such as (Sr,Ba)2+nCuIrnO3n+3 (n=1−4),
Ba9Cu2Ir5O21, Ba14Cu3Ir8O33, and Ba16Cu3Ir10O39

[15–20]. The copper oxides and the iridium oxides
themselves are respectively the most extensively stud-
ied 3d and 5d transition-metal compounds (TMCs) for a
wide range of topics from frustrated magnetism to high-
temperature superconductivity; thus, it has been of great
interest to study the mixed copper-iridium oxides. A crit-
ical unresolved problem in this field is that Sr3CuIrO6,
the parent compound long believed to be an isotropic
spin one-half (S = 1

2 ) chain ferromagnet [19–21], displays
a strange spin glassy behavior with zero-field suscepti-
bility being FM- and AF-like at low and high temper-
atures, respectively [15]. These observations seemed to
suggest the existence of substantial AF exchange interac-
tions [15–18], but recent first-principles symmetry anal-
ysis and resonant inelastic X-ray scattering experiments
have reestablished the uniform FM nature of the effective
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exchange interactions in Sr3CuIrO6—with a strong Ising-
like anisotropy [22, 23]. We hereby point to a largely
unnoticed difference in the characters of the 3d and 5d
TMCs, namely their g-factors are usually positive and
negative, respectively; thus, the most outstanding char-
acter of the copper-iridium oxides is the unusual alterna-
tion of the g-factors [Fig. 1(d)]. As shown in Section I, it
is the different combinations of spin-orbit coupling and
crystal-field splitting for the 3d and 5d ions that make
the g-factors strongly site dependent, viz. g ≈ 2 and −3

FIG. 1. (a) Frustrated spins on triangular lattice with AF
interactions. (b) Unfrustrated spins for FM interactions. (c)
Frustrated spins on honeycomb lattice with FM interactions
whose anisotropic axes are bond dependent [3, 4]. (d) Spins
in a chain with uniform FM interactions and alternating g-
factors (−gB > gA > 0) are found frustrated. (e) A cartoon
illustration of the ‘half-fire, half-ice’ critical point at which
the spins on one sublattice are fully disordered and on the
other are fully ordered.
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for the Cu and Ir sites, respectively, along the easy axis.
Below we use the Ising chain model to rigorously demon-
strate that such disparity in the g-factors does generate
strong frustration in both zero-field and critical-field lim-
its. Since the Ising model is one of the basic models in
statistical mechanics and condensed matter physics [24]
having been applied even to explain the activity of neu-
rons in the brain [25], we anticipate the present results
to be widely applicable.

I. STAGGERED g-FACTORS (−gIr > gCu > 0) IN
THE COPPER-IRIDIUM OXIDES

Both orbital angular momentum (L) and spin angular
momentum (S) of electron contribute to the magnetic
moment (MJ) in the following form

MJ = ML +MS ,

ML = gLµBL, (1)

MS = gSµBS,

where in atomic physics, gL = 1 and gS = 2. How-
ever, strong octahedral crystal field will split the d or-
bitals into the well separated eg and t2g energy levels.
The t52g subsystem such as Ir4+ in the copper-iridium ox-
ide Sr3CuIrO6 can be transformed to an effective L = 1
system [22, 23]—upon projecting out the unoccupied eg
levels—in which |xy, σ⟩ and i|yz, σ⟩±|zx, σ⟩ (where σ =↑
or ↓ is the spin index) are the new Lz = 0 and ±1 states,
respectively, with [26]

gL = −1. (2)

Then, strong spin-orbit coupling on the Ir atom generate
an effective total angular momentum J = 1

2 state [22].
The g-factor tensor that relates the total magnetic mo-

ment MJ and the total angular momentum J = L+S is
given by

⟨J, Jz|MJ |J, Jz′⟩ = gz,z
′

J µB⟨J, Jz|J|J, Jz′⟩, (3)

where the effective J = 1
2 wave vectors |J, Jz⟩ for Ir atoms

in Sr3CuIrO6 are given by [22]

|J,±1

2
⟩ = 1√

p2 + 2
[p|xy, ↑⟩+ i|yz, ↓⟩ ± |zx, ↓⟩] , (4)

where p ≈ 0.65. Hence the longitudinal g-factor that
couples to the magnetic field along the z direction is

gzIr = gz,zJ =
⟨J, 1

2 |Mz|J, 1
2 ⟩

µB⟨J, 1
2 |Jz|J,

1
2 ⟩

= 2⟨J, 1
2
|gLLz + gSSz|J,

1

2
⟩

= 2
2gL + 1

2gS(p
2 − 2)

p2 + 2

= 2
p2 − 4

p2 + 2

≈ −2.96 (5)

On the other hand, for the Cu2+ 3d9 or t62ge
3
g configura-

tion, both L and spin-orbital coupling vanish. Thus,

gCu = gS = 2. (6)

Therefore, the g-factors on the Ir and Cu sites have op-
posite signs and different magnitudes.

II. ANALYSIS WITH THE ISING MODEL

To explore the essential effects of nonuniform g-factors,
we begin with the exactly solvable one-dimensional (1D)
Ising model with alternating g-factors. This model cap-
tures the essential physics of the quasi-1D Sr3CuIrO6

consisting of FM chains made up by alternating Cu (A-
site) and Ir (B-site) ions [Fig. 1(d)]. Our exact solu-
tion features the zero-field susceptibility with both FM
and AF components, in agreement with the experiments.
It also turns out that the system possesses an exotic
magnetic-field-driven critical point (CP) [Fig. 1(e)] at
which the spins with the smaller and larger magnitudes
of g-factors are fully disordered and ordered, respectively,
at absolute zero temperature—reminiscent of the all-time
favorite aesthetic concept of ‘half fire, half ice.’

The model is defined by the Hamiltonian

H = −J

N∑
i=1

σiσi+1 − hµBS

N∑
i=1

giσi, (7)

which corresponds to N spins (σi = ±1) on a line with
periodic boundary conditions σN+1 = σ1. h is a uniform
longitudinal magnetic field. The g-factors are alternating
with gi = gA for odd i and gi = gB for even i. We solve
the model exactly using the transfer matrix method [24]
to calculate out the partition function and correlation
functions (see Supplemental Material [27]).

The T -h Phase Diagram—The field h on the nonuni-
form gA and gB factors can be regarded as the superpo-
sition of the uniform field of magnitude of h(gA + gB)/2
and the staggered field of magnitude of h(gA − gB)/2 on
a system with uniform g ≡ 1 factors. Therefore in Fig. 2,
we contrast the T -h dependencies of several thermody-
namic quantities for the three cases: nonuniform gA = 2
and gB = −3 (the top row), staggered gA = −gB = 2.5
(the middle row, which is of the AF type), and uniform
gA = gB = 0.5 (the bottom row, which is of the FM
type). Overall, the results for the gA = 2, gB = −3
case are FM-like in the low-h, low-T region. And they
are AF-like in the high-h region especially near the zero-
temperature critical field hc. Nevertheless, we notice two
unusual features in the gA = 2, gB = −3 case. First,
the low-h, high-T region is more AF-like. The other is
that hc = 2J/(µBSgA) depends on gA, not on gB . We
elaborate the two anomalies below.
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FIG. 2. Color maps of the T−h dependencies of the magnetization |m(h, T )|, the susceptibility χ(h, T ), the entropy S(h, T )/ ln 2,
and the specific heat CV (h, T ) for the nonuniform (the top row), the uniform staggered (middle row), and the uniform (the
bottom row) g-factors.

A. The zero-field limit: h → 0

The initial susceptibility per site χ(h → 0, T ) takes the
following elegant two-component form:

χ(0, T )

µ2
BS

2
= βe2βJ

(gA + gB
2

)2

+βe−2βJ
(gA − gB

2

)2

. (8)

The coexistence of the two components requires that gA
and gB have different magnitude: |gA| ≠ |gB |. Having
exponents of opposite sign, the two components are of
the FM and AF types, respectively. Eq. (8) is equivalent
to the combined magnetic susceptibility of the FM chain
with the uniform g = (gA + gB)/2 factors and the AF
chain with the uniform g = (gA − gB)/2 factors, which
used to be called uniform and staggered susceptibilities,
respectively [28]. The results for the realistic values of
gA = 2 and gB = −3 in Sr3CuIrO6 are presented in
Figs. 3(a)(b). They agree qualitatively with the exper-
imental results [15], indicating that the FM Ising chain
model with such nonuniform g factors captures the es-
sential physics of this copper-iridium oxide.

The spin frustration takes place when the two terms in
Eq. (8) are comparable. As shown in Fig. 3(a), the FM
term dominates at low T and the AF one dominates at
high T . The two terms become equal at

Tf =
2J

kB

(
ln
∣∣∣gA − gB
gA + gB

∣∣∣)−1

. (9)

The physical constraint of Tf ≥ 0 requires [cf. Fig. 3(c)]

JgAgB < 0 and |gA| ≠ |gB |. (10)

Otherwise, for JgAgB > 0, Tf < 0 is unphysical
[Fig. 3(c)]. Hence, to generate frustration in ferromag-
nets (J > 0), the g-factors must have not only different
magnitudes but also different signs.
To illustrate the effects of the requirement in Eq. (10),

we present χ(0, T ) for a variety of gB/gA [29] while fix-
ing J = 1 in Fig. 3(d). For the cases of gB/gA < 0 (solid
lines), χ(0, T ) tends to dip down at an intermediate tem-
perature near Tf , signaling the coexistence of compara-
ble FM and AF components. On the other hand, for the
cases of gB/gA > 0 (dashed lines), the FM component
dominates and frustration vanishes. One may get the in-
tuition for the requirement as follows. For FM J > 0,
gA and gB have opposite signs; thus, sufficiently strong
h will induce the AF alignment of the spins, interfering
with the FM J . Nevertheless, it is striking that the spin
frustration takes place even at h → 0.
The generic method for distinguishing the exchange in-

teractions is to characterize the high-temperature behav-
ior of the magnetic susceptibility using the Curie-Weiss
form of χ = C/(T − θ) with θ > 0, = 0, and < 0 cor-
responding to the FM, paramagnetic, and AF types, re-
spectively. Indeed, as shown in Fig. 3(b), the high-T
expansion of Eq. (8) follows the Curie-Weiss law with

θ =
4JgAgB

kB(gA2 + gB2)
, C = µ2

BS
2 g

2
A + g2B
2kB

. (11)
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FIG. 3. The zero-field susceptibility (a) χ(0, T ) (the black
solid line). Its FM-like component χFM (the red dashed line)
and the AF-like component χAF (the green dotted line) cross
at Tf . (b) The inverse susceptibility χ−1 (the solid line). Its
high-T Curie-Weiss behavior (the dotted line) wrongly sug-
gests that the exchange interaction is AF. J = 1, gA = 1, and
gB = −1.5. (c) Tf as a function of gB/gA. (d) χ(0, T ) for a
variety of gB/gA (the numbers with the shaded background).

The constraint JgAgB < 0 in Eq. (10) yields θ < 0,
which suggests the existence of AF exchange interaction
[15]. However, this is a pure illusion.

B. At the critical field

Furthermore, we found that the zero-temperature CP
at hc in the present case of nonuniform g-factors is quali-
tatively different from that in the usual case of gA = −gB .
We analyze the T = 0 properties of the model Eq. (7) as
a function of h. The magnetization per site is given by

m(h, 0)

µBS
=

{ (|gB | − gA)/2 0 < h < hc

|gB |/2 for h = hc

(|gB |+ gA)/2 h > hc

(12)

At the critical field hc = 2J/(µBSgA), the magnetization
is µBS|gB/2|, which is independent of gA. This means
that the spins on the B sublattice are fully ordered, while
the spins on the A sublattice do not contribute to the
magnetization. Moreover, the entropy per site reads

S(hc, 0) =
1

2
kB ln 2. (13)

Since the fully ordered spins on the B-sublattice con-
tribute nothing to the entropy, Eq. (13) means that the

FIG. 4. Color maps of the T−h dependencies of the sublattice
magnetization ⟨σi∈A⟩, ⟨σi∈B⟩, and the nearest-neighbor corre-
lation function ⟨σiσi+1⟩ for the nonuniform g-factors gA = 2
and gB = −3 (top row) and uniformly staggered g-factors
gA = −gB = 2 (bottom row). J = 1.

spins on the A-sublattice are fully disordered, which
would be usually imaged to occur at infinite tempera-
ture. Thus, the spins are said to be hotter than fire on
the A-sublattice but colder than ice on the B-sublattice,
as artistically illustrated in Fig. 1(e).

In comparison, the conventional Ising model with
J > 0 and −gB = gA = g has equal contribu-
tion from the A- and B-sublattices by symmetry, yield-
ing m(hc, 0)/µBS = g/

√
5 ≈ 0.447 g and S(hc, 0) =

kB ln( 1+
√
5

2 ) ≈ 0.694 kB ln 2, which are not the −gB = gA
limit of Eqs. (12) and (13). The entropy is 0.347 kB ln 2
per sublattice, smaller than 0.5 kB ln 2, which means
the two sublattices are still correlated in short ranges
at the CP. Indeed, the correlation function ⟨σiσi+1⟩ =

1− 2/
√
5 ≈ 0.106 at the CP for −gB = gA but it is zero

for −gB > gA (see Supplementary Material [27]). There-
fore, the ‘half-fire, half-ice’ phase is identified as a new
phase.

More specifically, as shown in Fig. 4, for strong field
|h| > hc, both the normal and the present cases have
similar AF spin configuration of |+−+− · · ·⟩ at low T ,
which gains energy from the h term to overcome the
energy cost from the J term. On the other hand, for
weak field |h| < hc, the normal case’s ground state is
degenerate with the FM |++++ · · ·⟩ and |− − −− · · ·⟩
spin configurations, exhibiting ⟨σi∈A⟩ = ⟨σi∈B⟩ = 0 and
⟨σiσi+1⟩ = 1, which gains energy from the J term but
nothing from the h term. This degeneracy due to the
gA = −gB symmetry is lifted by gA < −gB , yielding the
single spin configuration of |− − −− · · ·⟩, which gains
energy from both the J and h terms. The above dis-
tinct behaviors for |h| < hc lead to the distinct CP’s at
|h| = hc: It is now the normal case that gains energy from

both the J and h terms with ⟨σi∈A⟩ = −⟨σi∈B⟩ = 1/
√
5

and ⟨σiσi+1⟩ ≈ 0.106, while the present case gains energy
from the h term but nothing from the J term. Fig. 4 (top
panel) also clearly shows that the ‘half fire, half ice’ state
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survives a wide temperature range near hc.
Being a highly degenerate state the ‘half fire, half ice’

CP strongly responds to perturbations, such as the trans-
verse exchange interaction −J⊥

∑
i (S

x
i S

x
i+1 + Sy

i S
y
i+1)

known to be present in Sr3CuIrO6 [22]. At the CP,
the B-sublattice spins are frozen in one direction and
the A-sublattice spins are “paramagnetic.” Thus, the
A-sublattice spins can interact with each other via the
virtual processes that flip the B-sublattice spins. Hence
the vicinity of the CP is described by the effective XY
model

HXY =
∑
i∈A

[
−Jeff

(
Sx
i S

x
i+2 + Sy

i S
y
i+2

)
− heffS

z
i

]
, (14)

where Jeff = J2
⊥/2∆ and heff = (h − hc)gAµB + J2

⊥/4∆
with ∆ = |2hcµBgBS| being the energy cost to flip one
B-sublattice spin. This model is exactly solvable by
means of Jordan-Wigner transformation which reduces
it to the model of noninteracting fermions with the spec-
trum ϵ(k) = |heff |−Jeff cos k. Hence it remains quantum
critical for |heff | < Jeff . The complete J⊥ − h phase di-
agram as well as the responses to other stimuli such as
the transverse field will be published elsewhere.

III. DISCUSSION

Nonuniform g-factors have been of interest in the stud-
ies of magnetic crystals [28, 30, 31] and clusters [32], pre-
dominantly with pure 3d or pure 5d magnetic ions. The
present exploration of the parameter space of JgAgB < 0
and |gA| ≠ |gB | is motivated by studying the mixed
3d−5dmaterials [22]. In particular, to see how unusual it
is to reach the opposite signed gA and gB for FM J > 0,
gA = gB was assumed in previous studies of Sr3CuIrO6

[20, 21]. We anticipate the understanding presented here
to be widely relevant to other mixed 3d− 5d transition-
metal compounds, e.g., the ‘partial fire, partial ice’ CP
at which the spins with larger and smaller |gi| are frozen
and boiling, respectively, in the other copper-iridium ox-
ides [15–18].

Last but not least, the sign of J is not a prerequisite in
the above analysis. With the constraint of JgAgB < 0,
it is equally acceptable to have AF J < 0 and gAgB > 0.
This is achieved by the transformation σi → −σi for sites
in the B-sublattice only and the substitutions J → −J

and gB → −gB in Eq. (7). Then, Eq. (8) was the same as
equation (3.16) of Bell [33] or equation (3.2) of Bell [34].
However, Bell gave no more results for this model. In-
stead, Bell focused on the ferrimagnet with the A and
B sites situated in the sequence ABBABBABB . . ., like
the arrangement of the Cu and Ir atoms in Sr4CuIr2O9,
yielding qualitatively similar results. Here we were moti-
vated by the recent studies of Sr3CuIrO6 to give a rather
full account of the realistic model (7) and emphasize its
role as a source of spin frustration. For ferrimagnets, the
AF exchange interaction implied by the high-T Curie-
Weiss behavior is real, while the low-T response is FM-
like. When the magnitudes of the g-factors are simi-
lar [c.f. the curve for gB/gA = −1.01% or −1.1% in
Fig. 3(d)], χ(0, T ) looks like the susceptibility of many
antiferromagnets, which goes down as T decreases from
the Néel temperature but mysteriously jumps up at very
low T . The jump used to be attributed to the presence
of magnetic impurity; the above results now offer an al-
ternative mechanism. Most importantly, the analogous
solution with AF exchange interaction greatly enlarges
the range of materials containing the nonuniform g-factor
induced frustration.

IV. SUMMARY

We have revealed novel magnetic frustration and an
exotic ‘half fire, half ice’ critical point in the Ising model
with nonuniform g-factors. We have shown that these
unusual g-factor effects are essential to understanding the
mixed copper-iridium oxides. Considering the wide range
of applications of the Ising model, we anticipate to realize
the frustration and ‘partial fire, partial ice’ states in other
systems as well.
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