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A strategy is outlined for quantitatively evaluating the particle density profiles
from small-angle scattering spectra of dilute solutions. The approach employs an
orthonormal basis function expansion method, enabling the determination of
characteristic mass distributions in self-assembled structures without the need
for a specific structural model. Through computational benchmarking, the
efficacy of this approach is validated by effectively reconstructing the density
profile of soft-ball systems with varying fuzziness from their scattering signa-
tures. The feasibility of the method is demonstrated by fitting small-angle
neutron scattering data obtained from Pluronic L64 micelles at different
temperatures. This proposed approach is both simple and analytical, eliminating
the requirement for a presumptive structural model in scattering analysis. The
new method could therefore facilitate quantitative descriptions of complex
nanoscopic structures inherent to numerous soft-matter systems using small-
angle scattering techniques.

1. Introduction

Small-angle scattering is a principal technique for the struc-
tural characterization of soft materials at the molecular level.
For example, it is often used in structural investigations of
dilute dispersion systems such as colloidal suspensions or
micellar solutions, where a collection of ‘particles’ are
suspended in ‘structureless’ solvent. The volume-normalized
absolute scattering intensity /(Q) from small-angle neutron
scattering (SANS) by such a dilute system is directly related to
the excess scattering length density (SLD) profile of the
particle Ap(r) as

2
1(Q) = ny | FQ)I* + Ly = 1y, [ / exp (—iQ - )Ap(r) dr] Fine,
\4

ey

where I, is the incoherent background, Q = |Q| = (47/A)sin(6/
2), where @ is the scattering angle and A is the wavelength of
the incident radiation [Added definition OK?], and the excess
SLD is given by the difference between the SLD profile of the
particle p,(r) and the SLD of the solvent p,

Ap(r) = p,(r) — p;. 2

N is the number density of the particles (molecules). p,(r) can
be explicitly expressed as pp(r) = Zj bié(r —x;). Here, the
summation is over all constituent atoms of the particle. b; is
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the bound scattering length that represents the scattering
properties of an atomic species under the condition of low
incident neutron energy (Fermi & Marshall, 1947; Marshall &
Lovesey, 1971; Yip, 2015). §(x) is the Dirac delta function and
x; is the position of jth atom. In the mean-field limit,
Ds = Zj bj/vs, where the summation is over the constituent
atoms of the solvent molecule and v, is the molecular volume
of the solvent.

The scattering amplitude F(Q) and excess SLD distribution
Ap(r) are related by the Fourier transform (Glatter, 2002)

F(Q) = / exp (—iQ - 1) Ap(r)dr. 3)

In this work, we consider only isotropic suspensions (solu-
tions), so that neither F(Q) nor Ap(r) should depend on the
solid angle. The Fourier transform of these radially symmetric
functions in three-dimensional space boils down to the
following integral:

oo

F(Q) = 4 / Ap(r)jo(QN) P dr, 4

0

where jo(x) = sin(x)/x is the spherical Bessel function of order
zero. In principle, the density profile Ap(r) can be obtained
from the inverse Fourier transform of F(Q),

(o)

200) =51 [ F@)iven @ ao. ©

0

In practice, however, a direct implementation of equation (5)
is often not feasible, due to the limited Q range and the noise
in the experimental data.

An intimately connected problem is the determination of
the spatial autocorrelation function y(r) of the excess SLD
from the inverse Fourier transform of the coherent scattering
intensity 1(Q),

v = gos [ ewii@ DI@d0. ©
where
v = [ Aptr) Spte, + 0, @)
14

Similarly, a direct inversion is generally impractical. As a
result, several ‘indirect’ Fourier transform (IFT) methods have
been proposed (Glatter, 2002, 1977; Moore, 1980; Hansen &
Pedersen, 1991) by expanding the real-space distribution
functions [e.g. the pair distance distribution function p(r) =
y(r)r*] and thereby the scattering intensity in terms of a series
of basis functions.

Alternatively, the small-angle scattering spectra of dilute
suspensions can also be analysed with simple structural
models with a priori selected parameters. For example, these
form-factor models include the homogeneous hard-sphere
(Goldmints et al., 1999, 1997; Stellbrink et al, 1995) and
ellipsoid models (Hassan et al., 2003; Gapinski et al., 2010;

Jensen et al., 2013; Pedersen, 2000; Bergstrom & Pedersen,
1999), the inhomogeneous core—shell model (Hayter & Zemb,
1982; Zemb & Charpin, 1985; Cabane et al., 1985; Sheu &
Chen, 1988; Liu et al., 1994, 1996; Svensson et al., 1999; Willner
et al., 2000b; Adelsberger et al., 2010; Manet et al., 2011; Konig
et al., 2019), the core—corona model (Pedersen & Gerstenberg,
1996; Pedersen, 1994; Ramzi et al., 1997; Liu et al., 1998; Yang
& Alexandridis, 2000; Yang et al., 2000; Mao et al., 2001;
Castelletto et al., 2002; Pedersen et al., 2003; Bang et al., 2004;
Castelletto et al., 2004; Choi et al., 2009; Ma & Lodge, 2016;
Zhao et al., 2018; Wang et al., 2018) and the fuzzy-sphere
model (Poppe et al., 1997; Chen et al., 2007; Laurati et al., 2007,
Liu et al., 2010; Li et al., 2010; Huang et al., 2020; Tung et al.,
2021), as well as phenomenological composite scattering
functions which account for asymptotic scattering features
from particles on different length scales (Brasher & Kaler,
1996; Hammouda, 2010a,b; Kumi et al., 2014; Dozier et al.,
1991; Likos et al., 1998; Willner et al., 2000a). While such a
model-based analysis enables the extraction of structural
parameters of interest directly from the fitting, the results are
highly dependent on the choice of the model.

In this work, we propose an alternative IFT approach that
differs from the existing ones in the following ways. First,
instead of analysing the pair correlation functions such as y(r)
and p(r), we focus on the excess SLD distribution Ap(r),
which is straightforward to interpret and contains crucial
structural information such as particle size, geometric shape
and inhomogeneous intra-particle mass distribution. The
conventional IFT approach necessitates an additional step for
deconvoluting the pair correlation function to obtain Ap(r),
which in turn complicates the process of error estimation for
Ap(r). Second, we expand the excess SLD profile Ap(r) and
scattering amplitude F(Q) in terms of orthogonormal [Should
this be orthonormal?] basis functions. In this context, we note
that function expansion is a frequently adopted strategy in ill-
posed inverse problems. For example, an eigenfunction
expansion method has been introduced to resolve relaxation
time distributions from dynamic light scattering spectra
(Provencher, 1976). The danger of obtaining incorrect solu-
tions from non-orthogonal basis expansions has long been
recognized for inverse problems in general. However, such a
potential issue has been overlooked in the previously
proposed IFT approaches to small-angle scattering spectra
(Glatter, 2002, 1977; Moore, 1980; Hansen & Pedersen, 1991).
This work attempts to remedy this problem by employing an
orthonormal basis function expansion (Arfken et al., 2012) to
determine the SLD profile from SANS experiments. An
obvious advantage of such a basis function expansion
approach is that once the orthonormal basis functions are
properly constructed, the regression analyses will be
conducted in the vector space spanned by the unit vectors of
transformed variables without relying on parametric equa-
tions based on specific structural assumptions.

The rest of this paper is organized as follows. In Section 2
we introduce the method of orthonormal eigenfunction
expansion and review the basic properties of the expansion.
The framework is subsequently applied to the construction of
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orthonormal basis functions in Section 3. A numerical
benchmark of soft-ball systems with varying fuzziness verifies
the efficacy of this approach in Section 4. Finally, a SANS case
study of micellar conformation at different temperatures is
reported in Section 5 to provide support for the usefulness of
this model-free approach. The constructed orthonormal basis
functions are given in Appendix A. The imposition of maxi-
mized entropy to facilitate the implementation of basis
expansions for spectral analysis is outlined in Appendix B.

2. The method of orthonormal basis expansion and its
fundamental properties

The reconstruction of A p(r) can be accomplished by analysing
I(Q) in reciprocal space with the method of orthonormal
eigenfunction expansion in the following steps. At first, we can
expand /n,F(Q) and ,/n,Ap(r) as a linear combination of
orthonormal basis functions with compatible boundary
conditions (BCs),

VIRF(Q) =) " a,u,(0).  JigAp(r) =Y by,(r). (8)

where the basis functions in reciprocal and real space are
denoted by u,(Q) and v,(r), respectively, a, and b, are the
corresponding expansion coefficients, n is the integer index
and r is the radial distance in spherical coordinates. u,,(Q) and
v, (r) are related straightforwardly by a pair of spherical Bessel

transforms,
2 .
0@ =2 [arrmicon,

©)
b, () = \/i f dQ Qu,(0)jy(0P).

where jo(x) = sin x/x is the spherical Bessel function of order
zero. Subsequently, a,, can be extracted by fitting the experi-
mentally measured I(Q) using equations (1) and (8). Because
of the orthonormal properties, a,, is proportional to b,, up to a
constant /873 , as shall be demonstrated later in this section.
Therefore, we can use equation (8) to reconstruct ,/ny, Ap(r)
once the eigenfunctions and associated expansion coefficients
are obtained. The speed of convergence of this procedure can
be further accelerated by the constraint of maximum entropy
(see Appendix B for more information),

JF(Q) = xo{exp [Z Anun(Q)} - 1}. (10)

In comparison with equation (8), equation (10) would require
fewer terms of {u,(Q)} for the regression analysis of 1(Q).

Now let us construct the fundamental relations among these
expansion coefficients and eigen basis functions by the inner
products of functional space spanned by {u,(Q)} and {v,(r)},
which can be expressed as

oo

(1(0). 1,(Q)) = 4 f 40 Qu,(Q)up(Q).  (11)

0

and

oo

(v, (1), v, (r) =4 / dr rzv,l(r) v,,(r). (12)

0

[Does the subscript m now indicate a variable (and thus

should be italic)? Or does it still indicate ‘molecule’ as in eqs.

(1) and (8) (and thus should be upright)? Please clarify, here

and elsewhere] The relationships between u,,(Q) and v,,(r) can
be expressed in terms of their inner product with jo(Qr):

2 i ) .
1,(0) =\/; / dr P, (9 ()

:\/;<Vn(l"),]'0(Ql")>, (13)

vo(r) = \/% / dQ Q*u,(0)jy(0")
0

= \/;L: (,(Q), jo(Or))- (14)
JT

According to equations (11) and (12), the inner products in
real space are identical to those in reciprocal space. Explicitly,
we have

and

[o. el ole¢]

o), V() =8 / / / dQdQ’ dr Q07,0 jo(Q'7)

0 0 0

x u,(Q) u,(Q)

_in / / 40 Q' 0°5(0 — Q') u,(Q) u, (')
0 0

_4n / d0 Q%u,(Q) u,,(Q))

= (,(Q), u,,(Q)). (15)

In other words, if the basis functions {u,(Q)} are orthonormal
in reciprocal space, so are {v,(r)} in real space,

S = (1,(Q), 1, (Q)) = (v,(r), v, (), (16)

where §,, , is the Kronecker delta.

Based on the method of eigenfunction expansion, one can
always expand any function f(r) in terms of {v,(r)} with
compatible boundary conditions (BCs) as

) =Y by, (), (17)

where the expansion coefficient b, associated with the basis
function v,,(r) is found to be
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= (va(n), f()). (18)
Similarly, the Fourier transform of f(r) can be expanded as
fo) =4 [ arrrien
0
= a,u,(0), (19)

and the expansion coefficient a,, associated with u,(Q) is

a, = (u,(0), f(Q)). (20)

As a result of the orthonormality condition, one can further
relate a,, to b,, as

o0

- <u,,(Q), 4 / ar %f(r>jo<Qr)>

0

=(1,(Q). (). jo(Qr)
= > bu{,(Q). (0. ()

=873 b, (u,(0). u,(Q))
= \/8‘7?5 Z bmam,n
=87, @1

Equation (21) shows that a,, is linearly related to b,, with a
proportionality constant of V873, As a result, one only needs
to calculate the coefficients in either reciprocal or real space in
order to reconstruct f(r) or f(0).

3. Construction of the analytical orthonormal basis
functions

To ensure convergence of the expansion, the BCs of the
orthonormal basis functions should be compatible with those
of the target functions. In the current case, the derivatives of
the basis functions u,(Q) or v,(r) at the origin and infinity
must be zero. In general soft-matter systems, Ap(r) can be
normalized and the radius of gyration R, is finite. Therefore,
the corresponding BCs for the scattering amplitude are F’(0)
= 0 and F’(0c0) = 0, being the natural characteristics of the
kinds of system under study. Given the mathematical prop-
erties of the two-point static correlation function, through
which the structural information is rendered by scattering, the
Lorentzian-like distributions (1 + a°Q%) " or [1 + (r/a)*] " are
found to meet the BCs of coherent scattering, where k is a
positive integer and a is simply a constant with the dimension
of length. To obtain the orthonormal set, the Gram—Schmidt
process is adopted over this distribution with different values
of k. Without losing generality, u,(Q) is chosen to be

(Q) = (o)
Ve a e
L (22)

Ly

Figure 1
The closed loop on the complex plane for carrying out the integral of
equation (24).

where [, is defined by the Euler gamma function I'(x) as

;Y7 Tl = (3/2)]

T8 T @3)

Equation (22) can be transformed using equation (14) and the
result is

2 o0
v = | — / dQ Q*(1 +a° Q") jy(Qn)
_ / 0 s1n(Qr)
B ”Izk r (1 + a2Q2)
[ | cos(Qr/a) |
- 27m212k I’drt—>oo f 40 T o 1+ Q)

To obtain the analytical expression of the integral of equation
(24), the Cauchy integral theorem on a closed loop over a
complex plane is adopted, as indicated by Fig. 1. The loop C =
R + L which encloses the pole of z =i is selected. The inte-
gration over arc R approaches zero since

(24)

mt 1
k:Ofork>§. (25)

lim
t—00 ([2 —

Therefore, the final expression of v,(r) is given by

_ 1 27 1.d [ d" [exp(iQr/a)
MO =, rar ko—l[ (Q+i)f Li '
(26)
Likewise,
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(1+ao) ™!
Vhiiz
U,(Q)
V{U,(0), U,(0))

(1+a0)™!

U,(Q) = N
2k+2

(L{] (Q)v )7

u,(Q) =

(1 + azQz)—k—H»l -1
v I2k+2[—2 - m=
uQ
VIU(Q), U(Q))

(1 + a2Q2)7k71+1

U(Q) =
: Y Lyiors

(u,(Q), ),

u(Q) =

@7

The expression of {v((r), v,(r), ..., v/(r)} can clearly be
calculated analytically by transforming {u;(Q), u2(Q), ...,
u;(Q)} via equations (14) and (26). It is instructive to point out
that u,(Q) and v,,(r) can be interchanged to meet the required
compatibility of BCs inherent to the data. For example, the
Fourier transform pair u,(Q) and v,(r) can be replaced by
v,(Q) and u,(r) to meet the BCs of a real-space function f(r)
which are f/(0) = 0 and f'(c0) = 0. The ten basis functions of
{u,(0Q)} and {v,(r)} are given in Appendix A.

4. A computational benchmark: density profile recon-
struction of soft-sphere systems with varying fuzziness

In this section, we evaluate the effectiveness of the ortho-
normal basis expansion method by analysing the scattering
intensities of soft-sphere systems with a fixed radius R = 50 A,
but varying levels of fuzziness characterized by s = 20, 30 and
40 A. Soft spheres in the fuzziness regime exhibit a complex
mixture of molecular constituents with solvent molecules,
leading to a density profile that is non-zero everywhere and
lacks a specific radial boundary. To analyse the scattering
behaviour quantitatively, we employ the dimensionless form
factor P(Q), expressed analytically as (Stieger et al., 2004)

9lsin (QR) — QRcos (QR))" [—(:Q)"
exp . (28)
(QR)° 2
where R represents the core radius and s denotes the corona

radius fuzziness of the soft spheres. The normalized density
profile, denoted Ap(r)/(Ap./nm), is calculated using equation

).

P(Q) =

ap) 1 3[sin (QR) — QR cos (QR)]
Mo, 2wr) Q@) (OR)
2
X exp [—‘(z Q) } (29)

Fig. 2 presents a comparison between the numerical ground
truth (represented by blue solid lines) obtained from equa-

4x10"‘ 3x10‘4 %107
LILEALLL | LR Ll LA A RLLL tl) LR R LI 2 LN LLLL | ALl LR
@ _|(b) __“(e)
R R R
. = 2r 1 =
Q2r 1 < SAly 1
ey 2 1 1 =
o o
O Tauul Lt L 0 T 1 T 0 sl 1 e
1072 10° 102 10° 1072 10°
-1 —1 -1
QA ™) QA QA
—~ o4 25 -7 £TN -7
5 9o X0 £ 15510 . £ 0800 .
=" @ ) < [0
J10f . < < o5r .
4 d sl 1 <
= = =
\é./ 0 1 \—Q/ 0 1 \—Q/ 0 1
< "0 100 200 300 9 "o 100 200 300 7 o 100 200 300
r(A) r(A) r(A)

Figure 2

The numerical benchmark between the analytical model obtained by equations (28) and (29) and 1ts model fitting by equation (8) for soft-ball systems of
core radius R = 50 A at different radius fuzziness. Panels (), (b) and (c) give comparisons in Q°P(Q) in reciprocal space, while panels (d), (¢) and (f)
display the corresponding normalized density profiles in real space. The radius fuzziness (s) for panels (a), (b) and (c) is 20 A, 30 A and 40 A,

respectively.
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tions (28) and (29), and the fitted curve (illustrated by red
dashed lines) obtained using equation (8) and the ortho-
normal basis functions in Appendix A, with eight expansion
terms employed. Overall, quantitative agreement between
these curves in both real and reciprocal space is observed. This
benchmark verifies the effectiveness of the orthonormal basis
expansion method in accurately reconstructing the density
profiles of soft-sphere systems with varying fuzziness.

It is important to mention that analytical scattering func-
tions do not exist for several soft-matter systems. However,
the strength of the proposed method lies in its versatility, as it
is not restricted to specific types of scattering functions.
Consequently, this method becomes valuable for extracting
density profiles from experimentally measured scattering
intensities, providing a useful tool for investigating and
understanding the structural complexities of such soft-matter
systems.

5. An illustrative example: structure of triblock co-
polymer micelles in aqueous solution investigated by
SANS

We further demonstrate the feasibility of our proposed
approach using SANS data obtained from aqueous solutions
of Pluronic L64 as an example. Previous analyses of SANS
data from L64 micelles have traditionally involved various
conventional analytical models (Liu et al., 1998; Yang et al.,
2000; Mao et al., 2001; Liu et al., 1996; Svensson et al., 1999;
Goldmints et al., 1999, 1997), including core-shell, ellipsoids,
fuzzy soft balls and cape-and-gown. However, the absence of a
unified framework for describing the structure of these
micelles has led to challenges. It is conceivable that the scat-
tering signatures may not align with the predictions of
conventional scattering models.

i ? 47 °C/1 %]
102 3 —Expansion|3
: 49 °C/1 %7
—Expansion|
7 ¢ 47 °C12 %
‘E —Expansion|3
S ? 49 °C/2 %
@ —EXxpansion| |
N 100 -
() S S
1072 107
~1
QA™)

Figure 3

Pluronic L64 is triblock copolymer that has 30 poly-
propylene oxide (PPO) middle blocks and 13 polyethylene
oxide (PEO) end blocks [(PEO)3(PPO)3o(PEO)3], with a
molecular weight of 2990 Da. Below the critical micelle
temperature (CMT), both the PEO and PPO blocks are
hydrophilic and the L64 chains readily dissolve in water as
monomers. Upon increasing the temperature above the CMT,
the hydrogen bonds between water and polymer molecules are
disrupted and PPO tends to become less hydrophilic than
PEO. As a result, a disparity of hydrophilicity is created
between the end blocks and the middle block of the polymer
chain. The copolymer molecules therefore acquire amphi-
philic properties in an aqueous environment and self-assemble
into micellar structures above the CMT-concentration line.

During the experiments the temperature stability was
controlled to within £0.1°C. Samples with a fixed Lo64
concentration of 1 wt% and 2 wt% were prepared using D,O.
The prepared samples were further filtered using Anotop
membrane filters (0.02 pm), mixed for 48 h and equilibrated
for 24 h prior to experiment. SANS measurements were
performed using the extended Q-range small-angle neutron
scattering diffractometer (EQ-SANS) at the Spallation
Neutron Source, Oak Ridge National Laboratory (Zhao et al.,
2010; Heller et al., 2018), and the D22 large dynamic range
small-angle  diffractometer,  Institut  Laue-Langevin,
Grenoble, France. The probed Q range was from 0.007 to
0.4 A~" on the EQ-SANS beamline and from 0.003 to 0.6 A~
on the D22 beamline. The samples were accommodated in
Hellma cells with a 2 mm path length. The measured scattering
intensities were corrected for the detector background,
sensitivity and empty-cell scattering, and were normalized by
the standard procedure in order to obtain the absolute
intensities (Heller et al., 2018; Arnold et al., 2014).

Before presenting the details of the quantitative analysis, we
first examine the qualitative features of the measured SANS

55 °C/1 %1
—Expansion
58 °C/1 % |3
—Expansion| ]
¢ 59 °C/1 %
—Expansion| |
» 60 °C/1%
—Expansion|

) :

e
AJO
QA7)

1072

The SANS scattering differential cross section /(Q) of L64 micellar solutions with 1 or 2 wt% concentration at six different temperatures. Experimental
uncertainties are either comparable to or smaller than the symbol size. Model fitting curves (red solid lines) using equations (8) or (10), accounting for
instrumental resolution, are compared with experimentally measured results (coloured circular symbols). A remarkable quantitative agreement is
observed between the experimental data and the model curves. Panel (a) represents measurements conducted on EQ-SANS (Oak Ridge National
Laboratory) and panel (b) shows data obtained on D22 (Institut Laue-Langevin).
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spectra. Fig. 3 shows the SANS data obtained from the
aqueous solutions of L.64 at 1 wt% and 2 wt% at six different
temperatures. These findings strongly support the notion that
the measured scattering intensity /(Q) primarily arises from
intra-micellar spatial correlation, while the inter-micellar
spatial correlation would have an insignificant impact on the
subsequent data analysis. Consequently, we can infer that the
same statement may also apply to the I(Q) data presented in
Fig. 3(b), even though the curves do not exhibit apparent
flattening trends.

In what follows we present the implementation of the
proposed basis expansion approach to determine the SLD
distributions of the constituents of L64 micelles, including
both (PEO),3(PPO);3o(PEO),3 surfactant molecules and
invasive water. The measured SANS absolute intensity /(Q) of
the L64 micellar solutions can be expressed by equation (1)
(Chen, 1986). Similar to many amphiphiles in aqueous envir-
onments, the self-assembled structure of the L64 micelle is
characterized by a densely packed core consisting of less
hydrophilic PPO components surrounded by a more diffuse
region composed of more polar PEO blocks. The density
distribution of L64 molecules decays towards the periphery
from the micellar core region. In addition, because of the
difference in hydrophilicity of PEO and PPO when the
temperature is higher than the CMT, the density profile of
water penetration is inhomogeneous along the micellar radial
direction, with more invasive water molecules residing at the
core? than in the outer layer. Since the packing pattern of
invasive water is different from that of bulk water, both the
polymer segment and invasive water molecules should be
considered constituents of the L64 micelle. Their contributions
to the measured coherent scattering are, respectively, from
compositional and density differences relative to bulk water.

As evident from equation (1), a quantitative description of
the L64 micellar structure begins with an analysis of
/I F(Q). To this end we resort to the basis expansion method
for analysing the scattering intensity /(Q) using equations (8)
and (10) given in Fig. 3. As a starting point, ,/n,F(Q) is first
expanded based on the basis function given in Appendix A.
The {a,} can be determined from measured spectra, and
/I Ap(r) can therefore be reconstructed by equation (8) and
the identity a, = +/873b,, as demonstrated in equation (21).

An example of the implementation of the regression
analysis based on our proposed strategy is given in Fig. 4.
Complemented by the scheme of maximized entropy
described in Appendix B, the experimentally measured 1(Q)
(black circles) given in Fig. 4(a) can be approximated by a
series of five basis functions using equation (10). The
disagreement is around or within the experimental statistics
errors. From the associated expansion coefficients given in
Fig. 4(b), the quantity ,/nnAp(r) can be reliably extracted
from the measured I(Q) without using a predetermined
expression as the input.

In Figs. 5(a) and 5(b) we present the extracted /7y, Ap(r)
corresponding to the various /(Q) given in Fig. 3. The results
are further multiplied by * to highlight the subtle structural
features. From Figs. 5(c) and 5(d), the radial distribution of

@ ® : :
¢ Expt. | == =1
102 — [-term[d P 8rv =2
— — 2-term g 6l n= 3|
i 3-term L 2ly 0 = —
é — 4-term §/4_ -n=35H
= — 5-term —~
S5 92 2 i
~ 100k 1 3ok
@ i
2 ]
1072 107" 0 02 0.4
- =1
QAT QAT
(C) x1 0-9 (d) x1 0-9
—~9F — I-term|] ‘ _____ —
g —— 2-term 4+ Y = n =2l
‘ 3-term & n=3
ofﬂ;/ — 4-term F _____ 7 =
/:6- — S-term 95/ =5
S =2t ]
qN 3+ i p’: '\.“
< S N\
= o h ) X 0 k- i ——
0 50 100 150 0 50 100 150
r(A) r(A)
Figure 4

(a) I(Q) corresponding to the 164 micellar solution at 55°C (black circles)
is approximated by a series of five basis functions (red solid curve [Is this
the convolution of the other coloured lines?]). The disagreement is
around or within experimental error. (b) The expansion decomposition
curves? from the corresponding five basis functions of a,u,,(Q). (c) The
reconstructed /nAp(r) with different numbers of basis functions. (d)
The expansion decomposition curves? from the corresponding five basis
functions of b,v,(r). a, are linearly proportional to b,,.

/ImAp(r) is characterized by the following features: a central
core region ranging from r = 0 to approximately r = 20 A, an
intermediate region where a characteristic peak in
rZMAp(r) is observed between r = 4001& and r=50 A, and a
micellar periphery region where r > 80 A. Upon increasing the
temperature, the mass distribution shifts progressively
towards the outer shell, as shown in Figs. 5(c) and 5(d).

Because of the non-parametric nature of our proposed
approach, the radially averaged characteristic variation in the
radial distribution of ,/ny,Ap(r) displayed in Figs. 5(a) and
5(b) is not artificially imposed by any pre-determined function
as in the existing parametric approaches.

It is instructive to point out that the micelle number density
ny, can be further independently determined using the scheme
of contrast variation, as already demonstrated by existing
SANS studies of micellar solutions (Li et al., 2010; Huang et al.,
2020; Tung et al., 2021). In the 2 wt% case of Fig. 5(b), the
slight negative values of rz\/n—,;Ap(r) around the outer shell
region, which are not observed in the 1 wt% case, could
potentially be attributed to the slight inter-micellar inter-
action. Consequently, it is reasonable to infer that the overall
aggregated size of L64 micelles would be smaller in the 2 wt%
solution than in the 1 wt% solution.

To quantify the micelle size, a commonly used structural
parameter can be employed: the radius of gyration R,, which
can be calculated using the following equation (Huang et al.,
2019):
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Figure 5

The radial distributions extracted from the /(Q) in Fig. 3 using equations
(10) and (21). (a) and (b) The profiles of /nuAp(r). (c) and (d) The
corresponding profiles of 72, /nm A p(r).

- ﬂ)oo Ap(r) r*dr _ 1

— oo - __VZP —0>
£ [T A 2 dr 5 Ve (D)oo

(30)

where P(Q) is the normalized form factor. Fig. 6 gives the R,
calculated from the results given in Fig. 5. As a quantitative
measure of micellar size, R, detects changes in the second
moment of *Ap(r) according to equation (30). A steady
increase in R, indicates an increase in micellar size upon
raising the temperature. This size estimation is consistent with
the findings reported previously (Liu et al, 1998). This
agreement provides further validation and confidence in the
accuracy of our results, as it aligns with the established
knowledge and understanding of the system’s properties.
Lastly, it should be mentioned that equation (1) is primarily
suitable for systems with insignificant size polydispersity. This
aspect can be demonstrated by the following equation:

1(Q) =n,, / dR |F(Q, R)I’f(R) + L
2

7é ny +Iinc’ (31)

f dR F(Q, R) f(R)

where R and f(R) represent the size and size distribution,
respectively, of the self-assembled molecules. As evident from
equation (31), equation (1) does not account for the cross-
term contributions of scattering amplitudes, which could be
significant when dealing with systems having a substantial size
polydispersity. However, there is a mathematically tractable
method that can potentially address this issue and extract the
average SLD distribution. The central moment expansion
method has been proposed to achieve this goal (Huang et al.,
2023). Using this method, the impact of size polydispersity on

15075 1 wt% T
¢ 2 wt%
1 wt%
—~ 100 7
o<t}

50-%% ]

45 50 99 60
: T(°C)
Figure 6

The calculated radius of gyration R, with 1 or 2 wt% concentration as a
function of temperature, using equation (30) and the distribution profiles
in Fig. 5.

the scattering data could be appropriately considered,
allowing for a more accurate determination of the average
SLD distribution.

6. Concluding discussion

A basis function expansion approach has been developed for
the quantitative evaluation of the structures of dilute soft-
matter solutions from their small-angle neutron scattering
spectra. This model-free method allows determination of the
conformational characteristics of soft-matter systems without
any pre-determined models, thus avoiding any potentially
biased interpretations of experimental data.

Compared with the existing numerical procedures such as
indirect Fourier transform (IFT) (Glatter, 2002, 1977; Moore,
1980; Hansen & Pedersen, 1991), the proposed method has
several advantages in terms of accuracy, efficiency and
applicability. First, the basis functions selected in our inverse
scheme form a complete set, ensuring the uniqueness of
solutions in regression analysis without the inclusion of any
regularization term, whose optimal smooth parameter is
normally chosen based on a priori knowledge of the investi-
gated soft-matter systems (Svergun, 1992; Vada & Sager,
2011). Secondly, since our constructed basis functions can be
expressed analytically, the accumulated numerical errors in
the optimization process of spectral analysis can be signifi-
cantly minimized. Thirdly, since our selected basis functions
are also compatible with the boundary conditions inherent in
the structures of the studied systems, faster convergence in
determining the coefficients associated with the related basis
functions is guaranteed. For example, the commonly used
spline functions and Fourier sine basis, which have been used
in scattering data analysis (Glatter, 1977, Moore, 1980), would
normally require roughly fifty terms for a particle size of 50 A
to ensure convergence. Lastly, the existing IFT literature has
not taken into account numerical uncertainties in the scat-
tering length density (SLD) profile. Addressing these uncer-
tainties would require an additional step of deconvolving the
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pair density distribution function extracted from experimental
data using IFT (Glatter, 2002; Grant, 2022). While a one-step
IFT approach utilizing a quadratic matrix with respect to the
components of SLD distributions has been proposed (Hansen,
2016), the aforementioned issues inherent in the IFT method
still need to be addressed to avoid potential entrapment in
multiple minima during the optimization process. It is there-
fore important to point out that the propagation of experi-
mental errors in our basis expansion approach can be
straightforwardly calculated through the related Jacobian
matrix, since the expansion coefficients in reciprocal and real
space differ only by a proportionality constant.

The prospects of the proposed approach to small-angle
scattering data analysis are appealing: it can be used to
examine the influence of invasive solvent molecules on
conformational flexibility in various globular colloids with a
molecular architecture open to solvent penetration. Because
of the boundary condition compatibility and orthonormal
properties, the self-assembly behaviours of particulate
systems, such as wormlike and lamellar micelles, and non-
particulate systems, such as microemulsions and porous
materials whose structures lack spherical symmetry, can also
be addressed based on an extension of the same expansion
strategy. For instance, the extracted SLD profile can offer a
mathematically tractable avenue for further particle shape
analysis by either incorporating the spherical harmonic
components (Svergun et al., 1982) or accounting for the
symmetries in the Fourier transform (Hansen, 2016). [Please
add a callout for Fig. 7. It is currently not mentioned

anywhere.]

APPENDIX A
The orthonormal sets of {u,(Q)} and {v,(r)}
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Plots of ten {u,(Q)} and {v,(r)} basis functions.
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APPENDIX B
Basis function expansion with maximized entropy

As demonstrated in practical implementations of Fourier
series or Taylor expansion, the total number of terms does not
necessarily need to be exceedingly large if the series can
converge quickly as the expansion term increases. As a result,
high-order terms can be neglected. However, exactly how
many expansion terms are required for data analysis varies
from case to case. Alternatively, the constraint of maximized
entropy can be imposed on the expansion. In statistical
mechanics, this has been well recognized as an unbiased
strategy to quantify the probability distribution with the
inclusion of high-order contributions. In this mathematical
context, the general form of f(r) can be obtained by maxi-
mizing the following objective function:

—(Inf(Q). F(Q) + Y _ 1, [,(Q). F(Q) —a,].  (32)

To this end one can carry out the following functional deri-

vatives over H with respect to f(Q) and set it to zero, namely

__OH
3f(0)

It is straightforward to demonstrate that

= <—1 ~Inf(Q) + Y hu,(Q). 1>. (33)

F(Q) = hgexp [Z Anun(@} (34)
and
<Ao exp[Z Amum(Q)]un(Q)> = (35)
Likewise,
£ =% p[Z Xm(r)} (36)
and
<Xo exp [Z X,,vn(o}, vn<r)> =b,, (37)

where Aq and ):0 are constants. Therefore, ./n,F(Q) can be
expressed as the functional form of

Mofexp[ 0,1 Laun(Q)] — 1}
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