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Abstract

Discrete wavelet methods, originally formulated in the setting of regularly sampled signals,
can be adapted to data defined on a point cloud if some multiresolution structure is imposed
on the cloud. A wide variety of hierarchical clustering algorithms can be used for this purpose,
and the multiresolution structure obtained can be encoded by a hierarchical tree of subsets
of the cloud. Prior work introduced the use of Haar-like bases defined with respect to such
trees for approximation and learning tasks on unstructured data. This paper builds on that
work in two directions. First, we present an algorithm for constructing Haar-like bases on
general discrete hierarchical trees. Second, with an eye towards data compression, we present
thresholding techniques for data defined on a point cloud with error controlled in the L
norm and in a Holder-type norm. In a concluding trio of numerical examples, we apply our
methods to compress a point cloud dataset, study the tightness of the L°° error bound, and
use thresholding to identify MNIST classifiers with good generalizability.

Keywords Unstructured data - Lossy compression - Euclidean metric approximation

Mathematics Subject Classification 65T60

1 Introduction

A basic step common to many compression methods is the identification of some underlying
structure in the data to be compressed. The structure should ideally be both simple and
explanatory, requiring relatively few bits to encode and capturing most of the variation in the
data. If deviations from the aforementioned structure can furthermore be encoded at low cost
(or, in applications where lossy compression is acceptable, discarded without incurring too
much error), then compression can be achieved.
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The structure exploited by general-purpose compression methods is often repetition. Run-
length encoding [1-3] replaces repeated sequences of a token with one instance of the token
and a count. Dictionary methods [4—6] capture redundancies of longer strings, like words.
At aless granular level, deduplication techniques [7-9] can be used to eliminate repeated file
segments and filesystem blocks.

Scientific data, stored in high-precision formats, generally exhibit little byte-level redun-
dancy, and so compression methods tailored to scientific data typically make use of more
mathematically sophisticated structure. The case of data defined on regular grids has received
the most study, in part because well-developed image and video compression methods can
be adapted to that setting. Transform-based techniques (Fourier methods, wavelet methods,
and the like) are well-suited to such data, and a wide variety have been proposed [10-16].
Whereas a typical transform-based method decomposes its input using a predetermined basis
or filter bank, tensor methods, which are especially suited to high-dimensional data, use ten-
sor factors learned from the data [17-19]. Another common approach is to predict each input
value from the data already encoded and compress the residuals [20-25].

Wavelet-type techniques can be adapted to scientific data not laid out on a regular grid [26].
The main challenge is in appropriately defining the wavelet basis, which can then be used
for compression, denoising, etc. as usual. For graphical data, the basis is often constructed
by way of the graph Laplacian [27-30]. For data without graph network based structure, a
common approach is to apply a hierarchical clustering algorithm to the data and then define
the basis in terms of the tree structure obtained [31-34]. This technique is exemplified by the
2010 paper of Gavish et al., which proposes the use of Haar-like bases to learn from data
organized into balanced hierarchical trees. Gavish et al. relate data smoothness to the decay
rate of Haar-like basis coefficients and propose methods for function approximation, with
error controlled in the L' norm, and semisupervised learning, with expected error controlled
in the L2 norm. These mathematically derived error bounds let scientists apply the methods
to their data with confidence.

This paper extends the work of Gavish et al. in two directions. Section2 concerns the
use of Haar-like bases for decomposition and compression of functions defined on point sets
where we assume some arbitrary hierarchical tree structure. We establish the setting and
give an algorithm for generating Haar-like bases in Sect. 2. Thresholding methods with error
controlled in the L norm and in a Holder-type norm are presented in Sect. 3. These methods
incorporate no information about any metric structure undergirding the point set, instead
relying on the metric structure of the tree. In the case of data defined on a Euclidean space, the
tree metric is not equivalent to the Euclidean metric, causing measures of function smoothness
on the tree to depart from the corresponding measures on the underlying Euclidean space.
Thresholding methods with error controlled in the L° norm and in a Holder-type norm are
presented in Sect. 3.

The paper allows for reconstruction and compression of data sets with minimal restrictions
on data structure. We begin our discussion by focusing completely on the domain, restricting
data only to a point set and then we define how hierarchical tree structures can be used to
provide the minimal structure necessary to build a Haar-like basis in Sect.2. We uses the
definitions and properties of the Haar-like basis to develop thresholding method capable
of compression of data on point set with guaranties error controls on either L° norms or
Holder-type norms in Sect. 3. We conclude in Sect. 4 with three numerical examples. We use
the Appendices to proof a few missing pieces not handled in the Sections. Specifically, we
proof that tree distance function used in this work is a metric in Appendix A and B, and we
proof the bounds in Remark 4 in Appendix C.
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2 Setting and Construction of Haar-Like Bases

We begin with giving a table of common definitions used in this paper, and there first mention,
in Table 1.

In this section, we focus on the domain of the underlying function and in Sect. 3, the func-
tion is considered together for error thresholding. We start by giving some basic definitions
about partitions on graphs, and define some tools and structures used to act and build these
partitions. With some description we define a hierarchical tree partition and use this to struc-
ture to derive a Haar-like transformation of this given tree. Let £2 be some discrete collection
of points. Each element of £2 may be, for example, a point in Euclidean space, a molecular
configuration, or an image. Our objective is to decompose and compress functions defined
on £2. We will assume that the point set 2 is organized into a sequence of increasingly fine
partitions, the formal requirements on which are given in Definition 1. Informally, we require
that

(a) the coarsest partition is {£2}, the trivial partition;

(b) the partitions are nested: each set in each partition is contained in a single set in the next
coarsest partition, and is split into a discrete union of sets in the next finest partition; and

(c) if £2 is discrete, the finest partition is {{x} : x € £2}, the partition of §2 into singletons.

Such a collection has a natural graph structure [35], with the partition sets the nodes and an
edge connecting two nodes if one contains the other and they belong to consecutive partitions.
There exists a path from each partition set to £2, the only set in the coarsest partition, so the
graph is connected. Furthermore, we argue that the graph is acyclic. Suppose the graph
contains a cycle; let £21, £22, §23, ..., £21 be its node sequence. Being adjacent, £2; and
£2, belong to consecutive partitions, and one contains the other. Without loss of generality,
suppose that £2; D £2,. By definition, £2; is only adjacent to sets in the next coarsest partition
(the partition containing §21) or the next finest partition. If §£23 is contained in the partition
containing £21, it must be £21, since every other set in that partition is disjoint from £2;. £23
cannot be £21, though, since a cycle cannot contain the same edge twice. £23 must therefore
be a set in the next finest partition. Repeating this argument, the ‘cycle’ continues to finer

Table 1 Common definitions used in this paper and the location of their first mention

Symbol First Ref Definition
2 = Qvoot pg. 4 £2 is a collection of discrete data points. It is also know
at the root set when considering partitions
£2; pg. 4 Partition such that £2; C 2 represented by the index i
1 pg. 4 Index set for the nodes of the tree, containing all edge
information
depth(£2;) pg. 4 Number of edges in the path from §2 to £2;
parent(£2;) pg.4 £2; = parent(£2)), iff £2; € £2; and
depth$2; = depth(£2;) — 1
children(£2;) pg.4 The sets.t. {2; € N : £2; = parent(£2;)}
leaves pg.5 The index set s.t. {j € I : children(j) is empty}
branches pg.5 The index set of the interior nodes of the tree given by
the set /\leaves
v pg.6 v($2;) = |82;]/|$2], normalized counting measure on £2
12| pe.7 The number of points in the set
@ Springer
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and finer partitions and never returns to the partition containing £2;. The graph is therefore
acyclic. In particular, it is a tree, or, with £2 designated the root, a rooted tree. We call such
atree a hierarchical tree. A formal definition is given below.

Let §2; be a set in one of the partitions, and consider the path in the tree from £2, the root,
to £2;. Let depth(§2;) denote the number of edges in this path. Each set along the path
contains §2;, and the sets become progressively smaller as the depth increases towards £2;.
The collections of sets encountered along such paths will play a prominent role in this paper,
so we introduce notation to simplify referring to them. Write £2; < §2; if the path from £2 to
£2; is contained in the path from §2 to £2;. Using this notation, if N is the set of nodes of the
tree, then {£2; € N : £2; < £2;} is the set of nodes encountered in the path from £2 to £2;.
The set £2; in this path satisfying depth(£2;) = depth(£2;) — L is called the parent of £2;.
(The root £2 has no parent.) We write £2; = parent(§2;). We denote by children(s2;)
the set {£2; € N : £2; = parent(£2;)}.

For the purpose of referring to various objects associated with the sets in the partitions, it
will be convenient to adopt an index set / for the nodes of the tree, writing N = {§2; : i € I}.
Please see Fig. 1 for a simple example of the index set. We will, in a slight abuse of notation,
substitute these indices into the notation introduced in the previous paragraph. That is, we
will write

i< if 2 < 2,

i =parent(j) if £; = parent(£2)),
children(i) for{j €l :i =parent(j)}, and
depth(i) for depth(£2;).

We will additionally denote by 1eaves the set {j € I : children(j) is empty}. Observe
that j € leaves iff £2; is a leaf of the tree. The index set of the interior nodes of the tree
are defined as brancheswhich is the set /\1leaves. Figure 1 gives an illustration of this
notation convention, where we note that the index set / additionally gives information about
the path of each node. We can now give a formal definition of a hierarchical tree.

Definition 1 (Hierarchical Tree) Let {§2; : i € I} be a collection of subsets of some set £2.
We call arooted tree ({§2; : i € I}, E, 2v00t) a hierarchical tree if

(@) Q2roor = £2;
(b) foralli € branches, £2; = Ujcchildren()$2;; and
(c) for all distinct x, y € £2, there exists i € I such that £2; > x and £2; # y.

If additionally O < |£2;| < oo for all i € I, we call the tree a discrete hierarchical tree.

All of the hierarchical trees considered in this paper will be discrete. We list the discreteness
condition separately because most of the properties of hierarchical trees that we use do not
depend on it.

See Fig.1 for an illustration of an example discrete hierarchical tree. Observe that the
leaf sets, each containing a single point, can have different depths. As a result, the sets of
a particular depth do not necessarily form a partition of §2 in its entirety. In this regard,
Definition 1 departs slightly from the informal description of a hierarchical tree given at the
start of this Sect. 2.

In Fig. 1, each point x of £2 is the sole member of some (unique) leaf set §2;. Conversely,
each leaf set £2; contains only a single point x of §2. That is, the points of £2 are in bijection
with the leaves of {£2; : i € I}, and so we can identify each point x of £2 by the leaf set £2;
containing it. In Fig. 1, for example, x (g, 1) is the point contained by £2(o 1. This identification
can in fact be made in any discrete hierarchical tree, as shown by the following result.
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Fig. 1 Left: an illustration of a sequence of nested partitions of a set §2 comprising four points x(g,1,0),
X(0,1,1)> X(0,0)> and x(1y. The underlying index set [ is {root, (0), (1), (0, 0), (0, 1), (0, 1,0), (0, 1, D)}.
Note, the leave sets of this tree are £2(1), §2(0,0), $2(0,1,0)> and $2(o,1,1)- The branches sets are £2ro0t, £2(0)
and 29, 1). Center: an illustration of the hierarchical tree identified with the partitions. Right: an illustra-
tion of the Haar-like wavelets on the hierarchical tree, where detail construction of this basis is given in
Algorithm 1

Lemma 1 Let {§2; : i € I} be a discrete hierarchical tree. Fori € leaves, let x; denote
the sole member of $2;. The mapping 1eaves — §2 given by i > x; is well-defined and
bijective.

Proof The proof a set of Lemma’s in the Appendices that are need for this proof. Appendix
B, Lemma 10 implies that the mapping is well-defined, i.e., that for all i € 1eaves there
exists some x € §2 such that £2; = {x}. Appendix B, Lemma 11 then implies surjectivity.
It remains to show injectivity. Suppose there exist i, i’ € Leaves such that x; = x;s. Since
2; = {x;} and £2;; = {x;} by Lemma 10, £2; 2 2, and £2; C §2;. Theni < i’ andi > i’
by Appendix A, Lemma 7(a), and so i = i’ by Appendix A, Lemma 5. O

Functions defined on the point set £2 do not, in general, have any particular relationship
with a given hierarchical tree {§2; : i € I} on £2. We can, however, use the tree structure as an
aid in decomposing and compressing such functions. To do this, we define an inner product
on the space of functions defined on £2 and then construct, using the hierarchical tree, a basis
orthonormal with respect to that inner product. We begin with the necessary definitions.

Definition 2 (Haar-Like Basis) Let {§2; : i € I} be a discrete hierarchical tree. Let v: {§2; :
i € I} — [0, 1] be the normalized counting measure on £2: v(£2;) = |£2;]/ |$2|. Define the
balance bounds B and B to be the minimum and maximum, respectively, of {v(£2 D/v(82;) :
i e€landj € children(i)}.

Let V be the space of real-valued functions on §2, and define an inner product (-, -): V x
V. —>RonVby(f,g) = [, fegdv= ﬁ Y v f(x)g(x). We say that a subset B of V is
a Haar-like basis with respect to the tree if

(a) Bcomprises 1 and, for each i € branches, |children(i)| — 1 functions ¥; ,, that
are (i) supported on §2; and (ii) constant on each of the sets {§2; : j € children(i)};
and

(b) B is orthonormal with respect to (-, -).

We call the functions ¥; ,, wavelets to distinguish them from the constant function 1, which
is the indicator function for the set £2.
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The only difference between Definition 2 and the corresponding definitions in [36] is
that the underlying hierarchical tree here is slightly more general. That any set B satisfying
the conditions given in Definition 2 is in fact a basis follows from orthonormality and the
following counting argument, whereas Gavish et. al. is derived only for balanced trees which
we describe in the next paragraph as to restrictive. We note that this generality permits
vanishing moments and two-scale relationships, given added restrictions to the underlying
structure of the dataset and construction. We proceed using a Haar-like setup, and note that
besides the generalization of Definition 2, that the other major advancement compared to
[36], comes in Sect. 3 with our ability to control errors in Quantities of Interests (Qol) with
our thresholding techniques. Let N and E denote the sets of nodes and edges, respectively,
of the hierarchical tree. By Lemma 1, |£2| = |1leaves]|, and so

dim(V) = |£2| = |leaves| = |I| — |branches| = |N| — |branches]| . (D)

Because (N, E) is a tree, [N| = 1 4 |E| [35]. Using the definition of children and the
fact that |children(i)| = 0 forany i € leaves,

|E|:Z|children(i)|: Z |children(i)|. 2)

iel iebranches

Combining Eqgs. 1 and 2, we find that

dim(V)=1+ ) |children(i)| — [branches|

iebranches

=1+ Y (lchildren(i)|—1)=B|.

iebranches

B is therefore a basis for V.

A function f € V can be decomposed using a given Haar-like basis by expressing the
function as a linear combination of the basis functions. The coordinates of the function with
respect to the basis encode the function, and the function can be compressed by compressing
those coordinates. The coordinates can be compressed using techniques such as thresholding
(addressed in the next Sect. 3), bit plane encoding [14], or zerotree coding [37]. In order to
apply these methods, we must be able to construct Haar-like bases with respect to arbitrary
discrete hierarchical trees. In certain simple cases, this can be done easily. For example, when
{§2; :i € I}isbinary (Jchildren(i)| = 2 for all i € branches) and perfectly balanced
(B=B = 2) it is straightforward to generalize the construction of Haar wavelets on an
interval to a Haar-like basis for V; see Remark 1. In general, though, a more robust approach
is required. Algorithm 1 defines a procedure that constructs a Haar-like basis without any
restriction on the arbitrary or balance bounds of the hierarchical tree. The algorithm constructs
a Haar-like basis by first adding the scaling function 1, and then proceeds iteratively to
calculate each Haar-like wavelet. The correctness of Algorithm 1 is established in Lemma 2.

Lemma?2 Let{$2; : i € I}beadiscrete hierarchical tree. The set B constructed by Algorithm
1 is a Haar-like basis for V.

Proof We first show that the matrix M defined in Algorithm 1 Line 8 is unitary. This can be

done by referring to Jarlskog’s parametrization of unitary matrices [38] and verifying that M
has the specified form. We can also directly check that MMT is the n x n identity matrix.
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Algorithm 1 Construction of a Haar-like basis for V. I,_; denotes the (n — 1) x (n — 1)
identity matrix.

1:

2
3
4
5:
6.
7
8

11:
12:
13:
14:
15:

function CONSTRUCTBASIS(discrete hierarchical tree {§2; : i € I})
initialize B to {}
add1p to B
for i € branches do
fix an ordering ji, ..., ju of children(i)
define w € R" by wy = v(£2,)/v(£2;)
define v e R"~! by v = Jwg
define M € R"*" by

form=1,...,n—1do
define ¥; ,, € V by
n
My m
Yim = 2;
l; v($2;) Tk
add ¢; ,, to B
end for
end for
return B

end function

Denote the blocks of M as follows:

1
M= L1 — l+vnVVT‘ A - A |B .
—vT ‘vn —BT|C

The product M MT can be written in terms of these blocks:

MMT:|:

_BT‘C BT‘CT

|B][AT|-B AAT 4+ BBT |-AB + BCT
| —BTAT+ BTC|BTB + CCT

It suffices to show that AAT + BBT =1, |, —AB+ BCT =0,and BTB+ CCT =1.1n
brief,

The key identity used here is IviI? + v,zl =

1 1
AAT + BBT = (1 _1— VVT)<I 1 — va) T
+ n—1 1+ Un n—1 1+ U +

20 +v) + 1 —v)+ A +v)* o
\A
(1 +vn)?

va)V + v,V

2
In—l

—AB BCT:—(I_ -
+ n—1 1+vn

- H+v,, —a- v,,)]V:O, and

BTB+CCT =viv4+v? = v+ =1.

Algorithm 1 Line 7:

Qi

IVIZ + vy Zf Z||9|
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We now check that the collection B returned by Algorithm 1 satisfies the conditions given
in Definition 2.

(a) The inclusion 1o € B is ensured by Algorithm 1 Line 3. Refer next to Algorithm 1
Line 9 - 12. Each ¥, ,, is a linear combination of the indicator functions {1 ;o j €
children(i)}. Because supp(lgl.) = 2; C $2;, supp(¥i,m) C £2;. Here, supp(lg_,.)
is defined to be the support of the function 1. Because {§2; : j € children(i)} are
disjoint, v; », is constant on each £2;.

(b) We claim that (f, g) = &7 ¢ forall f, g € B. There are three cases to consider.

1. (1o, 1@): This case is immediate:

2
(o.12) = 7 219( e x) = : :
xe.Q
- (1@, ¥i,m): As V¥;  is supported on £2;,
1
(. Yim) = 7o Y Lo Yimx) = — Z i m (X).
Xe xe()

Let ji, ..., jn be the ordering fixed in Algorithm 1 Line 5. Then v; ,,
takes value My ,,/./v(£2;,) on £2;,, and so

Mk,m w 4

1 n
1o, Yim) = — 2; Mm
(Q¢, ) |Q|kz:]:| ]k|m \/WZ Jk k

\/W

Mk m-

WZ

Since M has orthogonal columns and m # n, this equals zero.

3. (Wiyms Yirw): I i A" and i’ A i, then £2; = supp(yi ) and §2; = supp(Yy ) are
disjoint by Lemma 7(b) and so the inner product is zero. So, suppose,
without loss of generality, that i < i’. If i # i/, then there exists some
J € children(i) such that j < i’. Lemma 7(b) then implies that
£2; 2 £2;s. Since ; is constant on £2;, it is constant on §2;7, and the result
then follows from the previous case. If instead i = i/, let ji, ..., j, be
the (common) ordering fixed in Algorithm 1 Line 5. Then

Wi Vi) = 70 rz| D Yim () Wi ()
xX€eR

) i Z |[2 | Mk,m Mk,m’
121 = (25 ()

12] ¢
= H Z Mk,ka,m’ = (Sm,m’-
k=1

[}

We conclude this section with definitions of a metric on £2 and two norms on V. The func-
tion norms will be used in the next in Sect. 3 to measure the errors induced when compressing
functions defined on £2.
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Definition 3 (1ca Norm) Let {§2; : i € I} be a hierarchical tree.

(a) Letx,y € £ be distinct. The set £2; of maximal depth satisfying x, y € £2; is called the
lowest common ancestor of x and y. We denote it 1ca(x, y).

(b) Let j, j/ € I. The index i of maximal depth satisfying i < j, j’ is called the lowest
common ancestor of j and j'. We denote it 1ca(j, j’).

Proofs that 1ca is well-defined in each case can be found in Appendix A (see Lemma 6
and 8).

Definition 4 (Tree Metric and Holder Seminorm) Let {§2; : i € I} be a discrete hierarchical
tree. The tree metric d: §2 x 2 — [0, 1] is defined by

_Jv@ecalx,y) x#y
(x,y) =

0 otherwise.

Let |- [co: V — [0, 00) denote the supremum norm: || f|lco = maxyep | f(x)|. For o €
(0, 1], we define the Hdolder seminorm | - |ca : V — [0, 00) by

/] Lf(x) = fO)
S X, );:Q d(x, y)o‘

and the Holder norm || - ||ce: V — [0, 00) by || fllce = | fllco + | flce-

The definitions of the tree metric and the Holder seminorm are taken from [36]. A proof
that d is in fact a metric is given in Appendix B (see Lemma 9).

3 Thresholding Algorithms

This section concerns the problem of using the hierarchical structure of a point set to compress
functions on that set so that the induced error is small in some error norm, specifically we wish
to control the L° norm and Holder-type norms in our compression method. Our strategy,
familiar from wavelet analysis, is to write the input function as a weighted sum of Haar-like
basis functions and to then retain or discard each component according to its contribution
(measured by the error norm) to the data. Given a funct10n f € V and a Haar-like basis B
for V, we let ch denote the coefficient { f, 1) and f, m denote the coefficient (f, Wi ).
The task is then to decide whether to retain or discard each f,,m. We base our technique for
thresholding with Hélder norm error control on the following result, proved in [36]. !

Theorem 1 ( [36, Theorem 2]) Let {$2; : i € I} be a discrete hierarchical tree, and let B be
a Haar-like basis for V. Suppose f € V satisfies, for some C > 0 and a € (0, 1],

|| = cocies1

for all wavelets ; ,,, € B. Then

2C
[ flee € —————.
Mee = pana = 5%

' Theorem 1 differs slightly in the assumptions made of the hierarchical tree, but the proof of [36, Theorem 2]
carries over with minimal modification.
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Theorem 1 suggests a thresholding strategy to control L°° norm and Holder-type norms:
retain those coefficients f, m With ‘ f, m ’ > Cv(£2))%tY/2 and discard the rest. The threshold-

ing error will then be small as measured by the Holder seminorm; to control the error in the full
Holder norm, we must additionally bound its supremumnorm, since || - [[ce = || - |co+| - |ce-
In the next result, the supremum norm is bounded by expressing the values taken by f as
deviations from the mean.

Lemma 3 Let {$2; : i € I} be a discrete hierarchical tree. For all f € V and all @ € (0, 1],
I fllco < |foc| + | flee- As a result, || fllce < | foc| +21fce.

Proof Fix f € V. Observe that ch is the mean of f:
1 o) = foe
|:2| Z FO = ;Zf(y) 2 = (f.12) = fre
Forall x € £2,
A 1
fo0) = |:2| Z fO+ e ;zf(x) FO) = foc + @yng(x) —f.

By the definition of the Holder seminorm, | f(x) — f(y)| < |flce d(x, y)*. d(x, y) is non-
negative and at most one, 5o | f|ce d(x, ¥)* < |f|ce. As a result,

~ 1 R
< |foc| + 1 D@ = OIS | foc| +1flce -
yes
Take the maximum over x € £2 to find that || f{|co < | fuc| + | f]ce. Substituting into the
definition of || f|c« then yields the final bound. O

We now use Lemma 3 to design a thresholding algorithm that induces limited errors in
the Holder norm.

Theorem 2 Let {§2; : i € I} be a discrete hierarchical tree, and l~et B beA a Haar-like basis
for V. Leta € (0,1] and C > 0. Given f € V, define f € V by fDAC = fpc and

| |fim| > Cv(g2)e 12
f‘l’.ﬂ'l = .
0 otherwise
for all wavelets ; ,,, € B. Then
A 4Cc
If=fllice < —5——=4"-
e = g =5

Proof By linearity,
N 0 fim > Co(2)*t1/?
(f—f),-,mZ[A o '

fi.m otherwise

for all wavelets v; ,, € B. In particular,

2C

‘(f_f)i,m Cce m

< Cv(2)**?  and so ‘f Vi
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‘Qroot
P \\
§—°—‘Q3—’—) §—’—°—’—93 )
(0) 1)

(0,1)
Fig. 2 The first three levels of {.Q;’ 1 b e B3}. The root is 23

roo

(1,0

e = .Q(S) = .(23; the leaves are not shown.
92 contains x. iff ¢ starts with b. For example, (2(30’ 1 comprises two points, x(o, 1,0y = % and x(o,1,1) = %.

As claimed, ‘.(2(30,])‘ =23-10.Dl =7

by 1. Applying 3,
4C
< T A —a
¢~ BY*(1-B")

1f = flles < |(f = Pope| 2] - 7

since (f — f )he = 0, again by linearity. O

What if we wish to bound the thresholding error in the supremum norm instead of the
Holder norm? The naive approach of taking « — 0 in Theorem 2 is insufficient, as shown
by Remark 1.

Remark 1 We claim that no analogue of Theorem 2 holds when & = 0, i.e., that the conditions
foe =0and

of B and B.> We demonstrate the impossibility of such a bound by constructing a family
of hierarchical trees {{§2 : b € B"} : n € N} with uniform balance bounds, specifically

fra L < @2

f,m' < v(£2;)"/? are insufficient to guarantee a bound on || f|| ~o in terms only

B=B-= % and associated functions " € V" satisfying fgc = 0and
such that || f*|| co grows unboundedly with the size of the tree (with n).

Take n € N and let B” be the set of binary sequences of length at most n. For b, b’ € B",
denote by |b| the length of b and by b + b’ the sequence obtained by concatenating b
and b'. For ¢ € B"\B"~! (that is, ¢ with length exactly n), define x, = Y /_; 27%¢;.
Define £2" to be the set {x. : ¢ € B”\B”_l}; observe that |£2"| = 2". Given b € B" and
c € B"\B" !, say that ¢ starts with b if b; = ¢; forall 1 < i < |b|. For b € B", define
27 tobe the set {x. : ¢ € B”\B"—1 and c starts with b}; observe that ‘.QZ‘ = 21=10l 5o that
|2| /182" = 271PI 1t is straightforward to verify that {£2]/ : b € B"} is a hierarchical tree
on 2" and that B = B = % {.Qg : b € B3} is depicted in Fig. 2.

Next we define a Haar-like basis for V". {§2}) : b € B"} is by construction a binary
tree, so the basis must contain a single wavelet WZ, | for each b € branches = B 1.
For b € branches, define wg,l = —2‘b|/2192+(0) + Z‘b‘/2192z+(1), and let 5" be the basis

2 The stipulation that the bound depend only on B and ‘B, and not on size of the tree, is essential, and in fact
a bound in terms of B and the size of the tree always holds (take a¢; = 1 in Theorem 3).
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comprising 1on and these wavelets ¥ . 1o has norm 1 because v is a probability measure,
and the same is true of the wavelets:

b|/2 bl/2 2
(1//1?,1’ 1//ll;,l> :/Q [_2I / 19§+(0) +21 195’+<1)] dv

2 [o(2)4.0) + V(@] = 1.

Next we show orthogonality. Suppose wb’] and WZ’.I are distinct wavelets with intersecting
supports £2; and §2}},, respectively. £2)) N §2), # ( implies b < b" or b’ < b by Lemma 7(b).
b # D' by assumptlon suppose b’ < b without loss of generality. ! | is then supported on
either .Qb '+(0) OF .Qb, (1) using Lemma 7(a). 1//3,’1 is constant on both of these sets, so it
suffices to show that ¢ | L 1on:

bl/2 bl/2
Wi tan) = [ <2MP1gy 2P d

_ 2|b|/2[—v(Qg+(0)) +v(2h,.0)] = 0.

We conclude that B" is a Haar-like basis. In fact for these uniform sets and balanced tree, the
basis sets produce conventional Haar functions.

With the goal of developing a counter example to Theorem 2 when o — 0, we next
we construct a function f* € V" such that f:;‘c = 0 and ’fb"l‘ < u(.QZ)l/2 but || "l co
depends increasingly and unboundedly on n. Define F: {0, 1} — {—1,1} by F(0) = —1
and F(1) = 1. Define f" € V" by f"(x.) = Z?:l F(ci). The average of f" is zero:

S Y Fe= 3 Y Fe=o

xecen i=1 i=1 x.en

DC |_Qn

Now we turn to fb |- Fix a wavelet wb 1> and let B} denote the set B"~ Ibl=1y gn—Ibl-2,

observe that |B"‘ 2n=Ibl=1 - Yy, 1 is supported on the sets .Qb+(0) = {Xp+O)4c : C € Bb}
and 'Qb+(l) {Xp+(1)+c 1 c € By } On these sets,

|b] n—|b|—1

" Cprope) =Y Fbiy=1+ Y  F(¢) and
i=1 i=1
|b] n—|b|—1

" Gorayre) =Y Fb)+1+ Y Fle).

i=1 i=1

In particular, f”(Xp1(1)+c) — [ Xpt(0)+c) = 2 for c € Byl. As aresult,

(", w];l” = /Qn _2|b|/2fn dv +/ 2\b\/2fn dv

n
b+(0) 250

Z 212 £ (1 0y ) + Zzlbl/zf (1))

i@ e ,,
ceBb Bb
1
=i D 2P e yre) = " Rr0y+0)]
CEBZ’
|an|2|b\/2+1 ‘Bn‘ —2 n2|b\/2+12n |bl—1 _ —9- |b‘/2
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fbn,l < v(.Qg')l/z. Nevertheless, || f"||co cannot be
bounded independent of n: f"(x1,..1)) =Y .1y 1 =n.

In particular, since v(£2)) = 26l

f,', m ’ < v(£2;)1/2 is not, then, the correct decay rate for control of the supremum norm of
f. A slightly faster decay in the wavelet coefficients is sufficient, as shown in the next result.

Theorem 3 x Let {§2; : i € I} be a discrete hierarchical tree, and let B be a Haar-like basis
for V. Let {a; : i € I} be a collection of nonnegative numbers. If f € V satisfies

‘flm‘ < av(2)'?
for all wavelets y', € B, then

Ifllco < |foc

B73/2 max i
+7 )CjEQ Zal

i<j

Proof We first state four bounds, all of which can be found in [36], for use in the proof. Let
i € branches.

(a) By the definition of B, v(§2;) > Bv(£2;) for all j € children(i).
(b) Applying this inequality, we can write

v@)= ) v zBlchildren()| v(2)
jechildren(i)
sothat [children(i)| < Q’l. In particular, writing nc(i) = |children(i)|,nc(i) —
1<B L
(c) Let v; 5 be any of the wavelets ¥; 1, ..., ¥i nc@)—1. ¥i,m 1 constant on the sets {£2; :

Jj € children(i)}; in a slight abuse of notation, let ¥; ,, (£2;) denote the value taken
by ¥ » on §2;. As B is orthonormal,

L= Wim Yim)= Y Yim(R2)*v(2))

jechildren(i)

and so ’w,',m(fzj)‘ < v(.Qj)_l/2 for all j € children(i). By Theorem 3(a),
v(2,)71% < B7120(£2;)~"/2, and so

IWimlco = max |y;n(2))] < B~2v(2)~ "2
jechildren(i)

(d) As aresult,

nc(i)—1
D Wimleo < [nc@) — 1B~ 2u(2)™"/ < B7u(2) 772

m=1
We can now bound || f || co. Take x; € §2. As B is orthonormal,

nc(i)—1

FOD)=FoclaG+ D Y fimVim)).

iebranches m=1

@ Springer

Journal: 10915 Article No.: 2466 [ TYPESET [_| DISK [_]JLE [ CP Disp.:2024/2/19 Pages: 34 Layout: Small




390

392

393

394

395

396

397

398

399

400

401

402

403

404

405

406

407

408

409

410

412

413

24

416

_####_ Page 14 of 34 Journal of Scientific Computing _###########H#H###HH##H_

Recall that supp(y; ») < £2;, where we define the support of a function to be supp(-).
By Lemma 1 and Lemma 7(a), x; € £2; iff i < j. So, we can restrict the sum to those
i € branches withi < j (a set not including j, since j € leaves), obtaining

nc(i)—1
f(xj) = fpc + Z Z fi,m‘pi,m(xj)'
i<j m=l
Taking absolute values,

nc(i)—1

fom| 3 Wimlico

m=1

fDC

|feep] <

+ E max
i<j

1<m<nc(i)

+ ) av(2)' 2B (2!

i<j

+§_3/zzai-

i<j

foc

=

fDC

Taking the maximum over x; € §2 yields the desired bound. O

< a;v(2)V2. The

fi,m
< Cv(£2;)"/2, as shown by Remark 1. On the other

Consider the coefficient decay condition used in Theorem 3,
fi,m

< Cv(£2;)**1/2 is slightly stronger than necessary, as shown by the Theorem 3.

condition cannot be weakened to
Jim

‘ f,m’ < aiv(.Qi)l/ 2 Jies somewhere in the middle, as expected; all the same, the a; factor is

hand,

somewhat artificial and unsatisfying. For concreteness, we now apply Theorem 3 in the case

that f,,m’ < Cv(2)*H12,
Remark2 Let C > 0 and @ € (0, 1]. Suppose, as in Theorem 1 and 2, that fA,-,m <
Cv(£2)**1/2 for all wavelets ; ,,. Define {a; : i € I} by a; = Cv(§2;)%, so that f,-,m‘ <

a;v($2;)"/?. For any x; € £2,

L N —adepth(i) @ (o
gj‘{a, ;CU(Q,) _;CB V() < =
Theorem 3 then gives
N A C
I fllco < [foe +glélé§ai < |foc +m~

Unsurprisingly, this bound echoes the bound given in Theorem 1.

Theorem 2 used Theorem 1 and Lemma 3 to obtain a thresholding condition for use with
the Holder norm. Analogously, Theorem 4 uses Theorem 3 to obtain a thresholding condition
for use with the supremum norm.

Theorem 4 Let (£2; : i € I} be a discrete hierarchical tree, and let B be a Haar-likeﬁasis
for V. Let {a; : i € I} be a collection of nonnegative numbers. Given f € V, define f € V
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by fDAC = .fDC and

0 otherwise

o _ | Fim | fin| = a2t
fim =

for all wavelets ; ,,, € B. Then

—f < B73/% max a;.
If = fllco < B2 max 3 a;

i<j

Proof By linearity,

< 0 f ‘ > a;jv(2)/?
(f . f),',m _ . i,m . i i
fi.m otherwise

for all wavelets v; ,, € B. In particular,

(f — f)f’m’ < a;v(£2;)"/?. Applying Theorem 3,

7 —3/2
- 0o <B max a;,
1 = Flleo = B2 max 3 "a,

i<j
since (f — f )pe = 0, again by linearity. O

We conclude this section with a brief discussion of the smoothness of the thresholding
errors induced in Theorem 2 and 4. In the Holder norm case, Theorem 2 concludes that
Nf— f lce < 7, where 7 is independent of the size of the tree. This statement that the
thresholding error is small as measured by the Holder norm implies that it is smooth as

_ f < 1
f f‘cu <r,le.,

measured by the Holder seminorm: as || - [[c« = - |[co + | - |ce,

(f = H@x) = (f = H)| <td(x,y)* forall x,ye 2.

In the supremum norm case, Theorem 4 concludes that || f — f lco < t, where T is
dependent on the size of the tree but can be made independent if, for example, a; decays
sufficiently quickly with depth(i). In contrast with the C% norm, the C° norm does not
measure regularity, so this bound implies no smoothness of the thresholding error beyond
the trivial estimate

f—=H@) = (F—HOM| <20f = flico < 2.

Nonetheless, f — f can be shown to satisfy a natural smoothness condition generalizing
the Holder condition. Define a modulus of continuity to be a function w: [0, 1] — [0, c0)
satisfying lim¢_,o w(e) = 0 [39]. We say that a function f € V admits a modulus of conti-
nuity w if | f(x) — f(y)| < w(d(x, y)) for all x, y € §2. Because 2 is finite, any function
on 2 is automatically uniformly continuous, and so admits some modulus of continuity.
That modulus generally depends on the balance bounds of the tree and the decay rate of the
wavelet coefficients of the function. Lemma 4 details the relationship.

Lemma4 Let {£2; : i € I} be a discrete hierarchical tree, and let B be a Haar-like basis for
V. Let {a; : i € I} be a collection of nonnegative numbers. If f € V satisfies

ﬁ,m] < aj(2)'?
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as  for all wavelets i, € B, then f admits a modulus of continuity depending only on B and
a9 the function s: N — [0, 00) defined by

N) = ma i
450 N ( ) b E}(l gj: aj
depth(i)>N
451 The proof of Lemma 4 is quite similar to the proof of [36, Theorem 2] (Theorem 1 above);

o indeed, if ‘ f,,,,,’ < Cv(£2))**/2 for some C > 0 and « € (0, 1] (as in Theorem 1), the

453 conclusion of the Lemma 4 (with the dependence on s translated to a dependence on C and
44 B) follows from the Theorem 1 and the definition of the Holder seminorm.

45 Proof Observe that s is nonincreasing, with s(N) = 0 for N sufficiently large. Define
a6 N*:(0,1] > Nby N*(¢) = [log(e)/log(B)]. Observe that N*(¢) — oo as € — 0. Define
s7 w: [0, 1] = [0, 00) by w(0) = 0 and w(e) = 2B~3/25(N*(€)) fore € (0, 1]. w(e) — 0 as
a8 € — 0, so w is a modulus of continuity. Observe that w depends only on B and s. We claim
49 that f admits w.

w  Takexj,xj € 2.1fd(xj,xj) = 0(ie.,x; = x’), then automatically | f (x;) — f (x;)| =
w1 0 = w(e). So, suppose d(x;, xj:) € (0,1]. Write € = d(xj, x;s) and i* = 1lca(/, j’), so
462 that e = v(§2;+). V(§2j+) > Qdepth(i*), so depth(i*) > log(e)/log(B). In particular, since
w3 depth(i*) € N, depth(i*) > [log(€)/log(B)] = N*(¢€). As s is nonincreasing,

464 s(depth(i*)) < s(N*(€)). 3)

465 For ijo, ini € I with ijo < ip;, let [0, ini) denote the interval {i € I : il < i < ipj}. Using

s this notation, we can write f(x;) and f(x;/) in terms of the wavelet coefficients as follows:

nc(i)—1
fa)=Foet Do Y, fimimx)) and
i€[root,j) m=l1
nc(i)—1
FO) =Foct D D frmVim ().

i€[root,j’) m=l1

w0 Observe that [root, j) = [root,i*) U [i*, j) and similarly [root, j/) = [root,i*) U

a0 [i*, j). So, we can write

nc(i)—1

Fep=fa =Y D fim[YimG) = Yimxn)]

i€[root,i*) m=I1

(4.1) 4
o nc(i)—1 nc(i)—1 ( )
+ Z Z fi,nﬂ/fi,m(xj)_ Z Z fi,mwi,m(xj’)-
ieli*,j) m=1 ieli*,j)) m=1
(4.ii) (4.iii)

a2 If i € [root,i*), x; and x; are contained in the same child of £2; (because i < i* =
s lca(), j)), and 80 Y (x;) = Yim(xj) forall 1 <m < nc(i). Thus, (4.i) = 0. Next we
474 bound (4.ii). Taking absolute values,

4

3

nc(i)—1 nc(i)—1
D DN o Wimleo = 3 max Afim| 30 Wimlco-
ieli*,j) m=1 ieli*,j) m=1
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By hypothesis, each f,m' is bounded by a;v(£2;)!/?. We found in the proof of Theorem 3
that "7 1y llco < B73/20(82;)7 /2. As a resul,

@il = > av@)'? B v

ieli*,j)
S SRV SLI Y
ieli*,j) i<j
depth(i)>depth(i*)
< B3/ max a; = B~3?s(depth(i™)).
< B~ may > i = B~*?s(depth(i*))

i<j
depth(i)>depth(i*)
By the same argument, |(4.iii)| < B~>/%s(depth(i*)). Combining and applying 3, we arrive
at

|f(x)) = ()] <042B7%s(depth(i*) < 2B72s(N*(€)) = w(e).

[m}

As an immediate corollary, we can apply Lemma 4 to the thresholding error f — f induced
in Theorem 4. We found in the proof of the Theorem 4 that ‘(f — f~)lAm ‘ < a;v(£2;)"/%. The

Lemma 4 then implies that f — f admits a modulus of continuity depending only on B and
{a; :i € I} (vias).

Remark 3 We noted above that Theorem 2 guarantees that the thresholding error f — f
satisfies a smoothness condition independent of the size of the tree in the Holder norm
case. Does Lemma 4, applied to the thresholding error f — f from Theorem 4, do the
same in the supremum norm case? We consider a specific example for concreteness. Let
{{£2) : b € B"} : n € N} be the family of hierarchical trees defined in Remark 1. Let
B = |, ey B", and suppose that a common collection of decay constants {a; : b € B} is
given. Let a collection of functions {f” : n € Nand f" € V"} be given. Threshold the

functions as in Theorem 4, so that |( f"* — f”)g’m‘ < apv(£2})). Lemma 4 implies that each

" — f™ admits as a modulus of continuity the function w” defined by

n _ —3/2 n * _
w"(e) =2B (N*(¢)) where s"(N)= xr(réag(n Z ap.
b=<c
depth(b)>N
We seek a common modulus of continuity w admitted by all of the thresholding errors f” — £
simultaneously. The natural candidate is the function w: [0, 1] — [0, co) defined by

w(e) = 2B~ sup s" (N*(¢)).
neN

We seek conditions under which (a) w is finite and (b) lim¢_.o w(e) = 0.

(a) Since each s” is decreasing, a sufficient condition is

sup s (0) = sup max Zab < 0.

Xc€
neN neN b=<c

That is, we require that the sequences {a, : n € N, x, € 2", and b < ¢} have uniformly
bounded sums. (Observe that each sequence is automatically summable, since each B”" is
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finite.) This condition is not satisfied if, for example, a, = 1forallb € B.Thens"(N) —
00 as n — 00, and so the smoothness property guaranteed by Lemma 4 becomes weaker
as the tree grows. Observe that this condition is sufficient for || f"* — f " |l co to be bounded
uniformly, by Theorem 4.

(b) Since N*(e¢) — oo as € — 0, a sufficient condition is

lim sups”(N)= lim sup max Z ap =0.

N—00 ,eN N—00 , cN*c€R" b
depth(b)>N

That is, we require that the partial sums of the sequences {a, : n € N, x, € £", and
b < c} converge uniformly. This condition is not satisfied if, for example, a; = 0 unless
b is of the form (0, ..., 0, 1), in which case a, = 1. Then (a) above holds (none of the
sequences have more than one nonzero term, so all sum to either O or 1), but for every
N > 0 there exists some n € N and x. € £2" such that {ap : b < ¢ and depth(b) > N}
sums to 1. For example, taken = N + 1 and ¢ = (0, ..., 0,1, 0).

4 Numerical Examples

We exercise out method on a set of data compression examples that range from complex
boundaries on a piecewise constant function in Sect.4.1 to classification on the standard
MNIST dataset in Sect.4.3.Theorem 2 and 4 define thresholding algorithms for use with
the Holder and supremum norms. Guaranteed bounds on the magnitude and smoothness of
the errors incurred by these techniques were given in the previous Sect.3. In this section,
we complement that theoretical characterization with a trio of numerical examples. In the
first, we compute the rate—distortion curve for a piecewise constant function defined on a
disk. In the second, we study the gap between the error bound and the achieved error for a
specially designed function on an interval. In the third, we generate a family of randomized
classifiers on the MNIST dataset and use our thresholding technique to identify those with
good generalizability. For the sake of brevity, we restrict our attention to the supremum norm
case.

4.1 Piecewise Constant Function

We begin with an investigation of the relationship between the number of wavelet coefficients
retained by the thresholding algorithm and the C° norm of the error. We take 2 to be a
collection of 6708 random points in the unit disk and define a function f: £2 — R by

0 |157] =0 mod 2

FEO =01 s =1 mod 2.

In order to apply the thresholding technique described in Theorem 4 to f, we require a
discrete hierarchical tree on 2, a Haar-like basis for V, and a collection of thresholding
weights defined on the nodes of the tree. We generate a k—d tree {£2; : i € I} on £2 [40] and
verify that it satisfies the definition of a discrete hierarchical tree. We note generation of a k-d
tree require a dimension and splitting point for every branch, providing algorithmic freedom
in tree generation, but in this paper we cycle through dimensions and use the median point
for spliting. Next, we use Algorithm 1 to generate a Haar-like basis B for V. Finally, we
define the thresholding weights {a; : i € I} by a; = Chb3*P*2() with C = 0.05and b = 0.9.
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Fig.3 On the left, the piecewise constant function f defined on §2, where the green dots represent the location
of the points related to the weights retained in thresholding. On the right, the thresholding error f — f.
f is generated by applying the thresholding technique described in Theorem 4 with thresholding weights
{a; : i € I} defined by a; = 0.05 x 0.99ePth()) The thresholding algorithm retains 3318 of 6707 wavelet
coefficients

Applying the thresholding technique described in Theorem 4 then yields an approximation
f to f. Of f’s 6707 wavelet coefficients, 3318 are retained to encode f. The supremum
norm of the erroris || f — f lco = 0.0644. See Fig. 3 for a plot of the input f and the error
f— f . The left image depicts the piecewise constant function along with the sampled points
retained by thresholding method, where the right image depicts the thresholding error. It can
be seen that points sampled near the boundaries are retained, which intuitively contain the
most information for reconstructing a piecewise constant function.

We next study the effect of changing the thresholding weights on the error. We use the
same domain 2, function f, hierarchical tree {£2; : i € I}, and Haar-like basis B as before.
We define a parametrized set of thresholding weights {a; : i € I} by q; = Ch3ePth®)
with b = 0.9 unchanged and C variable. For a range of C values, we recompute the thresh-
olding weights, count the fraction of f’s wavelet coefficients that are retained, regenerate
the approximation f , and calculate the achieved error || f — f lco. Plotting, we obtain the
rate—distortion curve shown in Fig.4. Decreasing C causes more of the wavelet coefficients
to be retained, which generally, but not always (see the caption of Fig.4), results in lower
achieved error. While the error bound given in Theorem 4 is always respected, it is also rather
pessimistic. We study the gap between the error bound and the achieved error in our next
numerical example.

4.2 Thresholding Error Bound Tightness

In our second numerical example, we study the tightness of the error bound given in Theorem
4. Take n € N. Let {2} : b € B"} be the discrete hierarchical tree and B" the Haar-like
basis defined in Remark 1. Define a collection of thresholding weights {a; : b € B"} by
ay = 2711 Let sgn : R — R be the sign function, defined by sgn(y) = —1if y < 0,
sgn(y) = 0if y = 0, and sgn(y) = 1 if y > 0. Define f": 2" — R by A};‘C =0
and f;l = sgn(y;, 1(0) ay v(.QZ)]/ 2 Let f" be the approximation to f" generated by
applying the thresholding technique described in Theorem 4. For all wavelets ¥ | € B",

‘fb"l’ = alv(@MH'? < alv(@)?, so fil" = 0. As additionally " = £ =0, f" is
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Fig. 4 Rate—distortion curve for the function f plotted in Fig.3. The error does not decrease monotonically
as the number of wavelet coefficients retained increases: it jumps from about 0.509 with 1241 coefficients
retained to about 0.599 with 1327 coefficients retained. The error bound is always respected, though it is not
especially tight. See Sect.4.2

the zero function and the thresholding error f” — f” is equal to f”. We next compute the
norm || f* — f"*|lco = || f"|lco of this error.

Recall the expansion of f” in terms of its wavelet coefficients: f" = fI +
D pepn- f;;fl ¥y, 1- The average f:;’c is zero. Because of the sgn(y; | (0)) factor in its defini-

tion, fl;’l is nonzero only if 0 € supp(v |) = §2;. As aresult,

fo= > i = > seny0)ap v(2p) ¥y (x).
5=(0,...,0) b=(0,...,0)
The magnitude of the sum is maximized when Wﬂ,l(o) and w[;"l(x) have the same sign.
In particular, || f" — f"lco = | f"llco = f(0). a} = 2711 v/ = 271P1/2 and
Yp 1 (0) = =2P172if 0 € 27!, 50

n—1
If" = fMllco = £(0) = Z 7=lbly—Ibl/251b1/2 _ Zz—k 21 =2,
b=<(0,...,0) k=0

The error bound given in Theorem 4, meanwhile, is

n—1
n__ fn -3/2 n __ ~3/2 —k __ _A—n
If" = f"llco < B x%ana,,—z kzoz =4v20-27").
<c =l

f", the achieved error, and the error bound are plotted in Fig.5 in the case n = 10. The
remainder of this section is an account of the factor 2+/2 separating the error bound from the
achieved error.

Remark 4 The gap between the error bound and achieved error in the previous numerical
example is due to two bounds in the proof of Theorem 3 that are loose for {£2; : b € B"}.
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Fig.5 Illustration of the gap between the error bound given in Theorem 4 and the achieved error in the case of

the function { 10 defined on 2210, f 10 4ttains its maximum magnitude at 0. The supremum norm of the error
is Hflo —f OHCO =2(1 — 2_10). The error bound given in Theorem 4 is £_3/2 max, 10 > b<c aéo =

4201 —2710)

We summarize those bounds here for ease of reference. {§2; : i € I} is a discrete hierarchical
tree, BB is a Haar-like basis for V, and i € branches.

(b) Writing nc(i) = |children(i)|,nc(i) — 1 < nc(i) < BN
(¢) Let v », be any of the wavelets ¥; 1, ..., ¥ nei)—1. Then

Wi mllco < B Y2u(2)712,

If {2; : i € I} is taken to be {$2) : b € B"}, thennc(i) =2 and B = % Theorem 3(b)
then bounds nc(i) — 1 = 1 by B~! = 2. The source of the looseness is the first inequality,
nc(i) — 1 < nc(i), which is obviously never tight. nc(i) = 2 is the worst case scenario
(nc(i) = 1is disallowed by Definition 1 (b)), and the ratio of nc (i) — 1 to nc (i) approaches
1 as the number of children grows. Consider next the second inequality, nc(i) < B~
We show in Appendix C (see Lemma 12) that nc(i) = B lif v(£2;) = Bv(£2;) for all
Jj € children(i). So, this inequality is tight if {§2; : i € I} is a balanced, full k-ary tree.
We may therefore say that Theorem 3(b) is asymptotically tight in the case of balanced, full
k-ary trees as k — 00.

If {£2; : i € I} is taken to be {2} : b € B"}, then B = % and v(£2;) = 279Pth(0) [fin
addition B is taken to be B", then ; | = —286Pth()/2] 5 4 2depPth(D/21, with 2| and 2,
the appropriately ordered children of §2;. Theorem 3(c) then bounds ||¥; 1 [|c0o = 2depth(i)/2
by B~1/2p(82;)"1/? = 29epth()/2,/7 The source of the looseness is a failure to use the
property that v; 1 has average zero. We use this property to obtain an improved bound in
Appendix C (see Lemma 13). In the case of a balanced, full k-ary tree {$2; : i € I}, Eq.5,
which is tight, reads

i mllco < \/[ min ~ v(@)] = [v@n] = vk - Tv@n V2

jechildren(i)
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For a balanced, full k-ary tree, B 172 = /k. so we may say that Theorem 3(c), like 3(b), is
asymptotically tight in the case of balanced, full k-ary trees as k — oo.

In conclusion, the gap between the error bound and the achieve error seen in Fig.5 is
entirely explained by two suboptimal bounds in the proof of Theorem 3. These bounds are
loose for the function f!0 depicted in Fig. 5, but they are asymptotically tight in the case of
balanced, full k-ary trees as k — oo.

4.3 MNIST Database

In our third numerical example, we use our thresholding technique to identify classifiers
with good generalizability on the MNIST handwritten digit database [41]. The experiment is
structured as follows. The data are first preprocessed, and then the training set is used to define
1000 randomized classifiers. For each of these classifiers, a family of reduced approximations
is generated with the Theorem 4 thresholding technique. Finally, the classification accuracies
achieved by the families on each of the training and testing sets are measured and are found
to be strongly correlated.

We begin by reducing the dimensionality of the data. The database comprises 50 000
training and 10 000 testing images of the digits 0-9. All images in the database consist of
images of size 28 x 28 pixels. Following Lepelaars [42], we compute a truncated SVD of
the training set, into a matrix of size 282 x 50000, and project the data onto the span of
the right singular vectors corresponding to the 50 largest singular values [43, 44]. We then
embed these projections into a space of dimension 50 using 7-distributed stochastic neighbor
embedding (#-SNE) [45, 46]. In the embedding space, the instances are effectively clustered
according to their label. See [42] for arepresentative illustration made using a slightly different
dimensionality reduction procedure. Thus our dataset for classification consists of 50 largest
singular values mapped to the digits 0-9.

Next, we build a forest of 1000 randomized k—d trees on the embedded feature vectors
using a slightly modified version of Algorithm 2. As written, the Algorithm 2 is not guaranteed
to produce a hierarchical tree, as £2,1 (o) in Algorithm 2 Line 15 will be empty if the median
of {x; : x € 2} is equal to that set’s minimum. The Algorithm 2 used in our implementation
slightly shifts the dividing hyperplane in this case. Each k—d tree defines a classifier as follows.
The tree defines a partition of the embedding space, with each leaf in the tree associated to a
set in the partition. An image to be classified is located in one of these sets, and the training
image contained in the corresponding leaf (see Lemma 10) is identified. The label of this
training instance is the output classification. By construction, these classifiers achieve 100 %
accuracy on the training set. The accuracies achieved on the testing set vary.

After the classifiers are defined, they are thresholded using the technique described in
Theorem 4. A Haar-like basis is generated from each tree using Algorithm 1, and the corre-
sponding classifier is decomposed with respect to this basis. We define thresholding weights
{a; : i € I} by a; = Cbh3*PPD with p = 0.9 and C chosen so that 1%,2%, ..., 19 %,
20%,25 %, ..., 90 %, 95 % of the basis coefficients are retained.’ The thresholded classi-
fiers are then used to classify the images in the training and testing sets. Figure 6 shows the
distribution of the accuracies obtained when 11 % of the coefficients are retained. We find that
the accuracy of a thresholded classifier on the training set is highly correlated to its accuracy
on the testing set.

3 We sample [20 %, 100 %] with lower resolution because we observe very little change in the behavior of
the classifiers between the 20 % and 100 % (unthresholded) coefficient retention levels.
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Algorithm 2 Generation of a randomized k—d tree from a set of feature vectors. We reuse
the concatenation notation b + b’ from Remark 1. §2 is assumed to be nonempty and finite.

1: function GENERATERANDOMIZEDKDTREE(set §2 of feature vectors in ]Rk)

2 initialize B to {}

3 initialize splitting_queue to {}

4 denoting by root the empty sequence (), define 2100t to be £2 and add root
5: to splitting_gueue

6 while |[splitting_queue| > 0 do

7 pop an element b from splitting_gueue and add it to B

8 if |£2;| = 1 then

9: continue

10: end if

11: randomly choose with uniform probability an element

12: ifrom{i:1<i<kand [{x; :x € 2p} > 1}

13: find the median m of {x; : x € £25}

14: define £2,1 () tobe {x : x € 2p and x; < m} and add b + (0) to
15: splitting_queue

16: define £2,1 (1) tobe {x : x € 2 and x; > m} and add b + (1) to
17: splitting_gueue

18: end while
19: return {§2;, : b € B}
20: end function

25% [ training N
[ testing
20% A
>
& 15% -
Q
3
o
g -
el
10% o
5%
0% T T T T T
0% 20% 40% 60% 80% 100%

classification accuracy

Fig. 6 Illustration of the classification accuracies achieved by 1000 thresholded classifiers on the MNIST
training and testing sets. Each classifier is thresholded so that 11 % of its coefficients are retained. The testing
set accuracies are slightly lower than the training set accuracies, but otherwise the distributions are similar.
In fact, the two accuracy measures are highly correlated: the Pearson correlation coefficient between them is
r ~0.9996

Finally, we investigate whether this relationship is particular to the 11 % coefficient reten-
tion level or whether it holds more generally. To do this, we introduce the integrated accuracy,
a simple measure of accuracy across a range of retention levels. To compute the integrated
accuracy of a classifier on a dataset, we measure its accuracy on that set before thresholding
(at the 100 % level) and also at each of the 35 levels given above (from 1 % to 95 %). We then
integrate these accuracies using the trapezoidal rule, yielding the integrated accuracy. We
compute the integrated accuracies of all 1000 classifiers on the training set, then normalize
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Fig.7 Illustration of the correlation between the classifiers’ integrated accuracies on the MNIST training and
testing sets. The color of each hexagon indicates the number of training—testing pairs contained in it. A least
squares linear regression is performed on the pairs, with outliers excluded. The coefficient of determination
of the linear model is r% ~ 0.95773

by subtracting the sample mean and dividing by the sample standard deviation. We do the
same on the testing set and then perform a least squares linear regression between the two
measures, excluding outliers (training—testing pairs more than three standard deviations from
the mean in either dimension). The fit is shown in Fig. 7. The coefficient of determination of
the regression is high (2 & 0.95773), indicating that a classifier’s integrated accuracy on the
training set is highly predictive of its integrated accuracy on the testing set. This suggests that
classifiers that perform relatively well on the training set after being thresholded are likely
to generalize relatively well to novel instances.
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A Hierarchical Trees

Lemma5 Let (N, E, nyoot) be a rooted tree. Define a relation < on N by n < m iff the path
Jrom nyoor to m goes through n. < is a partial order on N.

Proof We must show that, for n,m,0 € N, (a)n <n,(b)n =m if n < m and n > m, and
(c)n <oifn <mandm < o.

(a) The path from n, oo+ to n necessarily includes n, son < n.
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(b) Suppose n # m. The path from n, oot to m includes n, since n < m. In particular, it
contains as a subset a path from n,oo¢ to n not including m. On the other hand, the path
from nyooc to n includes m, since m < n. There are therefore two distinct paths from
Nyoot to 1, one including m and one not. This contradicts the definition of a tree.

(c) The path from nyo¢ to o includes m, since m < o. This path contains a path from 7ot
to m, which must include n, since n < m. So, the path from n,..+ to o also includes n,
andson < o.

[m}

Lemma6 Let {$2; : i € I} be a hierarchical tree. For j, j' € I, 1ca(j, j') is well-defined
by Definition 3.

Proof Let C be the collection of indices {i € I : i < j, j'}. We claim that C has a unique
element of maximal depth. First, note that C can have only one element at a particular depth,
because j (or, equally well, j’) can have only one ancestor at a particular depth. So, it suffices
to show the existence of some element of maximal depth.

{depth(i) : i € C}is bounded: if i € C, then depth(i) < depth(j), depth(j’),
since i < j, j'. Furthermore, C is nonempty, because root < j, j’ by definition. There
therefore exists some element of maximal depth. O

Giveni,i’ € I, writei || i"ifi Ai"andi’ Ai.
Lemma7 Let {§2; :i € I} be a hierarchical tree. Leti,i' € I.

(a) i <i'iff2; D 2.
(b) i |li'iff2; N2y =0

Proof We begin with a useful intermediate result. Assume the forward direction of (a).
Let i* = 1ca(i,i’). We claim that if i* # i,i’, then ; N 2y = @. Let n =
depth(i) — depth(i*) and n’ = depth(i’) — depth(i*). As i* < i,i’, n,n’ > 1.
parent” 1(£2;) and parent”/’l(.Qi/) are then well-defined. These sets are children of
2 = parent”(£2;) = parent”/ (£2;7). By the definition of the lowest common ancestor,
they must be distinct. By Definition 1 (b), then, they must be disjoint. parent" 1(2;)) D 2
and parent””l(.Q,-/) D £2;/ by the forward direction of (a). So, £2; N §2;/ is a subset of
parent” 1(2) N parent"’_1 (£2;7). The latter is empty, so the former must be empty.

(a) Note that the forward direction does not depend on the intermediate result, which assumes
it.
(=) 1Ifi <i’ theni = parent”(i") with n = depth(i’) — depth(i). Definition
1 (b) dictates that each parent contain its children. Applying repeatedly, we have

Q; = parent”(£2;) D --- D parent' (2) 2 2.

(<=) Leti* = 1lca(i,i’).

i* <i’,s0owearedoneifi =i*.

So, suppose i #~ i*.

Suppose i’ = i*. 2;+ 2 £2; by the forward direction. §£2; 2 §2;; = £2;« by assumption, so
we have §2; = £2;+. This is a violation of Definition 1 (b), which dictates that descendants
be strict subsets of their ancestors.

So, suppose i’ # i*.i* #i,i’, so by the intermediate result £2; N 2 = 2, = @. By
the definition of a hierarchical tree, though, £2;; must be nonempty.
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(b) (=) Leti* = 1lca(i,i’). Sincei || i’, i* # i,i’. The conclusion then follows from
the intermediate result.
(<= Since £2; is nonempty by the definition of a hierarchical tree, £2; 2 £2;, and so
i Z i’ by the forward direction of (a). By the same argument, i ¥ i’.

[}

Corollary 1 Let {§2; : i € I} be a hierarchical tree. Let i,i’ € 1. If $2; N 2y # @ and
2; g .Qi/, theni < i,

Proof $2; N §2;; # ¥ implies i < i’ ori > i’ by Lemma 7(b). £2; ¢ £2; implies i # i’ by
Lemma 7(a). Therefore i < i’. m}

Lemma8 Let {§2; : i € I} be a hierarchical tree. For x,y € $2 distinct, 1ca(x,y) is
well-defined by Definition 3.

Proof Let C be the collection of sets {§2; : i € I and x,y € £2;}. We claim that C has a
unique element of maximal depth.

We begin with existence. First, note that C is nonempty: £2,oo+ € C by Definition 1 (a). By
Definition 1 (c), there exists some i’ € I such that £2; > x but £2;; # y. Let £2; be an element
of C. £2; N £2;1 # @, since both £2; and £2;s contain x. On the other hand, since §2;; does not
contain y, £2; ¢ £2;. By Corollary 1, then, i < i’. In particular, depth(i) < depth(i’),
and so {depth(£2;) : £2; € C} is bounded. As a result, there exists at least one element of
maximal depth.

To show uniqueness, suppose there exist two elements of maximal depth, £2; and £2;/.
£2; N 2y # B, since both §2; and £2;/ contain x (and y). By Lemma 7(b), then, i < i’ or
i’ < i.In either case, since depth(i) = depth(i’), i = i’. The element of maximal depth
is therefore unique. O

Corollary 2 Let {$2; : i € I} be a hierarchical tree. Let x,y € S2 be distinct, and let i € I.
If 2; > x,y, then £2; < 1ca(x,y).

Proof Write £2;+ = lca(x, y). By definition, £2;+ 3 x, y. As £2; > x, y by assumption, £2;
and £2;/ intersect, and so i < i* or i* < i by Lemma 7(b). If i* < i, then depth(i*) <
depth(i), contradicting the definition of the lowest common ancestor. Therefore i < i*. O

Lemma9 Let {§2; : i € I} be a hierarchical tree. d is an ultrametric on 2. i.e., for x, y, 7 €
£2, then d(x, z) < max{d(x, y),d(y, 2)}.

One approach to proving Lemma 9 is to realize the hierarchical tree as an ultrametric
tree [47] where the edge between §2; and its child £2; has weight [v(£2;) — v(£2;)]/2 if
Jj € branches and v(£2;)/2 if j € leaves. d is then the metric induced by the edge
weights. A proof which relies instead on the structure of hierarchical trees follows.

Proof Let x,y,z € £2. We must show that (a) d is nonnegative, (b) d is symmetric, (c)
d(x,y) = 0iff x = y, and (d) the ultrametric inequality d(x, z) < max{d(x,y),d(y, 2)}
holds.

(a) Nonnegativity follows from the nonnegativity of v.

(b) Symmetry follows from the symmetry of 1ca.

(c) If x = y, then d(x, y) = 0 by definition. If x # y, then d(x,y) = v(lca(x,y)). In
the discrete case, 1ca(x, y) is nonempty and v is a rescaling of the counting measure,
sov(lca(x, y)) # 0. In the continuous case, Lca(x, y) has nonzero Lebesgue measure
and v is a rescaling of the Lebesgue measure, so again v(1lca(x, y)) # 0.
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(d) If the points are not distinct or if d(x, z) < d(x, y), then the inequality holds automati-
cally. So, suppose the points are distinct and d (x, z) > d(x, y). Write 2;x = lca(x, y),
£2; x = = lca(x, z),and £2;> = lca(y, z). Weaimto show thatd(x, z) is equal tod(y, z).
As d(x 7) = v(.Q,* ) and d(y z7) = v(Q ) it suffices to show thatz >z

We claim that i}, < j‘;v £2;x and £2;x 1ntcrsect since both contain x. Because vis amea-

sure, V(£2x ) < v(£2ix ) if 2;x € .Q . By assumption, though, d(x z) = V() >
v(§2i ) = d(x y). Therefore.Q i* 7¢_ .Q .- By Corollary 1, then, i

%
s1nce zxz #* zx), zxz < zx}

We claim that i}, < } .- 82ix dzand 24 >y automatrcally Usrng Lemma 7(a), since

i<t Qi 2 .Q , As aresult Q2 9 v,z,and so i} by Corollary 2.

xz = ‘yz»
We claim that Qi 39’ Z. .Q *‘ 5 x; if in addition iz, 32, then i by Corollary 2.

But we know that iy x} , so in fact Q % Z.

We claim that i * 5 i . 82 i, and £2; i* 1ntersect since both contain y. Qi* > z, but
Qix F 7, a8 shown in the previous paragraph That is, .Q g £2; x . By Corollary 1,
then zyZ < i;‘y

We claim that l} < i¥. 8 i, 2 automatically. Because zyZ =< ijy and .Q,-;v > x,
£2;x, > x. By Corollary 2 then, A

We conclude that i yz, SO that the ultrametric inequality holds.

T =iy, In partlcular

y—xZ

B Discrete Hierarchical Trees

Lemma 10 Let {§2; : i € I} be a discrete hierarchical tree. |§2;| = 1 foralli € 1eaves.

Proof Leti € leaves, and suppose |§2;| # 1. £2; is nonempty, so |£2;| > 1. In particular,
there exist distinct x, y € £2;. By Definition 1 (c), there exists some i’ € I with x € £2;/
and y ¢ 2. £2; and £2;; have nonempty intersection, since both contain x. On the other
hand, £2;/ is not a superset of £2;, since the latter contains y and the former does not. So, by
Corollary 1, i < i’. In particular, children(i) is not empty. This contradicts the inclusion
of i in leaves. O

Lemma 11 Let {§2; : i € I} be a discrete hierarchical tree. For all x € 2, there exists some
i € leaves such that §2; > x.

Proof Suppose there exists some x € §2 such that there exists noi € leaves with £2; > x.
Ifi e I satisfies £2; > x,then,i ¢ leaves, and so children(i) is nonempty. In particular,
thereexists j € children(i) with £2; 5 x, by Definition 1 (b). Observe that depth(£2;) =
depth(§2;) + 1. Thatis, forall i € I with £2; > x, there exists some j € I with £2; 5 x and
depth(§2;) = depth($2;) + 1. Furthermore, there does exist at least one i € I (namely,
root) with £2; > x, by Definition 1 (a). The set {depth(£2;) : i € [ and £2; > x} is
therefore unbounded.

We now show that {depth(£2;) : i € I}isin fact bounded, so that no such x € £2 exists.
We claim that depth(£2;) < |£2| — |§2;| foralli € [.If i = root, then

depth(£2;) =0 = |2| — |£2;]

since 200t = §2 by Definition 1 (a). Otherwise, observe that [£2;| < |parent(£2;)| — 1
by Definition 1 (b). Applying this inequality repeatedly, we have

depth(£2;) < |[parent(2;)|—1<--- < lparent"(()i)l —
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for n < depth(£2;). Setting n = depth(£2;), we obtain |£2;| < |2| — depth(§2;)
(i.e., depth(£2;) < |£2| — |£2;]), since then parent”(£2;) = 2rcor = £2. As a result,
{depth($2;) : i € I} is bounded, and so there exists some i € leaves with £2; > x for
any x € §2. O

C Lemmas for Remark 4

Lemma 12 Let {£2; : i € I} be a discrete hierarchical tree. Let i € branches. nc(i) =
Bl iffv(2)) = Bv($2;) forall j € children().

Proof

820 ( <= ) Because v is a measure and £2; is the disjoint union of its children,

821

822

nc(i) nc(i)
V() =Y v(2)) =Y Bv(2) = Bnc(i)v(s2).
j=1 j=1

Therefore, nc(i) = B~L.

&3 (=) By the definition of B, v(£2;) > Bv(§2;) for all j € children(i). The reverse

824

825

826

827

828

829

830

831

832

833

834

835

836

837

838

839

840

841

842

843

844

inequality also holds: taking £2 as an example,

nc(i)
(1) = V() — Y ()
j=2
V(i) — Blne() — 1]v($2)

IA

= Bv(£2;).

since nc(i) = B! As aresult, v(£21) = Bv(£2;), and the same holds for the other
children of £2;.

[m}

Lemma 13 Let{$2; : i € I} be adiscrete hierarchical tree. If r; p, is a wavelet of a Haar-like

basis for V, then
1 1
1Vimllco = \/ %)

Minjechiidreni) V(2;)  v(82)
Furthermore, this bound is tight.

Proof For i € branches, denote by V; the linear span of {1g; : j € children(i)} and
by W; the space V; N lJ_(}[ . By Definition 2, if ¥; ,,, is a wavelet of a Haar-like basis, then ¥;
has norm 1 and ¥; ,, € W;. So, it suffices to show that Eq. 5 holds for unit norm functions in
W;, that the Eq. 5 is tight for such functions, and that given such a function we can construct
a Haar-like basis containing it.

The third claim is straightforward to prove. Take i* € branches and let v € W;»
have norm 1. Fori € branches\{i*}, construct an orthonormal basis B; for W;. Similarly,
construct for W= an orthonormal basis B;+ containing 1. This can be done because v has
norm 1 and is contained in W;=. Let B denote the collection {12} U ; cppranches Bi- We claim
that BB is a Haar-like basis for V. The only condition of Definition 2 that isn’t immediate is the
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orthogonality of B. Let ¥; € B; C . We claim that v; is orthogonal to every other function
in B. This holds automatically for 1g; (by the definition of W;) and the other members of 55;
(since B; is orthogonal). The remaining case is ¥,y € By C B withi # i’. If i || i/, then £2;
and £2;/ are disjoint by Lemma 7(b). £2; 2 supp(¥;) and £2;; 2 supp(¥i/), so ¥; and ¥/
are then orthogonal. Otherwise, without loss of generality, i < i’.i # i, so in facti < i’.
In particular, there exists some j € children(i) such that j < i’. y; is constant on §2; by
Definition 1 (b) and the definition of V;, and ¥;» L 1g, by the definition of W;/. £2; 2 §2;
by Lemma 7(a), so again ¥; L .

We now return to the claim that Eq.5 holds and is tight for unit norm functions in W;.
We begin by bounding the value taken by such functions on a single child of £2;. Let i* €

branches, andlet §2, ..., £2; be an enumeration of children(£2;+). We seek a solution
to the *

minimize — ¥ (£2) (x)

subjectto Y € V= (x.1)

WY, 10,.) =0 (*.2)

W, ¥) =1 (x.3)

Vi« is in bijection with R¥, so % can be reformulated as a constrained optimization problem
over Euclidean space. Define 7': Vj+ — RF by T(¢) = (¢(£21), ..., P (£2;)). Observe that
T is a bijection. Let the objective function f: R — R be given by f(x) = —xi, so that
f(T () = —y(821). Next we must translate each constraint on ¢ € V;+ to a constraint on
T(y) € RE. Define hiy, ha: R — Rbyhi(x) = Y 5_y Ajx; and ho(x) = —14+34_| Aix?.

*1 Trivially, *.1 holds iff T () € R,
*2 Write Ay, ..., Ai for the measures v(£21), ..., v(§2;) and A for the sum A| + - - -+ Ay.
The inner product of ¥ and 1g,, is given by

k

k
(W, Lou) =D vV (E2) =Y AT = hi(T{)).

i=1 i=1
*.2 then holds iff 41 (T (y)) = 0.
*3 The inner product of ¢ with itself is given by

k

k
W) =D @D U@DY (@) = Y AT} = ha(T(W)) — 1.

i=1 i=1
* 3 then holds iff 72 (T (1)) = 0.

* can therefore be rewritten

minimize f(x) (@)
subjectto x € R¥ (f.1)
hi(x) =0 (+.2)
ha(x) = 0. (1.3)

The Lagrangian function L 7 : R* x R? — R is given by

Ly(x,2) = f(x) + 2hi(x) + A2h2(x).
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Its gradient with respect to x is given by
ViLly(x,A) = (=1,0,...,0) + A1 (A1, ..., Ap) +202(A1x1, ..o, ApXp).

We will use the method of Lagrange multipliers to find the global minimum of 7. First, we
will apply a necessary condition to find two candidate local minima. Then, we will apply a
sufficient condition to show that one of the two is the global minimum.

The gradients of the feasibility constraints are given by

Vhi(x) =(Ay,..., Ay) and Vhy(x) =2(Aix1, ..., Arxk).

Let ¥ denote the feasible set of . We claim that Vi and VA, are linearly independent on .
Letx € J.Eachof Ay, ..., Ay is positive. So, in order for /11 (x) to be zero, x must either be 0
or have at least one positive and at least one negative component. 72(0) = —1, so x cannot be
0. x therefore has at least one positive and at least one negative component. V/;(x) therefore
likewise has at least one positive and at least one negative component. All the components
of Vhi(x), though, are positive. In particular, Vi (x) and VA, (x) are linearly independent.

Suppose that x* is a local minimum of {. Because f, i, and A, are continuously differ-
entiable and Vi1 and Vi, are linearly independent on 3, there exist Lagrange multipliers
1* € R? such that the gradient with respect to x of the Lagrangian at (x*, A*) is zero [48,
Proposition 3.1.1]. That is,

0:—1+A1)»T+2A1)L§XT 6)
0=0+4 A;A] +2A;25x] 2<ic<k. @)

If A = 0, then A7 = 0 by Eq.7, contradicting Eq.6. A} is therefore nonzero and so Eq.7
can be simplified to x; = —A]/2A3 for all 2 < i < k. Substituting into 1.2, we obtain an
expression for x7:

0=hi(x*) = Aix] + Y5, A = Aixf — (A — A])m
A M
xf:(A—]—l)ﬁ. ®)
We next solve for A} using Eq. 6:

0=—1+4A1A] + 24105 (4 — 1)% =14+ AMf+(A— AT
¥ =1/A. (€

Next, apply 7.3.
= 40D+ T A9 = A[(A — 1) 2T + 4 - Ap[- LT
2151 = [Al(,% — )74 (A= AN = [4 - Al =4 - 5]
M=l /L1 (10)

We will write A% , for the positive square root and A* , for the negative square root. x’} and
x* will denote the corresponding candidate local minima. Equations 7 and 10 together yield
an expression for xi jofor2 <i <k,

1
0= 0+ i 2 A,/ Axi’i

1/A Al/A
=+ /7a—a — A=Ay
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Similarly, Egs. 8, 9, and 10 yield an expression for xi,ﬁ

_(A 1/A _ A Ai/A
= (4 - 1)% =£(4 — Dy aar

The candidate local minima of | are then

xp=d 4L (L -1 ),

We claim that x7 is alocal minimum with Lagrange multipliers (A}, }‘i,z)- Observe that f,
hy, and hy are twice continuously differentiable. As shown above, Vi Ly (x%, (AT, )»";2)) =
0. Because x} €,

ViLg(¥h, A% ) = (h (), ha(xh)) =0,
The Hessian with respect to x of the Lagrangian is given by

Ay
VI Lp(x, %) =2k ) (11)
Ay

Each of Ay, ..., Ak is positive, so foLf is symmetric positive definite at (x, A) if A > 0.
}‘1,2 > 0, so x} is a local minimum of { [48, Proposition 3.2.1].

Denote by (i) the problem of minimizing — f with the constraints of . We claim that x*
is a local minimum of (%) with Lagrange multipliers (—A7, —A’iyz). —f, hy,and hj are twice
continuously differentiable. Let L _ 7 : RF x R? — R be the Lagrangian function:

L_r(x,A) = —f(x)+Arh1(x) + A2h2(x).
Ly is related to the Lagrangian L  of T as follows:

ViL_f(x, %) = =Vi f(x) + A1 Vihi(x) + A2 Viha(x)
= =V f(x) = (=2 Veh1(x) = (=22)Viha(x) = =Vi Ly (x, —4).

As a result,
VLo p(x*, (=2}, =2 ) = —ViL(x*, (11, 2% 5)) = 0.

Since x* € 3,
ViL_y(x*, (=2, =A% ) = (h1(x*), ha(x*)) = 0.

Because Vi L_f(x, ) = —VyL(x, =A), V2, L_¢(x, 1) = —V2.L ;(x, —1). Referring to
Eq. 11, we see that V)%XLf is symmetric negative definite at (x* , (AT, )\:2)), since A’j’z < 0.
V)%XL__/ is then symmetric positive definite at (x*, (—A7, —)»:2)). We conclude that x* is
a local minimum of ($)[48, Proposition 3.2.1].

As a local minimum of (%), x* is a local maximum of . In particular, xi is the only
local minimum of the latter ¥. J is compact, so x* must be the global minimum. The global
minimum of x is therefore the function ¥* € V;« defined by

=T = AL (A - e, - T 1]
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If Ay < A/2, then

* — JAUA(A _y— JAZAL_ /1 _ 1 1 1
¥ Nl co = A—Al(le 1)—\/,4,41 VA A \/minlgigkAi AT

Eq.5 is therefore respected in this case. The Eq.5 is tight if A is minimal. If instead A; >
A/2, then

IA

* _ JA/A _ JA-(A-Ap _ 1 1
1Y Nl co = \/A]—Al = \/ AG—A) = \/A—Al A

A — Ay > minj<;<¢ A;, so the Eq. 5 again holds. The Eq.5 is tight if §2;+ has two children,
of which §2 is the larger, so that A — A} = A = minj<;<x A;. O
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