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Abstract. Excited spin states are important for reactivity, catalysis, and magnetic applications.
This work examines the relative energies of the spin states of O atom, Fe*" ion, and FeF, and
characterizes their excited spin states. Both single-reference and multi-reference methods are
used to establish the character of the lowest singlet excited state of all three systems and the
lowest triplet excited state of Fe*" and FeF,. We find that the conventional representation of the
orbital occupancies is incorrect in that the states have more unpaired electrons than the minimum
number required by their total electron spin quantum number. In particular, we find that for a
given spin state, an electronic configuration with more than 2. unpaired electrons is more stable
than the configuration with 2§ unpaired electrons (where S is the spin of the system). For
instance, triplet FeF, with four unpaired electrons is lower in energy than triplet FeF, with two
unpaired electrons. Such highly open-shell configurations are labeled as hyper open-shell
electronic configurations in this work and are compared to ordinary open-shell or closed-shell
electronic configurations. The hyper open-shell states considered in this work are especially
interesting because, unlike typical biradicals and polyradicals, the unpaired electrons are all on
the same center. This work shows that the conventional perspective on spin-state energetics that
usually assumes ordinary open-shells for single-centered radicals needs modification to take into
account, whenever possible, hyper open-shell configurations as well.



1. Introduction

Molecules and solids containing transition metals are widely studied in chemistry and biology
owing to the important role they play both as catalysts and intermediates in chemical reactions
and their role in a variety of applications where they serve as magnetic centers,>>*>¢7810.11
Their open-shell electronic states lead to rich chemistry that arises primarily due to their ability
to change oxidation state and, for a given oxidation state, to sometimes have more than one low-
lying spin state. For example, more than one spin state may play a role within a single catalytic
cycle, and a spin-state change from a lower spin state to a higher one or vice-versa may be

required if a reaction is to proceed with a low barrier.'>'>'*

Not only can there be multiple low-
energy spin states, but also there can be more than one possible electronic configuration for a
given spin. Because it is imperative to ascertain the lowest-energy configuration for each spin as
well as to determine the relative ordering and energy separations of the spin states,
understanding the rich chemistry exhibited by open-shell compounds is not straightforward, and
often the experimental results can be fully interpreted only when complemented by quantum
mechanical calculations.

The widely used quantum mechanical methods for studying transition-metal-containing
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are based on either Kohn-Sham density functional theory (KS-DFT) and
wave function theory (WFT), each of which brings certain advantages to the table. A particularly
interesting issue that may be addressed by both kinds of theory, but in different ways, is the
question of calculating how many unpaired electrons are present in a system. A fully paired
configuration has no unpaired electrons; all other systems are open-shell systems. An ordinary
open-shell system has 2§ unpaired electrons, where S is the total electronic spin (in the present
article we assume that Russell-Saunders coupling provides a good description, and we neglect
spin-orbit coupling, so S is a good quantum number). Configurations with more than 2§ unpaired
electrons are called hyper open-shell. Textbook depictions of open-shell systems almost always
show them as ordinary open-shell systems, for example, in discussions of Hund's rules or of
high-spin versus low-spin transition metal complexes.

The best-known example of a hyper open-shell system is the case of an open-shell
singlet. The excited singlet state of CH, is a well-known example,*'** but is often considered to
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be an exceptional case. Diradicals are another example of an open-shell singlet. The



simplest example of a diradical is a stretched single bond; for example, when ground-state
singlet H, is stretched to a larger internuclear distance (e.g., 4 A), the correct description is that
there is an unpaired electron on each center. There are several other examples in the literature of
molecules that have been described to have unusual electronic configurations,” including a
doublet with three unpaired electrons,” and these configurations become especially important
when they play a role in reactivity.’'***> Although diradicals and even polyradicals are well
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known in chain molecules,”™>

which can have radical sites spaced along a chain, the
importance of hyper open-shell systems with all the unpaired electrons on the same atom seems
to be less widely appreciated (and is certainly less commonly discussed). We call such systems
intra-atomic hyper open-shell systems.

The main objective of the present article is to emphasize the occurrence of intra-atomic
hyper open-shell configurations and compare their energies to those of ordinary open-shell
configurations. We will illustrate our discussion by considering 'D oxygen atom and the lowest-
energy singlet and triplet states of Fe*" ion and the FeF, molecule, where the latter can be viewed
as a prototype of an iron complex. We not only find that these species are intra-atomic hyper
open-shell cases, but we also find that there can be a greater degree of open-shell character than
the minimum required for hyper open-shell species; in particular, we find singlets with four
unpaired electrons. We believe that intra-atomic hyper open-shell states are not unique to the O
atom, Fe*" ion, or FeF, molecule, and the analysis presented here has broad implications for
compounds that have open-shell configurations. This changes the conventional perspective on
spin-state energetics.

The wave function of many open-shell systems cannot be described well by a single
Slater determinant or a single configuration state function (CSF), where a CSF is defined as a
linear combination of Slater determinants with the combination coefficients chosen to give it the
correct spin symmetry and a convenient spatial symmetry. Systems that are not well described by
a single Slater determinant or a single CSF are variously called inherently multi-configurational
systems or strongly correlated systems (from a physics point of view) or multi-reference systems
(from a method point of view). High-accuracy wave function methods usually have two steps:
first, the calculation of a reference function, and second, adding dynamic correlation or more
dynamic correlation to it. For the most accurate results, the treatment of multi-reference systems

usually requires either a multi-configurational reference function or very high-order excitations



(e.g., quadruple excitations or higher) from a single Slater determinant or single CSF. Note that
some types of multi-configurational wave functions can be described or approximated by a
single-reference formalism, e.g., the spin-flip method.>” The present study employs
multiconfigurational WFT calculations to obtain best estimates of excitation energies and the
effective number of unpaired electrons. The quantification of this concept is not trivial, and there
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exist a number of approaches.” """

We use indices proposed by Takatsuka, Fueno,
Yamaguchi, Staroverov, Davidson, and Head-Gordon.***** We compare wave functions
computed by different approaches to compare effective numbers of unpaired electrons calculated
from WFT calculations designed to include static correlation, WFT calculations designed to
include static and dynamic correlation, and DFT calculations, where in the DFT case we
determine the number of unpaired electrons based on orbital diagrams.

This paper is organized as follows. Section 2 discusses the DFT and WFT methods used

in this work, Sections 3 presents the O atom, Fe?" ion, and FeF, molecule examples, respectively,

and Section 4 has concluding remarks.

2. Methods

A combination of DFT and WFT is used to understand the electronic configurations of various
spin states of O atom, Fe*" ion, and FeF, molecule and to predict spin-state energies of these

species.

DFT calculations. Among the three species investigated, only FeF; is a molecule, and its
geometry in the quintet spin state is known from experiments,** but the geometries of the triplet
and singlet spin states are not known. Therefore we optimized the geometries of all the three spin
states using DFT. The DFT method used for optimization is the combination of the M06-L*
exchange-correlation functional with the def2-TZVP (TZVP = "triple-zeta-valence polarized")*
basis set. This method is chosen because it gives an accurate prediction for the geometry of the
experimentally** known quintet state. The “UltraFine” grid that has 99 radial shells and 590
angular points for every radial shell was used for all the calculations. The geometry

optimizations involved finding the minimum-energy structures and confirming that they are

minima by doing harmonic vibrational frequency calculations.



Except when explicitly mentioned that we are calculating an unstable state, all SCF
calculations were performed by doing stability checks in Gaussian 09,*” and when the Slater
determinant was unstable,”**° breaking of symmetry was allowed to find a stable solution of
the SCF equations, with the only constraint being the value of the total electronic spin
component Mg, which is set to Mg =S for the target spin state with total electron spin S. As a
result of symmetry breaking, the p and d orbitals of atoms no longer constitute degenerate
subshells; this is not an error — it is the way that Kohn-Sham DFT represents the density of
multiconfigurational wave functions by the density of a Slater determinant.”’ Some discussion of
the orbital pictures provided by broken-symmetry Kohn-Sham solutions for transition metal
complexes has been provided in a previous article.™

The optimized structures of the quintet, triplet, and singlet were used for single-point
calculations with DFT and WFT. For DFT, the relative energies of various spin states of O atom,
Fe”" ion, and FeF, molecule were determined from single-point calculations with the cc-
pwCV5Z-DK>**** basis set and the M06> exchange-correlation functional in Gaussian. The cc-
pwCV5Z-DK basis set includes core-valence correlation and is optimized for scalar relativistic
calculations; it was used with the second-order Douglas-Kroll-Hess scalar relativistic
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In the M06 calculations, the “UltraFine” grid was used and calculations
were performed both with and without the stability check option. The WFT calculations are
explained in the next subsection.

To explain the spin purification scheme used here we introduce the notation that £, is the

energy of the optimized Slater determinant with spin component Mg equal to M, where M is 2, 1,

or 0, and <S 2>M is the expectation value of S 2 in the calculation with Mg equal to M. In the

DFT calculations, some of the Slater determinants have <S 2>M not equal to M(M + 1) as would

be the case for a spin eigenfunction. For O atom two spin states (singlet and triplet) were
calculated, and for Fe*" ion and FeF, three spin states (quintet, triplet, and singlet) were
calculated. The singlet state of O atom has spin contamination from the triplet state, and those of
Fe”" ion and FeF, have spin contamination from both the triplet and quintet states. The triplet
states of Fe*" ion and FeF, have contamination from the quintet state. Because the conventional
Yamaguchi spin-purification scheme,’"*>**** does not lead to reasonable values when used for

multiplicities higher than singlet and triplet, we use the weighted-average broken-symmetry



(WABS) method given by equations 1 and 2,°® where a broken-symmetry solution in this context

is indicated by an <§>> value greater than M(M + 1).

WABS
EgiP =Ey —k(Ey - Eyy) (1)
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The WABS method has been successfully used in our earlier work for 3d transition metals and
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their ions'” and by other workers as well.®’

For Fe*" and FeF, spin contamination is removed from the triplet state by using the
quintet state as the high-spin state, and for O atom it is removed from the singlet state by using
the triplet state as the high-spin state. The spin contamination from the singlet state of Fe*" ion
and FeF, was not removed because it is ambiguous how to conveniently remove spin
contamination when it comes from two higher-spin states, namely the triplet and quintet. In any
event, "removal" of spin contamination, although it usually improves the accuracy, is not
guaranteed to do so,"” and our main conclusions do not rely on it.

Single-point WFT calculations. The relative energies of various spin states of O, Fe*",
and FeF, were determined from single-point calculations using WFT with the cc-pwCV5Z-DK
basis set, the second-order Douglas-Kroll-Hess scalar relativistic Hamiltonian, and the
Molpro®™®® computer program.

In the WFT calculations, Dy, symmetry was applied for all three systems. Complete
active space self-consistent field (CASSCF)’""""* calculations on the oxygen atom were done
using the (6e, 40) active space that has six electrons in 2s and 2p orbitals, and CASSCF
calculations on Fe*" ion and FeF, were done using the (6e, 50) active space that has six electrons
in five 3d orbitals. The CASSCF calculations were done in two ways, i.e., both as state-averaged
(SA) and state-specific (SS) calculations. To add more dynamic correlation energy and get
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accurate energies, the multi-reference averaged coupled-pair functional (MR-ACPF)
was used with SS-CASSCEF reference wave functions in which single-state calculations for each
spin state were carried out only for the first states in each irreducible representation. Multi-
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> were also carried out for all states

reference configuration interaction (MRCI) calculations
based on the SA-CASSCEF reference wave functions. Both the valence and outermost core

electrons were included in dynamic electron correlation, which is denoted by FC—1.



The CASSCF and MRCI wave functions were used to calculate the effective number of
unpaired electrons in each state. There is more than one formalism for analyzing
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this, and we used three of them. In general, the number of unpaired electrons

can be expressed as

nx = tr(V/x(m) V") 3)
where tr denotes a trace, V is the natural orbital basis, n is the diagonal matrix of eigenvalues of
the density matrix, and the diagonal elements of fx(n) can be expressed in different ways,

denoted by U or S or D. Here U referes to Head-Gordon’s U index given by eq 4:

u@)];i=1-1-ni, 4
S referes to Head-Gordon’s S index given by eq 5:*
s@li=nf (2-n 5)
and D refers to the index of Takatsuka, Fueno, and Yamaguchi’® given by eq 6:
o)l =2n; - n} (6)

where 7; is the natural orbital occupation number (NOON) of natural orbital i for a given single
state (rather than the average). Note that the index of Takatsuka, Fueno, and Yamaguchi is the
same as the one proposed by Staroverov and Davidson.*

In CASSCEF calculations the total number of electrons in the active space is well defined,
and it is enough if calculations of the effective number of unpaired electrons use only the
occupation numbers of the orbitals in the active space. The occupation number of inactive
orbitals is two and that of virtual orbitals is zero; therefore their contribution to the effective
number of unpaired electrons is inherently zero. But for MRCI, there are many morre orbitals
with nonzero NOON. We calculated the NOON values of the active space orbitals in the MRCI
calculations, and these numbers are only slightly different (by less than 0.04 electrons) from the
CASSCEF occupation numbers. Based on occupation number agreement between the two
methods, the NOON values of the active space orbitals are used to approximate the effective
numbers of unpaired electrons from MRCI calculations as well.

Experimental data. To compare calculated values with the experimental relative
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we calculated the spin-free energies " from

energies of the spin states of O atom and Fe*" ion,
the experimental data. The spin-free energies are the ones from which spin-orbit coupling has

been removed, and they are obtained from the experimental data by taking the (2J + 1)-weighted



average over the components of the mutliplet, where J is the total angular momentum quantum
number.

Excitation energies. We define the relative energy of a spin state as the difference
between the energy of the lowest state with a given S and the energy of the ground state (with the

ground-state value of S).

3. Results and Discussion

3.1. Oxygen atom

In this section we consider triplet and singlet spin states of O atom. We will use this simple case
to discuss some of the complications in analyzing open-shell states, and we will show how both
single-reference DFT calculations and multiconfigurational WFT calculations lead to the
conclusion that the 'D state of O is an open-shell singlet. We note that this conclusion about the
lowest excited state of the oxygen atom is contrary to the generally accepted® view, which
considers it to be a closed-shell singlet. Using the nomenclature defined above, the open-shell

singlet is an intra-atomic hyper open-shell (HOS) singlet.

Excitation energy of singlet O. For O atom, the excitation energy (defined at the end of
section 2) is the difference in excitation energy of the first excited state, which is a singlet, from
the ground state, which is a triplet.

Tables 1 and 2 present the excitation energy of singlet O atom calculated by M06 and
MR-ACPF, respectively. Both the methods correctly show that the triplet state is the ground spin
state (°P), and that the first excited state is a singlet (‘D). The first excitation energy calculated
from MR-ACPF (45.4 kcal/mol) agrees very well with the experimental excitation energy of
45.1 kcal/mol, while the excitation energy from M06 deviates significantly. This gets greatly
improved with the spin purification scheme of eq 1 that removes spin contamination from the
singlet state and leads to a deviation of only ~2 kcal/mol from experiments. The usefulness of the
MO06 exchange-correlation functional for such systems along with spin-projection schemes for
accurately predicting singlet-triplet energy gaps with DFT is also shown in Table 3 of Ref. 84.
Another formulation of spin purification scheme, which yields a result very similar (47.3

kcal/mol) to that given in Table 1, is reported in Supporting Information.



Table 1. Relative energies (AE in kcal/mol)” of O atom with and without spin-projection and
<S§>> values calculated using M06/cc-pwCV5Z-DK.

State Typeb AEwo6 <§*> AEexpn”
°p 00S 0.0 2.01 0.0
'D HOS 23.7.947.1° 1.00¢ 45.1

- cs 612" 0.00” i

“AE is calculated with respect to the triplet spin state.

00S = ordinary open-shell, HOS = hyper open-shell, CS = closed-shell
“spin-free values derived from Ref. 82

ddirectly calculated variational result

‘obtained by the weighted-average broken-symmetry (WABS) spin-projection method of eq 1

Junstable solution

Orbital energy diagram. To illustrate the energetic lowering of the HOS state as
compared to the lowest-energy closed-shell (CS) singlet, we also performed a DFT calculation of
the unstable lowest-energy closed-shell singlet. Table 1 shows that the CS restriction raises the
energy by 14 kcal/mol, and Figure 1 is an orbital energy diagram that helps us to understand why
the HOS state is lower in energy than the closed-shell singlet. This figure shows that the ground
state of oxygen atom is an ordinary open-shell (OOS) state, in particular an ordinary triplet with
two unpaired electrons (both a spin), and the first excited state singlet state also has two unpaired
electrons (although now there is one a and one B), so it is not an ordinary singlet, but rather is an
HOS state. We also show the orbital energies for the lowest-energy CS singlet solution of the
SCF equations. We see that the two singly occupied orbitals in the 'D state have the same energy
due to spatial degeneracy of the 2p orbitals, and the average p orbital energy is lower than in the
CS state. The <S*> value for the HOS state shows high spin contamination, and a large
correction for energy (more than 20 kcal/mol) is obtained by spin purification (see Table 1).
Although the spin purification scheme allows one to conveniently remove spin contamination
from the energy, it does not change the nature of the Slater determinant, which remains spin
contaminated. Hence one might question whether the greater number of unpaired electrons as
compared to the CS state is an artifact of mixing in the unpaired-electron character of lower
energy triplet. That motivated us to analyze wave functions of the various states of oxygen atom

using WFT with pure spin states, as described next.
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Figure 1. Orbital energy diagrams of the 2p orbitals of the three states ('P, 'D, and CS) of O
atom from M06/cc-pwCV5Z-DK calculations. The dotted lines connect an orbital in the o
manifold to the corresponding orbital in the § manifold.

We need to consider spatial degeneracy, but since spin-orbit coupling is not included in
this article, we do not need to consider spin degeneracy in discussing the quantum mechanical
calculations. In the WFT calculations we find that the ground spin state of O atom has three-fold
spatial degeneracy (P character) and the first excited state has five-fold spatial degeneracy (D
character) as shown in Table 2. We applied D,, symmetry in the calculations, and the 2s, 2py,
2py, and 2p, orbitals belong to ag, b3y, bou, and by, irreducible representations, respectively, from
which the CSFs are constructed. One way to analyze the wave function of both the triplet and
singlet states is to look at the individual CSFs and their occupation numbers. First let's consider
the triplet ground state — the 2s orbital is doubly occupied, one of the 2p orbitals is also doubly
occupied, and the other two 2p orbitals are singly occupied, where both the electrons have same
spin. It has three possible solutions where any of the 2py, 2py, and 2p, can be the doubly
occupied one. The symmetries for the wave functions arising from these three possibilities are
given below, where each wave function represents a CSF with equal energies (as shown in Table

2):
- (ag)X(ag)X(b3u)><(b3u)x(b2u)x(blu) = B3g

- (ag)X(ag)X(qu)X(qu)X(b3u)X(blu) = BZg
- (ag)X(ag)X(blu)x(blu)x(qu)X(bh) = Blg
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Table 2. Relative energies (AE in kcal/mol) and effective numbers of unpaired electrons of O
atom calculated using SA-CASSCF/cc-pwCV5Z-DK, MRCl/cc-pwCV5Z-DK, and MR-

ACPF/cc-pwCV5Z-DK.*

State Typeb Irrep®  AEsa-casscr ENUEcasscr ENUEwmrc1 AEMR-ACPF  AEexp
ny ng np ny ng np
°p 00S By, 0.0 200 2.00 200 204 200 2.10 0.0 0.0
00S By, 0.0 200 2.00 2.00 204 200 2.10 0.0 0.0
00S B3, 0.0 200 2.00 200 204 200 2.10 0.0 0.0
'D HOS A, 50.3 1.72 1.88 2.00 2.03 2.00 2.09 454 45.1
HOS A, 50.3 1.38 1.52 2.00 138 145 2.08 d 45.1
HOS By, 50.3 200 2.00 200 203 200 209 454 45.1
HOS By, 50.3 200 2.00 200 203 200 209 454 45.1
HOS B3, 50.3 200 2.00 200 203 200 209 454 45.1

“AE is calculated with respect to the ground state triplet. ENUE denotes effective number of
unpaired electrons.

00s = ordinary open-shell, HOS = hyper open-shell

“Irrep = irreducible representation

“MR-ACPF can be calculated only for the first state in each irrep.

“Spin-free values derived from Ref. 82

Next if we consider the five-fold degenerate first excited state (‘D) of oxygen atom, we
see that these five states have the following symmetries of wave functions among the irreducible
representations of Dop: two of 4, symmetry and one each of B, B, and B3, symmetry. The
three states with symmetries B, B, and B3, cannot be closed-shell solutions, because if they
were closed-shell solutions, then the direct product of o and P electrons in the same orbital
would lead to an a, character, and the symmetry of such a wave function has to be 4. Therefore
assuming the three states with symmetries By, B2g, and Bs, to be open-shell solutions with two
unpaired electrons (one with o and one with 8 spin) will give us three possible wave functions,

which are follows:

- (ag)(ag)*(b3u)*(b3u)*(b2u)*(b1u) = Bsg
- (ag)(ag)*(b2u)*(b2u)*(b3u)*(b1u) = Bag
- (ag)(ag)*(bru)*(bru)*(bau)*(b3u) = Big
Here a pair of CSFs represents each wave function, where the only difference between the pair is

the switching of the o and f electrons. The rest of the two states of the five-fold degenerate 'D
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state belong to 4, symmetry, as mentioned above. It was also mentioned that all of the closed-
shell solutions have to belong to this symmetry, and open-shell solutions can also have this
symmetry if the direct product of the irreps of unpaired electrons is 4,. But it is impossible for
only two electrons to give this symmetry if they do not belong to the same irrep. In the 4,
symmetry the wave function has to be described by linear combinations of closed-shell CSFs.
There are altogether four possible CSFs — one of the 2s or 2p orbitals is empty and the other
three orbitals are doubly occupied. Of these four CSFs, three CSFs (where 2s orbital is doubly
occupied) are used to describe the two A, states of the five-fold degenerate 'D state. We are not
surprised that an open-shell singlet can be constructed entirely from closed-shell CSFs because
we have a familiar example, namely that of the stretched-H; open-shell singlet (which was
mentioned in the introduction); it can be described by a linear combination of o, and o,°.

Effective number of unpaired electrons. We used the recipes given in Section 2 to
compute the effective number of unpaired electrons in each component state of the SA-CASSCF
and MRCI wave functions for triplet and singlet oxygen atom. The effective number of unpaired
electrons was computed for the components of ground state and the components of the first
excited state and is tabulated in Table 2. As can be seen from the table, the effective number of
unpaired electrons corresponding to the more accurate MRCI wave function lies between 1.4 and
2.1 for these states and indicates that they have about two unpaired electrons. This shows that the
'D state of O atom is not a closed-shell state, and it can be described as intra-atomic HOS singlet
as shown in Figure 1. The effective numbers of unpaired electrons confirm what we surmised
from DFT.

The oxygen 'D state is fivefold degenerate, and therefore there is considerable freedom in
how to choose the eigenfunctions. One can write closed-shell functions, such as the complex
ones with M; = +2, and one can write open-shell functions such as the complex ones with M} =
+1. One can take linear combinations of closed-shell configuration state functions that yield
open-shell ones and vice versa.”® But any set of five orthogonal functions should have the same
ensemble average for the natural orbital occupancies. It is interesting that we find an ensemble
average of 4/3. Without considering the configuration state functions this could have been
anticipated on the basis of symmetry (the ensemble average must be spherically symmetric). The
number of unpaired electrons is not invariant to transformations among the orbitals, and even for

a given choice of orbitals, it is not a physical observable*” and therefore different definitions of
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this quantity do not agree. But the point of considering the configuration state functions is that
we see that the ensemble average does not involve five closed-shell wave functions. Thus the 'D
state should not be considered a closed-shell singlet. It is a mixed open-shell—closed-shell
singlet, and therefore it has some open-shell character. The oxygen atom is actually more
complicated than the cases one usually confronts in practice where either there are no degenerate
orbitals or a twofold degenerate orbital of e symmetry. And in fact our discussion of FeF, below
does not suffer from these complexities. But it is useful to consider oxygen because it is a simple
case that is often misinterpreted as a straightforward closed-shell singlet, and it is interesting to
see what happens when methods designed for lower-symmetry are applied to this textbook high-

symmetry case.

3.2. Fe** ion

In this section we consider three spin states (quintet, triplet, and singlet) of Fe*" monatomic ion.
The °D quintet ground state of Fe*" has fivefold spatial degeneracy and is an ordinary open-shell
state with four unpaired electrons. Experimentally, the first excited state is the °P state with
threefold spatial degeneracy, and and the second excited state is a *H state with 11-fold spatial
degeneracy. The spin-free energy difference between these excited states is only 0.6 kcal/mol,
and this very small energy difference is not properly treated in the calculations. In fact, even very
high-level calculations may give the wrong energy order for these two triplet excited states.
Therefore in the multiconfigurational calculations both states are considered. The first singlet
state is a 'I state with 13-fold spatial degeneracy. We will show using both DFT and WFT that

the lowest-energy triplet and singlet states are hyper open-shell states.

Relative energies of spin states. Tables 3 and 4 give the relative energies of spin states
of Fe*" ion as calculated by M06 and MR-ACPF, respectively. Both methods agree with
experiment that the quintet state is the ground spin state and that the next two higher-energy
states, in order of increasing energy, are triplet and singlet; we note that this result was also
obtained in our previous study’> on relative energies of spin states of Fe*" ion. The energies of
the triplet and singlet states from MR-ACPF match very well with the experimental values, while

MO6 underestimates the excitation energies of both excited spin states by ~10 kcal/mol (if we
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compare experiments to the HOS values). One possible source of this underestimate is spin
contamination by the lower-energy higher-spin states. To eliminate spin contamination, we use
the WABS method for the quintet-triplet pair (see eqs 1 and 2) that removes spin contamination
from the HOS triplet state and gives a relative energy of 61.8 kcal/mol, which is closer to
experimental (°P) value of 56.1 kcal/mol than the uncontaminated case with 46.4 kcal/mol
relative energy. Also shown in Table 3 are the energies of unstable excited triplet (OOS) and
singlet (CS) SCF solutions that are pure spin states with no spin contamination. They are
respectively 42 and 59 kcal/mol higher in energy than the corresponding ground triplet and
singlet states (HOS states), and these energy differences can be attributed to the difference in

electronic configurations, which is analyzed in detail next.

Table 3. Relative energies (AE in kcal/mol)” with and without spin-projection and <S*> values
of Fe*" ion calculated using M06/cc-pwCV5Z-DK.

State Typeb AEwos <S> AEexp”
quintet  00S 0.0 6.01 0.0
wiplet ~ HOS  464%61.8° 3.00°  56.1
00S 103.9°  2.00°
singlet HOS 71.2 1.90 85.6
CS 130.00  0.00/

“AE is calculated with respect to the quintet spin state.

00S = ordinary open-shell, HOS = hyper open-shell, CS = closed-shell

“Spin-free values derived from Ref. 82, where quintet is °D, triplet is °P, and singlet is 'I
“Variational solution

‘obtained by the weighted-average broken-symmetry (WABS) spin-projection method of eq 1

A unstable solution

Orbital energy diagram. Figure 2 compares the M06 orbital energies of the three spin
states of Fe*" to one another and to those from unstable restricted SCF solutions; only the valence
3d orbitals are plotted. The diagram for the quintet state is straightforward, and it corresponds to
an ordinary open-shell state with four o unpaired electrons, while the triplet and singlet states
can have more than one way of occupying electrons in the valence 3d subshells. The triplet is
shown with two ways of occupying orbitals — the OOS triplet solution that has two o unpaired
electrons and the HOS triplet state that has three o and one {3 unpaired electrons. Similarly the

singlet has two very different configurations in the plot, the CS singlet solution that has no
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unpaired electrons and the HOS singlet state that has two a and two 3 unpaired electrons. There
can possibly be more ways to occupy the orbitals than the ones presented here, but the ones

presented are the lowest-energy ones that we were able to generate for each type.

-19 1 Quintet (OOS) Triplet (HOS) Triplet (OOS) Singlet (HOS)  Singlet (CS)

e (eV)
5

o p
Figure 2. Orbital energy diagrams of the 3d orbitals of the five states (OOS quintet, HOS and
OOS triplet, and HOS and CS singlet) of Fe*" ion from M06/cc-pwCV5Z-DK calculations. The

dotted lines connect an orbital in the a manifold to the corresponding orbital in the § manifold.
[OOS = ordinary open-shell, HOS = hyper open-shell, and CS = closed-shell]

Effective number of unpaired electrons. The number of CSFs for Fe*” ion is very high,
and each wave function of the triplet and singlet states is a linear combination with significant
contributions from many CSFs; nevertheless the effective number of unpaired electrons provides
a measure of the number of unpaired electrons. Similarly to our treatment of O atom, we use the
SA-CASSCF and MRCI wave functions to calculate the effective number of unpaired electrons
for Fe*" ion. The five components of the quintet state each have 4.0 unpaired electrons (see
Table 4) by all methods, and thus the ground state is an OOS. The three spatial componets of the
triplet state have effective numbers of unpaired electrons in the range of 3.59—4.59, so the triplet
is an HOS and can be described as intra-atomic HOS based on Figure 2 (the effective number of
unpaired electrons for an OOS would be 2.00). The singlet state hs 13-fold spatial degeneracy
and its componets have effective numbers of unpaired electrons in the range 3.28-4.56, so it too

is an intra-atomic HOS. Note that the effective numbers of unpaired electrons calculated using



the np approach are higher than those for the other two approaches (ny and ns), which is the

expected result as discussed in ref. 78.

16
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Table 4. Relative energies (AE in kcal/mol) and effective numbers of unpaired electrons of Fe**

calculated using SA-CASSCF/cc-pwCV5Z-DK, MRCl/cc-pwCV5Z-DK, and MR-ACPF/cc-

pwCVS5Z-DK.“
State Typeb Irrep®  AEsa-casscr ENUEcasscr ENUEwmrcr AEMR-ACPF AEexp
ny ng np ny ng np
°D 00S A, 0.0 4.00 400 400 4.00 4.00 4.04 0.0 0.0
00S A, 0.0 4.00 400 400 4.00 4.00 4.04 d 0.0
00S Big 0.0 4.00 400 400 4.00 4.00 4.04 0.0 0.0
00S By, 0.0 4.00 400 400 4.00 4.00 4.04 0.0 0.0
00S B3, 0.0 4.00 400 400 4.00 4.00 4.04 0.0 0.0
°p HOS Big 71.2 4.00 460 480 403 4.63 481 d 56.1
HOS By, 71.2 4.00 460 480 403 4.63 481 d 56.1
HOS B3, 71.2 4.00 460 480 403 4.63 481 d 56.1
H HOS A, 64.0 4.00 425 456 402 428 458 57.6 56.7
HOS A, 64.0 3.87 425 456 390 428 458 d 56.7
HOS Big 64.0 4.00 424 456 4.04 427 458 57.5 56.7
HOS Big 64.0 3.87 425 456 390 428 458 d 56.7
HOS Big 64.0 359 414 454 3.62 418 4.56 d 56.7
HOS By, 64.0 375 417 453 378 420 4.55 57.5 56.7
HOS By, 64.0 3.82 423 457 383 426 459 d 56.7
HOS By, 64.0 374 416 452 377 419 454 d 56.7
HOS B3, 64.0 375 417 453 378 420 4.55 57.5 56.7
HOS B3, 64.0 382 423 456 384 426 459 d 56.7
HOS B3, 64.0 374 416 452 377 419 454 d 56.7
T HOS A, 95.8 397 4.01 412 400 4.02 4.5 86.4 85.6
HOS A, 95.8 352 388 431 3.61 393 427 d 85.6
HOS A, 95.8 370  4.01 432 375 4.00 4.27 d 85.6
HOS A, 95.8 328 3776 431 330 380 434 d 85.6
HOS Big 95.8 395 4.00 4.01 397 400 4.05 86.4 85.6
HOS Big 95.8 388 4.13 442 390 416 444 d 85.6
HOS Big 95.8 346 382 432 349 385 434 d 85.6
HOS By, 95.8 385 4.10 443 390 4.13 447 86.5 85.6
HOS By, 95.8 3.58 377 417 3.62 380 4.28 d 85.6
HOS By, 95.8 3.68 4.18 454 377 422 4.56 d 85.6
HOS B3, 95.8 385 4.09 443 389 413 446 86.5 85.6
HOS B3, 95.8 358 376 4.17 3.62 380 4.28 d 85.6
HOS B3, 95.8 3.69 4.18 453 377 421 455 d 85.6

“AE is calculated with respect to the quintet spin state. ENUE denotes effective number of

unpaired electrons.

00s = ordinary open-shell, HOS = hyper open-shell

“Irrep = irreducible representation
“MR-ACPF can be calculated only for the first state in each irrep.
“Spin-free values derived from Ref. 82
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3.3. FeF, molecule

The FeF, molecule is linear (D,,) in all three spin states with calculated bond lengths of 1.754 A
(quintet), 1.735 A (triplet), and 1.741 A (singlet). The many-fold degenerate spin states of Fe*
ion split with the introduction of two F~ ligands in FeF,. For instance, the five-fold degenerate
quintet state splits into two A states, two IT states, and one X state. These quintet states have
different energies based on which 3d orbital is doubly occupied. The relative energies of triplet
and singlet states are even more complicated as each of these spin states can have different
energies not just because of which 3d orbital(s) is doubly occupied, but also because of the fact
that they can have OOS or HOS character, as was shown for the case of Fe*" ion. In our previous
two examples, an atom and an ion were used to demonstrate the difference between an OOS and
an HOS, but here we use a molecule as an example and show using both DFT and WFT that

there can be significant difference between both of them.
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Relative energies of spin states. In contrast to the O atom and the Fe*" jon, experimental
spin-state relative energies are not available for FeF,. We use the MR-ACPF values as our
reference for FeF; as it gave good agreement with experiments for O atom and Fe*" ion (see
Tables 2 and 4, respectively). Tables 5 and 6, respectively, give the relative spin-state energies of
FeF; calculated by M06 and MR-ACPF. Both these methods predict quintet as the ground spin
state, and triplet and singlet as the next two higher energy states. Previous studies with various
single- and multi-reference methods®***”* have also predicted that the ground spin state of
FeF, is quintet (CA), which can be expected because F~ ligand is a weak-field ligand. In Table 5,
the MO6 triplet and singlet relative energies for the HOS states are underestimated compared to
MR-ACPF in Table 6, which is mainly due to spin contamination. Like Fe*" ion, we got rid of
spin contamination from the triplet state by using the WABS method. The resulting relative
energy becomes 51.2 kcal/mol, which deviates from the reference MR-ACPF value by less than
one kcal/mol. Table 5 shows that the excited triplet and singlet states, which are the OOS and CS
states, respectively, are pure spin states without spin contamination, and are higher in energy
than the corresponding HOS states. Similar to the Fe* ion, this energy difference arises primarily
due to different ways in which electrons can occupy the 3d orbitals of the triplet (and the singlet)

state and is discussed in the next subsection.

Table 5. Relative energies (AE in kcal/mol)” with and without spin-projection and <S>> values
of FeF; calculated using M06/cc-pwCV5Z-DK.

State Typeb AEwo6 <5
quintet 00S 0.0 6.02
triplet HOS  39.4°512¢9  2.94°
00S 59.0° 2.02°

singlet HOS 49 .4° 1.98°
CS 88.0° 0.00°

“AE is calculated with respect to the quintet spin state.

00S = ordinary open-shell, HOS = hyper open-shell, CS = closed-shell

“variational solution

“obtained by the weighted-average broken-symmetry (WABS) spin-projection method of eq 1

“unstable solution
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Table 6. Relative energies (AE in kcal/mol)” and effective numbers of unpaired electrons (1y) of
FeF; calculated using SA-CASSCF/cc-pwCV5Z-DK, MRCl/cc-pwCV5Z-DK, and MR-
ACPF/cc-pwCV5Z-DK.*

State Typeb Irrep® AEsacassck ENUEcasscr ENUEwmrar AEMR-ACPF
ny ng np ny ng np

quintet OOS A, 0.0 4.00 4.00 4.00 4.01 4.00 4.04 0.0
00S A, 243 4.00 4.00 4.00 4.01 4.00 4.04 d
OO0S By, 0.0 4.00 4.00 4.00 4.00 4.00 4.03 0.1
O0S By, 22.2 4.00 4.00 4.00 4.00 4.00 4.04 23.1
OO0S B3, 22.2 4.00 4.00 4.00 4.00 4.00 4.04 23.1

triplet HOS A, 63.8 397 4.00 4.07 4.00 4.01 4.10 51.1
HOS By, 63.8 397 4.00 4.07 4.00 4.01 4.10 51.0
HOS By, 63.6 2.65 3.01 3.84 2.69 3.07 3.87 50.5
HOS B, 63.6 2.65 3.01 3.84 2.69 3.07 3.87 50.5

singlet HOS A 92.6 3.53 3.83 432 356 3.86 4.33 77.6
HOS By, 94.6 3.88 4.00 4.13 390 4.01 4.16 79.4
HOS By, 93.0 3.51 3.83 431 351 3.84 4.32 77.2
HOS B, 93.0 3.51 3.83 431 351 3.84 4.32 77.2

“AE is calculated with respect to the quintet spin state. ENUE denotes effective number of
unpaired electrons.

00S = ordinary open-shell, HOS = hyper open-shell, CS = closed-shell

“Irrep = irreducible representation

“MR-ACPF can be calculated only for the first state in each irrep.

Orbital energy diagram. The electronic configurations of three spin states of FeF, are
shown in Figure 3 using M06 orbital energies, and similarly to Figure 2, only the valence 3d
orbitals are plotted. Figure 3 shows that the quintet state is an OOS, and each of triplet and
singlet states have two ways of occupying electrons. The HOS state for both the spin states has
four unpaired electrons and higher energy states (OOS for triplet and CS for singlet) have less
than four unpaired electrons. As was already mentioned, these different ways of occupying

electrons for the same spin state give significantly different energies.
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Figure 3. Orbital energy diagrams of the 3d orbitals of the five states (OOS quintet, HOS and
OOS triplet, and HOS and CS singlet) of FeF, using M06/cc-pwCV5Z-DK. The dotted lines

connect an orbital in the o manifold to the corresponding orbital in the 3 manifold. [OOS =
ordinary open-shell, HOS = hyper open-shell, and CS = closed-shell]

Effective number of unpaired electrons. As we discussed for O atom and Fe*" ion,
because of spin contamination the number of unpaired electrons that Figure 3 gives may not be
definitive, thus the effective numbers of unpaired electrons were calculated using the SA-
CASSCF and MRCI wave functions. In Table 6 for all three quintet states (A, I1, and Z) using
both these wave function methods, the effective numbers of unpaired electrons are equal to 4.0,
and they represent OOS states. Among the possible triplet states only the lowest energy states of
each irrep are listed in Table 6. The effective numbers of unpaired electrons of the triplet IT (B2,
and Bs,) state are 2.69, 3.07, and 3.87 by MRCI (the CASSCEF values are very similar) for ny, ns,
and np approaches, respectively, which is more than the expected value of 2.00 for an OOS
triplet. The effective number of unpaird electrons (3.97—4.10 for all calculations) is even higher
for triplet A (4, and B),) states, which lies less than 0.5 kcal/mol higher in energy than the triplet
IT state. In the case of singlet states, again, only the lowest energy state of each irrep is listed in
Table 6. Here the lowest energy state is a 2 (4,) state, the first exited state is a IT (B, and B3g)
state, and the second excited state is a A (B4, its 4, component is not shown) state. For all the

three singlet states, the effective numbers of unpaired electrons are larger than 3.5, i.e., they are
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HOS states. The HOS states of both triplet and singlet are intra-atomic as these unpaired

electrons lie on the iron center and are not distributed between iron and fluorine ligands.

4. Concluding remarks

The electronic structures of O atom, Fe*" ion, and FeF, molecule were investigated in detail
using both single-reference and multi-reference methods. The DFT method used in this work is
the M06 exchange—correlation functional, and the WFT methods are CASSCF, MRCI, and MR-
ACPF. The high-spin state (ordinary triplet for O and ordinary quintet for Fe*" and FeF,) is the
ground spin state, as predicted by all the methods. Both DFT and WFT show that the singlet of
O, the lowest triplet and lowest singlet of Fe*", and the lowest triplet and lowest singlet of FeF,
are all hyper open-shell states. The WFT method provides the most definitive characterization in
terms of the number of unpaired electrons calculated from the density matrix, whereas the DFT
method has the advantage of allowing one to calculate the energy lowering of the open-shell
singlets as compared to closed-shell singlets. For the excited state of all three examples, the HOS
state was found to be more stable than the OOS or CS state. The orbitals in the case of HOS are
arranged such that it maximizes the number of unpaired electrons to achieve the number of
unpaired electrons that are in the ground spin state, which leads to the total electronic energy for
the HOS state being lower than the total electronic energy for the OOS or CS state. The present
findings provide a new corrected perspective when compared to the conventional treatments and

textbook discussions.
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