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Inhomogeneous mixing by stationary convective cells set in a fixed array is a particularly simple
route to layering. Layered profile structures, or staircases, have been observed in many systems,
including drift-wave turbulence in magnetic confinement devices. The simplest type of staircase
occurs in passive-scalar advection, due to the existence and interplay of two disparate time scales,
the cell turn-over (τH) and the cell diffusion (τD) time. In this simple system, we study the resiliency
of the staircase structure in the presence of global transverse shear and weak vortex scattering.
The fixed cellular array is then generalized to a fluctuating vortex array in a series of numerical
experiments. The focus is on regimes of low-modest effective Reynolds numbers, as found in magnetic
fusion devices. By systematically perturbing the elements of the vortex array, we learn that staircases
form and are resilient (although steps become less regular, due to cell mergers) over a broad range
of Reynolds numbers. The criteria for resiliency are (a) τD ≫ τH and (b) a sufficiently high profile
curvature (κ ≥ 1.5). We learn that scalar concentration travels along regions of shear, thus staircase
barriers form first, and scalar concentration “homogenizes” in vortices later. The scattering of
vortices induces a lower effective speed of scalar concentration front propagation. The paths are
those of the least time. We observe that if background diffusion is kept fixed, the cell geometric
properties can be used to derive an approximation for the effective diffusivity of the scalar. The
effective diffusivity of the fluctuating vortex array does not deviate significantly from that of the
fixed cellular array.

I. INTRODUCTION

A. Background

Staircases [1] – structures of long-range layered order
[2] – have been predicted and observed in applications
such as doubly diffusive convection (e.g., stellar interi-
ors, oceans, and planetary atmospheres) [3, 4], rotating
geophysical fluids (e.g., potential vorticity (PV) jumps
associated with sharp jets (zonal flows)) [1], fluids with
stratified density [5], and magnetized plasmas [6–9]. In
all of these, sharp gradient layers act as barriers to trans-
port. On account that layering is observed in many dif-
ferent types of systems, it is beneficial to understand how
staircases form – i.e., how ‘inhomogeneous mixing’ is re-
alized? Such mixing results in the local sharpening of
a scalar’s (e.g., PV, temperature, etc.) gradient. When
the gradient steepens, a pattern of “jumps” and “steps”
develop in the scalar profile, hence the staircase.

In magnetically confined plasma, layering is mani-
fested by the formation of an E×B staircase – a quasi-
periodic pattern of mean field and fluctuation inten-
sity. A signature of this structure is the containment of
avalanche activity, which can be detrimental to confine-
ment [10]. Both simulation and experimental data have
shown a pressure profile that resembles a staircase. At
“jumps” (strong localized temperature gradients), turbu-
lence drives an enduring layer of localized shear that acts
as a permeable transport barrier. In regions of “steps”
(mixing region), there is strong, avalanche-like transport.
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Here, the interspersed regions of localized shear reduce
the spread of avalanche-like transport.
There are two common approaches when explaining

the phenomenon of layering in magnetic confinement.
One approach proposes that the formation process is due
to the interplay of mixing on two length scales [11]. Here,
bistability, which is key to staircase formation, enters via
a gradient dependent mixing length. The mixing length
is determined by an excitation scale and the Rhines scale
[12]. The emergent scale for drift-wave turbulence is the
Rhines scale [13, 14], which is defined by the cross-over
between the wave interaction mismatch frequency and
the decorrelation rate characteristic of the inverse cas-
cade. Note that both the local profile scale length and
the turbulence intensity enter the Rhines scale – hence
its “emergent” character. The interplay of processes on
two length scales triggers self-sharpening of modulations,
leading to a staircase. For an extensive study on the two
scale mixing process, see [15–18]. The other approach is
the jams model [19–21]. In this alternative picture, the
staircase forms due to a time delay between temperature
modulations and local heat flux. For a more detailed
discussion of these two approaches, see Appendix A.
So far, nearly all suggestions involve a feedback pro-

cess between zonal shears, turbulence, and their mutual
interaction by modulation processes. However, perhaps
the simplest explanation of inhomogeneous mixing is to
observe that it occurs when the turbulence field is or-
ganized in an array of marginally overlapping convective
cells (See Fig. 1). Such a configuration is expected when
instabilities are weakly excited but not strong enough
to produce large transport (i.e., when turbulence is rel-
atively weak, cells overlap only slightly, and profiles are
“near-marginal”). Such states are characteristic of “stiff
profiles”, which adopt roughly the same shape regardless
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FIG. 1: Illustration of marginally overlapping cells.
Marginally overlapping cells are cells that are tangent

at a point, or which intersect over, or are separated by,
a distance of no more than a collisional di�usion length.

of the applied heating and fueling pro�les [22].
Marginally overlapping cells capture two di�erent

transport mechanisms. The two transport methods can
be understood using the setup of overlapping and nearly-
overlapping cells (See Fig. 2). In the former, particles
can scatter directly from cell to cell. A classic example
of the latter is the problem of passive-scalar advection
by an array of stationary convective cells [23{25]. A fea-
ture of this model is that there is a coexistence and inter-
play of fast (cell turn-over) and slow (di�usion) transport
time scales. In this setup, many overturns occur in one
di�usion time, thus resulting in inhomogeneous mixing.
As depicted in Fig. 4, the system has a global density
gradient in the x direction. As the cells rotate, they cap-
ture and trap particles. Due to a global di�usion D , the
particles can be kicked o� a streamline at a narrow gap
(� ) between two convective cells. Note that we assume
that the characteristic scale of the cells isd, henced � � .
Here, the cell boundary acts as a transport barrier; there-
fore, the simplest case of staircase formation occurs in a
stationary array of eddies and passive scalar dynamics
(See Fig. 3). It is important to note that in this setup,
`feedback' is not necessary to form a staircase structure.

A remarkable result which is characteristic of this
model is the e�ective di�usivity ( D � ) caused by the in-
terplay of fast and slow transport. To derive the e�ective
di�usivity, we consider a random walk with a di�usion co-
e�cient calculated by (� x)2=� t, where � x and � t rep-
resent the cell length along (d) the global density gradi-
ent and the boundary layer scattering time [(d=� )� H ], re-
spectively. Here, � H represents the cell circulation time.
Therefore, we have the following,

D � �
(� x)2

� t
: (1)

Since particles undergo a pure random walk at the
boundary layer, we can de�ne � as

p
D� H . To formulate

an expression for� H , we introduce the cellular stream-

FIG. 2: Particle transport in overlapping and
nearly-overlapping cells. In the overlapping case, the
particle can scatter directly from cell to cell. For the

nearly-overlapping case, there is a coexistence of: Fast
transport (mixing in cell) and slow transport (kicks

between cells).

function

 0 = sin � (x=d) sin �� (y=d); (2)

and 
ow velocity

u = (~ud=� )ẑ � r  ; (3)

where ~u is the maximum 
ow velocity. We can de�ne the
circulation time around the roll as

� H =
d
~u�

:

Here, the term � is the ratio of cell lengths along (d = dx )
and perpendicular (dy ) to the global density gradient.
Plugging in these values into Eq. (1) results in

D � �
p

DD cell = D
p

Pe; (4)

where D cell = ~ud� . Here Pe represents the Peclet num-
ber,

Pe =
� D

� H
; (5)

which is the ratio of the time for di�usion of a parti-
cle through a roll (� D = d2=D) to the time of circulation
around the roll. Since layering in a cellular array requires
that the cell circulation time be much less than the dif-
fusion time, the result in Eq. (4) is only valid in the
regime of Pe� 1. It is worth emphasizing that the e�ec-
tive di�usivity is not determined by simple addition as
in D � = D + D cell , but by the geometric mean

p
DD cell .

Many but not all properties of the nearly-overlapping
cells are present in magnetic con�nement devices. For ex-
ample, convection cells take the form of theE � B convec-
tion, zonal 
ows represent the boundary regions between
cells, di�usion represents ambient collisional di�usion,
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FIG. 3: Illustration of a staircase pro�le. Domains of
cellular mixing (\steps") and regions of cell boundaries

(\jumps") are denoted by d (red) and � (green),
respectively.

and scalar concentration represents the spatial propaga-
tion of turbulent intensity. The propagation of turbulent
intensity enables turbulent heat transport and thus car-
ries a heat 
ux. Due to these similarities, it's convenient
to review the simplest incarnation of the staircase, which
is the cellular array with two disparate time scales. This
model is a minimal approach to layering, which comple-
ments other ideas such as theE � B \predator-prey"
model, where drift-wave turbulence and zonal 
ow pop-
ulations interact via a dynamical feedback loop. Note
that although this model incorporates features relevant
to magnetically con�ned plasmas, it should not be con-
strued as an exact representation thereof. For a brief
discussion on staircases in magnetic con�nement, see Ap-
pendix A.

In this paper, we explore structural 
uctuations and
consider the e�ects of an additional shear streamfunction
on the �xed cellular array. Here, we answer the following:

1. Will the staircase structure form in the presence
of global transverse shear and turbulence-induced
mixing?

2. How does global transverse shear a�ect the mixing
of scalar concentration? If we increase the strength
of the shear, what will happen to the staircase?

3. In a 
uctuating vortex array, how does the stair-
case structure change? What are the criteria for a
staircase to be considered resilient?

4. As scalar concentration 
ows in the 
uctuating vor-
tex array, will the staircase step or barrier develop
�rst?

5. As vortices are scattered, how will the e�ective ve-
locity of scalar concentration front change?

6. In the 
uctuating vortex array, how does e�ective
di�usivity deviate, if at all, from the D

p
Pe scaling?

FIG. 4: Illustration of the model solved in this paper.
The passive-scalar equation utilizes both Neumann and
periodic boundary conditions to model the physics of

core to edge in fusion devices. In our model,x and y can
represent the radial and poloidal direction, respectively.

In the paper, we address these six questions and inter-
pret the results in the context of magnetically con�ned
plasmas.

B. Fixed Cellular Array Model

The governing equation for passive-scalar transport is

�
@
@t

+ u � r
�

n = D r 2n; (6)

where n is the scalar concentration,u the 
uid velocity
[See Eq. (3)], andD the background di�usion coe�cient.
For our simulations, we set the values of ~u to 0:5. The
dimensionless streamfunction produces the 
ow structure

 =  0 + �  shear : (7)

In Section I B and Section II, the value of � is set to one.
In Section III, we calculate the average value of� by
measuring the length of the cells along and perpendicular
to the mean gradient. For � = 0, the streamfunction
creates an array of convection cells [23{25]. In section II,
we explore the case of� 6= 0. We note that Eqs. (3) and
(7) follow the same normalization as the streamfunction
and 
uid velocity given in [23].

The passive-scalar equation is numerically solved on a
two-dimensional grid where x and y range from [0; L ].
The value of L and d are set to 2� and �= 3 and are
kept �xed for all numerical simulations and calculations
performed throughout the paper. For our simulation do-
main, the value of d results in an array of 6� 6 stationary
convective cells.

We impose Neumann boundary conditions inx and
periodic boundary conditions in y on the passive-scalar
equation. The direction of the mean gradient is set by the
Neumann boundary conditions and is similar in design to
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FIG. 5: Staircase pro�le as function of x for Pe = 30
and Log-Log plot of e�ective di�usivity D � as a

function of Pe. The validated scaling [Eq. (4)] and
computational results are represented by the solid blue
line and red points, respectively. Computational results
follow a 1=2 slope for large Pe number. Note thathni y

is normalized by its max value.

those in [26]. The Neumann boundary conditions are of
the form

� jx =0 = � 1 + � ~� ; (8)

� jx = L = � 1: (9)

Here, � ~� corresponds to a random scalar concentration

ux, thus producing a noisy 
ux-driven system. The
term � ~� is also used for diagnostic purposes, such as map-
ping the path of the scalar concentration via a pulse train.
The use of these particular boundary conditions help ap-
proximate the �xed 
ux condition and periodic structure
found in real physical systems (e.g., magnetic con�ne-
ment). An example of a physical system that demon-
strates these boundary conditions is shown in Fig. 4.

In order to solve the passive-scalar transport equation,
we use an explicit �nite di�erence numerical scheme. The
time derivative uses forward Euler and the spatial deriva-
tive uses a centered di�erence approach. The numerical
results are accurate up to �rst-order in time and second-
order in space.

We test the accuracy of the numerical code on the ar-
ray of 6 � 6 stationary convective cells. The accuracy
of the code is veri�ed by producing a staircase structure
and comparing the computed e�ective di�usivity to the
validated e�ective di�usivity shown in Eq. (4). To de-
termine the e�ective di�usivity, we drive a 
ux of scalar
concentration at one side of the array until the staircase
pro�le forms. We generate the staircase pro�le by taking
an average ofn along the direction perpendicular to the
mean gradient

hn(x)i y =
1
L

Z L

0
n(x; y) dy: (10)

Thereafter, we use Fick's law to calculate the e�ective

FIG. 6: Array of convective cells with parabolic shear
(m = 1) in the y direction for the case of� = 6. The

strength of the shear in the 
ow is controlled by � . The
increase in� , destroys the array cell structure.

di�usivity ( D � ),

D � = �
(x2 � x1)2

� t
ntot ;t f (x = [ x1; x2]) � ntot ;t i (x = [ x1; x2])

hnt f (x2)i y � h nt f (x1)i y
:

(11)

Herex1 and x2 represent (1=4)L and (3=4)L , respectively.
Note that the di�erence between t f and t i is 8:3 di�usive
cycles (i.e., � t = 8 :3� D ). For the region [x1; x2], we
de�ne the parameter ntot at a given time as

ntot =
2

L 2

Z x 2

x 1

Z L

0
n(x; y) dy dx:

For a detailed explanation of how we obtainD � , see Ap-
pendix C. We �nd that for a wide range of D , the stair-
case pro�le forms as long as Pe� 1. Additionally, we
determine that the numerical code is su�ciently accurate
and agrees with Eq. (4). A plot of log10 D � vs log10 Pe is
shown in Fig. 5 comparing both simulation and theory.
Here, we demonstrate an agreement between simulation
and theory for Pe � 1.

The outcome of studies regarding both transport and
staircase pro�le resiliency to the e�ects of global shear
and turbulence-induced variability in the 
ow structure
are determined and discussed. The remainder of the pa-
per is outlined here. In Section II, we study staircase re-
siliency by probing the �xed-cellular array using a global
shear streamfunction. In Section III, the cellular array is
relaxed by switching to a 
uctuating vortex array. Here
the vortex array is allowed to 
uctuate by slowly increas-
ing the Reynolds number in the Navier-Stokes equation.
Finally in Section III A, III B, and III C, we discuss the
staircase in the 
uctuating vortex array, the criteria for
staircase resiliency, and scalar concentration transport in
the 
uctuating vortex array.
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FIG. 7: Scan of normalized averaged scalar
concentration in y as a function of x for m = 1 and

di�erent � values. As the shear strength increases, the
staircase pro�le breaks down. Global shear 
ow

dissolves staircase steps.

II. GLOBAL SHEAR ON FIXED CELLULAR
ARRAY

The e�ects of global velocity shear on the staircase
structure are explored by including an additional shear

ow

 shear = � cos
mx
2

; (12)

into the streamfunction [Eq. (7)]. As clari�cation, the
term \shear" refers to advection in the y direction. The
addition of the global shear streamfunction creates a new
time scale, which will call the shear dispersion time scale
[� adv = 12�= (~u�m )]. It is important to make the dis-
tinction that � adv represents the time for advection by
 shear across the box in y (i.e., � adv = L=uS ). Note
that this is di�erent from the familiar shearing time
[� S = 1=(dus=dx)], which is equal to (1=3md)� adv .

We conduct a scan ofm (i.e., the number of waves
per distance L) at di�erent integer values and di�erent
strengths, � . As a preliminary analysis, we study the
physical e�ects that the global shear streamfunction has
on the original cellular array 
ow structure. In Fig. 6,
we demonstrate that increasing the amplitude of a quar-
ter sinusoidal wave (m = 1) disrupts the cellular mixing
structure. As stated in the introduction, cellular mix-
ing structures are essential for the con�nement of scalar
concentration. Thus, it is reasonable to expect that the
destruction of the cells will a�ect the scalar staircase pro-
�le and scalar transport.

In order to understand global transverse shear e�ects,
we compare the three di�erent time scales� H , � D , and
� adv . The ratio of the di�usion time scale to the shear

FIG. 8: Variance in x as a function of �m . For di�erent
mode numbersm, the variance grows logarithmically.
We conclude that for �m > 12��=d = 36, the average

scalar concentration pro�le will no longer change
signi�cantly and will be of similar form for di�erent m.

dispersion time scale results in

� D

� adv
=

�m ~ud2

12�D
: (13)

Here, we �nd that when the product of � and m is greater
than 12�D= (~ud2), the global transverse shear transports
the passive-scalar at rate faster than di�usion. Thus,
when �m > 12�D= (~ud2), the shear dispersion time be-
comes an intermediate time, between� D and � H . To �nd
the upper limit such that � adv becomes shorter than� H ,
we take the ratio of the circulation time scale to the shear
dispersion time scale

� H

� adv
=

�md
12��

: (14)

Keep in mind that the value of � is set to one for this
section. Here, we �nd that when the product of � and
m is greater than 12��=d , the shear dispersion gives an
e�ective mixing rate faster than inner-cell mixing. We
summarize the order of the time scales in Table I.

The simulations for this section span the space of
0 < �m < 45. We cover this parameter space to capture
the e�ects of global transverse shear on the scalar con-
centration staircase structure. By running simulations
for di�erent values of � and m, we can also determine
the consequences that the order of time scales has on the
transport of the scalar concentration.

We begin by analyzing the case ofm = 1. For m = 1,
we increase the value of� and study the change in
hn(x)i y . We �nd that as the shear strength increases,
the staircase pro�le breaks down. The staircase pro-
�le breaks down in the sense that staircase steps dis-
solve (See Fig. 7). As sheared 
ow transports the scalar
concentration in the y direction, the gradient dhni y =dx
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FIG. 9: Total scalar concentration as a function of the
variance in x. The total scalar concentration increases
as the scalar concentration pro�le deviates from the

staircase (� = 0) pro�le. Global shear weakens mixing
in the x direction. The value of dhni y =dx increases with

shear, thus improving con�nement of scalar
concentration.

Cases Time scales
� = 0 � H < � D

0 < �m < 12�D= (~ud2) � H < � D < � adv

12�D= (~ud2) < �m < 12��=d � H < � adv < � D

12��=d < �m � adv < � H < � D

TABLE I: Global shear time scale scenarios.

increases in the region where global shear is dominant.
Due to the nature of the shear streamfunction, shear is
weak at the boundaries, hence the 
at steps persist there
(uS (x = 0) = uS (x = L) � sin (mx=2) = 0).

As stated in Section I A, the staircase structure has
interspersed barriers and steps, which limit transport
and trap the scalar concentration. The fast mixing in
the cells trap scalar concentration, and inter-cell barriers
limit transport due to a slow di�usion time scale. By
destroying the steps, the interspersed trapping of scalar
concentration (due to inner-cellular mixing) no longer oc-
curs. In order to understand how di�erent values of m
breakdown the staircase pro�le, it's convenient to asses
the deviation of the hni y pro�le from the original stair-
case pro�le (� = 0). By doing so, we can also measure
the total scalar concentration in the 
ow as a function of
staircase pro�le deviation.

To quantify, for di�erent m, the deviation or break-
down of the staircase pro�le, the variance with respect
to x is calculated for di�erent � values,

� 2
x =

Z L

0
(hni y � h n0i y )2 dx: (15)

Here, we de�ne the baseline staircase pro�le (� = 0) as

FIG. 10: Energy time-trace for the di�erent stages of
the 
uctuating vortex array. Here nt represents the

time-steps in the DNS.

hn0i y . The variance measures the deviation between the
� 6= 0 pro�les and the baseline staircase. In Fig. 8, we
plot the square-root of Eq. (15) as a function of�m . In
the plot, we mark the transition points where the di�er-
ent order in time scales occur (�m = 12�D= (~ud2) and
�m = 12��=d ) as black dashed vertical lines. The graph
shows a similar trend in the variance for distinct mode
numbers (m). For each mode number, the increase in
� results in a signi�cant increase in the deviation up to
values of �m � 12��=d . For values of �m > 12��=d ,
the variance plateaus at � x � 1:19 for all m. The
plot of the variance shows that up to a critical shear of
�m = 12��=d , the hni y pro�le for di�erent mode num-
bers will be similar in form and no longer notably change
throughout the regime of � adv < � H < � D . To summa-
rize, we show that the hni y pro�le deviates signi�cantly
in the regime of � H < � adv < � D , but goes unchanged
once�m > 12��=d .

Next, we want to explore how the order in time scales
a�ects the dynamics of the scalar concentration trans-
port. In Fig. 7, we observe that as� increases, the stair-
case steps gradually dissolve, resulting in an increase in
dhni y =dx. Thus, the scalar concentration is no longer
trapped by the cells, as advection in they-direction be-
comes the dominant form of transport. With increasing
dhni y =dx, the transport (in x) due to cell circulation is re-
duced. To assess whether shear diminishes mixing along
x and its relation to the deviation of the staircase pro-
�le, we calculate the total scalar concentration for various
values ofm and �

ntot =
1

L 2

Z L

0

Z L

0
n(x; y) dy dx: (16)

In Fig. 9, we show a line with positive slope between the
total scalar concentration and � x . We �nd that as the
pattern of staircase corrugation decays, the total scalar
concentration increases. Hence, the increase in global
shear weakens/strengthens the mixing of scalar concen-
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FIG. 11: An increase in 
, such that 
 > 
 s, perturbs
the location of the cell. Cells then run into each other
and merge. Here, 
s represents the onset of cellular


uctuations.

tration along/perpendicular to the mean gradient. We
note that as � x approaches 1:19, the total scalar concen-
tration does not change signi�cantly. Thus, transport of
scalar concentration can no longer be suppressed once it
surpasses a value of�m = 12��=d . Nevertheless, results
show that an additional global sinusoidal shear 
owweak-
ens the staircase structure and reduces the transport of
scalar concentration inx for values of�m > 12�D= (~ud2).

The question of whether Eq. (4) can help explain
the suppression of scalar concentration may arise. The
answer to this question is no. With increasing shear
strength (� ), the global shear disrupts cellular mixing
structures, causing scalar concentration to advect in the
y-direction. In this context, explaining the suppression
of scalar concentration cannot be achieved via Eq. (4).
This is due to the condition that requires cell boundaries
to be intact.

In the next section, the cellular array will be allowed to
relax and 
uctuate. There, we will discuss the e�ects that
the relaxed vortex array has on the staircase robustness
and scalar transport.

III. RELAXATION IN A FLUCTUATING
VORTEX ARRAY

Up till now, the research presented in this paper has
involved only a slight modi�cation to the problem of the
�xed cellular array studied in [23]. We argue that the
�xed cellular array setup is contrived and overly con-
strained; therefore, it is an unrealistic representation of
physical systems observed in nature. Such physical sys-
tems will manifest variability, 
uctuations, and intrinsic
jitter. Thus, the cell pattern is more like a melting vortex
array than a frozen array. Hence, we study the dynam-
ics of a less constrained cell array (i.e., vortex array with

uctuations) and ask how resilient the staircase pro�le is
in the presence of 
uctuations. In addition to that, we
give answers to the following:

FIG. 12: Log-log plot of the energy as a function of the
wavenumber k for di�erent � . The decrease in the�
parameter results in large scale 
ows. The solid blue

line denotes the zero temperature cellular 
ow
(
 � 5:7), where all energy is mainly focused onk = 4.

As � decreases, the energy grows for smallerk, as
shown in the dashed red line.

Transitions 
 Range
SX 
 < 6

SXA 6 < 
 < 7
OPXA/OQPXA 7 < 
 < 13

SCT 13 < 


TABLE II: Di�erent stages of the 
uctuating vortex
array. In this paper we consider small and large 
 any

value within SX and SCT range, respectively.

1. What happens to interspersed regions of strong
scalar concentration mixing as cells relax? What
about other cellular interactions?

2. What is the behavior of the scalar concentration
trajectory through the vortex array? As we in-
crease 
uctuations in the vortex array, how will
the speed and trajectory of the scalar concentra-
tion front change (See Fig. 24)?

3. How does the increase in scattering in the vortex
array a�ect the transport of scalar concentration?

To answer these questions, we use the model of a \Melt-
ing Vortex Crystal", advanced in [27, 28]. In this setup,
a spatially periodic force creates the vortex array pat-
tern. The vortex array 
ow is driven and damped by
both viscosity and drag. The 
uctuations of the vortex
array can be explored systematically by scans of modest
Reynolds numbers. Here, the Reynolds number is set by
the forcing strength. Such a variable vortex array 
ow is
akin to a melting crystal, where \melting" is related to
the turbulent mixing �eld. By systematically varying the
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FIG. 13: Plot of saddle area (� � ) to center area (� + )
as a function of 
. In the regime of � � > � S ,


uctuations lead to large scale 
ows, thus the area of
saddles increase compared to area of centers.

vortex array state (i.e., the degree of melting), one can
explore the connection between cell size perturbations
and staircase-variability.

The governing equation for the vortex array is the 2D
Navier-Stokes (NS) equation, which can be written in
nondimensional form as

�
@
@t

+ u fv � r
�

! =
1



r 2! + F! � �!; (17)

r 2 fv = !: (18)

We write the 2D incompressible NS equation in terms of
the streamfunction  fv and vorticity ! = r � u fv , where
u fv = ẑ � r  fv is the 
uid velocity at position x and
time t. Note that u fv is not the same 
ow velocity [Eq.
(3)] we insert into the passive-scalar transport equation
[Eq. (6)]. For a derivation of Eq. (17) and control pa-
rameters, see Appendix B. The spatially periodic force
F! in the NS equation is de�ned as

F! � � n3 [cosnx + cos ny] =
 : (19)

Here n represents the injection wave vector and is set to
n = 4 for all simulations. The boundary conditions for
Eq. (17) are periodic in both x and y direction. In Eq.
(17), there are two control parameters: the nondimen-
sional Ekman-friction � , and 
. Here, 
 is equivalent to
the familiar and intuitive Reynolds number. Note that
the velocity is set by the forcing. We can de�ne 
 as
the ratio of the viscous time scale (� � = n2=k2� ) to the
cell circulation time scale (� H = nk�=F amp ). The alpha
parameter is de�ned as the ratio of cell circulation time
scale to the mean shearing time scale (� S = 1=� 0). Thus,
the two control parameters are


 =
� �

� H
; (20)

� =
� H

� S
: (21)

FIG. 14: Plot of simulations in Reynolds (
) and 1 =�
number space. Here 
 and 1=� control turbulent

mixing and large scale 
ows. The di�erent stages of the

uctuating vortex array are highlighted in di�erent
colors. All simulations ran in this study fall in the

regime of � � > � S .

HereFamp is the forcing amplitude, k inverse length scale,
� the kinematic viscosity, and � 0 the dimensional Ekman-
friction. The value of � a�ects large scale 
ow and 

a�ects small scale 
ow and also the strength of the forcing
function, F! . In this setup, the spatially periodic force
F! yields, at 
 < 5:5, a zero 
uctuating vortex array.

The NS equation is solved numerically by using a
pseudo-spectral method with 2=3 dealiasing cut-o� and
the 4th -order Runge-Kutta method for the time steps.
The time step used here is�t = 0 :01 with a spacial grid
set to N = 128. To make sure that the temporal evo-
lution of the system is obtained accurately, typical runs
consist of 3� 106 time steps. We remind the reader that
this numerical scheme di�ers from that used to solve Eq.
(6). Here, we employ the same numerical methods as
Refs. [27, 28], aiming to replicate the results obtained
in those works. By employing this numerical scheme,
we can precisely generate, classify, and validate various
stages in the evolution of the 
uctuating vortex array.

Before discussing the destabilization of the zero-
temperature vortex array state, the initial vorticity in
the DNS has the form,

! = ! s + 10 � 4
2;2X

m 1 =1 ;m 2 =1

[sin (m1x + m2y)+

cos (m1x + m2y)m2
2=

q
m2

1 + m2
2;

where ! s = � n [cos (nx) + cos (ny)]. The system is
evolved by the application of the force F! . Here, ex-
ploration of the di�erent 
uctuating vortex array stages
is done by slowly increasing the value of 
. Note
that this study focuses on low-modest Reynolds num-
bers (
 = 4 � 40), mainly exploring a regime of spatio-
temporal chaos. The 
uctuating vortex array model al-
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FIG. 15: Illustration of the incline scalar concentration
averaging. We note that averaging alongy0 as a

function of x0 leaves out cells due toy0 and x0 cuto�s.
The cuto�s will make it appear as if hni leaves steps.

lows us to realize similar physics to that which occurs
in actual physical systems (e.g., drift-wave turbulence).
For all simulations, the following are output (a) the total
kinetic energy E(t) � �u2

fv and (b) the streamfunction
 fv .

We use the value of 
 to categorize the di�erent stages
in the evolution of the 
uctuating vortex array. We de-
note the onset of cellular 
uctuations as 
 s. Here 
 s
is the e�ective Reynolds number where cellular 
uctu-
ations occur. When 
 < 
 s = 6, the vortex array is
referred to as a zero-temperature vortex array. The vor-
tex array is allowed to 
uctuate by increasing 
 from
the stable state 
 s, in increments of 0.5. This allows us
to clearly mark transitions between states of the 
ow in
the vortex array. The transitions are marked as follows:
SX, the zero-temperature vortex array imposed by the
force; followed by SXA, steady distorted array; leading
to a distorted array that oscillates in time, either period-
ically (OPXA) or quasiperiodically (OQPXA); lastly, the
system becomes disordered and exhibits spatio-temporal
chaos and turbulence (SCT). Here spatio-temporal chaos
means that the temporal evolution of the system becomes
disorder and the spatial organization of the vortex array
is distorted (i.e., 
ow patterns appear and disappear in
irregular fashion). A table of these transitions is provided
in Table II. In Fig. 10, we show the energy time-trace for
each of these transitions. These stages are categorized
based on the behavior of the energy time-trace and its
autocorrelation. In the autocorrelation analysis of the
energy, we measure the relationship of the observations
between the di�erent points in time, and thus seek a pat-
tern or trend in the time series. For states of SX and SXA
(
 < 7), the energy autocorrelation is 1 for all lags, while
for OPXA and OQPXA (7 < 
 < 13), the energy auto-
correlation oscillates with the frequency of the periodic

uctuation for lag greater than zero. In the case of the
chaotic/turbulent state (
 > 13), the energy autocorre-
lation value is low (� 0) for all lags.

Before injecting the passive scalar into the 
ow, we

FIG. 16: Illustration of the zero temperature cellular

ow structure. The solid blue and dashed red plot lines

correspond to averaging in the� = � �= 4 and �= 4
direction. In the zero temperature vortex array, the
staircase pro�le for the blue (solid) and red (dashed)

normalized h(x0) plot lines are the same.

address the question of \cellular interactions" as the cells
are allowed to relax. This discussion will be of use when
later discussing the staircase structure and transport of
scalar concentration in the vortex array. It's important
to note that the 
ow will evolve di�erently depending on
the values chosen fork, � , and � 0. For our study, we
assign the following values to each parameter:k = 10,
� = 10 � 2, and � 0 = 0 :55. To understand the consequence
of this, we have to look at the time scale de�nition of the
control parameters 
 = � � =�H and � = � H =�S . At this
point, the alert reader will notice that the amplitude of
the forcing (Famp ) couples � and 
. Therefore, the two
values are inversely proportional to each other. It is clear
from Fig. 14 that 
 � > 1 for all simulations. In time
scale notation, this means that � S < � � , which implies
that large scale 
ows develop at a rate faster than 
uid
momentum di�uses over a scale length (n=k). Here, the
di�usion of the 
uid momentum is associated with the
excursion of a cell during cell array 
uctuations.

As a consequence of the� S < � � condition, as 
 in-
creases, cells merge. An increase in 
, such that 
 > 
 s,
perturbs the location of the cells. This perturbation
causes cells to run into each other and merge (See Fig.
11). The merging of 
ow lines results in vortices merging
and forming larger vortex structures, which over time,
develop into large scale 
ows. We con�rm this by quali-
tatively studying the contour plots of the streamfunction
at di�erent stages of the 
uctuating vortex array (See
Fig. 17). In addition to this, we observe that only vor-
tices of the same sign merge.

To quantitatively analyze the formation of large scale

ows, we investigate the in
uence of the nondimensional
Ekman-friction parameter ( � ) on the 
uctuating vortex
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FIG. 17: Contour plots, illustrating di�erent stages of the 
uctuating vortex array. As 
 increases, there is a merger
of vortices along with distortions of the cellular 
ow array. Growth in 
 leads to scattered vortices and large scale


ow structures.

array. In Fig. 12, we present an investigation of the �
parameter. The solid blue line in the graph depicts the
energy of the zero-temperature vortex array in wavenum-
ber (k) space. When� is su�ciently large ( � 1:6), the
parameter dampens both large and small scale 
ows. For
large � , the 
ow follows the frozen vortex array pattern
dictated by the external force F! . Here, energy is con-
centrated at the wave injection number k = 4. While
maintaining a constant 
 (
 � 5:7), we decrease the
value of � . The graph's dashed red line illustrates the
evolution of the energy as� transitions to a lower value.
At a lower value of � , the energy increases signi�cantly
for values ofk less than 4. This demonstrates that small
values of � imply large scale 
ow structures (where the
value of � serves as a control for large scale 
ows).

As an extension to the previous assessment, we use the
Okubo-Weiss �eld to measure the evolution of large scale

ows relative to vortices as the value of 
 increases. The
Okubo-Weiss �eld (�) is de�ned as

� =
@ux
@x

@uy
@y

�
@ux
@y

@uy
@x

: (22)

The Okubo-Weiss �eld gives the di�erence between

square vorticity and square shear strain [29, 30]. The
quantity � characterizes the local topology (i.e., Gaus-
sian curvature of streamlines) of an incompressible two-
dimensional 
uid 
ow. Here, � is a distinctive measure
of 
uid properties, particularly in distinguishing and de-
scribing regions dominated by deformation and rotation.
In Fig. 13, we plot the ratio of � < 0 to � > 0, which
corresponds to the ratio of the area of saddles to the area
occupied by centers, respectively. The increase in 
 re-
sults in an increase in the population of saddles relative
to centers, which coincides with our previous assessment
based on the evolution of energy in wavenumber space.

For di�erent stages of the 
uctuating vortex array, the
streamfunction ( fv ) is output from the vorticity equa-
tion [Eq. (17)]. It is important to note that ( r  fv )fv is
dimensionless, thus when inserting into Eq. (3) we make
the following transformation, r  = ( �=d ) ( r  fv )fv .
We insert this into the passive-scalar equation [Eq. (6)]
through the velocity term [Eq. (3)],

u = (~ud=� ) ẑ � r  = ~u
�

ẑ � (r  )fv

�
: (23)

By doing this normalization, we can compare passive
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FIG. 18: Plot of step size divided by the spatial grid
spacing (� x = L=N ) as a function of 
. As the vortex
array 
uctuates, cells begin to merge, leading to overall

average step size and max step size increase.

scalar transport in the 
uctuating vortex array to the
�xed cellular array. The scalar concentration is evolved
in this 
ow using the same boundary conditions discussed
in Sec. I B. In the following subsections, we present the
e�ects large scale 
ows and vortex 
uctuations (in the
regime of � � > � S ) have on staircase structure resiliency
and passive-scalar transport.

A. Staircase Pro�le in the Vortex Array

Now that we have a general understanding of how 

a�ects cellular interactions and 
ow dynamics, we drive
a 
ux of scalar concentration (similar to Sec. I B) in the

ow created by Eq. (23). We stress that simply using
Eq. (10) will not result in a staircase pro�le. Here, the
average of the scalar concentration must be calculated at
di�erent orientations in order to recover the staircase pro-
�le. By doing so, we can establish a connection with the
�xed cellular array (i.e., baseline case) and show pattern
formation occurs. In addition, this also demonstrates
that oblique staircases exist, whichcan in
uence trans-
port in x.

To produce the staircase pro�le, we rotate the scalar
concentration �eld in two di�erent directions, � = � �= 4,
with respect to x. In Fig. 15, we illustrate the averaging
along one of the orientations. Therefore, we now de�ne
the average of the scalar concentration as

h(x0) = hn(x0)i y0 =
1
L 0

Z L 0

0
n(x0; y0) dy0: (24)

Here, the termsx0 and y0 represent thex-axis and y-axis
in the two di�erent orientations. In terms of L , the value
of L 0 is 0:82L . To setup a baseline case, we consider the
zero-temperature vortex array. In this stage, the average
scalar concentration pro�le [Fig. 16] takes the form of the

FIG. 19: The plot of the curvature as a function of 
.
As cells scatter, the merger of steps decrease

interspersed regions of corrugation, hence a decline in
h(x0) curvature.

staircase presented in [23]. We note that for the case of

 = 0 (i.e., no 
uctuations), the result is the same since
the vortices become locked in the cellular array pattern.

We repeat the same process for di�erent stages of the

uctuating vortex array. As cells are scattered from the
zero-temperature state, the cells begin to merge, result-
ing in larger cell structures. The formation of large cell
structures is a consequence of the� S < � � condition,
which we discuss in detail in Sec. III. In Fig. 22, we
examine two di�erent cases, namely 
 = 8 and 
 = 11 :5.
Here, the two contour plots of the scalar concentration
demonstrate that cell streamlines connect for several cell
structures. The connection of cell streamlines re
ect as
mergers in staircase steps in the average scalar concen-
tration pro�le. By looking at the pro�le of h, one can
mistakenly interpret that there are no steps or that steps
are missing. To explain this, we emphasize that steps be-
come elongated due to vortex mergers and that the miss-
ing steps correspond to the cuto�s of the incline scalar
concentration averaging, as shown in Fig. 15. The rest
of the 
uctuating vortex array stages are summarized
through analysis of the step-size [Fig. 18] and curvature
of the staircase pro�le [Fig. 19] as a function of 
.

To assess the mergers in steps, we measure the step
length at di�erent values of 
 (See Figs. 18, 22, 23, and
30). Here, the average and maximum step length in the
staircase structure grows with 
. This analysis veri�es
that cell mergers result in elongated staircase steps (as
discussed in Fig. 22). The plot of the step-size also
con�rms that as 
 increases, the cells in the 
ow grow in
size.

In addition to step measurements, we calculate the cur-
vature of the scalar concentration pro�le. Based on our
study of Figs. 18 and 22, as the vortex array relaxes, the
number of steps decrease due to mergers. The result of
step mergers means there are fewer interspersed regions
of corrugations. In order to measure the interspersed re-
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FIG. 20: Peclet number as a function of 
. As the
vortex array is allowed to 
uctuate, the two disparate
time scales change. Fluctuations of the cells, weakens

the cell mixing time scale.

Staircase Resiliency Criterion
Peclet Number Pe � 1

Curvature � � 1:5

TABLE III: Criterion of staircase resiliency.

gions of corrugations, we calculate the curvature of the
scalar concentration pro�le

� =
Z L 0

0

h00(x0)
(1 + h0(x0)2)3=2

dx0; (25)

where h(x0) represents Eq. (24). We discern in Fig. 19
that the increase in 
 results in the decrease of � . It is
important to note that the value of � does not vanish, but
instead remains above� 1:5 for large values of 
. Here,
� quanti�es and describes the step length scale in the
staircase. Large and small values of curvature represent
small steps and big steps, respectively. Similarly, the
value of � can also be interpreted as a measure of the
number of steps or interspersed regions of corrugations
in the staircase pro�le. Hence, the pro�le curvature is a
signature of layering.

B. Staircase Resiliency

In this subsection, we provide an in-depth discussion
on staircase resiliency. So far, we have only provided
evidence that staircase structures persist up to modest
values of Reynolds numbers. In order to give a precise
meaning to the statement of \resiliency", a set of criteria
must be established.

First and foremost, Pe � 1 is a necessary condition
for the formation of transport barriers in the process of

FIG. 21: In the process of forming a staircase structure,
the scalar concentration �rst forms a \web". The scalar

concentration 
ows along areas of strong shear. The
holes correspond to vortex structures. Here, the barriers

are formed �rst because scalar concentration travels
along regions of strong shear. Over time, scalar

concentration slowly enters the vortices and becomes
homogenized.

scalar mixing, as mentioned in Section I A. Maintaining
Pe � 1 over a relevant range of Reynolds numbers is thus
one natural criterion for \resilience". It is of use then to
calculate Pe for di�erent stages of the 
uctuating vortex
array. Since we control the max 
ow velocity and back-
ground di�usivity ( D = 1 :7 � 10� 2), the Pe number only
depends on the dimensionsdx and dy of the cells. As dis-
cussed in Section I B,d represents the length of the cell in
the direction of the mean gradient (dx ) and � represents
the ratio of dx to the length of the cell perpendicular
to the mean gradient (dy ). By using the streamfunction
( fv ), we can determine the average size of the cells in
the 
ow in order to calculate the Pe number. In Fig. 20,
we show for values of 
 greater than 25 that Pe decreases
up to a value of � 17:5. Hence, the Pe� 1 criterion is
satis�ed for the range of 0 < 
 < 40.

On the topic of Pe, it is useful to measure the ratio of
Pe to Reynolds numbers used here. We can de�ne the
Schmidt number, which measures the ratio of momentum
di�usivity to scalar di�usivity,

Sc =
� D

� �
: (26)

For our simulations, we operate in a regime of Sc =
[0:5; 7:5]. It is unclear whether maintaining Sc � O (1) is
a strict or necessary requirement in order to sustain the
staircase structure. In future work, we plan to study the
Sc number in more detail.

A second criterion is that a staircase should maintain
a su�ciently high curvature (equivalent to sustaining a
su�cient number of steps) over the relevant range of 

values. The precise critical value of curvature (� ) is not
determined, though our studies suggest� & 1:5 is an ad-
equate value for a staircase. In Fig. 19, the plot of�
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