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Hypervelocity-impact-generated plasmas can create electromagnetic pulses (EMPs)
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The plasma produced acts as a plasma antenna with spatial decay similar to classical
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Abstract

Due to the high kinetic energy of impactors in space, hypervelocity impacts on spacecraft
can ablate spacecraft material and produce plasmas. These plasmas have been observed in
ground-based experiments to produce electromagnetic pulses (EMPs) and are suspected to be
a cause of spacecraft anomalies. The initial EMP that is produced after plasma formation
is replicated using a 2D electromagnetic plasma simulation, consisting of a discontinuous
Galerkin, particle-in-cell (DG-PIC) framework. The spontaneous formation of EMPs from
an initial quasineutral plasma is consistent with previous works and show behavior similar
to that of waves emitted by antennas. The EMP emits from the plasma with a frequency
less than the plasma frequency associated with the point of maximum density, showing
the importance of the density gradient, and the far-field region of the “plasma antenna” is
estimated. From the proportionality between plasma frequency and EMP frequency, there is
a direct correlation between plasma density and radiation. As the plasma density decreases,
the EMP frequency decreases, which suggests that several observable phenomena, such as
optical flashes, radio frequency emission, and microwave emission, all result from the same
plasma-related mechanism within a single hypervelocity impact.

Keywords: Discontinuous Galerkin, particle-in-cell, hypervelocity impact, plasma, plasma

antenna

1. Introduction

In the space environment, spacecraft are impacted by a higher flux of smaller particles,
such as micrometeoroids and debris, compared to larger impactors [1, 2]. These smaller

impactors have velocities typically greater than 11 km/s for naturally occurring microme-
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teoroids and 7 km/s for artificially created space debris. For micrometeoroids, this velocity
corresponds to around Earth’s orbital escape velocity, while for orbital debris, this lower
bound is determined by the orbital velocity of debris in altitudes at the upper end of Lower
Earth Orbit (LEO). Due to their high kinetic energy, these hypervelocity impacts can ablate
the impactor and spacecraft surface, leading to vaporization and ionization of the material,
forming a plasma. The plasmas that are produced have been linked to electrical damage
on spacecraft [3]. For instance, the gyroscope on the Olympus I spacecraft spontaneously
malfunctioned, leading to the spacecraft’s failure during the Perseid meteoroid shower [4].
Investigations into its failure showed no obvious signs of mechanical damage; however, the
increased flux and higher velocities of micrometeoroids associated with the shower — 56 km/s
on average [5] — suggest the failure may be electrical in nature and related to the plasma
that was formed from a meteoroid impact. This is not an isolated event: spacecraft such as
Cassini and Landsat 5 among others have experienced electrical effects due to hypervelocity
impacts [6].

Currently, the connection behind electrical damage and the plasmas from hypervelocity
impacts is unknown. It has been observed in ground-based experiments that electromagnetic
pulses (EMPs) are generated from the hypervelocity impacts on both the radio frequency
(RF) [1, 7, 8] and microwave frequency spectra [9, 10]. This has been more frequently
observed for higher velocity projectiles (e.g., speeds greater than 20 km/s) in experiments
utilizing electrostatic dust accelerators and explosive shaped charges [1, 7]. Furthermore,
in-situ measurements on the Parker Solar Probe have measured plasma waves in the low
frequency band below 75 kHz [11]. This emission is a suspected cause of electrical damage,
and thus, understanding of the EMP is important in investigating all possible failure mech-
anisms on spacecraft [6, 12]. These experiments look at mechanisms of EMP production
and their corresponding frequencies; however, no previous studies to our knowledge analyze
the radiation as it traverses through the spacecraft and its surrounding medium, which is
important in understanding the associated electrical damage. In this work, we look into
the how the EMP behaves as it propagates into the surrounding space. As the radiation
emitted from the plasma traverses space, the power and the magnitude of the EMP will

decrease. Fully understanding how this signal decays will give better insight into the design



65

66

67

68

69

70

71

72

73

74

75

76

v

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

and spacing between electrical components that may be susceptible to the EMPs generated.
We approach this problem from a computational perspective. Previous computational
studies focus on the formation of plasma after impact and have been able to replicate radia-
tion emission from hypervelocity impact plasmas. Islam et al. simulates plasma production
in a non-vacuum environment (i.e. surrounded by a neutral fluid) by solving the compressible
inviscid Navier-Stokes equations and the Saha ionization [13, 14]. However, electromagnetic
effects and emission cannot be studied in their current framework as electric and magnetic
fields are not explicitly modeled. On the other hand, Fletcher et al. first uses a smoothed
particle hydrodynamics code to study plasma production in a vacuum from velocities ranging
from 11 km/s to 72 km/s [15], which then acts as an initial condition for a nondimensional
2D discontinuous Galerkin particle-in-cell (DG-PIC) simulation that replicates EMP genera-
tion [16]. These works solve the Maxwell’s equations directly, accounting for electromagnetic
effects. However, only the initial set of emitted waves are simulated due to the first-order
boundary conditions employed, which leads to numerical reflections off the boundary and
cause nonphysical behavior in the plasma with longer simulations. We overcome this weak-
ness within our newly developed high-performance 2D DG-PIC simulation by implementing
perfectly matched layers (PMLs) at the computational boundary. With PMLs, we are able
to absorb outgoing waves, decrease numerical reflections off the boundary, and observe a
longer time history of the EMP from these plasmas than previously done in other studies.
Our simulations demonstrate that the plasma acts as a source of radiation — i.e., a
naturally occurring plasma antenna. This plasma antenna is characterized by nonspherical
radiation with frequency that is limited by the maximum plasma frequency. Parallels are
drawn between the decay rate of the radiation with what is predicted by classical antenna
theory, finding a simulated far-field region of the antenna. There is an explicit correlation
between radiation measured and plasma density, implying experiments can measure either
quantity to get an order of magnitude estimate of the other. As a result of this correlation,
this work suggests that several different phenomena, such as optical flashes, radio frequency
emission, and microwave emission, all result from the same plasma-related mechanism within
a single hypervelocity impact. Future work will include materials other than free space to

understand how these waves propagate throughout the spacecraft and space environment
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background, e.g. the ionosphere or magnetosphere, as well as other physics that have shown
to have significant effects on the physics of hypervelocity impact plasmas, e.g. charged dust
and non-vacuum environments [17, 18, 19, 20].

The paper is formatted as following. Section 2 discusses a brief overview of the numerical
model. Section 3 shows simulation results and discusses the behavior of the EMP generated,
correlating the EMP with plasma frequency and analyzing the EMP in the context of antenna
theory. Section 4 compares the results with the simulation with previously developed theory

by Close et al. [21] and experiments to gain insight into simulation improvements.

2. Review of the Discontinuous Galerkin Particle-in-Cell Numerical Framework

This section outlines the numerical framework of the DG-PIC simulation used to sim-
ulation the hypervelocity impact radiation. DG-PIC schemes are able to capture kinetic
effects in plasma, such as plasma instabilities. This model is based off of the model detailed
by Fletcher et al. [16], which builds off the original DG-PIC model for plasma simulations
by Jacobs and Hesthaven [22]. The following subsections detail (i) a brief summary of the
particle-in-cell (PIC) scheme, (ii) a brief summary of the discontinous Galerkin (DG) scheme,

and (iii) an overview of the simulation setup.

2.1. Particle-in-Cell Scheme

In PIC schemes, charged species are modeled as discrete macroparticles, where each
macroparticle represents a large number of physical particles. For clarity, macroparticles
will henceforth be referred to as particles. Based off the particles’ positions, the charge

density p, and current density 7, at each grid node n from each particle is calculated via
N
pn =Y aS(I7il, R), (1)
i=1

N
=1

where ¢; is the charge of each particle, S(|7;|, R) is a shape weighting function dependent on

the distance 7; from a node and numerical parameter R dictating the radius of influence a
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particle has, and #; is the velocity of the particle. The specific shape function is the same
Gaussian-based shape used by Fletcher et al. [16].

The charge density and current density is then included as source terms for the DG
scheme, which is detailed in Section 2.2. Afterward, the DG scheme solves for the electric
and magnetic field at every grid node. Once the fields are known, the Lorentz force F; at
each ¢ particle is given as
E:qi(ﬁ+ﬁixg), (3)
where E is the electric field and B is the magnetic flux density — henceforth referred to as the
magnetic field. These fields are interpolated from surrounding nodes back onto each particle.
Details about the interpolation scheme are given by Fletcher et al. [16]. Once the force is
known, the particles are accelerated and pushed in time and space via the well-known Boris
push scheme. Currently, collisions are not modeled. Other works have found that Coulomb
collision models;, when coupled with PIC models, can lead to numerical heating [23]. In
our previous computational work, although a significant mechanism in thermalization of the
plasma (whether physical or numerical), Coulomb collisions were found to not have a signif-
icant effect on the frequency of the emission [24]. The total energy density (which correlates
with amplitude) was found to both increase and decrease in the presence of Coulomb col-
lisions, depending on the collision model used; however, this energy density change is still
within a factor of 1.5 compared to the collisionless simulation. Therefore, we neglect colli-
sions in this work, as the analysis conducted here is still applicable to collisional simulations.
Specifically, we expect the qualitative behavior, spatial frequencies, and quantitative decay
rate discussed in Section 3 to remain the same, while the nominal energy density itself may
vary by a factor of two. Future work will investigate the influence of other collisions, such

as electron-impact ionization and elastic scattering.

2.2. Discontinuous Galerkin Scheme

DG schemes are useful because of their ability to capture discontinuous solutions between
elements, e.g. shocks, and model wave behavior (similar to the finite volume method) while
being able to obtain high-order accuracy solutions within each element and include complex

geometries via unstructured meshes (similar to the finite element method) [25]. We utilize
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the DG scheme in order to model the EMP waves emitted from the plasma, but maintain the
capability of modeling complex geometries such as the crater formed after impact. Although
this work does not include crater geometry, the capabilities are implemented and will be
investigated in future works.

The equations governing the electrodynamics are the well-known Maxwell’s equations.
Our simulations solve the purely hyperbolic Maxwell (PHM) equations. Because of the
discrete nature of the PIC scheme, there are inaccuracies in the calculation of the charge
density and current density on the field. In order to enforce charge conservation during the
simulation, the PHM equations introduce a variable ¢ to explicitly couple Gauss’s divergence
law with the Maxwell-Faraday and Ampere’s laws [22, 26]. The 2D transverse magnetic PHM

equations in nondimensionalized form are

Ex XQS _Bz _j:r

o |E o | B. 0 —J

a Y + 87 + ‘8— X¢ - Ty ) (4)
B. T | B, Y |-E, 0
ka3 R XEy | [ xp

where y is a numerical parameter dictating the speed at which the divergence error prop-
agates. For physically consistent simulations, y must be greater than unity [22]. Further
details regarding the DG scheme are detailed in [16, 22, 24].

Numerical reflections can form at the boundaries resulting from the truncated domain.
To prevent this and minimize numerical reflection error, we include PMLs: a set of computa-
tional cells near the boundary which dampen incoming waves. We show an explicit derivation
of the governing purely hyperbolic Maxwell’s/perfectly matched layer (PHM-PML) equations

and numerical fluxes in Appendix A and Appendix B, respectively.

2.8. Simulation Setup

The simulation setup is shown in Figure 1(a). The impactor and target are both as-
sumed to be composed of iron, with the plasma composed of electrons and singly-charged
positive iron ions. The mesh is more refined near the plasma and point of impact. The

total simulation domain is ¥ € [—10.0,10.0] x [—3.5,30.5] pm. The PML spans 3.5 um
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Figure 1: (a) Unstructured mesh with an initial distribution of the plasma density n. [m~®]. This initial
distribution is based off of simplified results of plasma formation caused by hypervelocity impacts from
Fletcher et al. for a 1 ng, 20 km/s iron impactor [15]. (b) Charge density p, electric fields E, and E,,
and magnetic field B, at time ¢ = 0.1 ps. The dotted black box highlights a region where the EMP is not

perfectly circular and a forking pattern appears.
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on each side. Therefore, the rest of the results shown will be for the inner subdomain
T € [-6.5,6.5] x [0,27.0] pm.

Note that the plasma density is concentrated at a distance of 4.95 ym from the impact
site; this will be shown to be approximately where the center of the EMP is generated from
rather than the impact site at © = [0,0]. Surrounding the plasma is a free space vacuum;
future work will include the effect of crater geometry and the effect of the electromagnetic
fields reflecting off the spacecraft. The simulation uses 24,250 fourth order elements with
characteristic length of 0.075 pum for the most refined region and a characteristic length of
0.225 pm for the most coarse region. The simulation results were repeated for a uniform
grid resolution of 0.15 pum to determine the numerical errors in the nonuniform grid, which
resulted in no noticeable deviation in the results. Although the characteristic length of each
element is larger than the corresponding Debye length of the plasma (0.41 nm), the error is
mitigated due to the high-order nature of the DG method and current interpolation. The
simulation uses a total of 2,000,000 particles. In region populated with particles, there is an
average of 1500 particles per cell. The plasma is initialized with a temperature of 2 eV based
off of experimental measurements and plasma production simulations for a 1 ng, 20 km/s
iron impactor [8, 15]. The plasma bulk velocity is also initialized with a velocity of 20 km /s
away from the impact site; however, this velocity is over an order of magnitude slower than
the thermal velocity of the plasma and four orders of magnitude slow than the characteristic
speed of the radiation (i.e., the speed of light in vacuum). Therefore, in practicality, this
bulk velocity has no effect on the radiation observed in our simulation time scales. The
simulation was conducted over a total duration of approximately 0.4 ps with a time step of
11 attoseconds resulting from the strict stability requirements of the DG-PIC model. We set
the numerical parameter y = 3 to properly dissipate numerical waves from the divergence
cleaning error. Currently, we neglect the effects of background electric and magnetic fields,
such as those from spacecraft charging or Earth’s magnetic field. Although these effects
are suspected to be significant, we wish to isolate the fundamental mechanism of radiation
production in hypervelocity impacts and opt for a simpler setup without static fields. In
future studies we will include these effects to analyze how the presence of such fields differ

from this work.
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Our simulations are developed within an in-house code at the Space Environment and
Satellite Systems Laboratory within C4++ and parallelized using Messaging Passing Interface
(MPI). The mesh is created from an open-source MATLAB script [27] with corresponding
DG matrices calculated via supplemental code provided by Hesthaven and Warburton [25].

The total wall time for the simulation was approximately 4 days over 128 processors.

3. Simulation Results and Analysis

Figure 1(b) shows the EMP emitted from the plasma at time ¢ = 0.1 ps. The magnitude of
the electric field is much larger in the conical plasma compared to the surrounding vacuum
region; this is attributed to the electrostatic ambipolar electric fields within the plasma
being the main governing force in maintaining a quasineutral plasma, while the EMP in
the vacuum region is electromagnetic. The amplitude of the electrostatic waves within the
plasma is approximately two orders of magnitude larger compared to the amplitude of the
electromagnetic radiation. Since the energy density is proportional to the amplitude of the
waves squared, this shows that approximately 0.01% of the electrostatic energy is converted
into electromagnetic radiation. The EMP is transverse electromagnetic, which can be seen
most easily along the line z = 0. There is an electric field in the = direction (E,) and a
magnetic field in the z direction (B,) propagating in the y direction, while £, is much smaller
along this line relative to the surrounding regions. This shows that electromagnetic fields
only propagate perpendicular to the direction the fields are acting in. The fields radiate
around a center at approximately & = [0,4.75] pm, which coincides with the largest plasma
density. The EMP generated is not perfectly circular around this center. This can most
easily be seen in the plot of £, around the region y € [15,20] um along x = 0, as denoted by
the dotted black box in Figure 1(b). A forking pattern appears, which is suspected to be an
artifact of the EMP coupled with the electrostatic oscillations within the plasma. Although
this specific pattern appears along x = 0, this is not always the case, and forking patterns
are apparent in several locations throughout the simulation. Furthermore, the radiation
emitted is clearly asymmetric along x = 0, despite a quasi-symmetric initial plasma. Quasi-
symmetric in this context refers to the plasma density, which when averaged, is symmetric

about z = 0, however, local differences in symmetry due to the random initialization of
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particle positions or thermal fluctuations in the velocities create minor asymmetries within
the plasma. This shows slight perturbations in the initial plasma can lead to significant
asymmetric radiation effects outside of the plasma.

Figure 2 shows the magnetic field time histories for seventeen virtual probes located
throughout the computational domain. Virtual probes were implemented in order to output
values of the electric and magnetic field at every time step, as it is computationally expensive
and impractical to output field values for every single computational node. These seventeen
probes were chosen to be positioned at three radii from the center of the radiation: near the
plasma at a radius of r = 2.5 um (indicated by the blue circles), farther from the plasma at
r = 10.0 pm (indicated by the red circles), and near the edge of the computational domain
before the PML at r = 21.9 um (indicated by the green circles). These probes were placed
along rays at seven different angles 6 that vary from —40° to 40°, where 6 is measured with
respect to the vertical x = 0 line. The locations of these probes are shown in the bottom
center of Figure 2, with the various time histories of the probes surrounding it. Due to
the nature of the unstructured mesh, nodes may not align exactly at the intersection of
these radii and rays, and thus the closest neighboring node is chosen instead. The time is

normalized by the maximum electron plasma frequency w, in Hz. In radians per second,

Te.0€2
== 5
Wp,0 Meco ) ( )

where n. o is the maximum electron density (plasma density), e is the elementary charge, m,

the maximum plasma frequency is

is the electron mass, and € is the permittivity of free space. In our simulations, the maximum
plasma density corresponds to a plasma frequency of 230 THz. The total simulation spans
approximately 90wy, .

The data shown in Figure 2 is the result of post-processing to better convey the wave
decay of the radiation. The beginning of the time history is truncated to filter the initial
numerical waves that propagate due to the divergence cleaning error. The time histories
of each ray are shifted by the propagation speed of light in vacuum, ¢y = 2.998 x 10% m/s
to align the local minima and maxima of the signals. This post-processing of the data is

illustrated in Figure 3. This aligns the peaks of the waves, as expected, and also illustrates
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Figure 2: Time history of various probes along radii of r» = [2.5,10.0,21.9] um and along rays corresponding
to 6 € [—40°,40°]. The central figure shows the locations of the various probes while the surrounding plots

show the time-shifted waveform of the magnetic field B,. The time axis is normalized by the maximum

plasma frequency in Hz, wy, .

the decay in amplitude. Before the EMP reaches the outer probes, there are no fluctuations
as this region is initialized as free space.

Each ray shows similar behavior; the electromagnetic radiation maintains a constant
waveform but decreases in amplitude as it traverses free space. Likewise, the asymmetries
discussed previously are clearly depicted. For instance, for the probes along 6 + 40° depict
very different behavior, with a relatively constant amplitude waveform along 6 = —40° while
the signals along § = 40° contain a large pulse. In all seven probes, there a clear pulse
that is larger than the rest of the time history. This is most clearly defined near w, ot = 30

for & = 40°. It is currently unknown where this specific pulse originates from. Our initial
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wpot wpot

Figure 3: Example of post-processing on raw simulation data. The initial large, numerical waves due to the
divergence cleaning error is truncated and the rest of the simulation data is shifted in time according to the

time delay by waves traveling at the speed of light.

hypothesis is this pulse relates to a resonant wave mode in the conical plasma region that is
dependent on the length scale of the plasma, but further investigation will be required.

Figure 4 shows the power spectra of the signals measured at the seventeen probes. Asym-
metries can be seen by comparing power spectra between probes that are symmetric about
x = 0, which aligns with qualitatively with what is seen in Figure 1(b), where there is no
clear single circular signal propagating in all directions. Notably, the most prominent signals
for all cases occur at a frequency w in between w, /2 and w, o, which corresponds to wave-
lengths A ranging from 1-3 pm. Moreover, there is effectively no prominent signal greater
than wy, o, meaning that the frequency of the radiation is limited by the maximum plasma fre-
quency, with only prominent signals corresponding to those less than the maximum plasma
frequency. This is a counterintuitive result. The dispersion relation for an ordinary wave
traveling in a uniform plasma is

w? = c3k* + wz,o, (6)

where w is the frequency of the wave and k is the wavenumber. This has a corresponding
frequency cutoff of w = wy,, which means electromagnetic waves propagating in the plasma
have a frequency at a minimum of the plasma frequency. In other words, the radiation
emitted from the plasma should have frequencies w > w,, ¢. This discrepancy can be explained
as a result of the plasma gradient. Figure 4 has frequencies normalized by the maximum

plasma frequency. However, as the plasma density decreases, the local plasma frequency

12
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Figure 4: Power spectra for B, of various probes along radii of » = [2.5,10.0,21.9] ym and along rays

corresponding to § € [—40°,40°]. Most notably, all waves have signals most prominently in between wy /2

and wpy o with negligible signals greater than wy g.
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decreases. At the edge of the plasma, the local dispersion relation is

2 279 2
wedge - COkedge + wp,edge’ (7)

Once an electromagnetic wave reaches the edge of the plasma to propagate in free space, the
edge plasma has a lower frequency wpeqge < Wp0, explaining why signals with frequencies
lower than wy,o can propagate. Furthermore, it has been shown that electrostatic wave
modes such as electron plasma waves can convert into electromagnetic wave modes through
a density gradient [28, 29]. Our simulation setup contains a gradual density gradient where
the plasma density decreases from n, = 6.5 x 10%° 1/m? to approximately n. = 1 x 10?* 1/m?
at the plasma edge followed by a sharp discontinuity that instantly decreases to zero due
to the discrete nature of the DG-PIC scheme. Theoretical studies discussing this coupling
of electrostatic and electromagnetic waves, particularly in the presence of density gradients
and discontinuities, is a complex topic deserving of its own specialized treatment and will

be presented in a future study for hypervelocity impact plasmas.

3.1. Simulation Wave Decay

From these results, we are interested in the attenuation, or weakening, of the EMPs

amplitude as a function of distance and time. The decay rate coefficient, «, can then be

B.y (1
Bza B (Ta> ’ <8)

where 7 is a distance from the center of a source, and the subscripts a and b denote the

estimated from

values at two different locations. We use B, to calculate purely the electromagnetic decay
and ignore any contributions of electrostatic effects in the electric field. The simulation decay
rate is calculated by taking each of the signals from the power spectra in Figure 4, calculating
each signal’s decay rate, and averaging all the rates. Table 1 summarizes the values of a.
For the probes closest to the plasma, the decay rate is on average a = —0.5568 while the
decay rate is & = —0.5041 for probes farther away. As the radiation traverses free space the
spatial decay rate magnitude decreases. These values differ from the value of o = 0.73 that
Fletcher et al. reports [16]. There are several explanations for this discrepancy. Because of

the lack of the PML boundary, Fletcher et al. performs the analysis on the initial waves that
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Table 1: Simulated decay rate «

Probe Radii Compared 0 Q Average
—40° | —0.5662
—15° | —0.5975
r=2.5 um 0° —0.5507
and 15° | —0.5572 | —0.5568
r =10.0 pm 30° —0.5496
40° | —0.5109
r=2.0pum —15° | —0.5629
and 0° —0.5293 | —0.5452
r=21.9 ym 15° —0.5435
r=10.0 pm —15° | =0.5081
and 0° —0.4905 | —0.5041
r=21.9 pm 15° —0.5200

emit from the plasma, before the waves reach the boundary to avoid numerical reflections.
These waves may decay more quickly due to the divergence cleaning error associated with
the PHM equations. Moreover, they do not specify where in the computational domain the
spatial averaging takes place. On the other hand, we analyze the spatial decay over a much
longer time history than Fletcher et al. due to the PML capabilities while filtering out the
initial numerical waves. Finally, we found the decay rate is higher near the plasma compared
to farther regions, thus if Fletcher et al. conducted their analysis closer to the plasma, the

decay rates could be much larger.

3.2. Naturally Occurring Plasma Antennas

The behavior of this EMP is similar to the behavior exhibited by antennas, i.e., the hy-
pervelocity impact plasma acts as a “naturally occurring plasma antenna.” Artificial plasma
antennas are a subject of interest due to certain attractive characteristics compared to con-
ventional antennas, such as their stealth features and controllability [30, 31]. Artificial

plasma antennas are designed to emit radiation within the RF band, which is consistent
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Figure 5: Radiation regions of a classical antenna

with the frequencies observed in experiments. Studying the behavior of the waves produced
by the naturally occurring plasma antenna in hypervelocity impact plasmas also provides
the unexpected benefit of possibly providing insight into plasma antenna design for future
works.

Waves closer to the antenna (or in this case, the plasma source) show larger decay com-
pared to the far-field region. In particular, the wave decay closer to the plasma is similar

to that of the near-field and Fresnel regions of an antenna, where the amplitude of a 2D

1. 1

wave from an antenna is proportional to r~% in the near-field region, r~! in the Fresnel

3 r72 and r~! for a 3D wave, respectively),

region, and r7°? in the far-field region (or r~
as illustrated in Figure 5. The simulated average decay rate is &« = —0.5041 for the probes
between r = 10.0 pym and r» = 21.9 pm. This shows great agreement with the theoretical
decay rate for the far-field region of a 2D wave agpeo = —0.5. The wave being 2D as opposed
to 3D is expected as the results come from a 2D electromagnetic PIC simulation. From this,
we deduce that the nodes that lie within this region are within the far-field region of the
plasma antenna.

For waves in the far-field region of antennas, the magnitude of the electric field and the

magnitude of the magnetic field are related via the impedance of free space Zy = pocy =
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Figure 6: Electric field E, at a time of ¢ = 0.2 ps. The region of runaway electrons is shown in the dotted

box.

|E|/|H|, which is the ratio of the electric field and magnetic field strength H = B/pq, where
1o is the permeability of free space. From this relation, the electric field and magnetic flux

density are related simply as

|| = |eoB. (9)

Figure 7 compares these two values for the entire time history along the ray corresponding
to 8 = 0°. The probes in order from closest to the plasma to farthest from the plasma will
be referred to as Probes 1, 2, and 3, respectively. The discrepancy between |E| and |¢oB| in
Probe 1 is significant, supporting the claim that Probe 1 does not lie in the far-field region.
In Probes 2 and 3, there is great agreement in the value of | E| and |¢oB|, particularly at the
beginning of the simulation. Probe 3 maintains the greatest agreement throughout while
Probe 2 shows larger disagreement. This is most evident in the latter half of the simulation.
This is suspected to be a result of runaway electrons; electrons with exceptionally large speed
(such as 0.1¢y) are able to travel a few microns during the simulation length, leaving the
plasma domain. These individual runaway electrons can contribute to larger electric fields at
Probe 2, changing the boundary of the far-field region. These electrons have been observed

in our simulation and are evidenced by the electric field in Figure 6.
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As depicted in Figure 5, the general criterion for determining the boundaries of the

| D3 2D?

where D is the largest length of the antenna, or in this case the hypervelocity impact plasma.

Fresnel region is

Distances smaller than the lower bound define the near-field region, while distances larger
than the upper bound define the far-field region. Substituting a characteristic length of
the plasma D = 7 ym and a representative wavelength of A = 1.5 um, the lower bound is
approximately 9.4 pm, while the upper bound (also known as the Fraunhofer distance) is
approximately 65 pum. This suggests that Probe 1 should lie in the near-field region, while
Probes 2 and 3 should lie Fresnel region. This contradicts the results of the simulation. It
should be noted that this criterion is in general for manmade antennas, and thus applying
this criterion for a naturally made plasma may be invalid. Furthermore, this criterion may
only be applicable for 3D waves and the boundaries of each region may differ for a 2D
simulation.

To summarize, there are numerous parallels between the simulation results and classical
antenna theory. We have deduced that the plasma antenna radiation amplitude is a 2D

05 which has great agreement with

electromagnetic wave that decays proportional to near r~
the far-field region of a classical antenna. Furthermore, both the simulation and classical
antenna have an impedance equal to the impedance of free space, which is a characteristic of
the far-field region of classical antennas. The only discrepancy that we have noticed is where
the boundaries of the near-field, Fresnel, and far-field regions lie. Despite this, the number of

parallels significantly outnumber the discrepancies, suggesting that classical antenna theory

can be slightly modified to apply for this application.

4. Comparison with Existing Literature

This section compares the characteristics of the EMP with what is predicted by previously
developed theory [21] and experiments [1, 8]. The following subsections describe (i) a short
review of the theory, (ii) comparison of the simulations with theory, and (iii) comparisons

with experiments.
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probes along this radius is near the far-field region, while the near-exact agreement at r = 21.9 um suggests

the probes along this radius lie in the far-field region.

4.1. Collisionless FExpansion Theory

There are several empirical equations to describe the total charge created by a hyperve-

locity impact of the form
Q = Cm™®, (11)

where () is the total charge created, m is the mass of the impactor in g, v is the speed of
the impactor in km/s, and C, a, and b are empirical coefficients. Typically, a is near unity,
while b can range from 2.5 — 4.5 [21]. For our work, we use C' = 6.13 x 1074, a = 1.02, and
b = 3.48. The penetration depth (and initial radius of the plasma) is given by the Frost
equation:

0.35250.167U0.667

ro = km , (12)

where rq is penetration depth in cm, k is a constant dependent on the material, § is the
density of the impactor in g/cm?. We take the values of k = 0.42 and § = 7.184 g/cm?,
the values for an aluminum target and iron impactor. Although a fully iron plasma in this
work’s simulations imply both target and impactor are composed of iron, the value of k£ for

iron targets is not readily available, and thus aluminum is used as an approximation. The
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following results still show reasonable agreement despite this. Assuming an initial spherical

plasma, the initial (max) plasma density n.p is

Q

i3
3TTHe

Ne o = (13)

)

It is assumed that the plasma expands outward at the ion acoustic speed and that the ion
acoustic speed is constant during expansion (i.e. the electron temperature is constant). The
validity of this assumption is uncertain and will be assessed in a future work. If the plasma

expands outward at the ion acoustic speed, then the plasma density as a function of time is

Neo

ne(t) =3 (14)

3
(1 + —t)

CS — rkaT(:" (15)
V. omy

kp is the Boltzmann constant, 7T, is the electron temperature, and m; is the ion mass.

where the ion acoustic speed ¢, is

Assuming isothermal expansion, v = 1.
From these assumptions, and following the work detailed by Close et al. [21], the electric

field at the surface of the expanding plasma F(t) is

et V4 o et]
E(t) = Es <1 + i) sin Wpo [1 + S] ) (16)

To s To

Byo= /M. (17)
TEQ

The electric field E,(t) is composed of three different terms: an amplitude term E, pro-

where

portional to the square root of the electron temperature and density, a time decaying term
resulting from the expansion of the plasma at the ion acoustic velocity, and a sinusoidal wave
term. The term (1 + cst/ ro)fg/ * represents an attenuated amplitude weakening over time.
There are various differences between the assumptions behind this theory and the simu-
lations presented here. The initial conditions of the PIC simulation are a simplified model
based on the results of the hydrocodes developed by Fletcher et al. [15, 16] and assume an
initial conical expansion of the plasma rather than a spherical expansion that the theory pre-

scribes. In addition, the simulations have a nonuniform distribution in the plasma density
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as opposed to the uniform distribution assumed here. For comparison, we will use the initial
max plasma density from the simulation for n.o. Despite this, the following subsection will

demonstrate that the theory and simulations show reasonable agreement.

4.2. Validation with Theory

The Taylor expansion of (1 + ¢ t/ro) "/ centered about an arbitrary point ¢, becomes

—1/2 —1/2 —=3/2
st st t—1tp) Cs st
<1+C‘> %(1—1—”) _{t-t)e <1+C°) . (18)
To To 2 To To

Applying this Taylor expansion into the sinusoidal term of Eq. (16) and assuming c,to/ro < 1
(i.e., a short time after impact before expansion), the expression becomes

E,(t) ~ —E, osin <wp,ozo = %t) . (19)

This is a valid assumption as, for our test case, ¢sty/ro =~ 0.0025 for a time corresponding
to 0.4 ps (the length of our simulation as a characteristic time length after impact). This
predicts that the electric field is a constant amplitude wave with amplitude E; oscillating
at a frequency of w,o/2. This is similar to the simulation results. In Figure 4, the most
prominent signals correspond to frequencies in between wy,o/2 and w,,, showing agreement
in order of magnitude between the simulation and theory. Not represented in the theoretical
radiation are the multiple frequencies of the sinusoids prevalent in the simulation signals. An
explanation for this is the density gradient in the simulation plasma: with a density gradient,
the plasma frequency varies spatially while the theory is derived assuming a uniform density.
The existence of a density gradient means multiple plasma frequencies exist, allowing for
multiple frequencies to become prevalent. Nonetheless, both simulation and theory are
similar in magnitude, with further refinement of theory required in future works.

Figure 8 plots the amplitude of the electric field F, over a range of impactor masses
and velocities. The electric field amplitude is on the order of 108 V/m, reaching 10° V/m
in the highest velocities and smallest masses. For a mass of 1 ng and a velocity of 20 km/s,
the theory predicts an electric field magnitude of 2.7 x 10® V/m. This is comparable to the
electric field magnitude shown in Figure 1 showing good agreement in order of magnitude.

Furthermore, Figure 8 demonstrates that the highest risk threats related to the electric field
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Figure 8: Amplitude Ej o of the inital electric field E,(t = 0) at the surface of the expanding plasma in V/m
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originate from the smallest masses and highest velocities; this is due to the fact that the
degree of ionization scales with velocity, which corresponds to larger plasma densities and
electric fields. Since pressure is proportional to the square of the electric field, the highest
velocity particles can cause an increase in electric stress by two orders of magnitude relative
to the slower particles, providing an explanation of how this phenomenon can cause electrical
failure on spacecraft surface material.

Overall, the simulation shows agreement with both the theoretical amplitude and EMP
frequency. Both the theory and simulation provide an explanation for why spacecraft can
experience electrical damage; faster particles can increase the electric field experienced by one
order of magnitude, which increases the electric stress by two orders of magnitude. Although
the electric field as the point of impact is very large, a 2D wave decays proportional to r—%°

(and proportional to 7=t for a 3D wave). Thus, the electric field at a distance r away from

the impact point is
L
E(r) = Es <> ; (20)
where L is some characteristic length of the plasma. Here, we use the decay of a 3D wave as

that is more realistic of what a spacecraft will experience. As an approximation of Eq. (20),
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we let Egg~ O (10%) V/m and L ~ O (107°%) m, and

E(r) ~ O (1?0> | (21)
The given “rule of thumb” for spacecraft design is to use dielectric surfaces that are rated
to withstand electric fields less than 2 x 107 V/m [32]. For E(r) < 2 x 107 V/m, this means
surfaces that are greater than 5 pm away from an impact are sufficiently protected. This
is the vast majority of surfaces; however, during meteoroid showers, multiple impacts can
occur during a short time period. This higher meteoroid flux can cause prolonged stress over
a period of time rather than instantaneous stress. Moreover, the upper limit of 2 x 107 V/m
may be lower due to geometries such as sharp corners and interfaces. Therefore, the electric
fields from hypervelocity impacts are generally sufficiently protected, but in edge cases may

cause significant damage.

4.3. Comparison with Experimental Measurements

A direct, quantitative comparison between results reported in experiments and results
discussed from these simulations cannot be made because of discrepancies between experi-
mental and computational setups. For instance, the effects of various impactor and target
materials and the combinations of such are not included in current simulation capabili-
ties. Experiments conducted at the NASA AVGR facility maintained a vacuum pressure
of 0.5 Torr, where the background pressure introduced effects such as Rayleigh-Taylor and
Richtmyer-Meshov instabilities [19, 20]. Current simulation capabilities assume a true vac-
uum pressure with radiation in free space. The inclusion of a low-density background gas
species will be explored in a future work. Moreover, these simulations utilize the simplified
results of previous fluid simulations as the initial conditions, as discussed in Section 2.3. In
addition, the impactor masses and velocities differs from those explored in other experiments,
such as the work by Zhang et al. that analyzes microwave radiation from these impacts [10].
Despite these discrepancies, qualitative comparisons can be conducted.

Experiments were conducted in 2011 at the Max Planck Institute (MPI) for Nuclear
Physics [1, 33, 8]. This specific set of data is chosen to minimize deviations between experi-
ments and simulations; this specific set of data maintains lower vacuum pressure on the order

of pTorr and has impactor velocities and masses comparable to those simulated by Fletcher
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et al. [15]. For the 315 MHz patch antennas in these experiments, signals for an impactor of
mass 1.4 fg at a velocity of 40 km /s were measured ¢y = 0.04 us after impact approximately
r = 30 cm from the impact site. To be consistent with the results of the simulation, the
maximum plasma frequency should be on the RF band during this time. For a value of
to = 0.04 us, the theoretical frequency of the radiation using Eq. (16) and Eq. (18) is 2452
MHz, which is within the ultra high frequency (UHF) radio band. Therefore, RF emissions
detected during this time frame are consistent with the simulation and theory. These simula-
tions are also consistent with the work reported by Zhang et al. in the microwaves measured
by hypervelocity impacts [10]. In their work, they correlate the experimental microwave
frequencies measured with the theoretical plasma frequency, showing they are on the same

order of magnitude, which is the same conclusion shown in Figure 4.

5. Conclusions and Future Work

Using a 2D DG-PIC model, we have shown that EMP can be spontaneously generated
after plasma production from hypervelocity impacts. This EMP shows nearly circular waves,
characterized by asymmetries and forking patterns, radiating from the point of the plasma
with the highest density. Furthermore, the EMP has characteristics similar to waves emitted
by antennas; waves closer to the plasma source will decay similarly to waves in the Fresnel
region of an antenna, while waves farther away decay similarly to far-field region waves,
decaying inversely proportional to the distance for a 3D wave and inversely proportional to
the square root of the distance for a 2D wave. The simulation also shows consistency with
what is predicted by theory and observed in experiments, with radiation frequency ranging
from wy0/2 — wy o and electric field magnitudes ranging from 108 — 10° V/m.

Our results have many academic and practical implications. Most notably, the radiation
of the plasma is limited by the plasma frequency associated with the point of largest density.
From an academic perspective, the emission mechanism associated with these frequencies is a
subject of interest. The cutoff frequency for an ordinary wave states that the lowest frequency
of emission possible is at minimum the plasma frequency. This shows the importance of
including the density gradient in the analysis of these plasmas, as the only explanation

for the radiation with frequency lower than the maximum plasma frequency is that there is
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radiation associated with the edge plasma density, as discussed in Section 3. From a practical
perspective, a measurement of the frequency of the EMP can estimate the maximum plasma
density within an order of magnitude, and vice versa. Further work is required to validate
this claim in the presence of other relevant physics previously discussed, such as charged
target surfaces and dust.

Another important conclusion is that within a single impact, emission can span a wide
range of frequencies, including both RF and microwave frequencies, resulting from the chang-
ing plasma frequency as the plasma expands. In previous works, it has been hypothesized
that emissions can span a wide range of frequencies as the velocity of the impactor is varied;
however, this range of frequencies can still be seen in a single impact as opposed to several
different impacts. If the emission is directly proportional to the plasma frequency, then the
frequency of the radiation will be highest when the plasma density is highest (i.e., right after
impact) and decreases as the plasma density decreases. Near the initial impact, the plasma
density will produce a plasma frequency that is at the visible light spectrum; therefore, the
radiation will result in an optical flash of visible light [34, 35, 36]. As the plasma frequency
decreases into the microwave and radio frequency spectra, EMPs of those frequencies can
be measured [1, 10]. Thus, the mechanisms behind these different phenomena may be the
same mechanism, suggesting they are actually the same phenomenon. In reality, it is likely
that many different mechanisms exist in producing these different phenomena, and the ex-
act mechanism behind the emission in this work may or may not be the most influential.
Nonetheless, there is a proportionality between plasma frequency (and the square root of the
plasma density) and the EMP frequency. Therefore, understanding the plasma expansion
process and the radiation mechanism is important in understanding which frequencies are
most prevalent throughout the impact duration.

Future work will focus on improving the limitations of computational and theoretical
models by addressing missing physics. For instance, experiments were conducted on biased
targets charged to up to 1000 V, while current simulation and theory do not model reflections
from the impact surface nor surface charging effects. With a charged surface, a background
electric field will exist, which will disperse and expand the plasma more quickly than without

a field. As a result, the temporal decay of the EMP will be quicker, leading the EMP
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to reach a smaller frequency in a shorter amount of time. Longer simulations spanning
microseconds are also an unexplored area, which allows for a direct comparison between
simulation and experiments. In particular, the validation of the temporal decay term in
Eq. (16), (1+ cyt/ro)™"*, is currently not possible because of the short simulation length
resulting from the strict time step requirements of the DG-PIC model. Finally, the theory
used to derive Eq. (16) and Eq. (18) uses a uniform plasma and includes only electrostatic
effects, neglecting higher order effects such as self-induced magnetic fields. The theory
proposed by Close et al. [21] can be reformulated using an electromagnetic approach to

address radiation and other electromagnetic phenomenon.
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Appendix A. Derivation of PHM-PML Equations

A set of hyperbolic PDEs in conservation form is written as

ou
E%—V-F—S, (A1)

where u is the state vector, F = F(u) is the flux matrix, and S is the source vector. In 2D
Cartesian coordinates, Eq. (A.1) is written as:

ou OF, OF,
E—F o —|—a—y—S, (A.2)

where F; = F;(u) is the flux vector in the j direction for j = z,y. For the case of

T T
the PHM equations, Eq. (4), u = [Em E, B, ¢} , F, = [X¢ B. E, xE.| F, =
T T

[-B. x¢ ~By xB,| .andS=|—j, —j, 0 xp| .
The complex-coordinate transformation for PMLs assumes that the state vector u takes
on a wave form u = ugexp (i (k- x — wt)), where ug is some waveform amplitude, k is the

wavevector, and w is the wave frequency. Then, a coordinate transformation is introduced to
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transform Eq. (A.2) from the purely real axis onto the complex plane. This transformation

is given as

0 1 0 o 0

— = — — = (1-— z — A3

or — 1+%=0x < UI—@'w) oz’ (A.3)
where 0, = 0,(x) is the artificial damping coefficient in the z direction [37]. The form of
o.(x) is chosen by the user, but typically starts at zero and grows towards the maximum
damping value from the inner edge to the outer edge of the PML. A similar transformation

is done in the y direction. Substituting the transformation for the # and y directions and

replacing & with —iw, Eq. (A.2) becomes

) OF oF, o OF o JOF
- T+ —Y =8 u ud Y g A4
ot Ox * oy * (aw —iw) Oz * (ay —iw) oy (A44)
From here we define auxiliary variables P, and P, as
-1 OF
P, = -3 A5
0y — 1w Ox (A-5)
-1 OF
P, = —£ A6
Yy —iw Oy (A.6)
With some rearrangement, the auxiliary variables can be written as
oF
—wP, * = —0,P,, A7
iwP, + o o (A.7)
OF
- iCdPy -+ Tyy = —O'yPy. (AS)

Substituting Egs. (A.5) and (A.6) into Eq. (A.4) and replacing all —iw terms with 2 in Egs.
(A.4), (A.7), and (A.8) results in a new system of PDEs:

ou OF, OF,

E‘i‘ ax +87y _S_O—:L'Px_O—yPya (Ag)
oP, OF,
ET + I —0,P,, (A.10)
oP OF
87ty + Giyy = —O'yPy. (All)

The final set of equations to be solved is presented as

ou'  OF, OF,
Tt =S (A.12)
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where

u=|pP,|, (A.13)
P
Ll (A.14)

F,=| 0o [, (A.15)

S = —0,Ps ; (A16)

—o, Py

To prevent mitigate numerical error associated with the divergence correction of the PHM

equations, we include the damping coefficients discussed by Copplestone et al. [26], given as

o(1—¢€) — o, (A.17)

where € is a small numerical parameter and is conducted before every level of the Runge-
Kutta update. This prevents the numerical error associated with the auxiliary PML values

from becoming too large.

Appendix B. Derivation of PML Numerical Fluxes

This section is separated into two subsections: first, a derivation of numerical fluxes for
the original PHM equations, following a derivation of numerical fluxes for the augmented

PHM equations including PMLs (i.e. the PHM-PML equations).
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Appendiz B.1. Numerical Fluzes without PML

For an equation in 2D conservation form, as defined by Eq. (A.2), the corresponding 1D

initial value Riemann problem (RP) is written as

Jdu Ju
oy A =0 (B.1)
uy, lfC <0
u(¢,0) = , (B.2)
ug if¢>0

where 7 and ¢ are dummy variables for time and the spatial direction normal to the element

OF
edge, A = nm—%l:f +ny5

L is the characteristic matrix composed of the Jacobians of the flux
vector dotted in the normal direction 7 = [n, n,]7, and uz and ug are the state vectors
for the left and right side. Here, we use the nomenclature that the left (L) refers to the
inside of the element and the right (R) symbol corresponds to the outside of the element.

Assuming that A is diagonalizable (i.e., all eigenvalues are real with a unique and complete

set of eigenvectors), A can be written as
A = RAR™, (B.3)

where A is a diagonal matrix consisting of the eigenvalues of A, the columns of R are the
corresponding right eigenvectors, and the rows of R~! are the corresponding left eigenvectors.
For the PHM equations, R and A are constant valued, meaning the PHM equations are linear.
The eigenvalues represent the propagation velocities (characteristics) of certain characteristic

variables v of the wave, which can be found as
v=R1u (B.4)

Let n represent the number of states of vector u. By recasting Eq. (B.1) into characteristic

variables, this creates a set of n uncoupled PDEs given by

ov ov
G tAG =0 (B.5)
vy, lfC <0
v(¢,0) = : (B.6)
VR 1f< >0
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where v; and v are the characteristic variable vectors for the left and right side.

For i = 1,...,n, the solution of the i*"® PDE of Eq. (B.5) is
vi(¢,7) = vi(¢ — AT, 0), (B.7)

where ); is the i*" eigenvalue given by A. The characteristic variables at the cell interface

¢ = 0 are then
0;(0,7) = v;(=NT,0) = v}, (B.8)

where the star symbol (*) is used to denote a variable at the cell interface. Thus, each

characteristic variable at the cell interface can be explicitly expressed as
VUL, if )\z >0
Vp = VR,i if \; <0- (Bg)

+vRi -
7ULJ2UR’L if )\,L =0

Since the PHM equations are linear, the state vector at the cell interface (or interfacial state

vector) is connected through the integral curve,
u" = Rv". (B.10)

Here, we denote the use of a tilde for clarification between two similar yet slightly different

variables in the following subsection. The corresponding flux matrix is
F* =F(u"). (B.11)

Appendiz B.2. Numerical Fluzes with PML
The corresponding RP for the 2D augmented PML-PHM system, Eq. (A.12), is

ou’ ,ou’ .
o TA G =0 (B.12)
u, if{<0
w0 =14 " : (B.13)
up f¢>0

where prime (/) values correspond to values in the new augmented PML system of equations.

Here, u’ (given by Eq. (A.13)) is the modified state vector to include the auxiliary variables
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related to the PML layers that are coupled to the fluxes. From Eq. (A.13), the new system
is at most 3n elements long. The end goal is to derive an expression for the interfacial
state values (u')* = {u* P P;ﬂ ! which can then be used to derive a numerical flux. As
a reminder, U is the interfacial state vector for the original system of equations without
PML implementation in Eq. (B.10). The tilde is used to highlight the fact that this original
interfacial state vector " cannot be said to be the same as u* defined within (u’)* without

proof.

Let 0,45 denote an a x b zero matrix. Then,

A Onxn OnX’I’L

) OF!, IF,

OF
nyTuy 0n><n Onxn

From inspection, the eigenvalues of A’ are the eigenvalues of A with additional eigenvalues

of 0 with multiplicity 2n. In other words,

A On n
A= @l (B.15)

02n><n 02n><2n

The right eigenvalues of A’ can be found via solving

A'R' = R'N. (B.16)
R’ takes the form
R On n
R = @ (B.17)
cC D
Ro Ras  Ras . . . : -
where C' = , D= , and R is the right eigenvector matrix of the original
R31 R32 R33

system AR = RA (cf. Eq. (B.3)). The explicit expressions for C' and D will not matter in
the end result.

We assume that C' and D can derived such that R’ contains a unique set of eigenvectors
and that D is invertible. For the case in which the eigenvalues of the original system, A, are

all non-zero, this can be easily proven. Since all eigenvalues of A" are real and R’ contains a
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unique set of eigenvectors, A’ is diagonalizable and (R')~! exists. To find the left eigenvectors

(R')~!, one can use the formula for inverting 2 x 2 block matrices [38]. This comes out to

N —1 R_l 0n><2n
(R = . (B.18)
-D'CR™* D!
Following the same procedure as the original system, and taking advantage of the linear

nature of the PHM-PML equations, the characteristic variable vector is

, R 'u
v = . (B.19)
—D7'CR'u+D'P
T
where P = [PI Py} . Thus, the first n characteristic variables of v/ are v. The interfacial

state values are then given by

() = |P:| = (R)(V)" (B.20)

P,
The fluxes for the PML system are not functions of the auxiliary variables as shown by
Eq. (B.11). As a result, it does not matter what P} and P are for the purpose of deriving

a numerical flux; therefore, we only need to derive an expression for u*. From Eq. (B.20),
(u)" = R(v*)(v)". (B.21)

However, this is the exact same expression for the interfacial states without the PML media,
Eq. (B.10). The expression for the interfacial states of the non-auxiliary variables are the

same regardless of whether PML media are implemented or not, or simply stated,

*

ut = (B.22)

This significantly simplifies the derivation of the numerical flux. As discussed previously
the modified flux vectors of the PML system F), = F/,(u) and F, = F, (u) are given by Egs.
(A.14) and (A.15). Therefore, the interfacial fluxes (F’,)* and (F)* are given as

F. (") F, (")
(F,)" = |F,(a")|.F)'=| o |, (B.23)
0 F,(a")
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Therefore, the 2D flux normal to the cell interface (or interfacial flux) is

n,F,(a*) + n,F,(0")

(F,) =n-(F) = n,Fo (") . (B.24)
n,F, ()
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