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atial Decay of Electromagnetic Waves from Hypervelocity Impact Plasmas

ymond Lau1, Nicolas Lee, Sigrid Elschot

• Hypervelocity-impact-generated plasmas can create electromagnetic pulses (EMPs)

• The EMP waveform is asymmetric due to small fluctations in the plasma

• The EMP frequency is proportional to the plasma frequency with a direct correlatio

between radiation frequency and plasma density

• The plasma produced acts as a plasma antenna with spatial decay similar to classic

antenna theory

1Corresponding Author, email: rl49@stanford.edu
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Spatial Decay of Electromagnetic Waves from Hypervelocity

Impact Plasmas

Raymond Lau1a, Nicolas Leea, Sigrid Elschota

aDepartment of Aeronautics & Astronautics, Stanford University, 496 Lomita
Mall, Stanford, 94305, CA, USA

bstract

e to the high kinetic energy of impactors in space, hypervelocity impacts on spacecra

n ablate spacecraft material and produce plasmas. These plasmas have been observed i

ound-based experiments to produce electromagnetic pulses (EMPs) and are suspected to b

cause of spacecraft anomalies. The initial EMP that is produced after plasma formatio

replicated using a 2D electromagnetic plasma simulation, consisting of a discontinuou

lerkin, particle-in-cell (DG-PIC) framework. The spontaneous formation of EMPs from

initial quasineutral plasma is consistent with previous works and show behavior simila

that of waves emitted by antennas. The EMP emits from the plasma with a frequenc

s than the plasma frequency associated with the point of maximum density, showin

e importance of the density gradient, and the far-field region of the “plasma antenna”

timated. From the proportionality between plasma frequency and EMP frequency, there

direct correlation between plasma density and radiation. As the plasma density decrease

e EMP frequency decreases, which suggests that several observable phenomena, such a

tical flashes, radio frequency emission, and microwave emission, all result from the sam

asma-related mechanism within a single hypervelocity impact.

ywords: Discontinuous Galerkin, particle-in-cell, hypervelocity impact, plasma, plasma

tenna

Introduction

In the space environment, spacecraft are impacted by a higher flux of smaller particle

ch as micrometeoroids and debris, compared to larger impactors [1, 2]. These smalle

pactors have velocities typically greater than 11 km/s for naturally occurring microm

1Corresponding Author, email: rl49@stanford.edu
eprint submitted to International Journal of Impact Engineering January 23, 202
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oroids and 7 km/s for artificially created space debris. For micrometeoroids, this velocit

rresponds to around Earth’s orbital escape velocity, while for orbital debris, this lowe

und is determined by the orbital velocity of debris in altitudes at the upper end of Lowe

rth Orbit (LEO). Due to their high kinetic energy, these hypervelocity impacts can ablat

e impactor and spacecraft surface, leading to vaporization and ionization of the materia

rming a plasma. The plasmas that are produced have been linked to electrical damag

spacecraft [3]. For instance, the gyroscope on the Olympus I spacecraft spontaneousl

alfunctioned, leading to the spacecraft’s failure during the Perseid meteoroid shower [4

vestigations into its failure showed no obvious signs of mechanical damage; however, th

creased flux and higher velocities of micrometeoroids associated with the shower – 56 km/

average [5] – suggest the failure may be electrical in nature and related to the plasm

at was formed from a meteoroid impact. This is not an isolated event: spacecraft such a

ssini and Landsat 5 among others have experienced electrical effects due to hypervelocit

pacts [6].

Currently, the connection behind electrical damage and the plasmas from hypervelocit

pacts is unknown. It has been observed in ground-based experiments that electromagnet

lses (EMPs) are generated from the hypervelocity impacts on both the radio frequenc

F) [1, 7, 8] and microwave frequency spectra [9, 10]. This has been more frequentl

served for higher velocity projectiles (e.g., speeds greater than 20 km/s) in experimen

ilizing electrostatic dust accelerators and explosive shaped charges [1, 7]. Furthermor

-situ measurements on the Parker Solar Probe have measured plasma waves in the lo

quency band below 75 kHz [11]. This emission is a suspected cause of electrical damag

d thus, understanding of the EMP is important in investigating all possible failure mech

isms on spacecraft [6, 12]. These experiments look at mechanisms of EMP productio

d their corresponding frequencies; however, no previous studies to our knowledge analyz

e radiation as it traverses through the spacecraft and its surrounding medium, which

portant in understanding the associated electrical damage. In this work, we look int

e how the EMP behaves as it propagates into the surrounding space. As the radiatio

itted from the plasma traverses space, the power and the magnitude of the EMP wi

crease. Fully understanding how this signal decays will give better insight into the desig

2
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d spacing between electrical components that may be susceptible to the EMPs generated

We approach this problem from a computational perspective. Previous computation

dies focus on the formation of plasma after impact and have been able to replicate radia

n emission from hypervelocity impact plasmas. Islam et al. simulates plasma productio

a non-vacuum environment (i.e. surrounded by a neutral fluid) by solving the compressib

viscid Navier-Stokes equations and the Saha ionization [13, 14]. However, electromagnet

ects and emission cannot be studied in their current framework as electric and magnet

lds are not explicitly modeled. On the other hand, Fletcher et al. first uses a smoothe

rticle hydrodynamics code to study plasma production in a vacuum from velocities rangin

m 11 km/s to 72 km/s [15], which then acts as an initial condition for a nondimension

discontinuous Galerkin particle-in-cell (DG-PIC) simulation that replicates EMP genera

n [16]. These works solve the Maxwell’s equations directly, accounting for electromagnet

ects. However, only the initial set of emitted waves are simulated due to the first-orde

undary conditions employed, which leads to numerical reflections off the boundary an

use nonphysical behavior in the plasma with longer simulations. We overcome this weak

ss within our newly developed high-performance 2D DG-PIC simulation by implementin

rfectly matched layers (PMLs) at the computational boundary. With PMLs, we are ab

absorb outgoing waves, decrease numerical reflections off the boundary, and observe

ger time history of the EMP from these plasmas than previously done in other studies.

Our simulations demonstrate that the plasma acts as a source of radiation – i.e.,

turally occurring plasma antenna. This plasma antenna is characterized by nonspheric

diation with frequency that is limited by the maximum plasma frequency. Parallels ar

awn between the decay rate of the radiation with what is predicted by classical antenn

eory, finding a simulated far-field region of the antenna. There is an explicit correlatio

tween radiation measured and plasma density, implying experiments can measure eithe

antity to get an order of magnitude estimate of the other. As a result of this correlation

is work suggests that several different phenomena, such as optical flashes, radio frequenc

ission, and microwave emission, all result from the same plasma-related mechanism withi

single hypervelocity impact. Future work will include materials other than free space t

derstand how these waves propagate throughout the spacecraft and space environmen

3
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ckground, e.g. the ionosphere or magnetosphere, as well as other physics that have show

have significant effects on the physics of hypervelocity impact plasmas, e.g. charged du

d non-vacuum environments [17, 18, 19, 20].

The paper is formatted as following. Section 2 discusses a brief overview of the numeric

odel. Section 3 shows simulation results and discusses the behavior of the EMP generated

rrelating the EMP with plasma frequency and analyzing the EMP in the context of antenn

eory. Section 4 compares the results with the simulation with previously developed theor

Close et al. [21] and experiments to gain insight into simulation improvements.

Review of the Discontinuous Galerkin Particle-in-Cell Numerical Framewor

This section outlines the numerical framework of the DG-PIC simulation used to sim

ation the hypervelocity impact radiation. DG-PIC schemes are able to capture kinet

ects in plasma, such as plasma instabilities. This model is based off of the model detaile

Fletcher et al. [16], which builds off the original DG-PIC model for plasma simulation

Jacobs and Hesthaven [22]. The following subsections detail (i) a brief summary of th

rticle-in-cell (PIC) scheme, (ii) a brief summary of the discontinous Galerkin (DG) schem

d (iii) an overview of the simulation setup.

1. Particle-in-Cell Scheme

In PIC schemes, charged species are modeled as discrete macroparticles, where eac

acroparticle represents a large number of physical particles. For clarity, macroparticle

ll henceforth be referred to as particles. Based off the particles’ positions, the charg

nsity ρn and current density j⃗n at each grid node n from each particle is calculated via

ρn =
N∑

i=1

qiS(|r⃗i|, R), (1

j⃗n =
N∑

i=1

qiv⃗iS(|r⃗i|, R), (2

ere qi is the charge of each particle, S(|r⃗i|, R) is a shape weighting function dependent o

e distance r⃗i from a node and numerical parameter R dictating the radius of influence

4
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rticle has, and v⃗i is the velocity of the particle. The specific shape function is the sam

ussian-based shape used by Fletcher et al. [16].

The charge density and current density is then included as source terms for the D

heme, which is detailed in Section 2.2. Afterward, the DG scheme solves for the electr

d magnetic field at every grid node. Once the fields are known, the Lorentz force F⃗i a

ch i particle is given as

F⃗i = qi

(
E⃗ + v⃗i × B⃗

)
, (3

ere E⃗ is the electric field and B⃗ is the magnetic flux density – henceforth referred to as th

agnetic field. These fields are interpolated from surrounding nodes back onto each particl

tails about the interpolation scheme are given by Fletcher et al. [16]. Once the force

own, the particles are accelerated and pushed in time and space via the well-known Bor

sh scheme. Currently, collisions are not modeled. Other works have found that Coulom

llision models, when coupled with PIC models, can lead to numerical heating [23]. I

r previous computational work, although a significant mechanism in thermalization of th

asma (whether physical or numerical), Coulomb collisions were found to not have a signi

nt effect on the frequency of the emission [24]. The total energy density (which correlate

th amplitude) was found to both increase and decrease in the presence of Coulomb co

ions, depending on the collision model used; however, this energy density change is sti

thin a factor of 1.5 compared to the collisionless simulation. Therefore, we neglect coll

ns in this work, as the analysis conducted here is still applicable to collisional simulation

ecifically, we expect the qualitative behavior, spatial frequencies, and quantitative deca

te discussed in Section 3 to remain the same, while the nominal energy density itself ma

ry by a factor of two. Future work will investigate the influence of other collisions, suc

electron-impact ionization and elastic scattering.

2. Discontinuous Galerkin Scheme

DG schemes are useful because of their ability to capture discontinuous solutions betwee

ments, e.g. shocks, and model wave behavior (similar to the finite volume method) whi

ing able to obtain high-order accuracy solutions within each element and include comple

ometries via unstructured meshes (similar to the finite element method) [25]. We utiliz

5
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e DG scheme in order to model the EMP waves emitted from the plasma, but maintain th

pability of modeling complex geometries such as the crater formed after impact. Althoug

is work does not include crater geometry, the capabilities are implemented and will b

vestigated in future works.

The equations governing the electrodynamics are the well-known Maxwell’s equation

r simulations solve the purely hyperbolic Maxwell (PHM) equations. Because of th

screte nature of the PIC scheme, there are inaccuracies in the calculation of the charg

nsity and current density on the field. In order to enforce charge conservation during th

ulation, the PHM equations introduce a variable ϕ to explicitly couple Gauss’s divergenc

with the Maxwell-Faraday and Ampere’s laws [22, 26]. The 2D transverse magnetic PHM

uations in nondimensionalized form are

∂

∂t




Ex

Ey

Bz

ϕ



+

∂

∂x




χϕ

Bz

Ey

χEx



+

∂

∂y




−Bz

χϕ

−Ex

χEy



=




−jx

−jy

0

χρ



, (4

ere χ is a numerical parameter dictating the speed at which the divergence error prop

ates. For physically consistent simulations, χ must be greater than unity [22]. Furthe

tails regarding the DG scheme are detailed in [16, 22, 24].

Numerical reflections can form at the boundaries resulting from the truncated domain

prevent this and minimize numerical reflection error, we include PMLs: a set of computa

nal cells near the boundary which dampen incoming waves. We show an explicit derivatio

the governing purely hyperbolic Maxwell’s/perfectly matched layer (PHM-PML) equation

d numerical fluxes in Appendix A and Appendix B, respectively.

3. Simulation Setup

The simulation setup is shown in Figure 1(a). The impactor and target are both a

med to be composed of iron, with the plasma composed of electrons and singly-charge

sitive iron ions. The mesh is more refined near the plasma and point of impact. Th

tal simulation domain is x⃗ ∈ [−10.0, 10.0] × [−3.5, 30.5] µm. The PML spans 3.5 µm

6
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(a) (b)

ure 1: (a) Unstructured mesh with an initial distribution of the plasma density ne

[
m−3

]
. This initi

tribution is based off of simplified results of plasma formation caused by hypervelocity impacts fro

tcher et al. for a 1 ng, 20 km/s iron impactor [15]. (b) Charge density ρ, electric fields Ex and E

d magnetic field Bz at time t = 0.1 ps. The dotted black box highlights a region where the EMP is n

rfectly circular and a forking pattern appears.

7
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each side. Therefore, the rest of the results shown will be for the inner subdomai

∈ [−6.5, 6.5]× [0, 27.0] µm.

Note that the plasma density is concentrated at a distance of 4.95 µm from the impac

e; this will be shown to be approximately where the center of the EMP is generated from

ther than the impact site at x⃗ = [0, 0]. Surrounding the plasma is a free space vacuum

ture work will include the effect of crater geometry and the effect of the electromagnet

lds reflecting off the spacecraft. The simulation uses 24,250 fourth order elements wit

aracteristic length of 0.075 µm for the most refined region and a characteristic length o

25 µm for the most coarse region. The simulation results were repeated for a uniform

id resolution of 0.15 µm to determine the numerical errors in the nonuniform grid, whic

sulted in no noticeable deviation in the results. Although the characteristic length of eac

ment is larger than the corresponding Debye length of the plasma (0.41 nm), the error

itigated due to the high-order nature of the DG method and current interpolation. Th

ulation uses a total of 2,000,000 particles. In region populated with particles, there is a

erage of 1500 particles per cell. The plasma is initialized with a temperature of 2 eV base

of experimental measurements and plasma production simulations for a 1 ng, 20 km/

n impactor [8, 15]. The plasma bulk velocity is also initialized with a velocity of 20 km/

ay from the impact site; however, this velocity is over an order of magnitude slower tha

e thermal velocity of the plasma and four orders of magnitude slow than the characterist

eed of the radiation (i.e., the speed of light in vacuum). Therefore, in practicality, th

lk velocity has no effect on the radiation observed in our simulation time scales. Th

ulation was conducted over a total duration of approximately 0.4 ps with a time step o

attoseconds resulting from the strict stability requirements of the DG-PIC model. We se

e numerical parameter χ = 3 to properly dissipate numerical waves from the divergenc

aning error. Currently, we neglect the effects of background electric and magnetic field

ch as those from spacecraft charging or Earth’s magnetic field. Although these effec

e suspected to be significant, we wish to isolate the fundamental mechanism of radiatio

oduction in hypervelocity impacts and opt for a simpler setup without static fields. I

ture studies we will include these effects to analyze how the presence of such fields diffe

m this work.

8
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Our simulations are developed within an in-house code at the Space Environment an

tellite Systems Laboratory within C++ and parallelized using Messaging Passing Interfac

PI). The mesh is created from an open-source MATLAB script [27] with correspondin

matrices calculated via supplemental code provided by Hesthaven and Warburton [25

e total wall time for the simulation was approximately 4 days over 128 processors.

Simulation Results and Analysis

Figure 1(b) shows the EMP emitted from the plasma at time t = 0.1 ps. The magnitude o

e electric field is much larger in the conical plasma compared to the surrounding vacuum

gion; this is attributed to the electrostatic ambipolar electric fields within the plasm

ing the main governing force in maintaining a quasineutral plasma, while the EMP i

e vacuum region is electromagnetic. The amplitude of the electrostatic waves within th

asma is approximately two orders of magnitude larger compared to the amplitude of th

ctromagnetic radiation. Since the energy density is proportional to the amplitude of th

ves squared, this shows that approximately 0.01% of the electrostatic energy is converte

to electromagnetic radiation. The EMP is transverse electromagnetic, which can be see

ost easily along the line x = 0. There is an electric field in the x direction (Ex) and

agnetic field in the z direction (Bz) propagating in the y direction, while Ey is much smalle

ng this line relative to the surrounding regions. This shows that electromagnetic field

ly propagate perpendicular to the direction the fields are acting in. The fields radiat

ound a center at approximately x⃗ = [0, 4.75] µm, which coincides with the largest plasm

nsity. The EMP generated is not perfectly circular around this center. This can mo

sily be seen in the plot of Ex around the region y ∈ [15, 20] µm along x = 0, as denoted b

e dotted black box in Figure 1(b). A forking pattern appears, which is suspected to be a

tifact of the EMP coupled with the electrostatic oscillations within the plasma. Althoug

is specific pattern appears along x = 0, this is not always the case, and forking pattern

e apparent in several locations throughout the simulation. Furthermore, the radiatio

itted is clearly asymmetric along x = 0, despite a quasi-symmetric initial plasma. Quas

mmetric in this context refers to the plasma density, which when averaged, is symmetr

out x = 0, however, local differences in symmetry due to the random initialization o

9
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rticle positions or thermal fluctuations in the velocities create minor asymmetries withi

e plasma. This shows slight perturbations in the initial plasma can lead to significan

ymmetric radiation effects outside of the plasma.

Figure 2 shows the magnetic field time histories for seventeen virtual probes locate

roughout the computational domain. Virtual probes were implemented in order to outpu

lues of the electric and magnetic field at every time step, as it is computationally expensiv

d impractical to output field values for every single computational node. These seventee

obes were chosen to be positioned at three radii from the center of the radiation: near th

asma at a radius of r = 2.5 µm (indicated by the blue circles), farther from the plasma a

10.0 µm (indicated by the red circles), and near the edge of the computational domai

fore the PML at r = 21.9 µm (indicated by the green circles). These probes were place

ng rays at seven different angles θ that vary from −40◦ to 40◦, where θ is measured wit

spect to the vertical x = 0 line. The locations of these probes are shown in the bottom

nter of Figure 2, with the various time histories of the probes surrounding it. Due t

e nature of the unstructured mesh, nodes may not align exactly at the intersection o

ese radii and rays, and thus the closest neighboring node is chosen instead. The time

rmalized by the maximum electron plasma frequency ωp,0 in Hz. In radians per second

e maximum plasma frequency is

ωp,0 =

√
ne,0e2

meϵ0
, (5

ere ne,0 is the maximum electron density (plasma density), e is the elementary charge, m

the electron mass, and ϵ0 is the permittivity of free space. In our simulations, the maximum

asma density corresponds to a plasma frequency of 230 THz. The total simulation span

proximately 90ωp,0.

The data shown in Figure 2 is the result of post-processing to better convey the wav

cay of the radiation. The beginning of the time history is truncated to filter the initi

merical waves that propagate due to the divergence cleaning error. The time historie

each ray are shifted by the propagation speed of light in vacuum, c0 = 2.998 × 108 m/

align the local minima and maxima of the signals. This post-processing of the data

ustrated in Figure 3. This aligns the peaks of the waves, as expected, and also illustrate

10
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ure 2: Time history of various probes along radii of r = [2.5, 10.0, 21.9] µm and along rays correspondin

θ ∈ [−40◦, 40◦]. The central figure shows the locations of the various probes while the surrounding plo

ow the time-shifted waveform of the magnetic field Bz. The time axis is normalized by the maximu

sma frequency in Hz, ωp,0.

e decay in amplitude. Before the EMP reaches the outer probes, there are no fluctuation

this region is initialized as free space.

Each ray shows similar behavior; the electromagnetic radiation maintains a constan

veform but decreases in amplitude as it traverses free space. Likewise, the asymmetrie

scussed previously are clearly depicted. For instance, for the probes along θ ± 40◦ depic

ry different behavior, with a relatively constant amplitude waveform along θ = −40◦ whi

e signals along θ = 40◦ contain a large pulse. In all seven probes, there a clear puls

at is larger than the rest of the time history. This is most clearly defined near ωp,0t = 3

r θ = 40◦. It is currently unknown where this specific pulse originates from. Our initi

11
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ure 3: Example of post-processing on raw simulation data. The initial large, numerical waves due to th

ergence cleaning error is truncated and the rest of the simulation data is shifted in time according to th

e delay by waves traveling at the speed of light.

pothesis is this pulse relates to a resonant wave mode in the conical plasma region that

pendent on the length scale of the plasma, but further investigation will be required.

Figure 4 shows the power spectra of the signals measured at the seventeen probes. Asym

etries can be seen by comparing power spectra between probes that are symmetric abou

= 0, which aligns with qualitatively with what is seen in Figure 1(b), where there is n

ar single circular signal propagating in all directions. Notably, the most prominent signa

r all cases occur at a frequency ω in between ωp,0/2 and ωp,0, which corresponds to wav

gths λ ranging from 1-3 µm. Moreover, there is effectively no prominent signal greate

an ωp,0, meaning that the frequency of the radiation is limited by the maximum plasma fr

ency, with only prominent signals corresponding to those less than the maximum plasm

quency. This is a counterintuitive result. The dispersion relation for an ordinary wav

veling in a uniform plasma is

ω2 = c20k
2 + ω2

p,0, (6

ere ω is the frequency of the wave and k is the wavenumber. This has a correspondin

quency cutoff of ω = ωp,0, which means electromagnetic waves propagating in the plasm

ve a frequency at a minimum of the plasma frequency. In other words, the radiatio

itted from the plasma should have frequencies ω ≥ ωp,0. This discrepancy can be explaine

a result of the plasma gradient. Figure 4 has frequencies normalized by the maximum

asma frequency. However, as the plasma density decreases, the local plasma frequenc

12
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ure 4: Power spectra for Bz of various probes along radii of r = [2.5, 10.0, 21.9] µm and along ra

rresponding to θ ∈ [−40◦, 40◦]. Most notably, all waves have signals most prominently in between ωp,0/

d ωp,0 with negligible signals greater than ωp,0.
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creases. At the edge of the plasma, the local dispersion relation is

ω2
edge = c20k

2
edge + ω2

p,edge, (7

ce an electromagnetic wave reaches the edge of the plasma to propagate in free space, th

ge plasma has a lower frequency ωp,edge < ωp,0, explaining why signals with frequencie

er than ωp,0 can propagate. Furthermore, it has been shown that electrostatic wav

odes such as electron plasma waves can convert into electromagnetic wave modes throug

density gradient [28, 29]. Our simulation setup contains a gradual density gradient wher

e plasma density decreases from ne = 6.5×1026 1/m3 to approximately ne = 1×1024 1/m

the plasma edge followed by a sharp discontinuity that instantly decreases to zero du

the discrete nature of the DG-PIC scheme. Theoretical studies discussing this couplin

electrostatic and electromagnetic waves, particularly in the presence of density gradien

d discontinuities, is a complex topic deserving of its own specialized treatment and wi

presented in a future study for hypervelocity impact plasmas.

1. Simulation Wave Decay

From these results, we are interested in the attenuation, or weakening, of the EMP

plitude as a function of distance and time. The decay rate coefficient, α, can then b

timated from
Bz,b

Bz,a

=

(
rb
ra

)α

, (8

ere r is a distance from the center of a source, and the subscripts a and b denote th

lues at two different locations. We use Bz to calculate purely the electromagnetic deca

d ignore any contributions of electrostatic effects in the electric field. The simulation deca

te is calculated by taking each of the signals from the power spectra in Figure 4, calculatin

ch signal’s decay rate, and averaging all the rates. Table 1 summarizes the values of α

r the probes closest to the plasma, the decay rate is on average α = −0.5568 while th

cay rate is α = −0.5041 for probes farther away. As the radiation traverses free space th

atial decay rate magnitude decreases. These values differ from the value of α = 0.73 tha

etcher et al. reports [16]. There are several explanations for this discrepancy. Because o

e lack of the PML boundary, Fletcher et al. performs the analysis on the initial waves tha

14
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Table 1: Simulated decay rate α

Probe Radii Compared θ α Average

r = 2.5 µm

and

r = 10.0 µm

−40◦ −0.5662

−0.5568

−15◦ −0.5975

0◦ −0.5507

15◦ −0.5572

30◦ −0.5496

40◦ −0.5109

r = 2.5 µm

and

r = 21.9 µm

−15◦ −0.5629

−0.54520◦ −0.5293

15◦ −0.5435

r = 10.0 µm

and

r = 21.9 µm

−15◦ −0.5081

−0.50410◦ −0.4905

15◦ −0.5200

it from the plasma, before the waves reach the boundary to avoid numerical reflection

ese waves may decay more quickly due to the divergence cleaning error associated wit

e PHM equations. Moreover, they do not specify where in the computational domain th

atial averaging takes place. On the other hand, we analyze the spatial decay over a muc

ger time history than Fletcher et al. due to the PML capabilities while filtering out th

itial numerical waves. Finally, we found the decay rate is higher near the plasma compare

farther regions, thus if Fletcher et al. conducted their analysis closer to the plasma, th

cay rates could be much larger.

2. Naturally Occurring Plasma Antennas

The behavior of this EMP is similar to the behavior exhibited by antennas, i.e., the hy

rvelocity impact plasma acts as a “naturally occurring plasma antenna.” Artificial plasm

tennas are a subject of interest due to certain attractive characteristics compared to con

ntional antennas, such as their stealth features and controllability [30, 31]. Artifici

asma antennas are designed to emit radiation within the RF band, which is consisten

15
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Figure 5: Radiation regions of a classical antenna

th the frequencies observed in experiments. Studying the behavior of the waves produce

the naturally occurring plasma antenna in hypervelocity impact plasmas also provide

e unexpected benefit of possibly providing insight into plasma antenna design for futur

rks.

Waves closer to the antenna (or in this case, the plasma source) show larger decay com

red to the far-field region. In particular, the wave decay closer to the plasma is simila

that of the near-field and Fresnel regions of an antenna, where the amplitude of a 2

ve from an antenna is proportional to r−1.5 in the near-field region, r−1 in the Fresn

gion, and r−0.5 in the far-field region (or r−3, r−2, and r−1 for a 3D wave, respectively

illustrated in Figure 5. The simulated average decay rate is α = −0.5041 for the probe

tween r = 10.0 µm and r = 21.9 µm. This shows great agreement with the theoretic

cay rate for the far-field region of a 2D wave αtheo = −0.5. The wave being 2D as oppose

3D is expected as the results come from a 2D electromagnetic PIC simulation. From thi

deduce that the nodes that lie within this region are within the far-field region of th

asma antenna.

For waves in the far-field region of antennas, the magnitude of the electric field and th

agnitude of the magnetic field are related via the impedance of free space Z0 = µ0c0

16
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ure 6: Electric field Ey at a time of t = 0.2 ps. The region of runaway electrons is shown in the dotte

x.

|/|H⃗|, which is the ratio of the electric field and magnetic field strength H⃗ = B⃗/µ0, wher

is the permeability of free space. From this relation, the electric field and magnetic flu

nsity are related simply as

|E⃗| = |c0B⃗|. (9

gure 7 compares these two values for the entire time history along the ray correspondin

θ = 0◦. The probes in order from closest to the plasma to farthest from the plasma wi

referred to as Probes 1, 2, and 3, respectively. The discrepancy between |E⃗| and |c0B⃗| i
obe 1 is significant, supporting the claim that Probe 1 does not lie in the far-field region

Probes 2 and 3, there is great agreement in the value of |E⃗| and |c0B⃗|, particularly at th

ginning of the simulation. Probe 3 maintains the greatest agreement throughout whi

obe 2 shows larger disagreement. This is most evident in the latter half of the simulation

is is suspected to be a result of runaway electrons; electrons with exceptionally large spee

ch as 0.1c0) are able to travel a few microns during the simulation length, leaving th

asma domain. These individual runaway electrons can contribute to larger electric fields a

obe 2, changing the boundary of the far-field region. These electrons have been observe

our simulation and are evidenced by the electric field in Figure 6.

17
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As depicted in Figure 5, the general criterion for determining the boundaries of th

esnel region is

0.62

√
D3

λ
< r <

2D2

λ
, (10

ere D is the largest length of the antenna, or in this case the hypervelocity impact plasm

stances smaller than the lower bound define the near-field region, while distances large

an the upper bound define the far-field region. Substituting a characteristic length o

e plasma D = 7 µm and a representative wavelength of λ = 1.5 µm, the lower bound

proximately 9.4 µm, while the upper bound (also known as the Fraunhofer distance)

proximately 65 µm. This suggests that Probe 1 should lie in the near-field region, whi

obes 2 and 3 should lie Fresnel region. This contradicts the results of the simulation.

ould be noted that this criterion is in general for manmade antennas, and thus applyin

is criterion for a naturally made plasma may be invalid. Furthermore, this criterion ma

ly be applicable for 3D waves and the boundaries of each region may differ for a 2

ulation.

To summarize, there are numerous parallels between the simulation results and classic

tenna theory. We have deduced that the plasma antenna radiation amplitude is a 2

ctromagnetic wave that decays proportional to near r−0.5, which has great agreement wit

e far-field region of a classical antenna. Furthermore, both the simulation and classic

tenna have an impedance equal to the impedance of free space, which is a characteristic o

e far-field region of classical antennas. The only discrepancy that we have noticed is wher

e boundaries of the near-field, Fresnel, and far-field regions lie. Despite this, the number o

rallels significantly outnumber the discrepancies, suggesting that classical antenna theor

n be slightly modified to apply for this application.

Comparison with Existing Literature

This section compares the characteristics of the EMP with what is predicted by previousl

veloped theory [21] and experiments [1, 8]. The following subsections describe (i) a sho

view of the theory, (ii) comparison of the simulations with theory, and (iii) comparison

th experiments.
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ure 7: Comparison of |Ex| and |c0B0| for the three probes. The large agreement at r = 10.0 µm sugges

obes along this radius is near the far-field region, while the near-exact agreement at r = 21.9 µm sugges

e probes along this radius lie in the far-field region.

1. Collisionless Expansion Theory

There are several empirical equations to describe the total charge created by a hyperv

city impact of the form

Q = Cmavb, (11

ere Q is the total charge created, m is the mass of the impactor in g, v is the speed o

e impactor in km/s, and C, a, and b are empirical coefficients. Typically, a is near unit

ile b can range from 2.5− 4.5 [21]. For our work, we use C = 6.13× 10−4, a = 1.02, an

= 3.48. The penetration depth (and initial radius of the plasma) is given by the Fro

uation:

r0 = km0.352δ0.167v0.667, (12

ere r0 is penetration depth in cm, k is a constant dependent on the material, δ is th

nsity of the impactor in g/cm3. We take the values of k = 0.42 and δ = 7.184 g/cm

e values for an aluminum target and iron impactor. Although a fully iron plasma in th

rk’s simulations imply both target and impactor are composed of iron, the value of k fo

n targets is not readily available, and thus aluminum is used as an approximation. Th
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llowing results still show reasonable agreement despite this. Assuming an initial spheric

asma, the initial (max) plasma density ne,0 is

ne,0 =
Q

4
3
πr30e

. (13

is assumed that the plasma expands outward at the ion acoustic speed and that the io

oustic speed is constant during expansion (i.e. the electron temperature is constant). Th

lidity of this assumption is uncertain and will be assessed in a future work. If the plasm

pands outward at the ion acoustic speed, then the plasma density as a function of time

ne(t) =
ne,0(

1 + cst
r0

)3 , (14

ere the ion acoustic speed cs is

cs =

√
γkBTe

mi

, (15

is the Boltzmann constant, Te is the electron temperature, and mi is the ion mas

suming isothermal expansion, γ = 1.

From these assumptions, and following the work detailed by Close et al. [21], the electr

ld at the surface of the expanding plasma Es(t) is

Es(t) = Es,0

(
1 +

cst

r0

)−9/4

sin

(
ωp,0

r0
cs

[
1 +

cst

r0

]−1/2
)
, (16

ere

Es,0 =

√
8kBTene,0

πϵ0
. (17

e electric field Es(t) is composed of three different terms: an amplitude term Es,0 pro

rtional to the square root of the electron temperature and density, a time decaying term

sulting from the expansion of the plasma at the ion acoustic velocity, and a sinusoidal wav

rm. The term (1 + cst/r0)
−9/4 represents an attenuated amplitude weakening over time.

There are various differences between the assumptions behind this theory and the simu

ions presented here. The initial conditions of the PIC simulation are a simplified mod

sed on the results of the hydrocodes developed by Fletcher et al. [15, 16] and assume a

itial conical expansion of the plasma rather than a spherical expansion that the theory pr

ribes. In addition, the simulations have a nonuniform distribution in the plasma densit
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opposed to the uniform distribution assumed here. For comparison, we will use the initi

ax plasma density from the simulation for ne,0. Despite this, the following subsection wi

monstrate that the theory and simulations show reasonable agreement.

2. Validation with Theory

The Taylor expansion of (1 + cst/r0)
−1/2 centered about an arbitrary point t0 becomes

(
1 +

cst

r0

)−1/2

≈
(
1 +

cst0
r0

)−1/2

− (t− t0)

2

cs
r0

(
1 +

cst0
r0

)−3/2

. (18

plying this Taylor expansion into the sinusoidal term of Eq. (16) and assuming cst0/r0 ≪
e., a short time after impact before expansion), the expression becomes

Es(t) ≈ −Es,0 sin

(
ωp,0

r0
cs

− ωp,0

2
t

)
. (19

is is a valid assumption as, for our test case, cst0/r0 ≈ 0.0025 for a time correspondin

0.4 ps (the length of our simulation as a characteristic time length after impact). Th

edicts that the electric field is a constant amplitude wave with amplitude Es,0 oscillatin

a frequency of ωp,0/2. This is similar to the simulation results. In Figure 4, the mo

ominent signals correspond to frequencies in between ωp,0/2 and ωp,0, showing agreemen

order of magnitude between the simulation and theory. Not represented in the theoretic

diation are the multiple frequencies of the sinusoids prevalent in the simulation signals. A

planation for this is the density gradient in the simulation plasma: with a density gradien

e plasma frequency varies spatially while the theory is derived assuming a uniform densit

e existence of a density gradient means multiple plasma frequencies exist, allowing fo

ultiple frequencies to become prevalent. Nonetheless, both simulation and theory ar

ilar in magnitude, with further refinement of theory required in future works.

Figure 8 plots the amplitude of the electric field Es,0 over a range of impactor masse

d velocities. The electric field amplitude is on the order of 108 V/m, reaching 109 V/m

the highest velocities and smallest masses. For a mass of 1 ng and a velocity of 20 km/

e theory predicts an electric field magnitude of 2.7× 108 V/m. This is comparable to th

ctric field magnitude shown in Figure 1 showing good agreement in order of magnitud

rthermore, Figure 8 demonstrates that the highest risk threats related to the electric fiel
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ure 8: Amplitude Es,0 of the inital electric field Es(t = 0) at the surface of the expanding plasma in V/

2 eV.

iginate from the smallest masses and highest velocities; this is due to the fact that th

gree of ionization scales with velocity, which corresponds to larger plasma densities an

ctric fields. Since pressure is proportional to the square of the electric field, the highe

locity particles can cause an increase in electric stress by two orders of magnitude relativ

the slower particles, providing an explanation of how this phenomenon can cause electric

ilure on spacecraft surface material.

Overall, the simulation shows agreement with both the theoretical amplitude and EM

quency. Both the theory and simulation provide an explanation for why spacecraft ca

perience electrical damage; faster particles can increase the electric field experienced by on

der of magnitude, which increases the electric stress by two orders of magnitude. Althoug

e electric field as the point of impact is very large, a 2D wave decays proportional to r−0

nd proportional to r−1 for a 3D wave). Thus, the electric field at a distance r away from

e impact point is

E(r) = Es,0

(
L

r

)
, (20

ere L is some characteristic length of the plasma. Here, we use the decay of a 3D wave a

at is more realistic of what a spacecraft will experience. As an approximation of Eq. (20
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let Es,0 ∼ O (108) V/m and L ∼ O (10−6) m, and

E(r) ∼ O
(
100

r

)
. (21

e given “rule of thumb” for spacecraft design is to use dielectric surfaces that are rate

withstand electric fields less than 2× 107 V/m [32]. For E(r) < 2× 107 V/m, this mean

rfaces that are greater than 5 µm away from an impact are sufficiently protected. Th

the vast majority of surfaces; however, during meteoroid showers, multiple impacts ca

cur during a short time period. This higher meteoroid flux can cause prolonged stress ove

period of time rather than instantaneous stress. Moreover, the upper limit of 2× 107 V/m

ay be lower due to geometries such as sharp corners and interfaces. Therefore, the electr

lds from hypervelocity impacts are generally sufficiently protected, but in edge cases ma

use significant damage.

3. Comparison with Experimental Measurements

A direct, quantitative comparison between results reported in experiments and resul

scussed from these simulations cannot be made because of discrepancies between exper

ental and computational setups. For instance, the effects of various impactor and targe

aterials and the combinations of such are not included in current simulation capabil

s. Experiments conducted at the NASA AVGR facility maintained a vacuum pressur

0.5 Torr, where the background pressure introduced effects such as Rayleigh-Taylor an

chtmyer-Meshov instabilities [19, 20]. Current simulation capabilities assume a true va

m pressure with radiation in free space. The inclusion of a low-density background ga

ecies will be explored in a future work. Moreover, these simulations utilize the simplifie

sults of previous fluid simulations as the initial conditions, as discussed in Section 2.3. I

dition, the impactor masses and velocities differs from those explored in other experiment

ch as the work by Zhang et al. that analyzes microwave radiation from these impacts [10

spite these discrepancies, qualitative comparisons can be conducted.

Experiments were conducted in 2011 at the Max Planck Institute (MPI) for Nuclea

ysics [1, 33, 8]. This specific set of data is chosen to minimize deviations between exper

ents and simulations; this specific set of data maintains lower vacuum pressure on the orde

µTorr and has impactor velocities and masses comparable to those simulated by Fletche
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al. [15]. For the 315 MHz patch antennas in these experiments, signals for an impactor o

ass 1.4 fg at a velocity of 40 km/s were measured t0 = 0.04 µs after impact approximatel

= 30 cm from the impact site. To be consistent with the results of the simulation, th

aximum plasma frequency should be on the RF band during this time. For a value o

= 0.04 µs, the theoretical frequency of the radiation using Eq. (16) and Eq. (18) is 245

Hz, which is within the ultra high frequency (UHF) radio band. Therefore, RF emission

tected during this time frame are consistent with the simulation and theory. These simula

ns are also consistent with the work reported by Zhang et al. in the microwaves measure

hypervelocity impacts [10]. In their work, they correlate the experimental microwav

quencies measured with the theoretical plasma frequency, showing they are on the sam

der of magnitude, which is the same conclusion shown in Figure 4.

Conclusions and Future Work

Using a 2D DG-PIC model, we have shown that EMP can be spontaneously generate

ter plasma production from hypervelocity impacts. This EMP shows nearly circular wave

aracterized by asymmetries and forking patterns, radiating from the point of the plasm

th the highest density. Furthermore, the EMP has characteristics similar to waves emitte

antennas; waves closer to the plasma source will decay similarly to waves in the Fresn

gion of an antenna, while waves farther away decay similarly to far-field region wave

caying inversely proportional to the distance for a 3D wave and inversely proportional t

e square root of the distance for a 2D wave. The simulation also shows consistency wit

at is predicted by theory and observed in experiments, with radiation frequency rangin

m ωp,0/2− ωp,0 and electric field magnitudes ranging from 108 − 109 V/m.

Our results have many academic and practical implications. Most notably, the radiatio

the plasma is limited by the plasma frequency associated with the point of largest densit

om an academic perspective, the emission mechanism associated with these frequencies is

bject of interest. The cutoff frequency for an ordinary wave states that the lowest frequenc

emission possible is at minimum the plasma frequency. This shows the importance o

cluding the density gradient in the analysis of these plasmas, as the only explanatio

r the radiation with frequency lower than the maximum plasma frequency is that there
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diation associated with the edge plasma density, as discussed in Section 3. From a practic

rspective, a measurement of the frequency of the EMP can estimate the maximum plasm

nsity within an order of magnitude, and vice versa. Further work is required to validat

is claim in the presence of other relevant physics previously discussed, such as charge

rget surfaces and dust.

Another important conclusion is that within a single impact, emission can span a wid

nge of frequencies, including both RF and microwave frequencies, resulting from the chang

g plasma frequency as the plasma expands. In previous works, it has been hypothesize

at emissions can span a wide range of frequencies as the velocity of the impactor is varied

wever, this range of frequencies can still be seen in a single impact as opposed to sever

fferent impacts. If the emission is directly proportional to the plasma frequency, then th

quency of the radiation will be highest when the plasma density is highest (i.e., right afte

pact) and decreases as the plasma density decreases. Near the initial impact, the plasm

nsity will produce a plasma frequency that is at the visible light spectrum; therefore, th

diation will result in an optical flash of visible light [34, 35, 36]. As the plasma frequenc

creases into the microwave and radio frequency spectra, EMPs of those frequencies ca

measured [1, 10]. Thus, the mechanisms behind these different phenomena may be th

me mechanism, suggesting they are actually the same phenomenon. In reality, it is likel

at many different mechanisms exist in producing these different phenomena, and the ex

t mechanism behind the emission in this work may or may not be the most influentia

netheless, there is a proportionality between plasma frequency (and the square root of th

asma density) and the EMP frequency. Therefore, understanding the plasma expansio

ocess and the radiation mechanism is important in understanding which frequencies ar

ost prevalent throughout the impact duration.

Future work will focus on improving the limitations of computational and theoretic

odels by addressing missing physics. For instance, experiments were conducted on biase

rgets charged to up to 1000 V, while current simulation and theory do not model reflection

m the impact surface nor surface charging effects. With a charged surface, a backgroun

ctric field will exist, which will disperse and expand the plasma more quickly than withou

field. As a result, the temporal decay of the EMP will be quicker, leading the EM
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reach a smaller frequency in a shorter amount of time. Longer simulations spannin

icroseconds are also an unexplored area, which allows for a direct comparison betwee

ulation and experiments. In particular, the validation of the temporal decay term i

. (16), (1 + cst/r0)
−9/4, is currently not possible because of the short simulation lengt

sulting from the strict time step requirements of the DG-PIC model. Finally, the theor

ed to derive Eq. (16) and Eq. (18) uses a uniform plasma and includes only electrostat

ects, neglecting higher order effects such as self-induced magnetic fields. The theor

oposed by Close et al. [21] can be reformulated using an electromagnetic approach t

dress radiation and other electromagnetic phenomenon.
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ppendix A. Derivation of PHM-PML Equations

A set of hyperbolic PDEs in conservation form is written as

∂u

∂t
+∇ · F = S, (A.1

ere u is the state vector, F = F(u) is the flux matrix, and S is the source vector. In 2

rtesian coordinates, Eq. (A.1) is written as:

∂u

∂t
+

∂Fx

∂x
+

∂Fy

∂y
= S, (A.2

ere Fj = Fj(u) is the flux vector in the j direction for j = x, y. For the case o

e PHM equations, Eq. (4), u =
[
Ex Ey Bz ϕ

]T
, Fx =

[
χϕ Bz Ey χEx

]T
, Fy

Bz χϕ −Ex χEy

]T
, and S =

[
−jx −jy 0 χρ

]T
,

The complex-coordinate transformation for PMLs assumes that the state vector u take

a wave form u = u0 exp (i (k · x− ωt)), where u0 is some waveform amplitude, k is th

vevector, and ω is the wave frequency. Then, a coordinate transformation is introduced t

26



Journal Pre-proof

tra n596

is597

)598

599

wh f600

σx601

da n602

is d603

re604

)605

606

Fr607

)608

)609

610

W611

)612

)613

614

Su s.615

(A616

)617

)618

)619

620

621

)622

623
Jo
ur

na
l P

re
-p

ro
of

nsform Eq. (A.2) from the purely real axis onto the complex plane. This transformatio

given as

∂

∂x
→ 1

1 + iσx

ω

∂

∂x
=

(
1− σx

σx − iω

)
∂

∂x
, (A.3

ere σx = σx(x) is the artificial damping coefficient in the x direction [37]. The form o

(x) is chosen by the user, but typically starts at zero and grows towards the maximum

mping value from the inner edge to the outer edge of the PML. A similar transformatio

done in the y direction. Substituting the transformation for the x and y directions an

placing ∂
∂t

with −iω, Eq. (A.2) becomes

−iωu+
∂Fx

∂x
+

∂Fy

∂y
= S+

(
σx

σx − iω

)
∂Fx

∂x
+

(
σy

σy − iω

)
∂Fy

∂y
. (A.4

om here we define auxiliary variables Px and Py as

Px =
−1

σx − iω

∂Fx

∂x
, (A.5

Py =
−1

σy − iω

∂Fy

∂y
. (A.6

ith some rearrangement, the auxiliary variables can be written as

− iωPx +
∂Fx

∂x
= −σxPx, (A.7

− iωPy +
∂Fy

∂y
= −σyPy. (A.8

bstituting Eqs. (A.5) and (A.6) into Eq. (A.4) and replacing all −iω terms with ∂
∂t

in Eq

.4), (A.7), and (A.8) results in a new system of PDEs:

∂u

∂t
+

∂Fx

∂x
+

∂Fy

∂y
= S− σxPx − σyPy, (A.9

∂Px

∂t
+

∂Fx

∂x
= −σxPx, (A.10

∂Py

∂t
+

∂Fy

∂y
= −σyPy. (A.11

The final set of equations to be solved is presented as

∂u′

∂t
+

∂F′
x

∂x
+

∂F′
y

∂y
= S′, (A.12
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ere

u′ =




u

Px

Py


 , (A.13

F′
x =




Fx(u)

Fx(u)

0


 , (A.14

F′
y =




Fy(u)

0

Fy(u)


 , (A.15

S′ =




S− σxPx − σyPy

−σxPx

−σyPy


 . (A.16

To prevent mitigate numerical error associated with the divergence correction of the PHM

uations, we include the damping coefficients discussed by Copplestone et al. [26], given a

ϕ(1− ϵ) → ϕ, (A.17

ere ϵ is a small numerical parameter and is conducted before every level of the Rung

tta update. This prevents the numerical error associated with the auxiliary PML value

m becoming too large.

ppendix B. Derivation of PML Numerical Fluxes

This section is separated into two subsections: first, a derivation of numerical fluxes fo

e original PHM equations, following a derivation of numerical fluxes for the augmente

M equations including PMLs (i.e. the PHM-PML equations).
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pendix B.1. Numerical Fluxes without PML

For an equation in 2D conservation form, as defined by Eq. (A.2), the corresponding 1

itial value Riemann problem (RP) is written as

∂u

∂τ
+ A

∂u

∂ζ
= 0; (B.1

u(ζ, 0) =




uL if ζ < 0

uR if ζ > 0

, (B.2

ere τ and ζ are dummy variables for time and the spatial direction normal to the elemen

ge, A = nx
∂Fx

∂u
+ ny

∂Fy

∂u
is the characteristic matrix composed of the Jacobians of the flu

ctor dotted in the normal direction n̂ = [nx ny]
T , and uL and uR are the state vecto

r the left and right side. Here, we use the nomenclature that the left (L) refers to th

side of the element and the right (R) symbol corresponds to the outside of the elemen

suming that A is diagonalizable (i.e., all eigenvalues are real with a unique and complet

t of eigenvectors), A can be written as

A = RΛR−1, (B.3

ere Λ is a diagonal matrix consisting of the eigenvalues of A, the columns of R are th

rresponding right eigenvectors, and the rows of R−1 are the corresponding left eigenvector

r the PHM equations, R and Λ are constant valued, meaning the PHM equations are linea

e eigenvalues represent the propagation velocities (characteristics) of certain characterist

riables v of the wave, which can be found as

v = R−1u. (B.4

Let n represent the number of states of vector u. By recasting Eq. (B.1) into characterist

riables, this creates a set of n uncoupled PDEs given by

∂v

∂τ
+ Λ

∂v

∂ζ
= 0; (B.5

v(ζ, 0) =




vL if ζ < 0

vR if ζ > 0

, (B.6
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ere vL and vR are the characteristic variable vectors for the left and right side.

For i = 1, . . . , n, the solution of the ith PDE of Eq. (B.5) is

vi(ζ, τ) = vi(ζ − λiτ, 0), (B.7

ere λi is the ith eigenvalue given by Λ. The characteristic variables at the cell interfac

0 are then

vi(0, τ) = vi(−λiτ, 0) = v∗i , (B.8

ere the star symbol (∗) is used to denote a variable at the cell interface. Thus, eac

aracteristic variable at the cell interface can be explicitly expressed as

v∗i =





vL,i if λi > 0

vR,i if λi < 0

vL,i+vR,i

2
if λi = 0

. (B.9

nce the PHM equations are linear, the state vector at the cell interface (or interfacial stat

ctor) is connected through the integral curve,

ũ∗ = Rv∗. (B.10

re, we denote the use of a tilde for clarification between two similar yet slightly differen

riables in the following subsection. The corresponding flux matrix is

F∗ = F(ũ∗). (B.11

pendix B.2. Numerical Fluxes with PML

The corresponding RP for the 2D augmented PML-PHM system, Eq. (A.12), is

∂u′

∂τ
+ A′∂u

′

∂ζ
= 0; (B.12

u′(ζ, 0) =




u′
L if ζ < 0

u′
R if ζ > 0

, (B.13

ere prime ( ′ ) values correspond to values in the new augmented PML system of equation

re, u′ (given by Eq. (A.13)) is the modified state vector to include the auxiliary variable
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lated to the PML layers that are coupled to the fluxes. From Eq. (A.13), the new system

at most 3n elements long. The end goal is to derive an expression for the interfaci

te values (u′)∗ =
[
u∗ P∗

x P∗
y

]T
which can then be used to derive a numerical flux. A

reminder, ũ∗ is the interfacial state vector for the original system of equations withou

L implementation in Eq. (B.10). The tilde is used to highlight the fact that this origin

terfacial state vector ũ∗ cannot be said to be the same as u∗ defined within (u′)∗ withou

oof.

Let 0a×b denote an a× b zero matrix. Then,

A′ = nx
∂F′

x

∂u′ + ny

∂F′
y

∂u′ =




A 0n×n 0n×n

nx
∂Fx

∂u
0n×n 0n×n

ny
∂Fy

∂u
0n×n 0n×n


 . (B.14

om inspection, the eigenvalues of A′ are the eigenvalues of A with additional eigenvalue

0 with multiplicity 2n. In other words,

Λ′ =


 Λ 0n×2n

02n×n 02n×2n


 . (B.15

e right eigenvalues of A′ can be found via solving

A′R′ = R′Λ′. (B.16

takes the form

R′ =


R 0n×2n

C D


 , (B.17

ere C =


R21

R31


, D =


R22 R23

R32 R33


, and R is the right eigenvector matrix of the origin

stem AR = RΛ (cf. Eq. (B.3)). The explicit expressions for C and D will not matter i

e end result.

We assume that C and D can derived such that R′ contains a unique set of eigenvecto

d that D is invertible. For the case in which the eigenvalues of the original system, Λ, ar

non-zero, this can be easily proven. Since all eigenvalues of A′ are real and R′ contains
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ique set of eigenvectors, A′ is diagonalizable and (R′)−1 exists. To find the left eigenvecto

′)−1, one can use the formula for inverting 2× 2 block matrices [38]. This comes out to

(R′)−1 =


 R−1 0n×2n

−D−1CR−1 D−1


 . (B.18

Following the same procedure as the original system, and taking advantage of the linea

ture of the PHM-PML equations, the characteristic variable vector is

v′ =


 R−1u

−D−1CR−1u+D−1P


 . (B.19

ere P =
[
Px Py

]T
. Thus, the first n characteristic variables of v′ are v. The interfaci

te values are then given by

(u′)∗ =




u∗

P∗
x

P∗
y


 = (R′)(v′)∗. (B.20

The fluxes for the PML system are not functions of the auxiliary variables as shown b

. (B.11). As a result, it does not matter what P∗
x and P∗

y are for the purpose of derivin

numerical flux; therefore, we only need to derive an expression for u∗. From Eq. (B.20),

(u)∗ = R(v∗)(v)∗. (B.21

wever, this is the exact same expression for the interfacial states without the PML medi

. (B.10). The expression for the interfacial states of the non-auxiliary variables are th

me regardless of whether PML media are implemented or not, or simply stated,

u∗ = ũ∗. (B.22

This significantly simplifies the derivation of the numerical flux. As discussed previousl

e modified flux vectors of the PML system F′
x = F′

x(u) and F′
y = F′

y(u) are given by Eq

.14) and (A.15). Therefore, the interfacial fluxes (F′
x)

∗ and (F′
y)

∗ are given as

(F′
x)

∗ =




Fx(ũ
∗)

Fx(ũ
∗)

0


 , (F′

y)
∗ =




Fy(ũ
∗)

0

Fy(ũ
∗)


 , (B.23
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erefore, the 2D flux normal to the cell interface (or interfacial flux) is

(F′
n)

∗ = n̂ · (F′)∗ =




nxFx(ũ
∗) + nyFy(ũ

∗)

nxFx(ũ
∗)

nyFy(ũ
∗)


 . (B.24
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