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Abstract

Numerical simulations are used to study the dynamics of a developing suspension Poiseuille flow
with monodispersed and bidispersed neutrally buoyant particles in a planar channel, and machine
learning is applied to learn the evolving stresses of the developing suspension. The particle stresses
and pressure develop on a slower time scale than the volume fraction, indicating that once the
particles reach a steady volume fraction profile they rearrange to minimize the contact pressure
on each particle. We consider the timescale for stress development and how the stress develop-
ment connects to particle migration. For developing monodisperse suspensions we present a new
physics-informed Galerkin neural network that allows for learning the particle stresses when direct
measurements are not possible. We show that when a training set of stress measurements is
available, the MOR-physics operator learning method can also capture the particle stresses accurately.

Keywords: Stokes flow, Viscous suspensions, Particle dispersion, Machine learning

1 Introduction

Solid-fluid multiphase flows systems occur in
many areas of recent interest in both nature and
industry, with wide-ranging applications including
microfluidic systems for cell sorting and inertial
focusing (Di Carlo, 2009), cement processing, food
processing (Servais et al., 2002), mud (Coussot,
1994), and sediments. In these applications, it is
important to understand the microstructure that
appears due to particle stresses with spherical
particles at high volume fraction (Morris, 2009),
and particle migration and segregation by size or

density (Kanehl and Stark, 2015; Lyon and Leal,
1998b; Batchelor and Van Rensburg, 1986; Chang,
1994; Pesche et al., 1998; Pesche, 1998). Such flows
represent a complex dynamical system due to the
nonlinear coupling of the flow and the particle
positions and velocities, which in turn determine
the flow.

Early experiments by Gadala-Maria and
Acrivos (1980) and later by Leighton and Acrivos
(1987) showed that when a gradient exists in
the fluid shear rate, suspended particles migrate
toward regions of lower shear in a phenomenon
called shear-induced migration. Karnis et al.
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(1966) found that in a Poiseuille flow in a tube
the particles formed a plug at the core of the
channel due to shear-induced migration. Similar
results are seen in a range of experiments in a
channel with both colloidal and non-colloidal par-
ticles and with monodisperse particle sizes (Koh
et al., 1994; Hampton et al., 1998; Lyon and Leal,
1998a; Butler et al., 1999; Gao et al., 2009; Sem-
wogerere et al., 2007). Shear-induced migration is
also seen in oscillating Poiseuille flows of suspen-
sions in a pipe (Snook et al., 2016). Results from
experiments reveal that as the particles migrate
toward the center of the channel, they create a
densely packed plug with volume fraction close to
the maximum volume fraction for the system. This
high volume fraction causes a blunting or flatten-
ing of the parabolic velocity profile at the core
of the channel (Lyon and Leal, 1998a). Experi-
mental results have been confirmed by simulations
with the Force Coupling Method (FCM) (Yeo and
Maxey, 2011) and lattice-Boltzmann simulations
(Chun et al., 2017). A series of experiments and
simulations have further shown the key role of par-
ticle contacts in irreversible particle migration (Da
Cunha and Hinch, 1996; Zarraga and Leighton,
2002; Metzger and Butler, 2010; Metzger et al.,
2013; Pham et al., 2015, 2016).

Leighton and Acrivos (1987) developed a phe-
nomenological model to explain the shear-induced
migration seen in experiments, which relies on
irreversible inter-particle interactions. Later mod-
els include diffusive flux models (Phillips et al.,
1992) and the Suspension Balance Model (SBM)
proposed by Nott and Brady (1994), with subse-
quent refinements by Morris and Boulay (1999);
Miller and Morris (2006); Lhuillier (2009); Nott
et al. (2011), which have been successful in corre-
lating a number of situations (Boyer et al., 2011;
Snook et al., 2016; Kanehl and Stark, 2015; Dbouk
et al., 2013). The SBM predicts that particle
migration is due to the divergence of the particle
phase stress. These models are based on a mean-
field, continuum representation and approxima-
tion of locally uniform gradients, particle volume
fractions, and particle stresses.

The SBM works quite well for monodisperse
particle flows (Dbouk et al., 2013). However, the
SBM is essentially a point-particle concept with no
explicit particle size. Several open issues remain,
including how the presence of a wall layer, and the
subsequent particle layering that builds upon the

wall layer, change the dynamics, as particle stress
gradients and volume fraction profiles will have
sharp discontinuities at the wall layer. In addi-
tion, in the channel core of a Poiseuille flow the
shear stress drops to zero, which requires care-
ful handling in SBM. Additionally, there can be
cases where fronts occur on the scale of the par-
ticle size, which is not accounted for in SBM.
An open question is what aspect of the parti-
cle stress controls the migration flux, and how to
link averaged results to individual particle inter-
actions. Given that the SBM works quite well, this
raises the question of how we can use the SBM to
learn the particle stress from noisy data available
from experiments and simulations. To answer this
question, in this work we turn to machine learning.

Recently, utilizing neural networks to approx-
imate partial differential equations (PDEs) has
gained much attention in the scientific computing,
machine learning, and engineering communities
for problems that have traditionally been in the
domain of computational scientists and numerical
analysts, for instance see Raissi et al. (2019); Yu
et al. (2018); Sirignano and Spiliopoulos (2018);
Karniadakis et al. (2021) and the references
therein. For complex systems, it can be neces-
sary to use an operator learning method, includ-
ing operator inference (Peherstorfer and Willcox,
2016), Deep Operator Networks (Lu et al., 2021),
or Fourier Neural Operators (Li et al., 2021).
Our recent work has successfully used a physics-
informed neural network (PINN), along with FCM
data, to learn the viscosity of a densely packed
monodisperse suspension in steady state (Reyes
et al., 2021). Others have been able to accurately
learn the variable drag forces on suspended spher-
ical particles (He and Tafti, 2019), predict the
rheological properties of a suspension of fibers
(Boodaghidizaji et al., 2022), and learn the lubri-
cation correction for coupled DPD-DEM simula-
tion of colloidal suspensions (Wang et al., 2021). In
this work, we apply the Modal Operator Regres-
sion (MOR-Physics) operator learning framework
(Patel and Desjardins, 2018; Patel et al., 2021) to
obtain a model for the particle stresses in devel-
oping monodisperse and bidisperse suspensions.
When an accurate physics-based model, such as
the SBM, is available, we can apply physics-
informed training. For this purpose, we utilize the
Galerkin Neural Network framework introduced



Springer Nature 2021 ETEX template

in Ainsworth and Dong (2021), the advantage of
which is that it allows for high-order approxi-
mation of PDEs by generating highly adaptive
basis functions with which to approximate their
solutions.

In this paper, we consider developing monodis-
perse and bidisperse Poiseuille flows. In contrast
to previous studies, which looked at a final steady
state Poiseuille flow once the stress and vol-
ume fraction profiles have reached a steady state
(Yeo and Maxey, 2011), the developing Poiseuille
flow data can help elucidate questions as to the
primary factors driving particle migration in a
channel. In Sec. 2 we describe the numerical
method used in the simulation data. Sections 3
and 4 describe the evolution of the particle volume
fractions and fluxes for monodisperse and bidis-
perse flows, respectively, to establish the stress
development patterns we wish to recover with
machine learning. We then discuss two methods
for learning and predicting the particle stresses
as the suspension develops. When available sus-
pension balance models can accurately capture
the stresses, physics-informed neural networks are
able to accurately predict the particle stress, as
shown in Sec. 5. However, when physics-based
models do not capture the bidisperse suspen-
sion stresses, the MOR-Physics operator learning
method is needed in Sec. 6.

2 Numerical method for
suspension flow simulations

The simulations in this paper are completed using
the Force Coupling Method (FCM). Developed
by Maxey and Patel (2001); Lomholt and Maxey
(2003), the FCM is used to simulate a large
number of densely packed hard spherical parti-
cles in a wide range of applications, including
high volume fraction fluid flow in a channel (Yeo
and Maxey, 2011, 2010a), the settling of parti-
cles with bidispersed sizes (Abbas et al., 2006) or
weights (Howard et al., 2018), and the coagula-
tion of platelets in blood flow (Pivkin et al., 2006).
Incorporation of lubrication forces allows for sim-
ulations of very densely packed particles with bulk
volume fraction ¢p > 0.2 (Dance and Maxey,
2003; Yeo and Maxey, 2010b). Provided here is an
overview of FCM as it is implemented for the sim-
ulations discussed in this work. For more complete

details, please see Yeo (2011) and Yeo and Maxey
(2010D).

In simulations, the contact force models the
particle surface roughness as well as numerically
preventing the particles from overlapping. While
the lubrication forces between two spheres will
theoretically prevent the particles from touching,
in simulations some form of a contact force is
needed to prevent particle overlaps due to the dis-
crete time step. In the FCM, the contact force
between two particles is modeled by a short-range
force that acts along the line of the centers of the
particles and depends only on the particle sizes
and the distance between the two particles (Yeo
and Maxey, 2010b). This force is zero when the
particles are separated by more than a small dis-
tance, typically a gap width of less than 0.05%
of a particle radius. Based on the work of Yeo
and Maxey (2010b), the following contact force
model for the force on particle j due to particle i,
with centers at r; and r; and radii a; and ay, is
considered:

brna o (P s g
F-C: —0mpa;; Lref m s TS Lipef
J

0, otherwise
(1)
Here, Qi = %(CLz + aj), ryj = Tr; — T Rref =
2.01a;; is the contact force cutoff distance, r =
Iri;|, and F..y = 100 is a parameter chosen to
control the minimum separation of the particles.
The fluid viscosity is p = 1.
The phasic average of a variable g is defined

s (Drew, 1983; Yeo and Maxey, 2011),

(exn) W) = 5 ><H <Zg x) d dz> 2)

where X; is the indicator function of the ith par-
ticle and g’ is the ith particle’s value of g. The
particle phase average of g can then by found by

(8xp) ()
oly)

The particle pressure is defined as the trace of the
stress tensor from the elastic contact force, SZ-C; :

(8)(y) = (3)

1
Hz—g(sﬁ+S§2+S§3). (4)
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In this work, we will solve FCM in a channel
with planar, no-slip walls separated by a distance
H,. Periodic boundary conditions are applied in
the streamwise (z, denoted by subscript 3) and
spanwise (z, denoted by subscript 1) or vor-
ticity direction of the mean flow. All distances
are nondimensionalized by the particle radius for
monodisperse simulations and the largest parti-
cle radius in bidisperse simulations, denoted by a.
The wall-normal direction y is denoted by sub-
script 2. A channel half height of h = 20a is used
in the simulations, resulting in a channel height
H, = 40a. The channel depth is L, = 30a, and the
channel length is L, = 60a for monodisperse sim-
ulations and L, = 30a for bidisperse simulations.
The bulk volume fraction is fixed at ¢p = 0.4. A
constant pressure gradient of fP = % = 0.0288
is imposed on the flow, which sets the stream-
wise fluid velocity in the absence of embedded
particles. The pressure gradient is chosen so that
the average bulk velocity of the particles in the
streamwise direction at steady state is on the
order of one. The streamwise bulk particle velocity
varies in response to the imposed pressure gradi-
ent depending on the local volume fraction. We
scale the particle stresses and contact pressure by
the wall shear stress, o, = fPh. For bidisperse
simulations, the particle size ratio is denoted by
A = ag/ar, where ag and ar, are the radii of the
small and large particles, respectively. The rela-
tively small particle volume fraction is denoted by
B = ¢s/Pp, where ¢g is the volume fraction of
small particles and ¢p is the total volume fraction
of small and large particles.

The simulations are started from a random
configuration of particles. Particles with a radius
0.85a; are placed in a channel with random coor-
dinates. Then, a molecular dynamics simulation is
run as the particle size is slowly increased to a;
over 1,000 time steps. At high volume fractions,
randomly placing full-size particles in a channel
without the inflation step is time prohibitive, as it
can take many, many iterations to find an empty
location for each particle. This two-step process
allows for a uniform volume fraction across the
channel, although some layering does occur at the
channel walls due to the inflation procedure.

The accumulated strain is defined as

where w, is the particle bulk velocity in the
streamwise direction. At a bulk particle volume
fraction of ¢ = 0.4, the bulk particle velocity
increases to a steady value of w, = 1.28 over about
250-300 strain units for monodisperse simulations
and u, = 1.21 for bidisperse simulations with
8 =0.25 w, = 1.17 with # = 0.5, and u, = 1.14
with g = 0.75.

2.1 Reseeding procedure

The FCM simulations presented in this paper rep-
resent a significant amount of computational time
due to the long time to steady state for dense sus-
pensions in Stokes flow. Due to this, to achieve
better statistical averaging for profiles of rheo-
logical parameters we use a procedure to restart
the flow after “jiggling” the particles slightly.
The restarted flows are run for ten strain units,
and then an ensemble average is taken over the
reseeded flows. This allows us to attain averaged
profiles without having to run the full simula-
tion several times and reduces the computational
cost by about 90% compared with running a full
simulation from v = 0. The reseeding and aver-
aging procedure offers additional insights into the
dynamics of a developing suspension as well as
provides a greater understanding of the forces
significant in particle migration.

The reseeding procedure is completed as fol-
lows. A snapshot of the particle locations is taken
at a given accumulated strain, . The particles
are then randomly moved a small displacement
from their locations. This displacement disrupts
the particle-particle contacts and force chains that
may have formed up until this point in the simu-
lation. The flow is then restarted and run for ten
strain units. When indicated, the results in this
paper are averaged over four reseeded simulations.

The reseeding procedure in itself reveals inter-
esting properties of the suspension dynamics,
which we illustrate by simulating a monodisperse
suspension with radius ¢ = 1 and ¢p = 0.4.
As an example, in Fig. 1 the reseeding occurs
at v = 250, with averages taken at v = 260.
One quantity of interest is the separation dis-
tance, defined as the particle displacement
between the original flow and the reseeded flow,
denoted by the superscript *, to give S(t) =

Ve S [(wilt) — 27 ()2 + (wa() — 7 (1))2)

The average particle displacement after the
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reseeding occurs is (S(0)) = 0.0077a. As the
simulation progresses, the separation distance
increases.

Fig. 1 also shows the development of the pres-
sure profile. The pressure profile is averaged over
five reseeded simulations. The resulting profile
shows similar features to the original suspen-
sion profile, but the averaging removes some of
the noise present in the original simulation. The
reseeding procedure disrupts the particle contacts,
resulting in zero contact pressure when a reseeded
simulation is started. The contact pressure rede-
velops over the first strain unit of the reseeded
simulations. Over the next ~ 2 strain units the
average particle pressure remains very similar to
that of the original suspension. After ten strain
units, the chaotic nature of the dense suspension
is visible and the averaged particle pressure is
random.

The reseeding procedure can also give insight
into the differences between oscillating suspension
flows, such as those considered by Snook et al.
(2016); Metzger and Butler (2012); Cui et al.
(2017); Howard and Maxey (2018); Antolik et al.
(2023) and flows driven by a constant pressure
gradient, such as those in this paper and in Yeo
and Maxey (2011, 2010a), by giving a time scale
for the pressure to develop from an initially static
simulation of about one strain unit. Thus, we can
consider that an oscillating flow with a strain
amplitude of significantly more than one strain
unit should have the same behavior as that of a
steady flow.

In this work we average over four reseeded sim-
ulations and we denote averaged quantities by the
notation (-)*. Reseeded profiles at accumulated
strain 7y are reseeded at v = 7y — 10, then the
simulation is run for 10 strain units with the new
particle configuration to produce averaged profiles
in this paper. For this reason, at v = 0 we do not
use averaged profiles.

3 Monodisperse suspension
stress development

In this section, we discuss the development of a
monodisperse suspension with bulk volume frac-
tion ¢p = 0.4. We begin by considering the
particle volume fraction, given in Fig. 2 to provide
a timeline for the particle migration. At the initial

XM/foh
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Fig. 1: Example of the effects of the reseeding
procedure. (Top): Development of the separation
distance S for five reseeded simulations, plotted
versus accumulated strain. (Bottom left): Pres-
sure profile for the original steady flow simulation
and averaged pressure profile from five reseeded
suspensions. (Bottom right): Bulk pressure devel-
opment of the steady and reseeded suspensions,
plotted versus accumulated strain.

time, v = 0, the volume fraction is approximately
uniform across the channel. There is some particle
layering visible at the walls, located at y/a = 1,
due to the procedure used to initialize the particle
locations. Subsequent layers are visible at y/a = 3
and y/a = 5, which build on the initial wall layer.
This wall layering has been seen experimentally in
Snook et al. (2016); Sarabian et al. (2019).

As the flow develops the wall layers drop
slightly in volume fraction, with the largest
changes occurring in the initial ~ 120 strain units.
There is a large migration to the centerline, with
a noticeable increase in volume fraction in the
first forty strain units. The bulk of the migra-
tion towards the centerline occurs before 7 =~
260, although small changes do occur in the next
four hundred strain units. This suggests that the
particle migration occurs predominantly in the
first couple hundred strain units for this volume
fraction.

The short-range contact force generates a con-
tact pressure, shown in Fig. 3. The contact pres-
sure is initially zero across the channel, as no con-
tacts have developed between the particles. After
forty strain units, the contact pressure reaches
the maximum value near the channel walls and
begins to increase at the channel centerline. Over
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Fig. 2: Volume fraction profiles at accumulated
strain v = 0 — 635 for a monodisperse suspension
with ¢p = 0.4. The volume fraction is averaged
over the channel center line at h = 20.0a. The (-)*
notation denotes the profile is averaged over four
reseeded simulations, as discussed in Sec. 2.1.

time, the contact pressure continues to increase at
the centerline and decrease near the walls, until
it reaches a profile that is approximately uniform
across the channel, except for two layers at the
wall where the pressure drops due to the particle
layering.

Gradients in the contact pressure are indica-
tive of particle movements, with particles moving
from areas of high contact pressure to low contact
pressure. By comparing the changes in the vol-
ume fractions in Fig. 2 and the contact pressure
in Fig. 3, these contact pressure profiles are con-
sistent with an average particle migration to the
centerline, especially when v < 260. The largest
particle migration occurs early in the simulation,
where there is a large gradient in the contact pres-
sure, driving the particles toward the centerline.
As the contact pressure reaches an equilibrium the
particle migration slows, with minimal changes in
the volume fraction profile after v = 385. Inter-
estingly, the equilibrium in the particle contact
pressure is reached after the volume fraction pro-
file ceases to evolve, suggesting that once the
steady-state volume fraction profile is reached the

00 25 S0 75 100 125 150 175 200
yla yla

Fig. 3: Averaged particle contact pressure profiles
as defined by Eq. 4 for a monodisperse suspension
with ¢p = 0.4 at accumulated strain v = 0 — 635.
The profiles are averaged over the channel center
line at h = 20.0a.

particles continue to rearrange into a more sta-
ble state, equalizing the pressure between pairs of
particles.

The total particle stress, which contains the
contributions from the FCM longer range hydro-
dynamic stresslet, lubrication stresslet, and con-
tact stresses, is shown in Fig. 4. These stresses
follow a similar trend to the particle contact pres-
sure, where the largest magnitude values are found
at short times, then the stresses relax to an equi-
librium value across the channel. The wall layering
is apparent, and at later times the stress is lowest
in magnitude near the wall. The stresses increase
slightly after v = 385, although the largest change
is seen before v = 260.

The normal stress differences are defined as
Ny = o033 — 092 and Ny = 099 — 011, and are
shown in Fig. 5. The first normal stress differ-
ence is positive, while the second is negative. Since
the stresses o;; are all negative, a positive first
normal stress difference means |oa2| > |o33] and
the negative second normal stress difference means
|o22| > |o11], as can be verified in Fig. 4. The wall-
normal stress ogo supports a pressure from the
walls, supporting the development of the particle
migration.

The particle shear stresses are shown in Fig. 6.
These profiles have small differences from those in
Yeo and Maxey (2011) due to the correction of a
typographical error in the data output processing
in the FCM code. The slope in the corrected pro-
files is negative across the channel outside of the
area near the walls in which layering occurs.
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Fig. 4: Averaged stress profiles o, (left), 03, (middle), and o35 (right) for monodisperse flows of particles
with ¢p = 0.4 for v = 0 — 635. The profiles are averaged over the channel center line at A = 20.0a.
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Fig. 5: Averaged normal stress differences Ny
(top) and N5 (bottom) for a monodisperse sus-
pension with ¢p = 0.4. The profiles are averaged
over the channel center line at h = 20.0a.

4 Bidisperse suspension stress
development

While monodisperse suspensions have been rel-
atively well studied, much less is known about

00 25 50 75 100 135 130 175 200 00 25 50 75 160 135 150 175 200
yla yla

Fig. 6: Averaged shear stress profiles o35 for
monodisperse flows of particles with ¢ = 0.4 for
v = 0 — 635. The profiles are averaged over the
channel center line at h = 20.0a. The total stress
0%y =1 —y/h is the expected sum for all stress
contributions in the continuum, stationary state
limit. Departures can arise from finite particle size
effects.

bidisperse suspension Poiseuille flows at even rela-
tively large particle size ratios, A\ = ag/ay,, where
the subscript S will refer to quantities relating to
small particles and the subscript L will refer to
those relating to large particles. We nondimen-
sionalize by the large particle radius, a = ar. In
this section, we will discuss the stress develop-
ment for a particular bidisperse suspension, with
A = 0.6, o = 0.4, and relative volume fraction of
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small particles, 8 = ¢g/¢pp = 0.75. In the inter-
est of space, two additional cases, with 5 = 0.5
and § = 0.25, are shown in Appendix A.1. The
flow begins with particles uniformly seeded in a
channel with width H, = 40a.

Previous work has shown that in bidisperse
Poiseuille flows the large particles congregate in
the center of the channel (Graham et al., 1991;
Husband et al., 1994; Lyon and Leal, 1998b;
Semwogerere and Weeks, 2008; Gao et al., 2009;
Kanehl and Stark, 2015; Schroen et al., 2017;
Chun et al., 2019). This is due to the increased
velocity with which large particles migrate toward
the channel center due to their larger relative size.
Some work has referred to this as segregation,
where small particles are excluded from the cen-
ter region. However, without Brownian forces, we
see large particle enrichment at the channel cen-
terline, as in Fig. 7, but not segregation because
there is no mechanism by which to remove the
small particles from the center of the channel. This
is most clearly seen in Fig. 28 with 8 = 0.5. While
the small and large volume fractions begin equal
across the channel in the flow in Fig. 28, the large
particle volume fraction is higher at the centerline
at a larger accumulated strain.

The particle stresses are calculated as the total
contribution to the stress of each phase due to the
other phases, so the small particle stress contains
the total of all interactions with large and small
particles, and the same for the large particles.
The particle contact profiles in Fig. 8 show large
deviations from the monodisperse contact pres-
sure profiles in Fig. 3. The contact pressure is very
large at the channel centerline, and examination
shows that the large particle pressure is due to the
contribution from small particles. The large par-
ticle contact pressure becomes uniform across the
channel as the flow develops, as in the monodis-
perse case. The larger pressure contribution from
the small particles is again particularly apparent
in Fig. 29 with § = 0.5. While outside the center
and wall regions, the contact pressures are approx-
imately equal for small and large particles, at the
centerline the small particle contact pressure is
significantly higher than the large particle contact
pressure.

In our earlier work with bidisperse suspensions
in Couette flows, we found that the individual
components of the particle stress scale according
to the relative volume fractions of small and large
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Fig. 7: Averaged volume fraction profiles at accu-
mulated strain v = 0 — 260 for a bidisperse
suspension with ¢p = 0.4, A\ = 0.6, and 8 =
0.75 for the full suspension (solid lines), large
particles (dashed lines), and small particles (dash-
dotted lines). The volume fraction is averaged over
the channel center line at y = 20.0ar. The (-)*
notation denotes the profile is averaged over four
reseeded simulations, as discussed in Sec. 2.1.

particles. That is, (05)/(cL) ~ ¢g5/¢r (Howard
et al., 2022). In contrast, examination of the
individual components of the particle stresses in
Poiseuille flow, in Fig. 9, shows that the small
particles develop a very large excess stress at the
centerline, especially when compared to the large
particle stresses. One explanation for this is a pos-
sible caging effect on the small particles near the
centerline. As the large particles migrate towards
the center, they exert large forces on the small par-
ticles and trap the small particles at the center of
the channel.

The normal stress differences, given in Fig. 10
have N; > 0 and Ny < 0, as previously shown
for monodisperse suspensions, and again this is
attributed to the nonuniform particle concentra-
tion.

The total shear stress profiles, Figs. 11, 30, and
35 have a very similar shape as the monodisperse
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Fig. 8: Averaged particle contact pressure profiles
as defined by Eq. 4 at accumulated strain v = 0 —
260 for a bidisperse suspension ¢p = 0.4, A = 0.6,
and 8 = 0.75. The profiles are averaged over the
channel center line at y = 20.0ar,.

shear stress profiles in Fig. 6. The total shear stress
scales as xo23/fPh ~ 1—y/h, and the slope is neg-
ative throughout the channel, excluding the wall
region. The contributions to the shear stress scale
as X053/ fPh ~ B(1 —y/h) for the small particles
and xols /fPh ~ (1—B)(1—y/h) for the large par-
ticles. What is interesting is that the small excess
in the shear stress above the scaling line at the
center of the channel is caused by the contribution
from the small particles for all three values of 3.

5 Physics-informed machine
learning with the
suspension balance model

5.1 Particle fluxes and the
suspension balance model

The suspension balance model (SBM) from Morris
and Boulay (1999) begins with the mass conserva-
tion equation

%—FV-(pu):O (5)

and momentum conservation equation

p(aaltlerVu)Vﬁer (6)

where p is the mass density, u is the pointwise
velocity, o is the stress tensor, and b are the
body and interparticle forces. By an averaging
procedure (Drew and Lahey, 1993), we get the
particle-phase conservation equations (Morris and

Boulay, 1999):

¢
v (Ue) =0 ™
0 P8I0 gy B, ), (®)

where U is the local average particle phase veloc-
ity, %ﬁw) = % +U-V, F is the hydrodynamic
force on a particle, (-), denotes a particle-phase
average, and n is the particle number density. ¥ p
is the particle phase stress. For Stokes flow with

neutrally buoyant particles, Eq. 8 reduces to

V8, - M6 (6 (U - ) =0 (9)

where f is the sedimentation hindrance function,
discussed below, and 7y is the viscosity of the
suspending fluid. The particle flux j is defined as
j = ¢U. Eq. 9 can be rearranged to give the parti-
cle migration flux, or the flux of particles relative
to the suspension mean flow, as:

a2
j1 = 6U - glu) = jnffw)v S, (10)

The hindrance function, f(¢), is taken from
Richardson and Zaki (1954)

fl9) = (1 —¢)"

When not mentioned otherwise, we take a = 5 as
in Boyer et al. (2011). We will explore the impact
of varying « in Sec. 5.2.

Eq. 10 relates the particle-phase fluxes and
particle-phase stresses. In simulations, we can
measure both the particle stresses and fluxes eas-
ily. However, in experiments, it is significantly
harder to measure the particle stresses. In this
section we will first consider the forward problem,
going from measurements of the stresses to mea-
surements of the fluxes, which can be computed
directly by replacing the particle-phase stress Xp
in Eq. 10 by the 22—component of the FCM stress
tensor, og9, giving

24> do

FCM 22

N — 11

LM S 10 (1)
where jleM is the particle-phase flux. We will cal-

culate both the right-hand side and left-hand side
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Fig. 9: Averaged stress profiles o7y (left), 03, (middle), and o35 (right) for a bidisperse flow of particles
for ¢p = 0.4, A = 0.6, and 8 = 0.75, and for v = 50 and 90 (top row) and v = 135 and 260 (bottom
row). The profiles are averaged over the channel center line at y = 20.0ar,.
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Fig. 10: Averaged normal stress difference profiles
N7 (top) and N3 (bottom) for bidisperse flows of
particles for ¢ = 0.4, A = 0.6, and g = 0.75. The
profiles are averaged over the channel center line
at y =20.0ay,.

of Eq. 11 and show that they are in good agree-
ment. In the next section, we will consider the
inverse problem, where the particle-phase stress
tensor is computed from the particle fluxes using
machine learning. Due to the noisy data, directly

00 25 50 75 160 135 150 175 200 00 25 50 75 100 125 150 175 200

yla yla

Fig. 11: Averaged shear stress profiles for a bidis-
perse suspension with ¢ = 0.4, A = 0.6, and
B = 0.75. The equation for the line 055 is given
by 055 = B(1 —y/h) and the equation for the line
oks is given by oy = (1 — 8)(1 — y/h). The pro-
files are averaged over the channel center line at
y = 20.0ar,.

finding the stresses from the flux by solving Eq.
10 is unreliable.

The averaged profiles presented in Secs. 3
and 4 provide insights into averaged suspension
dynamics, however, this requires a large enough
dataset to average over and represents a signifi-
cant computational time. In this work, a goal was
to develop methods to learn particle stresses using
a minimal amount of data, from one simulation or
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experiment. In this way, experiments do not need
to be repeated several times to generate averaged
profiles. For the rest of the paper, we consider
methods that use only a single simulation, either
monodisperse or bidisperse, as the training data
to generate results.

The SBM formulation in Eq. 11 requires tak-
ing the derivative of 99, which is numerically
difficult due to the chaotic nature of the parti-
cle migrations causing the stress profiles from a
single simulation to be quite noisy. To take the
derivative, we fit a twentieth-degree polynomial
to 092 using the polyfit function in the numpy
Python library (Harris et al., 2020), see Figure
12. Then, the derivative of the resulting polyno-
mial can be taken. A comparison of the particle
fluxes computed directly from the FCM simula-
tions and from the SBM is given in Fig. 13. The
two quantities agree in magnitude, and both go to
zero at the channel centerline, as is expected due
to the symmetry of the flow. The SBM does not
take into account layering at the channel walls, so
the approximations are clearly not accurate in a
region near the wall where the stress tensor has
a large gradient. Because of the subsequent layer-
ing that builds atop the wall layering, the fluxes
calculated from the stress tensor are not valid
within a region of ~ 5a from the channel wall. To
quantify the agreement between the particle flux
measured from the FCM simulations and the par-
ticle flux calculated with the SBM using the FCM
stress tensor, we define the root mean square error
(RMSE):

1 &

— > feM -t (1)
g

RMSE: =

i=1

where n is the number of grid points from y/a = 5
to y/a = 20 at which the fluxes are calculated,
set at 75. The resulting RMSE, averaged over 58
accumulated strain values evenly distributed in
v € [5,120] is 2.99 x 107% 4 4.94 x 1075, If the
RMSE is instead calculated over 10 < y/a < 20,
the resulting error is 2.13 x 10™* £ 5.42 x 1077,
indicating that the average error is slightly lower
in the bulk region of the channel and further from
the channel walls. In Fig. 14 we give a comparison
between the predicted and measured flux values.

Overall, the SBM using the FCM stress tensor
captures the general features of the particle flux
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Fig. 12: Monodisperse stress profiles used in Eq.
11, and the polynomial fits used to calculate the
derivative.
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Fig. 13: Monodisperse particle fluxes from the
FCM simulations (left-hand side of Eq. 11, solid
blue lines) and from the SBM with Xp = 099
(right-hand side of Eq. 11, dash-dotted black
lines).

profile for 0.5 < y/h < 1. This suggests that the
SBM as written is accurate for FCM data when
Y.p = 099, and sets us up to consider the prob-
lem of learning the particle phase stress, 22, when
measurements are not available.
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Fig. 14: A comparison between particle fluxes
from the FCM simulations (left-hand side of Eq.
11, j59M) and from the SBM (right-hand side of
Eq. 11, j$BM), for 5 < 4 < 120. The symbol color
corresponds to the y-coordinate at which the flux
is calculated, 5 < y/a < 20. The line y = x is pro-
vided for reference.

5.2 Learning the stress in
monodisperse suspensions

Knowing that the FCM simulations agree well
with the model proposed by Morris and Boulay
(1999), in the next section we consider how we
can use the SBM paired with simulation data of
just the particle fluxes and volume fractions to
learn the particle stresses using a newly developed
machine learning method called physics-informed
Galerkin Neural Networks (Ainsworth and Dong,
2021). While this is not strictly necessary for
FCM, because we can directly output the stresses
from the simulation data, this technique could be
applied to experimental data, where it is not pos-
sible to measure the particle stresses directly. By
learning the stress profiles from quantities that are
easier to measure in a laboratory, we can approxi-
mate the stress profiles in experiments where they
would otherwise be unknown.

We are interested in comparing the continuum
scale dynamics of the SBM formulation with the
particle scale dynamics of the FCM. To this end,
we approximate the stress ¥, in Eq. 10 and com-
pare it with the stress obtained from the FCM.
We again approximate ¥, by the stress compo-
nent o95. Thus, in order to approximate Eq. 10,

we must solve the boundary-value PDE:

2&2 80’22 FCM .

—f(¢ =J in Q2
o9y =1 (13)
022|y:y0 =g onl.

Here, Q = (e,H, — €) x (0, H,) is the space-
time computational domain with H, being the
maximum strain unit and € = 5a being a small
perturbation away from the channel walls since
the SBM formulation does not take into account
layering at the channel walls. The boundary is
denoted by I' = {e} x (0, H,) while the function
g(7y) serves as a boundary condition. We take the
maximum strain H, = 200, as after v = 200 the
particle fluxes are much smaller in magnitude.

To approximate Eq. 13 using Galerkin Neu-
ral Networks, we represent the solution o295 as a
linear combination of hierarchical basis functions
{ENN3n | each of which is the output of a shallow
feedforward neural network:

oSNy, =D SN (). (14)

i=1

We note that Eq. 13 requires the boundary data
g to be well-posed. This data could be taken as
the stress value from Morris and Boulay (1999), or
other stress measurements. We use the boundary
values of the FCM stress o9 as the bound-
ary condition. More mathematical details of the
Galerkin Neural Network framework may be found
in Appendix A. To train, we first train a GNN
to represent the volume fraction profile, ¢V,
shown in Fig. 15. Then, this network is used in
conjunction with the simulation flux profile to find
the stress profile, given by Eq. 14, that best satis-
fies Eq. 13. When the learned stress profile c %NV
is used to evaluate Eq. 13 with ¢SV as the vol-

ume fraction, the resulting flux, denoted by j¢V,

should agree well with j&¢M.

We first consider the monodisperse suspension.
The viscosity of the fluid is taken to be ny = 1.
We utilize seven basis functions to approximate
the stress. Each basis function is represented by a
neural network consisting of two hidden layers and
20 x 2'~1 neurons per layer; the activation func-
tion used for all basis functions is tanh; and the
training data consists of 256 x 128 Gauss-Legendre
quadrature points in the (y,~y) Cartesian plane.
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Fig. 15: Volume fraction profiles for the monodis-
perse suspension from the FCM and learned vol-
ume fraction profile from the GNN formulation at
~ = 20,59,121, 198.
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Fig. 16: Flux profiles for the monodisperse sus-
pension from the FCM and learned stress from the
GNN formulation at v = 20,59, 121, 198.

Figures 16 and 17 provide one-dimensional
profiles of the stress and flux for selected strain
values. The stress profiles generated by solving Eq.
10 using the Galerkin neural network framework
properly capture the general features of the stress
for early and moderate strains. The most accurate
results are clearly with & = 5 in the hindrance
function. Using o« = 5, we calculated the RMSE
between the predicted and simulated fluxes and
stress og9. The RMSE for the flux prediction is
0.00016 + 0.00014. Examination of the RMSE for
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Fig. 17: Stress (oa2) for the monodisperse suspen-
sion from FCM and learned stress from the GNN
formulation at v = 20,59, 121, 198.
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Fig. 18: A comparison of the exact and predicted
fluxes (left) and oga-stress (right) for 62 values of
~ evenly distributed in [20, 198] and for 5 < y/a <
39.

the flux finds that it is largest for the smallest and
largest accumulated strains considered and mini-
mum from vy = 20 to v = 150. Unsurprisingly, the
RMSE is smaller than the error found by using
the stress data directly in Sec. 5.1, because the
GNN methods directly train to match the flux
profiles. The RMSE in the stress predictions is
0.0423+0.0185. Plots of a comparison between the
predicted and exact fluxes and stresses are given
in Fig. 18.

5.3 Learning the stress in bidisperse
suspensions

We now consider a bidisperse suspension with
particle radii ag and ar. We use the bidisperse
extension of the monodisperse suspension balance
model proposed by Howard et al. (2022). Namely,
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we consider the system of PDEs:

2 9 . .
?ijL(q%,(bS) ( Ug;‘L) =jir, nQ
242 o . .

g fs(dr, bs) (%;S) =jis inQ

y=yo = 9L, 022,8|ly=yo =95 onT,
(15)

022,L

where ¢;, 022, and j, ; are the volume frac-
tions, shear stresses, and fluxes of each phase for
i € {L,S}. We again assume that particle phase
stresses can be approximated by o2 ;.

The bidisperse suspension balance model from
Howard et al. (2022) uses the Shauly et al. (2000)
hindrance function f; due to its simplicity and the
possibility of unphysical models with the Davis
and Gecol (1994) function. The Shauly et al.
(2000) hindrance function is given by

fi(orL, ds) = ! ; (ma (16)

where 7, is the shear viscosity given by

1e(6) = (1 - (;;) an

with critical volume fraction ¢f; given by

3/2
ar —as

ar, +ag
( oL )3/2( bs ) 18)
oL+ ds or+9s) )

The critical volume fraction in the monodisperse
case is taken to be ¢g ., = 0.59 and the param-
eter ¢ =~ 1.5. We note that we also considered
the bidisperse hindrance function from Davis and

Gecol (1994) for this work, with similar results.
The results from the GNN training are shown
in Figs. 19 and 20. We consider only one illustra-
tive example in the interest of space, with A = 0.6
and 8 = 0.75. In the bidisperse case, the GNN
learns the flux accurately. The RMSEs for the
learned flux profiles are 8.87 x 1076 £7.29 x 1076
for large particles and 1.48 x 107> £ 1.01 x 107°.
At early times, v = 20, the GNN stress agrees well
with the simulation data. However, at later times
the GNN does not capture the increase in the

(bf)i = Icnono <1 +c
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Fig. 19: FCM flux profiles and GNN learned flux
profiles at v = 20, 59, 121, and 198 calculated with
the Shauly et al. (2000) hindrance function for a
bidisperse suspension with ¢ = 0.4, A = 0.6, and
B = 0.75. Profiles for large particles are in the left
column and profiles for small particles are in the
right column.

magnitude of the stress at the channel centerline,
particularly for small particles. This is reflected
in larger RMSEs, 0.0205 4+ 0.0063 for large parti-
cles and 0.051940.0175 for small particles. Figure
21 shows the large region at the center of the
channel, y/a near 20, where the predicted stress,
oSN is smaller than the true stress. This is an
example where the physical model available is not
able to fully model the physics of the problem.
To use physics-informed training, without stress
measurements, for the bidisperse case we will need
to include extensions of the bidisperse suspen-
sion balance model, including, possibly, coupling
particle flux and particle stresses between the
phases.

While the physics-informed GNN method with
the SBM works well in the monodisperse case, it
cannot accurately capture the excess stress in the
bidisperse case. For this, we turn to an operator
learning method.
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Fig. 20: FCM stress profiles and GNN learned
stress profiles at v = 20,59,121,198 calculated
with the Shauly et al. (2000) hindrance function
for a bidisperse suspension with ¢ = 0.4, A = 0.6,
and 8 = 0.75. Profiles for large particles are in the
left column and profiles for small particles are in
the right column.

6 Data based machine
learning for particle stresses

The advantage of the physics-informed training
presented in Sec. 5 is that no measurements of the
stress profiles are needed. This makes the physics-
informed approach uniquely and especially well
suited to cases where it is not possible to measure
the particle stress, such as in many experimental
setups for suspension Poiseuille flows. However,
the accuracy of the method depends on the accu-
racy of the physics-based model being applied,
and in cases such as that shown in Sec. 5.3, we
cannot learn the stress profiles when the model
does not fully capture the physics. Instead, we
have to turn to training using data, in the form
of stress measurements. In this section, we present
an application of operator learning with MOR-
physics, which uses measurements of the volume
fractions and velocities, along with knowledge of
the stress in a training set, to predict the stress
for new values of the volume fraction and velocity.
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Fig. 21: Comparison between the simulation
fluxes (left column) and stresses (right column)
and the GNN learned fluxes and stresses for large
particles (top row) and small particles (bottom
row) for a bidisperse suspension with ¢p = 0.4,
A= 0.6, and 8 = 0.75. The data is plotted for 62
values of 7 evenly distributed in [20, 198] and for
5<vy/ar < 35.

6.1 Learning the stress in
suspensions with MOR-Physics

We adopt the following modification to the MOR-
Physics operator parameterization to learn oo
from the particle velocities,

N(uz(t),t) = C (gl t; &) - Ch(us(t),t; &n))

(19)
where C is a discrete cosine transform, h : R™ x
R — R™ is a deep neural network applied point-
wise to the velocity profile, u,, g : R xR — R is
a deep neural network applied point-wise to the
wavenumber, &, and &g, £, are the network param-
eters. n € {1,2} refers to the number of compo-
nents of the flow (monodisperse or bidisperse). We
obtain a model for the mapping, (u.(t),t) — 022
by optimizing a least-squares loss,

€96 = argmin [looa () — N (us(8), )7z - (20)
ggagh

See Appendix A.3 for additional details.

Figures 22 and 23 compare the learned and
predicted stresses of the FCM simulations to the
MOR-Physics predictions for the ¢ = 0.4 volume
fraction monodisperse flow. There is no obvious



Springer Nature 2021 ETEX template

oo 0o — Fcm
<, ---- MOR-Physics
01 o1
g &
%02 " -0z
R / : B /
Shos S-os N
X by = g Y
“os o \ “os
_os] ---- MOR-Physics _os
R R T R TR R R T R T
yla yla
00 — Fem oo — Fem
--- MOR-Physics ---- MOR-Physics
o1 o1
< <
Loz Loz
N S
Shos S-o3
B X
“os “os
05 o5
PO OO T T (R R R R TR
yla yla

Fig. 22: Monodisperse, ¢p = 0.4, stress profiles
from FCM and MOR-Physics learned model for
~v = 20,60, 120, 198.

05 04 03 -62 -01 00
xo55MIfPh

Fig. 23: Comparison between the simulation
stresses and the MOR-Physics learned stresses
for a monodisperse suspension. The stresses are
shown for 90 evenly distributed values of accu-
mulated strain v € [20,200] and color-coded
according to the position in the channel for 5 <
y/a < 35.

pattern between the error in the stress prediction
and the position in the channel. The RMSE error
is 0.0221 £ 0.005.

Figures 24, 25, 26, and 27 compare the stresses
from the FCM simulations to the MOR-Physics
predictions for the ¢ = 0.4 volume fraction for
the three bidisperse flows. For all cases, we can
capture the correct time evolution of the stresses
with the MOR-Physics models. Importantly, the
MOR-Physics model showed the increased stress
on the small particles at the channel centerline in
the bidisperse suspensions. For the large particle
stress predictions, the RMSEs are 0.027 £ 0.005,
0.022 + 0.004, and 0.015 + 0.002 for 5 = 0.25,0.5,
and 0.75, respectively. The small particle stress
RMSEs are 0.017 £+ 0.002, 0.024 + 0.003, and
0.024 + 0.003 for 8 = 0.25,0.5, and 0.75. When
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Fig. 24: Bidisperse large particle stress profiles
from FCM and MOR-Physics learned model for
~ = 20,60,120,198 and A = 0.25,0.5,0.75. The
stresses are shown for 90 evenly distributed values
of accumulated strain v € [20,200] and color-
coded according to the position in the channel for
5<y/ar < 35.
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Fig. 25: Comparison between the simulation
stresses and the MOR-Physics learned stresses for
the large particles in a bidisperse suspension with
B8 =0.25,0.5,0.75.

we compare with the same case in Sec. 5.3, MOR-
Physics learns with a smaller RMSE, particularly
for the small particles due to the better agreement
at the channel centerline. However, this requires
training with stress data, which may be difficult
to attain.



Springer Nature 2021 ETEX template

y=20.0, =025 y=20.0, B=0.5 y=20.0, B=0.75
0.0 0.0 0.0
= MWy
0.2 -0.2 m -0.2 ,
S Y N
S — 4 N
X 04 M- o4 —0.4
--=-MOR-Physics
|
0 20 40 20 20 0 20 40
y=60.0, B=0.25 y=60.0, B=0.5 y=60.0, B=0.75
0.0 0.0 0.0
< “W"*V
N a4 A
S /
=-0.4 -0.4 -0.4
20 40 20 40 20 40
y=120.0, B=0.25 y=120.0, B=0.5 y=120.0, B=0.75
0.0 0.0 0.0
< AP My
L 02 —0.2 W\‘V —02 W
o s
3
S
=-0.4 -0.4 -0.4
0 20 40 0 20 40 0 20 40
y=198.0, B=0.25 y=198.0, B=0.5 y=198.0, =0.75
0.0 0.0 0.0
‘5: Wﬂ B
T 02 —0.2 W —02{ /£
X
3
S
=-0.4 -0.4 -0.4
0 20 40 0 20 40 0 20 40
yla yla yla

Fig. 26: Bidisperse small particle stress profiles
from FCM and MOR-Physics learned model for
~ = 20,60,120,198 and 8 = 0.25,0.5,0.75.
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Fig. 27: Comparison between the simulation
stresses and the MOR-Physics learned stresses for
the small particles in a bidisperse suspension with
B = 0.25,0.5,0.75. The stresses are shown for 90
evenly distributed values of accumulated strain
v € [20,200] and color-coded according to the
position in the channel for 5 < y/a < 35.

7 Conclusions

In this paper, we have shown that we can learn
the complex stress development for monodisperse
and bidisperse suspensions through both physics-
informed machine learning with the SBM and
data-informed operator learning.

One key and exciting prospect for machine
learning for rheology is to discover new or higher-
order models for fluids. For example, in the

bidisperse suspension balance model from Howard
et al. (2022), we could consider a coupling term
between the two phases in the form of a contribu-
tion from the stress of phase b on the flux of phase
a by extending Eq. 15 to include a simple coupling
between the two fluid phases:
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(21)

The coupling of the phases is controlled by the
parameters 0 < €4p, €pe < 1. When €4, = €34 = 0,
Eq. 15 reduces to a decoupled system in which
the flux of each particle phase is driven only by
the respective particle stresses. While it is not
immediately obvious how the phases should be
coupled, &4 and ep, could be treated like train-
able parameters, possibly as a function of the size
ratio A.

Additionally, particles in a suspension form
force chains that span significant distances (Gal-
lier et al., 2015) and transmit particle stresses
across the channel. In our work, we have seen
that in the monodisperse suspension with ¢p =
0.4, approximately half the particles are in con-
tact in one large force chain at later accumulated
strains. These force chains lead to long-range cou-
pling of particle movements, where one particle is
impacted by not just its nearest neighbors, but
other neighbors in the force chain. Due to this
long-range nature, suspension rheology may be
better modeled by nonlocal counterparts of the
traditional local models, which can capture longer-
range particle forces naturally (Jin et al., 2014,
2018). Results with a two-phase continuum model
to predict the volume fraction evolution have
shown that the inclusion of nonlocal stresses leads
to better agreement in the core of the channel
(Monsorno et al., 2017). Recent work in scientific
machine learning for nonlocal equations, such as
Barros de Moraes et al. (2023); You et al. (2021,
2020); Pang et al. (2020), has shown that through
machine learning algorithms we can discover non-
local constitutive laws for phenomena that exhibit
long-range interactions, including flows.
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Additional machine learning will require large,
high-quality datasets, ideally publicly available,
such as that from (Antolik et al., 2023), and
also ideally accompanied by simulations. These
datasets are costly to produce. The Johns Hop-
kins Turbulence Database has enabled the rapid
development of data-driven turbulence models
(Li et al., 2008; Duraisamy et al., 2019). Large
databases for colloidal flows may similarly lead to
the discovery of new models. In some cases, train-
ing will be improved by multifidelity methods,
where lower fidelity data with higher uncertainty
is accompanied by a few, high fidelity datasets,
and by incorporating physics-informed learning
when needed. Physics-informed learning can play
a key role because it allows for uncovering quan-
tities that may not be able to be measured. For
example, in Sec. 5, we can learn the particle
stress from only flux measurements, which are sig-
nificantly easier to obtain in a laboratory. In a
laboratory context, the first step in training would
be to recover the flux profile, which could addi-
tionally be found from a GNN, using evolving
volume fraction data for ¢. For a unidirectional
Poisueille flow, the particle conservation equation
gives (Morris and Boulay, 1999)

0¢ .

D +V-.j=0. (22)
Thus, a GNN could be trained using auto-
differentiation with Eq. 22 to differentiate in ¢ and
integrate in y to find the particle flux profile as a
function of streamwise position and time.

In contrast to the physics-informed training,
the method in Sec. 6 requires measurements of the
particle stress for use in the training set. However,
once the model is trained it can be used to obtain
the stress of new experiments or simulations, with-
out the need to measure the stress directly. These
methods are complementary, and the method cho-
sen should depend on the available data and the
fidelity of the accompanying physics-based mod-
els. Once obtained, surrogate models may replace
expensive high-fidelity simulations or experiments
as the inner loop of design optimization or as the
low-fidelity estimates in multifidelity uncertainty
quantification.
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A Appendix

A.1 Additional bidisperse
suspension plots

In this section, we provide figures analogous to
Figs. 7-11 for bidisperse suspensions with ¢p =
0.4, A = 0.6, and 8 = 0.5 (Figs. 28-30) and
0.25 (Figs. 33-35).
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Fig. 28: Volume fraction profiles at accumulated
strain v = 0 — 260 for ¢p = 04, A = 0.6,
and 8 = 0.5. The volume fraction is averaged of
the channel center line at y/a = 20.0. The (-)*
notation denotes the profile is averaged over four
reseeded simulations, as discussed in Sec. 2.1.
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Fig. 29: Particle contact pressure profiles as
defined by Eq. 4 at accumulated strain v = 0—260
for ¢p = 0.4, A = 0.6, and 8 = 0.5.
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Fig. 30: Shear stress profiles for ¢pp = 0.4, A =
0.6, and 8 = 0.5.
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Fig. 31: Stress profiles 11 (top), o2z (middle),
and o33 (bottom) for bidisperse steady flows of
particles for ¢ = 0.4, A = 0.6, and 8 = 0.5, and
for v = 0 — 260.

— y=50 — y=135
030 — y=9% 030 — y=260
-0.05 005
00 25 50 75 100 135 150 175 200 b0 25 50 75 100 135 150 175 200
yla yla
00
01
=
N
02
B
=
-03
— y=50 — y=13
-04 — y=90 -0 —— y=260
00 25 s0 75 1o 175 200 00 25 50 75 175 200

10 135 100 125 150
yla yla

Fig. 32: Normal stress difference profiles for
monodisperse steady flows of particles for ¢pp =
0.4, A = 0.6, and 5 = 0.5.
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Fig. 33: Volume fraction profiles at accumulated
strain v = 0 — 260 for ¢p = 0.4, A = 0.6, and
8 = 0.25. The volume fraction is averaged of
the channel center line at y/a = 20.0. The (-)*
notation denotes the profile is averaged over four
reseeded simulations, as discussed in Sec. 2.1. oo T oge o one oo heomosnomm g m o m
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—n = 1 Fig. 36: Stress profiles 11 (top), o2z (middle),
and o33 (bottom) for bidisperse steady flows of
particles for ¢ = 0.4, A = 0.6, and 8 = 0.25, and
for v = 0 — 260.
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Fig. 34: Particle contact pressure profiles as
defined by Eq. 4 at accumulated strain v = 0—260
for ¢p = 0.4, A = 0.6, and 8 = 0.25.
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Fig. 35: Shear stress profiles for ¢ = 0.4, \ = Fig. 37: Normal stress difference profiles for
0.6, and 8 = 0.25. ’ monodisperse steady flows of particles for ¢p =
’ 0.4, A = 0.6, and 8 = 0.25.
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A.2 Galerkin Neural Network
Implementation

In order to apply Galerkin Neural Networks to the
SBM formulation in Sec. 5.2, we must first for-
mulate it as a variational problem whose operator
is symmetric and positive-definite. To accomplish
this, we use a simple least squares variational
approach:

099 € Lz(Q,y; Hl(Qy)) :

2(12 80’22 20,2 or
— C— — df)
/Q Iy 19) oy Iy 79) dy

+C/ UgQ'TdQA/
Qy

2a? or
_ i — d9 L2(Q.; HY(D,)).

The space L?(Q2,; H'(Q,)) is the Sobolev space

(Adams and Fournier, 2003) of all functions u such
that

Il = ( /
Q

is finite, where

1/2
(s I e, dQv)

~

lollzr @, = (lolZ2q,) + V50172,

For ease of notation, we define

2(12 80’22

alo.m) = [ S 1)
+C/ 022 'TdQ»Y
Q'Y

2a2 or
- — — df)
ST

. 242 or
L(r) = /Q i g 1) d

Here, C > 0 is a constant that determines how
strongly the boundary condition is enforced. We
take C'= 0.1 in all examples.

The basis function ¥ is obtained by solving
the following optimization problem:

L(T) — a(0227i,1, T)

ENN
a(r,7)1/2 ’

9

= arg max (23)

TENN

where NN denotes the set of all realizations of
a feedforward neural network of fixed width and

depth. We denote by o22; the ith approximation
to 099 using the first ¢ basis functions {Zé\’N};:l;
0922,; is obtained by solving the discrete variational
problem

022, € S; G(UQQ,Z‘,T) = L(T) VT € Si,
where S; = span{Z)'V, ..., SNV} We take 0229 to
be the initial approximation to the PDE and set
EéVN = 092,0. For all of the simulations in Section
5, we take 0220 = 0. This choice of initial approx-
imation means that we do not assume any prior
knowledge of the solution. One can of course use
a more informed initial approximation if it exists,
e.g. coarse result from another numerical method.

To evaluate the loss functional in Eq. 23, we
approximate the integrals using high-order Gaus-
sian quadrature rules such as the ones described
in Davis and Rabinowitz (2007). In particular, for
a given function g : @ — R, we use the quadra-
ture rule given by the weights {w;}"; and nodes

{(yi, i)}, as follows:

/Q o(,7) A2~ Y wiglyn ). (24)

i=1

The key idea behind Galerkin Neural Networks
is the approximation ZlNN R 099 — 092,—1 — that
is, the ith basis function is an estimate of the
error in the approximate solution o2z ;—1. As the
eITor 092 — 092 ;—1 decreases, its structure grows
increasingly complex and contains high frequency
modes. Thus, the first basis functions may be
viewed as approximating low frequency error com-
ponents while later basis functions approximate
high frequency error components. A discussion
and demonstration of the hierarchical nature of
Galerkin Neural Networks alongside theoretical
properties may be found in Ainsworth and Dong
(2021).
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A.3 MOR-Physics parameters

In this section, we provide additional details for
the MOR-Physics operator parameterization used
in Section 6. To perform training, we first parti-
tion the FCM simulations into 60% training data,
20% validation data, and 20% test data. Over the
course of training, we track the validation loss
and select the operator with the lowest validation
loss as our learned operator. Below we list the
hyperparameters we used in the studies,

Hyperparameter Value
DNN width 64
DNN depth 32
DNN activation function ELU
(Clevert et al., 2015)
optimizer Adam
(Kingma and Ba, 2015)
learning rate 1073
training steps 10000
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