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Abstract—This paper proposes a novel data-driven proba-
bilistic physics-informed graph convolutional network (GCN)
for active distribution system voltage prediction with PVs and
EVs. It leverages both measurements and network topology
to accurately and efficiently predict node voltages without the
need for an accurate distribution system power flow model.
The dropout-enabled Bayesian inference is developed to achieve
uncertainty quantification of the voltage prediction. Thanks to the
network model embedding, it also has robustness against topol-
ogy changes, a key difference with existing machine learning-
based approaches. Comparison results with other state-of-the-
art machine learning methods on a realistic 759-node distribution
system demonstrate that the proposed method can achieve better
accuracy and robustness under different scenarios.

Index Terms—Physics-informed graph convolutional network
(GCN), probabilistic voltage prediction, distribution system.

I. INTRODUCTION

HE increasing penetration of PVs and EV's has introduced

more uncertainties into the active distribution system
(ADS), especially in voltage variations [1]. Accurate voltage
predictions can enable predictive voltage control to maintain
distribution system security. Thanks to the wide deployment
of smart meters, the acquisition of extensive historical data
become available for voltage predictions. Traditionally, the
voltage magnitudes can be calculated via power flow models
using predicted loads and distributed energy resources. How-
ever, the distribution system model is subject to various errors
and difficult to maintain good accuracy. To this end, data-
driven voltage prediction methods have been proposed, includ-
ing random forests [2], long short-term memory network [3],
graph convolutional network (GCN) [4] etc. These methods
are all subject to prediction errors that can lead to control
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issues. Therefore, quantifying prediction uncertainty is crucial
to mitigate such risks. Probabilistic voltage prediction methods
include probabilistic extreme learning machine [5], federated
learning [6], Gaussian process [7]-based ones, etc. Compared
to these methods, GCN has advantages in handling topological
changes, but it is challenging to derive its probabilistic form.
This paper proposes a probabilistic physics-informed GCN-
based voltage prediction method. The main contributions are
as follows: 1) A physics-informed node voltage prediction
method is proposed, which firstly utilizes the improved version
of GCN, i.e., GCN via initial residual and identity mapping
(GCNID) [8]. 2) The dropout is integrated with GCNII to
qualify the prediction uncertainty. 3) The missing data of ADS
loads and EV measurements are also considered. Results on
a real 759-node ADS demonstrate that the proposed method
outperforms other state-of-the-art machine learning methods
in accuracy and robustness under various scenarios.

II. PROPOSED PROBABILISTIC PREDICTION METHOD
A. Problem Statement

Due to the challenge of obtaining accurate physical param-
eters of ADS and the widespread deployment of smart meters,
data-driven voltage prediction has emerged as a model-based
alternative and has considerable attention. Data-driven voltage
prediction can be expressed as

oPRE = M(S, C) (1)
where v is the predicted node voltage vector; S is the
measured operating data of ADS; M is the data-driven pre-
diction methods; C' is the hyperparameters of M. Due to
measurement data inaccuracies and inherent uncertainties in
data-driven methods, the v™RE in (1) contains prediction errors.
Accurately quantifying this uncertainty is essential for subse-
quent planning and operation, such as Volt-VAR management,
voltage regulation, etc.

PRE

B. Proposed Physics-Informed GCNII

GCN can handle graph-structured data by applying graph
convolution operation to all neighboring nodes of a given
node via the K-th order polynomial of Laplacians [8]. This
approximation relies on fixed coefficients, which limit the
expressive power of the multi-layer GCN model and result in
over-smoothing. To address that, GCNII is proposed by using
initial residual connection and identity mapping [8]. Formally,
we have
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where H®) is the (-th layer of GCNII; o denotes the ReLU
activation function; W) is the (-th layer weight matrix;
P = D'/2AD1/2 is the graph convolution matrix with
the renormalization trick; A is the adjacency matrix; D is
the diagonal degree matrix; D=D+1,;A=A+1,;
I, is the identity matrix; « and [ are predefined residual
related hyperparameters. The first item in (2) represents the
smoothed representation, while the second item represents the
initial residual connection to the first layer H (%), GCNII-based
online voltage prediction can be represented as

— GCNI(z, A, W) 3)
where £ = (pPquPV’pBattery’pEV pLoad qLoad) denotes the
operating data vectors (p©V, p?2eY, pEV and pOAP are active
power generation or load vectors of PV, Battery, EV or load,
respectively; ¢V and q"OAP are reactive power injections of

PV or load, respectively). The loss function L is

L= AliE =l (4)

€T jeN

where * denotes the true value;, 7 denotes the test set; A is
the set of all nodes; A; is the weight of voltage deviation at j-
th node, and usually set to 1 for all nodes. However, for large
ADS, z is a sparse vector. If the same value of A is used for
all nodes, it may decrease the prediction accuracy for nodes
with actual voltage problems, resulting in smoothed voltage
predictions. To address this issue, the A; is redefined as

\j=Noj+1 )
where IV, ; denotes the number of voltage violations at node
J in all samples.

C. Dropout-based Probabilistic Voltage Prediction

The Bayesian probability theory is typically used to analyze
model uncertainty, but it has a high computational cost.
Dropout can be incorporated into neural networks of any
depth and with any non-linearities to approximate the Bayesian
inference [9]. In this paper, dropout is applied in GCNII to
model the voltage prediction uncertainty. Suppose M is the
number of samples for dropout, the dropout-based probabilistic
voltage prediction is shown in Fig. 1. It shows that A/ Monte

Monte Carlo Dropout
Dropout 2

Dropout 1

Dropout M

Prediction 1 Prediction M

Approximate
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Fig. 1. Dropout-based probabilistic voltage prediction.

Carlo dropouts are performed to obtain M voltage predictions,

The publls(\ed version of the arSSIe is available from the relevant publisher.

which can be used to approximate the distribution of voltages.
The expectation and variance of predicted voltage are

M
N 1
Eq(v*‘z*) (’U ) =~ M Z VT]:LRE (6)
m=1
M
VCOV ( %i Z PRE,TVpRE
q(v*|xz*) M ~ m m 7

*)T Eq(v*\m*) (’U*)

where E(y+|z+) (v*) and VO oo |2+ (v*) are expectation vec-
tor and covariance variance matrix, respectively; VPRE —
{vPREYM_ ~ denotes the set of M predicted voltage vectors;
superscrlpt T denotes the transpose of a vector. The Bernoulli
distribution is used to generate the binary vector z,,, which
is then multiplied with weight matrix W to achieve dropout,
i.e., v’RE = GCNII(x, A, 2,,W). The confidence probability
P of voltage predictions can be calculated by the integral of
the probability density function of the Normal distribution.

34755 (jRE_EJ)2 PRE :
\ﬁS /I(’\/S - v EN

25?2
(8)

where E denotes Eq(y+ |w*)(V ) V denotes V gy« 2+ (V*);
Sq(y+a)(*) = \/Vy(y=|z=)(v*) denotes the standard devi-
ation; When the confidence probablhty for voltage is chosen
as 80%, 90%, 95% and 99%, the corresponding ~ are 1.282,
1.645, 1.960 and 2.575, respectively.

- Eq(v* |z*) ('U

III. NUMERICAL RESULTS

The proposed method is tested on a real unbalanced three-
phase 759-node ADS, which has 120 PVs, 99 batteries, 71
EVs, 163 loads and 20 switches. We assume that only 50%
of the PVs and load data are known, specifically, 50% of
PV, p°% and ¢'**¢ are zeros. The active power outputs of
PVs and loads vary between 0% and 100%. The EV is either
in an on or off state. The battery has three states: charging,
discharging, and idle, and the active power output ranges from
the maximum charging power to the maximum discharging
power. Seven different feasible topologies are generated by
adjusting different switches. Each topology corresponds to
10,000 random operating scenarios. A total of 70,000 samples
were generated by using OpenDSS, of which 80% were used
as the training set and 20% were used as the test set. The
one-line diagram of the 759-node ADS is shown in Fig. 2.

A. GCNII Training and Performance Evaluation

GCNII is built on the PyTorch Geometric (PyG) library.
According to (4), the comparisons of voltage prediction results
of different \ settings are shown in Fig. 3. It can be seen from
Fig. 3 that when A is set to 1, the predicted voltages tend to
be smooth, i.e., distributed between 1.00 and 1.05. When A is
set according to (5), the predicted voltage vP"¢ is very close
to v*.

Apart from GCNII, we train several other models to com-
pare their performances, including GCN, graph attention net-
work (GAT), artificial neural networks (ANN), deep belief
network (DBN), and deep Gaussian process (DGP). Several
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Fig. 2. One-line diagram of the real 759-node ADS.
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Fig. 3. Comparison of voltage prediction results of different A settings. (a):
Voltage prediction for nodes in N (A = 1). (b): Voltage prediction for nodes
in A (X is set according to (5)).

metrics are utilized, including the miss detection rate (MD)
and false alarm rate (FA) [10]. Furthermore, to specifically
evaluate the performance on nodes with voltage violation,
additional metrics called MD+y and FAy are computed. Typ-
ically, the importance ranking of these accuracy metrics is
MD > FA. This is because MD may cause voltage safety
risks, which are critical, while FA increases control frequency.
The comparison results are shown in Table I. Table I demon-
strates that the GCNII outperforms other deep learning models
in terms of prediction accuracy, especially in MD, which is
the most critical metric related to voltage security risks. It
is worth noting that DGP incurs a significantly higher com-
putational burden and time requirement compared to GCNIL.

TABLE I
COMPARISON OF PREDICTION ACCURACY WITH OTHER MODELS

Model ~ Layer HC MD (%) FA (%) MDy (%) FAy (%)
GCN 8 300 05625 04607  3.746 1.936
GAT 7 300 07771  0.1084 43828 0.8191

GCNII* 8 300 02824  0.1497 1.880 0.9968
ANN 8 300 05661 0.1066  3.768 0.5940
DBN 8 300 04988  0.1542  3.033 1.026
DGP 6 300 2639 02707 9.6l 1.182

*: Proposed method; HC: Hidden channel column only shows the best hidden
channel for each number of layers; Head is a hyperparameter of GAT, which
refers to the number of attention heads, and is set to 5; The hyperparameters
of all models have been selected to be optimal.

Additionally, DGP faces challenges in training when dealing
with multiple outputs.

B. Dropout-based Voltage Chance Constraint

According to (8), four confidence levels are set, including
80%, 90%, 95%, and 99%. Ny is set to 300, and the corre-
sponding confidence intervals for nodes with historical voltage
violation records are presented in Fig. 4 [9]. From Fig. 4, it
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Fig. 4. Confidence interval for different probabilities.

can be observed that as the confidence probability increases,
the corresponding confidence intervals become larger, and the
probability of v* falling within the confidence interval also
increases. The probabilistic voltage prediction time is 5.3s,
which satisfies the voltage prediction requirement (either fast
time-scale, such as 1 min or longer time-scale) and can provide
valuable information for further voltage control purposes.

C. Performance under Topology Changes

The distribution system operating points are always chang-
ing and induce different patterns of voltage variations. One
particular challenge is to deal with topology change while
maintaining good voltage predictions. This requires high ro-
bustness of the proposed method. Thanks to the incorporation
of physical information regarding topologies in our proposed
GCNII method, it naturally gains robustness to topology
changes. Fig. 5 presents a comparison of prediction results
between GCNII and DBN in the presence of different topology
changes. From Fig. 5, we can see that GCNII can adapt
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Fig. 5. Comparison of voltage predictions for nodes around changed switches
that induce topology changes.

to topology changes, while DBN, which only incorporates
a flag indicating different topologies can not deal with this.
For example, there is in fact low voltage issue around node
40 under topology change. The proposed GCNII is still able
to capture this and inform the system operator for taking
corrective actions to deal with that. By contrast, DBN fails
to predict this and thus can yield voltage security issues for
the distribution system.

IV. CONCLUSION

This paper proposes a novel probabilistic physics-informed
GCNII-based voltage prediction method for ADS. The key
innovation of this paper is the integration of GCNII and
dropout techniques to approximate the distribution of node
voltages and evaluate their uncertainty, providing valuable
information for further voltage control. Numerical results on
a real 759-node ADS demonstrate that the proposed method
outperforms other state-of-the-art machine learning methods
in accuracy and robustness across various scenarios.
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