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Abstract— Fatigue driving has been regarded as one of the
most important factors that cause traffic accidents. This paper
proposes a robust human-machine shared control strategy to
improve the vehicle performance for different driver fatigue
states. Firstly, the time-varying driver steering model is proposed
to address the model mismatch caused by fatigue driving. And
the driver fatigue evaluation system is established based on facial
features to quantify driver fatigue levels. Based on the quantified
fatigue levels, a novel strategy for allocating authorities of the
driver and controller is developed for building the driver-vehicle
interaction system. Then, to weaken the influence of parameter
perturbations caused by the time-varying driver states, we design
a fatigue-based shared controller through state feedback. The
actuator saturation and system constraints are considered in
the controller design through the robust set-invariance property
to improve vehicle safety and driving comfort. The driver-
in-the-loop platform is conducted to validate the effectiveness
of the proposed shared steering controller. The experimental
results show that the proposed strategy can adaptively optimize
the human-machine authorities according to fatigue states and
comprehensively improve vehicle performance.

Index Terms— Human–machine shared control, driver model,
fatigue driving, control authority.

I. INTRODUCTION

WITH the rapid development of mobile communica-
tion technology, artificial intelligence, and advanced

sensors, autonomous driving technology has made a great pro-
cess [1]. Nevertheless, it is challenging that fully autonomous
driving technology is widely applied in commercial vehicles
due to complex transportation environments, imperfect road
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infrastructure, and legal issues [2], [3]. Advanced driving
assistance systems (ADASs) will be still the main technol-
ogy to develop intelligent vehicles in the future, which can
improve driving safety and reduce drivers’ workload by take-
over mechanism. However, the assistance strategy leads to an
uncertain take-over time, which may cause a risk of vehicle
instability during the control transfer process [4]. Therefore,
the human-machine shared control technology was introduced
to ensure that the driver remained consistently engaged in the
control loop [5], [6].

The steering assistance system has been regarded as one
of the most important technologies in human-machine shared
control to improve vehicle performance [7], [8]. Ahma-
dian et al. [9] proposed a hierarchical control framework to
assist the driver by coordinating active front steering and direct
yaw moment control. In [10] and [11], Ercan et al. designed
a driver-vehicle coupled steering model and optimized assis-
tance torque based on the model predictive control method.
Chen et al. [12] proposed a driver-assistance lateral motion
control method considering yaw moment variation to prevent
lane departure. In terms of the vehicle stability control under
extreme conditions, Li et al. [13] presented an integrated
longitudinal and lateral vehicle stability controller with real-
time envelope control regions to assist a driver. To further
achieve the personalized assistance driving, driver models were
introduced into the design of the assistance controller [14],
[15], [16]. Wang et al. [17] proposed a shared controller based
on a two-point preview driver model to reduce the physical
workload of the driver. In fact, the driver’s state may greatly
vary due to the external factors [6], resulting in uncertainties
of human-machine interaction. In the above studies, this was
not considered in the design of the controller.

To realize the adaptive interaction between the driver and
the controller, the concept of control authority allocation is
introduced into the shared control system. Here, the control
authority means the intervention level of a controller and
a driver when they manipulate the vehicle simultaneously.
One of the factors affecting human-machine interaction is
the driver’s trust in the shared steering system [18]. Some
researchers tried to coordinate the authorities between the
driver and controller by evaluating the driver’s trust sta-
tus to improve the cooperation level. The adaptive-trust
authority allocation model was proposed to assist a driver
efficiently [19], [20], [21]. Shi et al. [22] designed a paral-
lel human-machine cooperation framework by analyzing the
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driver’s attitude to the machine. In fact, the human-machine
interaction is also influenced by driver’s states. The steering
assistance system should be given a higher control authority
for improving driving safety if the driver is in an abnor-
mal state (fatigued, distracted, etc.) [23]. To address lane
departure caused by distraction behaviors (smoking, calling,
yawning, and drowsiness), the driving style (DS) was quan-
tified and introduced into lateral motion control in [24].
Nguyen et al. [25], [26] designed a U-shape authority function
to assist a driver under different activity levels. Particularly,
a dynamic load allocation approach based on driver workload
was designed to resolve human-machine conflicts and ease the
driver’s burden [27].

The above studies designed specific authority strate-
gies to coordinate the interaction between the driver and
the controller, which improved driving comfort and safety.
Nonetheless, few existing studies so far considered varying
driver fatigue states in the design of the control authority
allocation strategy. Fatigue driving may cause driver misopera-
tion, which significantly influences road safety [28], [29]. The
driver’s assistance requirements are different when he/she is in
the different fatigued states. When the driver is fatigued, from
the perspective of vehicle safety, the human-machine control
system needs to weaken the driver’s authority and increase the
controller’s assistance level. On the contrary, when the driver
is awake, the driver can obtain a relatively high authority level
to satisfy the individual’s driving intention.

Currently, most studies of fatigue driving focused more
attention on fatigue detection. Facial expressions have been
considered as one of the most effective fatigue features [30],
[31]. Meanwhile, the application of deep learning technology
has further promoted the development of fatigue detec-
tion [32], [33], [34]. The methods proposed in these studies
focus on the detection of driver fatigue (only define two states,
i.e., 0 for sleepy and 1 for awake), which can not feature
the driver fatigue state by different levels. To better describe
the driver fatigue characteristics, Li et al. [35], [36] adopted
the approximate entropy method based on the steering wheel
angle and yaw angle to detect different driver fatigue levels.
The steering wheel angle may be affected by many factors
such as driving habits and styles, which reduces the accu-
racy of fatigue recognition. From the viewpoint of practical
application, Liu et al. [37] established a driver fatigue fuzzy
inference framework based on facial features to determine
the three levels of driver fatigue. The above research mainly
focuses on identifying driver fatigue, but how the steering
assistance system intervenes in shared control when the driver
is in a different fatigue state has not been discussed. If the
intervention control of the steering assistance system can
be adaptively adjusted according to quantified fatigue levels,
the road safety will be greatly improved. Hence, we pay
more attention to how to allocate reasonable human-machine
authority levels by evaluating the fatigue state.

Time-varying driver fatigue state and authority levels may
increase the nonlinearities and uncertainties of the driver-
vehicle system. Takagi-Sugeno (T-S) fuzzy robust control
method has been applied to the shared steering control to deal
with the varying vehicle speed and authority level [25], [38].

Existing shared control studies have rarely characterized the
varying driver fatigue states by T-S fuzzy modeling methods.
In this paper, the driving performance under different fatigue
levels is guaranteed via a T-S fuzzy robust shared controller.
The main contributions of this paper can be summarized as
follows:

1) The time-varying fatigue state may lead to driver model
mismatch and even the failure of the assistance controller.
This is not studied in the existing shared steering control
studies. Therefore, the driver fatigue evaluation model
is proposed to quantify fatigue levels. Furthermore, the
driver steering model with time-varying fatigue character-
istics is established based on the recursive least squares
(RLS) method.

2) To weaken the abnormal behavior caused by fatigue
driving, we introduce a control authority factor based
on the driver fatigue evaluation model, which allocates
control authority between two players and optimizes the
steering compensation of the assistance controller.

3) Through using the dynamic parallel distributed com-
pensation method, we develop the robust H∞ shared
controller for human-machine interaction to deal with
system uncertainties caused by the varying fatigue char-
acteristics and dynamic control authorities. Besides,
constraints of human-machine interaction system are
introduced to improve the vehicle safety.

The rest of this paper is as follows. In Section II, the time-
varying driver model and driver fatigue evaluation model are
established. Next, Section III presents the control design of
the human-machine shared steering system considering fatigue
characteristics. Section IV validates the performance of the
shared steering system via the driving simulator. The final
section provides a recapitulation of contributions and offers
insights into future research directions.

II. MODELING OF DRIVER STEERING BEHAVIOR AND
DRIVER FATIGUE EVALUATION

The driver fatigue characteristics are shown in the steering
behavior and physiological features. To better describe driver
steering behavior under different fatigue states, this section
aims to establish a time-varying driver steering model and
evaluate driver fatigue state through facial physiological fea-
tures. Further, the relationship between the time-varying driver
characteristic parameters and fatigue state is analyzed.

A. Time-Varying Driver Steering Model

Regarding the tracking of curved paths, multiple research
investigations have showcased that a driver’s anticipatory
actions can be represented by observing a pair of specific
visual points [39], [40]. These points are characterized by their
respective distances from the vehicle’s center of gravity (CG)
and are denoted as preview distances ln and l f ar . Based on the
preview information, two virtual angles θ f and θn are derived
as:

θn =
yL

ln
+ ϕL (1-1)

θ f = l f arρr (1-2)
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Fig. 1. Structure of time-varying driver steering model.

where ln = 0.4l f ar . l f ar can be approximated as vx tp. tp
is driver’s preview time and vx is the vehicle speed. yL
represents the lateral deviation at the driver’s preview point.
ϕL denotes the heading deviation. Derived from the two virtual
angles, the driver determines the steering wheel angle δd via
the neuromuscular system [40]. This system can be modeled
as a second-order approximation, demonstrated as follows:

δd(s) =
kp(t)θ f (s) − kc(t)θn(s)

s2 + 2ζ(t)wn(t)s + w2
n(t)

(2)

where s is the Laplacian. The feedforward gain, denoted as
kp(t), symbolizes the driver’s predictive ability for imminent
traffic conditions. In contrast, the feedback gain, labeled as
kc(t), serves as the human’s corrective measure to address
tracking deviations. ζ(t) is the neuromuscular system damp-
ing, which reflects how often the driver adjusts the steering
wheel. wn(t) is defined as the natural frequency of the
neuromuscular system used to describe the driver’s response
time. The variations in these parameters are associated with
the driver’s state. Distinct levels of fatigue induce alterations in
the driver’s responses and steering actions while executing the
driving task. To ensure the modeling accuracy under different
driver fatigue states, the driver characteristic parameters kp(t),
kc(t), ζ(t), and wn(t) need to be updated online based on RLS
algorithm, as shown in Fig. 1. The driver model (2) is firstly
transformed into the standard least squares regression model
through bilinear transformation, as follows:

δk
d = 8kβ

T
k−1 (3)

where δk
d is the estimation of the driver’s steering wheel angle

at time k. 8k=
[
−δ̄k−1

d −δ̄k−2
d u fun

]
is the measurement input

of the RLS algorithm. δ̄k−1
d is the measured driver’s steering

wheel angle. βk−1=
[
b1 b2 b3 b4

]
is the identified parameter

vector with driver characteristic parameters. Note that u f , un ,
and βk are given in Appendix A.

The forgetting factor α is introduced into the cost function
of the RLS algorithm for its good convergence performance.
Besides, we use the window function with a finite component
N . Therefore, the performance indicatior function in each time

Fig. 2. Driver fatigue evaluation system.

window can be expressed as follows.

J (βk) =

i=N∑
i=1

αN−i
|δ̄k

d − δk
d |

2 (4)

The time-varying driver characteristic parameters can be
updated by minimizing the cost function J (βk) as follows:

βk = βk−1 + K k(δ̄
k
d − δk

d) (5-1)

K k =
Pk−18

T
k

α + 8k Pk−18
T
k

(5-2)

Pk =
1
α

[I − K k8k]Pk−1 (5-3)

where the initial value of the covariance matrix P0 is set as
σ I (σ ≫ 0). The initial value of β0 is set as 0. The forgetting
factor α is selected as 0.98 to prevent data saturation. Then,
the time-varying driver characteristic parameters kp(t), kc(t),
ζ(t), and wn(t) can be obtained by solving the mathematical
relationship between ai (i = 0, 1, 2) and βk in Appendix A.

B. Driver Fatigue Evaluation Model

Driver fatigue is one of the important factors affecting the
safety of co-driving vehicles, which is usually induced by
long-time driving, sleep, inattention, and other factors [28].
Long-time driving and lack of sleep are quite common fatigue-
inducing factors. In addition, many studies have shown that
drivers usually have obvious symptoms such as blinking and
yawning after driving for a long time or lack of sleep [28],
[33]. Therefore, this section designs a driver fatigue evaluation
system based on facial features, as shown in Fig. 2. The
experimental samples are marked based on the facial video
expert evaluation method [35].

The multi-task convolutional neural network (MTCNN)
including P-net, R-net, and O-Ret is used to locate facial land-
marks in the driver fatigue evaluation system. This approach
has been widely applied in the face detection field due to
its real-time accuracy. In previous studies [41], [42], five
marker points were used to localize the eyes and mouth. Then,
these marker points form a central rectangle to determine
the closeness of the feature region, which can be used to
detect fatigue. But it was difficult to quantify different levels
of driver fatigue. Therefore, in order to accurately calculate
the opening degree in the feature regions, we improve the
MTCNN structure to obtain 18 feature points of facial regions,
as shown in Fig. 2. The degree of opening of eyes and mouth
are extracted as key fatigue features to develop the parallel
fuzzy inference system (FIS). The first-level FIS consists of
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FIS-1 and FIS-2. FIS-1 and FIS-2 are designed to evaluate
eye fatigue level p1 and mouth fatigue level p2, respectively.
FIS-3 is the second-level FIS to evaluate the driver fatigue
level p3 based on outputs of the first-level FIS.

A third-order-polynomial curve is used to fit the upper and
lower contours of the eyes and mouth regions, which can be
expressed as follows:

ycur
r = acur

r,0 + acur
r,1 x + acur

r,2 x2
+ acur

r,3 x3 (6)

where r∈{le, re, m} represent the regions of the left eye, right
eye, and mouth, respectively. cur∈{up, low} represent the
upper and lower contours of the feature regions, respectively.
acur

r,i (i = 0, 1, 2, 3) is the face contour coefficient. (x, ycur
r ) is

the pixel coordinate of the facial key feature point. The face
contour coefficient acur

r,i can be obtained by fitting the pixel
points of facial feature regions. Then, two quantitative indices
including feature region area and its change are proposed to
evaluate the eyes fatigue and mouth fatigue, denoted as Sr and
1Sr , respectively:

Sr =

∫ xep
r

xsp
r

yup
r (x) − ylow

r (x) dx (7-1)

1Sr = Sr (t + 1) − Sr (t) (7-2)

where x sp
r and xep

r represent the start and end points of the
feature curve, respectively. Sr and 1Sr are used to represent
the driver’s current state and the changing trend of the driver’s
state, respectively. Due to the significant differences in facial
features of different drivers, the relative values of Sr and 1Sr
are used as inputs of the driver fatigue evaluation model as
follows:

S̃r =

∑
fra

Sr

fra Smax
r

(8-1)

1S̃r =

∑
fra

1Sr

fra1Smax
r

(8-2)

where Smax
r and 1Smax

r represent the maximum value of the
feature region openness. fra is the number of frames. Note
that the average value of S̃le and S̃re is used as the feature of
eye faitgue, defined as S̃e.

The linguistic set of inputs for FIS is defined as {L,M,H}.
The linguistic set of outputs for FIS is defined as {ND,MF,SF}.
S̃e and 1S̃e are fed to the FIS-1 to evaluate eyes fatigue level
p1. L, M, and H represent the closed, half-open, and open
states of the eyes in the FIS-1, respectively. Meanwhile, the
change rate 1S̃e of facial regions from slow to fast is also
defined as L, M, and H. The linguistic set of the output p1 for
FIS-1 is described by normal driving (ND), medium fatigue
(MF), and severe fatigue (SF). The fuzzy rules for FIS-1 are
shown in Table I.

When S̃e is in the closed (L) state, the driver’s eye features
are considered as fatigue symptoms. At this time, 1S̃e is in
the L or M state, which indicates that the change of the feature
region is small and has little influence on the current fatigue
state. Accordingly, the eye fatigue state is set as severe fatigue
(SF). However, if 1S̃e is in the H state, it will mean that the
driver has a tendency to get rid of the severe fatigue state. The
eye fatigue state is set as medium fatigue (MF) state.

TABLE I
FUZZY RULES OF THE FIS-1

TABLE II
FUZZY RULES OF THE FIS-3

When S̃e is in the half-open (M) state, no matter 1S̃e
belongs to the L, M, or H state, the eye states are set as
the medium fatigue (MF) state. The design aims to achieve
the smooth transition from the normal driving to the severe
fatigue driving states.

When S̃e is in the open (H) state and 1S̃e belongs to the
L or M state, the driver is able to maintain a normal driving
(ND) state. However, if 1S̃e is in the H state, it will mean
that the driver has a tendency to become slightly fatigued. The
eye fatigue state is set as medium fatigue (MF) state.

S̃m and 1S̃m are fed to the FIS-2 to evaluate mouth fatigue
level p2. The linguistic set of inputs for FIS-2 is defined as the
open (L), half-open (M), and closed states (H) of the mouth,
respectively. Meanwhile, the change rate 1S̃m of facial regions
from slow to fast is also defined as L, M, and H. The linguistic
set of the output p2 for FIS-2 is described by a linguistic set of
normal driving (ND), medium fatigue (MF), and severe fatigue
(SF). Similar to the rule design of FIS-1, the fuzzy rules are
used to describe the mouth fatigue states.

Then, p1 and p2 are used as the inputs of FIS-3 to evaluate
the driver fatigue level p3. The linguistic set of inputs for
FIS-3 is defined as the severe fatigue (L), medium fatigue
(M), and normal states (H) of facial features, respectively.
The linguistic set of the output p3 for FIS-3 is described by
normal driving (ND), medium fatigue (MF), and severe fatigue
(SF). Eye fatigue level is the most important index representing
fatigue states. Accordingly, when p1 is in the L or M state,
no matter p2 belongs to L, M, or H states, the driver’s fatigue
level p3 is set as the severe fatigue (SF) or medium fatigue
(MF) states, respectively. However, when p1 is in the H state,
p2 will determine the driver fatigue level p3. For example,
when p2 is in the L state, the driver fatigue level p3 is set as
SF. The fuzzy rules for FIS-3 are shown in Table II.

The gaussian and trapezoid functions are selected as the
membership function of FIS. The trapezoid function is used
as the boundary of FIS to distinguish the normal and severe
fatigue states. Drivers with a medium fatigue state are easily
influenced by the external environment [28], [29], [43]. For
instance, a driver may enter into a severe fatigue state due to
a long-term driving task, or may return to a normal state due
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Fig. 3. Confusion matrix for three-level fatigue evaluation under testing set.

TABLE III
DRIVER FATIGUE LEVEL EVALUATION CRITERIA

to psychological stress. Hence, to ensure a smoother fatigue
assessment, a gaussian function is applied for the medium
fatigue state. It should be noted that the evaluation thresholds
for the three fatigue levels are tuned by experimental samples.

To validate the effectiveness of the driver fatigue recogni-
tion, we recruited 9 male drivers and 6 female drivers, aged
between 27 and 35 years old. Each driver had more than
5 years of driving experience. Each driver drove continuously
for 1 hour in an urban scenario. Before such testing, a fatigue
test needed to be completed. The detailed fatigue test can be
found in Section II-C. Based on collected driver facial data,
we manually defined fatigue levels for each image according
to [35] and [36], as shown in Table III. Finally, 13500 labeled
facial images were obtained.

The sample labels are divided randomly into 70% training
set and 30% testing set. The confusion matrix for three-level
fatigue evaluation under the testing set is shown in Fig. 3.
It can be found that the average accuracy of the fatigue classi-
fication is over 92.7%, which indicates that the driver fatigue
evaluation model is effective. In particular, the proposed
fatigue evaluation method has higher identification accuracy
for severe fatigue, up to 96%.

C. Driver Characteristic Parameters Boundaries Under
Different Fatigue Levels

We performed U-shape road steering experiments with the
radius of 75 m, 90 m, and 100 m while traveling at a constant

Fig. 4. Fatigue level under three different fatigue state.

Fig. 5. Identification results of driver characteristic parameters under different
fatigue levels. V l

mean is the mean value of the identification parameter V (t).
V ∈ {ζ, wn , k p, kc}. l ∈ {ND, MF, SF}.

longitudinal speed of 20 m/s. The time-varying driver charac-
teristic parameters of the model (2) were estimated recursively
at 20 Hz using the RLS algorithm discussed. We invited
fifteen drivers with different fatigue levels to participate in
the experiment. All participants were experienced drivers with
over five-year driving licenses and proficient in the operation
of the driving simulator.

The driving time and sleep time affect the driver’s fatigue
states [44]. Referring to [32] and [45], the driver’s fatigue
states are denoted as State A, State B, and C by different
driving time and sleep time, respectively. Drivers in State A
perform a 20-minute urban scenario based on the driving
simulator with the normal sleep time as usual. Drivers in
State B perform a 60-minute urban scenario with the sleep time
less than 3 hours than usual. Drivers in State C perform a 120-
minute urban scenario with the sleep time less than 5 hours
than usual. Drivers in States B and C have frequent features
of blinking and yawning during driving tasks. Especially, the
fatigue symptoms of State C are the most obvious. Therefore,
States A, B, and C are denoted as normal driving, medium
fatigue driving, and severe fatigue driving, respectively. Fig. 4
shows the driver fatigue levels of the States A, B, and C. It can
be found that the evaluation results can accurately describe the
driver’s fatigue states.

The mean values of characteristic parameters of fifteen
drivers are used to analyze the relationship with the fatigue
level, as shown in Fig. 5. As the driver fatigue level
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Fig. 6. Comparison between driver model and real steering behavior: (a) State A; (b) State B; (c) State C.

Fig. 7. Parameter identification results of a driver under different fatigue states: (a) State A; (b) State B; (c) State C.

p3 increases, the value of ζ(t) becomes smaller, which indi-
cates that the driver is frequently correcting the steering wheel.
wn(t) represents the nature frequency of the proposed driver
model, which is inversely proportional to driver’s response
time. As the driver fatigue level increases, the value of wn(t)
becomes progressively smaller, which means that the driver’s
response time increases. kp(t) represents the driver’s ability to
perceive road curvature information. It would decrease with an
increase of fatigue level. kc(t) represents the driver’s ability
to track the desired path. It can be found that kc(t) oscillates
significantly with the increase of fatigue level, which indicates
that the driver’s maneuvering ability gets worse. Through a
large amount of test data of fifteen drivers, the parameter
boundaries for different fatigue states are given as shown in
Table IV for the design of the controller.

To validate the effectiveness of time-varying driver model
(TVDM), the parameter-fixed driver model (PFDM) is used
as the benchmark. The real steering behavior of the driver
is also given in Fig. 6. The fitting accuracy of PFDM is
lower than that of TVDM in steering behavior. Especially,
the steering error of PFDM has exceeded 15◦ under States B
and C. In contrast, the fitting goodness of TVDM has reached
more than 98% under different fatigue states. Fig. 7 shows
the parameters identification results of the time-varying driver
model. It can be found that there is a large perturbation in
the driver characteristic parameters during the driving task.
Meanwhile, the identification results are consistent with our
parameter boundaries (seen in Table IV) under different fatigue
states.

III. FATIGUE-BASED HUMAN-MACHINE SHARED
SYSTEM DESIGN

A. Control Framework of Shared Steering System

The driver fatigue can lead to time-varying driver
characteristics and abnormal behavior, which may cause

TABLE IV
BOUNDARIES OF DRIVER FATIGUE CHARACTERISTIC PARAMETERS

human-machine conflicts and vehicle instability. To weaken
the uncertainties caused by fatigue driving, we propose a con-
trol framework of shared steering system considering driver’s
fatigue characteristics, as shown in Fig. 8.

In the control framework, the driver’s facial features are fed
into the driver fatigue evaluation model (DFEM) to obtain the
fatigue level. And the driver’s fatigue characteristic parameters
are identified in real-time. Further, the boundaries between
fatigue characteristic parameters and fatigue levels are deter-
mined by analysis of test data. This work has been completed
in Section II.

The fatigue level obtained from DFEM is used as the input
of the authority allocation strategy to evaluate the control
authority levels of the driver and controller, which aims to
weaken the abnormal behavior caused by fatigue driving.
In addition, the traditional driver-vehicle model used for
control does not consider the driver fatigue characteristics
and human-machine authority interaction, which may cause
the controller failure. To this end, through using the dynamic
parallel distributed compensation method, the parallel robust
H∞ shared controller considering the fatigue characteristics
and authority level for human-machine interaction is designed
in Section III. Distributed sub-controllers are designed based
on parameter boundaries of different fatigue characteristics,
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Fig. 8. Control framework of shared steering system.

to enhance the robustness of the shared control system. Mean-
while, the fuzzy rule method is used to adjust the control
proportion of sub-controllers in real time to optimize the
adaptability of the human-machine system. Ultimately, the
steering angle δ f applied to the front wheels of the vehicle
is determined by the collaborative effort of the driver and the
controller, as follows:

δ f = (λd(t)δd + λc(t)δc)rg (9)

In (9), δd signifies the steering wheel angle contributed by the
driver through the steering column. Meanwhile, δc designates
the steering angle provided by the controller. The authority
levels of the driver and the controller to optimize their steering
inputs are represented by λd(t) and λc(t). Additionally, rg
denotes the transmission ratio.

B. Fatigue-Based Authority Allocation Strategy

Given the dynamic interplay between the human and
the machine, it becomes imperative to establish a judicious
authority allocation strategy for co-driving vehicles, aimed at
enhancing overall driving performance. Especially, the abnor-
mal behavior caused by driver fatigue should be released by
the authority allocation strategy. Therefore, a fatigue-based
strategy is designed to allocate authority between the driver
and controller through assessing the driver fatigue state in real
time. When the driver is evaluated to be fatigued, the assistance
controller will be allocated more authorities. As driver fatigue
increases, a higher authority level is allocated to assistance
controller [24]. When the driver’s fatigue reaches the manually
set threshold, the controller authority level will be set to 1. The
driver’s authority level will be limited to 0. On the contrary,
when the driver is monitored to be awake, the driver’s authority
will be given the highest authority value. In this section,
the strategy for allocating authority between the driver and
controller is devised with three distinct modes, corresponding
to situations of normal driving, medium fatigue, and severe

fatigue states, as follows:

λd(t) + λc(t) = 1 (10-1)

λc(t)=


λmax

d 0 ≤ p3 ≤ 0.35
ϱ0 + ϱ1 p3 + ϱ2 p2

3 + ϱ3 p3
3 0.35 < p3 < 0.75

1 0.75 ≤ p3 ≤ 1

(10-2)

where λd and λc are applied directly to adjust steering inputs
of the driver and controller. ϱi (i = 0, 1, 2, 3) denotes a
constant that affects the shape of the curve λc. p3 is the
driver fatigue level obtained based on driver fatigue evaluation
model. Note that the authority levels of the driver and the
controller satisfy the following relationship of (10-1). The
fatigue level range of 0 ≤ p3 ≤ 0.35 means the driver
is in a normal state. In this paper, the normal driving state
means that the driver has proficient driving skills and does
not have symptoms such as fatigue. Therefore, the driver
can be allocated a higher authority λmax

d to satisfy his/her
driving demands. λmax

d is related to the road information.
0.35 < p3 < 0.75 indicates the driver is in a medium fatigue
state. 0.75 ≤ p3 ≤ 1 represents the driver is in a severe fatigue
state. It should be noted that the thresholds are obtained in
Section II-B.

For drivers in the normal driving state and severe fatigue
state, a fixed authority factor is adopted as the control authority
allocation strategy. Under the normal driving state, the driver
maintains his/her normal driving skills and the steering assis-
tance system can release more control authority to him/her.
On the other hand, when the driver is severely fatigued,
the steering assistance system directly takes over the control
authority. Drivers with a medium fatigue state are easily
influenced by the external environment [28], [29], [43]. For
instance, a driver may enter into a severe fatigue state due to
a long-term driving task, or may return to a normal state due to
psychological stress. Hence, to achieve a seamless transition of
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authority, we employ a third-order polynomial curve method
for crafting the authority allocation strategy in the case of
medium fatigue. Additionally, as we contemplate the transi-
tions between driver fatigue states, it becomes imperative to
ensure the continuity and fluidity of the authority allocation
strategy (10-2) across different states. Accordingly, boundary
constraints are designed for the transition of different fatigue
states, as follows:

λc(t)|p3=0.35 = 0.5, λ̇c(t)|p3=0.35 = 0 (11-1)

λc(t)|p3=0.75 = 1, λ̇c(t)|p3=0.75 = 0 (11-2)

The boundary constraints (11) are used to ensure that the
control authority level is maintained and switched smoothly
between different driving states. Therefore, ϱi (i = 0, 1, 2, 3)

in (10-2) can be calculated by fitting optimization.

C. Shared Controller Design

We employ the widely recognized two-degree-of-freedom
lateral dynamics vehicle model for the development of the
steering controller, as described in [17].

v̇y=
−2(C f+Cr )

mvx
vy +

2(Cr lr−C f l f )−mvx
2

mvx
γ +

2C f

m
δ f (12-1)

γ̇=
2(Cr lr −C f l f )

Mzvx
vy +

−2(C f l2
f +Cr l2

r )

Mzvx
γ +

2C f l f

Mz
δ f

(12-2)

In (12), vy and γ denote the lateral velocity and yaw rate,
respectively. δ f is calculated by (9). The variables Ci (i= f ,r )
correspond to the cornering stiffness of the front and rear
tires. Additionally, m and vx signify the vehicle mass and
vehicle speed, respectively. The parameters li (i= f ,r ) refer to
the distances from the front and rear axles to the center of
gravity. Moreover, Mz stands for the yaw moment of inertia.
In the context of path tracking control, the lateral deviation
model is obtained as follows, as detailed in [17].

ẏL = vy + vxϕL + lnϕ̇L (13-1)
ϕ̇L = γ − ρrvx (13-2)

where yL stands for the lateral deviation at the driver’s preview
point, while ϕL denotes the heading deviation. The variable
ln represents the look-ahead distance. ρr denotes the road
curvature of the reference path. In a co-driving vehicle system,
the driver is always in the loop, which leads to the varying
interaction behavior between human and machine in different
fatigue states. To accurately understand the interaction behav-
ior for the controller, a time-varying driver-vehicle interaction
model for controller design is constructed by integrating
equations (1), (2), (9), (12), and (13), as follows

ẋ = A(ρ)x + Bu(ρ)u + Bw(ρ)w (14)

where x=
[
vy γ yL ϕL δd δ̇d

]T , u=δc, and w=ρr .
ρ=

[
ρ1 ρ2 ρ3 ρ4 ρ5

]T of the model (14) includes the varying
fatigue characteristic parameters and control authority level
of a human driver. ρ1=kp(t), ρ2=kc(t), ρ3=ζ(t), ρ4=wn(t),
ρ5=λd(t). The fatigue characteristic parameters will be
obtained in real-time by the RLS method. λd(t) characterizes

the interaction behavior between the driver and controller in
various fatigue states. This value is derived from the driver
fatigue evaluation model. The matrices of the driver-vehicle
interaction model (14) are given in Appendix B.

It becomes apparent that the time-varying model (14) relies
significantly on the fatigue characteristics ρ, potentially intro-
ducing system instability. From the perspective of engineering
applications, due to the computational efficiency advantages
of T-S fuzzy modeling for time-varying and nonlinear issues,
it is employed to depict the time-varying attributes in (14),
as demonstrated below.

ẋ =

32∑
i=1

ηi (Ai (ρ)x + Bui (ρ)u + Bwi (ρ)w) (15-1)

z =

32∑
i=1

ηi (C i (ρ)x + Di (ρ)u + Ei (ρ)w) (15-2)

Here, z represents the system’s performance output. The
variable ηi is introduced to capture the time-varying attributes
of system (15), and it is determined by:

η1 =ξ11(ρ1)∗ξ12(ρ2)∗ξ13(ρ3)∗ξ14(ρ4)∗ξ15(ρ5) (16-1)
η2 =ξ11(ρ1)∗ξ12(ρ2)∗ξ13(ρ3)∗ξ14(ρ4)∗ξ25(ρ5) (16-2)

...

η32 =ξ21(ρ1)∗ξ22(ρ2)∗ξ23(ρ3)∗ξ24(ρ4)∗ξ25(ρ5) (16-32)

where ξ1i (ρi ) and ξ2i (ρi ) are calculated by the following

ξ1i (ρi ) =
ρi − ρi

ρi − ρ
i

, ξ2i (ρi ) =
ρi − ρ

i
ρi − ρ

i

(17)

ρi and ρ
i

represent the upper and lower bounds of parameter
ρi under different fatigue states, respectively. The boundaries
of the fatigue characteristic parameters are shown in Table IV.
Note that the lower and upper boundaries of the authority level
λd(t) are 0 and 1, respectively. 0i∈{Ai (ρ), Bui (ρ), Bwi (ρ),
C i (ρ), Di (ρ), Ei (ρ)} represent system matrices of 32 parallel
distributed subsystems. System matrices 0i can be obtained by
replacing ρ with ρi and ρ

i
. Note that each parallel distributed

subsystem is independent and linear time invariant.
To enhance driving comfort, tracking ability, and the coop-

erative performance of the shared steering controller, the
performance output z in equation (15) is formulated as[
ay yL ϕL δd δ̇d λd(t)δd − λc(t)δc

]T . ay is used to reflect the
vehicle stability. yL and ϕL are adopted to describe tracking
performance. δd and δ̇d are introduced to guarantee a desired
steering comfort [17]. λd(t)δd − λc(t)δc is defined as the
cooperative performance between the human driver and the
steering controller [25]. Taking into account multiple objec-
tives, including vehicle stability, path-tracking ability, steering
comfort, and cooperative performance, and incorporating prin-
ciples of H∞ robust control theory, the performance objective
function for the shared controller is established as follows,
as indicated in [46].

J =

∫
+∞

0
zT (t) Qz(t)dt (18)

with Q = diag(qs
1 , qs

2 , qs
3 , qs

4 , qs
5 , qs

6) and s∈{ND, MF,
SF}. Q represents the cost weighting matrix under different
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fatigue levels. The optimization of the performance output z
can take an alternative approach by fine-tuning the weighting
coefficients qs

i (i =1, 2, . . . , 6). The design form of the cost
weighting matrix Q in (18) is as follows.

1) qs
1 is used to adjust the vehicle stability performance in

the controller design. In the practical application, qs
1 is

set as three levels according to driver fatigue state. In the
severely fatigued state, the vehicle stability is regarded
as the most important factor in the controller design for
the purpose of improving driving safety. Therefore, the
weight coefficient of vehicle stability performance needs
to satisfy the following relationship qSF

1 > qMF
1 > qND

1 .
2) qs

2 and qs
3 are used to adjust the path-following perfor-

mance in the controller design. Medium-fatigued drivers
still are able to operate the vehicle. Vehicle stability is
also not the most important indicator. In this case, the
path-following ability is considered as the most important
factor. Therefore, the weight coefficient of path-following
performance needs to satisfy the following relationship
qMF

2 > qSF
2 > qND

2 and qMF
3 > qSF

3 > qND
3 .

3) qs
4 and qs

5 are used to adjust the steering comfort perfor-
mance. The low driving workload is the basic requirement
for drivers in the normal state. To this end, the weight
coefficient of steering comfort performance is designed
to satisfy the following relationship qND

4 > qMF
4 > qSF

4
and qND

5 > qMF
5 > qSF

5 .
4) qs

6 aims to optimize the steering cooperative performance
to reduce human-machine conflicts. The weight coeffi-
cient of steering cooperative performance is designed to
satisfy the following relationship qND

6 > qMF
6 > qSF

6 ,
since the normal driver is expected to be able to operate
the vehicle in a cooperative manner with the steering
assistance system.

The steering compensation u of the fuzzy system (15) based
on state-feedback control method can be calculated by

u =

32∑
i=1

ηi K i x (19)

Here, K i represents the control gain for each parallel dis-
tributed subsystem. To solve the robust optimal control
problem (ROCP) of the T-S fuzzy system, z should meet the
condition ∥z∥2 < h̄∥w∥2. h̄ is a positive value for mitigating
disturbances w. ROCP can be realized based on the following
theorem.

Theorem 1: The T-S fuzzy driver-vehicle interaction system
described by (15) possesses a state-feedback H∞ controller if
and only if there exist symmetric positive definite matrices 4

and ℜi (i = 1, 2, . . . , 32) that ensure the satisfaction of the
following linear matrix inequalities (LMIs):⨿(Ai (ρ)4+ Bui (ρ)ℜi +ϵ4)Bwi (ρ) 9̃ i

⋆ −h̄ I W i
⋆ ⋆ −I

≺0 (20)

where ⨿(X)=X+XT , 9̃ i =[4T CT
i (ρ)+ℜT

i DT
i (ρ)]( Q)

1
2 and

W i = ET
i (ρ)( Q)

1
2 . ⋆ denotes the matrices that can be deduced

by symmetry. Proof: The proof is given in Appendix C.

Then, the state-feedback control gain K i in each parallel
distributed subsystem (15) and (19) is calculated as

K i = ℜi4
−1 (21)

Ensuring the compliance with the output and control
input restrictions in the driver-vehicle interaction system (15)
presents an invariant set challenge, as discussed in [46].
To address this issue, the robust set-invariance property is
introduced, denoted as Theorem 2 and 3. In the pursuit
of enhancing system safety in real-world applications, the
controller design takes into account the output constraints
of the driver-vehicle interaction system, conforming to the
following limits.

−vymax ≤ vy ≤ vymax (22-1)
−γmax ≤ γ ≤ γmax (22-2)

−yLmax ≤ yL ≤ yLmax (22-3)
−ϕLmax ≤ ϕL ≤ ϕLmax (22-4)

Theorem 2: Under the assumption that the initial condition
x(0) is known, the constraints ||xi || ≤ εi are always guaran-
teed when the following LMIs hold [46].[

1 xT (0)

x(0) 4

]
⪰ 0 (23-1)[

4 4dT
i

di4 ε2
i I

]
⪰ 0 (23-2)

Here, ε=[vymax , γmax , yLmax , ϕLmax ]. di is the unit vector,
adhering to the condition xi = di x. Furthermore, the controller
design must take into account the steering constraint, ensuring
that the compensation u falls within the following limits:

−umax ≤ u ≤ umax (24)

Theorem 3: Assuming that the initial condition x(0) is
known, it is assured that the constraint ||u||2≤ umax is always
met provided the LMIs are satisfied, as discussed in [46].[

4 ℜT
i

ℜ u2
max I

]
⪰ 0 (25)

Remark 1: Given a parameter ϵ, the steering compensa-
tion (19) achieves asymptotic stability concerning (15) through
the minimization of the objective performance function (18),
under the condition that there exists a positive definite matrix
4, K i (i=1, 2, . . . , 32), and a positive scalar h̄. This condition
is met when addressing the sub-optimization control problem
as follows:

Min h̄

s.t.(20), (23) and (25) (26)

IV. DRIVER-IN-THE-LOOP TEST

A. Experimental Setup

A driving simulator platform is built to verify the perfor-
mance of the controller, as shown in Fig. 9. The driving
simulator platform primarily encompasses components such
as the road environment, driver fatigue evaluation system,
real-time controller, and vehicle dynamics model. A virtual
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Fig. 9. Driving simulator test platform.

TABLE V
VEHICLE DYNAMICS PARAMETERS

driving environment is established through the utilization of
PreScan software integrated into the PC. A low-cost Logitech
C270 RGB camera is adapted to capture volunteers’ face
images. The algorithm of the driver fatigue evaluation system
is programmed in Python with TensorFlow 2.0 package and
runs on an Intel i5-7300HQ 2.5GHz CPU. The facial images
are transmitted to the PC through the USB protocol. In addi-
tion, time-varying driver fatigue characteristics and authority
levels are identified through Matlab in PC, respectively. Then,
the fatigue characteristic parameters and vehicle states are
conveyed to the real-time dSPACE controller through the CAN
bus. The fuzzy shared control algorithm, as elaborated in
Section IV, is executed on the real-time dSPACE platform
to facilitate rapid function prototyping. The steering inputs
from both entities are combined linearly, taking into account
human-machine authority levels. The outcome of the human-
machine control is implemented in the high-fidelity Carsim
vehicle dynamics model. In this experimental validation, the
vehicle parameters are detailed in Table V.

In this experiment, Applus IDIADA serves as the testing
scenario, as illustrated in Fig. 10. For the large-curvature road,
the driver’s workload is directly reflected by steering behavior.
In the experimental scenario of this paper, the range of the
steering wheel angle is between 150◦ and 200◦, when the
driver is passing through continuous curves without assistance.
If the steering wheel angle is completely imposed by the
driver, the vehicle will have a greater risk of deviation or
even instability in a scenario where the average vehicle speed
is 20 m/s and the turning radius is between 50 and 100 m.
In addition, from the perspective of driver workload, the
driver’s steering angle is expected to be less than 90◦ under the
large curvature scenario. Thus, during the normal driving state,

Fig. 10. The test scenario.

the driver’s authority level λmax
d is set to 0.5, which can satisfy

our requirements of human-machine shared vehicles. To point
out the performance of the proposed shared control method,
we engage fifteen drivers with varying levels of fatigue in the
experiment. The specific testing requirements for the drivers
are outlined in Section II-C.

B. Experimental Validation

To assess shared control performance, four evaluation
indices are given to analyze the human-machine conflict level
as J1, driving comfort as J2, vehicle stability as J3, and path-
tracking performance as J4 [5], [17], [21].

J1 =
TC

TS
, TC = {t ∈ [0, TS] : δ̃d · δ̃c < 0} (27-1)

J2 =

∫
TS

δ̃2
total(t) +

˙̃
δ2

total(t)dt

TS
(27-2)

J3 =

∫
TS

a2
y(t)dt

TS
(27-3)

J4 =

∫
TS

e2
y(t)dt

TS
(27-4)

In (27), TS represents the test duration, while TC denotes the
duration of the conflict behavior between the controller and the
driver. The effective steering wheel angles of the driver and
controller, denoted as δ̃d and δ̃c, are calculated as δ̃d = λd(t)δd
and δ̃c = λc(t)δc. The combined effective steering angle,
δ̃total , is the result of superimposing the steering angles of
both the human and the controller. Additionally, ey represents
the lateral deviation of the vehicle from the desired trajectory,
which can be computed using (13), given that ln is set to 0.

A larger value of J1 implies a higher level of conflict
between the two participants, which will reduce the quality
of human-machine interaction. J2 encompasses the driver’s
physical workload and psychological stress. A lower value of
J2 suggests that the driver experiences reduced workload and
psychological strain while conducting driving tasks. Smaller
values for both J3 and J4 indicate improved vehicle stability
and path-following performance.

For convenience, the proposed shared controller is denoted
as DRSSC. The benchmark controller without considering
time-varying driver fatigue characteristics is denoted as SSC,
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Fig. 11. The human-machine steering response under different fatigue levels: (a)-(c) State A; (d)-(f) State B; (g)-(i) State C. δSSC
d and δSSC

c represent the
effective steering angles of the human and the machine with the assistance of SSC, respectively. δ̃DRSSC

d and δ̃DRSSC
c indicate the effective steering angles

of the human and the machine with the assistance of DRSSC, respectively. δSSC
total is the superposition of steering angles of the human and the machine with

the assistance of SSC. δ̃DRSSC
total is the effective superposition of steering angles of the human and the machine with the assistance of DRSSC, respectively.

which is based on the robust state-feedback method. In addi-
tion, λc(t) and λd(t) in SSC are set as 0.5 and 0.5, respectively.
However, the authority levels of DRSSC can be adjusted
according to driver fatigue states. The quantitative perfor-
mance indices of both controllers are shown in Table VI.
It should be noted that the quantitative performance indices are
average results of fifteen drivers. In order to intuitively show
the control performance, the testing results of both controllers
under three different fatigue states are compared in terms
of the human-machine interaction and vehicle performance,
as shown in Figs. 11 and 12.

As the driver fatigue level increases, the driver’s ability to
control the vehicle decreases, mainly in the form of constantly
adjusting the steering wheel. With the assistance of SSC
that does not consider time-varying driver fatigue character-
istics, the controller will have obvious jittery as shown in
Fig. 11 (a), (d), and (g), which severely reduces the quality
of human-machine interaction and driving comfort.

On the contrary, considering the time-varying driving
fatigue state, the DRSSC proposed in this paper can give an
effective control authority allocation strategy to suppress the
misoperation behavior caused by a fatigued driver, as shown in

TABLE VI
RESULTS OF THE PERFORMANCE INDICES

Fig.12 (c), (f) and (i). The human-machine authority calculated
based on the DFEM weakens the steering input of the fatigued
driver, as shown in Fig. 11 (b), (e), and (h). Therefore, the
steering compensation of DRSSC is smoother than that of
SSC. When the driver shows severe fatigue states such as
frequent blinking and yawning, the DFEM determines that the
driver is no longer competent for the driving task. Therefore,
the driver’s control authority is given as 0 and the controller’s
authority is given as 1. It can also be seen from Fig. 11 (h)
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Fig. 12. Lateral acceleration, lateral deviation and control authority with different controllers: (a)-(c) State A; (d)-(f) State B; (g)-(i) State C. aSSC
y and ySSC

L
represent the lateral acceleration and the lateral deviation with the assistance of SSC, respectively. aDRSSC

y and y DRSSC
L mean the lateral acceleration and

the lateral deviation with the assistance of DRSSC, respectively. λd and λc represent the allocated authorities of the human and the machine, respectively.

that the driver’s effective steering wheel angle is almost 0◦ and
there is no longer a valid input to the vehicle steering system.
Fig. 11 (c), (f), and (i) demonstrate that the effective human-
machine steering wheel angle with the assistance of DRSSC
is smoother than that of SSC controller, which means that the
driving comfort is improved.

According to the performance index J2 in Table VI, driving
comfort under three different fatigue levels is improved by
more than 5% with the assistance of DRSSC. In particular,
the jitter frequency and jitter amplitude of the human-machine
total steering input are significantly reduced under severely
fatigued driving. The proposed control strategy enhances
driving comfort by 21% when compared to the robust state
feedback control strategy that does not account for fatigue
characteristics. In addition, from the performance index J1 of
Table VI, it can be found that the human-machine conflict level
is reduced by more than 15%, which improves the quality of
human-machine interaction. In particular, the human-machine
conflict level is reduced by more than 43% by the proposed
controller under the severe driver fatigue state.

The results of lateral acceleration ay are shown in
Fig. 12 (a), (d), and (g). It can be found that the value of
ay under State B and C is larger than that of State A, which
means that the driver’s fatigued steering behavior deteriorates

the vehicle stability. Especially, with the assistance of SSC,
the value of ay under State B and C has been more than
10 m2/s. In addition, the driver in a severe fatigue state
has frequent jitter when steering the vehicle, which causes
a large value of lateral acceleration. In contrast, the DRSSC
proposed in this paper attenuates the effect of fatigue driving
behavior and maintains the vehicle stability. It is obvious that
the lateral acceleration of the vehicle is significantly smaller
and smoother with the assistance of DRSSC. According to the
performance index J3 in Table VI, the vehicle stability under
severe fatigue level is improved by 16% with the assistance
of DRSSC.

As can be seen in Fig. 12 (b), when the driver in State A
is tracking the desired path with the assistance of both con-
trollers, the vehicle’s maximum lateral deviations are about
1.2 m, and the overall lateral deviation is at about 0.5 m.
In normal driving mode, the ratio of human-machine control
authority under both control methods is close to 1:1. Therefore,
the difference between the two controllers in path tracking
performance is not significant. As shown in Table VI, the path-
tracking performance indices of the two controllers are 5.1 and
5.7, respectively.

From Fig. 12 (e) and (h), it can be found that for the driver in
the States B and C with higher fatigue levels, the SSC control
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strategy cannot effectively reduce the lateral deviation of the
vehicle, in which the maximum lateral deviation has exceeded
2 m. The controller proposed in this paper can dynamically
coordinate the control authority between the human and the
machine. The controller’s authority is strengthened during
fatigue driving, thereby enhancing the vehicle’s ability to track
its path. According to the performance index J4 presented in
Table VI, the path-tracking performance significantly improves
by over 70% with the assistance of DRSSC under higher levels
of driver fatigue. In summary, the experiments demonstrate
that the designed human-machine shared control approach can
yield superior driving performance across drivers experiencing
varying degrees of fatigue.

V. CONCLUSION

In this paper, we propose a fatigue-based human-machine
shared control framework to tackle the challenge of suboptimal
driving performance under varying levels of driver fatigue.
To achieve this, we first build a time-varying driver steering
model, which effectively captures driver behavior. And the
driver fatigue evaluation system is established by extracting the
facial features to determine the fatigue level. Furthermore, the
driver characteristic parameters are analyzed under different
fatigue states. Then, the allocation of human-machine control
authority is determined based on the evaluation of driver
fatigue states to mitigate any abnormal driver behavior. Fol-
lowing this, the robust shared control approach is employed for
counteracting external disturbances. Finally, a set of quantified
performance indices for the shared controller is devised to
assess performance via a driver-in-the-loop simulator. The
outcomes demonstrate a substantial enhancement in driving
performance across various fatigue levels thanks to the pro-
posed strategy.

In future endeavors, considering that the driving fatigue state
will affect the driver’s attention on the road, the driver dis-
traction characteristics should be also analyzed. Additionally,
the human-machine shared control framework outlined in this
paper will be subjected to real-world validation within actual
vehicle setups.

APPENDIX A
PARAMETERS OF STANDARD LEAST SQUARES

REGRESSION MODEL

The parameters of the standard least squares regression
model (3) is given as follows:{

b1 = a1/a2, b2 = a0/a2,

b3 = kp(t)/a2, b4 = kc(t)/a2.
(A-1)

a0 =
4

1t2 −
4

1t
ζ(t)wn(t) + w2

n(t),

a1 = −
8

1t2 + 2w2
n(t),

a2 =
4

1t2 +
4

1t
ζ(t)wn(t) + w2

n(t).

(A-2)

{
u f = θ f,k + 2θ f,k−1 + θ f,k−2,

un = θn,k + 2θn,k−1 + θn,k−2.
(A-3)

where 1t is sampling time.

APPENDIX B
MATRICES OF DRIVER-VEHICLE INTERACTION MODEL

The coefficient matrices in the model (14) can be obtained
as

A(ρ) =


a11 a12 0 0 λd(t)bu1 0
a21 a22 0 0 λd(t)bu2 0
1 ln 0 vx 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 a63 a64 a65 a66

 (B-1)

Bu(ρ) =
[
λc(t)bu1 λc(t)bu2 0 0 0 0

]T (B-2)

Bw(ρ) =
[
0 0 −vx ln −vx 0 rgkp(t)l f ar

]T (B-3)

where 

a11 =
−2(C f + Cr )

mvx
,

a12 =
2(Cr lr − C f l f ) − mvx

2

mvx
,

a21 =
2(Cr lr − C f l f )

Mzvx
,

a22 =
−2(C f l2

f + Cr l2
r )

Mzvx
,

a63 = −
rgkc(t)

ln
, a64 = −rgkc(t),

a65 = −w2
n(t), a66 =−2ζ(t)wn(t),

bu1 =
2C f

m
, bu2 =

2C f l f

Mz
.

(B-4)

APPENDIX C
THE PROOF OF THEOREM 1

To demonstrate the quadratic stability of the closed-
loop system (15), a Lyapunov function is introduced as
follows:

ℓ(x) = xT 3x (C-1)

where 3 is a positive definite matrix. System stability must
be guaranteed by the Lyapunov function (C-1), which should
fulfill the following inequality:

ℓ̇(x) + zT Qz < h̄wT w − 2ϵℓ(x) (C-2)

Taking ϵ as a positive scalar into account, by integrating both
sides of (C-2), we can derive the inequality:∫

+∞

0
zT (t) Qz(t)dt <ℓ(0)−ℓ(∞)+h̄

∫
+∞

0
wT (t)w(t)dt (C-3)

Subsequently, we can determine the upper limit of the objec-
tive performance function (18) as follows:

J < ℓ(0) + h̄Wmax (C-4)

In (C-4), the positive scalar Wmax represents the maximum
value of the external disturbance w2. Given ℓ(0) and Wmax ,
the minimization of the scalar h̄ allows us to minimize J .
By substituting equations (15) and (19) into (C-2), we can
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rewrite the matrix inequality as follows:

�= ẋT 3x + xT 3ẋ + zT Qz − h̄wT w + 2ϵℓ(x)

=

i=32∑
i=1

ηi (⨿(Y T 3x + ϵxT 3x) + zT Qz) − h̄wT w < 0

(C-5)

where Y=[Ai (ρ)+Bui (ρ)K i ]x+Bwi (ρ)w. The matrix inequal-
ity (C-5) can be derived as

�=

i=32∑
i=1

ηi

[
x
w

]T

2i

[
x
w

]
< 0 (C-6)

Inequality (C-6) can be satisfied if the following inequality
holds

2i =

[
$ 3Bwi (ρ)

⋆ −h̄ I

]
+ GT

i Gi≺0 (C-7)

where $ = ⨿(3Ai (ρ) + 3Bui (ρ)K i + ϵ3) and Gi =

( Q)
1
2
[
C i (ρ) + Di (ρ)K i Ei (ρ)

]
. Referring to Schur comple-

ment lemma [46], the matrix inequality (C-7) can be converted
as $ 3Bwi (ρ) 9 i

⋆ −h̄ I W i
⋆ ⋆ −I

 ≺ 0 (C-8)

where 9 i =[CT
i (ρ)+K T

i DT
i (ρ)]( Q)

1
2 . Note that (C-8) consists

of nonlinear matrix inequalities. To handle this, we’ll use a
substitution method to transform (C-8) into LMIs. We define
4 = 3−1 to linearize (C-8). To further linearize it, a new
variable is introduced as follows:

ℜi = K i4 (C-9)

By left-multiplying with di ag(4, I, I) and right-multiplying
with di ag(4−1, I, I), we can derive the LMIs (20). This
confirms the validity of Theorem 1 and concludes the proof.
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