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Abstract

Hypothesis

The formation of distorted lamellar phases, distinguished by their
arrangement of crumpled, stacked layers, is frequently accompanied by the
disruption of long-range order, leading to the formation of interconnected
network structures commonly observed in the sponge phase. Nevertheless,
traditional scattering functions grounded in deterministic modeling fall
short of fully representing these intricate structural characteristics. Our
hypothesis posits that a deep learning method, in conjunction with the
generalized leveled wave approach used for describing structural features of
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distorted lamellar phases, can quantitatively unveil the inherent spatial
correlations within these phases.

Experiments and Simulations

This report outlines a novel strategy that integrates convolutional neural
networks and variational autoencoders, supported by stochastically
generated density fluctuations, into a regression analysis framework for
extracting structural features of distorted lamellar phases from small angle
neutron scattering data. To evaluate the efficacy of our proposed approach,
we conducted computational accuracy assessments and applied it to the
analysis of experimentally measured small angle neutron scattering spectra
of AOT surfactant solutions, a frequently studied lamellar system.

Findings

The findings unambiguously demonstrate that deep learning provides a
dependable and quantitative approach for investigating the morphology of
wide variations of distorted lamellar phases. It is adaptable for deciphering
structures from the lamellar to sponge phase including intermediate
structures exhibiting fused topological features. This research highlights the
effectiveness of deep learning methods in tackling complex issues in the field
of soft matter structural analysis and beyond.

Keywords: Distorted Lamellar Phases, Small Angle Neutron Scattering,
Deep Learning, Generalized Leveled Wave, Convolutional Neural Networks,
Variational Autoencoders
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1. Introduction

Amphiphilic molecules have a fascinating ability to undergo self-organization
when dissolved in a solution, forming various structures including liquid crys-
talline structures representing hexagonal, cubic, or lamellar phases, for ex-
ample. When examined at a mesoscopic scale, they exhibit intricate and
intriguing structures, categorized as lyotropic phases. Mesoscopic morphol-
ogy plays a central role in lyotropic systems, influencing a wide range of
natural and synthetic processes, from the formation of cell membranes to the
development of novel materials with unique characteristics [1, 2].

Among the various lyotropic phases, the swollen lamellar phase, often
represented as L�, stands out due to its remarkably well-organized paral-
lel planes. Considerable effort has been directed towards characterizing its
unique structures. Small angle scattering of neutrons and X-rays is a crucial
method employed for this purpose [3, 4]. In the context of these experiments,
it becomes necessary to derive an analytical expression for the coherent scat-
tering of L� phases in reciprocal space, denoted by the variable Q, based
on relevant parameters. The morphology of these phases is then unveiled
through the refined parameters obtained via a regression analysis of the col-
lected spectra.

For L� phases, a widely adopted scattering function model was intro-
duced by Nallet, Laversanne, and Roux, which conceptualizes the system as
a stack of parallel lamellar plates [5]. Within this framework, the coherent
scattering cross sections can be conveniently decomposed into the product
of two components: the inter-planar structure factor S(Q), which represents
the long-range positional order of these planes, and the form factor P (Q),
which characterizes the density fluctuations within each plane. The valid-
ity of this ideal one-dimensional ordered lamellar structures predicates on
the preservation of long-range translational order of density fluctuation of
parallel planes [6]. Numerous scattering functions have been devised to ac-
count for localized deviations in the lamellar surfaces, either by considering
layer fluctuations in S(Q), or by increased complexity in the expressions of
P (Q). These functions are designed to explore the intricate aspects of diffuse
scattering that can be observed in various L� phases [7–13].

Nevertheless, the reliability of current models employed for extracting in-
formation about specific lamellar systems, such as the AOT lamellar system
studied in this report [14–16], raises questions. Previous Nuclear Magnetic
Resonance (NMR) investigations [17–19] have unequivocally revealed that a

4



significant portion of AOT lamellar phases exhibits structural imperfections.
These imperfections, which are specifically identified as passages or perfo-
rations between adjacent plates [4, 20–22], disrupt the uniform alignment
of the in-plane normal vector—a fundamental characteristic of the ideal L�
phase. Consequently, these irregularities disturb the long-range order within
these phases. Nevertheless, due to the enduring vestiges of lamellar organi-
zation, the orientational distribution of the normal vector retains a measure
of non-random lamellar order, setting it apart from the inherent randomness
observed in L3 states. The L3 state represents a sponge phase distinguished
by its unique isotropic structure resulting from the intricate interconnection
of bilayers. As a result, conducting a quantitative analysis of the structure
within this distorted lamellar phase presents a substantial and formidable
challenge [23].

Addressing this challenge encompasses two essential tasks: first, it de-
mands the precise identification of parameters capable of accurately char-
acterizing the topological features of distorted L� phases with limited long-
range order; and second, it calls for the development of an analytical expres-
sion for the corresponding scattering function, which serves as the founda-
tional cornerstone for spectral inversion analysis. It is this challenge that
serves as the driving impetus behind the ongoing research endeavor.

In the context of inverting the topological characteristics of distorted
lamellar phases obtained from scattering data, our standpoint is that con-
ventional deterministic methods may not necessarily provide the most advan-
tageous solution. This constraint predominantly arises from the anticipated
complexity involved in accurately delineating the highly nonlinear bijective
relationship between the topological properties of imperfect lamellar phases,
encompassing both the L3 and L� structures, and the two-point correlation
function. In this research, we present a deep learning approach as a method
to address these mathematical challenges.

Our initial step involves the regulation of the random distribution of wave
vectors within the leveled wave model as introduced by Berk [24, 25]. This
regulation aims to characterize density fluctuations within the L3 phases.
Through this process, we are able to identify a specific set of parameters
that effectively describe the topological attributes of wide variations of the
L� phase. Subsequently, we create an extensive repository of two-point corre-
lation functions, which are generated using the identified parameter sets that
closely mimic real experimental systems exhibiting the distorted L� phase.
This repository serves as the training dataset for establishing a probabilis-
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tic connection between the topological parameters and coherent scattering
functions. To achieve this, we employ a conventional neural network (CNN),
which is trained through end-to-end data-driven learning, to establish the
mapping between the topological parameters and coherent scattering func-
tions. We also generate an additional comprehensive repository of two-point
correlation functions to assess the computational accuracy of the CNN-based
regression algorithm.

Our study confirms the feasibility of using a deep learning approach to
analyzing structures based on experimentation. In particular, we apply this
approach to small angle neutron scattering (SANS) on a lyotropic system that
consists of stacked lamellar plates with varying degrees of fragmentation. In
the following section, we delve into a detailed exposition of the development
of our methodology.

2. Methods

This section introduces the Generalized Leveled Wave (GLW) approach
as the descriptive framework for characterizing the mesoscopic structures of
generalized lamellar phases, along with applying the Convolutional Neural
Network (CNN) as the foundation for regression analysis of scattering mea-
surements.

2.1. Generalized Leveled Wave (GLW) Method

It is instructive to present the leveled wave method as originally con-
ceived by Berk [24, 25]. This method characterizes the density fluctuations
in bicontinuous systems within real space r using the following expression:

S(r) =
1p

NhA2i

NX
n=1

An cos(kk̂n � r + �n); (1)

In Eqn. (1), the unit random wave vectors denoted as k̂ are uniformly dis-
tributed across the entire solid angle of 4�. The magnitude k follows a
normal distribution with specified mean and variance. The phase angles �n
are evenly distributed over the interval of 2�. Each partial wave indexed by
n is associated with a coefficient An. The entire set of N plane waves is stan-
dardized by dividing by the variance of these coefficients, which is 1p

NhA2i
.

Consequently, the quantity S(r) can be considered an ensemble of random
variables with a mean of 0 and a variance of 1.
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A threshold value denoted as � and commonly referred to as the clipping
level [26, 27], is introduced and applied to the normally distributed S(r)
to demarcate the two coexisting phases within the bicontinuous structure.
Therefore, the scattering length density distribution can be assigned as

�(r) = Θ(S(r)� �): (2)

where Θ(S) denotes the Heaviside function, Θ(S) = 1 for S � 0, otherwise,
Θ(S) = 0. Within a two-phase system, � is closely linked to the ratio of the
volume fractions of the two coexisting phases. To enhance the scattering con-
trast, two distinct scattering length densities can be assigned to these phases.
With � in place, Eqn. (2) can be further subjected to Fourier transforma-
tion to generate the scattering amplitude F (Q) in reciprocal Q space. The
coherent small angle scattering profile I(Q) can be readily obtained by squar-
ing F (Q). As documented in references such as [3, 26–28], the topological
characteristics of the bicontinuous L3 phase could be understood using this
approach from the experimentally acquired coherent small angle scattering
data.

Figure 1: (a) Visual representation of the de�nition of anisotropic wave vector distribution
within spherical coordinates, underpinning the GLW approach. (b) The dependence of
wave vector distribution on the orientational order parameter in the polar angle direction
(�) and the radial dispersion parameter (�k). (c) The corresponding three-dimensional
structures in real r space that are statistically equivalent to the wave vector distribution
given in (b) with � = 0 through the principle of ensemble average.

When the topological characteristics deviate from the sponge conforma-
tion, the normal vector fields of the interface between the two interpenetrat-
ing phases can no longer be represented by the randomly oriented k̂. To
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address the increasing lamellar order, an additional constraint on the orien-
tational order k̂ proposed in [24, 25] is imposed according to the schematic
representation given in Panel (a) of Fig. 1: The polar component distribu-
tion of k̂ is no longer characterized by random distribution over a 4� sphere.
Instead, following Fisher’s recommendation [29], the distribution function
along the polar angle � direction is expressed as follows

P (�) = c exp(Γ cos �); (3)

Here, c represents a constant, and Γ denotes the orientational order param-
eter used to quantify the directional dispersion of k̂ along the direction of
�.

Furthermore, in the case of lamellar stuctures, as there is no compelling
rationale to suggest the presence of any preferred direction for in-plane den-
sity fluctuations at the interface, the distribution of k̂ along the azimuthal
angle � is modeled by a uniform distribution, as expressed below:

P (�) =
1

2�
; (4)

The distribution of k̂ along the radial direction remains unchanged, in
accordance with the initial definition of the normal distribution proposed by
Berk [24, 25]. Namely,

P (k) =
1

�k
p

2�
exp[�(k � k0)2

�2
k

]; (5)

where k0 is the mean and �k denotes the standard deviation characterizing
the radial dispersion of k given in Eqn. (1).

In this representation pf GLW framework, the relationship between the
anisotropic wave vector distribution and the parameters �k and Γ is visually
depicted in Panel (b) of Fig. 1. When �k is held constant, augmenting
the value of Γ engenders a discernibly heightened polarization within the
distribution of k̂, resulting in the vectors aligning more closely with the
normal axis of the lamellar plates. Conversely, when Γ remains fixed and
�k is increased, the result is a progressively more diffused distribution in k̂.
The corresponding three-dimensional renderings of interfacial conformation
are given in Panel (c) of Fig. 1. As Γ increases, the characteristic anisotropic
orientational order of lamellar phases becomes more prominent. Conversely,
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Figure 2: The evolution of I(Q ~d) as a function of (a) �k, (b) ln �, and (c) �. The
continuous color scales indicate the probed ranges of each parameter. ~d represents the
average inter-plane distance.

an increase in �k leads to a greater variation in the inter-plane distance across
all represented structures.

It is essential to emphasize that within the descriptive framework of GLW,
generalized lamellar structure can be defined by three key parameters: �k,
Γ, and �. Here a specific set of �k, Γ, and � is defined as Ξ � f�k;Γ; �g.
The responsive characteristics of small angle scattering intensities in relation
to these parameters are illustrated in Fig. 2. Here the coherent scattering
intensity is represented in a dimensionless unit of Qd̃, where d̃ � 1

k0
repre-

sents the average inter-plane distance of well-ordered lamella. Within the
probed ranges, as �k increases, all distinctive lamellar peaks in the plot of
I(Qd̃) gradually broaden and eventually fade away, as illustrated in Panel
(a). Moreover, as shown in Panel (b), when ln Γ increases from 0 to 5, there
is a distinct transformation in the behavior of I(Qd̃) transitioning from an
expression of an L3 sponge state to that of an L� lamellar state. In Panel (c),
it becomes clear that adjusting the clipping level � from 0.5 to 0 gives rise
to an intriguing observation: the magnitudes of the even-numbered peaks in
I(Qd̃) for the L� lamellar state gradually diminish and eventually vanish,
whereas the odd-numbered peaks remain largely unchanged. Given that � is
used to define the interface between two interpenetrating phases within the
framework of GLW, it is possible to modify the � value in SANS experiments
for a lamellar system by adjusting the difference in scattering length density
between surfactant and solvent. As a result, this adjustment results in a
unique observation similar to what’s shown in Panel (c), as described in a
SANS experiment where the contrast was varied in a lamellar phase [30].

9



2.2. Demonstrating the One-to-one Correspondence: Ξ$ I(Qd̃)
It is crucial to assess whether there exists a one-to-one mapping between

Ξ � f�k;Γ; �g and I(Qd̃), a prerequisite for any feasible structural inver-
sion analysis. To conduct this evaluation, we generated 3000 sets of I(Qd̃),
denoted as fItrain(Qd̃)g, using the GLW framework, with Ξ values falling
within the ranges illustrated in Fig. 2. Each I(Qd̃) comprises 128 sampled
Q points.

To visualize the effect of Ξ on the 128-dimensional I(Qd̃) dataset, we
performed a Principal Component Analysis (PCA) employing Singular Value
Decomposition (SVD) techniques [31]. The results revealed that the first
three singular vectors effectively capture the primary sources of variance
within the original data. This suggests that the vector space R3 defined by
these three singular vectors, which we refer to as SVD0, SVD1, and SVD2
in Panel (a) of Fig. 3, sufficiently express the fundamental features of the
interrelated data.

In the three-dimensional vector space defined by the basis vectors SVD0,
SVD1, and SVD2, each instance of the expression I(Qd̃) corresponds to a
distinct point. As illustrated in Fig. 3, the distribution of this data exhibits
a complex, twisted three-dimensional structure. Findings depicted in Panels
(b)-(d) of Fig. 3 indicate a smooth variation in the distributions of these
parameters. This suggests that the data points are non-overlapping and
exhibit significant correlations over a specific length scale. A comprehensive
analysis of the data distribution has revealed the absence of any inseparable
overlaps, thus confirming a one-to-one mapping between I(Qd̃) and Ξ. This
supports the feasibility of inversely deducing these parameters for generalized
lamellar phases from their experimentally measured scattering intensities.

The color scale transformations displayed in Panels (b) through (d) of
Fig. 3 demonstrate the linear independence of the gradient vectors associated
with these three parameters. The observed assessments of I(Qd̃) in response
to variations in �k and ln Γ, as detailed in Panels (a) and (b) of Fig. 2 clearly
show the unique capability of our method that can unravel structures of
the generalized lamellar phases. Since the conventional scattering models of
lamellar structures are based on the assumption of delineated membranes,[5]
it is mathematically impossible to capture the nuanced characteristics of
I(Qd̃) for generalized lamellar phases composed of partially interconnected
or incompletely laterally separated membranes. A mere adjustment of P (Q)
while considering intra-plate density fluctuations also falls short in addressing
the features of intricate diffusive scattering in I(Qd̃).
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Figure 3: (a) The �rst three singular vectors SVD0, SVD1, and SVD2 derived through
Principal Component Analysis (PCA) of fItrain(Q ~d)g. Panels (b) to (d) illustrate the
distributions of �k, ln �, and � within the R3 vector space de�ned by SVD0, SVD1, and
SVD2 in the manifold of fItrain(Q ~d)g.

2.3. Development of Regression Algorithm based on Convolutional Neural
Network (CNN)

In Fig. 3 we demostrated the complexity of parameter distributions as
shown by color scales. The position we take in this study is that the math-
ematical derivation of an analytical expression for I(Qd̃) as a function of Ξ,
represented by the parameters f�k; ln Γ; �g, may not be feasible for the broad
category of lyotropic systems. Hence, rather than pursuing the deterministic
derivation of analytical scattering functions for the precise extraction of struc-
tural parameters from the associated scattering cross sections, a methodology
distinct from the prior investigations of L3 [26, 27] and L� phases [5, 7–13] is
presented in this report. This novel approach employs a regression framework
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founded on the principles of deep learning, specifically utilizing a modified
Variational Autoencoder (VAE) architecture implemented by Convolutional
Neural Network (CNN), to probabilistically infer Ξ from the observed I(Qd̃).

Figure 4: The convolutional neural network (CNN) architecture which constitutes the
fundamental framework of regression analysis for inversely inferring � � f�k; ln �; �g of
lyotropic phases from experimentally measured I(Q ~d).

Fig. 4 illustrates the modified VAE architecture, which plays a central
role in our regression analysis. The modified VAE comprises two primary
components: the encoder and the decoder. At the forefront of the encoder
lies a convolutional layer, tasked with processing an input denoted as I(Qd̃)
containing 128 elements. It employs 48 three-element filters to extract the
salient features from the input I(Qd̃). As implied by its title, this process
is accomplished through the convolution of I(Qd̃) with filters. During this
operation, a dot product is computed as the filter shifts with a stride of
2. In the end, 48 one-dimensional arrays, each consisting of 64 elements,
are generated, collectively known as the feature map. These 48 arrays are
subsequently collapsed into one dimension, a step referred to as flattening,
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